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Underdetermined linear systems

Given:
> X, Hilbert spaces
> A: X — Y linear and bounded, b € R(A)
» R: X - RU{+oc0} convex and lsc

Solve:
min R(z) : Az =10
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Underdetermined linear systems

Given:
> X, Hilbert spaces
> A: X — Y linear and bounded, b € R(A)
» R: X - RU{+oc0} convex and lsc

Solve:
min R(z) : Az =10

If R is strongly convex then there exists a unique solution zf.
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Inverse problems and learning — Choice of R

> ||
> |zl
> TV (x)
> |z
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Inverse problems and learning — Choice of R

> [lz]|?
> lzflx
> TV (x)
> [z

Convex and possibly nonsmooth

Q
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Inverse problems and learning — stability

Solve:
min R(z) : Az =b

knowing only b° such that ||b — b°|| < 4.
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Explicit regularization a.k.a Tikhonov regularization

Given D: Y x Y — [0, 00|
minimize D(Az,b°) + AR(x)
Theorem
If:
> R s strongly convex
> Im(A*)NOR(z") # @
» 292 js the unique solution of the regularized problem.

Then 5
SA _
=2t <o —=+Vo+ \f)\)
o ot <0 (55
Choosing \s ~ é: |20 — 2t < V5.

[Burger-Osher, Convergence rates of convex variational regularization, 2004], [Benning-Burger, Error estimates
for general fidelities, 2011]
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What about computations?

» choose an interval [Amin, Amax)
» approximately solve the regularized problem for A € [Anin, Amax)
> select the best \ according to a validation criterion

Q
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Iterative regularization: an optimization point of view

1. Choose a convergent algorithm to solve
min R(z) : Az =b

Call the iterates (zx)ken-
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Iterative regularization: an optimization point of view

1. Choose a convergent algorithm to solve
min R(z) : Az =15
Call the iterates (zx)ken-
2. Apply the same algorithm to
min R(x) : Az = b’

Call the iterates (z9)xen.
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Iterative regularization: an optimization point of view

1. Choose a convergent algorithm to solve
min R(z) : Az =b

Call the iterates (zx)ken-

2. Apply the same algorithm to
min R(x) : Az = b’

Call the iterates (z9)xen.

3. [l — &t < llaf — will + ok — 2T
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The algorithm in the strongly convex case

min R(z) <+— min R(x) + vy (Az),

where 1y (2) = 0 if z = band vy (z) = 400 otherwise.
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The algorithm in the strongly convex case

min R(z) <+— min R(x) + vy (Az),

where 1y (2) = 0 if z = band vy (z) = 400 otherwise.
Dual problem

E;Ig;l d(v), d(v) = R*(—A"v)+ (b,v).

Im(A*) N OR(z") # @ = d has a solution
R strongly convex = d is smooth

Let (vx) be generated by an (accelerated) gradient method and

xp = VR*(—yA%vy).
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Regularization results

» R(x) = ||z||?, Landweber method (1950), see [Engl-Hanke-Neubauer, Regularization of inverse
problems, 1996], accelerated version [Neubauer, 2017]
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Regularization results

» R(x) = ||z||?, Landweber method (1950), see [Engl-Hanke-Neubauer, Regularization of inverse
problems, 1996], accelerated version [Neubauer, 2017]

» a.k.a. mirror descent [Nemirovski-Yudin 1983, Teboulle-Beck 2003, Gunasekar et al 2018] Or
linearized Bregman iteration [Osher et al. 2005, Burger-Resmerita-He, 2007...]
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Regularization results

» R(x) = ||z||?, Landweber method (1950), see [Engl-Hanke-Neubauer, Regularization of inverse
problems, 1996], accelerated version [Neubauer, 2017]

» a.k.a. mirror descent [Nemirovski-Yudin 1983, Teboulle-Beck 2003, Gunasekar et al 2018] Or
linearized Bregman iteration [Osher et al. 2005, Burger-Resmerita-He, 2007...]

» Theorem[Matet-Rosasco-V.-vu, 2017] If 2% is generated by Gradient Descent on the noisy
dual, then

1
laf —a'll < Vio+ = ks~ 8Tt = i, —alll < V5
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Regularization results

» R(x) = ||z||?, Landweber method (1950), see [Engl-Hanke-Neubauer, Regularization of inverse
problems, 1996], accelerated version [Neubauer, 2017]

» a.k.a. mirror descent [Nemirovski-Yudin 1983, Teboulle-Beck 2003, Gunasekar et al 2018] Or
linearized Bregman iteration [Osher et al. 2005, Burger-Resmerita-He, 2007...]

