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Parx TL: Perlection

Pa‘r{- j'o{ea\ Nness

PM\'E v The Mangeriun (oropef-\(ﬁ
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What are exlect q‘\r‘a\p\ns?
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Lek G=(V,E) be a e)rap\a.
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Lek G=(V,E) be a 6rap\4.

o{ejf: 7, C.ownp\aﬁ\e. $ul76rhp\n \S o c\]que—

N
N/

c.\ 'ao\ve_
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Le\ G = (\/, E) be o] 6(‘09\4.
o{ex: 7, Comp\a_{e_ $ul76rap\r\ \S o c\}que—

Qa s*ab\e Se,j( 'ls (7 c\}alue, [\ CDVV)\D(Q,MQV]"'

AVANERVAVAN
AVARRVAV

S‘\m\:)l@. SQ‘\

O
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CAZ,‘: WCG7 = S1Ze Ol, WMo X1 W v w C_\io\ue_ ol— G
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c)e,‘: WCG7 = SiZe OJ, WMo X1 W v w c\io\ue_ OL G

X (G) = chrowmatic wumbe ox G
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CAZ,‘»: WCG7 = S1Ze Ol_ WMo X1 W v w C_\io\ve_ 0‘— G

X (G) = chromati c V\uvvxbe,\r‘ ox G
\

Mminmom  wnb c)\,
Co\ou\rs %2

c_o\ourmb
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CAZ,‘»: WCG7 = S1Ze Ol_ WMo X1 W v w C_\io\ue_ OL G

X (G) = chromati c V\uvvxbe,\r‘ ox G
\

"M iNWM VM n b c)\.
Co\ou\r‘s %2

c_o\oumwb

Rewi: w(G) £ X(G)
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CAZ,‘: WCG7 = S1Ze Ol, WMo X1 W v w C_\io\ue_ ol— G

X (G) = chromati c V\uvvxbe,\r‘ ox G
\

"M iNWM VM n b OL
Co\ou\rs %2

c_o\ourmb

Rewi: w(G) £ X(G)

w(G)=X(G)=73
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CAZ,‘: WCG7 = S1Ze OL WMo X1 W v w c\io\ue_ OL G

X (G) = chromati c V\uvvxbe,\r‘ ox G
\

"M iNWM VM n b 0\»
Co\ou\FS %2

c_o\ooﬁwb

Rew: w(lG) < X(G)

” /’
w(G)=X(G)=173 2=w(G)< X(6)=73
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ded: H s an induced su‘oﬁr‘a\o\m ol G | W
15 olamed lrom G Eg) de,\e,is'\mo\) c
sobse¥ o} wverdices

S~ possibly empty
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o\eli H s an 'moluced su‘o@r‘a\o\m OA— G tL \H
15 oblanead —‘rom G ID(\J) de,\ex\;'\mq) &

subse o} ve tlices

0\2,\.‘, A Qf‘ap\n VS per,\ac,\’ \,\' -l»()f C&\l ‘\Wd\/Cet‘J
Subg)ro-p\ns H . wCH) = X(H),
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o\e,\: H s an induced su‘o@r‘a\o\m ol G | W
15 ol aned —\—rom G Eg) de,\ex\;'\mq) &

subse 04\, ve tlices

0\2,\.‘, A Qf‘ap\n VS per,\ac,\’ \,\' -l»()f C&\l ‘\TI(A\/CQCJ
Subg)ra-p\ns H . wCH) = X(H),
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de): H s an induced su\agr‘a\o\m ol G 1 W
15 ol aned —\—rom G lag) de,\ex\-'\m@ &

subse 04\, ve tlices

0\2,\.‘, A Qf‘ap\n VS per,\ec,\’ \A\r -l»()f C&\l ‘\TI(A\/CQJ
Subg)ra-p\ns H . wCH) = X(H),
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From perled- matrices 4o Pef«\ZC\’ Qra\olns
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Pr [Fv\kersOm]
M perlect =) Mx <1, x2 0 TDI
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Pr [Fv\kersOm]
M perlect =) Mx <1, x2 0 TDI

\

(x2z0: Mx< 1§ i\q(esra‘.
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Pr [Fulkerson]
M per-\ec\' —) Mx=<1, xz0 TOLI

2%

Pick C € Z_:
2(C) = max § 'x: Mx<1, 7,03 ()
= miwn zl \{)'./V\tb 9)7/03) (D)
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Pr [Fulkerson]
M per-)ec\' —) Mx=<1, xz0 TOLI

2%

Pick ¢ € Z_:‘
Z2(C) ;= maxzc <! Mx<14, 7/03 (Pc\
= mwn zl \{)./V\tg ‘07/01 (Dc_)

Tc? 6\’10“)'- (Dc) has OPJ('\MQ] '\w"e@e\r So'.
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Pr [Fulkerson]
M per-\ec\' —) Mx=<1, xz0 TOLI

2%

Pick ¢ € Z_:‘
Z2(C) ;= maxzc <! Mx<14, 7/03 (Pc\
= mwn zl \{).MY) ‘07/01 (Dc_)

Tc? 6\’10“)'- (Dc) has OPJC'\MQ] '\w"e@e\r So'.

