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Today: in a nutshell

@ Hilbert-Schmidt independence criterion (HSIC; [Gretton et al., 2005]):
e simple-to-estimate, popular dependency measure,
e capable of handling M > 2 random variables,
e with various successful applications,
e a.k.a. distance covariance [Székely et al., 2007, Lyons, 2013] (when M = 2).
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convergence rate: O (%) n = sample size.
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simple-to-estimate, popular dependency measure,

capable of handling M > 2 random variables,

with various successful applications,

a.k.a. distance covariance [Székely et al., 2007, Lyons, 2013] (when M = 2).

@ Existing estimators:

convergence rate: O (ﬁ) n = sample size.

Focus
@ Question: Can we go faster?
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Today: in a nutshell

@ Hilbert-Schmidt independence criterion (HSIC; [Gretton et al., 2005]):
simple-to-estimate, popular dependency measure,

capable of handling M > 2 random variables,

with various successful applications,

a.k.a. distance covariance [Székely et al., 2007, Lyons, 2013] (when M = 2).

@ Existing estimators:

convergence rate: O (ﬁ) n = sample size.

Focus
@ Question: Can we go faster?

@ Answer: No.
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@ Def-1 (feature space):

k(a, b) = (®(a), ®(b))y, -

@ Def-2 (reproducing kernel):

k(-,b) € H, f(b)= (f, k(-, b))n.

o Def-3 (Gram matrix): G = [k(x;, )] ;=1 € R™" = 0.



Kernel (generalization of a'b), RKHS

[Aronszajn, 1950, Steinwart and Christmann, 2008]

@ Def-1 (feature space):
k(a, b) = (®(a), ®(b))y, -
@ Def-2 (reproducing kernel):
k(-,b) € H, f(b)=(f,k(-,b))x.
o Def-3 (Gram matrix): G = [k(x;, x;)]7 ;= € R™" = 0.
Notes

o k¥, = Span(k(-,x):x € X): Fourier analysis, polynomials,
splines, ...

o Examples: ky(x,y) = ((x,¥) +7)P, kg(x,y) = e lIx=yl3
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Some kernel-enriched domains: (X, k)
@ Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],
@ time series [Riiping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Kiraly and Oberhauser, 2019],
@ trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],
@ groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
@ sets [Haussler, 1999, Géartner et al., 2002, Balanca and Herbin, 2012,
Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],
@ various [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],
@ fuzzy domains [Guevara et al., 2017], or
@ graphs

[Kondor and Lafferty, 2002, Gartner et al., 2003, Kashima et al., 2003,
Borgwardt and Kriegel, 2005, Shervashidze et al., 2009,

Vishwanathan et al., 2010, Kondor and Pan, 2016, Draief et al., 2018,
Bai et al., 2020, Borgwardt et al., 2020, Schulz et al., 2022,
Nikolentzos and Vazirgiannis, 2023].



@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1(P) = / k(- x) dP(x) € Ha.
X ~~—~—
d(x)EH



Mean embedding, MMD

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1 (P) ;:/X k(- x) dP(x) € Hx.

d(x)eH

@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMD(P, Q) := |k (P) — 1k (Q) |2, -

The Minimax Rate of HSIC Estimation



Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1(P) = / k(- x) dP(x) € Hx.
X N—~—
D(x)eH
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMD(P, Q) := |k (P) — 1k (Q) |2, -

@ HSIC [Gretton et al., 2005] (M=2), [Quadrianto et al., 2009, Sejdinovic et al., 2013,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018] (M > 2), k = ®f\n/’:1 Km:

HSIC, () := MMD, (P, &} Pp)
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:
1(P) = / k(- x) dP(x) € Hx.
X N—~—
D(x)eH
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD (P, Q) = [l () — pac(Q@)l 24, -

@ HSIC [Gretton et al., 2005] (M=2), [Quadrianto et al., 2009, Sejdinovic et al., 2013,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018] (M > 2), k = ®f\n/’:1 Km:

HSIC, () := MMD, (P, &} Pp)

