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Odd cycles

Pr : Let F be clutter of odd cycles of signed

graph ( a
,

E ) .

Then

①

②

③
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Odd cycles
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Odd cycles

Pr : Let F be clutter of odd cycles of signed

graph ( a
,

E ) .

Then

① I not Menger ian

② F- has Qg minor
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Odd cycles

Pr : Let F be clutter of odd cycles of signed

graph ( a
,

E ) .

Then

① F- not Menger ian
odd - ka

② F- has Qg minor

③ I G
,

E ) has ( ka ,
Eka ) minor .

I 2 3 4 5 6

I I I

I 2
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Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.
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Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.

det : a di cut is a set of edges that form a

cut in the underlying graph where all

edges are directed from one shore to

the other
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Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.

det : a di cut is a set of edges that form a

cut in the underlying graph where all

edges are directed from one shore to

the other
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Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.

def : a dijoin is a set of edges whose

contraction makes the digraph

strongly connected
.
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Directed cuts I directed joins

Consider a directed graph I = C V
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E )
.

def : a dijoin is a set of edges whose

contraction makes the digraph

strongly connected
.

(

} mmmmnnm

Summer School
,

IPCO 2020
.

B
.

Guen in
.

CSO
,

Univ .

Waterloo
.



Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.

def : a dijoin is a set of edges whose

contraction makes the digraph

strongly connected
.
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Directed cuts I directed joins

Consider a directed graph I = C V
,

E )
.

def : a dijoin is a set of edges whose

contraction makes the digraph

strongly connected
.

(

} mmmm ¥
t

strongly connected

Pr : di cuts S di joins are blockers
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Th [ Lucchesi - Younger ]

The clutter of dicots is Menger ian
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Th [ Lucchesi - Younger ]

The clutter of dicots is Menger ian

def : F packs it for M := MCF )

min E Ex : Mx 71 ,
xx o

,
x integer ) =

Max Etty : MTYEI , yzo , y integer )
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Th [ Lucchesi - Younger ]

The clutter of dicots is Menger ian

def : F packs it for M := MCF )

min E Ex : Mx 71 ,
xx o

,
x integer ) =

max Etty : MTYEI , yzo , y integer )

Rem : F- Menger 's an F packs

Thus clutter of dicots packs :

min size of di join =

Max number of pairwise disjoint dicots
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min size of di join =

Max number of pairwise disjoint di cuts

I Yum 9:Is
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Th : The clutter of dicots is Menger ian
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Th : The clutter of dicots is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"
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Th : The clutter of dicots is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

We = O

We = I
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Th : The clutter of dicots is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

We = O

We = I

min E WTX : Mx 71
,

xzo
,

x integer }

M -
- MCF )

,
F- di joins
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Th : The clutter of dicots is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

We = O

We = I

•

2 = min E wtx : Mx 71
,

xzo
,

x integer }

Summer School
,

IPCO 2020
.

B
.

Guen in
.

C SO
,

Univ .

Waterloo
.



Th : The clutter of di cuts is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

We = O

We = I

•
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Max Etty : Mtys I
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Th : The clutter of di cuts is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

•

•

We = O

• •

We = I

•

•

2 = min E WTX : Mx 71
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x integer }
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Th : The clutter of di cuts is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

•

} •

mmmm We = O

• •

wit we = I

•\2 = min E wtx : Mx 71
,

xzo
,

x integer }

Max Etty : Mtys I
, yzo , y integer )
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Th : The clutter of di cuts is Menger ian

Edmonds - Giles conjectured :

" The clutter of di joins is Menger ian
"

Not true [ Schrijver ]

•

!f.fm . ::
•\2 = min E WTX : Mx 71

,
xzo

,
x integer } >

Max Etty : Mtys I
, yzo , y integer ) = I
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Edmonds S Giles conj .
holds for special case :
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Edmonds S Giles conj .
holds for special case :

Th I Schriver ]

Let I
'

be digraph .