B‘f) ‘mc)wc)riom own 1Tc,
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Pr [Fulkerson]
M per-\ec\' —) Mx=<1, xz0 TOLI

2%

Pick ¢ € Z_:‘
Z2(C) ;= maxzc, <! Mx<14, 7/03 (Pc\
= mwn zl \{).MY) ‘07/01 (Dc_)

Tc? 6\70“)'- (Dc) has OPJC'\MQ] '\w"e@e\r So'.

B‘f) ‘mc)wdiom on 1'c
I,\» l.TC = O p]Ck 6: O. l/
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2(C) = max § "x: Mx<4,x20)} (P.)
= miwn 111‘\0: /"\Tg)?/C,RD?/OE (Dc_)

To S\qow'. (D) \as opsf]m\ \n{ege\’ So‘.
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2(C)i= max § x: Mx<41,x2 03 (P
= min il‘r\ﬁi /V\Txb7/C,lo7/OE (Dc_)

To S\now'. (D) \as ophm\ \n{a%e\’ So‘.

Le\, g be 0‘7‘\\M0\l So\. {o (Dcv
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2(C)i= max § x: Mx<41,x2 03 (P
= min 211—\{): /"\Tg)?/c,g)?/og (D)

To S\now'. (D) \as ophm\ \n{a%e\’ So‘.

Les‘, g be ov\‘\Mal So\. {o (Dcv

\X/vth _LS‘ 7 0.
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X/ ™ a _Lgl 7 O.
Defl'mef \o/, = rt—{)'.’\ - |
V5= 9, V' y#|
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Le\' g be op‘\\Mal So\. {o (ch

X/ ™ a _Lgl 7 O.
Defl'mef \o/, = rt—{)'.‘\ - |
V5= 9, V' y#|

Led a= row, (M)
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2(C) = max § x foﬂ,xzog ()
= min 211—\{): /V\Tb?/c,g?/d)) (D)

To S\now'. (D) \as opst]ml \n{a%e( Sb‘.

Le\' g be op‘\\Mal So\. {o (ch

\X/MO\ _LS‘ 7 O.

Defl'm@ \o/, = T—%.‘\ "l
9= 9 Y5#I

Led a= row, C M)

© y” leasible lor (Dc'a\)
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2(C) = max § x foﬂ,xzog ()
= miwn leu_): /V\Tg)?/c:,k‘o?/oz (o)

To S\now'. (D) has opst]ml ‘VI{Z—QZ" sol.

Le\' g be op‘\\Mal So\. {o (ch

\X/MO\ _Lgl 7 O,
De"l"”“’ “oll = r@s’\ - i 1T‘{)
7 = : St
s v,
Led a= row, (M)

© y” leasible lor (Dc'a\)
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2(C) = max § x foﬂ,xzog ()

= miwn leu_): /V\Tg)?/c:,k‘o?/oz (o)

To S\now'. (D) has opst]ml ‘VI{Z—QZ" sol.

Le\' g be op‘\\Mal So\. {o (ch

\X/MO\ _Lgl 7 O.

Def—l'm@ \o/, = r%.’\ "‘
9= 9 Y5#I

Led a= row, C M)

© y” leasible lor (Dc'a\)

@ 1‘\‘{)’:}’6:“‘6“‘\ -\'é{ q\)
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2(C) = max § x foﬂ,xzog ()

= miwn leu_): /V\Tg)?/c:,k‘o?/oz (o)

To S\now'. (D) has opst]ml ‘VI{Z—QZ" sol.

Le\' g be op‘\\Mal So\. {o (ch

\X/MO\ _Lgl 7 O.

Def—l'm@ \o/, = r%.’\ "‘
9= 9 Y5#I

Led a= row, C M)

© y” leasible lor (Dc'a\)

@ 1‘\‘{)’:}’6:“‘6“‘\ -\'%, q\)
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2(C) = max § x foﬂ,xzog ()

= min 211—\{): /V\Tb?/c,g?/d)) (D)

To S\now'. (D) \as opst]ml \n{a%e( Sb‘.

Le\' g be op‘\\Mal So\. {o (ch

\X/MO\ _LS‘ 7 O.

