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Abstract

We formulate a generalization of the traditional medium-of-exchange function of money
in contexts where there is imperfect competition in the intermediation of credit, settlement,
or payment services used to conduct transactions. We find that the option to settle transac-
tions with money strengthens the stance of sellers of goods and services vis-a-vis intermedi-
aries, and show this mechanism is operative even for sellers who never exercise the option to
sell for cash. These latent money demand considerations imply that in general, in contrast
to current conventional wisdom in policy-oriented research in monetary economics, mone-
tary policy remains effective through medium-of-exchange transmission channels—even in
highly developed credit economies where the share of monetary transactions is negligible.
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1 Introduction

A large body of work in macroeconomics rests on the premise that artificial economies without
money are well suited to study monetary policy. In fact, most of the work in modern monetary
economics that caters to policymakers abstracts from the usefulness of money altogether: there
is typically no money in the models, or if there is money, it is merely held as a redundant asset.
This moneyless approach to monetary economics relies on the received wisdom that medium-
of-exchange and money-demand considerations are irrelevant for the transmission of monetary
policy in the context of advanced economies whose credit-based settlement mechanisms have
developed sufficiently to make the velocity of some monetary aggregates very high.

The intuitive argument runs as follows: aggregate real money balances are a small fraction
of aggregate real output in modern economies (e.g., inverse velocity of the monetary base tends
to be relatively low), so policy-induced changes in real money balances are bound to have small
effects on output. Therefore, the argument goes, there is no significant loss in basing monetary
policy advise on models where real money balances do not interact with the real allocation—or
are simply assumed to be equal to zero. This intuition has been formalized in the context of
economies where the role of money in exchange is not modeled explicitly, but rather, is proxied
by either assuming money is an argument of a utility function, or by imposing that certain
purchases be paid for with cash acquired in advance.

Formally, the view that medium-of-exchange considerations are inconsequential is based on
two results. First, the fact that the monetary equilibrium in some reduced-form models is con-
tinuous under a certain “cashless limit” (e.g., obtained by taking to zero either the marginal
utility of real balances in a model where money enters the utility function, or the fraction of
“cash goods” in a cash-credit goods version of a cash-in-advance model where money becomes
a redundant asset) has been used to conclude that a monetary economy with an inverse veloc-
ity that is as low as in the data can be well approximated by an economy without money or
medium-of-exchange considerations. Second, parametrized versions of these reduced-form mod-
els have been used to claim that, for realistic values of velocity, money and medium-of-exchange
considerations are quantitatively insignificant.

The moneyless approach is widely regarded as one of the foundational theoretical achieve-
ments of the New Keynesian framework for monetary policy (see, e.g., the textbook treatments

of the foundations for the New Keynesian model in Woodford (2003) or Gali (2008)). In this



paper we show that the two results used to justify the moneyless approach are overturned
when we replace the reduced-form formulations with more explicit and general micro founda-
tions. Specifically, we find that in the cashless limit, i.e., as credit-based settlement mechanisms
evolve to make the velocity of money very high, the magnitude of the effect of monetary policy
on consumption and welfare is given by a single sufficient statistic: the product of the deposit
spread that bankers with market power impose on lenders, and the price elasticity of demand
for the set of goods purchased with cash or credit. According to the theory, this statistic en-
codes all the empirical information needed to quantify the welfare cost of the purely monetary
distortions associated with the opportunity cost of holding money in near-cashless economies.
This result indicates that the New Keynesian folk wisdom that monetary policy analysis can
ignore medium-of-exchange and money-demand considerations without loss is only correct for
a much more limited set of monetary environments than previously recognized. In general,
unless banks have no market power in deposit markets or demand is perfectly inelastic, models
that abstract from money are poor approximations to monetary economies, and the widespread
practice of basing monetary-policy advise on models without money is at best incomplete.
Our theory formalizes a generalization of the traditional medium-of-exchange foundation
for money demand in contexts where credit, settlement, or payment services involve finan-
cial intermediaries with some degree of market power (e.g., banks, broker-dealers, credit card
companies). The threat to settle transactions directly for money—a latent money demand—
strengthens the stance of sellers of goods or services vis-a-vis intermediaries. The role of money
as a discipline device for imperfectly competitive financial intermediaries opens a novel con-
duit for monetary transmission that operates through the effects of changes in the opportunity
cost of holding money on money demand (actual and latent), and ultimately on relative prices
and allocations. This latency, or off-equilibrium role of money, is distinct from the traditional
medium-of-exchange function that money performs when it is actively exchanged to overcome
other trading frictions, such as double-coincidence-of-wants problems, lack of commitment, and
lack of enforcement. Unlike the conventional medium-of-exchange role that emphasizes buyer-
side incentives to carry money, the role of monetary exchange as safeguard against intermediary
market power remains relevant even in cashless limiting economies where highly developed credit
and settlement arrangements make transaction velocity of money arbitrarily high. When money
serves as a latent medium of exchange, changes in the value of money influence the terms of

trade of all sellers—even those who never use money to trade. Thus, along the cashless limit,



even though the aggregate volume of monetary trade vanishes, changes in the incentives to de-
mand money have nonnegligible macroeconomic impact because the individual off-equilibrium
option to engage in monetary trade still operates as a discipline device against intermediary
market power. As a result, generically, it is incorrect to conclude that money cannot matter
quantitatively only on the basis that it accounts for a small share of transactions.!

The rest of the paper is organized as follows. Section 2 describes the economic environment,
presents the solution to the social planner’s problem, formulates the individual optimization and
bilateral bargaining problems, and defines equilibrium. Section 3 characterizes the equilibrium
of the nonmonetary economy. Section 4 characterizes monetary equilibria: stationary (Section
4.1), dynamic (Section 4.2), and sunspots (Section 4.3). For each type of equilibrium, Section
5 derives prices and allocations in the cashless pure-credit limit. This section also discusses
welfare and the issue of price-level determination in limiting cashless economies. Section 6
draws connections with related work (Section 6.1), discusses the limitations of the moneyless

approach to monetary economics (Section 6.2), and explains the shortcomings of reduced-form

models of money demand (Section 6.3). The appendix contains all proofs.

2 Model
2.1 Environment

Time is represented by a sequence of periods indexed by t € T = {0, 1, ...}, each divided into two
subperiods. There are three types of infinitely lived agents: bankers, consumers, and producers,
denoted B, C, and P, respectively. An agent of type ¢ € {B,C, P} is represented with a
point in the set Z; = [0, 1]. In the first subperiod, each producer can supply labor that can be
used as input in a linear technology to produce good 1, which is only consumed by consumers.

Production of good 1 takes place at the beginning of the first subperiod, before agents engage

!The elementary notion that credible outside options can drive outcomes even if they are not exercised in
equilibrium is ubiquitous in economics. In macroeconomics, it is a key equilibrium driving force in models with
private information. In international economics and industrial organization, the notion that the option to engage
in trade—even if no trade actually occurs—can be a key determinant of equilibrium outcomes and welfare goes
back many years. For example, this is the key idea behind the breakdown of the equivalence of tariffs and quotas
under imperfect competition in Bhagwati (1965), and the key idea underlying the notion of contestable markets
in Baumol (1982). Another well known example in trade theory is Markusen (1981), who considers two identical
countries with a monopolist producer in each. Under autarky, the equilibrium has a monopoly mark-up in each
country, but if trade between the countries is possible, competition turns the two monopolists into Cournot
duopolists, which reduces markups and increases welfare in both countries even though no trade actually occurs
since the countries are identical.



in any trading activity. In the second subperiod, all agent types can supply labor that can
be used as input in a linear production technology to produce good 2, which is consumed by
all agents. Good 1 and good 2 cannot be stored across periods, but there is within-period
storage: producers can transform every unit of unsold inventory of beginning-of-period good 1
into k € R units of end-of-period good 2.

A monetary authority issues money—a financial security that is durable and intrinsically
useless (i.e., it is not an argument of any utility or production function, and it is not a formal
claim to goods or services). The quantity of money outstanding at the beginning of period ¢ is
denoted M;, with My € R, given, and distributed uniformly among consumers. In the second
subperiod of every period, the monetary authority injects or withdraws money via lump-sum
transfers or taxes to consumers, so that the money supply evolves according to M1 = puMy,
with p € Ry ;.

In order to have a meaningful role for money as a medium of exchange, we assume that
consumers are unable to commit, and producers cannot enforce consumers’ promises (neither
individually nor via collective punishment schemes). In order to have a role for financial in-
termediation, we assume bankers are endowed with the ability to enforce and commit. In
particular, a banker can enforce a future payment promised by a consumer, and can commit to
make a future payment to a seller. This special ability to trust consumers and be trusted by
producers makes bankers well suited to act as financial intermediaries between consumers and
producers. Specifically, some consumers will issue bonds through bankers in the first subperiod
of ¢, with each bond representing a claim to one unit of good 2 to be delivered to bond holders
through bankers in the second subperiod of ¢.2

In the second subperiod, all agents can trade good 2 and money in a spot Walrasian market.
In the first subperiod, consumers and producers may trade good 1, money, and private bonds,
while bankers can trade money and private bonds. Trade in the first subperiod is organized as
follows. Two spot Walrasian markets operate contemporaneously: a goods market and a bond
market. All bankers have direct access to the bond market where they can trade bonds and

money competitively. All producers have direct access to the goods market where they can

2 Absent bankers, there would be complete lack of enforcement: consumers would be unable to borrow, and
would have no alternative but to fund first-subperiod consumption of good 1 with money. The equations in the
following sections also admit an equivalent interpretation. Instead of assuming that bankers have the special
power to enforce and commit, one could assume consumers can themselves commit to repay, but that bond
trade must be intermediated by bankers for reasons other than limited enforcement of contracts and limited
commitment to honor them.



trade good 1 and money competitively, but access the bond market indirectly, by engaging in
bilateral trades with bankers whom they contact at random. Specifically, let a € [0, 1] denote
the probability that a producer contacts a banker in any given period. Once the producer
and the banker have made contact, the pair negotiates the quantities of bonds and money
that the banker will buy or sell in the competitive bond market on behalf of the producer,
and an intermediation fee for the banker’s service. The banker’s fee is expressed in terms
good 2 and paid in the second subperiod. The terms of this bilateral trade are determined
by Nash bargaining, where the producer has bargaining power 6 € [0,1]. All consumers have
simultaneous direct access to the goods market and to the bond market.

The individual preferences of an agent of type i € {B,C, P} are represented by

Eé Z gt [U (vit) H{i:C} - fiyitﬂ{izp} + v(z) — ht] )
=0

where the expectation operator, K, is with respect to the probability measure induced by the
random trading process in the first subperiod, 8 € (0,1) is the discount factor, u : Ry — R
is the consumer’s utility function for good 1, Iy} is an indicator function that equals 1 if the
condition in the subscript is satisfied, and 0 otherwise, k € R4y is the producer’s marginal
(disutility) cost of producing good 1, y;; is the agent’s consumption (if ¢ = C') or production
(if i = P) of good 1 in period ¢, x; is the agent’s consumption of good 2 in period ¢, and h;
is the agent’s disutility of supplying labor h; in the second subperiod of period t. We assume
u < u(0)=0<u, v <v(0)=0<v, k< kK, and that there exist z*,y* € R; such that
v (z%) = 1 and o' (y*) = k. For any p € Ry, let D(¢) = v/~ (p).

Let {ygt,y}t, (23, b ieqB,C, p}}:io denote efficient allocation that solves the problem of
a social planner who maximizes the equally weighted sum of all agents’ expected discounted
utilities, where y7, is the individual consumption of good 1 in period ¢, yp, is the individual
production of good 1, z7, is the individual consumption of good 2 of an agent of type ¢, and h},

is the individual production of good 2 of an agent of type i.

Proposition 1 The efficient allocation is y&, = yp, = y* and xj, = h}, = x* for all i €
{B,C,P} and all t.

2.2 Individual optimization, bargaining, and definition of equilibrium

We begin by describing the individual optimization problems in the second subperiod of a typical

period. Let W} (al", aj) denote the maximum expected discounted payoff, at the beginning of



the second subperiod of period ¢, of an agent of type i € {B,C, P} who enters the subperiod
with a* € Ry units of money and a claim to af € R units of good 2. Let V;' (a]") denote the
maximum expected discounted payoff of an agent of type i € { B, C, P} with money holding a}"
at the beginning of the first subperiod of period t. Then

Wi(ai®, af) = max [v () = he + BV ()] (1)

(zt,he,a ) ERY
S.t. porxs + CLZJrl < pot (h + af) +a* + Ttmﬂ{izc},

where py; is the nominal price of good 2, and T}" € R is the time ¢ lump-sum monetary injection
to an individual consumer. Next, consider the three individual optimization problems that each
agent type faces in the first subperiod of a typical period t.

First, consider the portfolio problem of a banker at the end of the first subperiod of period
t, i.e., after the round of bond-market trades with consumers and producers. Formally, let
WtB (a*,al) denote the maximum expected discounted payoff of a banker who has money
holding a}* and a claim to af units of good 2, as he reallocates his portfolio of money and
bonds in the bond market at the end of the first subperiod of period t (i.e., possibly after
having executed a trade on behalf of a client).® Then

i B B~ —
W' af) = | max WP (a}",af) 2)

s.t. @ + qal < al

where a; = (@}, a?), a] = a] + a?, and ¢; is the nominal price of a bond in the bond market of

time t. Let ap(af) = (a’s,(a),a%,(a)) denote the solution to the maximization in (2).

Second, in the first subperiod of period ¢, a consumer with beginning-of-period money
holding a}* solves
Comax [u(m) + WE(a)] (3)
(yt,at)GRi_XR
s.t. @y’ + puds + qay < ap,
where a; = (a*,a?), and py; is the nominal price of good 1. Let (Fci(al),act(al)), with

aci(a) = (@, (a),al,(a)), denote the solution to the maximization in (3).

3In principle, the banker may be holding a nonzero bond position when reallocating his own portfolio at the
end of the first subperiod. However, as will become clear when we formulate the relevant bargaining problem, it
is without loss of generality to assume that the banker’s portfolio after having provided intermediation services
is the same as the banker’s beginning-of-period portfolio, which has zero bonds.



Third, consider a producer who entered period ¢ with money holding a}"*, produced inventory
1y of good 1 at the beginning of the period, and then does not contact a banker. This producer’s

individual decision problem in the first subperiod of ¢ is

max W[F(a", a? 4
(G TR ¢ (af",ai) (4)

st.at < a4 pud

Uy <y
al = (yr— i)k

The first constraint is the budget constraint. The second constraint indicates the producer can
at most sell the inventory of good 1 produced at the beginning of the period. The last constraint
reflects the producer’s ability to transform each unit of unsold inventory of good 1 from the
first subperiod into & units of good 2 in the second subperiod. Let (p¢(ye,af), a'p,(ye, ai))
denote the quantity of the inventory of good 1 sold in the goods market, and the post-trade
money holding that solve (4).

Fourth, consider a producer who entered period ¢ with money holding aj*, produced inven-
tory y¢ of good 1 at the beginning of the period, and then contacts a banker. This producer
simultaneously chooses the quantity of good 1 to sell in the goods market, yp; (y¢, "), and bar-
gains over the post-trade portfolio of bonds and money, @p¢(yt, ai*) = (@', (yr, ai), a%, (yt, ai)),
as well as the banker’s fee, kpi(y:, af”). The outcome, (gpi(ye, al*), api(ye, ai), kpi(ye, af*)), is

the solution to

Pram & Pr=m ~g\1% 1.1-0
. max (W@, af) — Wl @, af)] ki (5)
(Gt,@t,ke) ERT XRXR 4
st @ +qa; < af + pub
g <

Yt

th(d;nﬁ?) < th(d;”,(zf),

where a; = (@, a}), aj = @} + (y — Gt)k — ky, @ = @', (ye, @), and @ = (y¢ — Gpe(ye, a)) k-
The first constraint is the budget constraint the producer faces in the first subperiod when
able to trade simultaneously in the goods market and the bond market. The second constraint
states that the producer can at most sell the inventory of good 1 produced at the beginning

of the period. The third constraint ensures the trade is incentive compatible for the producer



(the restriction k; € R ensures the trade is also incentive compatible for the banker). Notice
that if the producer and the banker were unable to reach an agreement, the producer can still
trade in the goods market. Hence, the outcome (4), which determines the gain from selling of
a cash-only producer, acts as the cash-and-credit producer’s outside option in his bargaining
problem with the banker.

