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Abstract

We study the causal effects and policy implications of global supply chain disruptions.
We construct a new index of supply chain disruptions from the mandatory automatic
identification system data of container ships, developing a novel spatial clustering
algorithm that determines real-time congestion from the position, speed, and heading
of container ships in major ports around the globe. We develop a model with search
frictions between producers and retailers that links spare productive capacity with
congestion in the goods market and the responses of output and prices to supply
chain shocks. The co-movements of output, prices, and spare capacity yield unique
identifying restrictions for supply chain disturbances that allow us to study the causal
effects of such disruptions. We document how supply chain shocks drove inflation
during 2021 but that, in 2022, traditional demand and supply shocks also played
an important role in explaining inflation. Finally, we show how monetary policy is
more effective in taming inflation after a global supply chain shock than in regular
circumstances.
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1. Introduction

The world economy is organized around an intricate global supply chain. Any sudden and large

shock to this global supply chain, such as those triggered by a war, a disruption of maritime

trade, or the recent COVID-19 pandemic, might have large consequences for output, inflation,

and unemployment. Furthermore, global supply chain shocks might also shift the trade-offs that

policymakers face when stabilizing the economy.

However, measuring the causal effect of a global supply chain shock and, hence, being able

to design optimal policy responses to it, is challenging. First, researchers need to measure the

size of the shock. Existing indices of supply chain disruptions are often inferred from changes in

shipping prices or information from surveys on potential disruptions gleaned from the Purchasing

Managers’ Index (PMI). These measures are problematic. Shipping prices reflect endogenous

movements in the demand for goods or expectations that might be unrelated to supply chain

disruptions. Surveys of managers are subject to potentially large measurement errors arising

from the subjective perceptions of interviewees. Instead, the ideal measurement requires data on

the actual disruptions to the flow of goods around the globe.

Second, even after having measured the shock, researchers need a theoretical framework to

derive the identification assumptions required for causality analysis. Given the endogeneity of

fiscal and monetary policy responses to global supply chain shocks, research designs that rely less

heavily on identification assumptions dictated by theory, such as quasi-natural experiments, are

harder to implement. Unfortunately, there is no standard theory that encompasses the simulta-

neous rise in spare productive capacity – resulting from disruptions to the supply chain – along

with the shortage of goods and the scarcity of supply in the retail market that exert upward

pressure on prices.

Our paper addresses these issues by developing (i) a new index of global supply chain dis-

ruptions that tracks the congestion of container ships at major ports worldwide derived from

high-frequency maritime satellite data and (ii) a novel theory that accounts for the coexistence

of elevated spare capacity for producers and scarcity of supply in the retail market, and examines

how these factors affect the responses of output and prices during a disruption to the supply
1Many articles in the popular press and policy institutions discuss the relevance of disruptions to the supply

chain for economic performance and policy. See, for instance, Attinasi et al. (2021), Grimes and Edgecliffe-Johnson
(2021), The White House (2021), Dempsey (2022), Lane (2022), and The World Bank (2022).
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chain. Using our new data and the identification assumptions implied by theory, we cast new

light on the causal effects of supply chain disruptions on aggregate outcomes and the implications

for the effectiveness of monetary policy.

Relevance for the future. The importance of the answers to points (i) and (ii) above is

that it is likely that the world economy might experience again large disruptions to the global

supply chain, such as those caused by wars, geostrategic realignments, blockades, sanctions, or

another pandemic. Far from being just a postmortem of what happened during COVID-19, our

analysis distills important lessons for the future.

The measurement of supply chain disruptions. We follow maritime economics by study-

ing disruptions to the supply chain through the degree of congestion at container ports around

the globe. The concept of port congestion as a manifestation of global supply chain disruptions

has gained widespread recognition. As early as 2006, the Transportation Research Board Exec-

utive Committee pinpointed congestion as a critical issue impacting all modes of transportation

and logistical functions. This perspective was further corroborated by the influential work of Fan

et al. (2012), who documented the impact of port congestion on the efficiency and reliability of

global supply chains.

The reason is that container shipment plays a pivotal role in global trade. Around 60% of

the total value of world seaborne trade passes through container ports (Coşar and Demir, 2018;

UNCTAD, 2019; OECD and EUIPO, 2021), implying that even a mild increase in port congestion

can generate large imbalances between the supply and demand for tradable goods. Importantly for

us, the terms of shipping services for container ships – including itinerary, timing, and conditions

of shipment – are typically fixed in advance. These service agreements often extend beyond a

year and are rarely modified, as substantial penalties and high switching costs deter changes.

Furthermore, container ships operate on fixed routes that remain constant regardless of the

general economic climate or changes in demand. Such a market structure ensures that congestion

at a seaport is minimally influenced by the strategic decisions of shipping companies, prevailing

economic conditions, or adjustments in capacity across routes to accommodate fluctuations in

demand. The binding service agreements and fixed routes of container ships allow our measure

of port congestion, based on the density of inactive vessels at ports, to be exogenous to the forces

of demand that may otherwise skew measures of supply chain disruptions derived from shipment

prices or the subjective judgment of managers on supply chain issues. In comparison, our index

2



also offers precise, real-time tracking of disruptions to the regular flow of goods worldwide.

We quantify port congestion around the globe from 2017 to 2023 using granular shipping data

from the automatic identification system (AIS), the long-range identification and tracking system

on container ships mandated by the International Maritime Organization (IMO), the specialized

agency of the United Nations responsible for regulating the shipping industry worldwide. By

developing a novel machine-learning clustering algorithm that utilizes the position, speed, and

heading of container ships recorded in the AIS data, we construct a new dataset that provides a

measure of port congestion at individual ports, which we then aggregate across ports to develop

the first high-frequency index of the average congestion rate (ACR) worldwide. Our ACR index

is the first measure of global supply chain disruptions obtained from maritime satellite data of

container ships. Unlike alternative metrics, our index indicates that supply chain disruptions

and congestion in ports during the COVID-19 pandemic began in the second half of 2020 and

remained elevated until the second half of 2022. It shows that the average proportion of container

ships experiencing delays in their loading and unloading operations upon arrival at ports increased

from 25% to 37%. At the same time, the average duration of such delays rose from 5.5 to 13.5

hours. Thus, our ACR index documents the large obstructions to the systematic flows of container

ships around the globe during the COVID-19 pandemic.

Theoretical framework. Next, we develop a model that accounts for the imbalances be-

tween supply and demand for goods resulting from supply chain disturbances. Our model is built

around the search and matching frictions between producers and retailers, each based in different

locations. Also, the shipment of goods to retailers requires producers to pay transportation costs.

Our model is inspired by the old literature on disequilibrium models from the 1970s (e.g., Barro

and Grossman 1971), but recast in a microfounded framework with search and matching frictions

by Michaillat and Saez (2015, 2022) and Ghassibe and Zanetti (2022). By separating producers

and retailers and incorporating transportation costs, we can jointly generate spare capacity for

producers, scarcity of supply, and increased congestion in the retail market.

The presence of search frictions introduces trading externalities that limit the allocation role

of prices: retailers and producers of goods face a probability of failing to match with each other.
2The global nature and the construction of our ACR index account for any changes in port congestion that

may result from adjustments in shipping routes, thus preserving the exogeneity of our ACR index when routes are
altered. Additionally, since the AIS data have virtually no error in tracking the real-time movements of container
ships across the globe, our ACR index is not subject to measurement error.
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In other words, our framework accounts for rationing in the retail market that price adjustments

cannot eliminate. Instead, trading is determined by the relative number of retailers and producers,

which is influenced by supply chain disruptions. For instance, increased transportation costs

hinder the free flow of goods between producers and retailers.

We assume that a supply chain shock can take two alternative forms. First is an increases in

transportation costs, as evinced by the large empirical evidence linking supply chain disturbances

to higher transportation costs (Alessandria et al., 2023; Dunn and Leibovici, 2023). The rise

in transportation costs reduces the number of profitable shipments and curtails the volume of

shipped goods, leading to a fall in the supply of goods available to retailers as well as increasing

the spare capacity for producers. The shortage of supply to retailers increases the price.

Second, the supply chain disruption can also be modeled as a reduction in matching efficiency

between producers and retailers. This modeling choice is consistent with the casual observations

that producers and retailers faced increased difficulties in establishing effective partnerships dur-

ing the COVID-19 pandemic. A reduction in matching efficiency decreases the probability of

retailers meeting producers, thus imposing larger costs on retailers to form a match. We show

that both alternative modelings of the supply chain disruption deliver the same set of predictions

on the effects on consumption, price, and spare capacity.

Our model demonstrates that the responses of macro aggregates to a supply chain disruption

shock differ from those of standard shocks to the demand and supply of goods. Unlike demand

shocks, disruptions to the supply chain result in negative co-movements between output and

the price of goods. Although traditional supply shocks are also characterized by negative co-

movements between output and the price of goods, disruptions to the supply chain increase spare

capacity for producers due to the reduction in the shipment of goods, whereas traditional supply

shocks decrease it. Such a difference is intuitive: supply chain disruptions do not change the

productive capacity in the goods market. Rather, they impede the flow of goods to retailers,

giving rise to increased spare capacity and a deficient supply in the retail market. Hence, the

increase in spare capacity, coupled with the rise in prices and the decline in output, enables the

identification of supply chain disturbances.

The causal effects of supply chain disruptions. We apply our theoretical prediction

on the responses of endogenous variables to identify a Bayesian structural vector autoregression

(SVAR). Our main empirical results are as follows.
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First, a disruption shock to the supply chain leads to a large and immediate drop in real

GDP and a surge in unemployment. In addition, the supply chain disruption shock generates a

persistent, positive response in inflation, an observation consistent with recent evidence (Bekaert

et al., 2020; Gordon and Clark, 2023). As predicted by our model, the traditional supply shock

and the supply chain shock differ in their effects on unemployment, which is our empirical proxy

for spare productive capacity. For the supply shock, unemployment transiently falls for less than

one quarter. At the same time, it persistently increases for the supply chain shock, with the

median response reverting to zero slightly before the two-quarter mark.

Second, the historical decomposition shows that inflation since 2020 has gone through three

phases. In the first phase (2020), the sharp fall in inflation was mainly driven by a significant

contraction of aggregate demand that coincided with the first wave of the COVID-19 pandemic

across the world. In the second phase (2021), inflation was largely caused by global supply chain

disruptions. In the third phase (2022), inflation was driven to its peak by a combination of

traditional demand and supply shocks, and supply chain shocks.

Policy implications. Our analysis shows that supply chain disruptions generate stagflation,

accompanied by an increase in spare capacity for producers. This higher spare capacity curtails

the supply of goods to retailers and results in a surge in prices, leading to a tighter retail market.

We show that, in this situation, prices become highly sensitive to changes in demand, while

output remains relatively inelastic. In other words, disruptions to the supply chain enhance the

effectiveness of contractionary monetary policy in taming inflation while reducing the sensitivity

of output to the policy. Our results reinforce the general findings on the state-dependence of the

efficacy of monetary policy (Benigno and Ricci, 2011; Liu et al., 2019; Eichenbaum et al., 2022;

Ikeda et al., 2024).

We test our theoretical prediction on the enhanced effectiveness of monetary policy during

supply chain disruptions by developing a threshold vector autoregression (TVAR) model that

estimates the statistical differences in the effects of a contractionary monetary policy shock at

different levels of the ACR index. Consistent with the theory, we find that an exogenous tightening

of monetary policy leads to a significantly larger and more persistent decline in inflation for a

given decrease in output during periods of supply chain disruptions. Our results support a more

aggressive, yet less contractionary, approach to tightening monetary policy in response to the

elevated inflation consequent to supply chain disturbances. As a robustness analysis, we show
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that we get similar results using linear projections.