» Theorem[Matet-Rosasco-V.-vu, 2017] If 2% is generated by Gradient Descent on the noisy
dual, then

1
laf —a'll < Vio+ = ks~ 8Tt = i, —alll < V5

If 20 is generated by Accelerated Gradient Descent on the noisy dual, then

1
lag =T <ko+ 2, ks~ 07V = g, — 2T < V0

» ADMM, a.k.a. Bregman iteration [Bachmayr-Burger 2009, Burger et. al. 2007]
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Regularization results

» R(x) = ||z||?, Landweber method (1950), see [Engl-Hanke-Neubauer, Regularization of inverse
problems, 1996], accelerated version [Neubauer, 2017]

» a.k.a. mirror descent [Nemirovski-Yudin 1983, Teboulle-Beck 2003, Gunasekar et al 2018] Or
linearized Bregman iteration [Osher et al. 2005, Burger-Resmerita-He, 2007...]

» Theorem[Matet-Rosasco-V.-vu, 2017] If 2% is generated by Gradient Descent on the noisy
dual, then

1
|zf — 2t < VRS + —=, ks~ = |2, 2T < V6

Vk

If 20 is generated by Accelerated Gradient Descent on the noisy dual, then

1
laf =t < ko +3, ks~ 8V = faf, ol < VB

» ADMM, a.k.a. Bregman iteration [Bachmayr-Burger 2009, Burger et. al. 2007]
» Also: nonlinear inverse problems [Kaltenbacher-Neubauer-Scherzer, Iterative Regularization for
nonlinear inverse problems, 2008], learning [Yao-Rosasco-Caponnetto 2005, Rosasco-V. 2015]
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Other discrepancies

min R(z)
st. D(Az,b) =0

T

min,cy (v, by + R*(—A*v)

=d(v)

H

1
XD(Az,b) + R(z)

1
XD*()\’U, y)+ R*(—A"v).

—dx(v)



Other discrepancies

min R(z) —
st. D(Az,b) =0
/]\
ming,cy (v, b) + R (—A*v) +«+—

=d(v)
A diagonal approach[Lemaire 80s-90s]

Tpy1 = AlgO(:L‘k, /\;\7),

UniGe | M;g.iia

1
XD(Az,b) + R(x)

1
XD*()\U7 y) + R*(—A%v).

=d, (v)

with A\, — 0.



Regularization results

» Assumptions on D
> ImA* N OR(x") # @
» )\, — 0 (at a suitable rate, depending on D)
If Algo = forward-backward on the noisy dual, then [Garrigos-Rosasco-V. 20171

1
D I e i F U

If Algo = accelerated forward-backward on the noisy dual, then [calatroni-Garrigos-Rosasco-V. 2021]

1
Hxi - :cT|| < = + k262, ks ~ 61?2 = Hxié _ mT” < §1/2
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Regularization results

» Assumptions on D
> ImA* N OR(x") # @
» )\, — 0 (at a suitable rate, depending on D)
If Algo = forward-backward on the noisy dual, then [Garrigos-Rosasco-V. 20171

1
e R A R TR A R
If Algo = accelerated forward-backward on the noisy dual, then [calatroni-Garrigos-Rosasco-V. 2021]
1
Hxi - :cT|| < = + k262, ks ~ 61?2 = Hxié _ mT” < §1/2

See also [Benning-Burger, 2011].
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Convex regularizers

What if R is not strongly convex?



Convex regularizers

What if R is not strongly convex?

Steps:
» identify an algorithm
» derive convergence rates on suitable quantities (the solution is not unique in
general)

» special case: ¢! norm
» unfeasible case

Based on: [Massias,Molinari,Rosasco, V., Iterative regularization for low complexity regularizers, 2022]
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Primal-dual framework

Consider R = F + G, F L-smooth, and G convex

min F(z) + G(z) + tp(Ax) (P)
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Primal-dual framework

Consider R = F + G, F L-smooth, and G convex

min F(z) + G(x) + v,(Az) (P)

Langrangian:
L(z,y) = F(z) + G(z) + (y, Az — b)
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Primal-dual framework

Consider R = F + G, F L-smooth, and G convex

min F(z) + G(x) + v,(Az) (P)

Langrangian:
L(z,y) = F(z) + G(z) + (y, Az — b)

Assumption: There exists a saddle point of £ (primal-dual solution) (., y.)

V(x,y) £(.’Ii*,y) - E(x,y*) <0
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Primal-dual framework

Consider R = F + G, F L-smooth, and G convex

min F(z) + G(z) + tp(Ax) (P)

Langrangian:
L(z,y) = F(z) + G(z) + (y, Az — b)

Assumption: There exists a saddle point of £ (primal-dual solution) (., y.)