It I di path from every source to
every

sink then clutter of di joins is Menger ian
.
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Edmonds S Giles conj .
holds for special case :

Th I Schriver ]

Let I
'

be digraph .

It I di path from every source to
every

sink then clutter of di joins is Menger ian
.

Maybe one can do better :
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Edmonds S Giles conj .
holds for special case :

Th I Schriver ]

Let I
'

be digraph .

It I di path from every source to
every

sink then clutter of di joins is Menger ian
.

Maybe one can do better :

Conj . [ Guerin
,

Williams ]

Let I be digraph with source r S sinks .

It I di path from r to every sink S

F di path from every source to s then

clutter of di joins is Menger ian
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Unweighted
version ofLucchesi - Younger th :

min size of di join =

Max number of pairwise disjoint dicots
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Unweighted
version ofLucchesi - Younger th :

min size of di join =

Max number of pairwise disjoint di cuts

Can we swap
role of dicots Idi joins ?

Summer School
,

IPCO 2020
.

B
.

Guen in
.

C SO
,

Univ .

Waterloo
.



Unweighted
version ofLucchesi - Younger th :

min size of di join =

Max number of pairwise disjoint di cuts

Can we swap
role of dicots Idi joins ?

Conj : [ Woo dal ]

min size of di cut  
=

Max number of pairwise disjoint d. joins
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Unweighted
version ofLucchesi - Younger th :

min size of di join =

Max number of pairwise disjoint di cuts

Can we swap
role of dicots Idi joins ?

Conj : [ Woo dal ]

min size of di cut  
=

Max number of pairwise disjoint d. joins

wide open Chard ? )
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Back to perfect graphs

Let G be graph S M stable - set matrix of G
.

-
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Back to perfect graphs

Let G be graph S M stable - set matrix of G
.

Recall
,

G perfect :

F induced subgraph Hot G : w CH ) = XC It )
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Back to perfect graphs

Let G be graph S M stable - set matrix of G
.

Recall
,

G perfect :

F induced subgraph Hot G : w CH ) = XC H )

✓ column sub matrix Not M :

Max E Ex : N x E I
,

xzo
,

x integer ) =

min { Ey : N Ty 21
, y Zo , y integer ]
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Back to perfect graphs

Let G be graph S M stable - set matrix of G
.

Recall
,

G perfect :

F induced subgraph Hot G : w CH ) = XC It )

✓ column sub matrix Not M :

Max E Ex : N x E I
,

xzo
,

x integer ) =

min { Ey : N Ty 21
, y Zo , y integer ]

Let us find analogue def . for set covering
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It column sub matrix Not M :

Max E Ex : N x E I
,

xzo
,

x integer ) =

min { Ey : N Ty 21
, y 20 , y integer ]
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It column sub matrix Not M :

Max E Ex : N x E I
,

xzo
,

x integer ) =

min { Ey : N Ty 71
, y 20 , y integer ]

def : clutter F- has the packing property

it tf minor Hot F-
,

It packs

-
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It column sub matrix Not M :

Max E Ex : N x E I
,

xzo
,

x integer ) =

min { Ey : N Ty 21
, y 20 , y integer ]

def : clutter F has the packing property

it tf minor H of F-
,

It packs

Packing property = analogue of perfect graphs

-
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We proved
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We proved

The analogue for set - covering would be

Replication Conj [ Conforti , Cornuejols ]

The following are equivalent for

clutter
F :

① F has the packing property

② F is Menger ian
.
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We proved

The analogue for set - covering would be

Replication Conj [ Conforti , Cornuejols ]

The following are equivalent for

clutter
F :

① F has the packing property

② F is Menger ian
.

Note ② ⇒ ① trivial
.
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Question : Why the name replication ?
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Question : Why the name replication ?

def .

.

Let F clutter with ground set element e .

Then It is obtained from F by replicating e it

It -

- { S : e ESE F 3 U

{ S
,

S - eve : ee SEE }
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Question : Why the name replication ?

def : Let F clutter with ground set element e .