As mentioned before, our policy results apply well beyond the COVID-19 recession: they

suggest that central banks should respond vigorously to future global supply chain disruptions.

In fact, our result resembles the celebrated analysis by Keynes (1940). Keynes argued that

when output is constrained (in our case, because of supply chain disruptions, in Britain’s case in

1940, because of resources employed in World War II), policymakers can lower aggregate demand

aggressively to prevent inflation without much fear of lowering production.

Related literature. Our analysis is related to several realms of research. As mentioned

above, our model builds on Barro and Grossman (1971), Michaillat and Saez (2015, 2022), and

Ghassibe and Zanetti (2022). It is also related to studies that focus on the effects of supply

chain disturbances on output and inflation, using the amount of spare-labor capacity (Benigno

and Eggertsson, 2023), shortages in the goods market (Blanchard and Bernanke, 2023), capacity

constraints (Comín et al., 2023), and a quasi-kinked demand curve for produced goods (Harding

et al., 2023). The common finding across these studies is that the scarcity of goods during distur-

bances to the supply chain brings the economy close to its capacity constraint, thus generating a

non-linear and strong increase in inflation with a limited effect on output.

Furthermore, our paper is related to studies showing that transportation costs are impor-

tant for international trade and economic activity (Allen and Arkolakis, 2014; Brancaccio et al.,

2020; Dunn and Leibovici, 2023), infrastructure investment (Fuchs and Wong, 2022), asset prices

(Smirnyagin and Tsyvinski, 2022), working capital (Antràs, 2023; Kim and Shin, 2023), inflation

expectations (Acharya et al., 2023), the design of new taxes and pricing rules to offset distor-

tionary effects on the transportation network (Brancaccio et al., 2023), the interlinks between

oil shocks and congestion in the supply chain (Bai and Li, 2022; Li et al., 2022), and the ef-

fects of supply chain disruptions during the COVID-19 pandemic (Brinca et al., 2021; Finck and

Tillmann, 2022; Gordon and Clark, 2023).

The remainder of the paper is organized as follows. Section 2 constructs our ACR index of

global supply chain disruptions. Section 3 develops our theoretical model and the identifying

restrictions. Section 4 presents the estimation results. Section 5 studies the state-dependent

effects of monetary policy shocks following supply chain disruptions. Section 6 concludes. An

extensive appendix provides further details. Our data and additional results are available on our

website: .
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2. Measuring Global Supply Chain Disruptions

In this section, we propose a novel index to track global supply chain disruptions through the

lens of containerized trade. More concretely, we use satellite data on the positions, speeds, and

headings of container ships to measure congestion in major ports around the world.

We will start by explaining why we look at containerized trade and highlighting key aspects

of the industry. Next, we will introduce the satellite data we use. The core of the section is the

motivation behind using port congestion as the measure of global supply chain disruptions and the

presentation of the algorithm that accomplishes such a goal. We will close by reporting our ACR

index, discussing several aspects of our measurement, including a comparison with alternative

measures of global supply chain disruptions.

2.1. Containerized Seaborne Trade: Some Basic Facts

Containerized seaborne trade plays a prime role in the global supply chain, accounting for around

46% of all international trade (Notteboom et al., 2022). Importantly, as Brancaccio et al.

(2020, p. 2) explain “[t]he transportation sector … can be split into two categories: those that

operate on fixed itineraries, much like buses, and those that operate on flexible routes, much

like taxis. container ships … belong to the first group.” These fixed itineraries are built around

the seaports that serve as international hubs for freight collection and distribution. Even mild

congestion at these ports can impair regular supply chains and trade flows, which run under tight

schedules. Any disruption leads to elevated delay costs and far-reaching trickle-down consequences

for international trade and macroeconomic outcomes.

Prior to 2020, waiting times at ports were just a few hours, reflecting the large investments

worldwide in previous years to increase port capacity. However, general disruptions related to

the COVID-19 pandemic led to extended delays, with waiting times reaching 2-3 days at several

major ports, incurring substantial financial losses. Even if a wait of 2-3 days might not seem

long, an analogy is a delay on a flight arriving at an airport hub just 60 minutes late: dozens of

passengers will miss their connections, generating high levels of disruption. Similarly to stranded

airline passengers, the buyers and sellers of goods encountered reduced transport efficiency and
3Most of the rest is either bulk cargo (e.g., oil) or specialized vessels (e.g., roll-on/roll-off vessels for wheeled

cargo). Some high-value items, like chips, are often shipped by air. But chips are useless without other components,
like motherboards or hard drives, that are shipped by containers.
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heightened operational costs, demurrage and detention charges, and challenges in meeting con-

tractual obligations and market demand. In the case of shippers and freight forwarders, the delays

were compounded by surcharges like the port congestion surcharge (PCS), with fees escalating up

to $1,250 per container. Given that the average value of goods in a 40-foot container (the most

common container type) in 2020 was around $109,000, the PCS alone was a significant cost.

To frame how severe the disruptions can be, it is also important to notice that the industry

is surprisingly concentrated. In 2022, there were only 5,589 container ships worldwide, of which

around 500 or so belong to the larger classes in terms of size. Therefore, the delay of even one

large ship has significant consequences for global trade. For instance, the brand new MSC Loreto

carries around 24,346 TEUs (a twenty-foot equivalent unit), each with a maximum amount of

cargo of 21; 600 kilograms. The MSC Loreto can load up to 240 thousand tons of cargo at full

capacity. A historical comparison puts this massive amount of cargo in perspective. Perhaps the

most famous convoy of the Battle of the Atlantic during World War II was ONS 5, which sailed

from Liverpool to Halifax from April 29 to May 6, 1943, and became the center of an epic battle

against 43 German U-boats. ONS 5 involved 49 merchant ships with a combined cargo capacity

of around 219 thousand tons, 10% less than the cargo capacity of the modern MSC Loreto.

Any delay in the loading and unloading operations of the MSC Loreto has ramifications for the

operations of tens of thousands of different firms.

Finally, recall that personnel restrictions did not cause port delays, as port workers were

exempted from COVID-19 restrictions in the U.S., China, and Europe. For instance, the U.S.

Department of Homeland Security identified workers within the transportation and logistics sector

as “essential critical infrastructure workers.” These workers were permitted to continue working

despite lockdowns or stay-at-home orders, albeit under new safety guidelines. Instead, port delays

were triggered by upstream and downstream problems, such as additional quarantine measures

in ports that reduced port handling efficiency, trucks not arriving on time to pick up containers

due to travel controls on the highways, or containers left unopened at inland factories because

workers were not at hand to process the items inside them.
4See (Accessed December 29, 2023).
5The official historian of the U.S. Navy, Samuel Eliot Morison, wrote: “The glorious battle of a British escort

group under Commander P. W. Gretton to the Westbound convoy ONS 5 is regarded by both the Allies and the
Germans as a turning point in the struggle for the North Atlantic” (Morison, 1954).

6In Appendix A, we provide further details on the containerized shipping industry.
7Furthermore, Appendix E.4 shows that our empirical results are robust to controlling for a stringency index

in the COVID-19 restrictions imposed by the jurisdiction where the port is located.
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2.2. AIS Data

We use satellite data from the AIS, a tracking system mandated by the IMO. International voy-

aging vessels larger than 300 gross tonnage must carry a transceiver that broadcasts information

about the ship (Heiland et al., 2022). Each data entry includes the IMO number, timestamp, cur-

rent draft, speed, heading, and geographical coordinates. The AIS processes over 2,000 reports

per minute and updates information as frequently as every two seconds, offering comprehensive

coverage of the movements of container ships around the globe from January 2017 to September

2023. The positioning, speed, and heading of ships allow us to monitor vessel movements within

different port zones.

2.3. A Density-Based Spatial Clustering Algorithm

The literature on maritime economics has identified port congestion as a key measure of the

state of the global supply chain (Talley and Ng, 2016; Karimi-Mamaghan et al., 2020; Bai et al.,

2023). Furthermore, the literature has suggested measuring port congestion by estimating the

likelihood that a vessel will first moor in an anchorage area within the port before docking at a

berth. An anchorage is a location within a port where ships can lower anchors, while a berth is

a designated spot within a port where vessels moor to load and unload cargo. If port congestion

were not a concern, a ship would dock at a berth immediately upon its arrival in the port to begin

loading or unloading cargo. Hence, measuring port congestion requires the identification of berth

and anchorage areas, a task for which practitioners before us have largely relied on navigational

charts and individual knowledge of ports, making it labor-intensive and challenging to generalize

to ports with varying internal arrangements. Hence, we develop an iterative, multi-attribute,

density-based machine-learning spatial clustering algorithm that is both accurate in identifying

different areas within ports and applicable to ports with different morphologies.

The algorithm identifies different port areas by focusing on the density of container ships’

mooring points recorded in the AIS data. Our algorithm operates in two layers of clustering. The
8The draft measures the vertical distance from the bottom of a vessel’s keel to the water’s surface, indicating

how deeply the ship is submerged. While the draft reflects a vessel’s cargo load (Bai and Li, 2022; Li et al., 2022),
this measurement is less useful for container ships since loading and unloading operations often occur concurrently.

9Over 99% of international container shipments are transported by container ships that exceed 500 gross
tonnage. Even vessels smaller than 300 gross tonnage commonly carry an AIS transponder because of the high
safety bonus it brings at a low cost (around $1000 for a basic unit). Thus, our coverage is nearly universal.
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first layer identifies high-density areas, i.e., locations where we record many AIS observations,

which are considered potential berth and anchorage areas. The second layer determines whether

these high-density areas are berths or anchorages using domain knowledge about ports. For

example, if we observe all the headings in an orderly and close fashion, we identify the area as a

berth. If, instead, the headings are more random, we identify the area as an anchorage.

(a) Headings at a Berth (b) Headings at an Anchorage

Figure 1: Information on Headings: Two Examples

Figure 1 illustrates this point. The left panel shows two clusters, one in orange and one

in green. Both include many AIS observations, with bows (the tips of the white signs) closely

aligned (to the left in the orange cluster and to the right in the green cluster), representing the

two different headings of a mooring. If we superimpose a satellite photograph over the clusters,

we can check that this is indeed a berth. The right panel shows several clusters of AIS data

points, where the headings are random, with some of them appearing in a ring shape.

Our algorithm is designed to address two challenges that existing clustering algorithms strug-

gle with. First is the variability in the density of ships’ mooring points across ports due to

differences in trade volume handled, frequency of vessel visits, and geographical morphologies

and boundaries. Our algorithm automatically iterates and refines its clustering parameters for

each port, accommodating varied port environments. Second, thanks to its two layers, our algo-
10Appendix B provides details on our clustering algorithm, including pseudo-codes and a case study involving

the Port of Ningbo-Zhoushan (to the south of Shanghai), which illustrates the effectiveness of our methodology
compared to alternative approaches in identifying berth and anchorage areas in ports with different morphologies.
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rithm accurately distinguishes between berth and anchorage areas within ports despite the high

density of ships’ mooring points. Importantly, our algorithm is readily adaptable to other applica-

tions, such as port handling efficiency and waiting time, canal traffic, or stress at maritime choke

points (e.g., piracy at straits). More in general, the algorithm’s core mechanism – transforming

domain knowledge into non-spatial attributes and using them as additional metrics between data

points in an iterative clustering process – offers a versatile framework for classifying clusters of

varying densities with specific labels in other contexts as well (e.g., identifying disease hotspots,

urban planning, and environmental monitoring).

(a) Singapore (b) Ningbo-Zhoushan, China

(c) Rotterdam, Netherlands (d) Los Angeles and Long Beach, U.S.

