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Abstract

Nonlinear methodologies to estimate parameters of deterministic nonlinear
models are investigated in the case where experimental observations are avail-
able and uncertainty sources are present, e.g. model inadequacy, model error
and noise. The problem of parameter estimation is interpreted from a non-
linear dynamical time series analysis perspective; however deterministic and
probabilistic techniques originated outside the nonlinear deterministic frame-
work are studied, implemented and discussed.

Conceptually, the Thesis is diQided in two parts that explore two funda-
mentally different approaches: (a) Bayesian and (b) Geometrical estimation.
Both approaches attempt to estimate parameters and model states in the
case where the system and the model used to represent it are identical, i.e.
Perfect Model Scenario (PMS), even though the implications of the results
obtained are considered for Imperfect Model cases. The performance of the
resulting model parameter estimates in control monitoring and forecasting of
the corresponding system is assessed in an application-oriented fashion and
contrasted where possible with system observations, in order to look for a
consistent way to combine probabilistic and deterministic approaches. Given

the presence of uncertainty in the model used to represent a system and in



the observations available, combined methodologies enable us to best inter-
pret the resulting estimates in a probabilistic framework as well as in thé
context of a particular applicatilon'.

The first conceptual part relates to the REMIND project, which is to find
a way to meld advances in nonlinear dynamics with those in Bayesian esti-
mation for both mathematical systems and real industrial settings, i..e. for
control monitoring the UK’s electricity grid system efficiently. Bayesian in-
ference is used to estimate model parameters and model states using Markov
Chain Monte Carlo (MCMC) techniques. For the observations of grid fre-
quency and demand, the operational constraints of the data sets are main-
ta,inéd through the estimétion process, for example in the situation where
the data are provided at rates that restrict on-line storage and post process-
ing. When MCMC is applied to the Logistic Map, curious behaviour of the
convergence of the Markov Chain and in the resulting parameter and sfates
estimates are observed and are suspecfed to be a consequence of high multi-
modality in the resulting posterior, which in turn generates estimates with a
low dynamical informational content. In the case when the MCMC is applied
to a UK’s grid frequency dynamical model, the technique is implemented in
such a way that gradually transform from the PMS case into a more realistic
model representation of the system. Convergence of the MCMC algorithm
for the grid frequency models is highly dependent on the quality of opera-
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tional data, which fails to provide the information require_d by the tailor-mad‘e
MCMC implementation. In addition, sanity checks are proposed to establish
meaningful convergence of MCMC analyses of time series in general.

The second conceptual part explores a new approach to parameter esti-
mation in nonlinear 'modelling, based on the geometric properties of short
term model trajectories, whilst keeping track of the global behaviour of the
model. Geometric properties are defined in the context of indistinguishable
states theory. Parameter estimates are found for low dimensional chaotic
systems by means of Gradient Descent methods (GD) in the PMS. Some
of the advances are made possible by means of improving the balance be-
tween informa;cion extracted from the observations and from the dynamical
equations.

As a result of this investigation, it is noted that, even with perfect knowl-
edge of system and noise in both models, the uncertainty in the dynamics
cannof be distinguished from the uncertainty in the observations. In ad-
dition, the Geometric approach and Bayesian approach of the problem of
model parameter and state estimation for nonlinear models in the PMS are
compared aiming to distinguish them based on dynamical features of the es-
timates. In the Bayesian forrhulation there are still fundamental challenges

when a perfect model is not available.
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Chapter 1

The Problem

1.1 Introduction

The behaviour of natural and artificial systems has captured the attention
of humans since the beginning of mankind. Every moment of every day,
rationalisation of surrounding phenomena is performed.

Observations are constantly obtained and used in order to characterise
and‘ attempt to control the surrounding reality. Sets of rules are assigned
to represent this reality with the aim of reproducing the observed phenom-
ena. These sets of rules are the models that represent reality and differ from
subject to subject depending on many different aspects such as current cir-
cumstances, awareness and interests, among others. Once phenomena are

characterised according to the chosen model, the environment becomes more



secure and malleable—or it feels so at any rate. Although no model can
change reality directly, such models help understand the world.

The information obtained from observations is incomplete and is fre-
quently corrupted. Furthermore, it is normally impossible to acquire all
the relevant information needed to assign a consistent set of rules. As a
consequence, the model is just an approximation of reality. Models used to
represent reality are sometimes mistakenly thought of as reality itself, given
the success of the model. Even when the chosen model does not provide a
very accurate representation of reality, it is taken as reality itself.