Then It is obtained from F by replicating e it

H= { S : e € SEF 3 U

{ S
,

S - eve : ee SEE }
e E

e I

I
i A

: A
l

.

I

MCF ) =

'

MCH ) = ;
A

B
B
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Question : Why the name replication ?

def .

.

Let F clutter with ground set element e .

Then It is obtained from F by replicating e it

It -

- { S : e ESE F) U

{ S
,

S - eve : ee SEE }
e E

e I

I
i A

: A
l

.

I

MCF ) =

'

MCH ) = ;
A

B
B

( This is what duplication does for stable set matrices )
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Replication conj - variant

It f has the packing property then

so does
any replication .
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Replication conj - variant

It f has the packing property then

so does
any replication .

Exercise :

Show both version of replication conj .

are equivalent
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Replication conj - variant

It f has the packing property then

so does
any replication .

Exercise :

Show both version of replication conj .

are equivalent

similar to use of duplication

to prove TDI for set packing problem
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The replication conj . predicts :

"

Packing property Menger ian property
"
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The replication conj . predicts :

"

Packing property Menger ian property
"

We proved :

"

Menger ian property ideal ness
"
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The replication conj . predicts :

"

Packing property Menger ian property
"

We proved :

"

Menger ian property ideal ness
"

Thus we expect :

Pr :

It a clutter has the packing property
then it is ideal

.
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The replication conj . predicts :

"

Packing property Menger ian property
"

We proved :

"

Menger ian property ideal ness
"

Thus we expect :

Pr :

It a clutter has the packing property
then it is ideal

.

This

follows
from Lehman 's theorem
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pt :

S
pse

F not ideal
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pt :

Spse F not ideal F has mini minor H
.
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pt :

S
pse

F not ideal F has mini minor H
.

If HE Dn then H does not pack V
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If HE Dn then H does not pack V

Otherwise by Lehman 's th
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pt :

S
pse

F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular
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pt :

S
pse

F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

ITA BT I = IT ( J t II ) I
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pt :

Spse F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
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[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BT I = IT ( J t II ) I = n C ht d )
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S
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F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BT I = IT ( J t II ) I = inched ) n = rs - d .
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pt :

Spse F not ideal F has mini minor H
.

It HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L ITX : MC It ) 71,870 )
.
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pt :

Spse F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L ITX : MC It ) 71,8203 .

But II =
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pt :

Spse F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L Ex : MC It ) 71,8703 .

But II = It I
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pt :

Spse F not ideal F has mini minor H
.

It HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L Ex : MC It ) 71,820 )
.

But II = Itt 1 = her =
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pt :

Spse F not ideal F has mini minor H
.

If HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L ITX : MC It ) 71,8203 .

But II = Itr 1 = In =

rs -
d

r
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pt :

Spse F not ideal F has mini minor H
.

It HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L ITX : MC It ) 71,8703 .

< n

But II = It 1 = In = rsr
-

D= s - ¥ € Z
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pt :

Spse F not ideal F has mini minor H
.

It HE Dn then H does not pack V

Otherwise by Lehman 's th
,

[ Bridges , Ryser ] A r - regular B s - regular

hrs = IT A BTI = IT ( J t II ) I = inched ) n = rs - d .

I optimal Sol . to min L Ex : MC It ) 71,870 )
.

< n

But II = It 1 = In = rsr
-

D= s - der € Z

It does not pack V
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Excludedminors for the packing property
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Question : why excluded minors for the packing

property S not for Menger ian property ?
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Question : why excluded minors for the packing

property S not for Menger ian property ?

Replication conj . suggest it is the same

def : a clutter F is minimally non - packing it

• F- does not pack

•
every proper minor of F packs
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Question : why excluded minors for the packing

property S not for Menger ian property ?