Figure 2: Identification of Anchorage and Berth Areas of a Port Using Machine Learning

The underlying sample for each figure incorporates the first 50,000 AIS observations of container ships
entering each port since January 1, 2020.

Figure 2 reports the results of our algorithm. In each panel, we superimpose the anchorage

(colors including red, yellow, blue, purple, pink, cyan, and orange) and berth areas (markers
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of other colors) on satellite photographs of four major container ports: Singapore (Panel a),

Ningbo-Zhoushan (Panel b), Rotterdam (Panel c), and Los Angeles and Long Beach (Panel d).

Our algorithm accurately identifies the anchorage and berth areas in each port despite a broad

range of geographical and operational port conditions.

2.4. The ACR Index

Port congestion arises when ships cannot immediately load and unload cargo upon arrival at

ports. This delay results in vessels waiting in an anchorage area until a berth is free. For the top

50 container ports worldwide, denoted as P, we count the number of delayed ship visits to each

port p where the ship first moors in an anchorage before docking at a berth. We then calculate

the congestion rate for each port p by dividing the number of delayed ship visits by the total

number of ship visits:

Congestionpt ≡
Delayedpt

Delayedpt + Undelayedpt

; ∀p ∈ P; (1)

where Delayedpt and Undelayedpt represent the number of delayed and undelayed ship visits at

port p in month t, respectively. We calculate the congestion rate for each port on a monthly basis

throughout the sample period.

Figure 3 displays the monthly congestion rates for the top ten container ports worldwide,

along with the Ports of Los Angeles and Long Beach, from January 2017 to September 2023, the

period for which AIS data are available. While below we will utilize data from the top 50 ports

worldwide, the ports in Figure 3 represent more than 30% of the total volume of containerized

seaborne trade globally and summarize our main findings.

Our data indicate that the onset of the COVID-19 pandemic in March 2020 had few early

effects. The congestion rates of ports such as Singapore and Rotterdam remained largely stable

for several months. The situation changed in the fall of 2020 (notice the rise in chromatic intensity

in Figure 3 after October 2020). By our calculations, approximately 80% of inbound ships at the

Port of Los Angeles were unable to dock at a berth immediately upon arrival in late 2020. Our
11A ship visit, or port call, refers to the arrival of a ship at a port where it docks to load and unload cargo.
12This measurement aligns with official statistics. According to the Pacific Merchant Shipping Association, the

percentage of container ships in Los Angeles waiting five or more days for unloading surged from 10% in August
to 26% in December 2020. Additionally, the Marine Exchange of Southern California reported that the number
of vessels anchored in Los Angeles waters rose from fewer than 20 in August to more than 35 in December 2020.
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Figure 3: Congestion Rates for the Major Container Ports Worldwide

Heatmap of the monthly congestion rates for the top ten global container ports plus the Ports of Los
Angeles and Long Beach from January 2017 to September 2023. The congestion rate for each port is normalized
and expressed as a percentage of its peak value observed within the sample period. Cells in darker shades indicate
higher congestion levels as defined in Equation (1) for the respective port during the specified month.

analysis reveals that global supply disruptions became acute in 2020:Q4.

To construct a time series of global supply chain disruptions, we define the average congestion

rate (ACR) by computing the weighted average of the congestion rates for the top 50 container

ports worldwide, using as weights the relative number of ship visits to each port:

ACRt =
X
p2P

"
Delayedpt + UndelayedptP

p2P (Delayedpt + Undelayedpt)
· Congestionpt

#
: (2)

Figure 4 displays our ACR index. Prior to 2018, the index followed a declining trend, stabi-

lizing around 28% before dropping to a sample minimum of 25% from early 2019 to mid-2020.

Subsequently, the index consistently rose, peaking at 37% in June 2021, indicative of significant

supply chain disruptions related to the COVID-19 pandemic. The ACR index remained elevated

until mid-2022, then began to decline, returning to the sample median (29.1%) by the end of the

sample period. By then, port congestion had returned to normal levels, and global supply chain

disruptions had largely subsided, despite remaining above the average of the pre-COVID period.
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Figure 4: ACR Index of Global Supply Chain Disruptions

The ACR index of global supply chain disruptions is derived by taking a weighted average of the congestion
rates for the top 50 global container ports, with the relative number of ship visits used as the weight for each
port. The index is presented in percentage terms and has been seasonally adjusted. For the complete ranking of
container ports, see (Accessed June 15, 2022).

2.5. Discussion

Several aspects of our index deserve further discussion. First, we use the relative number of ship

visits to each port as weights because they reflect the importance of different ports within the

global supply chain. A slight increase in the congestion rate for the Port of Hong Kong would

likely have triggered a more pronounced global supply chain disruption than a significant increase

for the Port of Manila. Nonetheless, we could build regional or national indices; our methodology

would remain unchanged.

Second, the normalization of the congestion rate (Congestionpt) by the number of ship visits

(Delayedpt + Undelayedpt) nets out variations in the level of congestion resulting from infrequent

but significant changes in demand. The stringent terms of shipping services for container ships

usually render our congestion tracking at seaports independent of general economic conditions

and demand fluctuations. As we have emphasized, container ships operate on fixed itineraries,

largely independent of the current level of demand.

Third, any infrequent adjustments in shipping capacity across routes (and the subsequent

changes in congestion at different ports) are canceled out when we aggregate the congestion

14
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rates. For example, a high level of congestion in port A might lead to lower congestion in port

B, as the ships destined for this second port have not left port A.

Fourth, notice that the industry follows a practice known as “hurry up and wait”: despite

forewarnings of potential delays at the destination port, container ships often do not alter their

route or speed, as doing so would necessitate changing many contractual arrangements. Therefore,

even if ports started to become congested in the fall of 2020, we can consider the routes and

speeds of vessels as largely fixed (this observation will be important for our SVAR identification).

Furthermore, Appendix A documents the unimportance of oil prices for ship speeds (corroborating

a well-known result in the literature).
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Figure 5: Ship Visits to the Major Container Ports Worldwide

The heatmap displays the number of ship visits to each of the top ten global container ports, as well as the
Ports of Los Angeles and Long Beach, covering the period from January 2017 to September 2023. Collectively,
these ports represent over 30% of the total volume of containerized seaborne trade worldwide. The number of
ship visits to each port is normalized and expressed as a percentage of its peak value observed within the sample
period. Cells in darker shades denote a greater number of ship visits during the specified month.

However, our sample includes the exceptional period of COVID-19, during which service

agreements might have been canceled, and container ship itineraries could have been temporarily

modified or suspended, affecting port congestion. For instance, at the pandemic’s onset, shipping

companies engaged in capacity management in response to significant declines in demand (Not-

teboom et al., 2021). Similarly, when the demand for goods surged toward the end of 2021,
13In April-May 2020, as lockdowns led to unprecedented declines in consumer and business demand, shipping

carriers reduced their network capacity on primary trade routes by up to 20% and sidelined over 2.7 million TEUs
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�i�?�2 �H�Q�;�@�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�MG(z) �r�B�i�? �i�?�2 �b�+���H�2 �T���`���K�2�i�2�`
 ���M�/ �i�?�2 �b�?���T�2 �T���`���K�2�i�2�`� �- �B�X�2�X�-

G(z) � � [(log z � 
 )=� ]�- �r�?�2�`�2�( �) �B�b �i�?�2 �b�i���M�/���`�/ �M�Q�`�K���H �+�m�K�m�H���i�B�p�2 �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�X�R�N���b

�r�2 �/�B�b�+�m�b�b �H���i�2�`�- �i�?�2�`�2 �2�t�B�b�i�b �� �`�2�b�2�`�p���i�B�Q�M �H�2�p�2�H �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�z�- ���#�Q�p�2 �r�?�B�+�? �K���i�+�?�2�b

�Uz > �z�V ���`�2 �m�M�T�`�Q�}�i���#�H�2 ���M�/�- �?�2�M�+�2�- �b�2�p�2�`�2�/�- �r�?�2�`�2���b �i�?�2�v �+�Q�M�i�B�M�m�2 �Q�i�?�2�`�r�B�b�2 �Uz � �z�V�X

�o���H�m�2 �7�m�M�+�i�B�Q�M�b�X ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �2���+�? �T�2�`�B�Q�/�- �i�?�2 �K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b �b�2�H�H �i�?�2 �K���M�m�7���+�@

�i�m�`�2�/ �;�Q�Q�/�b �i�Q �`�2�i���B�H�2�`�b ���M�/ �T���v �i�?�2 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�b�X �A�M �+�Q�M�i�`���b�i�- �i�?�2 �K���i�+�?�2�/ �`�2�i���B�H�2�`�b �b�2�H�H

�i�?�2�B�` �T�m�`�+�?���b�2�/ �;�Q�Q�/�b �i�Q �?�Q�m�b�2�?�Q�H�/�b ���M�/ �T���v �i�?�2 �r�?�Q�H�2�b���H�2 �T�`�B�+�2 �Q�7 �;�Q�Q�/�b �i�Q �i�?�2 �T�`�Q�/�m�+�2�`�b�X �h�?�2

�m�M�K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b ���M�/ �`�2�i���B�H�2�`�b �b�2���`�+�? �i�Q �7�Q�`�K �� �K���i�+�? �r�B�i�? �2���+�? �Q�i�?�2�`�X ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7

�i�?�2 �M�2�t�i �T�2�`�B�Q�/�- �2���+�? �T�`�Q�/�m�+�2�` �/�`���r�b �� �M�2�r �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�- ���M�/ �i�?�2 �K���i�+�? �+�Q�M�i�B�M�m�2�b �B�7 �i�?�2

�M�2�r �+�Q�b�i �B�b �b�m�{�+�B�2�M�i�H�v �H�Q�r�- �b�m�+�? �i�?���i �i�?�2�`�2 �B�b �� �T�Q�b�B�i�B�p�2 �b�m�`�T�H�m�b �7�`�Q�K �i�`���/�2�X

�6�Q�m�` �p���H�m�2 �7�m�M�+�i�B�Q�M�b �/�2�b�+�`�B�#�2 �i�?�2 �`�2�i�m�`�M �7�Q�` �i�?�2 �/�B�z�2�`�2�M�i �b�i���i�m�b�2�b �Q�7 �T�`�Q�/�m�+�2�`�b ���M�/ �`�2�i���B�H�2�`�b�X

�h�?�2 �p���H�m�2 �7�Q�` �� �K���i�+�?�2�/ �T�`�Q�/�m�+�2�` �U�B�/�2�M�i�B�}�2�/ �#�v �i�?�2 �b�m�#�b�+�`�B�T�iM �V�-X M (z)�- �B�b �2�[�m���H �i�Q�,

X M (z) = ( r (z) � z) l + � Ez0 [max (X M (z0); X U )] ; �U�e�V

�r�?�2�`�2r (z) �B�b �i�?�2 �U�2�M�/�Q�;�2�M�Q�m�b�V �r�?�Q�H�2�b���H�2 �T�`�B�+�2 �T�2�` �m�M�B�i �Q�7 �i�?�2 �}�M���H �;�Q�Q�/�-� �B�b �i�?�2 �/�B�b�+�Q�m�M�i

�7���+�i�Q�`�- ���M�/z0 �B�b �i�?�2 �/�`���r �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �M�2�t�i �T�2�`�B�Q�/�X �1�[�m���i�B�Q�M

�U�e�V �b�?�Q�r�b �i�?���i �i�?�2 �T�`�2�b�2�M�i �p���H�m�2 �Q�7 �#�2�B�M�; �� �K���i�+�?�2�/ �T�`�Q�/�m�+�2�` �B�b �i�?�2 �T�`�Q�}�i �K���`�;�B�M(r (z) � z) l �-