Defl'm@ \o/, = T—%.‘\ "l
9= 9 Y5#I

Led a= row, C M)

© y” leasible lor (Dc'a\)

@ 1‘\‘{)’:}’6:“‘6“‘\ -\'% q\)

2(wW)
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Z(C) O — : L] - '

To S\now'
- (D) has optivml inlegerc sol

Led &
Y be 0‘)‘\\\Mo~l So\. {o (D )

\X/MO\ _LS‘ 7 O.
De,'vm, ’
‘L ‘.o," r‘—()'.‘\"\
V5= 9, V' y#|
Led a= row, C M)

©® vy’ Jeasible Jor (D )

l %‘ \ ‘.>

Z 2 [ ] . 6 m‘ O U { W
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2Ce) =

- m\leTtO:MTg)?,c.,cozo.ﬁ (DD

min $17y s My z2c-a, yzo3 (D)
® ‘3/ .\eas’\b\e, —‘Or (Dc—a>
® 1"y’ < 2(©)

2(c-a) =
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2cc) = m\antho'.MTg)
2(c-a) = wmin 21‘-3 3 /"\T
© 9 leasible Yoc (DC-Q)
® 17y’ < 2(©)

Weak duality = 2cCc-o) < 2(c)

Sumwe(‘ gc\no ol

, IPCO 2020, . Gvenin, C%O, Univ. Waderloo



2Cc) = m\mZifto'.MTg)
2(c-a) = wmin 21‘-3 : /"\T
© 9 leasible Yoc (Dw)
® 17y’ < 2(©)

Weak AUO\\\‘LO

— Z(c-a) < 2(c)
M perle ct

—) 2 (c-a) £ 2Cc)-l

Sumv»‘e.(‘ gc\ao ol

IPCO 2020, B. Gvenin, 80, Univ. Walerloo



2Cc) = mmii«o MT\Q

2(c-a) = vvmn213 /"\T

® ‘3/ _\eaG\b\L -‘Or (Dc—a)
® 17y’ < 2(©)

vveakltﬂwa“‘g

— Z(c-a) < 2(c)
M perle ct

—) 2 (c-a) £ 2Cc)-l

%‘{) \wAuc.*}o‘n, 3 6 € Zn OP'\“""’”‘\ sol. 1o (DC‘“>

SUMWQP gc&ool

IPCO 2020, B. Guenin, C80, Univ. Walerloo



2Cc) = mmil«o MT\Q

2(c-a) =

= wmin §1y e /"\T

® ‘3/ _\eaG\b\L 40.* (Dc—o\)
® 17y’ < 2(©)

VVéak:cdanko

— Z(c-a) < 2(c)
M perle ct

—) 2 (c-a) £ &) -l

%‘{) \wAuc.\}o‘n, 3 6 € Zn OP'\“""’”‘\ sol. 1o (DC‘“>

— %*(?> is optimal sol o} (D)

0

N

Sumvwe.(‘ gc\ao ol

IPCO 2020, B. Guenin, C80, Univ. Walerloo



da}: M s a c\'-que, ma¥ i ilr ts  woaximal
Yows ave EL.& sed DX— al\l vvw\xiwml c\{queg

0} Sowme araph G

Svmmer gc\aool/ TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



da,\: M s a c\'-que, ma¥ i ilr ts  woaximal
Yows ave QL.& sed DX— al\l vvw\xiwml c\{o\ueg

0} Sowme araph G

‘ 2 \ 2 3 4 5

Q 0 "

\ISI/ o ll
PN TR

4 3
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d¢~¥3 /V\ S o c\}que, ma¥rix ilr ks me'\mal
Yows ave QL.& sed Dx— al\l vvw\xiwml c\{o\ueg

0} Sowme araph G

‘ 2 l 2 2 4 ¢

Q 0 I

\IEI/ N
L~ N T

4 3

da,Sf; /V\ S o s{ablesd— ma¥el X ]X, ks vwaxi\mml
rows oave ‘(\'\2. S‘e,\' ol &:H max.whal 6“‘&[7‘6 S‘e,'lS
0,‘_ Some D\)Tﬁ?\’l G.
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p\" [_PaoA b&r@}
M pe\“—‘eC‘\‘ =4 M c\iqv& mﬂ'\f"\x CD-)- gf‘apln
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Pe [ Pad been ]
M per-)ec'\‘ =4 M c\io!v& prad X CD-)- gf‘apln
<:7 M 3‘\0&)\@— 98\' Mmlxr;w &Jr ﬁra‘alﬂ
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pP [_Pao& k’)&roj)]
M per-‘ec'\‘ == M c\iqv& prad C X C)-)- gf‘ap(n

P,}: Dedine G =(V,E) whevre
V= i\,..,\n} 2
Ly € = er A vow a ok M wilh C{-=q6=|

— vows o M are c\lques ol G
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pP [_Pao& k‘)&ro.’)}
M per-‘ec'\‘ =4 M c\iqv& prad X C)-)- gf‘ap(n

P,}: Dedine G =(V,E) whevre
V= 2\,..,\/1} 2

L'DG. = ikr QA vow a oX— M w(\'ﬂ C{«-‘sqd-—:l

— vows o M are c\lques ol G

=
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pP {_Pao& bCF@]
M per-‘ec'\‘ == M c\iqv& prad C X C)-)- gf‘ap(n