Let V/(a") denote maximum expected discounted payoff of an agent of type i € {B,C, P}

who enters the first subperiod of period ¢ with money holding a;*. For a banker,
VE@) = o [ WPl o) + b @ AH @)
+(1— ) Wiap, (")), (6)

where Hy is the beginning-of-period ¢ cumulative distribution function of money holdings across

producers. For a consumer,

Vi (af") = ulgiee (o)) + W [adh (") s aty (af")]. (7)
For a producer,
VP (@) = max { = kg + oW @B, (wo ") by (yr, o)
yr€ERy
(1= ) W@, (yes ")y (u1: a}")] . (8)

where @, (yi, ai") = @y (ye, ") + [ye — Gpt (Y, af")|& — kpe (ye, af), and @, (yr, af") = [y —
pt (ye, a)")]k. Let ypy (af) denote the solution to the maximization in (8).

Let AT = [ a}"dFy (a}"), where Fj; is the cumulative distribution function of money holdings
for agents of type i € {B, C, P} at the beginning of period ¢. For asset type k € {m, b}, let fl%t =
Jalgy (af") dFpy (a), Afy = [ ag, (a") dFcy (a7"), Ay = o [ @, (ype (af") , aj") dFpy (i), and
Ap, = (1= ) [ @B, (ype (af) ,ai*) dFpy (af"). Also, let Yor = [gor (af") dFey (af), Yy =
a [ gpe (ype (), af) dFpe (af), Yoy = (1=a) [ §pt (ype (af") , af") dFpr (af"), and p, = (p1r, par)-

We are now ready to define equilibrium.

Definition 1 An equilibrium is a sequence of prices, {py, Gt }teT, end-of-period money holdings,

{GZLJFI}Z'G{B»C:P},teT’ and production, supply, consumption, portfolios, and fees in the first sub-

period, {yPt () )gPt () s Yit () 76“7;15 () ; Qit () ,apt () 7kit (')}iG{P,C},kE{m,b},tGT’ such that f07” all
t € T: (i) taking prices and the bargaining protocol as given, the end-of-period money holdings
solve (1) for i € {B,C, P}; (ii) the asset holdings and fees in the first subperiod solve (2), (3),



(4), (5); (iii) beginning-of-period production ypy (+) satisfies (8); and (iv) prices are such that all
Walrasian markets clear, i.e., Zie{B,C’P} At — Mt+1:| [fmaxp,<oc} = 0 (the end-of-period t
Walrasian market for money clears), >_;ccp ¢ py Ab, = 0 (the period t market for bonds clears),
Yo = Ypi+Yp; (the market for good 1 clears), and [[l’ﬁt + ZidB’C’P} AT — Mt] Limax p, <o} =
0 (the first-subperiod money market clears). An equilibrium is “monetary” if maxp, < oo for

each t € T and “nonmonetary” otherwise.

3 Nonmonetary economy

We begin by characterizing equilibrium in an economy without money. In this context, M; =0
for all ¢, so only good 1 and the bond are traded in the first subperiod. Let ¢} denote the
relative price of good 1 in terms of the bond in the first subperiod of period ¢t. The following

result characterizes equilibrium in a nonmonetary economy.

Proposition 2 Assume o™ < u’ (0), where

1—ab
af

¢ =Rt (k= ). 9)

There exists a unique equilibrium of the nonmonetary economy, and ¢f = ¢" for all t. Con-
sumption of good 1, i, satisfies
u' (56) = ¢", (10)

and production of good 1 is yp = y&/o.

The equilibrium described in Proposition 2 works as follows. Consumers demand ¢ units
of good 1 and pay by issuing the bond. The proportion « of producers who have access to a
banker sell all their their inventory y% of good 1 and accept the bond as payment, while the
proportion 1 — « of producers without access to the bond market store their inventory 3% until
the following subperiod.*

Consider the problem of a producer who is deciding the production of good 1 given a
relative price x € Ry. The producer’s expected unit profit is II" (z) = R" (z) — K, where

R"(x) = (1 — a)k+ak+ 0 (x — k)] is the expected unit revenue.” Given the constant-returns

4Given the prices and allocations in Proposition 2, the rest of the equilibrium is immediate from Lemma 1 in

the appendix.
®The first term in R™ (x) reflects the fact that if the producer cannot trade with a banker (an event that
occurs with probability 1 — ) then he is unable to execute the bond trade needed to settle the sale of good 1,
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production technology, a producer must expect to break even in an equilibrium with production
of good 1. Thus, the equilibrium price, ¢™, must satisfy II" (¢™) = 0, which is equivalent to (9).
Since the consumer faces no financing constraints of any kind, she simply chooses her demand
by equating her marginal utility to the market price, as in (10).

In the nonmonetary economy, the relative price of good 1 is higher than the marginal cost
of production (i.e., k < @™, with “=” only if @ = 1), so consumption of good 1 is inefficiently
low (i.e., g < y*). This price markup has two sources. The first, is that producers have
imperfect access to bankers (i.e., « < 1). The second, is that bankers have market power when
transacting with producers (i.e., # < 1). Each of these sources implies the producer’s expected
unit revenue is lower than the market price, i.e., R™ (¢") < ¢". Together with the optimality
conditions for the consumption and production decisions, this wedge between marginal revenue
and price implies a wedge between marginal utility and the marginal cost of production, i.e.,
k= R"(¢") < ¢" =u (y3). In sum, the credit/payment/settlement frictions (i.e., af < 1)

induce a markup in good 1 even though individual producers are price takers in that market.5

4 Monetary equilibrium

In a monetary economy it is useful to think of the nominal policy rate chosen by the monetary
authority, as

L

“;ﬁ. (11)

(Throughout we assume 8 < p, but will consider the limiting case p — (.) Also, define the
relative price of good 1 in terms of good 2 implied by the nominal prices, i.e., 7" = p1/pat,

real money balances as Z;; = M;/p;; for i € {1,2}, and

p="2 1, (12)

qt

and therefore only earns the storage return, x, on the ex-ante investment, x. The second term in R" (z) reflects
the fact that if the producer can trade with a banker (an event that occurs with probability «) then he is able
to settle the sale of good 1, but only gets revenue equal to his outside option (i.e., the storage return ) plus a
share 6 of the gain from selling a unit of good 1 out of the inventory rather than storing it until the following
subperiod (i.e., z — K).

5This explanation takes as given our maintained assumption s < , which means that producing good 2 in the
second subperiod is cheaper (in terms of labor input) than obtaining it by producing good 1 in the first subperiod
and storing it until the second subperiod. If kK = k, then k would be both, the producer’s outside option in the
negotation with a banker, and his expected unit revenue if he did not access a banker, and therefore ¢ = &
would be the only relative price consistent with expected unit profit equal to zero. Intuitively, x = k makes
financial access and banker market power irrelevant since it eliminates the post-production hold-up problem
faced by a producer whose marginal cost of production, k, exceeds the unit value of unsold inventory, k.

11



which is the equilibrium interest rate on the inside bond.” Let V, = p1eYor /My denote the

velocity of money, defined as the ratio of nominal purchases of good 1 to the stock of money.®

4.1 Stationary monetary equilibrium

The following result characterizes the stationary monetary equilibrium.”

Proposition 3 Assume ¢™ < u’ (0), and let

1 k—

|=

I
Il

(13)

ab K

There exists a unique stationary monetary equilibrium provided 0 < ¢ < t. In the stationary
monetary equilibrium, p, = p, p}* = O™, Ziy = Z; for i € {1,2}, Vy, =V for all t, py = ZM; for
i€{1,2}, and ¢ = %' In addition,

(i) If 0 < v < T, then

p = L (14)
LA

1

Zy = —-la= (I—a)y™ (16)
14

1
= 1
v 1-a’ (17)

where y™ =D((1 4 ¢) ¢™) is the consumption (and production) of good 1.
(ii) As v — 0, ¢ — Kk, and y™ — y*, and any Z; € [(1 — a)k,00) is consistent with
equilibrium.

(iii) Ast— 1T, o™ — K, and y"™ — y".

The equilibrium described in Proposition 3 works as follows. Either consumers or bankers

carry money balances from a period into the following one. Their decision to hold money

"An agent can use 1 unit of money to buy = - bonds, which in total yield X+ units of good 2 in the following
subperiod, which are in turn equivalent to 22t dollars. Since the bond is repald within the period, p, can be
interpreted as a real interest rate on the bond (with loan and repayment measured in terms of the good 2). To
see this, notice that an agent can use p2: dollars to buy Z 2t honds, which in total yield pqzt* units of good 2.
Since investing p2: dollars in the bond is equivalent to investing 1 unit of good 2, the gross real interest on the
bond expressed in terms of good 2 is also equal to pq?tt. Throughout we specialize the analysis to the case 0 < p,
because p, < 0 entails an arbitrage opportunity inconsistent with equilibrium.

8The main results are essentially unchanged if we defined velocity using consumption of good 2 or any
combination of consumption of good 1 and good 2.

9The full set of dynamic equilibrium conditions is reported in Lemma 5 in the appendix. Throughout, we
focus on equilibria in which good 1 is produced.
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overnight is determined by an Euler equation that equates the marginal opportunity cost of
holding money, i.e., the policy rate ¢, to the marginal return, which equals the market interest
rate on the inside bond, p. Consumers demand 3™ units of good 1 and pay with money and/or
by issuing the bond. The proportion « of producers who have access to a banker sell all their
their inventory, ¥y, of good 1 and accept the bond as payment, while the proportion 1 — a of
producers without access to the bond market sell all their inventory, y"*, for money. If ¢ > 0,
then money demand in the first subperiod is entirely accounted for by the unbanked producers.

Consider the problem of a producer who is deciding the production of good 1 given a
relative price ¢™ € Ry and an interest rate p € Ry. The producer’s expected unit profit is
I (™) = R™ (¢™) — k, where R™ (™) = (1 — a) "™ +a (1 + 0p) ™ is the expected effective
unit revenue.'? Given the constant-returns production technology, a producer must expect to
break even in an equilibrium with production of good 1. Thus, the equilibrium price, ¢, must
satisfy II" (¢™) = 0, which after substituting the Euler equation (14), is equivalent to (15).
The consumer chooses her demand by equating her marginal utility to the effective price of
good 1, i.e., ' (y™) = (1 + p) ™. 1

In the monetary equilibrium, the effective price of good 1 that determines the quantity
demanded and produced is higher than the marginal cost of production (i.e., K < (1 +¢) @™,
with “=" only if @ = 1 or ¢ = 0), so consumption of good 1 is inefficiently low (i.e., ¥ < y*). To
fix ideas, assume ¢ > 0. The wedge between the marginal cost of production and the consumer’s
effective price has two sources. The first, is that producers have imperfect access to bankers
(i.e., a < 1). The second, is that bankers have market power when transacting with producers
(i.e., # < 1). Each of these sources implies the producer’s expected effective unit revenue is
lower than the effective price to the consumer, i.e., R™ (¢™) < (1 + p) ¢™. Together with the
optimality conditions for the consumption and production decisions, this wedge between the
expected effective marginal revenue and the effective price implies a wedge between marginal

utility and the marginal cost of production, i.e., k = R™ (¢™) < (1 4+ p) ™ = u/ (y"™). In sum,

0The first term in R™ (p™) reflects the fact that if the producer cannot trade with a banker (an event that
occurs with probability 1 — «) then he is unable to earn the bond return on the proceeds from the monetary sale
of good 1, and therefore only earns the relative price of selling for money, ¢™, on the ex-ante investment, x. The
second term in R™ (™) reflects the fact that if the producer can trade with a banker (an event that occurs with
probability «) then he earns his outside option in the negotiation with the banker (i.e., ¢™, the unit revenue of
a producer with no access to a banker) plus a share 6 of the bond return on the unit revenue of monetary trade,
ie., pp™.

HThe effective price that determines the consumer’s demand consists of the relative price of the monetary
trade, ¢™, plus the financing cost per unit of good 1, i.e., pp™.
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the credit/payment/settlement frictions (i.e., afd < 1) induce an effective markup in good 1
even though individual producers are price takers in that market.!?
The monetary aspects of the equilibrium are simple. The price level implied by (16) is

D1t = (17MW in terms of good 1, (or po; = in terms of good 2), i.e., p1; is equal to

M,
(I—a)emy™
the nominal quantity of money in circulation per unit of good 1 that is purchased with money.
The velocity of money in (17) is immediate from the definition V = py,y™/M;, and corresponds
to the intuitive idea that since all consumers can borrow, and the fraction « of producers with
access to bankers can instantaneously lend their nominal revenue back to consumers, on average,
each unit of money is spent V = ﬁ times. 3

The consumption allocation implemented by the stationary monetary equilibrium converges
to the nonmonetary allocation as ¢ — 7, and to the efficient allocation as either + — 0 or af — 1.

In terms of comparative statics, as long as af < 1, we have 6‘5;:” <0< %, SO ag—zn <0.14

4.2 Dynamic monetary equilibrium
The following result offers a characterization of the set of deterministic dynamic monetary
equilibria with production of good 1.

Proposition 4 Assume ¢" < u'(0). Define zy = 1~ Ziy for i € {1,2}, and for any z €

11—«

[£D (¢™), kD (k)], let f(z) denote the unique value ¢ € [k, "] that satisfies

Kk —abp
=T P

12This explanation assumes ¢ > 0. If ¢ = 0, then the rent a financial intermediary can extract from a seller
is nill, and consequently so is the wedge between the expected effective marginal revenue to the seller and the
effective price borne by the consumer.

13To see this in a different way, we could decompose the instantaneous trading activity in subperiod 1 into a
countable number of notional trading rounds. At the beginning of the period, the whole money supply is in the
hands of consumers who initially spend it all in what we regard as the first spending round. A fraction 1 — «
of the money spent in the first round is paid to producers with no access to bankers, and is therefore not spent
again in the same subperiod. But a fraction « of the first-round nominal spending is paid to producers with
access to bankers, who instantaneously lend it out to bankers, who instantaneously lend it out to consumers.
Consumers use this borrowed money to purchase good 1 in a second round of spending. A fraction 1 — « of the
money used for second-round purchases is not spent again, but a fraction « is spent one more time, and then a
fraction « of that spending is spent one more time, and so on. This iterative process implies that (1 — «) k1
is the probability that a given unit of money is spent exactly k € {1,...,00} times, and therefore each unit of
money is spent Y00 k(1 —a)aF Tt = 1 times on average.

“Tntuitively, whenever af < 1 and p > 0, the effective price of good 1 faced by the consumer is a markup over
marginal cost, i.e., (1 4+ p) ™ — k = 117@&99,, pk. This markup is increasing the equilibrium bond rate, p, which in
equilibrium is equal to the policy rate, . Therefore, consumption is decreasing in the nominal rate, ¢.
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A dynamic monetary equilibrium is a bounded sequence {z1t, zat, 1", pr, Y Yoo, where {za1}52,

satisfies
%—Hz%'ﬂ if KD (k) < 29141
1 (1—ab ;
Zot = @%Z%H if KD (¢") < 22041 < KD (K) (18)
Lo if z2041 < ED (™).