�T�H�m�b �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�- �r�?�B�+�? �/�2�T�2�M�/�b �Q�M �r�?�2�i�?�2�` �i�?�2 �T�`�Q�/�m�+�2�` �b�2�T���`���i�2�b �7�`�Q�K �i�?�2 �K���i�+�?�X

�R�3�P�m�` �`�2�b�m�H�i�b �?�Q�H�/ �B�7 �i�?�2 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �B�b �#�Q�`�M�2 �#�v �`�2�i���B�H�2�`�b �B�M�b�i�2���/ �#�2�+���m�b�2 �i�?�2 �K���i�+�? �b�2�T���`���i�B�Q�M �+�Q�M�/�B�i�B�Q�M
�U�R�9�V �B�b �B�M�p���`�B���M�i �i�Q �i�?�B�b �K�Q�/�2�H�B�M�; �+�?�Q�B�+�2�X �6�Q�` �b�B�K�T�H�B�+�B�i�v�- �r�2 ���H�b�Q ���b�b�m�K�2 �i�?���i �i�?�2 �?�Q�m�b�2�?�Q�H�/ �`�2�+�2�B�p�2�b �i�?�B�b �b�?�B�T�T�B�M�;
�+�Q�b�i ���b �� �T���v�K�2�M�i �7�Q�` �B�i�b �r�Q�`�F �B�M �K�Q�p�B�M�; �i�?�2 �;�Q�Q�/�b�X

�R�N�q�2 �+�Q�m�H�/ �+�Q�M�b�B�/�2�` �� �K�Q�`�2 �;�2�M�2�`���H �b�2�i�m�T �r�?�2�`�2 �2���+�? �T�`�Q�/�m�+�2�` �K���B�M�i���B�M�b �B�i�b �T�`�2�p�B�Q�m�b �/�`���r �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M
�+�Q�b�i �r�B�i�? �T�`�Q�#���#�B�H�B�i�v1 � ' �- ���M�/ �r�B�i�? �T�`�Q�#���#�B�H�B�i�v' �- �i�?�2 �T�`�Q�/�m�+�2�` �/�`���r�b �� �M�2�r �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �7�`�Q�KG(z)�X
�h�?�B�b �b�2�i�m�T �B�b �Q�7�i�2�M �7�Q�m�M�/ �B�M �K�Q�/�2�H�b �i�?���i �b�i�m�/�v �i�?�2 �H���#�Q�` �K���`�F�2�i �Q�m�i�+�Q�K�2�b �7�Q�H�H�Q�r�B�M�; �� �`�B�b�2 �B�M �2�+�Q�M�Q�K�B�+ �i�m�`�#�m�H�2�M�+�2
�U�/�2�M �>�����M �2�i ���H�X�-�k�y�y�8�c�h�?�Q�K���b ���M�/ �w���M�2�i�i�B�-�k�y�y�N�c�6�m�D�B�i���- �k�y�R�3�c�S�B�x�x�B�M�2�H�H�B �2�i ���H�X�-�k�y�k�y�V�X �.�2�b�T�B�i�2 �K�Q�`�2 �B�M�p�Q�H�p�2�/
���H�;�2�#�`���- �Q�m�` �K���B�M �`�2�b�m�H�i�b �b�i�B�H�H �?�Q�H�/ �B�M �i�?�B�b �K�Q�`�2 �;�2�M�2�`���H �b�2�i�m�T�X

�R�N



�a�2�T���`���i�B�Q�M �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �M�2�t�i �T�2�`�B�Q�/�-z0�- ���M�/ �i�?�2 �K���t �Q�T�2�`���i�Q�` �T�B�+�F�b

�i�?�2 �Q�T�i�B�K���H �+�Q�M�i�B�M�m���i�B�Q�M�f�b�2�T���`���i�B�Q�M �/�2�+�B�b�B�Q�M�X

�h�?�2 �p���H�m�2 �7�Q�` ���M �m�M�K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�-X U �- �B�b�,

X U = �f (� )Ez0 [max (X M (z0); X U )] + � (1 � f (� )) X U : �U�d�V

�q�B�i�? �T�`�Q�#���#�B�H�B�i�vf (� )�- �i�?�2 �m�M�K���i�+�?�2�/ �T�`�Q�/�m�+�2�` �K�2�2�i�b �� �`�2�i���B�H�2�` ���M�/ �i�?�2�M �/�2�+�B�/�2�b �r�?�2�i�?�2�` �i�Q

�b�2�T���`���i�2 �B�7 �i�?�2 �/�`���r �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �K���F�2�b �i�?�2 �K���i�+�? �m�M�T�`�Q�}�i���#�H�2�X �q�B�i�? �T�`�Q�#���#�B�H�B�i�v

1 � f (� )�- �i�?�2 �T�`�Q�/�m�+�2�` �7�Q�`�;�Q�2�b �� �b�m�+�+�2�b�b�7�m�H �K���i�+�? �r�B�i�? �� �`�2�i���B�H�2�` ���M�/ �`�2�K���B�M�b �m�M�K���i�+�?�2�/ ���i �i�?�2

�#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �M�2�t�i �T�2�`�B�Q�/�X

�h�?�2 �p���H�m�2 �7�Q�` �� �K���i�+�?�2�/ �`�2�i���B�H�2�`�-I M (z)�- �B�b�,

I M (z) = ( p � r (z)) l + � Ez0 [max (I M (z0); I U )] : �U�3�V

�h�?�2 �`�2�i���B�H�2�` �2���`�M�b �i�?�2 �T�`�B�+�2p �#�v �`�2�b�2�H�H�B�M�; �2���+�? �m�M�B�i �Q�7 �i�?�2 �T�m�`�+�?���b�2�/ �;�Q�Q�/�b �i�Q �i�?�2 �?�Q�m�b�2�?�Q�H�/�b ���M�/

�T���v�b �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �r�?�Q�H�2�b���H�2 �T�`�B�+�2r (z) �i�Q �i�?�2 �T�`�Q�/�m�+�2�`�X ���b �#�2�7�Q�`�2�- �i�?�2 �K���t �Q�T�2�`���i�Q�` �T�B�+�F�b

�i�?�2 �Q�T�i�B�K���H �+�Q�M�i�B�M�m���i�B�Q�M�f�b�2�T���`���i�B�Q�M �/�2�+�B�b�B�Q�M �+�Q�M�/�B�i�B�Q�M���H �Q�Mz0�X

�A�7 �i�?�2 �/�`���r�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �K���F�2�b �i�?�2 �K���i�+�? �m�M�T�`�Q�}�i���#�H�2�- �i�?�2 �`�2�i���B�H�2�` �b�2�T���`���i�2�b �7�`�Q�K

�i�?�2 �K���i�+�? ���M�/ �b�i���`�i�b �i�?�2 �M�2�t�i �T�2�`�B�Q�/ �r�B�i�? �� �`�2�i�m�`�M�,

I U = � �l + �q (� )Ez0 [max (I M (z0); I U )] + � (1 � q(� )) I U ; �U�N�V

�r�?�2�`�2� �B�b �� �}�t�2�/ �+�Q�b�i �T�2�` �m�M�B�i �Q�7 �i�?�2 �}�M���H �;�Q�Q�/ �i�?���i �i�?�2 �`�2�i���B�H�2�` �T���v�b �i�Q �i�?�2 �T�`�Q�/�m�+�2�` �/�m�`�B�M�;

�i�?�2 �p�B�b�B�i�X �6�`�2�2 �2�M�i�`�v �B�M�i�Q �i�?�2 �T�`�Q�/�m�+�i �K���`�F�2�i �/�`�B�p�2�b �i�?�2 �p���H�m�2 �7�Q�` ���M �m�M�K���i�+�?�2�/ �`�2�i���B�H�2�` �i�Q �x�2�`�Q

�B�M �2�[�m�B�H�B�#�`�B�m�K�- �B�X�2�X�-I U = 0�X

�L���b�? �#���`�;���B�M�B�M�;�X �h�?�2 �i�Q�i���H �b�m�`�T�H�m�b �7�`�Q�K �K���i�+�?�B�M�; �B�b �2�[�m���H �i�Q�,

S(z) = X M (z) � X U + I M (z) � I U ; �U�R�y�V

���M�/ �B�i �B�b �b�T�H�B�i �i�?�`�Q�m�;�? �L���b�? �#���`�;���B�M�B�M�;�X �h�?�2 �T�`�Q�/�m�+�2�` �2���`�M�b �� �+�Q�M�b�i���M�i �b�?���`�2� �Q�7 �i�?�2 �i�Q�i���H

�b�m�`�T�H�m�b�- ���M�/ �i�?�2 �`�2�i���B�H�2�` �2���`�M�b �i�?�2 �`�2�K���B�M�B�M�; �b�?���`�21 � � �- �r�?�B�+�? �B�M �2�[�m�B�H�B�#�`�B�m�K �v�B�2�H�/�b�,

� (I M (z) � I U ) = (1 � � ) (X M (z) � X U ) : �U�R�R�V

�:�B�p�2�M �i�?�2 �L���b�? �#���`�;���B�M�B�M�; �b�?���`�B�M�; �`�m�H�2 �U�R�R�V�- �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b �U�e�V�- �U�d�V�- �U�3�V�- ���M�/ �i�?�2 �7�`�2�2�@�2�M�i�`�v

�k�y



�+�Q�M�/�B�i�B�Q�MI U = 0�- �i�?�2 �r�?�Q�H�2�b���H�2 �T�`�B�+�2 �i�?���i �b�T�H�B�i�b �i�?�2 �b�m�`�T�H�m�b �B�b �2�[�m���H �i�Q�,

r (z) = � (p + �� ) + (1 � � )z: �U�R�k�V

�q�?�2�M �i�?�2 �#���`�;���B�M�B�M�; �T�Q�r�2�` �Q�7 �i�?�2 �T�`�Q�/�m�+�2�` �B�b �H�Q�r �U� ! 0�V�- �i�?�2 �r�?�Q�H�2�b���H�2 �T�`�B�+�2 �B�b �+�H�Q�b�2 �i�Q �i�?�2 �+�Q�b�i

�Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �Uz�V�X �*�Q�M�;�2�b�i�B�Q�M �B�M �i�?�2 �K���i�+�?�B�M�; �T�`�Q�+�2�b�b�- �+���T�i�m�`�2�/ �#�v �i�B�;�?�i�M�2�b�b �B�M �i�?�2 �T�`�Q�/�m�+�i

�K���`�F�2�i�- �r�Q�`�b�2�M�b �i�?�2 �#���`�;���B�M�B�M�; �T�Q�b�B�i�B�Q�M �Q�7 �`�2�i���B�H�2�`�b �#�v �H�Q�r�2�`�B�M�; �i�?�2�B�` �K���i�+�?�B�M�; �T�`�Q�#���#�B�H�B�i�v�X �h�?�m�b�-

�?�B�;�?�2�` �i�B�;�?�i�M�2�b�b �B�M�+�`�2���b�2�b �i�?�2 �r�?�Q�H�2�b���H�2 �T�`�B�+�2 �`�2�i���B�H�2�`�b �T���v �i�Q �i�?�2 �T�`�Q�/�m�+�2�`�b�X

�J���i�+�? �b�2�T���`���i�B�Q�M�X �a�B�M�+�2 �i�?�2 �i�Q�i���H �p���H�m�2 �7�Q�` �� �K���i�+�?�2�/ �T�`�Q�/�m�+�2�` ���M�/ �� �K���i�+�?�2�/ �`�2�i���B�H�2�`�-
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�+�Q�M�b�2�[�m�2�M�i�H�v �b�2�p�2�`�2�/�X �h�?�B�b �+�m�i�@�Q�z �K���F�2�b �i�?�2 �i�Q�i���H �b�m�`�T�H�m�b �B�M �1�[�m���i�B�Q�M �U�R�y�V �2�[�m���H �i�Q �x�2�`�Q�,

