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Abstract

This paper analytically characterizes the speed of convergence under learning to

a rational expectations equilibrium (REE) for a large class of multivariate models in

which people’s beliefs about model outcomes are central determinants of those out-

comes. The paper then investigates what features of an economy determine the speed

convergence. We do so by applying our analytic results to variants of the simple New

Keynesian model when the Zero Lower Bound is and is not binding, and a medium

scale DSGE model. Under certain circumstances, convergence of a learning equilibrium

to the REE equilibrium can be so slow that analysis based on rational expectations is

very misleading.
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Board of Governors or anyone else. The authors thank Klaus Adam, George-Marios Angeletos, Ed Herbst,
Albert Marcet, Michael Massman, Alexander Mayer, Damjan Pfajfar, Bruce Preston, Tom Sargent, Robert
Tetlow, Ivan Werning, Mike Woodford and participants in a number of seminars for helpful comments and
suggestions.

1



1 Introduction

Rational expectations may be a useful modeling strategy in tranquil times like the Great

Moderation. This strategy is less appealing when people are confronted with novel events,

such as the Financial Crisis, the COVID-19 pandemic and the aftermath of the Russian

invasion of the Ukraine. This paper analyzes the speed of learning and evolution of economic

aggregates after a novel event. We assume that people must learn about their environment

by forming beliefs about future economic outcomes and updating those beliefs as the data

come in. Our analysis focuses on characterizing the speed of convergence of a learning

equilibrium to a rational expectations equilibrium (REE). The critical issue is whether the

speed of convergence is fast enough to render the REE a useful guide for normative and

positive analyses after unusual events.

To address this question, we analytically characterize the speed of convergence in a

broad class of non-stochastic learning models. When we confine ourselves to linear solutions

of a model, our results apply to a broader class models, including medium-scale dynamic

stochastic general equilibrium (DSGE) models, like CEE (2005). In all cases, the models

that we consider have two important characteristics. First, people learn using either stan-

dard Bayesian methods or least-squares. Second, people’s beliefs about model outcomes are

central determinants of equilibrium outcomes.

We prove two propositions, which, taken together, show that a particular scalar parame-

ter, b, of the multivariate, non-linear system determines the asymptotic speed of convergence

to an REE.1 That parameter, which also determines the E-stability of an REE (b < 1), can

be calculated from the model solution. A model exhibits slow learning when b is less than

but close to one. We investigate the economic determinants of that scalar variable, i.e.,

whether learning is fast or slow.

Our central finding is that when beliefs are partially self-fulfilling, learning equilibria

converge slowly to rational expectations. Indeed, learning can be extraordinarily slow. For

example, in the simple NK model, when wages and prices are sticky progress is measured

in decades. A similar result holds for the benchmark CEE (2025) model. In the absence

of investment adjustment costs, progress to the REE, meaningful convergence is measured

in centuries. Even more dramatically, in the simple NK model when the zero lower bound

(ZLB) is binding, the crucial parameter b is very close to 1, and progress is measured in

millennia. In all three of these cases, positive and normative analyses based on rational

expectations can be very misleading. As Vives (1993) writes, in a changing world, for all

1Our results are consistent with those in Christopeit and Massmann (2018), who study a univariate,
linear, stochastic learning model.
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practical purposes, “‘slow’ convergence may mean no convergence.”

Consider the simple NK model in which both wages and prices are sticky. Suppose that at

time zero people expect the mean of next period’s consumption to be lower and the mean of

inflation to be higher than in the REE. High expected inflation in future periods leads firms

to set higher prices and households to set higher nominal wages at time zero. This response

exerts upwards pressure on initial period inflation. Low expected aggregate consumption in

the next period makes households feel poorer today because their income will be lower than

in an REE.2 This negative wealth effect induces households to cut back on consumption and

supply more labor in the current period. So real wages fall in the current period, exerting

downward pressure on inflation. Other things equal, time zero consumption is low. Because

of competing forces, time zero inflation could be high or low relative to the REE value.

Suppose that the impact of high expected inflation dominates the impact of the fall in real

wages on current inflation. Then the monetary authority would set high nominal and real

interest rates. As long as monetary policy gives positive weight to the output gap, there is

a tradeoff between inflation and output objectives. The net result of that tradeoff is that at

time zero, the real interest rate does not change by very much, so time 0 consumption is low

and time 0 inflation is high relative to their values in an REE. So, the initial expectations

of low consumption and high inflation are self confirming. However, they are not completely

self-confirming because consumption is not quite as low and inflation is not quite as high as

peoples’ expected time period one values.

When agents update their expectations in the next period, they will do so based on the

low equilibrium value of consumption and the high equilibrium value of inflation at time

zero. So the expected value of future consumption and inflation will again be lower and

higher, respectively, than their REE values. This mechanism repeats itself at t = 2 and in

subsequent periods. The result is that expectations about consumption and inflation are

partially self-fulfilling and learning is slow (b is high). Similar intuition obtains in the DSGE

model of CEE (2005). The model of Smets and Wouters is the same as CEE (2005) up to the

specification of shocks. It follows that learning will also be slow in that model. We conclude

that learning is slow in estimated empirically plausible NK models.

The intuition for slow learning is particularly clear for the simple NK model when the

ZLB is binding. Suppose that firms and households expect lower inflation in the future.

Because of price-setting adjustment costs, firms are incentivized to cut prices today. In

the ZLB, low inflation expectations mean households believe the real interest rate is high.

Consequently, households reduce their demand for consumption, leading to a fall in the

2This effect is reinforced by households’ expectations, that relative to the REE, they will receive less
profits from monopolistic firms in the next period.
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marginal cost of production. So, the actions of both households and firms lead to lower

current inflation, consistent with their initial beliefs. With learning, low current inflation

shifts expected inflation down in the next period. The previous mechanism repeats itself in

the next period so that actual inflation in the next period is also low. We conclude that, in

the ZLB, deflation expectations are partially self-fulfilling, and learning is slow (b is high).3

The speed of convergence plays a crucial role in analyzing the efficacy of various govern-

ment policies like an increase in government purchases. These results emerge most starkly

for the NK model when the ZLB is binding.4 We use a non-linear version of the NK model

in which only prices are sticky. This model has been widely used in the literature related

to government purchases while the ZLB is binding. We also incorporate internalized learn-

ing for this analysis. In this model the effects of a rise in government purchases are much

smaller under learning than under rational expectations. Under rational expectations, the

government spending multiplier is very large when the ZLB binds because an increase in

government purchases raises expected inflation (see Christiano et al. (2011)). Because the

nominal interest rate is fixed, this rise generates a fall in the real interest rate, a rise in

consumption, and a multiplier substantially larger than unity. Under learning, expected in-

flation is partially backward-looking and doesn’t move much after an increase in government

purchases. So, the real interest rate doesn’t fall by very much, the key driver of the large

REE multiplier is effectively eliminated, and the multiplier is close to unity.

We also consider the effects of monetary policy in the form of forward guidance when the

ZLB is binding. To convey intuition as transparently as possible, we consider a simple form

of forward guidance: the monetary authority commits to keeping the nominal interest rate

at zero for one period after the shock that makes the ZLB binding returns to its steady-state

level. The number of REEs proliferates under forward guidance, but only one REE is stable

under learning. Consistent with the existing literature (for example, Del Negro et al. (2023)

and Woodford (2012)), we find that even this simple form of forward guidance is powerful

under rational expectations. As is well known, the power of forward guidance under rational

expectations reflects its strong effect on expected inflation. Under learning, expectations are

partially backward-looking, and forward guidance is not very powerful. So, as with fiscal

policy, a REE-based analysis of monetary policy can be very misleading.

We show that our key conclusions are robust to a variety of perturbations. First, as

noted above, those conclusions hold in empirically plausible DSGE models like the model of

3These results are consistent with results in Heemeijer et al. (2009) and Hommes (2011), who analyzed
the interactions between beliefs and outcomes in an experimental setting.

4Much of the work in the initial aftermath of that event combined rational expectations with the NK
model. See, for example, Eggertsson and Woodford (2004), Christiano et al. (2011) and Del Negro et al.
(2023).
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CEE (2005). Second, our results are robust to whether agents solve their problems using a

version of Kreps (1998)’s Anticipated Utility (our benchmark analysis) or internally rational

learning. Under anticipated utility, people update their beliefs every period as new data

comes in. But, when they make their decisions, people proceed as though their beliefs will

never be revised again.5 Under internally rational learning, people fully integrate the fact

that they are learning when they solve their problems, i.e., households and firms are internally

rational in the sense defined by Adam and Marcet (2011). Implementing internal rationality

in the non-linear solution of the model is computationally very challenging.6 The associated

computational burden explains why much of the learning literature works with a version

of Kreps (1998)’s Anticipated Utility approach.7 Because of computational challenges, we

investigate the implications of the two different learning models using the full non-linear

solution to the simple NK model when the ZLB is binding. Qualitatively similar results

under Krep’s anticipated utility and internal rational learning.

Third, we show that our results are robust to whether we work with the fully non-linear

or linear approximations to model solutions. Again, for computational reasons it is difficult

to work with a fully nonlinear version of the DSGE model in CEE (2005). So we use the

simple NK model when the ZLB is binding. In that model the speed of convergence to the

REE is also particularly slow.

Fourth, we investigate whether our results regarding the asymptotic rate of convergence

to the REE are useful for characterizing convergence speed over short horizons. Based on

our analysis of the NK model, we show that the answer is yes.

2 Related Literature (Incomplete)

Our paper is related to several literatures. The first is a literature that studies the con-

ditions under which non-stochastic learning equilibria converge to an REE (see Evans and

Honkapohja (2000)). In contrast, we study the rate of convergence to an REE in that class

of models.

The second is the literature that studies the properties of recursive stochastic estimators

in learning models. Ljung (1977) establishes that a recursive estimator, θ̂t, converges almost

surely to a limiting value, θ, if a particular ordinary differential equation (ODE), determined

5This approach has been criticized for its internal inconsistency (see Cogley and Sargent (2008) and Adam
and Marcet (2011)).

6For example, we solve the simple NK model when the ZLB is binding using a compiled programming
language (c++) and we make use of more than 300 processors. See Appendix C for details.

7This approach has been criticized for its internal inconsistency (see Cogley and Sargent (2008) and Adam
and Marcet (2011)).
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by the economic model, has eigenvalues with real parts that are less than unity. Marcet and

Sargent (1989b; 1989a), Woodford (1990), Evans and Honkapohja (2000; 2001), and others

build on Ljung (1977) to study the conditions under which learning equilibria converge to

an REE. Marcet and Sargent (1995) numerically study the rate at which these learning

equilibria converge to an REE. Christopeit and Massmann (2018) provide analytic results in

a linear, scalar stochastic model. In contrast, we provide multivariate, non-stochastic results

and apply them to the non-linear NK model.

Ferrero (2007) discusses learning in the context of a linear NK model in which the ZLB

on interest rates is not binding. He uses the simulation methods proposed by Marcet and

Sargent (1995) to study convergence rates of learning equilibria. Ferrero (2007) adopts the

so-called Euler-equation approach to learning as opposed to our approach; see Evans (2021)

for a definition of the Euler-equation approach to learning, and see Preston (2005) and Adam

and Marcet (2011) for a critique of that approach.8 Another difference with Ferrero (2007)

is that we compare convergence rates in a non-linear NK model when the ZLB on interest

rates is and is not binding.

Cogley and Sargent (2008), Adam and Marcet (2011), and Adam et al. (2017) numerically

analyze endowment economies in which people learn and make decisions in an internally

rational way. Adam and Merkel (2019) use this approach to numerically analyze a real

business cycle model in which peoples’ beliefs do not nest an REE. In contrast, we provide

analytic results about rates of convergence for a broad class of models and study a non-linear

NK model in which peoples’ beliefs do nest an REE.

Preston (2005) and Eusepi et al. (2022) use the anticipated utility approach to study the

effects of monetary policies in linearized NK models under learning. In contrast, we work with

a non-linear model in which people make internally rational decisions. ding fundamentals

that are observed with noise.

A different literature investigates the information content in prices regarding fundamen-

tals that are observed with noise. In that context, Vives (1993) asks: how quickly do

people’s beliefs about an exogenous cost parameter converge? A large literature also ex-

plores the speed with which people learn the parameters of exogenous stochastic processes.

For example, Erceg and Levin (2003), Gust et al. (2018), and Farmer et al. (2021) describe

an empirically relevant set of time series representations with hard-to-learn low-frequency

components. In contrast, we study convergence rates for beliefs about objects whose values

depend on those beliefs.

Heemeijer et al. (2009) and Hommes (2011) study positive and negative feedback loops

from expectations to outcomes using laboratory experiments and univariate models with

8Our approach is an example of what Evans (2021) calls the agent-based approach to learning.
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constant gain. In contrast, we analytically characterize convergence rates of beliefs for a

broad class of models and numerically analyze rates of convergence in a multivariate NK

model under Bayesian learning.

Our paper is also related to a recent game-theoretic grounded literature that analyzes

the implications of bounded rationality for the effectiveness of fiscal and monetary policy.

Farhi and Werning (2019) use k -level thinking models to study how deviations from rational

expectations affect the effectiveness of forward guidance. Garćıa-Schmidt and Woodford

(2019) study forward guidance and interest rate pegs using reflective expectations. Iovino

and Sergeyev (2023) apply k-level thinking and reflective expectations to analyze the effects

of quantitative easing. Angeletos and Lian (2017) develop the idea that a lack of common

knowledge can attenuate general-equilibrium effects and damp the effects of government

spending. Angeletos and Lian (2017; 2018) analyze the consequences of bounded rationality

for the size of fiscal multipliers.

Farhi and Werning (2019), Farhi et al. (2020) and Woodford and Xie (2019; 2022) use dif-

ferent models of bounded rationality to study the size of the government-spending multiplier.

Vimercati et al. (2021) assess the implications of bounded rationality for the effectiveness of

tax and government spending policy at the ZLB. They do so through the lens of a standard

NK model in which people are dynamic k-level thinkers.

In all of the papers just cited, individuals have a limited ability to understand the general

equilibrium consequences of monetary and fiscal policies. Like learning, this type of deviation

from rational expectations can limit the power of forward guidance. Our paper studies a

form of deviation from rational expectations different from those cited in the previous two

paragraphs. Moreover, in contrast to our analysis, these papers do not analyze rates of

convergence to rational expectations.

3 Learning in a Non-Linear Environment

Here, we consider the speed of convergence of learning in the following non-linear environ-

ment, which is very similar to that studied in Evans and Honkapohja (2000) who establish

conditions for convergence of beliefs to REE. In contrast, we focus on the rate of convergence.

Where possible, we use the notation of Evans and Honkapohja (2000).

Let θt be a k−dimensional vector of variables which summarizes people’s period t priors

about a set of variables that will be determined at time t+ 1. We interpret θt as a deviation

from a particular fixed point of beliefs in our learning algorithm.9 Given a set of beliefs,

θt−1, the environment generates outcomes in period t according to the non-linear function,

9We do not require that this fixed point be unique.
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M (θt−1, γt) . The vector, θt, evolves according to

θt = θt−1 + γt [M (θt−1, γt)− θt−1] (1)

for t = 1, 2, 3, . . . . Here, θ0 is given and γt = 1
c1+t

for c1 ≥ 0 is the gain. This type of

gain parameter emerges from standard Bayesian learning as well as least squares learning.

Following Evans and Honkapohja (2000), we assume that the vector-valued function M :

Rk ×R→ Rk has the following properties: M (0, 0) = 0; M is continuously differentiable in

a neighborhood of the origin; M (0, γt) = 0; and M (0, γt) is continuously differentiable in a

neighborhood of (0, γt). Let D1M denote the derivative of M with respect to the vector θt−1

(which means it is a k × k matrix). We assume the real parts of the eigenvalues of D1M

are strictly less than unity. The scalar, b, denotes the largest real part of the eigenvalues of

D1M .