Given the equilibrium path {z9:}72,,

k if kD (k) < 22

ot = o ) Gf p (o) < 2y < D (k)
at if zo¢ < KD (")
0 if KD (k) < 22

P = % if KD (") < 291 < KD (K)
L if 221 < KD (@)
w22t A KD (k) < 2

2 = Yt ifED(9") < 2o <KD (K)

ézm if zot < KD (¢")

and yi* =D[(1 + p,) ¢}'] is the consumption of good 1. Nominal prices are piy = @f'par =

yi
(1-a)z1t

(I—J‘gﬁ and gt = 1T;t, and velocity is V; =

Proposition 4 reduces the task of finding dynamic monetary equilibria to finding a bounded

solution {z2¢}72 to the difference equation (18).

Corollary 1 In any dynamic monetary equilibrium, D (¢™) < D[(1 + p;) @] for allt, with “=”
only if zoy < KD(") or af = 1.

Corollary 1 of Proposition 4 establishes that in any dynamic monetary equilibrium, con-
sumers face an effective relative price of good 1 (in terms of good 2), i.e., (1 + p;) ¢}*, that is
lower than the relative price they would face in the equilibrium of the same economy without
money, i.e., ¢". Thus, consumption of good 1 (and therefore welfare) is higher in the economy
with money than in the nonmonetary economy—strictly higher if the equilibrium path has

zor > KkD(p") for at least one t.

4.3 Sunspot equilibria

In this section we construct equilibria where prices and allocations are time-invariant functions

of a sunspot, i.e., a random variable on which agents may coordinate actions but that does not
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directly affect any primitives, including endowments, preferences, and production or trading
possibilities. We focus on equilibria where only consumers hold money between periods, which
is without loss for our purposes. In the appendix (Corollary 7), we provide the equilibrium
conditions for a set of sunspot states S = {s1,...,sn}, where the time path of the sunspot
state, s; € S, follows a Markov chain with 7,; = Pr(si+1 = sj|s¢ = s;). In this context we
describe equilibrium with time-invariant functions of the sunspot state, i.e., for any s; € S we
use " (s¢), p(st), {Zi (st) ,pi (s, Mi)}ieqr0y0 V (st), and y™ (s¢), to denote the prices ", py,
and {Zitvpit}ie{l,z}: velocity, Vi, and consumption of good 1, y;* =D[(1 + p;) ¢}"], respectively.
The following result characterizes a family of sunspot equilibria that contains the nonmonetary

equilibrium of Proposition 2 and the monetary equilibrium of Proposition 3.

Proposition 5 Assume ¢" < u'(0), and S = {s1,s2}, with n;; =n € [0,1] and nyy = 1. For
any arbitrary n € (0,1], provided 1 < 14 ¢ < n(1+7), there exists a sunspot equilibrium given
by @™ (s2) = Z1 (s2) = Z2(s2) =0, y™ (s2) =D(¢"),

p(s1) = H_?l?_n

"(s) = : x

7Y T T 0 — (1) (1 - ab)

Z (3) _ Z (S) _,m — m
T = {apenpn Y ORI rG0)" ()
Vis1) = lia’

and p; (s, My) = % forie€ {1,2} and s €S.

For n = 0, the equilibrium described in Proposition 5 reduces to the nonmonetary equi-
librium of Proposition 2. Conversely, for n = 1, it reduces to the monetary equilibrium of
Proposition 3. By varying n from 0 to 1, we can generate a continuum of proper sunspot
equilibria that “convexify” the equilibrium set spanned by the monetary and the nonmonetary

equilibrium.

5 Cashless limit

In this section we consider the limiting economy as a — 1, i.e., as the fraction of producers

without access to bankers vanishes.
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The following corollary of Proposition 2 characterizes the limit of the equilibrium of the

nonmonetary economy as o — 1.

Corollary 2 Assume @™ < u'(0), where

1-46
0

(k — k). (19)

eV = lim " =k +
a—1
Then,
lim g& = lim yp = D(™). (20)
a—1 a—1
The following corollary of Proposition 3 characterizes the limit of the stationary monetary

equilibrium as o — 1.

Corollary 3 Consider the monetary equilibrium characterized in Proposition 3. Assume @™ <

u' (0), and let T* = ;"2 For any ¢ € [0,7%],

Kk

: .1 .1 .

(}él_)le, = i;nlllz —0141_>ml§ =0 forie{1,2} (21)
S m 1

L 22)
. mo 1+

o = o (55)- 29)

From (21), as a — 1, real money balances converge to 0, and nominal prices and velocity
of money diverge to infinity. That is, the monetary economy approaches a cashless limit as
the proportion of producers who can settle sales of good 1 through the credit intermediaries
approaches 1. Condition (22) establishes that, in the cashless limit, the relative price of good
1 in terms of good 2 implied by the nominal prices converges to ¢"* = ﬁm, and therefore
the effective relative price faced by consumers converges to (1 + ¢) ¢™*. Condition (23) then
establishes that consumption of good 1 converges to y"* =D((1 + ¢) ¢™*).

Notice that as long as ¢ > 0 and 6 < 1, real consumption in the cashless limit, i.e., y™*

)

responds to changes in the nominal policy rate ¢, which is also the opportunity cost of holding

money. Specifically, &g¥ <0< w

, 80 consumption and output are decreasing in the
opportunity cost of holding money—even if real money balances are negligible, or equivalently,
even if the real value of all purchases of good 1 that are carried out with money is virtually

nil. How is this possible? More precisely, why is the opportunity cost of holding money, ¢,
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still a relevant determinant of the allocation when real balances are virtually not being used in
transactions?

The answer is based on two observations. First, although real money balances are becoming
negligible, they are being held along the cashless limit. Thus, the Euler equation (14) that ties
the policy rate, ¢, to the equilibrium real interest rate that consumers internalize when they
purchase consumption via credit, p, holds everywhere along the cashless limit. Hence even in
the cashless limit, ¢ remains relevant for consumers through its effect on p. Second, everywhere
along the cashless limit, as long as 6 < 1, the effective relative price of good 1 that consumers
face is a markup over marginal cost that depends on the equilibrium real interest rate, p. In
sum, even if real money balances are negligible (as they are far along the cashless limit), an
increase in the nominal policy rate, ¢, increases the equilibrium real interest rate, p, which in
turn increases the effective markup that consumers pay for good 1 (and the wedge between the
marginal cost of production and the consumer’s marginal utility of consumption), which induces
consumers to decrease their demand of good 1. The aggregate real quantity of money plays no
role in this monetary transmission channel—only the opportunity cost of holding money does.
As mentioned above, this mechanism is operative as long as ¢ > 0 and 6 < 1. As is clear from
(23), if either © = 0 or # = 1, then there is no wedge between the producer’s marginal revenue
and the effective relative price that consumers face (i.e., no markup for good 1), and therefore
along the cashless limit, the allocation implemented by the stationary monetary equilibrium
converges to the efficient allocation characterized in Proposition 1.

Together, Corollary 2 and Corollary 3 imply that, generically (in terms of the market-
power parameter @), the equilibrium of the pure-credit economy with no money is not a good
approximation to the pure-credit (cashless) limit of the monetary economy. Formally, (19) and
(22) imply

¥ m*_1_9 1
P — 1+ =~ <1+0L/€ H). (24)

Notice that ™ > (1+4¢) ™" for all § € [0,1] and all ¢ € [0,7%), with “=” only if § = 1,
s0 D((141¢) ™) > D (™), i.e., consumption is higher in the cashless limit of the monetary
economy than in the nonmonetary economy. In other words, the allocation implemented by the
cashless limit of the monetary equilibrium coincides with the allocation implemented by the
equilibrium of the nonmonetary economy only if bankers have no market power over producers
(i.e., 8 = 1). Generically, however, D((1 + ¢) ¢"*)—D (¢™*) > 0, and this difference is decreasing

in . A monetary policy that makes money more valuable (e.g., by reducing the opportunity cost
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of holding it, ¢) makes ¢™ — (1 4 ¢) ¢"™* larger, since it improves the producer’s outside option
of trading good 1 for money, which reduces the banker’s effective market power, and ultimately
reduces the markup in the market for good 1.'5 For any 6 € [0, 1), the difference between the
equilibrium allocation implemented by the pure-credit (cashless) limit of the monetary economy,
and the allocation implemented by the pure-credit economy with no money, D((1 + ¢) ™) —
D (¢™), is decreasing in ¢.6

In order to understand why the option to sell for money is an effective and credible outside
option for sellers in their negotiations with bankers even as aggregate real money balances

become very small, notice that for all « € [0,7%),

lim Z; =0 < lim =D((14+¢) ™).
a—1

a=ll—a
That is, aggregate demand for money in the first subperiod converges to zero, but the individual
demand for money does not, in the sense that any individual producer who belongs to the
vanishing population of producers without access to a banker is willing to accept money in
exchange for good 1. Hence, when trading with a banker, the producer’s threat to sell for cash
is credible everywhere along the cashless limit.
The following corollary of Proposition 4 describes the cashless limit (as «« — 1) of the

dynamical system that characterizes any dynamic monetary equilibrium path.

Corollary 4 Assume ™ < u'(0). For any z € [kD (¢™),kD ()], let g (z) denote the unique
value @ € [k, "™*| that satisfies

:= """y, (25)

Let {z11, zot, 01", pis Ui 3120 be a dynamic monetary equilibrium. Then:

(Z) As a — 1’ {thv 22t Sﬁinapt»?/%n}fio - {Zikt’ Z;t’ Qpln*’ P?’yzn*}iﬁo’ where {th}z?io Sa’tisﬁes

%ﬂ’z;t-‘rl ( ) if kD (k) < 2311
1 (1-0)g(=3 .
Z3r = ?*ﬁzi}ﬂ if ED (") < 25411 < KD (k)
T 254 if 2341 < KD (™).

5In contrast, lim,_z+ [ — (1 + 1) ¢™*] = 0 even if § < 1. That is, D((1 +¢) ™*) — D (¢™*) can be made
arbitrarily small by choosing a background monetary policy rate ¢ high enough to make the value of money
sufficiently small. Intuitively, if expected inflation is very high, monetary exchange ceases to be an effective
outside option for producers in their negotiations with banks.

6 As we discuss in Section 6.2, in New Keynesian treatments of the cashless limit, e.g., Woodford (1998),
the continuity argument relies on a background monetary policy akin to the Friedman Rule that makes the
opportunity cost of holding cash equal to 0. In contrast, in our theory, the discrepancy between the pure-credit
limit of the nonmonetary economy and the cashless limit of the monetary economy is largest at + = 0.
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Given the equilibrium path {z5,}72,,

K if kD (k) < 23,
_9a(2* )
o = 8 ) i (o) < 25, < kD ()
E if 23 < D (™)
0 if kD (k) < 23,
g(23;)—r .
pr= n((;gt()z;t if kD (¢™) < 25, < KD (k)
G i 25 < 8D (™)
%th if kD (k) < 23,
2 = yi™  if ED (¢™) < 23, < KD (K)

ézgt if 25, < KD (™)

and y;™* =D[(1 + p}) @] is the consumption of good 1.
(i) D (™) <D[(1 + p;) pi™*] for all t, with “=” only if z5, < kD(¢™) or 6 = 1.

Part (i) of Corollary 4 describes the set of conditions that characterize the “cashless limiting
path” to which the path corresponding to any given dynamic monetary equilibrium converges
as o — 1. Part (i7) establishes a key result that generalizes the main result in Corollary 3: As
long as bankers have market power against producers, i.e., < 1, in the cashless limit of any
dynamic monetary equilibrium, consumers face an effective relative price of good 1 (in terms
of good 2) that is lower than the relative price they would face in the equilibrium of the same
economy without money. Thus, consumption of good 1, and therefore welfare, is higher in the
pure-credit cashless limit of a dynamic monetary equilibrium of the economy with money than
in the pure-credit limit of the economy without money. Welfare is strictly higher in the former
than the latter if § < 1 and the equilibrium path has 235, > £D(¢™*) for some ¢t. The equilibrium

conditions in Corollary 4 are stated in terms of real balances normalized by the number of

producers who have no access to bankers, i.e., 2, = limy—1 2;¢, where z;; = 1Zj; for i € {1,2}.
Hence, in the cashless limit of a dynamic monetary equilibrium characterized in the corollary,
we have
Oléi_}rnlplu:ii_>rrllvt:ii_)leit:ii_}ml(l—a)zft:Oforie{l,Q}.
For every a € [0, 1], the set of equilibria indexed by the sunspot probability 1 described in
Proposition 5, defines an equilibrium correspondence that is continuous. The following corollary

of Proposition 5 characterizes the limit of this equilibrium correspondence as o — 1.
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Corollary 5 Consider the set of monetary equilibria indexed by n € (0,1] characterized in

Proposition 5. Assume o™ <4/ (0) and 1 <1+ <n(1+7*). For any arbitrary n € (0,1],

lim y™ (s2) = D(¢")
. L+ 11—
lim p(s) = S
lim ™ (s1) = i K
a—1 1460—(1—-n)(1-10)
Z Z 1
lim 21 (51) = lim __Z() = lim y™ (s1) =D a K
a—1 1—« a=1 (1 —a)p™(s1) a—l 1+60c—(1—n)(1-20)
) 1 . 1 .
Olél_)nllm = (}[L)Hllv(81)—of07nle{1,2}

Corollary 5 contains two insights. First, it generalizes the result (e.g., in Corollary 3) that the
allocation implemented by the pure-credit cashless limit of a monetary equilibrium is generically
different from the allocation implemented by the pure-credit limit of a nonmonetary economy.
This is clear from the fact that, provided 1 < 1+ ¢ < n(1+7%), lima—1 y™ (s1) >D(¢"™*) for
all n € (0,1] and all # € [0,1). Second, Corollary 5 formalizes the idea that since the equilib-
rium correspondence for the set of sunspot equilibria is continuous, by adopting a particular
equilibrium selection scheme, it is possible to construct a sunspot monetary equilibrium whose
pure-credit cashless limit converges to the pure-credit limit of the nonmonetary economy. The
selection involves decreasing the probability n toward zero as « approaches 1, i.e., intuitively,
agents’ expectations that money will lose its value forever (purely due to self-fulfilling beliefs)
must converge to 1 along with a. More formally, the equilibrium selection scheme is to focus
on the particular joint limit on credit and beliefs, « (1 —n) — 1, and in this case, even if 6 < 1,
one would indeed find lim,_y)—1 ¢ (s1) = ¢, and therefore limy 1 y™ (s1) =D(¢™*). It is
our view that this kind of approximation result based on an arbitrary equilibrium selection
from a large set of equilibria is too frail to offer a compelling basis for a moneyless approach to

monetary economics.

5.1 Price-level determination in cashless limiting economies

How can the nominal price level be determined in cashless economies? This seemingly paradox-
ical question is central to the literature that studies monetary policy in models without money,
and much effort has been devoted to answering it (see, e.g., Woodford (1998, 2003), Cochrane

(2005)). In this section we offer an alternative view of the determination of the price level in
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the cashless limit. In our approach, the price level in the cashless limiting economy is deter-
mined by equating demand and supply of money, much as in every textbook monetary model
with money. Specifically, if the monetary authority wishes to implement a certain price path
for a stationary monetary equilibrium of the cashless limiting economy with some ¢ € (0,7),
then it can simply choose a money supply process {M,;};°, given by M; = (1 — a) M, with
M1 = puM; for some p € Ry, . By Corollary 3, we know this monetary policy implements a

price level, py1¢, in the cashless limit of the stationary monetary equilibrium that is equal to

. M
lim py = ————.
a—1 D 1+ K
1+6.

By choosing the level of My, the monetary authority can implement any desired price level
in the stationary monetary equilibrium of the cashless limiting economy. Intuitively, we can
always implement a price level that remains well defined (i.e., finite) even in the cashless limit,
simply by ensuring that the money supply per producer without access to a banker remains

stable along the cashless limit.!”

5.2 Welfare

In this section we compare the welfare associated with the nonmonetary and monetary equilib-
rium paths. To this end, we consider a measure of welfare based on the (equally weighted) sum
of all agents’ expected discounted utilities at the beginning of a period. We use W*, W™ and
W™ to denote the levels of welfare achieved by the planner’s solution, the nonmonetary equi-
librium, and the stationary monetary equilibrium, respectively. To streamline the exposition,
we assume v (z) = z (without meaningful loss of generality).