Modelling reality plays a key role in the scientific method and in the
applications of its laws and developments towards particular applications.
In this very restricted contgxt, reality is the system where the phenomena
of interest happens, and observations are quantities that can be measured,
i.e. quantities with units. Observations contain information on the system
and are used to formulate a model or to reﬁne a previously formulated one.
Models are mathematical structures that formally described the system.

In the process of gathering all relevant information about a system, many
obstacles are encountered. For example, storage capacity is finite, measure-
ments cannot be performed in continuous time, measurement devices have
finite resolution, not all relevant variables can be observed and there are
often systematic errors during the experimental process. Therefore the in-
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formation available is uncertain. In addition, given that only observations
are available, discriminating the nature of a system, i.e. stochastic or deter-
ministic, is impossible [64]. Therefore an a priori choice of a stochastic or a
deterministic model is arbitrary.

Although uncertainty makes the view of reality fuzzy, it also can be used
to extract useful information. In more optimistic terms, uncertainty in the
observations and in the model chosen to represent the system may highlight
the relative ability of a model to represent the system in terms of forecasting
or control monitoring.

This Thesis focuses on the situation where model parameter values are
to be found once a model has been formulated to represent a system of
interest. Parameter estimation is a fundamental problem in both stochastic
and deterministic frameworks although it is approached in different ways.

This work follows the idea that there is no “proper methodology” for
parameter estimation when the only source of information is a time series.
Furthermore, it considers two model‘choices to be used to represent the
dynamical system: (1) separable dynamical models that are deterministic but
contain a separable stochastic component referred to throughout this Thesis
as measurement noise, and (2) stochastic dynamical models that contain
a non-separable noise component called dynamical .noz'se in addition to the
traditional deterministic and separable noise components. The use of either
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of the two model choices is justifiable when formulated towards cobing with
uncertainty sources in the system. Given a particular system, validation of
model choice and definition of “good” estimates are made from out of sample
performénce.

The use of dynamical models that can be either stochastic or determin-
istic leads to approaches to solve the problem of parameter estimation that
meld methodologies from statistical and nonlinear times series analysis frame-
works.

In this Thesis, the problem of parameter estimation is interpreted from
a non-linear time series analysis perspective; however, techniques originated
outside the nonlinear deterministic framework are studied, implemented and
discussed for dynamical systems.

This Thesis is structured as follows. Chapter 1 formulates the problem in
simple terms. Chapter 2 introduces the techniques used at different stages
in the research for particular applications and provides an overview of what
is new in this Thesis.

Chapter 3 uses Bayesian methodologies of parameter estimation to esti-
mate parameters for the Logistic map [24]. The Chapter presents a correct
formulation of the problem of parameter estimation in Bayesian terms and
implements a tailored MCMC routine for this case [23].

Chapter 4 presents and describes a new methodology [88] that uses in-

11



distinguishable state theory [54, 55] and ensemble construction to search for
parameter estimates in nonlinear models.

Chapter 5 contrasts system state estimates obtained by two different ap-
proaches, Bayesian and dynamical. It provides interesting results which lead .
to an extensive plan of further work.

Chapter 6 describes the attempts and results to estimate parameters for
a simple model of electricity grid frequency dynamics [20] using Bayesian
methodologies and real experimental data [22].

Finally, Chapter 7 lists the new results and general outcomes of this work,

highlighting further research in this area.

1.2 Statement of the Problem

Let S be a time series of observations of a system’s temporal evolution. The
temporal evolution of the system is given by the map, f(&;; 8) : R™ — R™,

where at time ¢, the system state is given by
I = Jz(ft—l;é), (1-1)

i, € R™ are the system states at time ¢t € Z and 0 € R is the fixed value
for the true parameter vector of the system.

Estimation of the true parameter value @ can be performed in several
possible scenarios. Each scenario represents a relationship between the sys-
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tem’s temporal evolution and the model chosen to represent it. The possible

scenarios are:

1. The Perfect Model Scenario (PMS):
The system and the model share the same mathematical structure.
Therefore, z; = I; fof all t; thus f = f. Given that the system’s
temporal evolution is given by f for a fixed value of the parameter
v‘ector é, the model chosen to represent the system is chosen from the
r‘nodel class f( - ;8).
In the special case where the temporal evolution of the system states,

%y, is modelled by the deterministic map, f = f(z:;0) : R — R™,
Ti41 = f(24;0), (1.2)

where z; for all ¢ are the model states and 6 € R¢ is the model param-
eter vector. The map in equation (1.2) can be written in terms of an

unknown initial condition zy by the t—fold composition of f as
i1 = fH(0; 6). (1.3)

At time t, it is assumed that all components of Z; are observed, i.e.
n = m, and the data point s; € R™ is recorded. In other words, the
sampling rate is constant. The length of the data set S is N € N, and
is equal to the number of times that a system trajectory is observed.
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Given that each observation is subject to noise, the measurement noise
component is

St = Tt + M, | (14)
where n, € R™ and n; ~ 11D(0, 03), an independent and identically
distributed random variable with known variance afl.