We consider the same environment as Evans and Honkapohja (2000), but with a more

restrictive specification of γt.
10 They establish that for, (i) b < 1, and (ii) θ0 sufficiently close

to 0, θt converges to zero. We follow their technique to study the rate at which θt converges

to zero. Christopeit and Massmann (2018) consider a scalar, linear, stochastic version of our

environment. Their results imply that for the non-stochastic environment studied here, θt

asymptotically converges to zeto at the rate tb−1. We extend this result to a multivariate,

non-linear environment.11

To analyze rates of convergence it is convenient to adopt the following definition.

Definition 1. For b < 1, we say that xt ' tb−1 if for any 0 < δ, (1) limt→∞
‖xt‖
tb−1+δ = 0, and

(2) limt→∞
‖xt‖
tb−1−δ = ∞. If xt ' tb−1 then we say that xt asymptotically converges to zero at

the rate tb−1.

Here, ‖·‖ denotes a norm on Rk. The first part of definition 1 says that for any positive

δ, ‖xt‖ asymptotically converges no slower than tb−1+δ . The second part says that ‖xt‖
asymptotically converges no faster than tb−1−δ. In this sense, b characterizes the power rate

of convergence. Importantly, two series that asymptotically converge to zero at the rate

tb−1 may behave very differently for finite T . Some examples of series that are different

even for large t, even though they asymptotically converge to zero at the rate tb−1, include

10They assume 1 > γt > 0, γt → 0 and limT→∞
∑T
t=1 γt diverges. Our specification of γt satisfies these

conditions.
11Ljung (1977) showed that to determine whether θt converges, it is useful to consider the ordinary

differential equation, θ̇ (τ) = D1Mθ (τ) − θ (τ), where τ evolves in continuous time. In the scalar case,
b = D1M and the solution to this equation is θ (τ) =

[
e(b−1)

]τ
θ (0) . The same parameter, b, determines

whether θ (τ) and θt converge as well as their rates of convergence. But, the rates of convergence of these
variables are qualitatively different: θ (τ) converges at a geometric rate in τ−time while θt converges at a
power rate in t−time. See the appendix for further discussion in the context of a linear model.
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xt = log (t) tb−1, yt = tb−1/ log (t), and zt = [2 + sin (t)] tb−1. These series asymptotically

converge at the same rate when considering only rates of power convergence, which is what

our definition captures. There are, of course, series that converge at a faster rate than

power convergence, such as those that converge at a geometric rate (for example, xt = ρt

for |ρ| < 1). As it turns out, the NK model with Bayesian learning (or any model whose

reduced form satisfies equation 1) rate exhibits power convergence.

We now state two propositions that are proved in the appendix. The first establishes

that there exists a neighborhood of the origin denoted by U ∈ Rk so that for every θ0 ∈ U
the implied sequence, θt, converges to the origin and satisfies part (1) of definition 1. The

second proposition establishes that there exists a θ0 ∈ U that implies a sequence, θt, that

satisfies part (2) of definition 1. Both propositions are stated under the assumptions related

to equation (1) that are stated above and under the assumption that b < 1.

Proposition 1. There exists a neighborhood U of 0 such that for any 0 < δ if θ0 ∈ U then

limt→∞ ‖θt‖ = 0 and limt→∞
‖θt‖
tb−1+δ = 0.

Proposition 2. For any 0 < δ and any neighborhood U of 0, there exists a θ0 ∈ U so that

limt→∞
‖θt‖
tb−1−δ =∞.

The previous propositions establish that there exists a θ0 near the origin that generates

a sequence, θt ' tb−1. They also imply that there is a neighborhood of the origin in which

there is no θ0 that generates a sequence, θt, that converges to zero at a rate slower than tb−1.

In the remainder of the paper, we apply and discuss the implications of these propositions

for the New Keynesian model.

4 The speed of learning in the simple NK model

In this section we study the rate of convergence of beliefs in the NK model. We establish that,

when the ZLB is not binding, if nominal prices are sticky but nominal wages are perfectly

flexible, then convergence to the REE is fast. However if nominal wages are sticky, the rate

of convergence is very slow regardless of whether nominal prices are sticky or not. Moreover,

there is an important interaction between sticky wages and sticky prices in slowing down the

rate of convergence to the REE

4.1 The simple NK model with sticky nominal wages and prices

In this subsection we describe a version of the simple NK model in which both nominal

wages and prices are sticky. We model nominal rigidities as arising from Rotemberg-style

adjustment costs.
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4.1.1 Firms’ Problems

A final homogeneous good, Yt, is produced by competitive and identical firms using the

technology

Yt =

(∫ 1

0

Y
ε−1
ε

f,t df

) ε
ε−1

, (2)

where ε > 1. The representative homogeneous-good firm chooses inputs, Yf,t, to maximize

profits YtPt −
∫ 1

0
Yf,tPf,tdf , subject to equation 2. The representative firm’s first-order con-

dition for the f th input is

Yf,t =

(
Pf,t
Pt

)−ε
Yt. (3)

At the beginning of a period, before markets open, monopolistic firms also know the

value of the vector, Θt, which summarizes their beliefs about the distribution of the vector,

xt

xt =
[
Ct, πt, wt, wt−1

]′
. (4)

The variables Ct, πt, and wt denote aggregate consumption, aggregate inflation, and the

economy-wide real wage rate at time t. The variable, πt, corresponds to Pt/Pt−1, where Pt

and Pt−1 are the time t and t − 1 values of aggregate price level. We include wt−1 in xt

because wt−1 is a state variable in the REE when there are nominal wage rigidities. The

vector Θt denotes a set of variables which summarizes the firm’s period t priors about the

future values of a set of aggregate variables. In principal, firms could internalize the effect

of xt on their beliefs about the distribution xt+1. Those beliefs, Θt+1, are given by

Θt+1 = L (Θt, xt) . (5)

The form of L depends on the assumed model of learning and decision making.

In a standard recursive equilibrium, people know current-period market prices and profits

when they make their current decisions. Typically, when markets open in these models,

people can deduce the values of all aggregate variables prices and profits from a small set of

variables. In our context this set of variables is given by xt. We assume that firms observe

xt when they make their time t price decision.

The f th intermediate good is produced by a monopolist with production technology

Yf,t = Nf,t, where Nf,t is labor hired by firm f . Let pf,t = Pf,t/Pt. Also, let p′f denote

the firm’s current choice of price scaled by the current aggregate price index. In our scaled
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notation,
p′f
pf
π =

Pf,t
Pf,t−1

. (6)

Firms value a unit of real profits by the representative household’s marginal utility of con-

sumption, 1/Ct. Nominal prices are sticky as in Rotemberg (1982). The real price set by

firm f , pf,t = pf (pf,t−1,Θt, xt), satisfies

pf (pf,t−1,Θt, xt) = argmaxpf,t
1

Ct

{
(pf,t − (1− τf )wt) p−εf,tYt −

φ

2

(
pf,t
pf,t−1

πt − 1

)2

Ct

}
+ βEtVf (pf,t,Θt, xt+1) . (7)

Because firms see Pt, choosing pf,t is equivalent to choosing Pf,t. Note that the adjustment

costs pertain to nominal prices. In equation (7), we follow the literature by scaling price

adjustment costs by real GDP.12 Also, τf is a government tax subsidy on employment de-

signed to eliminate the effect of monopoly distortions in steady state.13 We assume that

each firm knows the model’s static equilibrium conditions so they can deduce Yt from xt.

The expectation operator, Et, is evaluated using the marginal data density for xt+1 implied

by Θt.

Here, Vf (pf,t,Θt+1, xt+1) appearing in (7) denotes the value of the firm’s problem. The

function, Vf (pf,t−1,Θt, xt) has the fixed-point property

Vf (pf,t−1,Θt, xt) = max
pf,t

1

Ct

{
(pf,t − (1− τf )wt) p−εf,tYt −

φ

2

(
pf,t
pf,t−1

πt − 1

)2

Ct

}
+ βEtVf (pf,t,Θt, xt+1) . (8)

After choosing pf,t, the firm supplies all of its good that is demanded at that price.

4.1.2 Anticipated utility

Virtually all of the related literature works with a version of the Kreps’ Anticipated Utility

approach to how people integrate learning into their decisions. In this approach, people

update their beliefs every period as new data come in. But, when they make decisions,

people proceed as though their beliefs will never be revised again. This approach has very

significant computational advantages, so we use the anticipated utility approach in this

subsection.

12See, for example, Kaplan and Violante (2018, page 711).
13That is, (1− τf ) ε/ (ε− 1) = 1.
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This approach has been criticized for being internally inconsistent (see Cogley and Sargent

(2008) and Adam and Marcet (2011)). In section 5.4, we assess the robustness of our results

to using internalized learning to model firms’ behavior. Under this approach, when making

decisions, firms take into account uncertainty about the distribution of x and the fact that

beliefs about that distribution will evolve as new data arrive (see section 4.1.2). So, firms

are internally rational in the sense of Adam and Marcet (2011).

To implement the anticipated utility approach, we assume that firms believe Θt+j = Θt

for j ≥ 1 when making their decisions state contingent decisions. They also ignore the fact

that, after they see current x, they will update their views, using Θt+1 = L (Θt, xt).

4.1.3 The Household’s Problem

There is a continuum of households that has unit measure. We index the households by h.

Let Ch,t, bh,t, and wh,t denote household h’s consumption, end-of-period bond holdings, and

the real wage that the household set.

The household enters a period with a stock of bonds, bh,t−1 = Bh,t−1/Pt−1. Here, Bh,t−1

denotes the beginning-of-period t payoff on nominal bonds acquired in the previous period,

when the price of consumption goods was Pt−1. At the beginning of a period, before markets

open, the household also knows the value the vector, Θ, which summarizes its beliefs about

the distribution of the vector, x.

We incorporate sticky nominal wages using the following variant of Erceg et al. (2000).

We assume that a final unit of the labor input into monopolists’ production function, Nt, is

produced by a competitive firm using the technology

Nt =

(∫ 1

0

N
ε−1
ε

h,t dh

) ε
ε−1

. (9)

So, household h faces a demand curve for its labor of the form

Nh,t =

(
wh,t
wt

)−ε
Nt, (10)

where wt is the real price of Nt. The household solves the problem:

maxCh,t,wh,t,bh,t log (Ch,t)−
χ

2
N2
h,t −

φW
2

(
wh,t
wh,t−1

πt − 1

)2

+ βEtVh (bh,t, wh,t,Θt, xt+1) . (11)

The scalar φW > 0 controls the cost of adjusting nominal wages. Because households see
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Pt, choosing wh,t is equivalent to choosing Wh,t. The household solves its problem subject to

equation (10) and the budget constraint:

Ch,t +
bh,t
Rt

+
ϑ

2
b2
h,t ≤

bh,t−1

πt
+ (1 + τw)wh,tNh,t + Tt. (12)

Here, Tt denotes profits net of lump-sum taxes, Rt denotes the nominal rate of interest, and

τw is a government tax subsidy on employment designed to eliminate the effect of monopoly

distortions in steady state. The term ϑ
2
b2
h,t does not usually appear in the household budget

constraint in the NK model. Including the term ϑ
2
b2
h,t has no effect on an REE because

households know that bh,t = 0. In a learning equilibrium, households will contemplate

holding non-zero values of bonds. The term ϑ
2
b2
h,t can be thought of as a cost associated

with holding non-zero values of bonds. The reason for including that term is analagous to

the reason for including a similar costs to domestic households for holding foreign bonds in

small-open-economy models (see Schmitt-Grohé and Uribe (2003)). In practice, we set ϑ to

be a very small number and no costs are actually paid (even in learning equilibria) because

bh,t has to be zero for bond markets to clear.

In equation (11), Vh (bh,t, wh,t,Θt, xt+1) denotes household h′s value function. The func-

tion, Vh (bh,t−1, wh,t−1,Θt, xt), satisfies the following fixed point:

Vh (bh,t−1, wh,t−1,Θt, xt) = max
Ch,t,wh,t,bh,t

{
log (Ch,t)−

χ

2
N2
h,t −

φW
2

(
wh,t
wh,t−1

πt − 1

)2

+ βEtVh (bh,t, wh,t,Θt, xt+1)

}
, (13)

subject to equations (10) and (12). After choosing wh,t, the household supplies all labor that

is demanded at that wage.

Households and firms have the same information sets and update priors in the same way.

So, the expectations operator, Et, in the household’s problem is the same as the one in the

firm’s problem.

4.1.4 Monetary and Fiscal Policy

Monetary policy sets the gross nominal interest rate, Rt, according to

log(Rt/R) = απ (πt − 1) + αY log (Yt/Y ) . (14)
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The government finances subsidies to households and firms with lump-sum taxes and balances

its budget in each period.

4.1.5 Resource constraint and aggregate mappings

For individual households’ and firms’ problems to be well defined, they must know the

values of seven aggregate variables, Ct,πt, Rt, Yt, Nt, wt, Tt. We assume that each agent

knows the model’s static equilibrium conditions so they can deduce those variables from

xt =
[
Ct, πt, wt

]′
. We denote this mapping by F (xt). Households and firms derive Yt

from xt using the resource constraint

Yt = Ct

(
1 +

φ

2
(πt − 1)2

)
,

and derive Rt from xt using equation 14. The mappings from xt to Yt, Nt, and wt are given

by

Yt = Ct

(
1 +

φ

2
(πt − 1)2

)
, Nt = Yt.

These equalities correspond to goods market clearing and the aggregate production function.

In the case that only wages are sticky, households and firms know that wt = 1 in every period.

In the case that only prices are sticky, households and firms know that wt = χCσ
t N

ζ
t . These

equalities hold in every period of our learning equilibria (described in the next sub-section).

Aggregate firm profits net of taxes implied by x and r are

Tt = (1− (1− τf )wt)Yt −
φ

2
(πt − 1)2Ct − (τf + τw)wtYt.

In the case that wages are not sticky, τw = 0.

4.1.6 Equilibrium Definitions

We now define a period equilibrium.

Definition 2. Given Θt, a period equilibrium is a set of values of xt such that

(i) households and firms solve their optimization problems, defined in equations 7 and

13, respectively

(ii) labor, goods and bond markets clear

(iii) pf,t = 1, Ch,t = Ct, Nh,t = Nt, bh,t = 0, wh,t = wt

Condition (ii) reflects our assumption that households and firms are identical across f and

h. Because firms are identical, in a learning equilibrium, no firm will ever inherit a pf,t 6= 1.
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Then, equation 6 and the first part of condition (iii) imply that people’s views about inflation,

πt, are correct. The second and third parts of condition (iii) imply that people’s views about

Ct and Nt are correct. The condition that pf,t = 1 imposes that that firms find it optimal

to set Pf,t = Pt. The condition that wh,t = wt imposes that households find it optimal to

set their household-specific wage equal to the aggregate wage. The condition that bh,t = 0

imposes that households all choose the same amount of bonds, which are in net zero supply.

We now define a learning equilibrium.

Definition 3. A learning equilibrium is a sequence of period equilibria in which beliefs are

updated according to equation (5).

In a learning equilibrium, the value of Θt in the first period is exogenous. We assume

that people’s priors about the economic variables, xt, are very diffuse. Below, we describe

how our parameterization of the initial Θt captures this property.

4.2 Solving the model and specification of beliefs

We analyze the model’s properties using a log-linear approximation to the non-linear learning

equilibrium. In section 5.3, we assess the accuracy of log-linear approximations to the non-

linear solution.