= [ et 4 (B) — @Mssit, ()|

cross-covariance operator

He
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o Meaning of k = @M kp,

M
k(x,x") = H km(Xm, x0) (x,x' € X,A,/,’lem) .
—_———

=1 ) A
coordinate-wise similarity



Tensor product

o Meaning of k = @M kp,

k(x,x") = H kon(Xm, X0n) s (x,x’ € X{\n/llem) .
—_———

=1 ) AT
coordinate-wise similarity

o Computation in H, = @M_ H,, = Span(@M_,am = am € Hy,):

<®leam, ®—1bm > H am, bm)w,, -
m=1
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A few HSIC applications

@ independence testing in batch
[Gretton et al., 2008, Wehbe and Ramdas, 2015, Bilodeau and Nangue, 2017,
Gérecki et al., 2018, Pfister et al., 2018, Albert et al., 2022] and streaming settings
[Podkopaev et al., 2023],

@ feature selection
[Camps-Valls et al., 2010, Song et al., 2012, Yamada et al., 2014, Wang et al., 2022],
with apps in biomarker detection [Climente-Gonzélez et al., 2019] & wind power
prediction [Bouche et al., 2023],

@ clustering [Song et al., 2007, Climente-Gonzalez et al., 2019],

@ causal discovery [Mooij et al., 2016, Pfister et al., 2018,
Chakraborty and Zhang, 2019, Schélkopf et al., 2021, Kalinke and Szabd, 2023],

) [Veiga, 2015, Freitas Gustavo et al., 2023, Fellmann et al., 2023,
Herrando-Pérez and Saltré, 2024],

@ uncertainty quantification [Stenger et al., 2020],

@ analysis of data augmentation methods for brain tumor detection
[Anaya-Isaza and Mera-Jiménez, 2022],

@ multimodal neural networks trained on neuroimaging data [Fedorov et al., 2024].
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@ MMDy is a metric if uy is injective; in this case k is called characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].



@ MMDy is a metric if uy is injective; in this case k is called characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].
@ Bochner theorem: for continuous bounded shift-invariant kernels

k(x,x') = ko(x — x') = /d e W gA(w),
R

k is characteristic iff. supp(\) = RY.




@ MMDy is a metric if uy is injective; in this case k is called characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].
@ Bochner theorem: for continuous bounded shift-invariant kernels

k(x,x') = ko(x — x') = /d e W gA(w),
R

k is characteristic iff. supp(\) = RY,

HSICK(P) =0 & P = @M P, iff. (km)M_,-s are characteristic.




o Samples: P, := {(x},...,x}) .-, (x5 .., xf;)} C X. Estimator:

N 1 1
HSICE (B4) = = 17 (omemm e, ) 1o+ — T 10K, 1
me[M]

- ﬁlﬁ (Ome[M]Kkmln) )

Ky, = [km (X'i”’x{"ﬂi,je[n] € R™",



HSIC estimation (example)

o Samples: B, := {(x},...,xY) ..., (x],...,xf)} C X. Estimator:

HSICi ([@Dn) = % ]_-rl; (OmE[M]Kkm) ]-n + nZLM mg[M] ].—II;Kkmln

- %11 (OmE[M]Kkmln> s

K, = [km (X;’X#)L,je[n] c R™N,

e Existing estimators (upper bound):

| HSICK(P) — ASICK »(P)| = Op (}) .
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Our aim: lower bound

e F,: any estimator of HSICk(P) based on n i.i.d. samples from P.
@ A positive sequence (£,)7; is a lower bound of HSIC estimation if 3¢ > 0:

worst distribution
inf  Sup P {]HSlck(P) — F,
Fn PeP

~—
best estimator

> cg,,} > 0 for all n.
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Our aim: lower bound

e F,: any estimator of HSICk(P) based on n i.i.d. samples from P.
@ A positive sequence (£,)7; is a lower bound of HSIC estimation if 3¢ > 0:

worst distribution

inf  Sup JP’”{’HSIC,((IP))—I:',,
Fn PeP
~—

best estimator

> cg,,} > 0 for all n.

@ If an estimator has matching upper bound, it is called minimax-optimal.
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Our aim: lower bound

e F,: any estimator of HSICk(P) based on n i.i.d. samples from P.
@ A positive sequence (£,)7; is a lower bound of HSIC estimation if 3¢ > 0:

worst distribution
inf  Sup P {]HSlck(P) — F,
Fn PeP

~—
best estimator

> cg,,} > 0 for all n.