Notice that in some cases, the system under observation is physically
under the influence of internal random fluctuations. Therefore the sys-
tem states, Z;, are randomly perturbed by dynamical noise. If the

unknown initial true state of the system is %, the additive dynamical

noise is mathematically represented as

Tym1 = f(i0+30;9),

Ty = f(§31+31;0)>

F = f(F1+6-10),

:it-}-l = f(i?t + St, 0) (15)
where St € R™ is a random variable with unknown mean and variance,
8, ~ IID(0,02).

The perfect model scenario case can be dressed in two ways:

(1) The observations of the system (1.1) only contain measurement
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noise, the PMS is a separable dynamical model given by equations

(1.2) and (1.4), explicitly,
st = f'(Z0;0) + 1, (1.6)

for t > 0. Note that in this case, the sequence of states, {Z;}>0, is

indeed a trajectory of the system.

(2) The observations of the system (1.1) contain both additive noise

components, the PMS is a stochastic dynamical model given by equa-

tions (1.2) to (1.5). Explicitly,
St = jt + 7, ) (17)
where Z; = f(Z;-1 + St—l) thus

St = f(f( L f(f(@o+ 50) +61) -+ 8i9) + St—ll'f‘nt, (1.8)

t times

for 8, ~ IID(0,02). Therefore, the sequence of states, {Z;}0, is 10

longer a trajectory of the system

The admission of the presence of dynamical noise in the observations
may sometimes be seen as a “shadow” in low dimensions of higher
dimensional dynamics with small amplitude [56]. In some sense, the
random perturbation called dynamical noise affects the system states

before the random perturbation called measurement noise affects the
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system states during the experimental process of gathering system ob-
servations. The effects on the dynamics from the presence of both noise

types are studied in detail in [11] for chaotic systems.

. The Imperfect Model Scenario (IMS):

The system is approximately represented by the model. Therefore,
f~ f and z; # Z;. Perfect models are not available in cases where
data comes from physical systems ([55] and references therein). - The
“Laws of Physics” are dnly a useful approximation of the system un-
der well defined conditions [15]. Model inadequacy arises when the
model chosen to represent the system is structurally incorrect, is phe-
nomenological not derived from any physical principles, does not in-
clude unknown and not observed dynamical components of the system,
involves coarse measured variables or variables representing averages,

among other factors.

The only information available about the system states is provided
by the observations recorded at time ¢. Given that the system f is
represented by an imperfect model, of the same dimension, f : R™ —
R™, it is assumed the observation are s; € R™, i.e. live in the same
space R™, and are recorded at a constant rate, with no loss of generality.

The length of the data set S is N € N and is equal to the number of
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times the system trajectory is observed.

The measurement noise is mathematically represented by
St = Xy + M, (19)

for n, ~ II1D(0, 0,2,) and the z,’s, t > 0, are the imperfect model states.
Comparing equation (1.4) for the PMS and the equation above shows
that the difference is that in the IMS, systems states are not available,

only imperfect model states.

In this Thesis, model inadequacy or impersection is represented by an

artificial dynamical noise component in the model, written as
Ter1 = f(24;0) + Oet1, (1.10)

for 6, € R™, §; ~ IID(0,02) where o is uknown. &, is called arti-
ficial dynamical noise (c.t. equation (1.5)), and by no means, it does

represent any random perturbation physically happening in the system.
In this context, dynamical noise is then interpreted as model error

rather than as a property of the observations.

. The Real Model Scenario (ReMS):
In this case, the system is complex; f , does not exist and there is no

model that includes all relevant degrees of freedom for the description
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of the system dynamics; Observations are noisy and finite, and all

available models are a simplification of the current state of the system.

The ReMS is a special case of the IMS, and it is known that the model
used to represent the system is an ignored-subspace model [55] since it
does not include an unknown and unobserved dynamical compbnent of
the system, and involves coarse measured variables or variables repre-
senting averages. This scenario is exemplified in Chapter 6 for the grid

frequency dynamics.