To specify beliefs about aggregate variables, we assume that people believe that Ĉt

π̂t

ŵt

 =

 µC

µπ

µw

+

 ωC

ωπ

ωw

 ŵt−1 +

 εC,t

επ,t

εw,t

 . (15)

Here, x̂t is the log deviation of the variable xt from its value in the target-inflation REE steady

state.14 Also, εC,t ∼ N (0, σ2
C), επ,t ∼ N (0, σ2

π), and εw,t ∼ N (0, σ2
w). These distributions

are independent from each other and across time. People are uncertain about the values of

µi, σ
2
i for i ∈ {C, π, w}. To simplify the analysis, we assume that people know the REE

values of ωi and learning is only about µi. Presumably learning would be no faster if people

also had to learn about ωi. In this sense, our assumption that people do not learn about ωi

is conservative.

People’s priors about µi conditional on σ2
i are Normal, parameterized with a mean, mi,t,

and variance, σ2
i /λi,t, where λi,t characterizes the precision of the prior about µi. The

marginal density of their prior for σ2
i is proportional to an inverse-gamma distribution,

14In the appendix, we analyze the robustness of our results to linearizing around the deflation REE steady
state. For the cases we consider, we find that learning is still slow.
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with shape and scale parameters, αi,t and
(
ψ2
i,t (αi,t + 1/2)

)
, respectively. The prior for σ2

i

is not exactly inverse-gamma distributions because we truncate the support of σ2
i so that

Et [Ct+1], Et [πt+1], and Et [wt+1] have finite values. We find it convenient to express the scale

parameter in this way because ψi,t is a consistent estimator for σi. The joint density of µi,

σ2
i is proportional to the Normal inverse-gamma distribution. The posterior distribution is

also proportional to the Normal inverse-gamma distribution,. The function, L, in equation

5 can be constructed using standard updating formulas, which are detailed in appendix C.

We assume that in the current and all future periods, firms believe that log (x) will be drawn

from a Normal distribution with the mean and variance of the ith variable in xt fixed at the

values of mi,t and ψ2
i,t from Θt. This assumption implies that firms, ignore uncertainty about

the mean and variance of the distribution of log (x).

Because we work with the log-linear approximation, ψi,t does not affect people’s decisions.

We set λi,0 = 1. Because λi,t does not enter the linear approximation to to the solution of

the model and only affects γt, we are able to summarize beliefs by

mt =
[
mC,t, mπ,t, mw,t

]′
. (16)

When relevant, we discuss the exact values for m0 below.

4.2.1 Connecting to Propositions 1 and 2

Because of symmetry among households and firms and the requirement that markets clear,

in a learning equilibrium ŵh,t−1 = ŵt−1, b̂h,t−1 = 0, and p̂f,t−1 = 0. Given these states and

their beliefs, mt−1, households and firms update their beliefs according to Bayes’ rule so that

mt = mt−1 + γt


Ĉtπ̂t
ŵt

−
ωCωπ
ωw

 ŵt−1 −mt−1

 = mt−1 + γt (µ(mt−1)−mt−1) . (17)

The value of µ(mt−1) is computed using equation 15 by finding the three values εC,t, επ,t,

and εw,t that lead households and firms to make decisions so that markets clear, i.e. the

three equations b̂h,t = p̂f,t = ŵh,t − ŵt = 0 hold. Under our assumptions, households and

firms know the values of Ĉt, π̂t, and ŵt when they make their decisions. Those decisions must

collectively give rise to those value of Ĉt, π̂t, and ŵt. Because household and firms don’t

have RE, they believe that the values of Ĉt, π̂t, and ŵt are determined by the shocks εC,t,

επ,t, and εw,t, which they take to be exogenous. However, in the learning equilibrum, values

of εC,t, επ,t, and εw,t are endogenous and determined so that household and firm choices are

consistent with the aggregate values for Ĉt, π̂t, and ŵt.
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The value of ŵt−1 does not affect the value of µ. To see why, note that intercept terms in

a dynamic linear model only affect the intercept terms in the solution to the model (see Sims

(2001)). Conditional on beliefs, we solve the linear approximation to the household and firm

problems.15 In an REE, the laws of motion for b̂h,t, p̂f,t, and ŵh,t − ŵt have a coefficient of

zero on ŵt−1. So, under our assumptions they also have a coefficient of zero on ŵt−1 in the

learning equilibrium. As a result, the values of εi,t that determine µ(mt−1) are not a function

of ŵt−1.

Equation 17 is of the same form as equation 1 with M (θt−1, γt) = µ(mt−1). So, proposi-

tions 1 and 2 apply to this system. We numerically calculate the maximal real part of the

eigenvalues of Dµ(0), which corresponds to b in propositions 1 and 2.

4.3 Speed of convergence

In the following subsection we analyze the speed of convergence using a calibrated version

of the simple NK model. We assume the following benchmark parameter values:

β = 0.995, ε = 4, ε = 4, φP = 110, φW = 110, χ = 1, απ = 1.5, αY = 0.25.

In the benchmark model, prices are flexible and only wages are sticky. We choose β so

that the steady state real interest rate is 2 percent at an annual rate. We set ε = ε = 4

implying a steady state markup of 33 percent in product and labor markets. These values

are within the range of values considered in the related literature. It is well known that

the linear approximation to the solution of simple NK model with Rotemberg-style sticky

prices is observationally equivalent to that of the simple NK model with Calvo-style sticky

prices. We choose the value of φP so that in the observationally equivalent Calvo model

the probability of not changing price in any given quarter is 0.85. For symmetry, we set

φW = φP . The value of χ is chosen so that in steady state labor supply is one. The values

of απ and αY are chosen to be standard values (see Taylor (1999)).

Table 1 reports the value of b in the benchmark model and in the following perturbations

of that model: (i) wages are flexible and only prices are sticky (φP = 110 and φW = 0); (ii)

prices are flexible and only wages are sticky (φW = 110 and φP = 0); (iii) απ = 3 in the

model where both wages and prices are sticky; and (iv) the weight on the output gap in the

15The solutions to those problems are not necessarily REE because they are solved under the assumption
that Ĉt, π̂t, and ŵt evolve as in equation 15, which is not consistent with an REE so long as µi 6= 0
and εi,t 6= 0. However, conditional on those beliefs, we can use the same methods to compute the linear
approximation to the solution to the model that we would use in the context when households had RE.
When households and firms believe that µi is different from zero, that belief only affects the intercepts to
the laws of motion in the solution to their problems. When households and firms believe that εi,t can take
values other than zero, those values appear linearly in the solution to the household an firm problems.
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Taylor rule is zero (αY = 0).

Table 1 reports that the value of b in the benchmark model is 0.62. This value implies

that asymptotic convergence to the REE is very slow. According to Propositions 1 and 2,

the asymptotic rate of convergence of ‖mt‖ is tb−1. Using tb−1 as an approximation to ‖mt‖,
the amount of time, T2/3, that it takes to close two-thirds of a gap, ‖m̂0‖ to the REE, is

T2/3 = (1/3)
1
b−1 which corresponds to 20 quarters, i.e. or 5 years. Table 1 also reports

the amount of time, T̂2/3, that it takes to close two-thirds of the initial gap in beliefs in

a learning equilibrium with initial beliefs as given the table. The values T̂2/3 show that

asymptotic value, T2/3, is a good approximation to the amount the small sample value, T̂2/3.

Table 1 also reports the eigenvectors associated with b, normalized to be of unit length and

such that µπ is non-negative. As explained in EH, to a first-order approximation, equation

(1) can be written as

θt ≈ θt−1 + γt [D1M (0, 0)− I] θt−1. (18)

Asymptotically, when θt is close to zero, the first-order approximation is particularly good.

Let V be the real matrix with columns composed of the real eigen vectors of D1M (0, 0)

and the real and imaginary parts of the complex eigen vectors. The initial beliefs (m̂0) can

be expressed so that

m̂0 = V ξ0.

Here ξ0 is a real vector of loadings on each eigenvalue. So long as the loading on the columns

of V associated with the eigen value that has real part equal to b is not zero, beliefs will

asymptotically converge at the rate tb−1. To help provide intuition for why convergence

in the simple NK is very slow, table 1 reports initial beliefs that are proportional to the

column of V constructed from the eigenvectors associated with b. We use these initial beliefs

because they focus attention on the implications of the eigen vectors associated with b. In

the dynamic system given by equation 18, those eigenvectors converge to zero at the slowest

rate. Focusing on other beliefs may give rise faster learning in simulations over short horizons,

which could cloud intuition about why learning is asymptotically slow.

When b comes from a unique, non-complex eigenvalue of D1M (0, 0), the beliefs do not

put a loading on any other column of V . While a loading on another column of V in the

initial beliefs would have not any implication for the asymptotic rate of convergence, it could

have meaningful implications for the equilibrium behavior of the model over short horizons

which would cloud the intuition for slow asymptotic convergence. When b comes from a

unique, complex-conjugate pair of eigenvalues of D1M (0, 0), then we focus on the real part

of the eigenvectors associated with b.

When only wages or prices are sticky, people only have to form beliefs about aggregate
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Table 1: b in the simple NK model

Initial beliefs:

b T2/3 T̂2/3 [m0,C ,m0,π, (m0,w)]
Sticky prices and wages 0.63 20 25 [−0.90, 0.39,−0.19]

Only sticky prices 0.25 5 3 [−0.93, 0.36]
Only sticky wages 0.58 14 17 [−0.92, 0.38]

Higher απ (απ = 3) 0.18 4 2 [−0.98, 0.12,−0.15]
Lower απ (απ = 1.01) 0.98 very large very large [−0.01, 1.00,−0.01]
Lower αY (αY = 0) -0.30 3 1 [1.00, 0.01,−0.03]

Source: Authors’ calculations.

consumption and inflation, so that the relevant vector of initial beliefs is two dimensional.

When both wages and prices are sticky, people also have to form beliefs about the aggregate

real wage and the vector of initial beliefs is three dimensional.

Below, we provide intuition for why beliefs converge to an REE and the nature of the

forces governing the speed of convergence. In the discussion, unless stated otherwise, terms

like “higher” and “lower” refer to the value of a variable relative to its magnitude in an REE.

“More self-reinforcing beliefs” means that the current period (t = 0) value of a variable is

closer to the current period expectations of the next period value of that variable. As a result,

people will revise their expectations about the future value of the variable by a relatively

small amount.

Consider the case when only prices are sticky. Table 1 reports that convergence occurs

relatively quickly: b = 0.25 and T2/3 = 5 quarters. In this case, people initially expect the

mean of consumption to be lower and the mean of inflation to be higher than in the REE. In

addition, the deviation from the REE belief about consumption is larger than the deviation

from the REE belief about inflation.

High expected inflation in subsequent periods leads firms to set higher prices in the

initial period to avoid future adjustment costs. This behavior exerts upwards pressure on

current period inflation. Because of adjustment costs, firms don’t choose a current period

firm-specific inflation rate as high as expected aggregate inflation.

Low expected aggregate consumption in the next period makes households feel poorer

today because they will work less and receive less profits from monopolistic firms in the

next period than they would in an REE. This negative wealth effect induces households to

cutback on consumption and to supply more labor in the current period. This effect exerts

downward pressure on inflation.

So, other things equal, current period consumption and the real wage rate are lower than

their REE values. Because of competing forces, time zero inflation could be higher or lower
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than its REE value. Suppose, as is the case for our parameterized models, that the net effect

of these forces is higher inflation. Then monetary policymakers would set nominal and real

interest rates above their REE values. As long as monetary policy gives positive weight to

the output gap, αY > 0, there is a tradeoff between inflation and output objectives. Given

the benchmark value of απ(1.5) and αY (0.25), monetary policy reacts sufficiently aggressively

to high inflation so that , so that the equilibrium value of inflation is substantially below

expected inflation. Monetary policy also exerts downwards pressure on consumption. But

initial beliefs about consumption were already very low. As it turns out time period zero

aggregate consumption, is low but substantially above the expected value of time period 1.

Next period, people update their expectations based on current period data. The muted

change in current period consumption and inflation, relative to what they expected inflation

in period 1, induces people to substantially revise their expectations about future consump-

tion and inflation. This process continues in future periods. The net result is a positive,

relatively small value of b and quick convergence to the REE.

Consider next the case when only wages are sticky. Table 1 reports that convergence

occurs more slowly than the sticky-price only case price: b = 0.58 and T2/3 is larger than 3

years. The intuition is as follows. Initial beliefs are very close to their values in the sticky-

price-only case. Also, as in the sticky-price-only case, low expected consumption makes

households feel poorer so they reduce consumption. Absent price adjustment costs, firms

set nominal price equal to nominal marginal cost which is equal to the nominal wage. In

equilibrium, the real wage is equal to one, its REE value. So, in contrast to the sticky-price-

only case, the equilibrium real wage rate is not lower than its REE value.

High expected inflation in subsequent periods leads households to set higher nominal

wages in the initial period to avoid future adjustment costs. Because nominal marginal cost

is also higher than in the sticky-price-only case, inflation is higher and more self-confirming.

Other things equal, the higher inflation in the sticky wage only case results, through monetary

policy, in a higher real interest rate. But that effect reinforces the household’s desire to reduce

consumption. On net, the equilibrium rate of inflation is higher and consumption falls by

more than in the pure sticky price case. So the data is more self-confirming, b is higher and

the rate of convergence will be slower.

Next consider the case in which both wages and prices are sticky. Here, the real wage

need not be one. As in the previous cases, people initially expect the mean of consumption

to be lower and the mean of inflation to be higher than in the REE. Because wages are

sticky, the nominal wage cannot fall in the current period by as much as it did in the

sticky-price-only case. Other things equal, this effect makes inflation higher than in the

sticky-price-only case. Because prices are sticky, prices rise by more than in the sticky-wage-
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only case because adjustment costs induce firms to immediately raise prices in response to

high expected inflation. Together, these effects cause inflation to be higher than in either

the sticky-price-only or sticky-wage-only case (other things equal). Higher inflation induces

monetary policy to raise the real interest rate by more than in those cases and there will

be a larger fall in the equilibrium time period zero consumption relative to those cases. In

equilibrium, inflation is higher than in either the sticky-price-only or sticky-wage only cases.

Consequently, the equilibrium values of consumption and inflation are more self-fulfilling

which leads to a higher value of b and a lower rate of convergence than in either of those two

cases.

Next consider the case when απ is higher than its benchmark value of 1.5. Relative to

the benchmark case, the initial belief about consumption differs more from its REE value.

The initial belief about inflation is closer to its REE value. A higher value of απ means that

monetary policy responds more aggressively to inflation. So, monetary policy offsets any rise

in inflation induced by high inflation expectations by more so the real interest rate would

be higher than if απ = 1.5. As a result, the equilibrium value of inflation is not very high

relative to its REE and far from its expected time 1 value. Therefore, inflation beliefs are less

self-reinforcing than in the benchmark case. Because inflation is low, the real interest rate

and consumption don’t change by much. So there is relatively large gap between equilibrium

consumption and the initial expected value of time period one consumption. That, in turn,

means that the initial belief about consumption, like inflation, is also less self-reinforcing.

So b is smaller and the rate of convergence to the REE is faster.

Conversely, when απ is lower than its benchmark value, learning is much slower. In this

case, high expected inflation leads to high realized inflation and monetary policy does not

raise the real interest rate by a meaningful amount. As a result, convergence of inflation and

inflation beliefs back to their REE values is slow.