According to Proposition 1,
(1= BYW* = u(b (x)) — kD (k) (26)

In the appendix (Lemma 6), we show that

(=AW = uld (")~ |5+ s~ 8)| D (") (21)

(I=BW™ = u®((1+)¢™))—rD((1+1)¢™), (28)

17"To streamline the exposition, here we have focused on price level determination in the stationary monetary
equilibrium. The same logic can be used to determine the price level in the cashless limit of a dynamic equilibrium
characterized in Proposition 4.
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with "™ and ¢ as defined in Proposition 2 and Proposition 3, respectively.

The following proposition establishes that the stationary monetary equilibrium achieves a
higher level of welfare than the economy with no money, and achieves the first-best level of
welfare if monetary policy implements ¢ = 0 (i.e., the Friedman rule). Welfare in the cashless
limit of the stationary monetary equilibrium is strictly higher than in the nonmonetary economy
provided # < 1 and ¢ < lim,—,1 2. The condition 6 < 1 says that bankers have some degree of
market power vis-a-vis producers. This condition is necessary for the producer’s option to sell
for cash to affect the terms of trade in pure-credit transactions intermediated by bankers. The
condition ¢ < lim,_,1 ¢ ensures an individual producer is willing to demand money in exchange
for good 1 so that the producer’s threat to circumvent the banker by trading for money is
indeed credible.

Proposition 6 (i) If o < 1, welfare in the stationary monetary equilibrium is decreasing in

the nominal interest rate, i.e., OW™ /0t < 0, and
W< W < W*,

where the second inequality is strict unless ¢ = 0.

(ii) Welfare in the cashless limit of the stationary monetary equilibrium is decreasing in
the nominal rate as long as the nominal rate is positive and bankers have some market power
against producers, i.e., O [limq—1 W™] /0L < 0 as long as 0 < (1 — 0) . Moreover,

lim W" < lim W™ < lim W*,
a—1 a—1 a—1

where the first inequality is strict unless (1 — 0) (¢ — limy—17) = 0, and the second inequality is

strict unless (1 —0) 1= 0.

The following proposition shows that in the cashless limit, for small values of ¢, the magni-
tude of the effects of monetary policy on consumption and welfare depends on a single sufficient
statistic: the product of the deposit spread that bankers with market power impose on lenders,

and the price elasticity of demand for good 1. In the model, the latter is € = W
ne

, where
© = (14 1) ™ is the effective price of good 1. To formalize the theoretical counterpart of the
deposit spread, notice that p; is the interest rate a lender would earn if he had direct access to
the competitive bond market. However, access to the bond market is intermediated by a banker

who charges a fee. From Lemma 2, we know that along a monetary equilibrium, a producer who
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produces y; at the beginning of the period and contacts a banker, lends qtal}gt(yt) = p1y; Units
of money in the first subperiod, for which he receives pa[o,yr — kpt(yt, 0)] units of money (net

of the banker’s intermediation fee) in the second subperiod. Hence, net of the fee, the lender

D — patleyt—kpi(ye,0)]
t = P1tYt

kpt(ye,0) = (1 — 0) pyoys, so along a stationary monetary equilibrium, pf = pP for all ¢, and

earns a deposit rate p

— 1. From part (4ii) of Lemma 2 (see appendix),

pP = 0p. In other words, the banker earns a deposit spread (p — pP)/p=1—6.

Proposition 7 Let 7 (1) denote the compensating variation associated with a deviation in the
nominal policy rate from 0 (the Friedman rule) to ¢ in the cashless limit of the stationary

monetary economy. Then,

dr(t)  d[lnD(¢*)] N
d du r-(1-0)e

6 Discussion
6.1 Applications and related work

The basic design of our model builds on Lagos and Wright (2005). The particular market
structure is similar to the one we have used in Lagos and Zhang (2015, 2019, 2020), which in
turn adopts some elements from Duffie et al. (2005). In Lagos and Zhang (2019) we study the
effects of monetary policy in the cashless limit of an economy where investors can settle equity
trades using money or margin loans that are intermediated by brokers with market power. That
model is calibrated to match the empirical estimates of the asset price responses to monetary
policy shocks, and used to obtain quantitative theoretical estimates of these responses in the
cashless limit. A key difference with Lagos and Zhang (2019) is that here, monetary exchange
is between buyers and sellers of a consumption good as in canonical monetary models (e.g.,
Samuelson (1958), Lucas (1980), or Lagos and Wright (2005)). In contrast with canonical
monetary models, which emphasize the usefulness of money for buyers with limited access to
credit, the baseline formulation of the model we develop here has buyers with unlimited access
to credit, and therefore highlights the usefulness of monetary exchange for sellers who need a
means to collect payment from buyers they do not trust. In this context, money is essential
only to sellers with no access to the intermediated credit-based settlement.

The key mechanism underlying our results for near-cashless economies is that the mere

existence of some valued money influences the terms of trade in credit transactions that may
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not involve money. The fact that traders’ asset holdings affect the terms of trade in a bilateral
bargain is commonplace in models of decentralized exchange. The mechanism arises naturally
in models of over-the-counter trade with unrestricted asset holdings such as Afonso and Lagos
(2015). In the search-based monetary literature there are also environments where money
confers a strategic bargaining advantage to the agent who holds it. In Zhu and Wallace (2007),
for example, the mechanism is embedded in the bargaining protocol, according to which holding
money is akin to having more bargaining power. A more recent example is Rocheteau et al.
(2018), where holding money improves a borrower’s outside option in the bilateral bargain
for a loan. In these papers actually holding certain assets (e.g., money) confers a strategic
advantage. In contrast, what prevents the medium-of-exchange transmission mechanism from
dissipating in the near-cashless economies we study, is the fact that money affects the terms of
trade in transactions between counterparties that neither hold nor wish to hold money on the
equilibrium path.

We have chosen to interpret our market structure as one where there is a credit market
intermediated by bankers where sellers can buy bonds issued by consumers. However, our
equations (or minor variants of our equations) admit several other interpretations. Here we
outline two. First, the model also corresponds to a trading arrangement in the first subperiod
where each consumer holds a checking account with a bank, and funds the checking account by
taking a loan from the bank. The loans mature in the following subperiod, are payable in good
2, and bear an interest equal to p,. In the first subperiod consumers pay for good 1 with money
brought in advance and by debiting their checking accounts at the bank. A proportion 1 — «
of sellers lack the technology to verify the debit transaction with the consumer’s bank, and
therefore can only accept money as payment. The remaining « producers are able to accept
money and checks (debits on the buyer’s checking account). A banked seller deposits all her
revenue from sales with a bank in the form of an interest bearing deposit account, which is
callable in terms of good 2 in the following subperiod, and earns a interest equal to p{j (as
defined in Section 5.2).

An alternative interpretation is to think of the bank as a credit-card company. All consumers
and a fraction « of sellers have a contract with a credit-card company (the remaining 1 — «
sellers do not). The credit-card company charges consumers a borrowing rate p, and passes
on an interest rate pP to the fraction a of sellers who extend credit to consumers through the

credit-card company. To illustrate, suppose 8§ = 0, which may be interpreted as a situation
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where sellers face a monopolist credit-card company. In a world with no money, the credit-card
company would charge sellers a service fee large enough to extract all the gains from their trade
with buyers. In a world with money on the other hand, the same credit card company would
only be able to charge sellers a fee that delivers them the same gains from trade that sellers
would earn by settling all their sales with money.

Although our focus in this paper has been on money and monetary policy, the reinterpreta-
tions of the model that we described above suggest that the basic mechanisms we have studied
in the context of government issued fiat money as a discipline device would be relevant in any
setting that involves market power in the intermediation of credit, settlement, or payment ac-
tivities. More generally, the asset that disciplines the market power of the intermediaries may
be an alternative means of payment or an interest bearing asset, such as a privately issued
money (e.g., a cryptocurrency) or a central bank digital currency (CBDC), as in Andolfatto
(2020) or Chiu et al. (2020).

6.2 On the moneyless approach to monetary economics

Our results on the medium-of-exchange role of money in the transmission of monetary policy
run counter to a large body of work that follows a moneyless approach to monetary economics.
This moneyless approach was advocated by Woodford (1998) and, based on the treatments
in Woodford (2003) and Gali (2008), is now considered by many “the textbook” approach to
monetary theory and practice. The common justification for doing monetary economics without
money is the view that the frictions associated with the medium-of-exchange role are irrelevant
in the transmission of monetary policy. This sweeping view rests on two specific results. Both
results rely on a model where the medium-of-exchange role of money is not explicit, but rather
is proxied by either assuming money is an argument of a utility function, or by imposing that
certain purchases be paid for with cash acquired in advance. The first result is theoretical,
and can be found in Woodford (1998). The second result is quantitative, and can be found in
Woodford (2003) and Gali (2008). We discuss each of these results in turn.

Woodford (1998) considers a version of the cash-in-advance economy of Lucas (1980) with
“cash goods” and “credit goods” as in Lucas and Stokey (1983), but where the set of cash
goods is represented with a parameter a € (0,~] for some v € (0,1). The economy with
a — v corresponds to the formulation with no credit goods of Lucas (1980). When o — 0, the

economy is interpreted to be approaching a “cashless limit” where there are no cash goods, i.e.,
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a conventional perfectly competitive nonmonetary model without a cash-in-advance constraint.
In this context, the first result in Woodford (1998) is that under the assumption that the money
supply sequence {M,};°, satisfies M; > M for some M > 0 for all ¢, then there is no monetary
equilibrium in the limiting case a = 0 (in the sense that the nominal price of cash goods,
{pt};2, diverges to infinity). The second result is that given p; is finite for all & > 0, one cannot
find a solution for the limiting case o = 0 as an approximation to the small-a case. Woodford
interprets this result to mean that in this model “the use of money in transactions is intrinsic to
the model’s ability to determine an equilibrium price level.” Woodford then augments the model
by assuming the government adopts a fiscal-monetary regime that ensures money is valued and
held by private agents even if it is merely a redundant asset. Specifically, the government is
assumed to: (7) maintain a strictly positive level of nominal government liabilities (so that cash
taxes must be levied on the private sector in order to service the nominal debt), and (i7) pay
a nominal interest on money balances (equal to the nominal interest on the government debt),
where the nominal interest rate follows an exogenous rule described by a function g (-) of py,
assumed to be continuously differentiable in the neighborhood of some p*, with g (p*) chosen
to ensure that money is held in the equilibrium of the economy with ae = 0 (i.e., to ensure the
Euler equation for money holds with equality, and the relevant transversality condition satisfied
given piy1 = pr = p* for all t). Condition (i) effectively makes money and bonds the same
asset (with the same rate of return), which ensures private agents are willing to hold money
even though it is not useful in transactions. Notice that since money plays no role as a medium
of exchange, there is no demand of money for private transactions that can be equated to the
money supply to determine p;. Condition (i), however, amounts to assuming a private-sector
demand for money needed to meet the nominal tax liabilities with the government; this tax-
induced money demand allows the price level, p;, to be determined using the government budget
constraint. In the context of the cash-credit cash-in-advance model under the fiscal-monetary
regime described by conditions (i) and (i), Woodford shows the central approximation result
of his paper, namely that the equilibrium is continuous in the parameter «, i.e., the equilibrium
of the economy with a = 0 can be well approximated by the equilibrium of an economy with
positive but small enough value of a.

Hence, against the background of a cash-in-advance economy subject to assumptions (7)
and (4i), the cashless limit just described, i.e., the economy with @ = 0 where money is a

redundant asset with no role in exchange, can be regarded as a good approximation to a
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monetary economy where money is needed to satisfy a cash-in-advance constraint but only for
a very small set of goods, i.e., the economy with « is positive but very small. Since there are no
monetary variables in the Euler equations of the limiting economy, this approximation result
is used to justify neglecting monetary variables in Euler equations more generally, alluding to
economies with “highly developed financial institutions” (meaning economies with low «). In
this context, for the Euler equations for other durable assets, ignoring monetary variables is
equivalent to simply assuming a period utility function of the form U (¢, z¢) = u (¢;) + Al (2;) of
consumption, ¢, and real money balances, z;, for given functions u () and £ (-), and a constant
A € R,. Thus, the Woodford cashless-limit approximation result is often used to justify this
specific money-in-the-utility-function formulation, sometimes with A ~ 0. In sum, the takeaway
of Woodford (1998) is that the cashless equilibrium in the limiting case, which is independent
of money demand for transactions, can be used to approximate the monetary equilibrium in
any case in which medium-of-exchange frictions exist but are small.

The textbook treatments of monetary policy in Woodford (2003) and Gali (2008) assign a
very limited role to money. For the most part, the medium-of-exchange role is either ignored,
or when it is acknowledged, it is incorporated implicitly by assuming real money balances as
an argument of the agents’ utility functions (or some equivalent cash-in-advance formulation).
The preferred specification is U (¢, 2¢:) = u (¢t) + Al (2¢). This separable specification is justified
by showing that, in the context of a competitive model with no credit frictions, if U (¢, 2¢) is
nonseparable, then the elasticity of output with respect to a monetary shock that raises the
nominal interest rate by one percentage point is proportional to inverse velocity, M;/ (p:Y:),
where M;/p; denotes aggregate real money balances, and Y; denotes GDP. Woodford (2003,
p. 113) and Gali (2008, p. 31) argue that since M;/ (p;Y;) is small in the data (e.g., with M;
interpreted as the monetary base), the effect of monetary policy on output that is attributable
to monetary frictions is quantitatively small so it can be ignored, e.g., by considering the simpler
formulation U (¢, 2z¢) = u (¢;) + AL (z), often even assuming A =~ 0.

The literature mentions several reasons why it may be interesting to study monetary policy
in limit cashless economies such as the one with @ — 0 in Woodford (1998). The first, as
argued by Woodford (1998, p. 174), is that the hypothetical cashless limit may one day become
a reality as a result financial innovations that continually reduce the quantity of the monetary
base that needs to be held on average to carry out a given volume of transactions: “The only

natural limit to this process is an ideal state of frictionless financial markets in which there is
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no positive demand for the monetary base at all, if it is dominated by other financial assets,
and no determinate demand for it if it is not.” The second, is that the cashless limit may be
a useful thought experiment, as argued by Wicksell (1936, p. 70) when considering his “pure

credit economy,” defined as:

“.. a state of affairs in which money does not actually circulate at all, neither in

the form of coin (except perhaps as small change) nor in the form of notes, but where
all domestic payments are effected by means of the Giro system and bookkeeping
transfers. A thorough analysis of this purely imaginary case seems to me to be
worth while, for it provides a precise antithesis to the equally imaginary case of a
pure cash system, in which credit plays no part whatsoever. The monetary systems
actually employed in various countries can then be regarded as combinations of these
two extreme types. If we can obtain a clear picture of the causes responsible for the
value of money in both of these imaginary cases, we shall, I think, have found the
right key to a solution of the complications which monetary phenomena exhibit in

practice.”