Two different approaches are used throughout this Thesis in the attempt

to estimate model parameter estimation from observations:

A. The Naive Realistic Approach (NRA):
Given a system in any of the scenarios described in parts 1 to 3, the
model is assumed to be a perfect model describing the system. Differ-
ences between system and model are neglected and model error is not

taken into account.

B. The Naive Statistical Approach (NSA):
Given a system in the PMS, the model is assumed to be stochastic even
though the perfect model is known to be a nonlinear deterministic
model. Although the stochastic model is inadequate to describ the
system, it is used to ease numerical calculation and analysis and to
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cope better with some uncertainty sources in a statistical framework.

The dangers of assuming a model class as perfect ignoring the natural
 difference between system and model are clearly posed by Chatfield [19] in

Chapter 3 and Chapter 13, respectively:

“.. there is a real danger that the analyst will try many dif-
ferent models, pick the one that appears to fit best ... but then
make predictions as if certain that the best-fit model is the true
model.”

“When a model is selected using the data, rather than being
specified a priori, the analyst needs to remember that (1) the true
model may not have been selected, (2) the model may be changing
through time or (8) there may not be a ‘true’ model anyway. It
is indeed strange that we often implicitly admit that there is un-
certainty about the underlying model by searching for a ‘best-fit’
model, but then ignore this uncertainty when making predictions.
In fact it can readily be shown that, when the same data are used
to formulate and fit a model, as is typically the case in time-series
analysis, then least squares theory does not apply. Parameter es-
timates will typically be biased, often quite substantially. In other
words, the properties of an estimator may depend, not only on
the selected model but also on the sesection process.” '

Chapter 3 of this Thésis explores issues related to parameter estimation
in the PMS as defined in part 1 and also it uses intentionally the NSA to ob-
tain estimates of parameters and non-observed variables in order to compare
with earlier results shown in [70]. Chapter 4 estimates model parameters for
chaotic maps in the PMS from observations that contain only measurement
noise as formulated in [68]. Attempts to implement methodologiés of pa-
rameter estimation in the IMS for the special case of the real model scenario

ReMS in part 3, are presented in Chapter 6 and intentionally the NRA is used
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to formulate a dynamical model. Once the model is formulated, the NSA is
used to obtained parameter estimates from real data sets, assuming as PMS
the imperfect model class formulated for the grid frequency dynamics.

The final solution to all parts of the problem, in particular part 2, i.e. the
imperfect model scenario, where even the existence of “optimal” parameter
values is doubtful, is béyond of the scope of this Thesis.

The results preSented in this docuement highlight the importance of meld-
ing methodologies. The future pathé to follow if “good” is defined in dynam-
ical rather than statistical terms, are described. Finally, advances towards

obtaining “better” parameter estimates in nonlinear systems are made.
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Chapter 2

Background

Assume that a time series of observations of the system of interest is available.
The features of the system’s temporal evolution are to be used to characterise
the system for purposes of forecasting and control monitoring tasks. Looking
at the time series of interest, the system under study is represented as a
mathematical structure or model. Once this model-system relation is set,
the problem of model parameter estimation from time series is understood
as a model fitting problem. Uncertainty is présent in the Qbservations and in
the model chosen to be the representation of the system. Methodologies used
to solve this problem'should include considerations of uncertainty sources to
increase the reliability of the resulting estimates.

Uncertainty plays a key role in the unfolding of the dynamics and in the

resulting reliability of the estimates. The aim of this Chapter is to describe
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the methods used at every stage of this investigation on how to find parameter
estimates for nonlinear models. The Chapter is a list of recipes of the relevant
methods for parameter estimation, and discussion of the issues related to the
problem of interest is found in the main Chapters of this work.

A statistical approach té this problem is called inference or model eval-
uation. In that context, inference is the process of updating probabilities
of outcomes based upon the rélationships in the model and the evidence
known about the situation at hand [9]. This Chapter presents the statis-
tical methodologies from the Bayesian and the Frequentist perspectives in
section 2.1 and 2.2 respectively.

Traditionally, in the nonlinear dynamical perspective, uncertainty in the
observations given by noise presence is accounted for by noise reduction meth-
. ods [58, 1§, 36, 26, 92] whilst methods to account for uncertainty in the model
are still in development and subject to continuous progress {19, 87, 75, 54, 55,
51]. section 2.3 presents the way indistinguishable states are found for the
chaotic Logistic map [67] by means of the gradient descent (GD) algorithm
following the work of Judd and Smith [54, 55].

