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Questions : For what class of matrices

① ZIP = Zip V- WE ZI matrices satisfying ② S ③

② ZIP =

Zp
V- WE Z ! L x > o : M¥13 integral

③ ZID = ZD tf w C- ZI MXEI
,

-170 TDI

We will see :

{ xzo : Mx E 13 integral

MXE I
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X 70 TD I
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Perfection

det : A 0,1 matrix M is perfect it

{ xzo : Mx E 13 is integral .

We will show
, unique combinatorial object

associated with perfect matrices
.

0,1 matrix is perfect it its maximal

rows are the char . vectors of stable

sets of a perfect graph

study of perfect matrices =

study of perfect graphs .
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An Integer Programming framework
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def : Set Covering IP
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An Integer Programming framework

Let M be mxn Oil matrix
,

w E IRI

def : Set Covering IP

min { wtx : Mx 21,
x 70

,

x integer ) C IP )

X E E 0,13
"

Why the name ?

I

m= 4/1/11incidence
vector of set

I I

I I

l
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An Integer Programming framework

Let M be mxn Oil matrix
,

w E IRI

def : Set Covering IP

min { wtx : Mx 21,
x 70

,

x integer ] ( IP )

X E E 0,13
"

Why the name ?

µ , µincidence
vector of set

I

/ ://
,

) Fofinds
min weight family

,
,

sets covering ground set

xj= I
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min E wtx : Mx Z I
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XZO
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x integer ) ( IP )

min ( wt x : M x

71
,
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min E wtx : Mx Z I
,

XZO
,

x integer ) ( IP )

min ( wtx : M x

71
,

xx o ) I P )

Max { Ey : Mty E w
, y Zo ) I D )

Max L IT
y

:Mtysw, y z o
, y integer ) CID )

Let ZIP , Zp , ZD ,
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be optimal values for
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min E wtx : Mx Z I
,

xzo
,

x integer ) ( IP )

min ( wtx : Mx

71
,

xx o ) I P )

Max { Ey :

Mtyfw
, y > - o ) I D )

Max L tty :Mtysw, y 20 , y integer ) CID )

Let ZIP , Zp , ZD ,
2-

ID
be optimal values for

I IP )
,

CP )
,

C D )
,

LID ) respectively ,
then

ZIP Z Zp = Z
D 7 Z

ID
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Restating Menger 's th

G = CV
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,

t E V
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• columns indexed by E
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Restating Menger 's th

G = CV
,

E )
,

s
,

t E V

M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

I 2 3 d S

I a
I I I

S t I I

3 M-1
I I

Z S I I
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M matrix where

• columns indexed by E

• rows = char
.
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Question : What does CIP ) finds for w= I ?
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Question : What does CIP ) finds for w= I ?

T

min I x

char
.

vector of st - path
St

I l l l X 7 I
,

x Z O
,

x integer

← XE Lo
, 13

✓
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Question : What does CIP ) finds for w= I ?

T

min I x

char
.

vector of st - path
St

I l l I X 7 I
,

x Z O
,

x integer

← XE Lo
, 13

✓

finds min size St - cut
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Question : What does IID ) finds when w= I ?
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Question : What does IID ) finds when w= I ?

Max IT y
char

.
vector of st - path

st
I1/11/11y E I

, yzo , y integer
i

y
E so , 13

e
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Question : What does IID ) finds when w= I ?

Max IT y
char

.
vector of st - path

st
I1/11/11DEI , yzo , y integer

i
y

E Eo , 13
e

finds maximum nb of disjoint st - paths
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Then Menger 's theorem

Z
Ip

= ZIP for w = I
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M matrix where

• columns indexed by E

• rows = char
.

vectors of st - paths

Then Menger 's theorem

Z
Ip

= ZIP for w = I

Exercise :

Show
, ZIP = EID tf w E Z !

What does this
say in terms of graphs ?

undirected flows
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Three questions

min E wtx : Mx

21
,

XZO
,

x integer ) C IP )

min C wtx : M x

21,
xx O ) I P )

T

Max { 1 y : Mtg E w
, y Zo ) CD )

T

Max L IT
y

: M
y E w , y z o

, y integer ) CIP )
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Three questions

min Ewtx : Mx > I
,

XZO
,

x integer ) C IP )

min C wtx : Mx

Z1
,

xx O ) I P )

T

Max { 1 y :MTYEW, y Zo ) CD )
T

Max Etty : Mysw , y 20 , y integer ) CIP )

For all w E ZI : ZIP Z Zp =

ZDZ
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min C wtx : Mx
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,
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T

Max { 1 y :

MTYEW
, y > - O ) CD )

T

Max Etty : Mysw , y 20 , y integer ) CIP )

For all w E ZI : ZIP Z Zp =ZDZ ZID

Questions : For what class of matrices does
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Questions : For what class of matrices does
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Three questions

min Ewtx : Mx > I
,

XZO
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x integer ) C IP )
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21
,

xx O ) I P )

T

Max { 1 y :

MTYEW
, y > - O ) CD )

T

Max L Hy : Mysw , y 20 , y integer ) CIP )

For all w E ZI : ZIP Z Zp =ZDZ ZID

Questions : For what class of matrices does
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T

Max { 1 y :

MTYE
w

, y > - O ) CD )
T

Max Etty : Mysw , y 20 , y integer ) CIP )

For all w E ZI : ZIP Z Zp =ZDZ ZID

Questions : For what class of matrices does

① Z±p=Z±p Fw E Z ? matrices satisfying ② S ③
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Questions : For what class of matrices
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Questions : For what class of matrices
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Questions : For what class of matrices
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Questions : For what class of matrices
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Questions : For what class of matrices

① ZIP = Zip V- WE Z ? matrices satisfying ② S ③

② ZIP =
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We saw ③ implies ②

For i -
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, 2,3 let Miclass of matrices satisfying

Mz E Mz S M
,

= Mz A Nz = Mz
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Questions : For what class of matrices

① ZIP = Zip V- WE Z ? matrices satisfying ② S ③

② ZIP =

Zp
Kw E Z ? 1×70 : MXE 13

integral③ ZID = ZD tf w C- ZI MXE I
,

-170 TDI

We saw ③ implies ②

For i -

- I
, 2,3 letMiclass of matrices satisfying

Mz E Mz S M
,

= Mz A Nz = Mz

def : M ideal it Exzl : Mx 713 integral
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i. e ME it
, .

Summer School
,

IPCO 2020
.

B
.

Guen in
.

CSO
,

Univ .

Waterloo
.



Ideal versus Menger ian

We saw : Menger i an Ideal
.

Question : does converse hold ?
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Question : does converse hold ? No

I I

I I

Qb =

I I I

I I I

• ideal
, why ?

Summer School
,

IPCO 2020
.

B
.

Guen in
.

CSO
,

Univ .

Waterloo
.



Ideal versus Menger ian

We saw : Menger i an Ideal
.

Question : does converse hold ? No

I I

I I

Qb =

I I I

I l I

• ideal
, why ?

• not Menger ian : for w = I we have

2 = ZIP 7 ZID = I
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No single combinatorial object associated to

ideal or Menge rian matrices
.

contrast with perfection
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Remainder of lectures

Part II : Perfection

Part IT : Ideal ness

Part II : The Menger ian property
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