Finally, consider the case when αY = 0. In this case, monetary policy only react to

inflation. As Table 1 reports convergence is fast in this case. It is useful to consider what

would happen if beliefs took the initial values we consider in our benchmark case. With those

beliefs, monetary policy would react more aggressively to inflation. As a result, inflation and

beliefs about inflation move to their REE values at a faster rate. With low expectations

about aggregate output and the aggressive response to inflation, output is low, which causes

inflation to overshoot its target value. As the monetary policy rule works to push inflation up,

that also brings up output. Overall, the inflation and output gaps return to zero relatively

quickly, which makes beliefs return to their REE values quickly.
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5 Robustness

In this section we assess the robustness of our results to the following perturbations. First,

we assess whether our basic results about the speed of convergence in the simple NK model

hold in an empirically plausible, medium-size DSGE model. Second, to highlight the critical

mechanisms that govern speed of convergence, we consider the speed of convergence in

a different environment than the one considered in the previous section. The particular

environment we focus on is one in which the ZLB is binding. Third, we consider the speed

of convergence in a fully non-linear version of the simple NK model when the ZLB binds.

Fourth, we consider the speed of convergence in the simple NK model when the ZLB binds

when households and firms are internally rational in the sense of Adam and Marcet (2011).

5.1 An empirically plausible DSGE model

In this section we consider an empirically plausible DSGE model that is similar to the

model in CEE. It shares the following features with CEE: sticky prices and wages, internal

habit formation in consumption, endogenous rates of capital utilization, adjustment costs on

investment, monetary policy is governed by a Taylor rule with interest rate smoothing.

The model differs in that we use Rotemberg-style adjustment costs rather than Calvo

frictions to model nominal rigidities. Of course, in a linear REE context this difference is

irrelevant. In appendix B, we provide a detailed specification of our variant of CEE. All

parameters are the same as the point estimates reported by CEE. For convenience, these

values are reported in appendix B. For the monetary policy rule, set the coefficients on the

inflation rate and output gap to the values we used when analyzing the simple NK model.

We set the interest rate smoothing parameter to 0.8, as in CEE.

As in the simple NK model, we assume that households and firms know how aggregate

prices and quantities react to their lagged values and to structural shocks. Households and

firms have to learn about the mean of those processes. As above, we calculate the speed of

convergence of those beliefs. Table 2 reports the values of b and T2/3 for seven versions of

our model.

Table 2 reports that the speed of convergence to the REE in the benchmark model,

labeled CEE, is very slow. It takes more than 60 years to close 2/3 of the gap between the

initial beliefs and the REE beliefs. So moving from the simple NK model to an empirically

plausible version of that model greatly exacerbates the time it takes converge to the REE.

The intuition for the role of sticky prices and the response of monetary policy to the output

gap (αY ) is qualitatively similar to the intuition provided in the context of the simple NK

model. As in the simple NK model, one key determinant of the speed of convergence to
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the REE occurs is sticky wages. Allowing wages to be flexible reduces T2/3 from 243 to 27

(roughly 7 years).

Interest rate smoothing plays an important quantitative role in the speed of convergence.

Without interest rate smoothing, the speed of convergence is actually somewhat faster than

in the simple NK model. The intuition is straightforward. In the simple NK model (without

interest rate smoothing), monetary policy moved aggressively to counter high inflation, albeit

with some offset because of the output gap. With interest rate smoothing, monetary policy

is no longer able to respond nearly as aggressively to counter high inflation. That, in turn,

means that expectations about high inflation will be much more self-confirming.

Table 2 reports that habit formation plays very little role in determining the speed of

convergence. The intuition is that even without habit formation concavity in the utility

function is sufficient to prevent extremely large responses to initial beliefs. However, invest-

ment adjustment costs are very important. Absent those costs, it take thousands of years

to close 2/3 of the gap to the REE. The intuition is straightforward. With no adjustment

costs investment is very sensitive to initial beliefs, which makes movements in the output gap

larger. Eliminating those gaps quickly would require tolerating higher inflation. When the

Taylor rule puts weight on both objectives (αY > 0), monetary policy will not induce large

movements in either the inflation or the output gap that would lead people to significantly

revise their initial beliefs.

As in the simple NK model, a key determinant of how quickly convergence to the REE

occurs is sticky wages. When only prices are sticky, convergence is very fast. Moreover,

as above, there is a positive interaction between sticky wages and prices in slowing down

convergence to the REE. The intuition is exactly the same as in the simple NK model.

Finally, we see that habit formation and adjustment costs in investment have a small effect

on b and the speed of convergence.

5.2 Robustness of the mechanism to an alternative environment:

the ZLB

In this subsection we highlight the critical mechanisms that govern speed of convergence

by considering a different environment than the ones considered previously. The particular

environment we focus on is one in which the ZLB is binding. To make the analysis as

transparent as possible, we do that in the simple NK model. Surprisingly, we find that even

that if we only allow for sticky prices, set αY = 0, and have no interest rate smoothing

convergence is very slow in that environment.

Up to the assumption of rational expectations, the environment is exactly the same as
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Table 2: b in variants of the CEE (2005) model

Initial beliefs:

b T2/3 T̂2/3 [m0,C ,m0,π,m0,w,m0,I ]
CEE (2005) 0.80 243 345 [−0.03, 0.99, 0.16, 0.04]

No sticky wages 0.66 27 34 [−0.09, 0.89, 0.44, 0.08]
No sticky prices 0.77 125 173 [−0.03, 0.97, 0,−0.23]

No interest rate smoothing 0.60 16 19 [-0.37,0.74,-0.38,-0.41]
No habit formation 0.80 229 324 [0.48, 0.86, 0.18,−0.03]

No investment adjustment costs 0.86 2,173 3,160 [−0.01, 0.05, 0.05, 1]
No weight on output gap (αY = 0) 0.02 4 2 [−1, 0.08,−0.01,−0.03]

Note: To implement no sticky wages, no sticky prices, and no adjustmnet costs on ivestment, we divide the
benchmark values of the relevant adjustment costs parameters by 10,000. To implement no habit formation,
we divide the benchmark value of γ by 10,000. To implement no interest rate smoothing, we divide the
benchmark smoothing parameter by 10,000. To implement no weight on the output gap, we set αY = 0.
Source: Authors’ calculations.

the one considered in EW. To facilitate comparison with most of the related literature, we

focus on the case of sticky prices.16 We use the same notation is in the previous section. We

begin by analyzing the properties of a linear approximation to the solution of the model.

In the current period, households discount next period’s utility by 1/ (1 + rt). In steady

state, rt = rss > 0. We assume that initially the economy is in the unique non-stochastic

rational expectations steady state in which the nominal interest rate is positive. Then,

unexpectedly, rt = r` < rss. People correctly understand that the next period’s discount

rate, rt+1, is drawn from a two-state Markov chain, rt+1 ∈ [r`, rss] , with an absorbing state:17

Pr [rt+1 = r`|rt = r`] = p, Pr [rt+1 = rss|rt = r`] = 1− p, (19)

Pr [rt+1 = r`|rt = rss] = 0.

Given our assumptions, under both RE and learning the only state variable is rt and once

rt = rss the economy returns to the initial rational expectations steady state.18

16An important exception are the papers by SGU that focus on downwardly rigid nominal wages.
17We have considered the scenario in which rt is an ergodic process, i.e. when rt = rss there is a small,

positive probability that discount rate shock and ZLB will occur again in the future. Our conclusions
regarding the speed of learning are robust to this scenario.

18See Arifovic et al. (2018) for a discussion of stability for other learning models in which the deflationary
steady state is learnable. There is another RE steady state in which there is deflation and the ZLB is binding
(see Benhabib et al. (2001)). We abstract from that steady state equilibrium for now. Our conclusions are
robust to the alternative assumption that households and firms know that they will return to the steady
state emphasized by Benhabib et al. (2001).
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5.2.1 The household and firm problems

Households’ problem

The household value function when the ZLB is binding is given by:

Vh (bh,t−1,Θt, xt) =maxCh,t,bh,t

{
log (Ch,t)−

χ

2
N2
h,t (20)

+Et
p

1 + rt
Vh (bh,t,Θt, xt+1) + Et

1− p
1 + rt

Vh,ss (bh,t)

}
(21)

where

xt =

[
Ct

πt

]
subject to the budget constraint given in equation (12). Notice that the lagged real wage

does not appear in xt because wages are flexible. Also, Vh,ss is the household value function

when rt = rss. The variable bh,t is the only argument in Vh,ss because the household’s value

function is the same as under RE when rt = rss.

We maintain the assumption that households solve their problem under anticipated util-

ity. In addition, their information set, the way that they learn, and their priors about

aggregate variables when rt = r` are exactly the same as in the previous section.

Firms’ problems

The technology for producing output and the market structure are exactly the same as in

the previous section. The first order condition to the competitive firm’s problem is still given

by (3).

When rt = r` the value function of the intermediate-good producing firm f is:

Vf (pf,t−1,Θt, xt) = max
pf,t

1

Ct

{
(pf,t − (1− τf )wt) p−εf,tYt −

φ

2

(
pf,t
pf,t−1

πt − 1

)2

Ct

}
+ Et

p

1 + rt
Vf (pf,t,Θt, xt+1) + Et

p

1 + rt
Vf,ss (pf,t) . (22)

where xt is defined as in the household problem. Vf,ss is the firm’s value function when

rt = rss. The variable pf,t is the only argument in Vf,ss because the firm’s value function is

the same as under RE when rt = rss.

We maintain the assumption that firms solve their problem under anticipated utility. In

addition, their information set, the way that they learn, and their priors about aggregate

variables when rt = r` are exactly the same as in the previous section.
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5.2.2 Monetary and fiscal policy

Monetary policy sets the gross nominal interest rate, Rt, according to

Rt = max {1, 1 + rss + απ (πt − 1)} , (23)

where α/ (1 + rss) > 1, and the max operator reflects the ZLB constraint.

For now, we assume that the level of , Gt, is equal to its non-stochastic steady-state

value, Gss = 0.2× Yss. As above, the government also pays a subsidy to intermediate goods

firms, which it picks to offset steady state monopoly distortions. The government finances

its expenditures with lump-sum taxes and balances its budget in each period.

The mapping from xt to aggregate variables is the same as F (xt) in the previous section

with the obvious modifications to account for government purchases.

We solve the model using a linear approximation around the REE (see the appendix for

details). Finally the definition of a temporary equilibrium and a learning equilibrium is the

same as in section 4.1.6.

5.2.3 The speed of convergence for the simple NK model in the ZLB

In what follows, we use the same parameter values as above (see section 4.3). In addition,

we specify the two new parameters, p and r`, to be p = 0.8 and r` = −0.0015.19 In the

R > 1 steady-state REE, Css = 0.8, πss = 1, Nss = 1. In RE, the non-linear equilibrium is

characterized by the number C` and π`. The model has multiple equilibria when rt = r`.

Here, we focus on the unique equilibrium that is E-stable and linearize the model around

that equilibrium.

Table 3: Eigenvalues of B

Initial beliefs:

b [m0,C ,m0,π] T2/3 T̂2/3

ZLB 0.92 [−0.98,−0.21] 1.7 million 2.6 million

Table 3 also reports the value of b, the associated vector of initial beliefs, and the val-

ues of T2/3 and T̂2/3. The initial beliefs correspond to the eigenvector associated with the

eigenvalue b. It turns out that this vector is almost exactly proportional to the vector

[log (C`/Css) , log (π`/πss)]. A natural starting point for beliefs is that the belief that con-

19It is well known that the REE is sensitive to different values of p. We find that b is an increasing function
of p. The value p = 0.76 is approximately the smallest value of p for which the ZLB binds in our model.
When p = 0.76, b = 0.81. Larger values of p result in even slower convergence.

26



sumption and inflation are going to be equal to their REE steady state values. The set of

initial beliefs reported in Table 3 is essentially the same as that natural starting point.

Our key result here is that the learning economy converges very slowly when the ZLB

is binding: T2/3 ≈ hundreds of thousands of years. The reason is that absent a policy

response to inflation in the ZLB beliefs about expected inflation are very self-confirming.

To understand why, suppose people’s prior is that inflation will be high in the next period,

causing firms to want to raise prices in the current period. When the ZLB, the central bank

cannot take action in the current period to lower actual inflation. Consequently, expectations

are more self-fulfilling and people only adjust their beliefs very slowly.

In the benchmark small NK model, our benchmark variant of the CEE model, and in

the model with a binding a binding ZLB considered here, learning is very slow. Moreover,

the basic intuition about almost self-confirming beliefs applies to all of those models. In this

sense, our results are robust to considering learning in alternative environments.

5.3 Speed of convergence in a fully non-linear model

In this subsection we consider the robustness of our learning results to working with a fully

non-linear solution of the simple NK model. Our most dramatic results about the speed of

convergence arise when the ZLB is binding. So, we work with the simple NK model when

the ZLB is binding. Appendix provides a detailed description of how we solved the model.

For now, we solve the model under anticipated utility.

Similar to above, we assume that households and firms form beliefs about xt = [Ct, πt].

People believe

x̂t =

[
Ĉt

π̂t

]
=

[
µC

µπ

]
+

[
εC,t

επ,t

]
where εC,t ∼ N (0, σ2

C) and επ,t ∼ N (0, σ2
π). These distributions are independent across

time. People are uncertain about the values of µi, σ
2
i for i ∈ {C, π}. In contrast to the

linear approximation to the non-linear model, people’s beliefs about the variance of shocks

matters.

Section 4.2 contains a complete description of people’s priors about about µi and σ2
i .

That section also contains a description of the associated posterior distributions. Because

we are working with the non-linear solution to the model, we need to specify people’s initial
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beliefs for both µi and σ2
i . We set these initial values so that(
mC , mπ, 1/λC , 1/λπ, ψC , ψπ, αC , απ

)′
=(

log (Css) , log (πss) , 1, 1, 0.02, 0.02, 1/2, 1/2
)′

We set mC = log (Css) and mπ = log (πss) because, as discussed above, this set of beliefs

is a natural starting point and is essentially the same as beliefs based on the eigenvector

associated with the maximal eigenvalue of the model, b, reported in Table 3.

The solid and dashed lines in figure 1a display the evolution of inflation, consumption,

and the real interest rate after the drop in r under REE and learning, respectively. In this

figure, we assume that rt = r` throughout the period shown. Of course, after a few quarters,

this is a very low probability event. Nevertheless, it is useful to consider how the economy

would evolve in this event to analyze the speed of convergence. Two key features are worth

noting. First, the outcomes for consumption and inflation are very different in the REE

than in the learning equilibrium. In the REE, there is a very large drop in inflation and

consumption, and the real interest rate rises sharply. The fall in inflation and consumption

and the rise in the real rate are much smaller under learning. Second, the learning economy

converges very slowly to the REE. After people initially change their views somewhat quickly,

the rate at which they change their views slows dramatically (see figure 1b).
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Figure 1: Learning equilibrium in non-linear model
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(b) Beliefs
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The dot labeled t = 10, 000 in figure 1b displays people’s views about the variables after

10,000 quarters. Given our value, p = 0.8, r is only expected to be low for about five

quarters. The probability of staying at the ZLB for 10, 000 quarters is p10,000 ≈ 0. So, the

fact that the system converges to the REE is essentially irrelevant because the ZLB is likely

to be over well before that time. The crucial point is that in a typical ZLB episode, the

associated REE is very different from the learning equilibrium for an enormous amount of

time.

Finally, our results about slow convergence when the ZLB is binding are consistent with

those that we obtain with the linear approximation to the model’s solution.

5.4 Speed of convergence with internalized learning in a fully non-

linear model

In this subsection, we consider the robustness of our result to the assumption that people

make decisions under anticipated utility. For comparability with the results in the previous
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subsection, we again work with the simple NK model when the ZLB is binding.

Recall that anticipated utility differs from internalized learning in three ways. First,

under anticipated utility people do not update their beliefs based on current-period data

until after they have made their decisions in the current period. Second, under anticipated

utility people ignore that in the future when they see more data they will update their views

about unknown parameters. Third, under anticipated utility people ignore their uncertainty

about the mean and variance of unknown parameters. Under internalized learning people

update their beliefs in response to the information they see in the current period and fully

integrate the fact that they are learning when they solve their problems. See appendix C

for a description of our computational approach to solving the model under internalized

learning.