P,}: Dedine G =(V,E) whevre
V= i\,..,\n} 2
Ly € = er A vow a ok M wilh C{-=q6=|

—) vows ok M are c\lques ol G

TO s\ﬂow:

Cliques are £ vowce 0), M
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pP [_Pao& k‘)&r@l
M per-‘ec'\‘ =4 M c\iqv& prad X CD-)- gf‘apln

P,}: Dedine G =(V,E) whevre
V= 2\,..,\/1} 2
Ly € = er A vow a ok M wilh C{*":otézl

—) vcows o M ace c\lques ol G
Iz 3 4 |
l | | |

M= R 40 z

- - 3
ot € ctow o& M

=g
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pP [_Paol b(.’»ro:)]
M per-‘ec'\‘ == M c\iqv& prad C X C)-)- gf‘ap(n

P,}: Dedine G =(V,E) whevre
V= i\,..,\n} 2
Lbé = CX- [ vow a O)r M w(\'ﬂ C{'&":Otd::l

—) vows ok M are c\lques ol G

TO s\ﬂow:

C\{quzs are Q vowdl 0.‘ M

SUVVOSL no\ {vwe %or que, S
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Led ¢ be chiar. vector o) S.

= wmax$c x ¢ MXSA,X.?OB ()

£ot
P
ZIP’: Max{ch . Mx < i, X770, < ;Mege_(} (IP)
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Led ¢ be chiar. vector o) S.

ZP-_: max $cV x ¢ MXSA,X.?OB (P)
ZIP’: Max{ch . Mx < i, X770, < ;Hege_(} (IP)

S c\]que. —) Z1p £ |
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Led ¢ be chiar. vector o) S.

ZP-,:: max $cV x ¢ MXSi,X7/03 (P)
ZIP’: \Maxgch . Mx < i, X770, < ;Mege_r} (IP)

S c\]que. —) Z1p £ |

Déf\iwe, = where
o Eml-l ) :)C- S
Voo Lo il ¢S

X
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Led ¢ be chiar. vector o) S.

ZP-,:: max $cV x ¢ MXSi,X7/03 (P)
ZIP’: \Maxgch . Mx < i, X770, < ;Mege_r} (IP)

S c\]que. —,; Z1p £ | ns\:l\, L/(i
0
De}ma = w‘oeve, Oo
J . : 1
— -t ) 3ES 0|
X | = : 0
’ o il ¢S L o
S S
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Led ¢ be chiar. vector o) S.

ZP-,:: max $cV x ¢ MXSA,X.?DB (P)
ZIP’: \Maxgch . Mx < i, X770, < ;Mege_(‘k (IP>

S c\]que. —,; Z1p £ | ns\:l\, L/(i
0
De}ma = w‘oeve, Oo
J . : 1
— -t ) 3ES 0|
X | = : 0
’ o il ¢S L o
S S

P 4606](7[2, -\»or (P)
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Led ¢ be chiar. vector o) S.

ZP-,:: max §cl x ¢ MXSA,X.?DB ()
2 max §cTx : Mxg 1,><7/D/><§wiege("§ (IP)
5 c\ique. :> Zip-él '5\:‘\, L/(i
0
Def\iwe < wheve 00
l . . 2
_ El&\-l 'Xr 5 ¢ S 0|
X = : 0
0 o i} 9&Ss - o
sl >
x 4eas'|(>le, tor () = 2o 7 7 o1 7 |
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Led ¢ be chiar. vector o) S.

ZP-,:: max $cV x ¢ MXSi,X7/03 (P)
ZIP’: \Maxgch . Mx < i, X770, < ;Hege_(‘k (IP>

S cligve =y 255«

Dé}ma = where

l . .
— El&\-l 'Sr Dé S
Xb:

o i} 2&S
x 4eas'|(>le, tor () = 2o 7 \\%‘l 7 |
doY 2o = Cip AS M pef,‘ed' 7 Y%

Svmmer gc\aooll TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



P‘f" [C\’\V;\{a\\:\
M perlecy —>
M 5\&5‘6 Sa-\' V"W\‘\'V"\X Ox— pe_chc\— 61"6‘\0)/).
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PT" [C\’\V;\{a\\:\
M perlecy —>
M $\able Sa-\— V"W\‘\'V"\X OA\- Y)e.f-lcc,\— 6(‘6‘\())/).

9: \Ie \orovcdl: M siable set matric o G.
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PT" [C\’\V;\{m\:\
M perlecy —>
M $\able Se-\— WW\'\'V"\X OA\- pe_chc\— 6(‘6‘\())/).

9,: \We \orovcdl: M siable set matric o G.
To s\qot«/: G perlec}
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PT" [C\’\V;\{m\:\
M perlecy —
M S\able Sa-\— V"W\'\'V"\X OA\- pachc\— 6(‘4\0)/).