S(�z) = 0 : �U�R�j�V

�"�v �b�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b �U�e�V�- �U�d�V�- �U�3�V�- ���M�/ �i�?�2 �7�`�2�2�@�2�M�i�`�v �+�Q�M�/�B�i�B�Q�MI U = 0 �B�M�i�Q �1�[�m���i�B�Q�M

�U�R�j�V�- �r�2 �+���M �2�t�T�`�2�b�b �i�?�2 �K���i�+�? �b�2�T���`���i�B�Q�M �+�Q�M�/�B�i�B�Q�M ���b �� �7�m�M�+�i�B�Q�M �Q�7p�-�z�- ���M�/� �b���i�B�b�7�v�B�M�;�,

F(p; �z; � ) = ( p � �z) l + (1 � �f (� )) � Ez0S(z0) = 0 ; �U�R�9�V

�r�?�2�`�2Ez0S(z0) =
R�z

0 S(z0)dG(z0) �B�b �i�?�2 �2�t�T�2�+�i�2�/ �b�m�`�T�H�m�b�X

�J���i�+�? �+�`�2���i�B�Q�M�X �l�b�B�M�; �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �7�Q�` ���M �m�M�K���i�+�?�2�/ �`�2�i���B�H�2�` �U�N�V ���M�/ �i�?�2 �7�`�2�2�@�2�M�i�`�v

�+�Q�M�/�B�i�B�Q�MI U = 0�- �r�2 �/�2�}�M�2 �i�?�2 �K���i�+�? �+�`�2���i�B�Q�M �+�Q�M�/�B�i�B�Q�M ���b �� �7�m�M�+�i�B�Q�M �Q�7�z ���M�/� �b���i�B�b�7�v�B�M�;�,

H(�z; � ) =
�l

q(� )
� (1 � � )� Ez0S(z0) = 0 : �U�R�8�V

���;�;�`�2�;���i�2 �b�m�T�T�H�v�X �h�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �B�M �i�?�2 �2�+�Q�M�Q�K�v �`�2�b�m�H�i�b �7�`�Q�K �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �B�M

�i�?�2 �T�`�Q�/�m�+�i �K���`�F�2�i�- �/�2�}�M�2�/ ���b�,

�.�2�}�M�B�i�B�Q�M �R�X�h�?�2 �2�[�m�B�H�B�#�`�B�m�K �B�M �i�?�2 �T� �̀Q�/�m�+�i �K���`�F�2�i �+�Q�M�b�B�b�i�b �Q�7 �� �T�`�B�+�2p�- �� � �̀2�b�2�`�p���i�B�Q�M �i� �̀��M�b�@

�T�Q�`�i���i�B�Q�M �+�Q�b�i�z�- ���M�/ �� �T� �̀Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b� �b�m�+�? �i�?���i �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �K���i�+�? �b�2�T��� �̀��i�B�Q�M

�U�R�9�V���M�/ �K���i�+�? �+� �̀2���i�B�Q�M�U�R�8�V�b�B�K�m�H�i���M�2�Q�m�b�H�v �?�Q�H�/�,F(p; �z; � ) = H(�z; � ) = 0 :

�.�2�}�M�B�i�B�Q�M�R�i�2�H�H�b �m�b �i�?���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �7�m�M�+�@

�i�B�Q�M �Q�7 �i�?�2 �T�`�B�+�2 ���M�/ �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�X �L�2�t�i�- �r�2 �+�?���`���+�i�2�`�B�x�2 �i�?�B�b �`�2�H���i�B�Q�M�b�?�B�T�X
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�S�`�Q�T�Q�b�B�i�B�Q�M �R�X�A�M �2�[�m�B�H�B�#�`�B�m�K�- �i�?�2 �T�`�B�+�2p�- � �̀2�b�2�`�p���i�B�Q�M �i� �̀��M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�z�- ���M�/ �T� �̀Q�/�m�+�i �K���`�F�2�i

�i�B�;�?�i�M�2�b�b� �b���i�B�b�7�v�,

� (p; �z) =
1 � �

��

�
p � �z + �

Z �z

0
G(z0)dz0

�
; �U�R�e�V

�r�?�2� �̀2G(�) �B�b �i�?�2 �H�Q�;�@�M�Q�`�K���H �+�m�K�m�H���i�B�p�2 �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�X �>�2�M�+�2�- �T� �̀Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b� �?���b

�i�?�2 �7�Q�H�H�Q�r�B�M�; �T� �̀Q�T�2�`�i�B�2�b�,

�R�X� (pmin ; �z) = 0 ���M�/limp! + 1 � (p; �z) = + 1 �- �r�?�2� �̀2pmin �b���i�B�b�}�2�b�,

pmin � �z + �
Z �z

0
G(z0)dz0 = 0;

�k�X� (p; �z) �B�b �b�i�`�B�+�i�H�v �B�M�+� �̀2���b�B�M�; �Q�M[pmin ; + 1 )�c

�j�X� (p; �z) �B�b �H�B�M�2���` �Q�M[pmin ; + 1 )�c

�9�Xlim �z! 0+ � (p; �z) = (1 � � )p=(�� ) ���M�/� (p; �zmax ) = 0 �- �r�?�2� �̀2�zmax �b���i�B�b�}�2�b�,

p � �zmax + �
Z �zmax

0
G(z0)dz0 = 0;

�8�X� (p; �z) �B�b �b�i�`�B�+�i�H�v �/�2�+� �̀2���b�B�M�; �Q�M(0; �zmax ]�c ���M�/

�e�X� (p; �z) �B�b �+�Q�M�p�2�t �Q�M(0; �zmax ]�X

�S� �̀Q�Q�7�X�a�2�2 ���T�T�2�M�/�B�t�.�X�R�X �

�S�`�Q�T�Q�b�B�i�B�Q�M�R�2�b�i���#�H�B�b�?�2�b �i�?���i �T�`�Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b �b�i�`�B�+�i�H�v �B�M�+�`�2���b�2�b �r�B�i�? �i�?�2 �T�`�B�+�2 �Q�7

�;�Q�Q�/�b ���M�/ �/�2�+�`�2���b�2�b �r�B�i�? �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�X �h�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b ���`�2 �B�M�i�m�B�i�B�p�2�X

�q�?�2�M �i�?�2 �i�Q�i���H �b�m�`�T�H�m�b �`�B�b�2�b �/�m�2 �i�Q �� �?�B�;�?�2�` �T�`�B�+�2�- �`�2�i���B�H�2�`�b �p�B�b�B�i �K�Q�`�2 �T�`�Q�/�m�+�2�`�b�- �H�2���/�B�M�; �i�Q

�B�M�+�`�2���b�2�/ �i�B�;�?�i�M�2�b�b�X �*�Q�M�p�2�`�b�2�H�v�- �� �`�B�b�2 �B�M �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �/�B�K�B�M�B�b�?�2�b �i�?�2 �i�Q�i���H

�b�m�`�T�H�m�b �b�?���`�2�/ �#�2�i�r�2�2�M �T�`�Q�/�m�+�2�`�b ���M�/ �`�2�i���B�H�2�`�b ���i �i�?�2 �K���`�;�B�M�X ���b �� �`�2�b�m�H�i�- �i�?�2 �B�M�+�2�M�i�B�p�2�b �7�Q�`

�`�2�i���B�H�2�`�b �i�Q �p�B�b�B�i �T�`�Q�/�m�+�2�`�b ���`�2 �/���K�T�2�M�2�/�- �+���m�b�B�M�; �� �K�Q�`�2 �b�H���+�F �T�`�Q�/�m�+�i �K���`�F�2�i�X�k�y

�L�2�t�i�- �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �+�Q�K�T�`�B�b�2�b �i�?�2 �[�m���M�i�B�i�v �Q�7 �;�Q�Q�/�b �i�`���/�2�/ �#�v �i�?�2 �`�2�i���B�H�2�`�b ���M�/ �T�`�Q�@

�/�m�+�2�`�b �i�?���i �b�m�`�p�B�p�2 �b�2�T���`���i�B�Q�M �7�Q�` �� �;�B�p�2�M �T�`�Q�/�m�+�i�B�p�2 �+���T���+�B�i�v�- �2�[�m���H �i�Q �i�?�2 �i�Q�i���H �H���#�Q�` �b�m�T�T�H�vl �X

�h�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �M�m�K�#�2�` �Q�7 �K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �H���r �Q�7 �K�Q�i�B�Q�M �7�Q�`

�k�y���M �B�M�+�`�2���b�2 �B�M �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �`���B�b�2�b �i�?�2 �2�t�T�2�+�i�2�/ �i�Q�i���H �b�m�`�T�H�m�b�-� Ez0S(z0)�- �b�B�M�+�2 �K���i�+�?�2�b
���`�2 �H�2�b�b �H�B�F�2�H�v �i�Q �/�B�b�b�Q�H�p�2 �B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �T�2�`�B�Q�/�X �>�Q�r�2�p�2�`�- �i�?�B�b �T�Q�b�B�i�B�p�2 �2�z�2�+�i �B�b �Q�m�i�r�2�B�;�?�2�/ �#�v �i�?�2 �/�2�+�`�2���b�2 �B�M
�i�?�2 �T�`�Q�}�i �K���`�;�B�Mp � �z�- �`�2�b�m�H�i�B�M�; �B�M �� �M�2�i �M�2�;���i�B�p�2 �B�K�T���+�i �Q�M �i�?�2 �i�Q�i���H �b�m�`�T�H�m�b�X
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�i�?�2 �M�m�K�#�2�` �Q�7 �K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �M�2�t�i �T�2�`�B�Q�/�,

x0
M = G(�z)xM + f (� )G(�z)xU ; �U�R�d�V

���M�/ �i�?���i �7�Q�` �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �M�2�t�i �T�2�`�B�Q�/�,

x0
U = [1 � f (� ) + f (� ) (1 � G(�z))] xU + (1 � G(�z)) xM : �U�R�3�V

�A�M�b�i�2���/ �Q�7 �2�t���K�B�M�B�M�; �i�?�2 �7�m�H�H �i�`���M�b�B�i�B�Q�M �/�v�M���K�B�+�b �Q�7 �i�?�2 �K�Q�/�2�H �U�� �/�B�b�+�m�b�b�B�Q�M �r�2 �`�2�H�2�;���i�2 �i�Q

���T�T�2�M�/�B�t�.�X�R�y�V�- �r�2 �7�Q�+�m�b �Q�M �i�?�2 �b�i�2���/�v �b�i���i�2�X ���b �b�?�Q�r�M �B�M �a�2�+�i�B�Q�M�j�X�9�- �m�b�B�M�; �+�Q�K�T���`���i�B�p�2 �b�i���i�B�+�b

�b�m�{�+�2�b �i�Q �/�2�`�B�p�2 �� �b�2�i �Q�7 �B�/�2�M�i�B�7�v�B�M�; �`�2�b�i�`�B�+�i�B�Q�M�b �7�Q�` �2���+�? �b�?�Q�+�F �Q�7 �B�M�i�2�`�2�b�i �B�M �Q�m�` �+���m�b���H�B�i�v ���M���H�v�b�B�b�X

�a�2�i�i�B�M�;x0
M = xM �B�M �1�[�m���i�B�Q�M �U�R�d�V ���M�/ �`�2�+���H�H�B�M�; �i�?���ixM + xU = 1�- �r�2 �/�2�`�B�p�2 �i�?�2 �b�i�2���/�v �b�i���i�2

�M�m�K�#�2�` �Q�7 �K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b�,

xss
M (�z; � ) =

f (� )G(�z)
1 � G(�z) + f (� )G(�z)