Figure 2 compares the evolution of the learning equilibrium under anticipated utility

(dashed black line) and internalized learning (dash-dot blue line). The figure also includes the

REE outcomes. The key takeaway is that we obtain the same slow-learning result regardless

of which approach we take to decision making. However, consumption and inflation fall

somewhat more under internalized learning. The reason is that under anticipated utility

people do not update their beliefs in the initial period in response to low consumption and

inflation until after they have made their decisions. Under internalized learning, people

update their beliefs before they make their decisions, which causes their beliefs about future

inflation and consumption to be lower. In any event, consumption, inflation, and the real

interest rate are very different than the REE outcomes.

Figure 2: Anticipated utility versus internalized learning
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6 Does learning matter for policy?

In this section, we address the question of how learning affects the implications of monetary

and fiscal policy. It is well known that policy implications of the ZLB are very dramatic.

30



For example, Eggertsson (2010) and Christiano et al. (2011) argued that the size of the

government purchases multiplier is much larger when the ZLB is binding. Additionally,

Del Negro et al. (2023) and other have argued that forward guidance about the nominal

interest rate is particularly effective when the ZLB is binding. They also emphasize the

forward guidance puzzle, according to which a promise to change the nominal interest rate

far in the future can have nearly the same effect as changing the nominal interest rate in

the current period. Because of these dramatic implications for policy, we work with the

non-linear solution to the simple NK model when the ZLB is binding and people internalize

learning in their decision making. As it turn out, similar conclusions obtain if we work with

anticipated utility or the linear approximation to the solution of the model.

6.1 The government purchases multiplier

In this subsection we compare the efficacy of fiscal policy under rational expectations and

internalized learning. We compute the government purchases multiplier by considering the

effect on GDP, Ct+Gt, of a 5 percent rise in government purchases relative to its steady-state

level, Gt (r`) = 1.05×Gss. We define the multiplier in the ZLB at time t+ j as

∆Ct+j +∆Gt+j

∆Gt+j

. (24)

Here, ∆Gt+j = 0.05 × G (rss) and ∆Ct+j is the difference between consumption in the

equilibrium when Gt+j is high relative to its value when Gt+j is equal to its steady state

value.

In the REE, the multiplier in the ZLB for all j ≥ 0 is equal to 3.95 (see figure 3). The

multiplier is large when the ZLB is binding because the rise in G generates an increase in

inflation and then expected inflation. Because Rt is fixed, this rise generates a fall in the

real interest rate and a rise in Ct. So, in this case, the multiplier is bigger than one.
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Figure 3: Equilibria with and without an increase in Gt
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(b) Government purchases multiplier during ZLB
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Under learning, expected inflation is partially backward-looking and does not move much

with a rise in Gt. As a result, the real interest rate does not fall very much, and the response

in consumption is small. Figure 3b displays the value of the multiplier over time in the REE

and under learning in the ZLB. We conclude that under learning the effect of an increase

in government purchases is small compared to its effect in the REE over the 20 quarters

displayed.

6.2 Forward guidance about Rt

Under forward guidance, the monetary authority commits to keeping the nominal interest

rate at the ZLB for J periods after rt has returned to its steady-state level. To make our

point as simply as possible, we consider the case J = 1. In the appendix we show that the

number of REE proliferates under forward guidance. However, only one of those equilibria

is stable under learning. We focus on this equilibrium and analyze the effect of forward
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guidance. The appendix also contains all computational details for the learning equilibria

with forward guidance.

In the period of forward guidance, rt = rss, Rt = 1. In all periods when rt = r` , people

understand that the economy reverts to an REE when rt = rss. We consider the learning

equilibrium using the same initial values for Θt as in section 5.3. The learning equilibrium

under forward guidance is indistinguishable from the learning equilibrium without forward

guidance, as shown in Figure 4. The reason is that forward guidance has small effects on

inflation and consumption in period the period when rt reverts to rss. In turn, these small

effects have almost no effect on the learning equilibrium where beliefs are partially backward

looking. Clearly, there is no forward guidance puzzle under learning.20 That puzzle emerges

under RE because of the strong effect of forward guidance on expected inflation. Under

learning, expectations are backward-looking, and forward guidance has little influence on

expected inflation. Note that the learning equilibria with and without forward guidance

converge slowly.

Figure 4: Forward guidance under learning and in the REE
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7 Conclusion

In this paper, we consider the speed with which people learn about their environment. To

characterize the speed of convergence of people’s beliefs, we analytically extend results in

the literature to characterize the asymptotic convergence rate of multivariate systems. We

argue that the slow convergence result emerges naturally in empirically plausible NK models,

including cannonical DSGE models that are similar to CEE (2005). The basic reason is that

expectations are partially self-fulfilling in these models. When learning is slow, analyses of

fiscal and monetary policies under rational expectations can be very misleading.

20For a discussion of the forward guidance puzzle, see Del Negro et al. (2023). Under anticipated utility
(not displayed) forward guidance has a slight effect, but not large enough to be economically meaningful.
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Finally, we note that there are other circumstances in which slow learning could arise.

For example, plausible parameterizations of Cagan (1956)’s model of money demand under

hyperinflation map into high b economies. Results in Marcet and Sargent (1995, Table 6.3)

imply that estimates of the elasticity of money demand in hyperinflations (see, for example,

Christiano (1987) and Taylor (1991)) map into high values of b.
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A Proofs of Propositions 1 and 2

The basic strategy of the proofs of Propositions 1 and 2 is similar to the strategy of the

proofs of Propositions 1 and 2 in Evans and Honkapohja (2000).

A.1 Proposition 1

Proof. As in Evans and Honkapohja (2000), write equation 1 as

θt = (I + γtJ) θt−1 + γtrt

where J = D1M (0, 0) − I and the equation defines rt. From Proposition 1 in Evans and

Honkapohja (2000), there exists neighborhood U1 such that for every θ0 ∈ U1, θt converges

to 0.

Let 1 + γtλ be an eigenvalue of I + γtJ . Here, λ = λr + iλc is an eigenvalue of J . Fix

a value of δ > 0. We now show that for t large enough, all of the eigenvalues of I + γtJ are

within a circle of radius |1 + γtλ| < 1 + γt(b− 1 + δ/4). Note that

|1 + γtλ| =
√

[1 + γtλr]
2 + (γtλc)

2

=
√

1 + 2γt (λr + δ/4)− 2γtδ/4 + γ2
t λ

2
r + γ2

t λ
2
c .

For large enough t,

0 < 1 + 2γt (λr + δ/4) ≤ 1 + 2γt (b− 1 + δ/4) ,
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where the first inequality requires t sufficiently large and the second inequality is true by

definition of b. Additionally, for large enough t,

−2γtδ/4 + γ2
t λ

2
r + γ2

t λ
2
c < 0 < γ2

t (b− 1 + δ/4)2 .

So, for large enough t,

|1 + γtλ| <
√

1 + 2γt (b− 1 + δ/4) + γ2
t (b− 1 + δ/4)2,

which immediately implies |1 + γtλ| < 1 + γt(b− 1 + δ/4).

As in step II of the proof of Proposition 5.2 in Evans and Honkapohja (1995), who follow

Horn and Johnson (1985), there exists a norm so that for large enough t,

‖I + γtJ‖ ≤ 1 + γt

(
b− 1 +

1

2
δ

)
.

Now consider rt. As in Evans and Honkapohja (1995), the maintained assumptions im-

ply local Lipschitz continuity and that for large enough t (small enough γt) there exists a

neighborhood of the origin U2, where U2 ⊂ U1,

‖rt‖ ≤
δ

4
‖θt−1‖ .

It follows from the sub-additivity and sub-multiplicativity of the matrix and vector norms

that for θt−1 ∈ U2 and for large enough t

‖θt‖ ≤ ‖I + γtJ‖ ‖θt−1‖+
δ

4
‖θt−1‖ γt

≤
(

1 + γt

(
b− 1 +

3

4
δ

))
‖θt−1‖ .

Consider θ0 ∈ U2. For t − 1 ≥ 1, define θ̃t−1 = θt−1

(t−1)b−1+δ . Then for large enough t there

exists a finite, positive constant g so that

∥∥∥θ̃t∥∥∥ ≤ (1 +
1

t− 1

)1−b−δ (
1 + γt

(
b− 1 +

3

4
δ

))∥∥∥θ̃t−1

∥∥∥
≤

(
1 +

1− b− δ
t− 1

+ g

(
1

t− 1

)2
)(

1 + γt

(
b− 1 +

3

4
δ

))∥∥∥θ̃t−1

∥∥∥
The first line follows from absolute homogeneity of a matrix norm. The second line follows

by from Taylor’s theorem.
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The strategy in what follows is similar to the one used in Evans and Honkapohja (2000),

except that we focus on θ̃t rather than θt. The inequality above can be written as∥∥∥θ̃t∥∥∥ ≤ k̃t

∥∥∥θ̃t−1

∥∥∥
where

k̃t =1 +
1− b− δ
t− 1

+ γt

(
b− 1 +

3

4
δ

)
+

1− b− δ
t− 1

γt

(
b− 1 +

3

4
δ

)
+ g

(
1

t− 1

)2(
1 + γt

(
b− 1 +

3

4
δ

))
.

For t large enough k̃t < 1 and for all
∥∥∥θ̃t−1

∥∥∥ 6= 0

∥∥∥θ̃t∥∥∥− ∥∥∥θ̃t−1

∥∥∥ ≤ (k̃t − 1
)∥∥∥θ̃t−1

∥∥∥ < 0. (25)

Thus, there exists a τ so that if t > τ then
∥∥∥θ̃t∥∥∥ is a decreasing. Let t− 1 > τ. Following the

strategy in Evans and Honkapohja (2000), we iterate equation 25 and obtain

1−

∥∥∥θ̃t−1

∥∥∥∥∥∥θ̃t+s∥∥∥ ≤
t+s∑
i=t

(
k̃i − 1

)
.

Note that

lim
s→∞

t+s∑
i=t

1− b− δ
i− 1

γi

(
b− 1 +

3

4
δ

)
<∞,

lim
s→∞

t+s∑
i=t

g

(
1

i− 1

)2(
1 + γi

(
b− 1 +

3

4
δ

))
<∞.

Additionally, for large enough i there exists a ω̃ > 0 so that

1− b− δ
i− 1

+ γi

(
b− 1 +

3

4
δ

)
< −1

i
ω̃.

So,

lim
s→∞

t+s∑
i=t

(
k̃i − 1

)
= −∞,

meaning limt→∞

∥∥∥θ̃t∥∥∥ = 0.
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A.2 Proposition 2

Proof. From Proposition 1 in Evans and Honkapohja (2000), there exists κ1 > 0 so that if

θ0 ⊂ Bκ1 (0) ,where Bκ1 (0) is an open ball around the origin, then θt converges. We will only

consider values of θ0 ⊂ Bκ1 (0).

As in Evans and Honkapohja (2000), define J ≡ D1M (0, 0)− I and write equation 1 as

θt = θt−1 + γt [Jθt−1 + rt]

where rt is the residual. Use the real and imaginary parts of the generalized eigenvectors

of J to form a basis for Rk (those vectors are a basis that put J into real Jordan form).

Define EA to be the span of the real and imaginary parts of the generalized eigenvectors

associated with eigenvalues with real parts less than b− 1 and EB to be the span of the real

and imaginary parts of the generalized eigenvectors associated with eigenvalues with real

parts equal to b − 1.21 Note that Rk = EA ⊕ EB. Define xt, rA,t ∈ EA and yt, rB,t ∈ EB to

be the unique vectors so that

θt = xt + yt

rt = rA,t + rB,t.

It is useful to note that there are matrices A = J |EA and B = J |EB so that

M (θt−1, γt)− θt−1 = Axt−1 + rA,t +Byt−1 + rB,t,

and that the eigenvalues of A are the eigenvalues of J with real parts less than b − 1, and

that the eigenvalues of B are the eigenvalues of J with real parts equal to b − 1. Let s − 1

be the smallest real part of eigenvalues of J and let a − 1 (where a − 1 < b − 1) be the

second-largest real part. Following Evans and Honkapohja (2000) by applying the lemma on

page 145 of Hirsch and Smale (1974), for any δa, δb > 0, there exists Euclidean norms on EA

and EB so that

(s− 1− δa) ‖x‖2 ≤ 〈γtAx, x〉 ≤ (a− 1 + δa) ‖x‖2 ∀x ∈ EA.

(b− 1− δb) ‖y‖2 ≤ 〈γtBy, y〉 ∀y ∈ EB.

21To ease exposition, we assume that there are eignevalues with real part less than b − 1. If not, the
proof would proceed with straightforward modification. Note that proposition 2 in Evans and Honkapohja
(2000) considers the case when b > 1, while we consider the case when b < 1. Evans and Honkapohja (2000)
partition the space by using eigenvectors associated with positive or negative real parts. We partition the
space by using the eigenvectors with real parts equal to b− 1 and those with real parts less than b− 1.
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Choose δa and δb so that a + δa < b − δb and 2δb < δ, where δ is given in the statement of

the proposition. As in Evans and Honkapohja (2000), define ‖θ‖ =
√
‖x‖2 + ‖y‖2.

As in Evans and Honkapohja (2000) for any ε > 0, there exists a δr so that if θt−1 ∈ Bδr (0)

‖rt‖ ≤ ε ‖θt−1‖ .

Note that if θt−1 ∈ Bδr (0)

〈Axt−1 + rA,t, xt−1〉 ≤ a− 1 + δa + εδr

and

〈Byt−1 + rB,t, yt−1〉 ≥ b− 1− δb − εδr.

Similar to Evans and Honkapohja (2000), for β > 0 define

Cβ = {θ : θ = x+ y, x ∈ EA, y ∈ EB| ‖y‖ ≥ β ‖x‖}

and note that for θt ∈ Cβ ∩Bδr (0), the Cauchy-Schwartz inequality implies

〈γt+1Axt + γt+1Byt + γt+1rt+1, xt + yt〉

= γt+1 〈Axt, xt〉+ γt+1 〈Byt, yt〉+ γt+1 〈rt+1, θt〉

≥ γt+1 (s− 1− δa) ‖xt‖2 + γt+1 (b− 1− δb) ‖yt‖2 − γt+1ε ‖θt‖2

≥ γt+1
(s− 1− δa)

β
‖yt‖2 + γt+1 (b− 1− δb) ‖yt‖2 − γt+1ε ‖θt‖2

≥ γt+1

[
(s− 1− δa)

β
+ (b− 1− δb)− ε

]
‖θt‖2 .

Select β so that for small enough ε

〈γt+1Axt + γt+1Byt + γt+1rt+1, xt + yt〉 ≥ γt+1 (b− 1− 2δb) ‖θt‖2 .

Following the strategy in Evans and Honkapohja (2000), we now show that for large

enough t if θt−1 ∈ Cβ ∩Bδr (0) then θt ∈ Cβ ∩Bδr (0). Because θt converges, we can select τ

large enough so that for t ≥ τ , θt ∈ Bδr (0). So, we only need to show that, for large enough

t, if θt−1 ∈ Cβ and ‖yt−1‖ 6= 0 then θt ∈ Cβ. The steps in the proof of Proposition 2 in

Evans and Honkapohja (2000) related to gβ establish this result for large enough t and small

enough ε.22 Then, for τ large enough, consider a value of θτ ∈ Cβ ∩ Bδr (0) with ‖yτ‖ 6= 0.

22To match the notation of that part of the proof in Evans and Honkapohja (2000), set b1 ≡ s − 1 − δa,
b2 ≡ a − 1 + δa, and let a ≡ b − 1 − δb, where the right-hand-side variables in these definitions are in our
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It must be that for t ≥ τ

‖θt+1‖2 ≥ (1 + γt+12 (b− 1− 2δb)) ‖θt‖2 .