The cashless limits we considered in Section 5 are in the spirit of Wicksell’s “pure credit
economy” and in line with the motivation for Woodford’s cashless limit. Generically, however,
our results stand in contrast with Woodford’s: we find that in general the medium-of-exchange
role of money is important for monetary transmission, and remains a significant conduit for
monetary policy even in the cashless limit. As o — 0, real balances converge to zero, transaction
velocity goes to infinity, and the monetary economy converges to a limit where monetary policy
still has significant effects on consumption, output, and welfare. There is one special case of
our theory that delivers irrelevance results for the medium-of-exchange role of money in the
cashless limit that are similar to Woodford’s. It is the case where financial intermediaries have
no market power, i.e., # = 1. So, in order to argue that monetary frictions are irrelevant in
cashless limiting economies or almost irrelevant near-cashless economies, it is necessary to also
adopt the view that depositors are always able to reap the entire share of the gains from trade
when interacting with financial intermediaries. Our theoretical point here is that § = 1 is
nongeneric. Whether the perfectly competitive case with 6 = 1 is the relevant case for applied
work, is likely to be ultimately an empirical issue that deserves further study. We are aware

of no evidence that § = 1 is the norm empirically, even in the financially advanced economies
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with high velocity of the monetary base that Woodford (2003) and Gali (2008) argue are well
approximated by the moneyless approach to monetary policy.'®

For # < 1, our theory provides counterexamples to the claims used to endorse the moneyless
approach to monetary economics. For example, Woodford (2003, p. 32) claims that the basic
model in his book “abstracts from monetary frictions, in order to focus attention on more
essential aspects of the monetary transmission mechanism...”. Gali (2008, p. 10) claims that
“...there is generally no need to specify a money demand function, unless monetary policy
itself is specified in terms of a monetary aggregate, in which case a simple log-linear money
demand schedule is postulated.” We have shown that unless financial intermediation is perfectly
competitive, disregarding medium-of-exchange considerations is not without loss—even in the
cashless limit or in near-cashless economies in which liquidity-saving mechanisms have developed
sufficiently to make the inverse velocity of some monetary aggregate very small. Any attempt
to assess the macroeconomic effects of monetary policy that ignores these considerations is
necessarily incomplete.

Our main insight is that if the financial intermediaries who offer the credit-based settlement
have market power, then even sellers with access to credit who neither hold, wish to hold, or
choose to hold money on the equilibrium path, benefit from having the option to use money to
settle sales—even if they never exercise it. The value of this option is reflected in equilibrium
prices and allocations even as the measure of sellers with no access to credit vanishes along the
trajectory toward a cashless pure-credit economy. As a result, as aggregate real money balances
become negligible and the transaction velocity of money becomes arbitrarily large along the
cashless limit, the latent medium-of-exchange channel of monetary transmission that operates
through the opportunity cost of holding monetary assets remains operative, and determines the
relative price of “cash goods” and “credit goods”—even in the cashless limit. In Proposition 7
we have shown that in the cashless limit, the magnitude of the effects of monetary policy on
consumption and welfare depends on a single sufficient statistic: (1 — 0)e, i.e., the product of
the deposit spread that bankers with market power impose on lenders, and the price elasticity of
demand for the goods purchased with cash or credit. In general, it would therefore be incorrect
to infer that medium-of-exchange considerations cannot matter quantitatively simply based on

the observation that monetary transactions account for a small share of total transactions.

18Tn the United States, for example, there is evidence of substantial market power in deposit markets, see,
e.g., Berger and Hannan (1989), Hannan and Berger (1991), Neumark and Sharpe (1992), Degryse and Ongena
(2008), and Drechsler et al. (2017).
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6.3 On reduced-form models of money demand

There are well known critiques of reduced-form models of money. Kareken and Wallace (1980)
for example, state two. The first, is that reduced-form specifications beg too many questions;
explain too little. What is the thing called “money”? Is it a commodity? A private liability?
A government liability? If it is a government liability, which one? If there are many countries,
does the liability issued by the government of country A enter the utility function of a citizen of
country B? The second critique, which they call implicit theorizing, is that while there may be
stories that can be told to justify the reduced-form approach (e.g., that money is an argument
of a utility or a production function because it provides unmodelled transaction services), the
assumptions implicit in these stories cannot be regarded as primitives, and unless the underlying
environment is made explicit, the internal consistency of the theory cannot be assessed. This
second criticism comprises a Lucas critique: a utility function with money balances as an
argument is unlikely to be invariant to the monetary policy changes that the model is being
used to analyze. Compelling as they may be, these two criticisms are ignored in most of applied
monetary economics. The reason, we suspect, is that they may not seem too serious in practice.
Suppose one wants to study the effects of a monetary policy shift in an advanced economy like
the United States. The common practitioner’s view would be that in this context, there are
some reasonable choices for the assets that play the role of money, and that the unmodelled
medium-of-exchange considerations that are subject to the Kareken-Wallace-Lucas critique are
likely to be small anyway.?

The New Keynesian folk wisdom that medium-of-exchange monetary considerations are
unimportant for monetary transmission rests on the specific near-cashless irrelevance results
in Woodford (2003) and Gali (2008). These results rely on: (i) a reduced-form specification
of cash and credit transactions that fails to capture the effects of monetary policy on prices
and allocations that remain significant even in near-cashless economies, and (i7) a presumption
that the unmodelled financial and money markets implicit in the reduced-form specification are
frictionless (e.g., that sellers are always able to reap the entire share of the gains from trade
in transactions that settle through credit). In this section we explain the limitations of this

type of reduced-form approach to modeling money demand in the context of our economic

19The arguments of the reduced-form utility functions used in practice, typically include real money balances
(e.g., as in Sidrauski (1967), Gali (2008), and Woodford (2003)), but also government bonds, equity shares, and
other financial assets (e.g., as in Krishnamurthy and Vissing-Jorgensen (2012)).
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environment. We stress that these limitations are relevant even after we have agreed on which
assets should be included in the utility function, and remain important even for routine conduct
of monetary policy in the context of advanced economies with highly developed credit-based
payment arrangements resulting in very high velocity of monetary aggregates.

Consider the following reduced-form monetary model. Time is discrete and the horizon
infinite. There is a unit measure of identical infinitely lived agents who consume two types of
nonstorable final goods (good 1 and good 2) and supply two types of labor (labor 1 and labor
2). Each agent has access to a linear technology that transforms one unit of labor of type 2 into
one unit of the final good of type 2. There is a set of intermediate goods of different types, each
denoted by i € [0, 1], that serve as input in the production of good 1. There is a competitive
firm with access to a production technology that transforms bundles of intermediate goods of
different types, i.e., [yt (i)];co,1) With v (i) € Ry for 7 € [0,1], into the final good of type 1.
Specifically, with an input bundle [y, (i)]ie[0,1}7 this firm can produce a quantity

e =G (i Do) = ( [ ) i) - (29)

of final good 1, where ¢ € (1,00). Each type i € [0, 1] of intermediate good is produced by a

monopolistically competitive firm that has access to a linear technology to transform each unit
of labor of type 1 into one unit of the intermediate good of type .

The agent’s problem is

max ‘U <c ,h ,mt) 30
{Ct’hmm}ﬁo;ﬁ ohe (30)

s.t. Pric1y + Porcar + myp1 = wighiy + Poghoy +my + 1y + T}

and 0 < myq1. The notation is as follows: § € (0,1) is the discount factor; U is the utility
function (specified below); ¢j; is the period-t consumption of the final good of type j € {1, 2},
and ¢; = (c1¢, cor); he(7) is the period-t supply of labor of type 1 to the firm that produces the
intermediate good of type i € [0,1], hyy = fol hi(i)di, hoy is the period-t supply of labor of type
2, and hy = (hy, ho); my is the agent’s nominal money holding at the beginning of period ¢;
Pj; is the nominal price of final good j € {1,2} in period t; wy; is the nominal wage for labor
of type 1; II;(i) is the period-t nominal profit from the firm that produces the intermediate
good of type ¢ € [0,1], and II;; = fol II;(¢)di. The money supply, {M;};°,, follows the same

32



process as in Section 2, implemented via lump-sum transfers Ty = M1 — M; to the agents.

The problem of the firm that produces the final good of type 1 is

1
max Py — / pr (1) ye (1) di s.b. (29), (31)
[yt(l)]ie[o,u 0

where p; (i) denotes the nominal price of the intermediate good i € [0,1] in period ¢. Let
[Y¢ (Pt ())];e[0,1) denote the maximizer of (31). The problem of the firm that produces interme-
diate good i € [0,1] is

(i) = yhax [pt (4) Yt (pt (4)) — wathy (4)] st v (pe (4) < he (). (32)

Notice that (29)-(32) describe a conventional representative-agent economy with money in the
utility function and monopolistic competition.

A monetary equilibrium of the reduced-form model with money in the utility function (de-
scribed by (29)-(32)) can be summarized by a path {(cjt, hjts it th)je{m} y O Ft}zo, where
cji is the consumption of final good j € {1,2}, hj; is the labor supply of type j € {1,2}, yj; is
the production of final good j € {1,2}, ¢, = P“ is the relative price of final good 1 in terms of
final good 2 faced by consumers, m; = 1Lt ig the real profit (in terms of the final good 2) from

Pat
the set of firms that produce the intermediate goods, and Z; M is the aggregate real money
balance (in terms of final good j € {1,2}). In a stationary monetary equilibrium, cj; = ¢j,
hjt = hj, yjr = y; and Zj = Z; for j € {1,2}, ¢, = ¢, and 7, = 7 for all ¢.

Consider the following preference specification:

U (Ct’ h,t, mt) = (Clt) + v (Cgt) + A/ <?t> — Bhyt — hgt, (33)
1t

Py

where the functions v and v are as described in Section 2, A, B € R, are regarded as preference
parameters, and ¢ : R, — R, is an exogenous function with ¢/ < 0 < ¢ that represents
the “convenience yield” the agent gets from holding real money balances. In the appendix
(Lemma 7) we show that along the stationary monetary equilibrium of this economy, ¢ = -5 B,
¢c1=hi =y =D(¢), co = hy =y = a*, 7 = %(bD(ng), Z, satisfies ¢ = %5’ (21), and 29 = ¢Zl.
The money-in-the-utility (MIU) formulation described by (29)-(33) is relevant for our purposes
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because if we parametrize it by setting

e(}iﬁ) = log (2’1) (34)

t(l—a)(l+) 1+
A= T “D<1+a9ﬁ> (35)
I+l -a(l-9)
B = 1+ abe " (36)
T+
° a(l-0) (37)

with the parameters «, 6, ¢, k, and D(:) as defined in Section 2, then it implements as a
stationary monetary equilibrium the same real allocation as the economy with more explicit
microfoundations for money demand that we presented in Section 2.

If the parameters of the MIU formulation satisfy (34)-(37), then: (¢) D(¢) =D((1 4 ¢) ™),
i.e., consumption and output of good 1 are equal in both economies (and this is also the labor
employed in the production of good 1 in both economies); (ii) consumption and output of good
2 equal z* in both economies (and this is also the labor employed in the production of good
2 in both economies); (iii) 2¢D(¢) = a (1 — ) 1™ D((1 +¢) ™), i.e., the aggregate real profit
(in terms of good 2) earned by the entities with market power is equal in both economies (this
profit accrues to the collection of bankers who serve producers in the economy of Section 2,
and to the collection of firms that produce intermediate goods in the MIU economy); and (iv)
Zy =01 (%) = (1—a)D((141) ™) = Zy, i.e., aggregate real money balances expressed in
terms of good 1 (i.e., the measure of real money balances that enters the reduced-form utility

function (33)) are equal in both economies.?’

20When the reduced-form parameter A satisfies (35), aggregate real money balances expressed in terms of
good 1 are equal in both economies, i.e., Z1 = Z1 = (1 — a)D((1 + ¢) ¢"™), while aggregate real money balances
expressed in terms of good 2 satisfy Zo = ¢Z1 = (1 +¢) " Z1 > ¢™Z1 = Z>. In other words, Z2 = (14 ¢) Zs.
This difference between Z; and Z» is immaterial for the real allocation (consumption, labor, and output). It
is an accounting discrepancy that stems from the fact that in the economy of Section 2, we are calculating
real balances in terms of good 1 using the accounting relative price of good 1, i.e., ¢7* = pit/p2t, while the
consumer makes consumption decisions internalizing the effective relative price of good 1, i.e., (1 + p,) ¢;*. This
nuance is missing in the MIU economy, where the accounting and the effective relative prices are conceptually
the same because, for pricing purposes (from the consumers’ perspective), the producers and the bankers of the
richer micro-founded model are implicitly consolidated into a single supply-side entity composed of the firms
with market power that produce intermediate goods, along with the downstream competitive firm that produces
the final good 1. To see this clearly (and to eliminate the accounting discrepancy if desired), we can define
the nominal price of good 1 in the economy of Section 2 as the effective price that the consumer uses to make
consumption decisions, i.e., p1z = (1 + p,)p1e. The corresponding measure of aggregate real money balances

7 My Z1t

expressed in terms of good 1 would then be Z;; = B T Tipp where Z1: denotes the aggregate real balances
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This “equivalence” between the micro-founded and the reduced-form models would appear
to confirm the view that, instead of modeling the micro details of monetary exchange, there is no
significant loss in assuming a utility function U intended to capture the “convenience yield” or
“liquidity services” of certain assets. The problem with this view, however, is that it presumes
that the Kareken-Wallace-Lucas implicit theorizing critique can be ignored. Specifically, it
regards A, B, and € as parameters, i.e., as exogenous and invariant to changes in the policy
rate, ¢, and market-structure parameters, a and 6. In contrast, according to the underlying
microfounded model of Section 2, when viewed through the lens of the MIU representation,
changes in the policy rate and market-structure parameters change the shapes of utility function,
U, and of the production function, GG, through their effects on the convenience-yield factor A,
the disutility of labor supply, B, and the elasticity of substitution between intermediate inputs,
g, as indicated by (35)-(37).

This evident Karaken-Wallace-Lucas critique turns out to be a critical shortcoming of the
reduced-form approach, especially when used to draw conclusions on the importance of the
medium-of-exchange function of money and its role in the transmission of monetary policy. For a
concrete example, consider the limit of the MIU formulation (33) as the parameter A approaches
0. This is a version of a “cashless limit” that is often used to motivate ignoring medium-of-
exchange considerations in the New Keynesian textbooks. As the parameter A approaches
0, the equilibrium condition ¢ = %E’ (Z1) implies aggregate real balances, Z1, converge to 0.
However, the MIU formulation implies ¢; is determined by v’ (¢1) = -5 B, and since ¢ and B
are treated as fixed parameters, monetary considerations (i.e., real money balances or the policy
rate) have no influence on the real variables (consumption, production, and labor supply). The
irrelevance of the medium-of-exchange role of money is as strong as it can be in this particular
MIU formulation since equilibrium real variables are invariant to the monetary variables in
the cashless limit, but also away from it.2! In contrast, once the role of money in exchange is
explicitly spelled out as in the model of Section 2, one learns that ¢ = (1 +¢) ¢™ is increasing

in ¢, and therefore c; is decreasing in ¢, both in the cashless limit and away from it. From (35)-

as defined in Section 4 (using the acccounting price, pit, i.e., Ziz = %) The aggregate real money balances
expressed in terms of good 2 are still as defined in Section 4, i.e., Zy = % = (1+p,) 9" Z1;. If we replace

condition (35) with A = Wl=a) HD( 1te m), then in the stationary monetary equilibrium of the MIU economy,

1+abe 1+abe
we get 21 = 71 = IL 1-—a)p((14+)¢e™)and Zo =Z>= (1 —a)"D((14+1¢) ™).
21This “dichotomy” between real variables and monetary considerations is a well known property of the MIU
formulation where utility is assumed to be separable in real money balances, which makes it a popular reduced-

form specification in the New Keynesian literature that advocates dissociating monetary policy from money.
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(37), we see that the cashless limit that results from letting o approach 1 in the microfounded
model in fact does imply that A approaches 0 as assumed in the New Keynesian literature.
But what the reduced-form approach is missing is that, through the lens of the equivalent MIU
formulation, monetary policy also operates through the reduced-form parameter : an increase
in the policy rate ¢ induces a reduction in the elasticity of substitution €, which increases the
markup on the consumption good 1.

To summarize, our cashless limiting results (Section 5) are different from those in the New
Keynesian textbooks (Section 6.2) because they rely on MIU formulations that essentially as-
sume the utility function is a primitive and any such formulation is unable to represent the
monetary equilibrium of a model such as ours, where money helps agents discipline the market
power of financial intermediaries. The reason is that the “equivalent” MIU formulation that is
able to capture the microeconomic interactions in our model requires certain unorthodox mod-
eling choices from the standpoint of the reduced-form literature, such as specifying preferences
(the disutility of labor supply, B) and production functions (the elasticity of substitution of
inputs, €) that are functions of policy variables (the nominal policy rate, ¢), and parameters
that describe the marketstructure of credit based settlement (the market power of the credit

intermediaries, 6).