@ If an estimator has matching upper bound, it is called minimax-optimal.
@ Note: minimax-optimality is meant w.r.t. a class of probability measures P.
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Key: da > 0 such that for any n fixed, there exists an adversarial pair
(PQO,PQI) eP xP st

@ KL (Pj[[Pg,) < a, and
@ [HSIC,(Py,) — HSICK(Pg,)| > 25, > 0.



Tool: Le Cam’s method [cam, 1973, Tsybakov, 2009]

Key: Ja > 0 such that for any n fixed, there exists an adversarial pair
(PQO,PQI) €P xP st

© KL (P;||Pj,) < a, and
Q ‘HSle(Pgl) — HSle(PQO)‘ > 2s, > 0.
In this case,

A

n

inf sup P" {|HSICk(P) -
Fn PeP

4"’ 2

o 1_ 75
> 5,,} > max (e L a/2) for all n.

The Minimax Rate of HSIC Estimation



Tool: Le Cam’s method [cam, 1973, Tsybakov, 2009]

Key: Ja > 0 such that for any n fixed, there exists an adversarial pair
(PQO,PQI) €P xP st

© KL (P;||Pj,) < a, and
Q ‘HSle(Pgl) — HSle(PQO)‘ > 2s, > 0.
In this case,

inf sup P" {|HSICk(P) - F,
F, PeP

4"’ 2

o 1_ 75
> 5,,} > max (e L a/2) for all n.

If we can achieve this with s, =< n*1/2, our goal: v'.
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Tool: Le Cam’s method [cam, 1973, Tsybakov, 2009]

Key: Ja > 0 such that for any n fixed, there exists an adversarial pair
(PQO,PQI) €P xP st

© KL (P;||Pj,) < a, and
Q ‘HSle(Pgl) — HSle(PQO)‘ > 2s, > 0.
In this case,

inf sup P" {|HSICk(P) - F,
F, PeP

4"’ 2

Zs,,}Emax(e 1- ‘a/2> for all n.

If we can achieve this with s, =< n*1/2, our goal: v'.

We will assume X, = R (m € [M]) in the sequel.
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Towards the adversarial pair: d =M ., d,,

Let G be N (p, X) Gaussians on RY with covariance

M1 --- 0 0 --- 0]

.. 0 1 - 0
=X =y ., 1 . o €BT

o -~ 00 --- 1]

where i=di, j=di+1, pe(—1,1).

The Minimax Rate of HSIC Estimation



Towards the adversarial pair: d =M ., d,,

Let G be N (p, X) Gaussians on RY with covariance

M1 --- 0 0 --- 0]

.. 0 1 - 0
=X =y ., 1 . o €BT

o -~ 00 --- 1]

where i =di, j=di +1, pe (—1,1). If G C P, then for every s, > 0:

sup P" { |HSIC (P) - F,
PeP

> 5} > sup F" {[Hsick ) - £,

> 5.

= We can work with the r.h.s. (to our lower bound).
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We choose Py, = N (g, Xo) and Py, = N (pq, 1) with

o =04 € RY, To=2X(di,dy +1,0) =gy € RI*9,
1
py = \/HnldeRd, T =X(di,di +1,p,) € RI,



KL upper bound

We choose Py, = N (g, Xo) and Py, = N (pq, 1) with

po =04 € RY, To=X(d,di +1,0) =y € R,
1
u’l_\/an

with p, = % One can show that

1,eRY, X1 =X(d,di +1,p,) € RI*,

KL (Pg,[|Pf,) < a:= % forn>2
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KL upper bound

We choose Py, = N (g, Xo) and Py, = N (pq, 1) with

po =04 € RY, To=X(d,di +1,0) =y € R,
1
u’l_\/an

with p, = % One can show that

1,eRY, X1 =X(d,di +1,p,) € RI*,

KL (Pg,[|Pf,) < a:= Z forn>2

by
© KL(P|IQ) = X0, KL(P/[[Q)) for P = &0, Py, @ = @,Q,
@ the analytical formula of KL(A (zey, 21)[|N (11g. 20)).
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e Consider the Gaussian kernel: k(x,y) = e~ 3yl (v >0).
e With F(#) := HSICk(Pp), and using that HSIC(Py,) = 0:

|F(61) — F (60)* = F?(61) = HSIC? (Py,)
=



HSIC lower bound

@ Consider the Gaussian kernel: k(x,y) = e 3 Ix—Ylla (v > 0).
e With F(0) := HSIC(PPg), and using that HSIC,(IPg,) = O:

|F(61) — F (60)* = F?(61) = HSIC? (Py,)
=0

= MMD? (-/;[(“17 1), N (ug,1q))
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HSIC lower bound