;

�r�?�2�`�2 �i�?�2 �T�`�Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b� �- ���b �/�2�i�2�`�K�B�M�2�/ �B�M �1�[�m���i�B�Q�M �U�R�e�V�- �r�B�H�H �#�2 �b�Q�H�p�2�/ ���b �� �U�b�i�2���/�v

�b�i���i�2�V �+�Q�M�b�i���M�i �Q�M�+�2 �r�2 �B�K�T�Q�b�2 �i�?�2 �;�Q�Q�/�b �K���`�F�2�i �+�H�2���`�B�M�; �+�Q�M�/�B�i�B�Q�M�X �h�?�2 �U�b�i�2���/�v �b�i���i�2�V ���;�;�`�2�;���i�2

�b�m�T�T�H�v �B�b �i�?�m�b �2�[�m���H �i�Q �i�?�2 �[�m���M�i�B�i�v �Q�7 �;�Q�Q�/�b �b�m�T�T�H�B�2�/ �#�v �K���i�+�?�2�/ �T�`�Q�/�m�+�2�`�b �;�B�p�2�Ml�,

cs(�z; � ) = xss
M (�z; � )l =

f (� )G(�z)
1 � G(�z) + f (� )G(�z)

l: �U�R�N�V

�"�v �b�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b �7�Q�`f (� ) ���M�/� �7�`�Q�K �1�[�m���i�B�Q�M�b �U�9�V ���M�/ �U�R�e�V �B�M�i�Q �1�[�m���i�B�Q�M

�U�R�N�V�- �r�2 �2�t�T�`�2�b�b ���;�;�`�2�;���i�2 �b�m�T�T�H�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �T�`�B�+�2 ���M�/ �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�X

�.�2�}�M�B�i�B�Q�M �k�X�h�?�2 ���;�;� �̀2�;���i�2 �b�m�T�T�H�vcs�- �2�t�T� �̀2�b�b�2�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7p ���M�/�z�- �B�b �2�[�m���H �i�Q�,

cs(p; �z) =
A

n
1 +

h
1� �
��

�
p � �z + �

R�z
0 G(z0)dz0

�i � � o � 1
�
G(�z)

1 � G(�z) + A
n

1 +
h

1� �
��

�
p � �z + �

R�z
0 G(z0)dz0

�i � � o � 1
�
G(�z)

l; �U�k�y�V

�7�Q�` ���H�H(p; �z) �b���i�B�b�7�v�B�M�;�,

p � �z + �
Z �z

0
G(z0)dz0 � 0: �U�k�R�V

�a�B�M�+�2cs(p; �z) �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�r�Q �2�M�/�Q�;�2�M�Q�m�b �p���`�B���#�H�2�b�- �i�?�2�`�2 �2�t�B�b�i �B�M�}�M�B�i�2 �+�Q�K�#�B�M���i�B�Q�M�b �Q�7

p ���M�/�z�ö�b �i�?���i �v�B�2�H�/ �i�?�2 �b���K�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v�- ���b �H�Q�M�; ���b �i�?�2�v �b���i�B�b�7�v �i�?�2 �+�Q�M�b�i�`���B�M�i �U�k�R�V�X �h�?�2

�`�2���b�Q�M �B�b �i�?���i �2���+�? �T�`�Q�/�m�+�2�`�@�`�2�i���B�H�2�` �T���B�` �/�2�+�B�/�2�b �i�?�2 �T�`�B�+�2 �B�M �� �b�B�i�m���i�B�Q�M �Q�7 �#�B�H���i�2�`���H �K�Q�M�Q�T�Q�H�v�- ��

�T�`�Q�#�H�2�K �r�B�i�? �B�M�/�2�i�2�`�K�B�M���i�2 �b�Q�H�m�i�B�Q�M �U�>�Q�r�B�i�i ���M�/ �J�+���7�2�2�-�R�N�3�d�c�>���H�H�-�k�y�y�8�V�X �h�?�B�b �B�M�/�2�i�2�`�K�B�M���+�v
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�B�b �+�Q�K�K�Q�M �B�M �`�2�H���i�2�/ �b�2���`�+�? �K�Q�/�2�H�b �U�2�X�;�X�-�J�B�+�?���B�H�H���i ���M�/ �a���2�x�k�y�R�8�V�X

�q�2 �`�2�b�Q�H�p�2 �i�?�2 �B�M�/�2�i�2�`�K�B�M���+�v �#�v �b�2�H�2�+�i�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �U���M�/ �B�i�b ���b�b�Q�+�B���i�2�/ �b�i�2���/�v �b�i���i�2�V

�r�?�2�`�2 �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i �`�2�K���B�M�b �}�t�2�/ ���i ���M ���`�#�B�i�`���`�v �H�2�p�2�H� �- ���M�/ �i�?�2 �T�`�B�+�2

�K�Q�p�2�b �i�Q �b���i�B�b�7�v �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �+�Q�M�/�B�i�B�Q�M�X �a�2�H�2�+�i�B�M�; �Q�M�2 �2�[�m�B�H�B�#�`�B�m�K �U���i �H�2���b�i �B�K�T�H�B�+�B�i�H�v�V

�#�v �/�2�i�2�`�K�B�M�B�M�; �Q�M�2 �p���`�B���#�H�2 �7�`�Q�K �Q�m�i�b�B�/�2 �i�?�2 �K�Q�/�2�H �B�b �b�i���M�/���`�/ �B�M �i�?�2 �b�2���`�+�? �H�B�i�2�`���i�m�`�2�X �6�Q�`

�2�t���K�T�H�2�- �B�M�J�Q�`�i�2�M�b�2�M ���M�/ �S�B�b�b���`�B�/�2�b�U�R�N�N�9�V�- �i�?�2 �T�`�B�+�2 �Q�7 �i�?�2 �}�M���H �;�Q�Q�/ �B�b ���b�b�m�K�2�/ �i�Q �7�Q�H�H�Q�r ���M

�2�t�Q�;�2�M�Q�m�b �b�i�Q�+�?���b�i�B�+ �T�`�Q�+�2�b�b�X�k�R

�"�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �U���M�/ �B�i�b ���b�b�Q�+�B���i�2�/ �b�i�2���/�v �b�i���i�2�V �r�B�i�? �7�`�2�2�H�v ���/�D�m�b�i�B�M�; �T�`�B�+�2�b�-

�r�2 �+���M �b�i�m�/�v �i�?�2 �`�2�b�T�Q�M�b�2�b �Q�7 �T�`�B�+�2�b �i�Q �i�?�2 �/�B�b�i�B�M�+�i �/�B�b�i�m�`�#���M�+�2�b �i�Q ���;�;�`�2�;���i�2 �/�2�K���M�/�- �T�`�Q�/�m�+�@

�i�B�p�2 �+���T���+�B�i�v�- ���M�/ �i�?�2 �b�m�T�T�H�v �+�?���B�M�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���M�/ �i�?�2�M �m�b�2 �i�?�2�B�` �+�Q�@�K�Q�p�2�K�2�M�i�b �r�B�i�? �Q�i�?�2�`

�2�M�/�Q�;�2�M�Q�m�b �p���`�B���#�H�2�b �i�Q �7�Q�`�K�m�H���i�2 �m�M�B�[�m�2 �B�/�2�M�i�B�7�v�B�M�; �`�2�b�i�`�B�+�i�B�Q�M�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �+���m�b���H �2�z�2�+�i�b �Q�7

�b�m�T�T�H�v �+�?���B�M �/�B�b�i�m�`�#���M�+�2�b �B�M �Q�m�` �a�o���_ �K�Q�/�2�H �B�M �a�2�+�i�B�Q�M�9�- ���b �r�2�H�H ���b �i�?�2 �b�i���i�2�@�/�2�T�2�M�/�2�M�i �2�z�2�+�i�b

�Q�7 �K�Q�M�2�i���`�v �i�B�;�?�i�2�M�B�M�; �B�M �Q�m�` �h�o���_ �K�Q�/�2�H �B�M �a�2�+�i�B�Q�M�8�X �>�2�M�+�2�- �.�2�}�M�B�i�B�Q�M�k0 �`�2�+���b�i�b �i�?�2 �Q�`�B�;�B�M���H

�.�2�}�M�B�i�B�Q�M�k�Q�7 �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �T�`�B�+�2p �7�Q�` ���M ���`�#�B�i�`���`�v� �X�k�k

�.�2�}�M�B�i�B�Q�M �k0�X�6�Q�` ���M ���`�#�B�i� �̀��`�v � �̀2�b�2�`�p���i�B�Q�M �i� �̀��M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i� 2 (0; + 1 )�- �i�?�2 �~�2�t�B�#�H�2 �T�`�B�+�2

���;�;� �̀2�;���i�2 �b�m�T�T�H�vcf lex
s �B�b �i�?�2 �7�m�M�+�i�B�Q�M �Q�7 �T�`�B�+�2p �/�2�}�M�2�/ �#�v�,

cf lex
s (p) =

A
n

1 +
h

1� �
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�
p � � + �

R�
0 G(z0)dz0

� i � � o � 1
�
G(� )

1 � G(� ) + A
n

1 +
h

1� �
��

�
p � � + �

R�
0 G(z0)dz0

� i � � o � 1
�
G(� )

l; �U�k�k�V

�7�Q�` ���H�Hp 2 [pmin ; + 1 )�- �r�?�2� �̀2pmin �b���i�B�b�}�2�b�,

pmin � � + �
Z �

0
G(z0)dz0 = 0:

�h�?�2 �M�2�t�i �T�`�Q�T�Q�b�B�i�B�Q�M �Q�m�i�H�B�M�2�b �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �r�?�2�M �i�?�2 �T�`�B�+�2 ���/�D�m�b�i�b

�i�Q �b���i�B�b�7�v �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �+�Q�M�/�B�i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�h�?�2 �~�2�t�B�#�H�2 �T�`�B�+�2 ���;�;� �̀2�;���i�2 �b�m�T�T�H�vcf lex
s �?���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �T� �̀Q�T�2�`�i�B�2�b�,

�R�Xcf lex
s (pmin ) = 0 ���M�/limp! + 1 cf lex

s (p) = G(� )l �c

�k�R���M�Q�i�?�2�` �T�Q�b�b�B�#�B�H�B�i�v �B�b �i�Q �T�B�+�F �i�?�2 �T�`�B�+�2 �Q�7 �i�?�2 �}�M���H �;�Q�Q�/ ���b �i�?�2 �M�m�K�2�`���B�`�2 �B�M �i�?�2 �2�+�Q�M�Q�K�v�X �q�2 �/�Q �M�Q�i �7�Q�H�H�Q�r
�i�?�B�b �`�Q�m�i�2 �?�2�`�2 �#�2�+���m�b�2 �r�2 �r���M�i �i�Q �#�m�B�H�/ �� �i�?�2�Q�`�v �Q�7 ���;�;�`�2�;���i�2 �/�2�K���M�/ �r�?�2�`�2 �i�?�2 �K�Q�M�2�i���`�v �m�M�B�i �B�b �i�?�2 �M�m�K�2�`���B�`�2�X

�k�k���T�T�2�M�/�B�t�.�X�3�/�B�b�+�m�b�b�2�b �i�?�2 ���H�i�2�`�M���i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �b�2�H�2�+�i�B�Q�M �K�2�+�?���M�B�b�K �B�M �r�?�B�+�?p �`�2�K���B�M�b �}�t�2�/ �r�?�B�H�2� �+���M
�p���`�v�X �A�M ���/�/�B�i�B�Q�M �i�Q �/�2�`�B�p�B�M�; �B�i�b �F�2�v ���M���H�v�i�B�+���H �T�`�Q�T�2�`�i�B�2�b�- �r�2 �m�b�2 �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�B�b �}�t�2�/
�T�`�B�+�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v ���M�/ �B�H�H�m�b�i�`���i�2 �B�i�b �T�`�Q�T�2�`�i�B�2�b ���+�`�Q�b�b �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7 �i�?�2 �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�X
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�k�Xcf lex
s (p) �B�b �b�i�`�B�+�i�H�v �B�M�+� �̀2���b�B�M�; �B�Mp �Q�M[pmin ; + 1 )�c ���M�/