7 Conclusion

Historically, monetary economics has not managed to coalesce around a generally accepted
model of money. Some researchers favor formulations that imply minimal deviations from the
competitive complete-market benchmark, such as models with money in the utility function
or cash-in-advance constraints. Others prefer formulations where the role of money, and the
foundations of money demand are more explicit, such as the insurance motive in incomplete-
market models, the store-of-value function in overlapping generations models, or the medium-
of-exchange role in search models. Given this basic disagreement on how to model money, it
is perhaps not surprising that the framework for monetary policy that has emerged as a focal
point abstracts from money altogether.

The idea that the role of sticky-prices in the transmission of monetary policy can be ana-
lyzed coherently in a model without M is remarkable, convenient, and useful. It is remarkable
because it initially sounds like a nonstarter. It is convenient because it does not require com-

mitting to any model or function of money. It is useful because it effectively abstracts from
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any other transmission mechanism triggered by policy-induced changes in the opportunity cost
of holding money, so it focuses exclusively on the mechanisms mediated by sticky prices. This
research program has produced an extensive body of knowledge about the role of sticky prices
in propagating policy-driven shocks to the real interest rate.

The problem is not that this research program abstracts from M to focus on the sticky-price
mechanism. As a research strategy, focusing exclusively on a particular mechanism is a fruitful
way to make progress. The problem, as we see it, is that this research program professes that
abstracting from M entails no meaningful loss for studying and informing monetary policy in
advanced economies. This idea, which has become ubiquitous in academia and dominant in
policy circles over the past twenty five years, rests on the two folk-wisdom results that we have
discussed at length. In this paper we have shown that if the role of money as a medium of
exchange is modeled explicitly, and credit, settlement, or payment services involve intermedi-
aries with market power, then monetary-policy driven changes in the nominal interest rate can
have substantial effects on the real allocations through traditional (i.e., pre- New Keynesian)
money-demand channels—even in advanced high-velocity economies. We think there is much

to be learned by restoring money to policy-oriented research in monetary economics.
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A Planner’s problem
Proof of Proposition 1. The planner’s problem is to choose a nonnegative sequence

{yct, ypt, (wit, hit)ie(B.c,P} oo

that maximizes

d B ulyed) —wypr+ > (@) — hil
=0

ie{B,C,P}

s.t. yor < yp¢ and Z (@it — hit) = £ (ype — Yor) -
i€{B,C,P}

The first-order necessary and sufficient conditions for optimization are v’ (yo¢) = k and v/ (x;) =
1, so the planner’s solution is ycr = y*, yp, = ¥*, and x; = hy = «* for all i € {B,C, P} and
allt. m

B Nonmonetary economy
The following remark will be useful in the characterization of equilibrium.

Remark 1 Fori e {B,C, P}, the second-subperiod value functions can be written as

. m I
Wi (af",af) = “ + af + W, (38)
P2t
Wi = @H —or Fu(z*) =2+ max |BVi(al) — ait . (39)
T oy i=cy aft, Ry T P2t

For what follows, it is useful to introduce the following notation. For any 2 € R, define the

correspondences s : R = R and ¢ : R = [0, 1] by??

=00 if z<0 =1 if0<z
sy €10,00] ifz2=0 and () €1[0,1] ifz=0
=0 it0<z =0 if z < 0.

Let ¢} denote the relative price of good 1 in terms of the bond in the first subperiod of period

t. The following lemma characterizes the first-subperiod outcomes in a nonmonetary economy

22Below, we use the variants Z(Z> and §<Z) to denote correspondences with E(z) = &(z> = () for all z # 0,
but possibly E(0> #* E(O) # (o)~ Similarly, the variants {5} ,)}ic(5,0,p} and %f’z), denote correspondences with
Hif(z) = #(z = #(z) for all z # 0 and all i € {B,C, P} and t € T, but possibly o) # »30) # (o) # #(0) for
some t € T and ¢,5 € {B,C, P} with ¢ # j.
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taking the price path {¢}'};, as given. The unique price path and consumption/production
allocation of good 1 consistent with equilibrium are characterized in Proposition 2. Given this

price path and allocation, the rest of the equilibrium is given by Lemma 1.

Lemma 1 Consider the first subperiod of period t of an economy with no money. (i) The
solution to the banker’s portfolio problem (i.e., (2)) is a%, = 0. (ii) A consumer’s trade (i.e.,
the solution to (3)) is Yor = D (¢}) and @b, = —PD(). (i) The post-production trade of a
producer who carries inventory y: and does not contact a banker (i.e., (4)) is ypi (y:) = 0. The
post-production trade of a producer who carries inventory y; and contacts a banker (i.e., the

solution to (5)) is §pi(yt) = Cpn—mUts @py(Ut) = PPYPe(yr), and kpi(ye) = (1-0) (0} —£)Gpe(yt)-

(iv) A producer’s pre-trade production is yp; = H(x—Rn(yy)), Where

R (o)) = £+ a8} = £)C(pp—n)- (40)

Proof of Lemma 1. Consider a nonmonetary economy, i.e., M; = 0 for all t. With a slight
abuse, we keep the notation for the value functions of the monetary economy, but simply omit

an agent’s money holding as an argument in the relevant functions. For example, (38) becomes
Wti(atg) =aj + Wti’ (41)
where W} = v (2*) — 2* 4+ 8V} . (i) Problem (2) becomes

W (af) = max WP (af + ay) s.t. af <0.
afeR

With (41), we have @Y, = arg maxzhep a? = 0. (ii) With (41), problem (3) becomes

max [u(gt) +al + W;} s.t. oG +ac <0,
(gr.ay)ER4 xR
and the solution is yor =D(¢}) and dlét = —p'D(p}). So the gain from trade to the consumer
is
Tee = u(gor) +agy = u (D () — ¢i'D (¢}).

(i) (a

) With (41), condition (4) implies yp; (y:) = arg maxg, e[o,y,] th[(yt—gt) K| = arg maxg, e[o, yt](
0. (b) With (41), problem (3) becomes

i)
i)k

max (@ — ky — k7)) k0
(Gt ke,a0)ERL xR
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st @ < oMy
U < Y
0 < a —k — k.

The solution is alj’jt(yt) = orypt(ye) and kpi(y) = (1 — 0) (o} — K)ype(yt), with

0 it of <k
upt(ye) § €10,y if of =k
Yt if K < @}

So the gain from trade to the producer is
Tpe = apy(ye) — kpe(ye) — £ype(e)
= 0(o}f — K)yPe(yr)-
(iv) After substituting the bargaining outcomes, (8) becomes

V;P = max [R" () ye — Ky + WtP (0)} )
yt€R 4

where R" (¢}) as defined in (40). Hence, an individual producer produces

ypr = arg max [R" (¢}) — K]yt
yt€ER4

units of good 1 at the beginning of the first subperiod. m
Proof of Proposition 2. Part (iv) of Lemma 1 implies
ypy = arg max [R" (¢f') — klyr = Y (¢f)
yt€ER4

so R™ (¢}) — Kk <0, or equivalently,

pr <@t =R+ (k= &) (42)

is a necessary condition for equilibrium. Hence the solution to the producer’s beginning-of-

period production decision is

n =0 if SO? < @n
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Lemma 1 also implies Yp; = 0, Yo =D(¢}), and Yp; = aCon—r)Y(py). Given (43), and since
K < p", we can write Yp; = aY(¢}). Thus, the market-clearing condition for the goods market

can be written as Xp (¢}) = 0, where

Xp (¢t') =D (¢}) — av (¢r). (44)

For all ¢} € [0,¢™), 0 < Xp (¢;), so equilibrium requires " < ¢}, which together with the
necessary condition (42), implies @" = ¢} = ¢™ must hold in any equilibrium. From part (i7)
of Lemma 1, gy satisfies v’ (gor) = @™ (the solution is strictly positive since ¢™ < u’ (0)), and

from the market-clearing condition for good 1, yp; = yor/cv. m

C Monetary economy
The following lemma characterizes the first-subperiod outcomes in a monetary economy.

Lemma 2 Let ¢, = (1 + p;) ¢f". Consider the first subperiod of period t of an economy with
money. In each case, focus on an agent who enters the period with money holding a}*. (i)
The solution to the banker’s portfolio problem, (i.e., (2)), is qal, (a*) = a* — @g, (a*) and

ap, (af") = B (ii) The trade of a consumer (i.e., the solution to (3)) is yci(ai*) =D(p;),

Pz)'
ag,(ai*) = %glt(pz)’ qtd%t(agn) = a" — [ag(af") + pregce(ai®)]. (iii) The post-production trade

of a producer who carries inventory y; and does not contact a banker (i.e., (4)) is Ypi(ys, ay) =
&(@'gn_ﬁ)yt with @B, (ye, ai*) = ai + puype(ye, ai*). The post-production trade of a producer who
carries inventory y; and contacts a banker (i.e., the solution to (5)) is ypi(ye, al*) = Clpy—r) Ut
apy(Ysr ai") = 3y, @@, (ye, @) = a* + prype(ye, a') — @, (v, @), and

m am m
ke, ) = (1— ) {pp o — W)y — (67" n)ﬂ{wmyt} .

(iv) A producer’s pre-trade production is yp; (a}*) = %?nme(go;” o) where
R™ (o, 1) = £+ ab(p, — £)ucpy + (1 — ab) (9} — £)[{xcpm)- (45)
Proof of Lemma 2. (i) With (38), (2) can be written as

A ay = _ _
WB™ af) = max (- +al+al +WP) st. @+ qa’ < al,
at€R xR \ pot
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and the solution is g:a%, (a*) = a® — @', (a}), with

=00 if p, <0
ag (af') ¢ €10,00] ifp,=0

(i) With (38), (3) can be written as
77Cr omy — (—I?L ~b 7,C —m — ~b m
Wi (a") = max u(gy) + — +a; + W | st af* + pryge + qay < aj.

(t,@1)ERZ xR D2t

The solution is gcr(al*) =D(p,) and g:al,(al*) = a* — [@%,(a) + p1D (¢,)], with

=0 if p, <0
acy(ay*) ¢ €10,00] if p, =0

Hereafter specialize the analysis to p, > 0, since p; < 0 entails an arbitrage opportunity

inconsistent with equilibrium. The value of the consumer’s problem in the first subperiod is
:C a’ | zc
Wi (ai") = u(Dd (py)) — oD () + (1 + py) Do + W

(#ii) (a) With (38), (4) can be written as

dm

(Upe(yt, ai"), apy(yr, ai")) = arg ~ max e (T
(gr,a7")€RZ P2t

m_

subject to zi (af* — aj*) = G¢ < y, and therefore a'g, (ye, af*) = ai* + p1eype(ye, af*), with

=Yt if K < 7"
gpt(ye,af) S € [0,y if o' =k
=0 it " < K.
(@i) (b) With (38), (5) can be written as
ai” b ai” ’ 1-6
max —4a; —ki+ (v — g ) — — — [y — gre(Ye, ai") | Ky
(Ge,a;",a2 ke )ERZ XxRxRy | P2t D2t

subject to a® + q;a} < a* + p1¥; and F; < y;. The solution is

_ 1 _ _
alfﬂt(yta agn) = a [a{” +p1tyPt(yt7a;n) - a?t(yu agn)} )
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with
=Yt if £ < ¢y
gpt(yta a:fn) € [05 yt] if Yy =K

00 if p, <0
ap(ye ai") 4 €10,00] if py =0

Specialize the analysis to p, > 0, since p; < 0 is inconsistent with equilibrium. The intermedi-

ation fee is

th(yt7am) 1 = q 7l
ﬁ = p—%a}’}t(yt,a?) + apy(ye, af") + [y — Gpe(yr, )] &

1 _ -
— ]T%arﬁt(yt, a;ﬂ) + [?/t - yPt(yt7 a’;n):l ﬁ

1 B _ N 1
= ]T%arﬁt(yh ai™) + @y (ye, af) — Gpe(ye, af )k + Gpi (e, af )k — Ea?}t(yta a;")

1 ) N 1 1
= —a;" + (0 — K)YPt (Y, af") + Gpe(ye, af' )& — —ap(ye, ai") — pr—ap(ye, ai")
qt D2t D2t

1 - 1.
= ;agn + (o — E)H{§<(pt}yt + gpe(yt, 4" )k — ]tha?;t(yt, a;")

1
= pt];taT + (o1 — B,y — (0" — B)ucpmy | e
The gain from trade to the producer in this case is I'pi(ys, af") = 155kpe(ye, al). (iv) With
(38), and substituting the bargaining outcomes from part (7ii) above, the value function (8)
can be written as

1 -
VP = max { = nyctoal o s (o — 8yl + W

1 m m
+a0{PtEat + (¢ — E)H{@qot} — (" = ﬁ)H{ﬁ<¢?}]yt}}7
or equivalently,

m m m 1 m T
VP (af") = max [R™ (¢}", ;) — K]y + (1 + abp,) —a]" + W, (46)
yr€ER 4 b2t

with R™ (o}, ¢,) as defined in (45). Hence, an individual producer produces
ype (a;") = arg max [R™ (¢;", ¢y) — K] yi
yt€R4

units of good 1 at the beginning of the first subperiod. m

The following result characterizes the beginning-of-period payoffs.
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Lemma 3 For an agent of type i € {B,C, P}, the beginning-of-period value function, Vi (al),

can be written as follows. (i) For a producer,

1 _
th (ai*) = max [R™ (¢{", ) — K] ye + (1 + abp,) —a" + WtP-
yER4 D2t

(ii) For a banker,
1 _
VP (af") = (1+ py) P WP +a / kpi(ay")dH(a;")-
¢
(iii) For a consumer,

m 1 m T
Vtc (ai") = u(D () — @D (¢r) + (1 + py) ZTQtat + WtC-

Proof of Lemma 3. (i) The value function V,”(a}) is given in (46). (ii) With (38), and part
(i) of Lemma 2, (6) can be written as
1 = - ~
Vo) = E@%(a’tﬂ) +ap(af) + W +a/th(@§")dHt(aT)
¢

1 T ~m ~m
— (o)l + WP ta / ke (G)dH, (@),

(ii) The value function (7) can be written as V,C (a*) = W (a"), where WE (a}") is defined
in part (ii) of Lemma 2. m

The following result characterizes the end-of-period portfolio choice for each type of agent.

Lemma 4 Consider the money-demand problem at the end-of-period t (i.e., the mazimization
on the right side of (39)), and let aj}, | denote the individual money demand of an agent of type
i € {B,C, P}. Then {aj} }ic(p,c,py must satisfy the following Euler equations:

1 . 1
T om —i—ﬁﬂéﬂﬁ <0, with “="4f0 < ajy,, foriec{B,C,P}, (47)

where U1 =1+ p,yq fori € {B,C}, and o5, =1+ abp,, ;.