V(x,y) £($*,y) - E(x,y*) <0

—A*y, € OR(x,)

, z, is a solution of (P)
Az, =0

(24, y.) saddle point of L —> {
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Condat-Vu algorithm

Uk = 2Yk — Y—1
Tpp1 = prox,g(xr — 7(VF(xr) + A*Gr))
Yet1 = Yk + 0(Azp11 — b)
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Condat-Vu algorithm

Uk = 2Yk — Yb—1
i1 = prox,q(zr — 7(VF(zk) + A*Gr))
Y1 = Yk + 0(Axp41 — D)

» weak convergence of the iterates (x, yx) to a primal-dual solution (if
7 < (L+olA)7)

MalLkGa



UniGe

Condat-Vu algorithm

Uk = 2Yk — Yb—1
i1 = prox,q(zr — 7(VF(zk) + A*Gr))
Y1 = Yk + 0(Axp41 — D)

» weak convergence of the iterates (x, yx) to a primal-dual solution (if

< (L+o]A?)7)
» preconditioning

MalLkGa



Condat-Vu algorithm

Uk = 2Yk — Yb—1
i1 = prox,q(zr — 7(VF(zk) + A*Gr))
Y1 = Yk + 0(Axp41 — D)

» weak convergence of the iterates (x, yx) to a primal-dual solution (if
7 < (L+olA)7)

» preconditioning
> inexact computations of prox
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Condat-Vu algorithm

Uk = 2Yk — Yb—1
i1 = prox,q(zr — 7(VF(zk) + A*Gr))
Ykt1 = Yx + 0(Azpyr — 1)

» weak convergence of the iterates (x, yx) to a primal-dual solution (if
< (L+aA»)7)

» preconditioning

> inexact computations of prox

» in our analysis: view b° as another source of errors
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How to measure distance from optimality?

L(x,y.) = L(ze,y) = R(z) = R(ws) + (Y, Az = b) — (u, Aes=T)
= R(z) = R(w.) = (- A"y, 2 — @)

= DM (z, z.)

UniGe | M;g."aa Rlex Y+ ¢~ N\A& 5o TXx>
- o
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Bregman distance is not enough for ¢!

.y A .
10 — Dll~rl‘| Y (g, 2*)
10-6 4 — o — ¥

1011 4 — |[Az — 0|

LCl ™M A MA ™Mare,
1()0() 2()()0 300() 4000

5000
Iteration k

Q
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Optimality condition

Theorem

If
» (z.,y.) is a saddle point of L and (z,y) € X x Y
> L(z,y.) — L(2s,y) =0
> Ar =10

Then (z,y.) is a primal-dual solution

UniGe | MdLGa
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Regularization properties of the Condat-Vu algorithm

Theorem (Stability and early stopping)

Let (x2,y2) be the (averaged) sequence obtained with 1’ instead of b. Assume
T < E(EL+ 0| A||?)~! forsome 0 < ¢ < 1. Then

1
LR, ye) = L(@eyp) < 7 +0+0%

1
HA@-&F§E+5+ﬁk
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Regularization properties of the Condat-Vu algorithm

Theorem (Stability and early stopping)

Let (x2,y2) be the (averaged) sequence obtained with 1’ instead of b. Assume
T < E(EL+ 0| A||?)~! forsome 0 < ¢ < 1. Then

1
L’(xi,y*) — E(x*,y,‘z) < z +6+ 6%k

1
|AzS — b||? < o+ 5%k
If k ~ 6~ 1, there exists ¢ > 0 such that
L(@ye) = Ly y}) <6 | Az}, — bl|* < 6(1 +6)
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Regularization properties of the Condat-Vu algorithm

Theorem (Stability and early stopping)

Let (x2,y2) be the (averaged) sequence obtained with 1’ instead of b. Assume
T < E(EL+ 0| A||?)~! forsome 0 < ¢ < 1. Then

1
L’(xi,y*) — E(x*,y,‘z) < z +6+ 6%k

1
|AzS — b||? < o+ 5%k
If k ~ 6~ 1, there exists ¢ > 0 such that
L(@ye) = Ly y}) <6 | Az}, — bl|* < 6(1 +6)

See also [Rasch-Chambolle, 2021]
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Sparse recovery

Theorem
Assume that Az = b has an s-sparse solution z., and that the s-RIP holds. Then

min [|z|; st Az =10

has a unique solution and

1 1
|25 — 2| < Q;(% + 64 6%k) + Qs(z +0+ 5%k)
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Sparse recovery

Theorem
Assume that Az = b has an s-sparse solution z., and that the s-RIP holds. Then

min [|z|; st Az =10

has a unique solution and
1 1
2, = 2a|* < QU + 0+ 6%k) + Qs(5 + 0+ 5%)