�j�Xcf lex
s (p) �B�b �+�Q�M�+���p�2 �Q�M[pmin ; + 1 )�X

�S� �̀Q�Q�7�X�a�2�2 ���T�T�2�M�/�B�t�.�X�k�X �

�h�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�vcf lex
s (p) �B�M �1�[�m���i�B�Q�M �U�k�k�V �`�2�T�`�2�b�2�M�i�b �i�?�2 �[�m���M�i�B�i�v �Q�7 �;�Q�Q�/�b �i�`���/�2�/ �i�?���i

�b���i�B�b�}�2�b �1�[�m���i�B�Q�M �U�k�y�V �7�Q�` �� �;�B�p�2�M �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i� �X �h�?���i �B�b�- �i�?�2 �B�M�i�2�`���+�i�B�Q�M

�#�2�i�r�2�2�M �i�?�2 �T�`�B�+�2 ���M�/ �i�B�;�?�i�M�2�b�b �B�M �i�?�2 �T�`�Q�/�m�+�i �K���`�F�2�i �/�2�i�2�`�K�B�M�2�b �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v�X �� �?�B�;�?�2�`

�T�`�B�+�2 �H�2���/�b �i�Q �� �;�`�2���i�2�` �i�Q�i���H �b�m�`�T�H�m�b �#�v �B�M�+�`�2���b�B�M�; �i�?�2 �p���H�m�2 �7�Q�` �i�?�2 �K���i�+�?�2�/ �`�2�i���B�H�2�`�X �h�?�B�b�- �B�M

�i�m�`�M�- �2�M�?���M�+�2�b �i�?�2 �B�M�+�2�M�i�B�p�2�b �7�Q�` �`�2�i���B�H�2�`�b �i�Q �p�B�b�B�i �T�`�Q�/�m�+�2�`�b�- �`�2�b�m�H�i�B�M�; �B�M �B�M�+�`�2���b�2�/ �T�`�Q�/�m�+�i �K���`�F�2�i

�i�B�;�?�i�M�2�b�b ���M�/ �� �?�B�;�?�2�` �T�`�Q�#���#�B�H�B�i�v �7�Q�` �� �T�`�Q�/�m�+�2�` �i�Q �K���i�+�? �r�B�i�? �� �`�2�i���B�H�2�`�X �J�Q�`�2 �K���i�+�?�2�b ���`�2

�+�`�2���i�2�/�- �`�2�b�m�H�i�B�M�; �B�M �� �?�B�;�?�2�` ���;�;�`�2�;���i�2 �b�m�T�T�H�v�X �q�?�B�H�2 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�b ���M�/ �K���i�+�?�B�M�; �7�`�B�+�i�B�Q�M�b

�`�2�/�m�+�2 �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �Q�7 �;�Q�Q�/�b �i�Q �`�2�i���B�H�2�`�b ���M�/ �+�`�2���i�2 �b�T���`�2 �+���T���+�B�i�v�- �i�?�2 �K�Q�/�2�H �`�2�i���B�M�b �i�?�2

�b�i���M�/���`�/ �T�Q�b�B�i�B�p�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �T�`�B�+�2 ���M�/ �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v�X
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s (p) G(� )l l

pmin

���;�;�`�2�;���i�2
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�6�B�;�m�`�2 �e�,�a�m�T�T�H�v �a�B�/�2 �Q�7 �i�?�2 �1�+�Q�M�Q�K�v �r�B�i�? �6�H�2�t�B�#�H�2 �S�`�B�+�2�b

�6�B�;�m�`�2�e�b�?�Q�r�b �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �B�M �i�?�2 �[�m���M�i�B�i�v�@�T�`�B�+�2 �UQ�-p�V �T�H���M�2�X �6�Q�` �� �;�B�p�2�M �T�`�Q�/�m�+�i�B�p�2

�+���T���+�B�i�v �Q�7 �i�?�2 �2�+�Q�M�Q�K�vl �U�#�`�Q�r�M �H�B�M�2�V�- �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�b �H�B�K�B�i �i�?�2 �T�`�Q�/�m�+�i�B�Q�M �i�QG(� )l �U�;�`�2�2�M

�H�B�M�2�V�X�k�j �a�2���`�+�? �7�`�B�+�i�B�Q�M�b �7�m�`�i�?�2�` �`�2�/�m�+�2 �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v �i�Q �i�?�2 �H�2�p�2�Hcf lex
s (p) �U�#�H�m�2 �H�B�M�2�V�- �r�?�B�+�?�-

���b �B�M �b�i���M�/���`�/ �K�Q�/�2�H�b�- �B�M�+�`�2���b�2�b �r�B�i�? �i�?�2 �T�`�B�+�2�X �h�?�2 �b�T���`�2 �+���T���+�B�i�v�- �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �/�B�z�2�`�2�M�+�2

�#�2�i�r�2�2�M �i�?�2 �T�`�Q�/�m�+�i�B�p�2 �+���T���+�B�i�v �Q�7 �i�?�2 �2�+�Q�M�Q�K�v ���M�/ �i�?�2 ���+�i�m���H �T�`�Q�/�m�+�i�B�Q�M �U�B�X�2�X�-l � cf lex
s (p)�V�-

�k�j�a�2�i�i�B�M�;A = 1 �B�M �1�[�m���i�B�Q�M �U�k�k�V ���M�/ ���b�b�m�K�B�M�; �i�?�2 ���#�b�2�M�+�2 �Q�7 �b�2���`�+�? �7�`�B�+�i�B�Q�M�b �v�B�2�H�/ �b�m�+�? �� �#�Q�m�M�/���`�v�X
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���`�B�b�2�b �7�`�Q�K �#�Q�i�? �i�?�2 �i�`���M�b�T�Q�`�i���i�B�Q�M ���M�/ �K���i�+�?�B�M�; �+�Q�b�i�b�X �h�?�2 �b�T���`�2 �+���T���+�B�i�v �B�b �2�[�m�B�p���H�2�M�i �i�Q

�m�M�2�K�T�H�Q�v�K�2�M�i �B�M �i�?�2 �H���#�Q�` �K���`�F�2�i�- ���b �B�i �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�Q�i���H �H���#�Q�` �b�m�T�T�H�v

���M�/ �i�?�2 �/�2�K���M�/ �7�Q�` �H���#�Q�`�X

�j�X�k�X�h�?�2 �_�2�T�`�2�b�2�M�i���i�B�p�2 �>�Q�m�b�2�?�Q�H�/

�h�?�2 �`�2�T�`�2�b�2�M�i���i�B�p�2 �?�Q�m�b�2�?�Q�H�/ �/�2�`�B�p�2�b �m�i�B�H�B�i�v �7�`�Q�K �+�Q�M�b�m�K�B�M�; �;�Q�Q�/�b ���M�/ �?�Q�H�/�B�M�; �`�2���H �K�Q�M�2�v �#���H�@
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�r�?�2�`�2c �/�2�M�Q�i�2�b �+�Q�M�b�m�K�T�i�B�Q�M�-m �B�b �i�?�2 �M�Q�K�B�M���H �K�Q�M�2�v �#���H���M�+�2�-p �B�b �i�?�2 �T�`�B�+�2 �H�2�p�2�H�- �i�?�2 �T���`���K�2�i�2�`

� > 0 �`�2�T�`�2�b�2�M�i�b �i�?�2 �i���b�i�2 �7�Q�` �+�Q�M�b�m�K�T�i�B�Q�M �`�2�H���i�B�p�2 �i�Q �?�Q�H�/�B�M�; �K�Q�M�2�v�- ���M�/ �i�?�2 �T���`���K�2�i�2�`" > 1

�B�b �i�?�2 �2�H���b�i�B�+�B�i�v �Q�7 �b�m�#�b�i�B�i�m�i�B�Q�M �#�2�i�r�2�2�M �+�Q�M�b�m�K�T�i�B�Q�M ���M�/ �`�2���H �K�Q�M�2�v �#���H���M�+�2�b�X �q�2 �#�Q�`�`�Q�r �i�?�B�b

�m�i�B�H�B�i�v �7�m�M�+�i�B�Q�M �7�`�Q�K�J�B�+�?���B�H�H���i ���M�/ �a���2�x�U�k�y�R�8�V �i�Q �2�M�b�m�`�2 �i�?���i ���;�;�`�2�;���i�2 �/�2�K���M�/ �B�b �B�M�b�i�`�m�K�2�M�i���H

�i�Q �i�?�2 �+�?���M�;�2�b �B�M �K���+�`�Q ���;�;�`�2�;���i�2�b�X

�h���F�B�M�; �i�?�2 �T�`�B�+�2 ���b �;�B�p�2�M�- �i�?�2 �?�Q�m�b�2�?�Q�H�/ �+�?�Q�Q�b�2�b �+�Q�M�b�m�K�T�i�B�Q�M ���M�/ �M�Q�K�B�M���H �K�Q�M�2�v �#���H���M�+�2�b

�i�Q �K���t�B�K�B�x�2 �m�i�B�H�B�i�v�- �b�m�#�D�2�+�i �i�Q �i�?�2 �#�m�/�;�2�i �+�Q�M�b�i�`���B�M�i�,

pc+ m � � + pcf lex
s (p) �

Z �

0
z0cf lex

s (p)dG(z0)
| {z }

�S�`�Q�}�i�b �Q�7 �S�`�Q�/�m�+�2�`�b �� �_�2�i���B�H�2�`�b

+
Z �

0
z0cf lex

s (p)dG(z0)
| {z }

�h�`���M�b�T�Q�`�i���i�B�Q�M �*�Q�b�i�b

= � + p
�

f (� (p)) G(� )
1 � G(� ) + f (� (p)) G(� )

l
�

;

�U�k�j�V

�r�?�2�`�2� > 0 �B�b �i�?�2 �?�Q�m�b�2�?�Q�H�/�ö�b �2�M�/�Q�r�K�2�M�i �Q�7 �M�Q�K�B�M���H �K�Q�M�2�v�X

�a�Q�H�p�B�M�; �i�?�2 �?�Q�m�b�2�?�Q�H�/�ö�b �T�`�Q�#�H�2�K �v�B�2�H�/�b �i�?�2 �Q�T�i�B�K���H �+�Q�M�/�B�i�B�Q�M�,

�
1 + �
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1
1 + �

�
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���;�;�`�2�;���i�2 �/�2�K���M�/�X �h�?�2 ���;�;�`�2�;���i�2 �/�2�K���M�/ �B�M �i�?�2 �2�+�Q�M�Q�K�v �B�b �2�[�m���H �i�Q �i�?�2 �H�2�p�2�H �Q�7 �+�Q�M�@

�b�m�K�T�i�B�Q�M �i�?���i �K���t�B�K�B�x�2�b �m�i�B�H�B�i�v ���i �� �;�B�p�2�M �T�`�B�+�2 �r�?�2�M �i�?�2 �K�Q�M�2�v �K���`�F�2�i �+�H�2���`�b �U�i�?�B�b �+�Q�M�/�B�i�B�Q�M

�?�Q�H�/�b �B�M ���M�/ �Q�m�i�b�B�/�2 �i�?�2 �b�i�2���/�v �b�i���i�2�V�X �"�v �`�2�T�H���+�B�M�;m �r�B�i�?� �B�M �1�[�m���i�B�Q�M �U�k�9�V ���M�/ �`�2���`�`���M�;�B�M�;�-