Proof of Lemma 4. Take the first-order conditions for the maximization in (39) using the

expressions for the value functions reported in Lemma 3. m

The following result summarizes the equilibrium conditions that define a monetary equilib-

rium.
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Lemma 5 A monetary equilibrium is a sequence

{th, Zots > YPt, Ype, Ype, Yor, Wpe, [Wit, wit+1],e (5.0, Py }

o0

t=0

that satisfies the market-clearing conditions

0 = Zie{B,C,P} wit+1 = 1
0 = You— (YPt + Y/Pt)
0 = (wpt—wnt) Zut
+ (wet — wer) Z1e — You

+ (awpy — @pt) Z1t + Yy

and the optimality conditions

0 = (—/,LZQt + Bﬁz+122t+1) Wit41 > — ot + ,85%+1Z2t+1 fori e {B, C, P}
oo ifk— R (@) <0
YPt = [07 OO] Zfﬁ - R™ (SD?L? Qot) =0
0 if 0 <k —R™ (o], )
3 (1 —a)Yp f0 <" —k
Ypr = 0,1 —a)Yp] if ' —£=0
0 if o' — k<0
B aYpy f0<¢,— kK
Yp: = 0,aYp] if o, —k=0
0 ifo,— k<0
Yor = D(p)
Y,
opr = (1—a)wpr+ Z—Pt
1t
00 if pp <0
wit = [0,00] if p,=0 forie{B,C,P}
0 if 0 < p,
where
om o= 22
! Z1
or = (L+p) "
77t]jr1 = 1+abpy
U1 = 14 py forie {B,C}
R™ (Spgn7 Sot) = K+ 040(9075 - ﬁ)ﬂ{§<<,0t} + (1 - a@) (90?1 - ﬁ)]l{@<<p{”}‘
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Proof of Lemma 5. By using Definition 1, Lemma 2, and Lemma 4, we know a monetary

equilibrium is a sequence

o0
s N ,Y 7Y 7}7 )}7 ’141%7|:‘/4Tn71il?7 it i|
{plt D2t Gt YPt, YPt, Ype, Yo, Apy, | Ay, A, Ay i€{B,C,P} ) ,_

that satisfies the market-clearing conditions

0 = ZiE{B,C,P} Aitpr = M
0 = Yor— (YPt + YPt)

_ 1b
0 = Zz‘e{B,C,P} At

and the optimality conditions

Ypt

Ypy

1 1

P2 +Bﬁl+ p2t+1) Al > — Dor +5vt+1p fori e {B,C, P}
00 if K — R™ (o], ) <0
[0,00] if K = R™ (9", ;) =0
0 i 0 < — R™ (o}, 0,)
(1 )th if 0 < %n—ﬁ
0,(1—a)Yp] if g — =0
0 if " =k <0
aYp if0< g, —k
0,aYp] if o, —Kk=0

0 if o, =<0

D

r)

(1 o) AT+ p1 Ypy

it 0 < p,

(ozApt + puYpr — ABy)

33

if p, <0
,oo if p,=0 forie{B,C,P}
a
a

(A — AB)

[ACt (A + puYer)]

{
|
|
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(64)

(70)
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with

Q_Jtlj_l = 1 + Oéept+1
Uiy = 1+pgq forie{B,C}
R™ (@', 1) = £+ ab(p — )iy + (1 —ab) (9" — £)xcpm
_ Db
pt = E — 1
(p pu— @
! P2t
o = (L+p)ei"

With wy = A} /My, (60) can be written as (48). By using (69)-(72), wy = A} /My, wy =
AT /My, and Z1; = My/p1t, (62) can be written as (50). With Zay = My /pay and Myyq /My = p,
(63) can be written as (51). Condition (49) is the same as (61), and conditions (52)-(55) are
the same as (64)-(67). With op; = fl}?t/Mt, wpr = AL, /My, and Zy, = My/p1s, (68) can be
written as (56). With w;; = A% /M;, (69) can be written as (57). m

Corollary 6 Given the real equilibrium variables described in Lemma 5, the nominal equilib-

rium variables are obtained as follows:

M )
pit = -t for 3 €{1,2}
th
@ = D2t
' L+p;
e = wWpeM;

A;’? = @itMt fOT’i € {B,C,P}
i1 = wip1 My forie {B,C,P}

_ 1 _ _
AL, = o (AP, + prYpr — ABy)
_ 1 _
AbBt = - ( gt - 7ngt)
qt
_ 1 _ _
A%‘t = ; [ Z‘lt - (Agt ‘|‘p1tYCt)] :

C.1 Stationary monetary equilibrium

Proof of Proposition 3. From Lemma 5, a stationary monetary equilibrium is a vector
(Zla ZQ; P, YPv ?Pv YP? YCa (:JP, [wia wi]ig{B7C7P})
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with Z; > 0 for j € {1,2} that satisfies the market-clearing conditions

0 = Zie{B,C,P} wi — 1 (73)
0 = ?C — (Y/p + Y/p) (74)
0 = (wp—wB)Z

+ (we — @) Z1 — Yo

+ (awp —wp) Zy +Yp (75)
and the optimality conditions
0 = (—p+pB0")w;forie{B,C,P}, with0 < fiw; (76)
00 if Kk —R™ (™, ) <0
Yp = q [0,00] ifx—R™ (™, ¢)=0 (77)
0 if0<k—R" (™, )
) (1-—a)Yp if0< ™ -k
D G N R Sy (78)
0 if " — k<0
aYp f0<p—k
Yp = [0,aYp] ifp—Kr=0 (79)
0 ifo—r<O
Yo = D(yp) (80)
) Yp
op = l—-a)wp+ — (81)
A
o0 if p<O
w; = [0,00] if p=0 forie{B,C,P} (82)
0 ifo<p
where
m _ 2
o= (83)
e = (I+pe™ (84)
¥ = 1+abp (85)
o8 = 14pforie{B,C} (86)
R™ (™ ¢) = E+ab(p = E)xcpy + (1 - ab) (¢ = £)cpmy- (87)

First, we know that ¢ < ¢, since 0 < p must hold in any equilibrium. Second, in any

equilibrium in which good 1 is produced, we must have: (a) K = R™ (¢, ¢) (this follows from

o1



(77)), or equivalently,
k=r+al(p— K)o+ (1 —ad) (" = E)ljcomy. (88)

(b) K < ¢, i.e., banked producers never store output. To see why, notice that if ¢ < k, then
we know that ¢™ < ¢ < k, and therefore R™ (¢™,¢) = k < k which implies good 1 is never
produced. (c) If ¢™ = ¢, then (88) implies ¢ = ¢ = k > k. Third, o¥ < o8 = 3¢ (with
“<” unless ad = 1 or p = 0), so the Euler equations (76) imply that if either af =1 or p = 0,
then any triple wp,weo,wp € [0,1] with wp + we + wp = 1 is consistent with equilibrium;
otherwise, wp = 0 and any pair wp,wc € [0,1] with wp +we = 1 is consistent with a monetary
equilibrium. In the remainder of the proof we assume af < 1, but will consider the limiting
case af — 1 in Corollary 3. From the previous observations we know £ < ¢, 0 < p, and
© — "™ has the same sign as p. Hence, there are only three possible equilibrium configurations
in which good 1 is produced: (1) 0 < p and ¢ < &, (2) 0 < p and &k < ¢™, and (3) p =0 and
Kk < @™ = @ = k. Next, we consider each configuration in turn.

Configuration 1. 0 < p and ¢™ < k. Under this conjecture, the equilibrium conditions
(73)-(82) imply Z; = 0, so this configuration is inconsistent with monetary equilibrium.

Configuration 2. 0 < p and k£ < ™. Under this conjecture, the equilibrium conditions

(73)-(82) together with the definitions (83)-(87) imply the equilibrium is:

p =
m o K
v  1+4abe
_ 1+
p— K:
14 14+ abe
Zi = (1-a)p(p)
Zy = "7
Yp = Yo=D(p)
¥ = (1-a)p(e)
Yp = aD (p)
wp = 1

w; = O0forie{B,C,P}
wp = 0

wp,we € [0,1] with wp +we = 1.
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For this to be an equilibrium, it only remains to check that £ < ¢ and that D(¢) > 0. The
former is equivalent to ¢ < 7, with 7 as defined in (13). The fact that the latter holds for all
¢ € [0,7] is implied by the assumption ¢" < u’(0).

Configuration 3. p = 0 and & < ™ = ¢ = k. Under this conjecture, the equilibrium

conditions (73)-(82) together with the definitions (83)-(87) imply the equilibrium is:

p = t=0
" = p=k
o }N/p _Yp_
Yp = Yc—l_a—a—D(Fc)
1
Zi = 1-—
ZQ = /iZl

w; € [0,00] forie {B,C,P}, with wp +wec +wp=1
Gp,@; € [0,00] fori€{B,C,P}, with (1-a)wp<@p=1- >  @.

i€{B,C,P}

Since k < ¢", D(k) > 0 is implied by the assumption ¢™ < «' (0). This concludes the proof. m

C.2 Dynamic monetary equilibrium

In this section we characterize deterministic dynamic monetary equilibria for an economy with
production of good 1.

Proof of Proposition 4. The proof builds on Lemma 5. We seek to characterize deterministic
monetary equilibria in which good 1 is produced in every period. An equilibrium is monetary
if Zix > 0 for ¢ € {1,2} and all ¢.

We first establish that a monetary equilibrium has production of good 1 in every period
only if k < ¢} for all ¢. To this end, suppose there is a monetary equilibrium (i.e., Z;; > 0 for
i € {1,2} and all ) with ¢}” < k for some t. There are two possibilities: either p, = 0, or 0 < p,.
If p, = 0, (59) implies ¢, = ¢ < K, but then (52) implies Yp; = 0 (good 1 is not produced).
If 0 < py, (48) and (51) imply wp; = 0 and wp; + wer = 1, and (57) implies w;; = 0 for
i € {B,C, P}. Hence, the bond-market clearing condition (50) becomes Y¢; — Z1; = Yp;, which
together with (49) (the market-clearing condition for good 1), implies Z;; = Yp;. But since this
conjectured monetary equilibrium has ¢}* < k, (53) implies Yp, = 0, and therefore Zy; = 0,

a contradiction. Next, we characterize the set of deterministic monetary equilibria in which
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good 1 is produced in every period by considering three possible equilibrium configurations
from some arbitrary period ¢ onwards: (i) p;1 = 0; (%) 0 < p,q and k& < @} ;5 (iii) 0 < pyyq
and o7} = K.
(1) Suppose p; 1 = 0. Then, (59) implies ¢,,; = ¢}, and (52) implies that in an equilib-
rium with production of good 1,
Prp1 =Pyl = K- (89)

Then, (52), (53), and (54) imply Ypiy1 € [0, 0], ?Pt.}rl = (1 —a)Ypsy1, and Ypiy1 = aYpsy1.
Since Ypii1 + Ypir1 = Ypiy1, (49), (55), and (89) imply

Ypiy1 = Yeurp1 =D (k) (90)
and therefore

Vo = (1—a)p(x) (91)

Ypiy1 = abD(k). (92)

Together with (58), the fact that ¢}t | = x implies

Z
Zyppy = 2241 (93)
K
Condition (51) implies
1
Loy = ——24 94
2= 1, A (94)

and wit+1 € [0, 00] for @ € {B, C, P}, which together with (48) implies (wit+1);e(p,c,py is only
restricted to satisfy

wit+1 € [0,1], with ZiE{B oy it = L. (95)

Condition (57) implies
Biri1 € 0,1] for i € {B,C, P} . (96)

Together with Yps,1 = (1 — a)D(k), (56) implies

- 1—-a)D(k
wpi+1 = (1 — @) wprsr + (th)+1() (97)
Together with Yoyq = % =D(k), (50) yields
(1—a)p ()

iyl = - - — .
WBt+1 + Wet+1 + awpir1 — WBt+1 — Wot+1 — WP41
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The only restriction that this condition implies on Z1411 for it to be part of a monetary equi-
librium is that (1 — @)D(k) < Zj441, or equivalently, since kZ1.41 = Zai41, this inequality is
equivalent to

KD (k) < 29441, (98)

where

Zjt+1 = 1Zj_t+; for j € {1,2}.
To summarize, given a value z3; € Ry, under the conjecture that p,,; = 0, and provided
condition (98) holds, the rest of equilibrium allocation at ¢ + 1 is obtained as follows: Ypsi1
and Ygy,1 are given by (90), Ypii1 is given by (91), Ypyi1 by (92), 21441 by (93), 20011 by (94)
with (98), and ([wit+1,@it+1a]ie{B,C,p} 7(:}Pt+1) by (95)-(97).

() Suppose 0 < p; 1 and £ < o7} ;. Then, (48) and (51) imply

L+pi
Zy = ———=Z 99
2t 14, 22+ (99)
and

wpir1r = 0 (100)
WBt+1,WCt+1 € R+, with WpBt+1 + WCet+1 = 1. (101)

Since 0 < py 1, conditions (57) imply
wirr1 = 0 for ¢ € {B,C,P}. (102)

Given (59), the assumptions 0 < py,; and £ < @7} imply £ < ¢t < @41, so (53) and (54)
imply Y/Pt_t'_l = (1 —a)Ypsy1 and Ypsy1 = aYpsy1, and (52) implies Yp; € [0, o] and

abp;py + (1 —ab) of ) = k.

This last condition is equivalent to

ko,

mo— 103
Pri1 I—af (103)
and together with (59), it implies
Pre1 — R
= 104
pt+1 K — aegpt_‘_l ( )
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Condition (104) is equivalent to

o0 = L+ e .
t+1 1 + aept—‘,—l
which together with (103) yields
mo K
Pr+1 = 1+ abp .. alp,y,
From this last condition it is easy to see that
E< @it € pr < (105)

Together with (49) and (55), ?Pt_i'_l = (1 —a)Yps1 and Ypyy1 = aYpyyq imply

- Yeir1  Yeesa
Yoir1 = Ypiy1 = 1 _t+a = Ot;r =D (@r41) - (106)

Conditions (100)-(102) together with (50) imply

Zis1 = (1= a)D (pp11) (107)

which together with (58) can be written as

Zoy1 = (1 — ) 911D (cptH) . (108)
Conditions (103) and (108) imply 29141 = h (¢4 1), where

k= abpy
h(ppy) = o D (#e41) -
Notice that A’ < 0, and
h (") =ED (¢") < h(k) = kD (k),

so for every zpi41 € [£D (¢"), KD (k)], there exists a unique ¢, ; € [k, "] given by ¢, =
f (22041), where f(22111) = h™! (22141). By substituting (104) and ¢, ; = f (22:41) into (99),

we obtain

1 (1—ab) f(22441)
= . 1
=2t 1+t k—abf (z2t41) “at+1 (109)

Conditions (56), (100), (107), and (106) imply

wpe1 = 1. (110)
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The two conditions for case (i) are 0 < p,y and £ < ¢}},, which with (104), (105), and

i1 = f (22t41), can be written as

0 Jla)=r g (111)

k—abf (Z2t+1)

Since f is a strictly decreasing function, with f (kD (k)) = k and f (kD (¢™)) = ¢", (111) is
equivalent to

KD (") < zat41 < KD (K) . (112)

To summarize, given a value z9; € Ry, under the conjecture that 0 < p,, and £ < @},
and provided conditions (112) hold, the rest of equilibrium allocation at ¢ + 1 is obtained as
follows: (th,}}pt,th,YCt) is given by (106), ([Wit+1,@it+1,]ie{B7C7P} ,(ZJPt_H) by (100), (101),
(102) and (110), zp41 by (109), ¢ra1 DY @y = f (22041), 2141 by (107), ppyy = HZbtrs
by (104), and @, = “=00Ga1) from (103).
(74) Suppose 0 < p, 1 and
Py = K- (113)

Then, Zy 41 satisfies (99), {wit+1},e(p,c py satisfies (100) and (101), and {@it+1}ie(p,c py sat-
isfies (102). The assumptions 0 < p,,; and ¢}t = K imply £ = @} < @441, so (53) and (54)
imply

Ypii1 € [0, (1 — a)Ypyyd] (114)

and
Ypii1 = a¥pyyia, (115)

and (52) implies Ypi11 € [0, 00] and

Pre1 =" (116)
Hence, (59) implies
Pr+1 = 1 (117)
and condition (55) implies
Yor1 =D (¢"). (118)
Thus, (99) becomes B
Zot = 1 i iz2t+1- (119)
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Given 29441, (58) and (113) can be used to obtain

1—
T = %' (120)
K
Condition (50), together with (55), (100)-(102), (116), and Yp;1 = aYpiy1, implies
D(p") -2
Ypii1 = M (121)
«
Then (49) implies
Ypii1r = D(¢") — Ypi
= Zier. (122)
Thus, the optimality condition (114) requires
0 < Zit41 < (1 — a)Ypry1,
which using (121) is equivalent to
D(e")—Z
0< Zym < (1 _Q)M'
a
With (120), these inequalities become
0< 29t+1 < KD (g&n) . (123)

To summarize, given a value zg; € Ry, under the conjecture that 0 < p,; and ¢} = K, and
provided conditions (123) hold, the rest of equilibrium allocation at ¢+ 1 is obtained as follows:
Zor41 18 given by (119), 21441 by (120), pryq by (117), ¢pyq by (116), Yper1 by (121), Vi by
(122), Ypsy1 by (115), Yoreq by (118), {wit+1}ie(p,c,py by (100) and (101), {@itt1}ieqp.0,py Y
(102), and @py+1 =1 (by (100) and (122)).