Based on [Grasmair-Scherzer-Haltmeier, Necessary and sufficient conditions for linear convergence of ¢
regularization 2011]
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Sparse recovery

Theorem
Assume that Az = b has an s-sparse solution z., and that the s-RIP holds. Then

min [|z|; st Az =10

has a unique solution and

1 1
|25 — 2| < Q;(% + 64 6%k) + Qs(z +0+ 5%k)

Based on [Grasmair-Scherzer-Haltmeier, Necessary and sufficient conditions for linear convergence of ¢
regularization 2011] The constants in the bound depend on s (as for Tikhonov) and on || ||
(differently from Tikhonov).
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Unfeasible case: {Ax =b} = &

Remark: The (averaged) Condat-Vu sequence (zy,ys) satisfies ||(zx, yx)| — +oo.

UniGe | M&;Ga

26



Unfeasible case: {Ax =b} = &

Remark: The (averaged) Condat-Vu sequence (zy,ys) satisfies ||(zx, yx)| — +oo.
Consider

(P') minR(z) s.t.A"Ar=A"0 vs(P) minR(z) s.t.Az=5b

UniGe | M&;Ga

26



Unfeasible case: {Ax =b} = &

Remark: The (averaged) Condat-Vu sequence (zy,ys) satisfies ||(zx, yx)| — +oo.
Consider

(P') minR(z) s.t.A"Ar=A"0 vs(P) minR(z) s.t.Az=5b
Always feasible if dim X, dim ) < +co.

UniGe | M&;Ga

26



Unfeasible case: {Ax =b} = &

Remark: The (averaged) Condat-Vu sequence (zy,ys) satisfies ||(zx, yx)| — +oo.
Consider

(P') minR(z) s.t.A"Ar=A"0 vs(P) minR(z) s.t.Az=5b

Always feasible if dim X, dim Y < +occ. Assume that (P’) has a primal-dual solution
(@*,y7).
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Unfeasible case: {Ax =b} = &

Remark: The (averaged) Condat-Vu sequence (zy,ys) satisfies ||(zx, yx)| — +oo.
Consider

(P') minR(z) s.t.A"Ar=A"0 vs(P) minR(z) s.t.Az=5b
Always feasible if dim X, dim Y < +occ. Assume that (P’) has a primal-dual solution
(@, y").
Theorem

Consider the “original” averaged Condat-Vu algorithm for § = 0. Then z;, weakly
converges to some solution of (P’). If § > 0 and A* Az = A*b° has a solution, then

D=AAY (29 2*) < k+6+52

and )
|A* Az — A*b|| < T o+ 8%k + 6°

UniGe | MakGa
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Sparse recovery

= Tikhonov regularization Iterative regularization

Q@ 1.00 1 1 1 1 . .

& === best A : : === best iteration

— - 1 1

o075 ! !

g 1 1

= 050 1 H i

.2 1 1

s} 1 T e

2 025 1 H .

[ — T T T — T T T T

a 1072 107! 10° 0 200 400 600 800 1000
A/ Amax Chambolle-Pock iteration

Figure: Comparison of Tikhonov regularization and iterative regularization on rcv1 (LIBSVM
package). Both methods reach similar lowest prediction errors (left:0.195, right: 0.21) while the
iterative approach is much faster (2.5 s vs. 125 s).
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Sparse recovery

Iterative regularization Lasso path
1.00

T T T T T
0 50 100 100 107! 1072
CP iteration A

Figure: Comparison of estimation and prediction performances of iterative and Tykhonov
regularization for sparse recovery. Iterative regularization attains similar performances to explicit
regularization, but in few iterations.
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Sparse recovery

3
ot
)

153
L

25 —— o0=1/100 —— data-driven 0 —— ¢ = 7/10000

0.00 y T T T T T T

F1 score for support

400 A

T).Ho

S 200 4

0

T T T T T
0 10 20 30 40 50 60
Iterative regularization iteration

Figure: To maintain sparsity in the early iterates, it is important to set o correctly. Our datadriven
choice behaves well: the iterates sparsity increases steadily, and they reach the highest F'1 score.
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Matrix recovery

— =57 — =288 — §=119
— =72 — 0=10.3 — §=134
10° 10°
= =
= . =
= 6 x 10 =
= ¥
=< 4x 107! =
| |
< 3x 107! <
= =
2x 1071 107" 5
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
iterative regularization iteration k iterative regularization iteration k

Figure: Semiconvergence of iterates for the low rank matrix completion problem, in dimension
200 x 200 (left) and 500 x 500 (right)
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> optimization viewpoint, based on:
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Code available here: https://lcsl.github.io/iterreg
finite vs infinite dimensional

unfeasible case

stochastic variants/ learning setting

vvyVvyy
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