In general terms, there is no method which could be labelled as a “proper”
or “correct” approach without assessing the performance of the resulting esti-
mates for a given application. In éddition, independently of the methodology
used to find parameter estimates, even in simple scenarios, is impossible to
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identify the nature of all uncertainty sources. In most cases, there is a trade-
offs between the relevant information obtained while reducing uncertainty on
the “uncertainty” of the nature of the uncertainty sources themselves. A suc-
cessful methodology is one that balances such trade-off for a given scenario

in the context of a particular application.

2.1 Bayesian Parameter Estimation

Bayesian inference is a statistical approach to estimate and predict a be-
haviour of interest [95, 70, 12]. In this framework, probabilities are inter-
preted neither as frequencies, proportions nor likely events. Instead, this ap-
proach can be seen as a way to formally model a system in terms of probabil-
ity distributions. These probability distributions combine “common-sense”
knowledge and observational evidence [29)].

From the Bayesian point of view, there is no fundamental distinction
between variables and parameters in the model used to describe the situation
of interest. In the first instance, parameter and model variables are both
naively assumed to be random variables, if the model is a dynamical nonlinear
system.

A distinction is made, however between observable and non-observable

random variables in the model. An observable random variable is one which
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can be measured in the experimental process of observation, i.e. it can be
replaced by data values. Often the non-observable random variébles are
called parameters, regardless of being model parameters or model variables.

In order to translate the statement of the parameter estimation problem
for a dynamical system to the Bayesian framework, model variables, param-
eters and observations are classified either as observables or non-observables.
The notation defined in Chapter 1 is going to be stretched in the Bayesian
framework in a way that all observables are collected in S whilst all non-
observables in the Bayesian parameter vector 8.

The statement of the problem in Chapter 1, section 1.2, provides a defi-
nition of the system dynamics of interest in equation (1.1), a data set S of
noisy observations (see equation (1.4)) and a model to represent the system
dynamics given by equation (1.2).

From this statement of the problem and the principles of Bayesian in-
ference, classification as observables and non-observables is made as follows,

and it is independent of the scenario the model is placed.

e Observables, S:
The observations {s;}}Y, are assumed to be a realisation of a random
variable regardless of the dynamical information contained in each s;.

In addition, the mean and variance of the noise process are observables

24



constrained to the known values of zero and 0',2,, respectively. Therefore,
the observables in S are all observations {s;}), and the two known
parameters of the noise process, producing a set of observables with

N + 2 elements.

e Non-observables, 6.
After finding the observables contained in S, the rest of model param-
eters and variables are all included in the Bayesian parameter vector
0. The parameter vector includes the model states {z;},, the ini-
tial condition zo and the ¢ model parameters in f(z;;-), making @ of

dimension N + ¢ + 1.

Note that for particular examples, the:parameter vector @ will also in-
clude hyper-parameters [95], parameters of the random process associated to
a component of 6, which in turn will increase the dimension of the Bayesian
parameter vector. Choice of hyper-parameters related to components of  is
drawn from relevant background information on the system to be modelled,
and it is denoted as I, follovﬁﬁg notation in [83].

Bayesian statistical inference requires setting up a joint probability distri-
bution, p(S, 8|1), of all random variables [95]. The joint probability density

function (PDF) can be decomposed into the product

p(S,0|I) = p(56, I)p(6]1), (2.1)
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where p(6|I) is known as the prior distribution of all non-observables and
p(S]0, 1) is called the Likelihood: a conditional PDF of all observables given
the non-observables. As noted before, the prior conta,ins; all the information
about parameters which is obtained by having knowledge about the situation
before observing a data set S. The information coming from the experiment
is contained in the Likelihood.

The prior and the Likelihood are updated via Bayes’ theorem [4] to a
probability distribution of the parameters, given a realisation of the data set

S, as follows:

p(S16, 1) p(6]1)
Tp(S16, 1) p(6]T) o

p(6]S,1) = (2:2)

where p(0|S, I) is called the posterior probability distribution. The posterior
is the distribution that contains all the samples from the prior that best
resemble the data given the data set S [95], and the relevant background
information I. The background information I is also referred to as prior
z'nformation..

The denominator in equation (2.2) is a normalisation constant vﬁth re-
spect to 8. This distribution is known as the marginal distribution, m(S|I),
given by

mmn=/mmanmwnw (2.3)

The explicit inclusion of the background information I as a variable in
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each of the PDF involved in equation (2.2) is made to stress the fact that once
the background information is different, the functional form of the posterior
is changed.