From the previous analysis of cases (i)-(iii), it follows that a dynamic deterministic mon-
etary equilibrium with production of good 1 consists of a sequence of real balances, interest
rates, relative prices, and consumption, production, and sales of good 1,

o0

{Zlu 2ot Pys P 1 YPt, Y, Yt YCt}t_O ;
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with z;; > 0 for ¢ € {1,2} and all ¢, that satisfies the following conditions:

T 22041 if kD (k) < 241
Zop = 1}ﬂ%zgtﬂ if KD (¢™) < z2¢41 < KD (K)
%3215—&-1 if 29141 < KD (¢™)
K if kD (k) < 29
o = f(zar) if KD (™) < 29t < KD (K) (124)
g ifze < KD (")
%th if kD (k) < 2
2 = { D(p) i ED (") <z < kD (k)
w7ar if 2o <KD (1)
m K= a&pt
e = 1—ab
0 = Yy — K
t Kk — by,
Yor = D(o)
v, - J (1=a)D(py) if kD (¢") < 2
Pt (1 — )z if z9; < KD (")
Vo aD (o) if KD (™) < z9¢
PO U p(@) = (l—a) 2y if 2o < 6D (97)

v, — [ D) if KD (") < 221
P = ple")=U=a)z1e ¢ 0 < gD (¢")

6
where for any z € [kD (¢™), kD (k)], f (z) denotes the unique value ¢ € [k, ¢"] that satisfies

Kk — abyp

= —D .
2= D(p)
The equilibrium nominal prices are
M
Pit = ST —
(1—a)zy,
Py = Pt
, = —
2
@ = P2t
' L+p

This concludes the proof. m

Proof of Corollary 1. From the definition of f in the statement of Proposition 4 it follows
that f(z9:) < " for all z9p > &D(¢"), with “=" only if z9; = kD(¢™). Then (124) implies
o = (14 py) o < ", with “=” only if 29 < kD(¢"). Since D’ (+) < 0, it follows that D (™) <
D[(1 + p;) @] for all ¢, with “=” only for ¢t € T such that z9; < KD(¢"). m
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C.3 Sunspot equilibria

In this section we construct equilibria where prices and allocations are time-invariant functions
of a sunspot, i.e., a random variable on which agents may coordinate actions but that does not
directly affect any primitives, including endowments, preferences, and production or trading
possibilities. Specifically, let S = {s1, ..., sy} denote the support of the sunspot, and assume
the time path of the sunspot state, s; € S, follows a Markov chain, 7;; = Pr (s¢41 = sj]st = 54).
The following corollary of Lemma 5 summarizes the conditions that characterize a recursive
monetary sunspot equilibrium. Without relevant loss of generality, we focus on equilibria where
only consumers hold money between periods, and only unbanked producers hold money between

the first and second subperiod of a given period.
Corollary 7 A recursive monetary sunspot equilibrium is a collection of functions of s € S,
(21(5),22(5),p(5), VP (5), Y (5), Y (), Yo (s))

that, for all s € S, satisfies the market-clearing conditions

0 = Yo(s)—Yp(s)—Yp(s)
0 = Zi(s)—Yo(s)+Yp(s)

and the optimality conditions

N
Zo(s;) = fﬂznﬁ[up(sj)m(sj) for all s; € S
j=1
00 if k—R™(s) <0
Yp(s) = [0,00] ifk—R™(s)=0
0 if 0 <k —R™(s)
~ (-a)Vp(s)  i0<m(s) s
Yp(s) = ¢ [0,(A=a)Yp(s)] if¢"(s) —£=0
0 if o™ (s) =6 <0
B aYp (s) if0<e¢(s)—k
Yp(s) = ¢ [0,aYp(s)] ifp(s)—r=0
0 if p(s) =<0
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where

e = 2
o) = [L+p(E]e" (9
R™(8) = 5t aflo(s) — 8] Lucpo) + (1 af) [" (s)

— K] L cpm(s))-

Proof of Proposition 5. Conjecture the following sunspot equilibrium:

p(s1) = H_;_n
g = 1+abe—(1—n)(1—ab)
Zi(s1) = Z,i#ﬁ) =1 —a)p(p(s1)), with ¢ (s1) = [1+ p(s1)] ™
@™ (s1)
Vi) =
Yp(s1) = Yo(s1)= Yrlo) _Yels) D (¢ (s1))

) « 11—«

M (s9) = Zi(s2) =Za(s2) =Yp(s2) =0
) = Yp(s2)=aYp(s2) =D(¢")
)

M, )
= f 1,2 .
7 (5) orie{l,2} andseS

Yo (s2
pi (s, M

It is easy to verify that the conjectured allocations and prices satisfy the equilibrium conditions

in Corollary 7. m

D Welfare

Lemma 6 Consider an economy with v (z) = x.

(i) Along the stationary monetary equilibrium, welfare is
(L=B)W™ =u(D(¢)) — kD (),

with ¢ = (1 + 1) @™, and ™ as given in part (i) of Proposition 3.
(ii) Along the nonmonetary equilibrium, welfare is

l—«

(1=BW" = ulb (¢") — |r+ — (5= 5)| D(&").

with ©" as given in Proposition 2.
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Proof of Lemma 6. (i) From Lemma 3,

m ]' m 1 ~m ~m m T
V;tB(at ) = (I+p) —a" +a(l-0)p, [/ —a; dH(a;") + oi"D (@) | + WtB
P2t b2t
m 1 m T
Vtc (ai") = (1+4p) Etat +u(D (¢1)) — @D () + Wtc
1 _
VP (e = (1+ a9ﬂt)}7aT + W,
2t

where ¢, = (1 + p;) ¢}, and
171 * * 1 m 7
Wi =wv(x") —a" + H{i:C}ZTQt (T{" — Miq1) + BV (H{i:C}Mt+1)

for i € {B,C, P}. (The expression for W} follows from (39) and the fact that only consumers
carry cash across periods; the expression for V,”(a}") uses the fee that a banker charges a
producer reported in part (7ii) of Lemma 2; and the expression for V,*’ (a}") uses part (iv) of
Lemma 2.)

Along the equilibrium path only consumers hold money at the beginning of the period, so

the relevant beginning-of-period payoffs are:
VE(0) = a(l—0)ppi"p (g) + W/
1 -
VO (M) = (1+p,) ]T%Mt +u(D (@) — oD () + W

VtP(O) = WtP-

Also, along a stationary monetary equilibrium, we have th = Za, o = ™, p = p,
pr=p=1+p)" and -T" = - (M1 — My) = (u— 1) Za, s0
WP = v@) -2z +pVE=w?8 (125)
WE = v(@*) —a* — Zo+ BV (Z) = WC (126)
wWr = v@) -z +pvP=wr (127)
and the beginning-of-period payoffs are
VP0) = a(l-0)pp™p (p) + WF=V7F (128)
VO M) = (L+p) Z2 +u(d () — 9D () + W =V (2s) (129)
vl = wt=vr, (130)
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By substituting (125)-(127) into (128)-(130), the beginning-of-period values become

VB = a(1-0)pe™p(p) + v (z*) —z* + pVE (131)
VE(Zs) = pZa+u(D(p)) —¢D(p) +v(a*) —a* + BV (%) (132)
VP = [R™(¢",0) = KD (p) + v (2*) — ¥ + BV, (133)

where R™ (¢, p) — k = @™ 4+ af (¢ — ¢") — kK = 0. Consider the (equally weighted) welfare
function, W™ = VB + V¢ (Z,) + V. With (131)-(133), we have

W™ = pZy +u(D (¢)) — [r+ (1 — ) pp™|D () + 3 [v (27) — "] + V™.

After substituting the equilibrium condition Zs = (1 — a) ¢™D(¢) ((16) in Proposition 3), we
get
(1 =BW™ =u(D(p)) = kD () + 3[v (z¥) — 7], (134)

where p = (1 + 1) "™ = 11‘;&/{ (from (14) and (15) in Proposition 3). To conclude, set v (z) = x
in (134) to obtain (28).

(i1) In the nonmonetary equilibrium, from Lemma 3 and Lemma 1, the value functions are

VE = a(l-0)(¢" —k)D(¢") +v(z*) —a* + VP
VE = ud(p") —¢"p (") +u (@) — a2+ BVE
VP = [R"(¢") = K]D(¢") v (a*) —a* + BV,
where
R"(¢")—k=k+ab(¢" — k) — k=0.
for i € {B,C, P}. The (equally weighted) welfare function, W* = VB + V¢ + VP is

1—«
af

(I=B)W" =u® (")) — |+ (k= 5)| D(p") +3[v(z") — 7], (135)

with " =k + 1;39(/£ — k). To conclude, set v () = x in (135) to obtain (27). m

Proof of Proposition 6. (i) From Proposition 3 we know that (1+¢)¢™ = k if ¢ = 0, so
(26) and (28) imply W™ = W* if « = 0. Also, given a < 1, 9[(1+¢)¢™] /Ot > 0 (which
implies OD((1 +¢) ™) /Or < 0), and £ < ¥/ (D((1 +¢) ™)) for ¢ > 0, so it follows from (28)
that OW"™ /0v < 0 and therefore W™ < W* for all ¢ € (0,17].
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Notice that W™ and W™ can be written as

A=BW" = u(d(¥") = ¢"D(¢") + —5—(k —£)D (¢")
(1-HW" = ud (@) ~9ple) + T D (),

SO

(1= BV —W") = u(d(p)) — D (9) ~ [u(D (&) ~ "D (")
C o ()~ 22 = ()

1+ab
= u(D(p)) —¢D(p) — [Q_L(D (©") =D (") + (¢" — ) D (¢")
Lt e o) 1 - 0 ).

where ¢ = (1 + ¢) ¢"™. From Proposition 3 we know that ¢ = ¢™ if « = 7. Hence,
l-a
af
From this we learn that W™ < W™ if + = 7 (provided o < 1). Then OW™ /0t < 0 implies
wWm > Wn for all « € [0,17).
(7)) Notice that W* is independent of «, while (27) and (28) imply

(L= B) W™ = W) = — (k=)D (") if 0 = .

(1=6) im W™ = u(D (")) — KD (p™)

(1 =) im W™ = (D ((1+1) ¢™)) = #D (1 +¢) ™),
with "™ and ¢"* as defined in Corollary 2 and Corollary 3, respectively. From (24), it is clear
that lim,—,; W™ — W") > 0, with “=" only if either ¢ = lim,_,; 7 or § = 1. Finally, from (22),

it is clear that k < (1 +¢)¢™* (and therefore lim, 1 W™ < W*), with “=" only if ¢« = 0 or
f=1m

Proof of Proposition 7. With a slight abuse of notation, let ¢ (1) = (14 ¢) ¢, with ¢™ as

defined in part (¢) of Proposition 3, i.e., ¢ (¢) = lizbebli, SO
141
1 =1 In k. 136
D) =l g (136)

From (28), 7 (¢) is defined by

u(d (¢ (0))) = &0 (¢ (0)) = u(d (¢ (1)) (1 +7())) =D (¢ (1) (1 +7())),



SO

(¢ (0))
14+7@)= ,
D (¢ (1))
and for ¢ ~ 0,
7(1) ~InD(p(0)) —InD (¢ (1)) . (137)
Also, for ¢ ~ 0, In 2t ~ (1 — o) ¢, so (136) implies In ¢ (1) ~ (1 — af) ¢ + In k, and therefore
14+abe
dlny (1)

——2=1-—ab. 138
di “ (138)

Hence, (137) and (138) imply

dr(t)  dlnp(p(t))  dlnD(p(r)dngp()
o du T dlng(v) du = —c{1-af).

In the cashless limit, & — 1, and we obtain the expression in the statement. m

E Money-in-the-utility formulation

Lemma 7 A stationary monetary equilibrium of the reduced-form model with money in the

utility function (described by (29)-(33)) is a vector ((cj, hj7yj’zj)je{1 2 ,(b,ﬂ) that satisfies

9

¢ = 18 (139)
¢ = hi=y1 =D(¢) (140)
¢ = hy=yp=a" (141)
"= gn(9) (142)
L= 25’(21) (143)
Z, = 6z (144)

Proof of Lemma 7. The Lagrangian for (30) with the preference specification (33) is

my

E = Zﬁt{u(clt)'FU(Cgt)—f—Af(P >—Bh1t—h2t
t=0

1t

+oimypt + A [withie + Parhoy + my + iy + Ty — (Precie + Porcar + myg1)] },
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where ¢; is the multiplier on the constraint 0 < my41, and \; is the multiplier on the budget

constraint. The first-order conditions for this problem are:

u (c1r) = MPu (145)
v (car) = P (146)
B = M\uwy (147)
1 = MPy (148)
N> B [APiHE’ (;Zii) + At+1] L with “ =7 if 0 < my1. (149)
Conditions (145)-(148) imply
(en) = () = B2 =1, (150)

From (150) it is immediate that co; = x*, which together with the market-clearing condition
for good 2, i.e., co; = yat, and the production technology for good 2, i.e., yo; = hoy, gives (141).
In an equilibrium where money is held (i.e., m¢y1 = M1 > 0) we can use (148) to write the

Euler equation (149) as

Z
Zzﬁl'u' _6 A

B e

In a stationary monetary equilibrium, (151) reduces to (143). Condition (144) is immediate

= Pu
= Py

The first-order condition for the problem of the firm that produces the final good 1 (i.e.,

U (Z1g41). (151)

from the definitions Zj; = % and ¢,

problem (31)) implies that the firm’s demand for the intermediate good of type i € [0,1] is

ye (i) = <pf2;)>sy1t, (152)

where y14 is the total output of good 1 given by (29). This condition in turn implies that the

nominal price of the final good 1 satisfies

Py = </01pt (i)' di) = : (153)

The problem of the firm that produces intermediate good i € [0, 1] (i.e., problem (31)) is

equivalent to

(i) = I;:?iﬁi[Pt(i)—wlt]Yt(pt(i)) (154)

with he (i) = v¢ (pe (7)) - (155)
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The first-order condition for this problem is

Ov: (pe (1))

. N _o 1
Y (pe () + [pe (i) — wiy] o) (156)
From (152) we know that
. Py \°
= 1
i @) = (75 e (157
N 10)
oYy (pe (@ a1 e
— " = —¢ 1 P . 158
2 D) — e ) (P e (158)
Substitute (157) and (158) into (156) to get
peli) = — —wiy for all i € [0,1]. (159)
Together, conditions (153) and (159) imply
Pu=p ()= — -y for all i € [0,1]. (160)
Then (157) and (160) imply
Y¢ (Pt (’L)) = Y1t for all 7 € [0, 1] . (161)
With (161), (155) implies
h (Z) =y = hy for all ¢ € [0, 1] . (162)

To obtain the profit of the firm that produces intermediate good ¢ € [0, 1], substitute (159) and
(161) into the intermediate producer firm’s objective function (154) to get

: 1 1 .
Ht(l) = o 1w1ty1t = gpltylt = IIy; for all 7 € [0, 1] . (163)

The last equality in (163) implies (142).
Condition (160) together with the last two equalities in (150) imply

Py e
o) = =t = B. 164
e | (164)

Conditions (139) and (140) in the statement of the lemma follow from (164) (the fact that

c1t = hqy follows from the last equality in (162) and the market-clearing condition for good 1,

C1t = ylt)- u
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