9,: \We \orovcdl: M siable seb wmatric o} G.
To SLPOW: G perlec}

D Co\u\MV\ Subma*rités D,\. M parjec‘\-
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PT“[C\’\V;\{O\\:\
M perlecy —>
M s\able sed wabrisxe o} pechc\— ﬁm\oln.

@,: \We \orovcdl: M siable seb wmatric o} G.
To SLPOW: G perlec‘l'

D Co\u\MV\ Subma*rites D,\. M parjec‘\-
D colomn sibmatricos of M 4=
S“&ab‘e, S(A’ Ma"sPiLZS OX- \\ﬂA\/C@O\ Subgra\plns ox— G
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PT“[C\’\V;\{O\\:\
M perlecy —>
M s\able sed wabrisxe o} pechc\— ﬁm\oln.

@,: \We \orovcdl: M siable seb wmatric o} G.
To SLPOW: G perlec‘l'

D Co\u\MV\ Subma*rites D,\. M parjec‘\-
D colomn sibmatricos of M 4=
S“&ab‘e, S(A’ Ma"sPiLZS OX- \\ﬂA\/C@O\ Subgra\plns ox— G

By 0+ ® , subices 4o show :

w(G) = X (G)

Svmmer Sc\aooll TPCO 2020, 5. Guenin, CgOl Univ. Waderloo.



Lek

max $ 0=t Mx <1, xz0, = wilege ¢ 3 (IP)
>

>
min 21.1-3 : /"\ch)7/ 1, W20, Y ivﬂege\r} (ID)
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Lek
max $ 0=t Mx <1, xz0, = wilege ¢ 3 (IP)
mMin 21.1-3 : /"\ch)7/ 1, W20, Y ivﬂege‘r } (ID)

What does (IP) linds 7
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Lek

max $ U=t Mx <1, xz20, = wilege v 3 (IP)
>

>
min 21.1-3 : MT{)Z 1, W20, Y ivﬂege\r} (ID)

What does (IP) linds 7

Ma~< 1T><

o _
P

L x <1, x20, x wleger
B _ <7 X e ao,\kv

c\na\r, ve,c.‘\or OX' S‘\aue, Se’t
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Lek

max $ U=t Mx <1, xz20, = wilege v 3 (IP)
>

>
min 21.1-3 : MT{)Z 1, W20, Y ivﬂege\r} (ID)

What does (IP) linds 7

Ma~< 1T><

o _
e

Lo x <1, x20, x wleger
B _ <7 X e w,qv

c\na\r, ve,c.‘\or OX' S‘\aue, SQ{

— [.'mols miax 1muw Si2e c\lqva,, e w(G)
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Lek
max $ U=t Mx <1, xz20, = wilege ¢ 3 (IP)
mMin il‘r'ﬁ; MTtgz 1,%?0,6“4"692‘(} (ID)

Whak does (ID) linde ?
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Lek
max $ 0=t Mx <1, x20, = wlege ¢ } (IP)
mMin il‘r'ﬁ; MTtgz 1,%?0,6“4"69&‘(} (ID)

Whak does (ID) linde ?

™M 1""({) / <har, vector 03, S'\aue, set
S+ B

' ‘07/1

. W72 0, yinleger

- - wwia N & 0,13
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Lek

max $ 0=t Mx <1, x20, = wlege ¢ 3 (IP)

™Min il‘r'ﬁ: M’

NZ 1,%20,6“”‘692‘(} (ID)

Whak does (ID) linde ?

™M 1""({) / char, vector 03, S‘\aue, set
S+ B

‘07/1

. W72 0, yinleger

wwa N & £0, 173

:7 _\’MAS MmN mYwm Sex' OX S}Ql)l& SQ“S

Qo\/e\"'\lng)

V., e X(G)

/
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Thos
w(G)= vwco(f,ifx c Mx <1, %20, x \w\e,%ar } (Ie
)((Cr)-: Min ilT«ﬁ : MTLQ7/ 1, 167/0,% '\V\Jte,ee‘r } (ID)
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Thos
w(G)= vwco(f,ifx c Mx <1, %20, x \w\eq)ar } (Ie
)((Cr)-: Min 211_‘3 : MTLQ7/ 1, 167/0,% '\V\Jce,ee‘r } (ID)

M pedad’ S thys Mx< 1, < 7 O T™TD7T
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Thus
w(G)= Ma%f,ifx c Mx <1, %20, x \w\eq)ar } (Ie
)((Cr)-: Min ilT‘ﬁ . MTLQ7/ 1, 167/0,% '\V\Jce,ee‘r } (ID)

M pedad’ S thys Mx< 1, < 7 O T™TD7T

—7 wi(G)= X(G6) o
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Those
W)z wmax §47x : Mx < 1,

<20, % wileaer v (IP)
>((G)= mMin 2173 : MTcgz 1, w2

O,x integer J (ID)

M perl,ac_\’ S thys Mx< 1, < 7 O T™TD7T

—7 wi(G)= X(G6) o

\)(/e, s\nawed .