Now consider θ̃t = θt
tb−1−δ . For t ≥ τ ,

∥∥∥θ̃t+1

∥∥∥2

≥
(

1 +
1

t

)2(1−b+δ)

(1 + γt+12 (b− 1− 2δb))
∥∥∥θ̃t∥∥∥2

.

For some finite C > 0 and t ≥ τ∥∥∥θ̃t+1

∥∥∥2

>

(
1 + 2 (1− b+ δ)

1

t
− C 1

t2

)
(1 + γt+12 (b− 1− 2δb))

∥∥∥θ̃t∥∥∥2

> (1 + ω̃)
∥∥∥θ̃t∥∥∥2

for some ω̃ > 0 to long as τ is large enough. Note that the first inequality follows from

Taylor’s theorem and the second inequality follows because we chose δb so that 2δb < δ. So,

it must be that

lim
j→∞

∥∥∥θ̃τ+j

∥∥∥ =∞.

The argument involving the inverse function theorem given at the end of the proof of

Proposition 2 in Evans and Honkapohja (2000) shows that any open ball around the origin

contains a θ0 that will generate a sequence θt so that for θτ ∈ Cβ ∩ Bδr (0) for some large

enough τ , which completes the proof.

B Variant of CEE (2005) used in this paper

[INCOMPLETE]

C Solution algorithm for non-linear NK model

In this Appendix we detail our solution strategy for the non-linear NK model we consider in

our paper. We exploit the model’s structure to simplify its solution. In particular, because

the steady state is an absorbing state for the REE and the learning equilibria that we

consider, we can solve the steady state decision rules without reference to the period when

r = r`. With this solution in had, we then turn to the period when r = r`, which is where

we consider learning.

notation. Also, the roles of xt and yt are reversed in our notation relative to Evans and Honkapohja (2000).
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Our main model code is implemented in c++, with reliance on the Eigen, boost, and

nlopt libraries. Our computations were conducted using nearly 400 processors with heavy

reliance on MPI. Our computations took roughly two weeks to complete. Details related to

our model code are available in the README file associated with the replication materials.

This Appendix outlines the strategy used to solve the model that is implemented in that

code.

C.1 Steady state

In the steady state, there is no uncertainty. However, households still face a bond-holding

choice and firms still face a relative-price choice. In an REE, households will choose to hold

zero bonds and firms will choose to set their price to the aggregate price level.

C.1.1 Household problem

In the steady state, the household value function is given by

Vh,ss (bh) = max
Ch,Nh,b

′
h

{
log (Ch)−

χ

2
(Nh)

2 + βVh,ss (b′h)
}

subject to

Ch +
b′h
Rss

≤ bh
πss

+ wssNh + Tss.

Here, bh and b′h are household h’s real bond holdings chosen in the previous and current

period, respectively. The variables Ch and Nh are household h’s consumption and labor

supply. The aggregate variable Rss, πss, wss, and Tss are the gross nominal interest rate, the

gross inflation rate, the real wage, and taxes net of transfers and profits. The values of these

aggregate variables are known to the household. We constrain households so that b′h ∈
[
b, b
]
.

Implicitly, we have functions Ch,ss (bh), Nh,ss (bh), and b′h,ss (bh). Assuming the constraint on

b′h is not binding, household maximization implies

1

Ch,ss (bh)
= βRss

1

Ch,ss (b′h (bh))πss
(26)

χCh,ss (bh)Nh,ss (bh) = wss (27)

Ch,ss (bh) +
b′h,ss (bh)

Rss

=
bh
πss

+ wssNh,ss (bh) + Tss (28)
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We define a grid over
[
b, b
]

and approximate the functions Ch,ss (bh), Nh,ss (bh), and b′h,ss (bh)

on that grid in the following way.23

1. We conjecture a value for b′h,ss (bh) at each grid point. Call the conjectured value

b′ih,ss (bh).

2. Note that equations (27) and (28) can be written as

χCh,ss (bh)

(
Ch,ss (bh) +

b′ih,ss (bh)

Rss

− bh
πss
− Tss

)
= w2

ss.

The left-hand-side is increasing in Ch,ss (bh) ≥ 0. For every bh, we solve for the value

of Ch,ss (bh) that makes this hold with equality. We call this the conjectured value

for Ch,ss (bh) and denote it by Ci
h,ss (bh). Note that with Ci

h,ss (bh), we can back out

N i
h,ss (bh) from equation (27).

3. For each grid point, bh, find b′h that solves the following version of equation (26)

ChβRss
1

Ci
h,ss (b′h)

− 1 = 0

where Ch ≥ 0 solves

χCh

(
Ch +

b′h
Rss

− bh
πss
− Tss

)
= w2

ss.

We use linear interpolation to compute Ci
h,ss (b′h) for values of b′h that fall between grid

points. If the procedure would set b′h > b or b′h < b, we set b′hto the respective endpoint

of the grid. We record the value of b′h in by updating the conjectured rule for b′h,ss (bh)

using b′i+1
h,ss (bh) = b′h.

4. Having computed b′i+1
h,ss (bh) for every grid point, we check to see if

∣∣b′i+1
h,ss (bh)− b′ih,ss (bh)

∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem in steady state. If no, we set b′ih,ss (bh) = b′i+1
h,ss (bh) and repeat steps (ii), (iii),

and (iv).

Because βRss
πss

= 1, it is not surprising that we find that b′h,ss (bh) = bh.

23In our implementation, we set −b = b = 1, which is equal to steady state output. We use a symmetric
grid with 25 points that includes zero and places more points near zero than at more extreme values because
bh = b′h = 0 in both REE and in learning equilibria.
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C.1.2 Firm problem

In the steady state, the firm value function is given by

Vf,ss (pf ) = max
p′f

{
1

Css

(
p′f − (1− τf )wss

) (
p′f
)−ε

Yss

− 1

Css

φ

2

(
p′f
pf
πss − 1

)2

(Css +Gss)

+βVf,ss
(
p′f
)}
.

Here, pf and p′f are the ratio of firm f ’s price to the aggregate price level in the previous

and current period, respectively. The aggregate values πss, wss, Css, Gss, and Yss are known

to the firm. We constrain firms so that log
(
p′f
)
∈
[
p, p
]
. Implicitly, we have a function

p′f,ss (pf ). Assuming the constraint on p′f is not binding, firm maximization implies

φ

(
p′f (pf )

pf
πss − 1

)
1

pf
πss (Css +Gss) =

(ε− 1)

(
wss

p′f (pf )
− 1

)(
p′f (pf )

)−ε
Yss

+ βφ

(
p′f
(
p′f (pf )

)
p′f (pf )

πss − 1

)
p′f
(
p′f (pf )

)(
p′f (pf )

)2 πss (Css +Gss) (29)

We define a grid over
[
p, p
]

and approximate the function p′f,ss (pf ) on that grid in the

following way.24

1. We conjecture a value for p′f,ss (pf ) at each grid point. Call the conjectured value

p′if,ss (pf ).

24In our implementation, we set −p = p = 1. We use a symmetric grid with 25 points that includes zero

that places more points near zero than at more extreme values because log (pf ) = log
(
p′f

)
= 0 in both REE

and in learning equilibria.
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2. For each grid point, pf , find p′f that solves the following version of equation (29)

φ

(
p′f
pf
πss − 1

)
1

pf
πss (Css +Gss) =

(ε− 1)

(
wss
p′f
− 1

)(
p′f
)−ε

Yss

+ βφ

(
p′if,ss

(
p′f
)

p′f
πss − 1

)
p′if,ss

(
p′f
)(

p′f
)2 πss (Css +Gss)

We use linear interpolation over log
(
p′f
)

to compute p′if,ss
(
p′f
)
for values of log

(
p′f
)

that

fall between grid points. If the procedure would set log
(
p′f
)
> p or log

(
p′f
)
< p, we

set p′f to the respective endpoint of the grid. We record the value of p′f in by updating

the conjectured rule for p′f,ss (pf ) using p′i+1
f,ss (pf ) = p′f .

3. Having computed p′i+1
f,ss (pf ) for every grid point, we check to see if

∣∣p′i+1
f,ss (pf )− p′if,ss (pf )

∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the firm problem

in steady state. If no, we set p′if,ss (pf ) = p′i+1
f,ss (pf ) and repeat steps (ii) and (iii).

C.2 Solution when r = r`

To address the case when r = r`, we assume that we have the steady state decision rules in

hand and that households and firms know these decision rules with certainty.

C.2.1 Beliefs

Before presenting the household and firm problems, some comments about beliefs are in

order when r = r`. To simplify the model, we assume households and firms have the same

beliefs (though they do not know that they have the same beliefs). Households and firms

believe that so long as r = r` the log of aggregate consumption, log (C), and the log of

aggregate inflation, log (π), have uncorrelated Normal distributions with unknown means

and variances. That is

log (π) ∼ N
(
µπ, σ

2
π

)
log (C) ∼ N

(
µC , σ

2
C

)
.
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We assume that households and firms have beliefs about the means and variances of the

distributions for log (C) and log (π) that are characterized by density functions that are

proportional to Normal-inverse-gamma distributions. These beliefs are not exactly Normal-

inverse-gamma distributions because the households and firms embed in their beliefs an

upper bound on the variances. This upper bound is important because if variances were

unbounded, E [π] = E [C] = ∞, which would challenge the applicability of an expected

utility framework. The distributions characterizing beliefs are independent across C and π.

That is, for i ∈ {π,C}, µi ∈ (−∞,∞) and σ2
i ∈ [0, σ2

i ] we have

Pr
(
σ2
i |αi, βi

)
=

β
αi
i

Γ(αi)

(
1
σ2
i

)αi+1

exp
(
− βi
σ2
i

)
Γ(αi,βi/σ2

i )
Γ(αi)

,

Pr
(
µi|σ2

i ,mi, λi
)

=

√
λi√

2πσ2
i

exp

(
− λi

2σ2
i

(µi −mi)
2

)
.

Here, Γ (·) is the gamma function and Γ (·, ·) is the incomplete gamma function. Note that

Γ (·) = Γ (·, 0). Again, the advantage of truncating the support of σ2
i is that E [π] < ∞ if

σ2
π <∞ and E [C] <∞ if σ2

C <∞.

Even though we truncate the distributions for σ2
i , we maintain conjugacy between prior

and posterior beliefs as well as the usual recursive updating equations because the likeli-

hoods associated with observations of π and C are not truncated. Beliefs about log (i) are

parameterized by four values, αi, βi, mi, and λi. So, we have 8 total values for both π and

C. The standard recursive updating formulas for these variables are

λ′i = λi + 1

m′i =
λmi + log (i)

λ+ 1

α′i = αi + 1/2

β′i = βi +
λi (log (i)−mi)

2

2 (λi + 1)
.

Here, a prime indicates the value taken after having observed log (i).

We need to include variables in Θ that will fully capture the values αi, βi, mi, and λi for

i ∈ {π,C}. First, we keep 1
t`

in Θ, which is the inverse of the number of periods that r has

been equal to r`. We keep the inverse because it is bounded between zero and one, which

will be useful. From this value, we can trivially back out λi and αi, given their values in the

first period when r = r`. We set the initial value of λi = 1 and the initial value of αi = 2.
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We keep mC and mπ in Θ. And we also keep

ψ′i =

√
ψ2
i

2α′i
2α′i + 1

+
λi

λi + 1

1

2α′i + 1
(log (i)−mi)

2.

Note that by setting βi = (ψi)
2 α′i it is clear that we recover the exactly recursive structure

of βi (given above). An advantage of using ψi in Θ rather than βi is that ψi is a consistent

estimator for the standard deviation, whereas βi generally grows without bound (except

when the standard deviation is zero). Keeping the values of Θ within bounded grids will be

important for the purposes of approximation. In total, Θ =
[

1
τ`
,mπ,mC , ψπ, ψC

]
has five

elements and we have a mapping from Θ to αi, βi, mi, and λi for i ∈ {π,C}. We also have

a law of motion for Θ so that Θ′ = L (Θ, [π,C]) .

An advantage of the Normal-inverse-gamma setup detailed above is that we can have

analytic expressions for the distribution for the variables log (π) and log (C) conditional on

Θ. In particular

Pr (log (i) |Θ) =
Pr (log (i) |µi, σ2

i ,Θ) Pr (µi, σ
2
i |Θ)

Pr (µi, σ2
i | log (i) ,Θ)

=

1√
2πσ2

i

exp
(
− 1

2σ2
i

(log (i)−mi)
2
)

√
λ′i√

2πσ2
i

exp
(
− λ′1

2σ2
i

(µi −m′i)
2
)

(β′i)
α′
i

Γ(α′i)

(
1
σ2
i

)α′i+1

exp
(
− β′i
σ2
i

)
×
√
λi√

2πσ2
i

exp

(
− λi

2σ2
i

(µi −mi)
2

)
× βαii

Γ (αi)

(
1

σ2
i

)αi+1

exp

(
− βi
σ2
i

)
κ′i
κi

where

κi =
Γ (αi, βi/σ

2)

Γ (αi)
.

Then

Pr (log (i) |Θ) =

(
λiαi

βi (λi + 1)

)1/2
Γ (αi + 1/2)

Γ (αi)
√

2παi

×

1 +
1

2αi

(log (i)−mi)
2(

λiαi
βi(λi+1)

)−1


−α0−1/2

κ′i
κi
. (30)
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Notice that κ′i depends on the point of evaluation for log (i). Evidently, if we ignored the

ratio κ′i/κi, which would be correct in the case when σ̄2
i = ∞, the pdf for log (i) is a t

distribution with location parameter mi, scale parameter
(

λiαi
βi(λi+1)

)−1/2

, and 2αi degrees of

freedom. If σ2
i is large, κ′i/κi 6= 1 but is close to unity. For finite σ̄2

i , the ratio κ′i/κi serves

to thin the tails of the distribution of log (i) by down-weighting the probability of extreme

values for log (i).25 Because the density function of the t distribution is readily available and

reliably computed in statistical software and because κi and κ′i are easily computed using

readily available implementations of the gamma and incomplete gamma functions, we can

use equation (30) for quadrature weighting. We use Gauss-Hermite quadrature with seven

nodes when computing approximations to integrals based on equation (30).

C.2.2 Household problem

When r = r`, the household value function is given by

Vh (bh,Θ, x) = max
Ch,Nh,b

′
h

{
log (Ch)−

χ

2
(Nh)

2

+
1

1 + r`
[pEΘ′Vh (b′h,Θ

′, x′) + (1− p)Vh,ss (b′h)]

}
subject to

Ch +
b′h
R
≤ bh

π
+ wNh + T.

Here, x = [π,C]′, Vh,ss (·) is the steady state value function for the household, which is defined

above, and EΘ′ denotes expectations of the household computed conditional on Θ′. Given x

and Θ, we have Θ′ = L (Θ, x). So, the expectation of the household is taken with respect

to x′, which is believed to be iid. We assume that households know the monetary and fiscal

policy rules. We also assume that they correctly think that Y = (C +G)
(
1 + φ

2
(π − 1)2),

N = Y , and w = χCY . Given x, with these assumptions R, π, w, and T can be computed.

The steady state values of aggregate variables are known to the household. We constrain

households so that b′h ∈
[
b, b
]
. The household optimization problem gives us implicit func-

tions for Ch (bh,Θ, x), Nh (bh,Θ, x), and b′h (bh,Θ, x). Considering interior solutions for b′h,

25We set σ̄2
i equal to the squared maximum value on the grid for ψi (described below).
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we have

1

Ch (bh,Θ, x)
=

1

1 + r`
R

[
pEΘ′

{
1

π′C ′h (b′h,Θ
′, x′)

}
+ (1− p) 1

πssCh,ss (b′h)

]
(31)

w = χCh (bh,Θ, x)Nh (bh,Θ, x) (32)

Ch (bh,Θ, x) =
bh
π

+ wNh (bh,Θ, x) + T − b′h (bh,Θ, x)

R
. (33)

Instead of approximating Ch (bh,Θ, x), Nh (bh,Θ, x), and b′h (bh,Θ, x) directly, we approxi-

mate

vh (bh,Θ) = EΘ

{
1

πCh (bh,Θ, x)

}
.