Replication conj . suggest it is the same

def : a clutter F is minimally non - packing it

• F- does not pack

•
every proper minor of F packs

Clutters with packing property are ideal

A minimally non - packing clutter is

① minimally non - ideal of

② ideal
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Minimally non - packing clutters that are mini

Lehman 's th
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Minimally non - packing clutters that are mini

Lehman 's th

def : a mini clutter is thin it D= I
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Minimally non - packing clutters that are mini

Lehman 's th

def : a mini clutter is thin it D= I

Pr I Cornuejols ,
Guerin

, Margot ]

Let F- be a mini clutter

① F is minimally non - packing

② F- is thin
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Minimally non - packing clutters that are mini

Lehman 's th

def : a mini clutter is thin it D= I

Pr ( Cornuejols ,
Guerin

, Margot ]

Let F- be a mini clutter

① F is minimally non - packing

② F- is thin

Question : does the converse hold ?
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Minimally non . packing clutters that are ideal

A far - fetched conjecture
but possibly true
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Minimally non . packing clutters that are ideal

A far - fetched conjecture
but possibly true

T = 2 Conjecture I Cornuejols ,
Guerin

, Margot ]

If F- is minimally non - packing and ideal

then I cover B of F with 1131=2
.
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Minimally non . packing clutters that are ideal

A far - fetched conjecture
but possibly true

8=2 Conjecture I Cornuejols ,
Guerin

, Margot ]

If F- is minimally non - packing and ideal

then I cover B of F with 1131=2
.

I 2 3 4 5 6

I I I

I I

M I Q
, )=

13=2463
cover

I I l

l l I
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Minimally non . packing clutters that are ideal

A far - fetched conjecture
but possibly true

T = 2 Conjecture I Cornuejols ,
Guerin

, Margot ]

If F- is minimally non - packing and ideal

then I cover B of F with 1131=2
.

I 2 3 4 5 6

I I I

I I

M I Q
, )=

B -
-El, 63 cover

I I I

l l I

Motivation for conjecture ?
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Pr : 8=2 conj .
replication conj .

.
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Pr : 8=2 conj .
replication conj .

pt :

To show : replication preserves packing property

.
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Pr : 8=2 conj .
replication conj .

pt :

To show : replication preserves packing property

Otherwise
,

I minimally non - packing clutter F

with replicated element :

,e
e-

: A
1

.

MCF ) = i: A

B
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Pr : 8=2 conj .
replication conj .

pt :

To show : replication preserves packing property

Otherwise
,

I minimally non - packing clutter F

with replicated element :

g
e-

: A
1

.

MCF ) = i: A

B

By T - 2 conj . I disjoint sets in F
.
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Pr : 8=2 conj .
replication conj .

pt :

To show : replication preserves packing property

Otherwise
,

I minimally non - packing clutter F

with replicated element :

ie
e-

: A
1

.

MCF ) = i: A

B

By T - 2 conj . I disjoint sets in F
.

F- le packs F S
, ,

See F- st S
,

n Sz = E e3
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Pr : 8=2 conj .
replication conj .

pt :

To show : replication preserves packing property

Otherwise
,

I minimally non - packing clutter F

with replicated element :

ie
e-

: A
1

.

MCF ) = i: A

B

By T - 2 conj . I disjoint sets in F
.

F- le packs F S
, ,

See F- st S
,

n Sz = Ee }

S
,

- eve EF S S
,

- even Sz = ¢
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The T -

- 2 conjecture holds for binary clutters
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The T -

- 2 conjecture holds for binary clutters

Th :[ Seymour ]
'

The following are equivalent for a binary clutter f :

① F is Menge rian

② F- has no Qg minor

I I I

l I

M I Qd -1 I I

I l I
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The T -

- 2 conjecture holds for binary clutters

Th :[ Seymour ]
'

The following are equivalent for a binary clutter f :

① F is Menge rian F- packing property
② F- has no Qg minor

I I I

l I

M I Qd -1 I I

I l I
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The T -

- 2 conjecture holds for binary clutters

Th :[ Seymour ]
'

The following are equivalent for a binary clutter f :

① F is Menge rian F- packing property
② F- has no Qg minor

I I I

I I

M I Qd -1 I I

I l l

The replication conj .
holds for binary clutters

.
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Thank
you for your

attention

keep sate Do
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