To wmdersiand pe,r.lec.‘\ matrices %
SuéAiCes Lo understand perﬂ}o,c\- Q)raplz.s E
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Those
W)z wmax §47x : Mx < 1,

<20, % wileaer v (IP)
>((G)= mMin 2173 : MTcgz 1, w2

O,x integer J (ID)

M perl,ac_\’ S thys Mx< 1, < 7 O T™TD7T

—7 wi(G)= X(G6) o

\)(/e, s\nawed .

To wmdersiand pe,r.lec.‘\ matrices %
SuéAiCes Lo understand perﬂ}o,c\- Q)raplz.s E
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Ercom \p&r-\ec,\- o.\ra\_o\ns o \oer-}ec\' matrices

Svmmer gc\nool/ TPCO 2020, 1B. Guenin C%O, U niv. Waler oo .



er,\; AUp\iCo&iv\% a vertex U s to add a vew vertex

Y, i)o'\\/\ b o al\ Wai6\':bor5 o,L ¥ and to U

Svmmer gc\aool/ TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



cﬁe,\; alvp\'mo&iv\% a vertex U s to add a vew vertex

¥, joiv it to o\l \ne.if)\abors o,t— ¥ and to U
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er,\; Avp\iCo&iV\% a vertex U s to add a vew vertex

Y, i)o'\\/\ b o al\ Wei6\':bor5 o,L ¥ and to U

Du p\\'\coﬂ'\ow Pr&S@vva \pe‘(,‘e C,{‘iom 99

Svmmer gc\nool/ TIPCO 2020, 3. Guvenin, C%O, U niv. Waler oo .



Pr[Lav;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect
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Pr[Lav;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We show @ w(l) = x(H)
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Pr[Lov;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We show @ w(l) = x(H)
/

Iwu\uceA Subgmp‘ns ? exeNcise
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Pr[Lav;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We show @ w(l) = x(H)
/

Twdouced Sub@ﬁxp‘ns ¢ exeVcise

3 Co\ou\r c\asses C\',,,/ Cw(&-) ol- G
\X/mo\ v € C,
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Pr[Lav;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We shpw @ w(H) = X (H)
exeNcise

3 Co\ou\r c\asses C\',,,/ Ccu((}—) ol— G
\X/mo\ v € C,

CO\S&.IZ g & S . mMa x< | mvwmw cliq\/a ol, G-
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Pr[LOVJSZ]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We shpw @ w(H) = X (H)
exeNcise

E‘ Co\ou\r c\asses C\',,,/ Ccu((}—) ol— G
\X/mo\ v € C,

CO\S&.IZ g & S . mMa x< | mvwmw cliq\/a ol G-

SUEBY cique of H =7 wWlH)= w(G)+ |
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Pr[Lav;s2]
G perlect, B obtained Yrom G by duplicating
verfes o Then B is peclect

) We shpw @ w(H) = X (H)
exeNcise

E‘ Co\ou\r c\asses C\',,,/ Ccu((}—) ol— G
\X/mo\ v € C,

Case_l: g & S . mMa x< | mvwmw cliq\/a ol G-

SUEBY cique of H =7 wWlH)= w(G)+ |
As 253, Co,-.,CwCG) IS propec Colouf'nne) o,\— H
wlH) = x(H)
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Case, Z . U 1S in nNo maximum c\?qua_ o-\— (J’
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Case, Z . U 1S in nNo maximum c\?qua_ o-\— (J’
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Case, Z . U 1S in nNo maximum c\iqua_ 01— (J’

Lek C’/: G \(C|‘\7’>

S wmaximuwm c,\'\c‘ue, o!r G
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Case, Z . U 1S in nNo maximum c\?qua_ o‘— (J’

Le# C’/: C-\(C,‘U’> > \i_/\v

TL&V\ lS(\C.Llﬁ ll\/bz\,,-,w(c'\) ¢

S wmaximuwm c\'\c‘ue, o!r G
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Case, Z . U 1S in nNo maximum c\?qua_ o‘— (J’

Le# C’/: G- \(C,-\?’> > T\i_/ﬂ\u

TLe/\r\ SNC.| £ \/Lz\,,-,w(ﬁ'\) ¢

/

— |[SNc;| =1,

S wmaximuwm c\'\c‘ue, o!r G
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Case, Z . U 1S in nNo maximum c\?qua_ o‘— (J’

Lek C’/: G \(C,‘\?’>

S wmaximuwm c\'\c‘ue, o!r G

Then (SN CL| €U Win,
—) |S N C;| =
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Case, Z . U 1S in nNo maximum c\?qua_ o‘— (J’

Lek C’/: G \(C,‘\?’>

S wmaximuwm c\'\c‘ue, o!r G

Then (SN CL| €U Win,
—) |S N C;| =
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Case, Z . U 1S in nNo maximum c\?qua_ o‘— (J’
p ,QTﬂ
Lt G'= G \(c,-v) SN\,

S wmaximuwm c\'\c‘ue, o!r G

TLe/\r\ SNC.| <L ll\/bz\,,-’w(c'\)
—) |S NC;| =1,

IS n (c, '\73\- |
—) wl(G)-1 = w(G')= X(G").