�r�2 �/�2�`�B�p�2 �i�?�2 ���;�;�`�2�;���i�2 �/�2�K���M�/ �B�M �i�?�2 �2�+�Q�M�Q�K�v�X
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�.�2�}�M�B�i�B�Q�M �j�X�h�?�2 ���;�;� �̀2�;���i�2 �/�2�K���M�/cd �7�Q�` �� �;�B�p�2�M �T�`�B�+�2p 2 (0; + 1 ) �2�[�m���H�b�,

cd(p) = � " �
p

: �U�k�8�V

�S�`�Q�T�Q�b�B�i�B�Q�M �j�Xcd(p) �B�b �b�i�`�B�+�i�H�v �/�2�+� �̀2���b�B�M�; ���M�/ �+�Q�M�p�2�t �Q�M(0; + 1 )�X

�S� �̀Q�Q�7�X�.�B�`�2�+�i �T�`�Q�Q�7 �7�`�Q�K �1�[�m���i�B�Q�M �U�k�8�V�X �

�6�B�;�m�`�2�d�#�2�H�Q�r �b�?�Q�r�b �i�?�2 ���;�;�`�2�;���i�2 �/�2�K���M�/�- �r�?�B�+�? �B�b �/�Q�r�M�r���`�/ �b�H�Q�T�B�M�; �B�M �i�?�2(Q; p) �T�H���M�2�X

�a�B�M�+�2 �� �?�B�;�?�2�` �T�`�B�+�2 �H�2���/�b �i�Q �H�Q�r�2�` �`�2���H �K�Q�M�2�v �#���H���M�+�2�b�- �i�?�2 �?�Q�m�b�2�?�Q�H�/�ö�b �B�M�/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M

�+�Q�M�b�m�K�T�i�B�Q�M ���M�/ �?�Q�H�/�B�M�; �K�Q�M�2�v �B�K�T�H�B�2�b �i�?���i �B�i �/�2�b�B�`�2�b �H�Q�r�2�` �+�Q�M�b�m�K�T�i�B�Q�M �r�?�2�M �i�?�2 �T�`�B�+�2 �B�b

�?�B�;�?�2�`�X �>�2�M�+�2�- �i�?�2 ���;�;�`�2�;���i�2 �/�2�K���M�/ �B�M �i�?�2 �2�+�Q�M�Q�K�v �/�2�+�`�2���b�2�b �r�B�i�? �i�?�2 �T�`�B�+�2�X

�j�X�j�X�h�?�2 �6�H�2�t�B�#�H�2 �S�`�B�+�2 �a�i�2���/�v �a�i���i�2

�6�Q�` �� �;�B�p�2�M �`�2�b�2�`�p���i�B�Q�M �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i� �- �i�?�2 �~�2�t�B�#�H�2 �T�`�B�+�2 �b�i�2���/�v �b�i���i�2 �B�b �T�`�2�b�2�M�i�2�/ �B�M �.�2�}�@

�M�B�i�B�Q�M�9�- ���M�/ �B�i�b �2�t�B�b�i�2�M�+�2 �B�b �/�2�K�Q�M�b�i�`���i�2�/ �B�M �S�`�Q�T�Q�b�B�i�B�Q�M�9�X

�.�2�}�M�B�i�B�Q�M �9�X�6�B�t�B�M�; �i�?�2 � �̀2�b�2�`�p���i�B�Q�M �i� �̀��M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�z �i�Q ���M ���`�#�B�i� �̀��`�v �p���H�m�2� > 0�- �i�?�2

�~�2�t�B�#�H�2 �T�`�B�+�2 �b�i�2���/�v �b�i���i�2 �+�Q�M�b�B�b�i�b �Q�7 �� �T�`�B�+�2p �i�?���i �2�[�m���i�2�b ���;�;� �̀2�;���i�2 �b�m�T�T�H�v ���M�/ ���;�;� �̀2�;���i�2 �/�2�K���M�/�-

cf lex
s (p) = cd(p)�- �v�B�2�H�/�B�M�;�,

f (� (p)) G(� )
1 � G(� ) + f (� (p)) G(� )

l = � " �
p

; �U�k�e�V

�r�?�2� �̀2 �i�?�2 �T� �̀Q�/�m�+�i �K���`�F�2�i �i�B�;�?�i�M�2�b�b� �B�b �;�B�p�2�M �#�v�,

� (p) =
1 � �
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�
p � � + �

Z �

0
G(z0)dz0

�
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�A�M ���/�/�B�i�B�Q�M�- �i�?�2 �?�Q�m�b�2�?�Q�H�/�ö�b �#�m�/�;�2�i �+�Q�M�b�i� �̀��B�M�i�U�k�j�V���H�b�Q �?�Q�H�/�b �r�B�i�? �2�[�m���H�B�i�v�X

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�6�Q�` ���M�v� > 0�- �i�?�2� �̀2 �2�t�B�b�i�b �� �m�M�B�[�m�2 �~�2�t�B�#�H�2 �T�`�B�+�2 �b�i�2���/�v �b�i���i�2 �i�?���i �7�2���i�m� �̀2�b

�T�Q�b�B�i�B�p�2 �T�`�B�+�2 ���M�/ �+�Q�M�b�m�K�T�i�B�Q�M�X

�S� �̀Q�Q�7�X�a�2�2 ���T�T�2�M�/�B�t�.�X�j�X �

�6�B�;�m�`�2�d�b�?�Q�r�b �i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v�- ���;�;�`�2�;���i�2 �/�2�K���M�/�- ���M�/ �i�?�2 �b�i�2���/�v�@�b�i���i�2 �T�`�B�+�2�-p0�- �r�?�2�`�2

�i�?�2 ���;�;�`�2�;���i�2 �b�m�T�T�H�v ���M�/ �/�2�K���M�/ �B�M�i�2�`�b�2�+�i �Q�M �i�?�2(Q; p) �T�H���M�2�X �h�?�2 �K���t�B�K�m�K �[�m���M�i�B�i�v �Q�7 �;�Q�Q�/�b

�i�?���i �+�Q�m�H�/ �#�2 �b�m�T�T�H�B�2�/ �r�?�2�M �i�?�2 �K���i�+�?�B�M�; �T�`�Q�+�2�b�b �#�2�i�r�2�2�M �T�`�Q�/�m�+�2�`�b ���M�/ �`�2�i���B�H�2�`�b �#�2�+�Q�K�2�b �7�`�B�+�@

�i�B�Q�M�H�2�b�b ���M�/ �i�?�2 �T�`�Q�/�m�+�i�B�p�2 �+���T���+�B�i�v �Q�7 �i�?�2 �2�+�Q�M�Q�K�v ���`�2 ���H�b�Q �T�H�Q�i�i�2�/ �Q�M �i�?�2 �}�;�m�`�2 �7�Q�` �+�Q�K�T���`�B�b�Q�M�X

�k�d



0
Q

p cd(p) cf lex
s (p) G(� )l l

pmin

c0

p0

�6�B�;�m�`�2 �d�,���;�;�`�2�;���i�2 �.�2�K���M�/ ���M�/ �a�m�T�T�H�v

�j�X�9�X�*�Q�K�T���`���i�B�p�2 �a�i���i�B�+�b

�q�2 �m�b�2 �+�Q�K�T���`���i�B�p�2 �b�i���i�B�+�b �i�Q �b�i�m�/�v �i�?�2 �`�2�b�T�Q�M�b�2�b �Q�7 �i�?�2 �K���+�`�Q ���;�;�`�2�;���i�2�b �i�Q �U�m�M���M�i�B�+�B�T���i�2�/�V

���/�p�2�`�b�2 �b�?�Q�+�F�b �i�Q ���;�;�`�2�;���i�2 �/�2�K���M�/�- �T�`�Q�/�m�+�i�B�p�2 �+���T���+�B�i�v�- ���M�/ �i�?�2 �b�m�T�T�H�v �+�?���B�M�- �`�2�b�T�2�+�i�B�p�2�H�v�-

�r�?�2�M �i�?�2 �2�+�Q�M�Q�K�v �B�b ���i �i�?�2 �b�i�2���/�v �b�i���i�2�X �h�?�2�b�2 �`�2�b�T�Q�M�b�2�b �T�`�Q�p�B�/�2 �m�M�B�[�m�2 �B�/�2�M�i�B�7�v�B�M�; �`�2�b�i�`�B�+�i�B�Q�M�b

�7�Q�` �b�i�m�/�v�B�M�; �i�?�2 �+���m�b���H �2�z�2�+�i�b �Q�7 �b�m�T�T�H�v �+�?���B�M �/�B�b�i�m�`�#���M�+�2�b �B�M �i�?�2 �a�o���_ �K�Q�/�2�H �B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i

�b�2�+�i�B�Q�M�- ���b �r�2�H�H ���b �i�?�2 �b�i���i�2�@�/�2�T�2�M�/�2�M�i �2�z�2�+�i�b �Q�7 �K�Q�M�2�i���`�v �i�B�;�?�i�2�M�B�M�; �B�M �i�?�2 �h�o���_ �K�Q�/�2�H �B�M

�a�2�+�i�B�Q�M�8�X ���T�T�2�M�/�B�t�.�X�R�y�b�?�Q�r�b �U�M�m�K�2�`�B�+���H�H�v�V �i�?�2 �+�Q�K�T�H�2�i�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �K�Q�/�2�H ���7�i�2�` �2���+�?

�b�?�Q�+�F�X �a�m�{�+�2 �B�i �i�Q �b���v �?�2�`�2 �i�?���i �i�?�2 �i�`���M�b�B�i�B�Q�M �/�v�M���K�B�+�b ���`�2 �7�m�H�H�v �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �Q�m�` �/�B�b�+�m�b�b�B�Q�M

�#�2�H�Q�r ���M�/ �i�?�2 �B�K�T�H�B�2�/ �B�/�2�M�i�B�}�+���i�B�Q�M ���b�b�m�K�T�i�B�Q�M�b�X

���M ���/�p�2�`�b�2 �b�?�Q�+�F �i�Q ���;�;�`�2�;���i�2 �/�2�K���M�/ �+���M �K���M�B�7�2�b�i ���b �2�B�i�?�2�` �� �/�2�+�`�2���b�2 �B�M �i�?�2 �K�Q�M�2�v �b�m�T�T�H�v�-

� �- �Q�` �� �/�2�+�H�B�M�2 �B�M �i�?�2 �T�`�2�7�2�`�2�M�+�2 �7�Q�` �+�Q�M�b�m�K�B�M�; �;�Q�Q�/�b�-� �X ���M ���/�p�2�`�b�2 �b�?�Q�+�F �i�Q �T�`�Q�/�m�+�i�B�p�2 �+���T���+�B�i�v

�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �M�2�;���i�B�p�2 �/�B�b�i�m�`�#���M�+�2 �i�Q �i�?�2 �B�M�2�H���b�i�B�+ �H���#�Q�` �b�m�T�T�H�v�-l �X ���M ���/�p�2�`�b�2 �b�?�Q�+�F �i�Q �i�?�2

�b�m�T�T�H�v �+�?���B�M �B�M�p�Q�H�p�2�b ���M �B�M�+�`�2���b�2 �B�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�b �U�+�?���`���+�i�2�`�B�x�2�/ �#�v ��

�`�B�b�2 �B�M
 �- �i�?�2 �b�+���H�2 �T���`���K�2�i�2�` �Q�7 �i�?�2 �H�Q�;�@�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�`���M�b�T�Q�`�i���i�B�Q�M �+�Q�b�i�b�V �Q�` �� �H�Q�r�2�`
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