@ Consider the Gaussian kernel: k(x,y) = e 3 Ix—Ylla (v > 0).
e With F(0) := HSIC(PPg), and using that HSIC,(IPg,) = O:

|F(61) — F (60)* = F?(61) = HSIC? (Py,)
—
= MMD%( (N(p‘lvzl)vN(“l’ld))

= [l (N (g Z1)) = ke (N (g, 1)) I3,
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HSIC lower bound

@ Consider the Gaussian kernel: k(x,y) = e 3 Ix—Ylla (v > 0).
e With F(0) := HSIC(PPg), and using that HSIC,(IPg,) = O:

|F (1) — F (60)|* = F?(61) = HSICZ (Py,)
=

= MMD?2 (N (1, 1), N (p1, 14))

= [l (N (g Z1)) = ke (N (g, 1)) I3,

= ((1); (Mg, + (G0, () gy, = 20(1); (1),
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HSIC lower bound

e Consider the Gaussian kernel: k(x,y) = o= 3 Ix=¥l3q (v > 0).
e With F(0) := HSIC(PPg), and using that HSIC,(IPg,) = O:

|F (1) — F (60)|* = F?(61) = HSICZ (Py,)
=

= MMD?2 (N (1, 1), N (p1, 14))

= [l (N (g Z1)) = ke (N (g, 1)) I3,

= ((1); (Mg, + (G0, () gy, = 20(1); (1),

D@y + 1072 2y + 172 - )]+ [y + 1)

—2fy+ )72 (@r + 17— (on?)] = ey )

(t) <= analytical formula for (uk(P), ux(Q)), for Gaussian P, Q, k.
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HSIC lower bound

e Consider the Gaussian kernel: k(x,y) = o= 3 Ix=¥l3q (v > 0).
e With F(0) := HSIC(PPg), and using that HSIC,(IPg,) = O:

|F(61) — F (60)* = F?(61) = HSIC? (Py,)

- MMD (N(/J‘lvzl) N(“l’ld))
= [lk (N (121, Z1)) = (N (21, 10) 13,
= (1), (g, + (i), (”)>7—[k = 2(1), (iN)3,

D2y + 172 (v +17 - @wn)?)] "+ [+ 1]

—2|@y+ 17 (@v+17 = (vn)?)] 7 = g(y.pm ) g; =: (2sn)?

(t) <= analytical formula for (pk(P), pk(Q))2, for Gaussian P, Q, k,
(1) < function analysis, p, = % c= W >0

"/
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Result

Theorem (Lower bound for HSIC estimation on RY)

:= any class of Borel probability measures containing the
d-dimensional Gaussians, k = @M_, k,, with kp, : R9m x R9m — R
continuous bounded shift-invariant characteristic kernels. Then,
there exists a constant C > 0, such that for any n > 2

cy_1-v3
> — 5 > .
b2

inf sup P {‘HSICk (P) — £,
F, PeP
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Result

Theorem (Lower bound for HSIC estimation on R9)

‘P := any class of Borel probability measures containing the
d-dimensional Gaussians, k = @M _, kp, with kp, : R x R9m — R
continuous bounded shift-invariant characteristic kernels. Then,
there exists a constant C > 0, such that for any n > 2

inf s IP’”{‘HSIC P) - E| > C}>1_ :
inf su — il o WE
,A:n Peg k n = \/E - 2
Notes:

@ Gaussian case: C = o

2(2y+1) 5+
@ Proof of the general case <= Bochner theorem.

o Frequently-used HSIC estimators are minimax-optimal on RY.
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@ HSIC can not be estimated faster on R? than @ (%)

e Open: X, # R?. Note: universal (km),",’,’zl-s for valid HSIC,.
@ Paper on arXiv.
o ITE toolbox (https://bitbucket.org/szzoli/ite/).


http://arxiv.org/abs/2403.07735

Summary

HSIC can not be estimated faster on R9 than O (%)

Open: X, # R9. Note: universal (kn)M_;-s for valid HSICy.
Paper on arXiv.
ITE toolbox (https:// .org/szzoli/ite/).