. /
DI, cve , chc)_] CO‘OUrlﬂb OL G

Svmmer Sc\aooll TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



Coase 2% & iS5 in no maximum C_\'GU/Q_ o} G-

Lek C’/: G \(C"\?’>

S wmaximuwm c\'\c‘ue, o!r G

TLe/\r\ SNC.| <L ll\/bz\,,-’w(c'\)
—) |S NC;| =1,

IS n (c, '\73\- |
—) wl(G)-1 = w(G')= X(G").

. /
DI; cve , chc)_] CO‘OUrIﬂS 0)* G

_> Dl,"-/ Dwu}),‘ | C,’ U U v CO\our}mf) 01,
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Coase 2% & iS5 in no maximum C_\'GU/Q_ o} G-

Lek C’/: G \(C"\?’>

S wmaximuwm c\'\c‘ue, o!r G

TLe/\r\ SNC.| <L ll\/bz\,,-’w(c'\)
—) |S NC;| =1,

IS n (c, '\73\- |
—) wl(G)-1 = w(G')= X(G").

. /
DI; cve , chc)_] CO‘OUrIﬂS 0)* G

_> ’Dn"-/wa),\,C|’\)’UG CO\OUP;V\E) 01,
— wlih )= XC(H) 4
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p(‘ [C\/\Va Jcal]
G P&F-}ac‘\' A Ca p\n/ M s{-abla mat £ < O-L (-
= M pecle cY
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[P [C\ava ’cal]

G pecrlect Acaph , M stable wotcix o G
= M pecle cY

P4 .

p ‘T WMox 2 ¢V * M)(S /l, X2 0, > ‘m-\e.ge(‘ } (IP)

&p := max{CTx:MXS’l,x}D} (P)

25 = min{ Ly MTy2e , y»o0 ) (D)

2 = Min f_lTno . MTtO 7C,y47z20, Y ‘m!ager} (ID)
Zip < ZP= ZD < ziD

Svmmer gc\nool/ TIPCO 2020, 3. Guvenin, C%O, U niv. Waler oo .



p(“ [C\/\Va Jcal]
G P&F-}ac‘\' A Ca p\n/ M s{-abla mat £ < D-L (-

= M pecle cY

P’\: ZIP = wex § CTx ¢ M < 1, x2 0, > M"e.ge(‘ } (IP)
—> &p = mo\xich:sti,x}D} (P)
2 = min Ly My e, y>o0 ) (D)

20 = Min §_1T% 3 MT‘.O 7C, Y420, Y ‘miaaer} (ID)

2, 2,= 2, S Zyp

To show: Ve € Z+: zpiw‘eger.
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p(‘ [C\/\V(; Jcal]
G P&F-}ac‘\' A Ca p\n/ M s{-abla mat £ < D-L (-
= M pecle cY

P": ZIP = wex § CTx ¢ M < 1, x2 0, > ‘m"e.ge(‘ } (IP)
—> &p = W'"Y{,CTX'-MXS/_‘.,X}D} (P)
2 = min Ly My e, y>o0 ) (D)

Z;p ‘= Min ilTxo i MTtO zC ., YWwz0O, Y imizse(‘} (ID)

2, 2,= 2, S Zyp

To show: Ve € Z+: zpiw‘eger.

Let G. be obtowe ol f‘»fOM G- \90 Vv e \V;
@
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p(‘ [C\/\V(; Jcal]
G P&F-}ac‘\' A Ca p\n/ M sJ\-aua mat £ < D-L (-
= M pecle cY

P": ZIP ‘= WX f_CTx . MXS ’l, X272 0O, > ‘m-‘e.ge(‘ } (IP)
—> &p = WIM({CTX:MXS’J.,X}D} (P)
2p T mm{_’f.ﬁ ‘. l"\Tcﬁ7/c ) to>/O} (D)

Z;p ‘= Min ilTko . MT‘Q zC ., YWwz0O, Y ‘Mizge(‘} (ID)

- <
2, Z,= 8, € Zp

To show: Ve € Z+: zpiw‘eger.