We take this approach because we can eliminate x as a state variable in the approximation.

We define grids on the elements of Θ and use the grid defined for bh in the steady state. We

then approximate vh (bh,Θ) in the following way.26

1. We conjecture a value for vh (bh,Θ) at each grid point in the cross product of the grids

over the elements of bh and Θ.27 Call the conjectured value vih (bh,Θ).

2. For a given grid point we use quadrature to get a value for EΘ

{
(πCh)

−1} .To solve for

the expectation of interest, we need to solve for Ch given many different values for x.

Conditional on a value for x, equations (32) and (33) can be written as

χCh

(
Ch +

b′h
R
− bh
π
− T

)
= w2

The left-hand-side is increasing in Ch ≥ 0. For a given b′h, we solve for the value of Ch

that makes this hold with equality. We then search for the value of b′h that makes the

following version of equation (31) hold with equality:

1

Ch
=

1

1 + r`
R

[
pvih (b′h,Θ

′) + (1− p) 1

πssCh,ss (b′h)

]
.

We use linear interpolation to compute vih (b′h,Θ
′) for values of b′h and Θ′ that fall

26The grids for mi contain 12 points that are are not evenly spaced. They include each REE point as well
as the target-inflation steady state. The remaning points are bunched relatively close to the REE points.
The grid for ψC contains 11 points that are evenly spaced from 0 to 0.1. The grid for ψπ contains 11 points
that are evenly spaced from 0 to 0.05. Note that inflation is expressed in quarterly terms, so a change of
0.05 would be 20 percent if annualized.

27There are 435, 600 = 12× 12× 11× 11× 25 points in the cross product of the grids for mi, ψi, and bh.
The grid for t−1` is handled in a way discussed below.
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between grid points. If the procedure would set b′h > b or b′h < b, we set b′hto the

respective endpoint of the grid for bh. We record the associated value of Ch and use it

in the quadrature to compute vi+1
h (bh,Θ) = EΘ

{
(πCh)

−1}.

3. Having computed vi+1
h (bh,Θ) for every grid point, we check to see if

∣∣vih (bh,Θ)− vi+1
h (bh,Θ)

∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem when r = r`. If no, we set vih (bh,Θ) = vi+1
h (bh,Θ), repeat steps (ii) and (iii).

The grid that we use on 1
t`

is special. In particular, we let that grid be
[
0, 1

99
, 1

98
, . . . , 1

]
. The

first element of the grid corresponds to the case when infinite time has past. In this case

households think that they would update their beliefs so that Θ′ = Θ because mi and ψi

are consistent estimators for the means and variances. In our numerical computations, we

utilize this fact to first approximate vh in this case. We then approximate vh in the case

where t` = 99. When t` = 99, we need to interpolate between the solution to the case when

t` =∞ and the conjectured value of vih (bh,Θ) when t` = 99 to evaluate vih (b′h,Θ
′). That is,

when t` = 99 we have to find a fixed point of this interpolation, which is computationally

intense. To do the interpolation, we linearly interpolate between t−1
` = 1/99 and t−1

` = 0.

When t` = 98, having approximated vh (bh,Θ) for t` = 99 means that can evaluate vh (b′h,Θ
′)

exactly at t′` = 99 without reference to vih (bh,Θ). We approximate for vh (bh,Θ) when t` = 98

and work work back in this way to t` = 1. This strategy fits this into the structure of steps

1-3 because we know that the value of vh (bh,Θ) will not depend on its value at any any t`

that is smaller than implied by Θ. So, we have a block dependent structure to vh (bh,Θ) .

Additionally, we know that t` will only take integer values.

C.2.3 Firm problem

When r = r`, the firm value function is given by

Vf (pf ,Θ, x) = max
p′f

{
1

C

((
p′f − (1− τf )w

) (
p′f
)−ε

Y − φ

2

(
p′f
pf
π − 1

)2

(C +G)

)
+

1

1 + r`

[
pEΘ′Vf

(
p′f ,Θ

′, x′
)

+ (1− p)Vf,ss
(
p′f
)]

Here, x = [π,C]′, Vf,ss (·) is the steady state value function for the firm, which is defined

above, and E denotes expectations of the firm. Given x and Θ, we have Θ′ = L (Θ, x).
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So, the expectation of the firm is taken with respect to x′, which is believed to be iid. We

assume that firms know the monetary and fiscal policy rules. We also assume that they

correctly think that Y = (C +G)
(
1 + φ

2
(π − 1)2), N = Y , and w = χCY . Given x, with

these assumptions π, w, G, and Y can be computed. The steady state values of aggregate

variables are known to the firm. We constrain firms so that log
(
p′f
)
∈
[
p, p
]
. Implicitly,

from firm optimization we have a function p′f (pf ,Θ, x). Considering interior solutions for

p′f , firm maximization implies

φ

(
p′f (pf ,Θ, x)

pf
π − 1

)
1

pf
π (C +G) =

(ε− 1)

(
w

p′f (pf ,Θ, x)
− 1

)(
p′f (pf ,Θ, x)

)−ε
Y

+
1

1 + r`
pEΘ′

C

C ′
φ

(
p′f
(
p′f (pf ,Θ, x) ,Θ′, x′

)
p′f (pf ,Θ, x)

π′ − 1

)
p′f
(
p′f (pf ,Θ, x) ,Θ′, x′

)(
p′f (pf ,Θ, x)

)2 π′ (C ′ +G′)

+
1

1 + r`

C

Css
(1− p)φ

(
p′f,ss

(
p′f (pf ,Θ, x)

)
p′f (pf ,Θ, x)

πss − 1

)
p′f,ss

(
p′f (pf ,Θ, x)

)(
p′f (pf ,Θ, x)

)2 πss (Css +Gss) .

(34)

Instead of approximating p′f (pf ,Θ, x) directly, we approximate

vf (pf ,Θ) = EΘ

{
1

C
φ

(
p′f
pf
π − 1

)
p′f
pf
π (C +G)

}
.

We take this approach because we can eliminate x as a state variable in the approximation.

We use the same grids on the elements of Θ that we use for the household problem and the

grid defined for log (pf ) in the steady state and we approximate vf (pf ,Θ) in the following

way.

1. We conjecture a value for vf (pf ,Θ) at each grid point in the cross product of the grids

over the elements of pf and Θ. Call the conjectured value vif (pf ,Θ).

2. For a given grid point we use quadrature to get a value for

E
{

1

C
φ

(
p′f
pf
π − 1

)
p′f
pf
π (C +G)

}
.

To solve for the expectation of interest, we need to solve for p′f given many different

values for x. Conditional on a value for x, we find a value of p′f that solves the following

53



version of equation (34)

φ

(
p′f
pf
π − 1

)
1

pf
π (C +G) =

(ε− 1)

(
w

p′f
− 1

)(
p′f
)−ε

Y

+
1

1 + r`
pvif

(
p′f ,Θ

′) C
p′f

+
1

1 + r`

C

Css
(1− p)φ

(
p′f,ss

(
p′f
)

p′f
πss − 1

)
p′f,ss

(
p′f
)(

p′f
)2 πss (Css +Gss) .

We use linear interpolation over log
(
p′f
)

to compute vif
(
p′f ,Θ

′) for values of log
(
p′f
)

and Θ′ that fall between grid points. If the procedure would set log
(
p′f
)
> p or

log
(
p′f
)
< p, we set p′f to the respective endpoint of the grid for pf . We record the

value of p′f in and the associated aggregate variables so that the quadrature procedure

can approximate

vi+1
f (pf ,Θ) = EΘ

{
1

C
φ

(
p′f
pf
π − 1

)
p′f
pf
π (C +G)

}
.

3. Having computed vi+1
f (pf ,Θ) for every grid point, we check to see if

∣∣vif (pf ,Θ)− vi+1
f (pf ,Θ)

∣∣ < ε

at every grid point for some small ε. If yes, we say that we have solved the household

problem when r = r`. If no, we set vif (pf ,Θ) = vi+1
f (pf ,Θ), repeat steps (ii) and (iii).

Our use of the same grids as in the household problem allows us to exploit the same block

dependent structure in t−1
` .

C.3 Learning equilibria

Here we detail how we construct learning equilibria, given the solutions to the household an

firm problems—vh and vf .

1. Set r = r` and assume a value for Θt for t = 1.

2. Conjecture a value for πt.

54



(a) Find the value of Ct that would make the following equation hold

1

Ct
=

1

1 + r`
Rt

[
pvh (0, f (Θt, [πt, Ct])) + (1− p) 1

πssCh,ss (0)

]
.

Note that with π1 and C1 the values of all other aggregate variables can be com-

puted.

(b) Check to see if the following equation holds

φ (πt − 1) πt (Ct +Gt) =

(ε− 1) (wt − 1) +
1

1 + r`
pvf (1, f (Θt, [πt, Ct]))Ct

+
1

1 + r`

Ct
Css

(1− p)φ (πss − 1)πss (Css +Gss) .

If yes, we have a period equilibrium for period t and we record πt and Ct. If no,

conjecture a different value for πt.

3. Set Θt+1 = L (Θt, [πt, Ct]) and repeat step (ii).

When we consider “anticipated utility,” we define Θ̃t to be Θt, but with 1
t`

= 0. We then

perform step 2 with Θ̃t instead of Θt. However, in step 3 we continue to use Θt. The switch

between Θ̃t and Θt highlights the way in which “anticipated utility” is not internally rational.

D Linearization under anticipated utility and learning

about intercepts

Here we describe our strategy for linearizing models under anticipated utility and learning.

This strategy applies to our simple NK model without the ZLB and to our variant of the

CEE (2005) model. To fix notation, if a variable, xt has a steady state value x that is

different from zero, then we define x̂t = log(xt/x). Otherwise, we define x̂t = xt.

We assume that there is a unique, bounded linear REE in which

ât = Θ1,RE ât−1 + Θε,REεt. (35)

Here, ât is a vector of aggregate variables in (log-)deviation from steady state and εt is a

(possibly empty) vector of standard Normal structural shocks. In equation 35, and through-

out this appendix, we use notation similar to that used in Sims (2001). All matrices are

assumed to be conformable.
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In our learning model, agents have beliefs about a vector of aggregate variables, xt ⊆ at.

We assume that those beliefs are of the form

x̂t = cx + Γ1,xât−1 + Ψx,εεt + Ψx,ννt. (36)

Agents are uncertain about cx and Ψx,ν . We assume that agents know Γ1,x and Ψx,ε to be

their REE values, consistent with equation 35. Agents also think that there is another vector

of shocks, νt, that could affect x̂. Agents believe that νt is a vector of independent standard

Normal random variables. We assume that the matrix Ψx,ν is diagonal, reflecting the belief

that the elements of νt only affect the associated element of x̂t. In an REE each element

cx and Ψx,ν is zero. Note that the elements of νt do not appear in the dynamics of ât in

equation 35.

Under the anticipated utility assumption, agents believe with certainty that

x̂t = cx,t−1 + Γ1,xât−1 + Ψx,εεt + Ψx,ν,t−1νt. (37)

Additionally, we assume that agents know static relationships that allow them to uniquely

determine at given xt through the relationship at = F (xt, εt, at−1). The (log-)linear version

of this mapping is given by

ât = F̂

 x̂t

εt

ât−1

 , (38)

where F̂ is a conformable matrix.

In the model agents make a number of choices conditional on aggregate states and shocks.

For example, in the simple NK model, households choose household-specific bond holdings

that they contemplate being different from zero. Also, firms choose firm-specific prices that

they contemplate as being different from the aggregate price level. We gather the agent-

specific variables that they choose into the vector ht. We specify ht so that it includes agent-

specific versions of each element of xt. We can do this because we assume that all agents

are symmetric in the groups associated with the representative agent model. Notably, every

value of ht either corresponds to an aggregate quantity in at or is a constant value in all

states in an REE. An example of an element of ht corresponding to an aggregate quantity

in at in the simple NK model is household-specific consumption (in ht) corresponding to

aggregate consumption (in at). An example of an element of ht corresponding to a constant

value in all state of an REE in the simple NK model is household-specific bond holdings (in
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ht) corresponding to aggregate bonds being in zero net supply.

After (log-)linearization, agent-specific optimality conditions and budget constraints can

be written as

Γ0,hĥt + Γ0,eêt + Γ0,aât =Γ1,hĥt−1 + Γ1,haât−1 + Γ1,hεεt. (39)

Here, the vector êt = [Etĥ′t+1,Etâ′t+1]′ and Et is the expectation operator conditional on

agents’ beliefs. Those beliefs are given by equation 37. Note that we assume that the model

does not contain any agent-specific shocks. We emphasize emphasize that all of the matrices

in equation 39 take the values they would in an REE. Deviations from rational expectations

only appear through the coefficients in equation 37. Defining ηt = [(ĥt − Et−1ĥt)
′, (ât −

Et−1ât)
′]′, we also need to impose the identity[

ht

at

]
= et−1 + ηt (40)

Letting yt = [h′t, a
′
t, e
′
t]
′ and equations 37-40 can be written as

Γ0yt = Γ1yt−1 + Ct−1 + Ψεεt + Ψν,t−1νt + Πηt. (41)

Letting zt = [ε′t, ν
′
t]
′, this is exactly the form of the system studied by Sims (2001). The

solution to this system described in Sims (2001) ensures that Etηt+1 = 0. The analysis in

Sims (2001) is focused on RE models. We put subscripts on Ct−1 and Ψν,t−1 to emphasize

that the coefficients in these matrices depend on beliefs that may be different from RE

beliefs. It is worth stressing that the methodology we outline here could be used to compute

decision rules for ht in an REE by setting the matrices in equation 37 to be their REE values.

However, in our analysis, households and firms do not necessarily have RE. The deviation

from RE in their beliefs is captured by cx,t−1 and Ψx,ν,t−1 through Ct−1 and Ψν,t−1.

Under the conditions discussed in Sims (2001), there is a unique solution to the system

of equations in 41 that can be expressed as

ŷt = Θ1ŷt−1 + ΘCCt−1 + Θεεt + Θν,t−1νt. (42)

Importantly, this system contains the mapping

ĥt = Θ1,hŷt−1 + ΘC,hCt−1 + Θh,εεt + Θh,ν,t−1νt (43)

that defines decision rules for ĥt that are optimal from the perspective of the agents in the
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model, given ŷt−1, εt, and zt. It follows from equation 43-45 in Sims (2001) that because Γ0,

Γ1, Ψε, and Π in equation 41, are equal to their values used when computing an REE, Θ1,h

is also equal to its value in an REE. Additionally, it follows that Θh,ε is also equal to its

value in an REE. So, we do not include a time subscript on Θh,ε.
28 Unlike in an REE, the

system contains perceived shocks, νt. The values of νt are determined by the requirement

that markets clear in the period equilibrium, which we discuss below.

In a learning equilibrium, we first note that the symmetry of the agents’ problems implies

that any agent-specific values up to period t− 1 are equal to their aggregate quantities. So,

we can write equation 43 as

ĥt = Θ1,haât−1 + ΘC,hCt−1 + Θh,εεt + Θh,ν,t−1νt. (44)

The vector êt−1 does not appear on the right-hand side of equation 44 because in the solution

to the linear model its terms are are a linear combination of νt and εt (see Sims (2001)).