-~
~

=/
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http://arxiv.org/abs/2403.07735

" Characteristic kernels on RY
[ Yl Bochner integral



Examples on R; similarly RY [sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).
kernel name kg /?o(w) supp(/%)
X2 oW
Gaussian e 2.2 oe” 5 R
Laplacian el 22 R
B _spline x2n+2 ( ) 4 sinz"”(% R
2n+1-SPIin . X[_%,%] X) Vam T oEE
Sinc M \/?X[—a,a‘] (OJ) [_07 U]
. _0-2 o0 H .
Poisson w \/%ZJ':—OC a'IJ‘(s(w 7_/) Z
. sin 2n+1)x .
Dirichlet S(m(x)) \/Ezj?ifoc d(w —Jj) {0,+1,+2,...,+n}
y P2 (1)x n . .
Fejér e s.nz(g) Var ( - n'i‘1)5(w—1) {0,41,£2,...,4n}
Cosine cos(ox) V56w —0)+6(w+0)] {-0,0}
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Examples on R; similarly R? [sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name kg /?o(w) supp(/%)
X2 oW
Gaussian e 22 oe” 5 R
Laplacian el 22 R
L G202 gri1 sin 2 (4

Bz,,+1—sp|lne * X[_%,%] (X) mw R
Sinc M \/?X[—a,a‘] (UJ) [_07 U]
Poisson #g;(x)_ﬂ \/%Zji_oo all§(w — j) 7

. sin [ @rtx '
Dirichlet S(m(x)) \/Ezj?ifoc d(w —Jj) {0,+1,+2,...,+n}

y P2 (1)x n . .
Fejér e s.nz(g) Var ( - n'i‘1)5(w—1) {0,41,£2,...,4n}
Cosine cos(ox) V56w —0)+6(w+0)] {-0,0}

For x € RY: ko(x) = [T2; ko(x;), ko(w) = TTE; ko(wy)-
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o Given:

o (X, A, u): o-finite measure space,
e f: (X, A) — H-valued function (note: Banach-valued f v').



o Given:

o (X, A, u): o-finite measure space,
e f: (X, A) — H-valued function (note: Banach-valued f v').

e For f =31 cixa (Ai € A, ci € H) step functions

/ fdu = Z c,-,u(A,-) eH.
X i=1



Bochner integral
[Diestel and Uhl, 1977, Dinculeanu, 2000, Steinwart and Christmann, 2008]

o Given:

o (X, A, u): o-finite measure space,
o f:(X,A) — H-valued function (note: Banach-valued f v).

e For f =3%I_; cixa, (Ai € A, ci € H) step functions

/ fdu = Z C,‘[L(A,‘) eH.
x i=1

@ f measurable function is Bochner p-integrable if
o 3 (fa)nen step functions: lim,_,o [ [If — £l dp = 0.
e In this case lim,_ o fx fdp exists, =: fX fdu.
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o f: X — H is Bochner integrable < [ ||f]|,, du < oo.



o f: X — H is Bochner integrable < [ ||f]|,, du < oo.
o In this case || [, fdull,, < [y Ifllz dp. ('Jensen inequality’)



Bochner integral: properties

o f: X — H is Bochner integrable < [, [|f]];, du < oc.
o In this case || [, fdully, < [y [[flly dpe. ('Jensen inequality’)
o [Inouricontext|: + = Hu,

pu(p) exists iff. [y [[k(-, x)lg,, du(x) < oo.
—_——

\ k(x,x)

Specifically: for bounded kernel (sup, /¢y k(x,x") < 00) v .
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o If

o S: B — By: bounded linear operator,
e f: X — B: Bochner integrable, then

Sof: X — By is Bochner integrable and

s(/X fd,u) =/XSfd,u.



o If

o S: B — By: bounded linear operator,
e f: X — B: Bochner integrable, then

Sof: X — By is Bochner integrable and

( / fd,u) / Sfdp.
|[ fdp| < [|f|dp and ¢ [ fdu = [ cfdu generalize nicely. |
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