Let G. be obtowe ol f‘»fOM G- \90 Vv e \V;
o i)— Cy= O . delele v
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p(‘ [C\/\V(; Jcal]
G P&F-}ac‘\' A Ca p\/o/ M sJ\-aua mat £ < Dj- (-
= M pecle cY

P’\: ZIP ‘=T WM aX f_CTx € st ’l, xXZ 0O, > ‘m-‘e.ge(‘ } (IP)
—> 2, = mo\x{,ch:sti,x}D} (P)
2 iT m\n{tha : I‘/\Tco zec Lo>/0} (D)

210 = Ny leuo B /"\Tﬂ #~C , "0 7 O, to imizﬁe(‘} (ID)

2, 2,= 2, S Zyp

To show: Ve e Z: . 2p iwlege ¢,
Ley Go be obtamed liom G by Vv e V:
o i)— Cy= O . delele v

® \.x, C\}7/2. . ('A\/P\i(h\’& \7'/ C(},'l 'EH/"!QS

Svmmer gc\aooll TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



O Z1p = w (G)
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O Z1p = w (G)

p}:

mMma~~ C X

5-\— ) _/ S'\aue, Se'h
c (IP)

L1 x2 1, *20, % wleper
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O Z1p = w (G)

p}:

mMma~~ C X

5-\— ) _/ S'\aue, Se'h
c (IP)

L1 x2 1, *20, % wleper

Py ,('WID{ W a X weico\n)( c\]qv& Dl G
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O Z1p = w (G)

p}:

mMma~~ C X

5-\— ) _/ S'\aue, Se'h
c (IP)

- x2 1, *20, % wleper

Py ,('mo{ W a X weico\n)( C.\\]qve, Dl G

Q 9 Q >®)

o \\U o
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O Z1p = w (G)

p}:

Mma> €. X
o

S'\a ue, Se'h

-

P

Ly )\

(IP)

x2 1, *20, % wleper

Py ,('mo{ W & X weico\n)( C.\\]qve, Djr G = W(GC_>

Q £

\o

5 Y
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@ 234= X (G)
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@ 25y= X (G)

™in j:r‘o / S‘QO\B\Q Se*
st £

o (ID)

o W2 C, 920, iivleger
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@ 25y= X (G)

™in j:r‘o / 5‘&0\&‘2 SZ&
st £

o (ID)

o W2 C, 920, iivleger

Py J,'\mAs miniwmvwmwm St z2e f‘O\VVI.I\‘o 0\, s\ajole_ SQ{S

cover'\\ns Qab\a J C \/, 2 C & Livwes
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@ 25y= X (G)

™in 1T‘0 / S‘QO\B\Q SZ*
st £

i (ID)

A W2 C, 920, iivleger

pr— ,t\ncAS wmainiwvw S| 2e ,\o.vv.]\.:) o\r s'\abla_ SQ“S

cover'\\ns eal, v e V 2 Ce Liwmes

u \
2 \
G @o é - » G,
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@ 254= X (G)

™in 1T‘0 / S‘QO\B\Q SZ*
st .

1o (ID)

A W2 C, 920, iivleger

pr— ,t\ncAS wmainiwvw S| 2e ,\o.vv.]\.:) o\r s'\abla_ SQ‘(S
cove fingy eah, v eV zcglimes = X (G )

G0 40
o &
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Then ¥ c c Z:

@

®
w(C)=2,< 2,=2 < 2 _=x(C.)

1 T

= swmce G aud hence G Par_\ec\‘
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Then ¥ c c Z:

®

®
w(C)=2,< 2,=2 < 2 _=x(C.)

1 T

= swmce G aud hence G \om’_\ec\'

— e 'tw\eg)er — M \periec\‘ /i
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=), ZP 'm\e,6e,r =), M \perlac\‘ /i

\)(/e, s\nowétl .

To uwde,fs\omri Pe,f-‘ec,jf cz)@ap\ns i{’ SuaHiceS
tO uvmlo.rs\omd‘ Pe\l‘-\ac\' Ma‘h‘ices.
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A C\na\\racl\e.("\ag{‘igv\ Q. parl-e_c,{‘ oy fa o‘ﬂs/vvm*r((es
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2 wa.LOS ox' c\noLV‘C\C_\‘eNEiV\f) Q w\'\wor—c‘osed

class € of obyects
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A wcuos ox— c\aawac\'efiéimf) Q v\a'\wor—c\DSZCA

c.\lonss é ol. c)‘ojec\'s
O  describe what s inside

S%rua\u\re, Une,omvv\

wor\r} d @
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A wm{)S ox— c\aawac\'efiéimf) Q v\r\'\WOr—Q‘DS'e(A

c.\lonss é ol. c)‘ojec\'s
O  describe what s inside

S%ruc\u\re, {L.e,omv\q

@ d@scw“oe— w\nm{’ (S ‘Ous*' ouﬁSIJQ_

QXc\u Jeo\ W o™ the ove W)

/
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o\ejr: a f)\ra\o\f\ 'S W\in'\mo\llg '\M\OeFj,eC‘\' il,
@ &t s not per-‘ea{'
o pFOPe,\r i\nducad GJEQ)V‘O\ p\ﬂ avVe \(Jerj,ec{'
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o\ejr: a f)\ra\o\f\ 'S W\immo\llg '\M\Oefl,eC‘\' il,
@ &t s not per-‘ea{'
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