To construct a period equilibrium, we impose the restrictions of market clearing. Those

restrictions take the form that the elements of x̂t must be equal to corresponding elements

of ĥt. An example of such a restriction in the simple NK model is that household-specific

consumption must equal aggregate consumption. The number of such restrictions is equal

the length of νt in order to determine the values of νt. We write these restrictions as

Rĥt =x̂t. (45)

Here, R is a matrix of ones and zeros that selects the element of ĥt that corresponds to

the associated element to x̂t. In a period equilibrium, equation 45 will hold. From the

perspective of the agents, we can use equations 37 and 44 so that equation 45 takes the form

(RΘh,ν,t−1 −Ψx,ν,t−1) νt =cx,t−1 −RΘC,hCt−1.

If (RΘh,ν,t−1 −Ψx,ν,t−1) is invertable, then the perceived values of νt can be determined

uniquely. These are the values that νt takes in the period equilibrium to induce agents to

make decisions that lead to market clearing.

In a learning equilibrium, after agents observe ât and εt and make their decisions in the

period equilibrium, they update their beliefs using Bayes rule. Remember that agents are

28To see this, note that Φ in equation 42 in Sims (2001) is determined only by Π, Γ0, and Γ1, which are equal
to their values used to compute an REE. It follow from equation 45 of Sims (2001) that Θ1 in equation 42
is equal to its REE value. Additionally, if we define Ψ = [Ψε,Ψν,t−1], then we can use equation 45 of Sims
(2001) (and the notation therein) to set Θε = Ω−122 Q2·Ψε and Θν,t−1 = Ω−122 Q2·Ψν,t−1. These expressions
delivers the claim in the text regarding Θh,ε.
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only learning about cx and Ψx,ν in equation 36 and that the elements of νt are perceived

to be independent of one another and over time. We assume that agents have the Normal-

inverse-gamma conjugate priors on each element of cx and the associated element of Ψx,ν and

that they have the same degrees of freedom in these priors.29 In this case, agents’ posterior

beliefs about cx and Ψx,ν are Normal-inverse-gamma and the mean of the beliefs about cx

evolves according to

cx,t = cx,t−1 + γt (x̂t − Γ1ât−1 −Ψx,εεt − cx,t−1) = cx,t−1 + γtΨx,ννt.

Here, γt = 1/(λ0 + t) where λ0 determines the precision of the prior on cx. The values of

Ψx,ννt are determined by cx,t−1, Γ1,x, and Ψx,ε, but not by ât−1, εt, or Ψx,ν,t−1. Therefore,

in a learning equilibrium in which Γ1,x and Ψx,ε are known with certainty to be their REE

values, the mean of agents’ beliefs about cx volves in a non-stochastic manner and cx,t does

not depend on ât−1. That is, we can write the evolution of cx,t as

cx,t = cx,t−1 + γt (µ(cx,t−1)− cx,t−1) . (46)

Equation 46 is of the form of equation 1 in the main text of our paper.

D.1 The period equilibrium in the simple NK model with only

sticky prices

In this subsection, we solve for the period equilibrium of the simple NK model with only

sticky prices. To do this, we put a (log-)linear approximation to the solution the simple NK

model in the for discussed above. In an REE, this model has no aggregate state variables.

We display the equations in their (log-)linear form around a steady state. The model has

two such steady states (one with target inflation and one with deflation). Our approach can

be used to linearize around either and we use general versions of the equations below.

We assume that households and firms believe with certainty that

Ĉt =mC,t−1 + σν,C,t−1νC,t (47)

π̂t =mπ,t−1 + σν,π,t−1νπ,t (48)

Because the REE has no aggregate state variables, these beliefs nest the REE beliefs. Define

xt = [Ct, πt] and note that equations 47-48 take the form of those in the vector eqation 37.

29At the expense of additional notation, the assumption about the same degrees of freedom across the
priors can be relaxed if µ as defined in equation 46 takes γt as an argument, which is permitted by equation 1
in the main text. This change has no effect on the asymptotic rate of convergence of cx,t.
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Households and firms know the following static relationships

Yt =Nt (49)

Yt = (Ct +Gt)

(
1 +

Φ

2
(πt − 1)2

)
(50)

wt =χNtCt (51)

τt =Gt − (1− wt)Yt +
Φ

2
(πt − 1)2(Ct +Gt) (52)

Gt =G (53)

Rt = max

{
1, β−1 + απ (πt − 1) + αY

Yt − Y
Y

}
. (54)

The first equation is the aggregate production technology, the second is the resource con-

straint, the third is the intratemporal Euler equation at the aggregate level, the fourth

is the definition of lump-sum taxes and transfers given our assumptions about firm own-

ership and fiscal policy, the fifth is the level of government purchases given our assump-

tions about government spending, and the sixth equation is the monetary policy rule. It

is worth emphasizing that we could make different assumptions about how agents form

beliefs and which of these static relationships they know with certainty (if any). Define

at = [Ct, πt, Yt, Nt, Gt, wt, τt, Rt]
′ and note that the six equations 49-54 uniquely determine

at given xt.
30 These static relationships are (log-)linearized to be

Ŷt =N̂t (55)

Y Ŷt =

(
1 +

Φ

2
(π − 1)2

)(
CĈt +GĜt

)
+ (C +G) Φ (π − 1)ππ̂t (56)

ŵt =N̂t + Ĉt (57)

τ τ̂t =GĜt − (1− w)Y Ŷt + wY ŵt + Φ(π − 1)π(C +G)π̂t

+
Φ

2
(π − 1)2

(
CĈt +GĜt

)
(58)

Ĝt =0 (59)

R̂t =
απ
R
π̂t +

αY
R
Ŷt. (60)

If we are linearizing around a steady state in which Rt = 1, then equation 78 is replaced by

R̂t = 0, which holds locally to that steady state. The six equations 55-78 take the form of

30To see this, note that Gt = G is known to households and firms. With knowledge of Ct and πt, they can
compute Yt from equation 50. Then the value of Nt follows from equation 49. Then the value of wt follows
from equation 51. Finally, the values of τt and Rt follow from equations 52 and 54.
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those in the vector equation 38.

The household flow budget constraint and optimality conditions are (log-)linearized to

be

(C + wN) Ĉh,t =
1

π
b̂h,t−1 −

1

R
b̂h,t + 2wNŵt − τ τ̂t (61)

Ĉh,t −Rψb̂h,t = −R̂t + Et
[
Ĉh,t+1 + π̂t+1

]
. (62)

The firm’s optimality condition is log-linearized to be

Y (1 + ε(w − 1)) p̂f,t + (1− w)Y Ŷt − Y wŵt

+
Φ

ε− 1
π
{

(C +G) (2π − 1) π̂f,t + (π − 1)
(
CĈt +GĜt

)}
=

β
Φ

ε− 1
π(π − 1)(C +G)

(
Ĉt − EĈt+1

)
+β

Φ

ε− 1
π
{

(C +G) (2π − 1)Etπ̂f,t+1 + (π − 1)
(
CEtĈt +GEtĜt+1

)}
(63)

π̂f,t = p̂f,t − p̂f,t−1 + π̂t (64)

Define ht = [Ch,t, bh,t, πf,t, pf,t]
′ and et = [Eta′t+1,Eth′t+1]′. Note that equations 61, 62, 63,

and 64 take the form of those in vector equation 39. Define yt = [h′t, a
′
t, e
′
t]
′. Using the vector

equation 40 (with the definitions of at and et used here), we can put the system in the form

of equation 41.

Note that yt has 24 elements. There are two household-specific equations, two firm-

specific equation, two equations regarding beliefs, six static relationships mapping xt to the

rest of at, and twelve equations stemming from the vector equation 40. So, we have 24

equations when the system in written in the form of equation 41.

With a solution to the (log-)linear approximation to the equilibrium, we require that the

perceived values of νC,t and νπ,t induce the following outcomes

Ch,t =Ct (65)

πf,t =πt. (66)

Equation 65 ensures that the bond market clears because, along with the budget constraint,

it ensures that bh,t = 0. Equation 66 ensures that the goods market clears because it ensures

that the competitive firm that aggregates goods from the monopolists earns zero profits.31

31Note that we imposed labor maket clearing by imposing the intratemporal Euler equation at both the
household and aggregate levels.
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These restrictions take the form of those in equation 45. We use these restrictions to solve

for the perceived values of νC,t and νπ,t that will lead to market clearing, which delivers the

period equilibrium.

D.2 The period equilibrium in the simple NK model with only

sticky prices at the ZLB

Here, we describe how we construct the period equilibrium in the simple NK model with only

sticky prices when the ZLB is binding. Here, we maintain the assumption that households

and firms know the REE in the steady state. As a result, households and firms know the

decision rules they will use in the event that the economy reverts to steady state, and those

rules take the form

b̂h,t = ωb,bb̂h,t−1 (67)

Ĉh,t = ωC,bb̂h,t−1 (68)

p̂f,t = ωp,pp̂f,t−1 (69)

π̂f,t = ωπ,pp̂f,t−1. (70)

To fix notation, we let X̃ be the REE value of the variable Xt when the ZLB binds and

let ̂̃X t = log(Xt/X̃). Note that we continute to use b̂h,t and p̂f,t at the ZLB, because the

REE values of those variables are equal to the same values at the ZLB and in steady state.

Households and firms form beliefs using

̂̃Ct =m̃C,t−1 + σ̃ν,C,t−1ν̃C,t (71)̂̃πt =m̃π,t−1 + σ̃ν,π,t−1ν̃π,t (72)

Households and firms know that equations 49-54 hold, and we log-linearize those equa-
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tions around the REE values while the ZLB binds to get

̂̃Y t = ̂̃N t (73)

Ỹ ̂̃Y t =

(
1 +

Φ

2
(π̃ − 1)2

)(
C̃ ̂̃Ct + G̃ ̂̃Gt

)
+
(
C̃ + G̃

)
Φ (π̃ − 1) π̃̂̃πt (74)

̂̃wt = ̂̃N t + ̂̃Ct (75)

τ̃ ̂̃τ t =G̃ ̂̃Gt − (1− w̃)Ỹ ̂̃Y t + w̃Ỹ ̂̃wt
+ Φ(π̃ − 1)π̃(C̃ + G̃)̂̃πt +

Φ

2
(π̃ − 1)2

(
C̃ ̂̃Ct + G̃ ̂̃Gt

)
(76)̂̃Gt =0 (77)̂̃Rt =0. (78)

The household flow budget constraint and optimality conditions are (log-)linearized to

be (
C̃ + w̃Ñ

) ̂̃Ch,t =
1

π̃
b̂h,t−1 −

1

R̃
b̂h,t + 2w̃Ñ ̂̃wt − τ̃ ̂̃τ t (79)

̂̃Ch,t − R̃ψb̂h,t =R̃
β̃

π̃
pEt

[̂̃Ch,t+1 + ̂̃πt+1

]
+ (1− p)R̃β̃C̃

Cπ
ωC,bb̂h,t. (80)

The firm’s optimality condition is (log-)linearized to be

Ỹ (1 + ε(w̃ − 1)) p̂f,t + (1− w̃)Ỹ ̂̃Y t − Ỹ w̃ ̂̃wt
+

Φ

ε− 1
π̃
{(
C̃ + G̃

)
(2π̃ − 1) ̂̃πf,t + (π̃ − 1)

(
C̃ ̂̃Ct + G̃ ̂̃Gt

)}
=

pβ̃
Φ

ε− 1
π̃(π̃ − 1)(C̃ + G̃)

(̂̃Ct − E ̂̃Ct+1

)
+pβ̃

Φ

ε− 1
π̃
{(
C̃ + G̃

)
(2π̃ − 1)Et̂̃πf,t+1 + (π̃ − 1)

(
C̃Et ̂̃Ct + G̃Et ̂̃Gt+1

)}
+(1− p)β̃ C̃

C

Φ

ε− 1
π {(C +G) (2π − 1)Etωπ,pp̂f,t}

+(1− p)β̃ Φ

ε− 1
π(π − 1)(C +G)

C̃

C
̂̃Ct (81)

̂̃πf,t = p̂f,t − p̂f,t−1 + ̂̃πt (82)

We can now proceed as in the previous subsection to solve the linear system.

We need an approximation in which households and firms contemplate variables at the

ZLB that grow slower than R̃−1π̃β̃−1p−1. This growth condition keeps ̂̃Ch,t bounded in

equation 80 and keeps ̂̃πf,t bounded in equation 81. Because of the probability of switching

63



from the ZLB to the steady state, the growth condition also ensures that the unconditional

expectation of each variable in the system converges to zero as the horizon of the expectation

goes to infinity. The growth condition is satisfied by only one solution to the linear system,

and we study that solution. That solution to the linear system is similar to the non-linear

solution to the model. Note that in any learning equilibrium, b̂h,t = p̂f,t = 0 in every period.

So the learning equilibrium is always non-explosive.

E A comparison to Euler equation learning

An alternative approach to learning is to start with aggregate Euler equations from the

REE. This approach has been used by Evans and Honkapohja (2006) and Ferrero (2007).

The Euler equation approach to learning stands in contrast to the approach of Preston

(2005) and Eusepi et al. (2022) in which households and firms solve their infinite horizon

problems given beliefs. Our approach follows Preston (2005) and Eusepi et al. (2022). In

this appendix, we analyze b under the Euler equation approach to learning to determine if

the way learning is modeled has meaningful implications for the speed of convergence.

In our simple NK model with only sticky prices, the aggregate Euler equations from the

REE are given by

Ĉt = −βαππ̂t + Et
[
Ĉt+1 + π̂t+1

]
π̂t =

2 (ε− 1)

Φ
Ĉt + βEtπ̂t+1.

Under the assumption that the learning is about steady states (or means), the Euler equation

learning approach proceeds by assuming that EtĈt+1 = mC,t−1 and Etπ̂t+1 = mπ,t−1 so that

Ĉt = −βαππ̂t +mC,t−1 +mπ,t−1

π̂t =
2 (ε− 1)

Φ
Ĉt + βmπ,t−1.

The values of π̂t and Ĉt are calculated from these equations. Beliefs are updated so that

mx,t = mx,t−1 +
1

λ0 + t
(x̂t −mx,t−1) .

This updating equation (in vector form) has the same form as equation (1) in the main text

of our paper. When we compute the value of b under the Euler equation learning approach,

we get b = 0.95 and T2/3 ≈ 1.6 billion. Under the learning approach we take in the text,
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and as reported in Table 1, when we assume households and firms solve their infinite horizon

problems given beliefs we get b = 0.25 and T2/3 = 5. We conclude that modeling agents

infinite-horizon decision problems, rather than using aggregate Euler equations from the

REE, can have important implications for conclusions regarding the speed of learning.

F Calvo-style nominal rigidities

In the main text of our paper we study a model with Rotemberg-style nominal rigidities. It

is well known that Calvo-style nominal rigidities are equivalent to Rotemberg-style nominal

rigidities in an REE when linearizing a model around the target-inflation steady state. How-

ever, these models need not be equivalent with analyzing learning equilibria. An advantage

of using Rotemberg-style nominal rigidities is that in the fully nonlinear model it does not

have the price-dispersion state variables that appear in models with Calvo-style nominal

rigidities. Because it is more-feasible to solve the nonlinear model with fewer state variables,

we used Rotemberg-style nominal rigidities. In this appendix, we re-do our analysis for the

simple NK model using Calvo-style nominal rigidities and show that our conclusions are

robust. We present details of the model in the sub-section below. Table 4 reports the values

of b in the Rotemberg and Calvo versions of the model.

Table 4: b in the simple NK model

b in the Rotemberg model b in the Calvo model
Sticky prices and wages 0.63 0.82

Only sticky prices 0.25 0.26
Only sticky wages 0.58 0.82

Higher απ (απ = 3) 0.18 0.47
Lower απ (απ = 1.01) 0.98 0.97
Lower αY (αY = 0) -0.30 0.00

Source: Authors’ calculations.
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