In practice, a major technical difficulty in. the implementation of Bayesian
methods is the high dimensional integration involved in m(S|I) and in the
calculation of any expected value of the posterior distribution. The numerical
implementation of Bayesian methods involves sampling algorithms that draw
realisations from the posterior distribution. The majority of these algorithms
are formulated in terms of non-normalised distributions.

In these terms, it is more convenient to write equation (2.2) as

p(0|S,1) o p(S|6,1) p(6|I), (2.4)

o< p(S,0|1). (2.5)

Once a realisation of S = S’ is obtained, equation (2.5) is evaluated on
S so that the posterior distribution p(6|S,I) is a function of 8 only. Thus
the posterior distribution p(0|S, I) is denoted by wg(68|I). This new notation
for the posterior emphasises the fact that the posterior distribution (2.5) is
different for a different realisation of S and what is considered in a particular
case as relevant background information I. The PDF, wg(@|I) is known as
the full joint posterior distribution.

Formally, let S = {s;}1'; be the set of observations of the system of in-
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terest, where s; € R™ and N € Z is the length of data available. From (2.5)

it follows that
WS(OII) = p(els = {st}i\ila I)’ (26)

is only a function of the parameter vector 8 and the prior information I.
The joint posterior distribution 7g(8,I) is the object of interest in the
Bayesian framework since, in principle, any inference of any parameter in the
model could be made from the knowledge of 75(@|I). In general, inference on
0 translates into the calculation of expected values of an arbitrary function

of 8, g(8). The expectation of g(0) is defined by

Eoa19(6)] = [ 9(6) ws(l1) ce. 2.7

For future reference, lets introduce some detailed notation for the compo-
nents of the parameter vector 8. Let 6; € R* be the i** component of 8 for
1<k</{landi=1,...,¢ and let 6 _; be all components of 8 excluding the

sth

i** component 6 ;. In geheral, 0 ; is not scalar, but for simplicity it is assumed

to be scalar thus 8; € R Vi, with no loss of generality. For example, in this

notation and for ¢g(@) = 6, equation (2.7) is written as
Ev i8] = / 0, ms(6|I) do (28)

which clearly corresponds to the posterior mean of the i*® component of 8.
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The calculation of such expected values as equation (2.7) involves at
least two high dimensional integrals, one to obtain the marginal distribu-
tion m(S|I) and one to project g(6) onto the measure induced by the full
posterior mg(0]I). Such calculation could not be performed analytically and
it becomes one of the main practical difficulties when making inference from
a posterior.

In order to address this analytical intractability of the Bayesié,n formula-
tion, numerical integration of (2.7) is carried out by a Monte Carlo approx-
imation. This approximation involves getting random samples of 75(6|I)
by suitable sampling algorithms. In particular, samples are taken to be the
states of a suitably constructed Markov chain such that 7g(8|I) is its station-
ary distribution. The numerical implementation of Bayesian methods using
realisations of Markov chains as samples drawn from the full joint posterior
distribution (2.6) and Monte Carlo integration to calculate expected values

(2.7) are known as Markov Chain Monte Carlo methods, or MCMC in short.

2.1.1 MCMC Techniques

Monte Carlo integration calculates the expectation E, [-] in (2.7) by drawing

samples {B(j)? j =1,...,T} from the posterior 7g(6|I). In turn, posterior
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samples are used to evaluate the expectation defined in (2.7) as follows

Eealg@)l~ 7 Y 9(69), 29)

The set of posterior samples for the parameter vector 8 is denoted by
{69 j =1,...,T} and can be generated By any process which draws “suffi-
ciently” independent samples throughout the support of wg(-|I) in the correct
proportions. Sufficient independence can be understood to mean that sam-
ples of each of the componente 0; of @ are independent from each other i.e.
p(64,04) = p(0;) x p(6.),Vi # . Now, sufficient independency is achieved
by constructing a Markov chain such that mg(@|I) is its stationary distribu-
tion.

Under precise regularity conditions (see [29] and references therein) a
Markov chain is constructed such that when 7" — oo, the following asymp-

totic results are reached with probability one.

gmem—%BNden (2.10)
and
AR
Th_I};o lszlg(em)] — E; 1[9(0)], (2.11)

As such, the averages of chain values are equivalent to estimates of pa-
rameters in the limiting distribution 7. For detailed discussion of this point

see [91, 95, 29].
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MCMC is an iterative process in which samples of the components of 8
are obtained from the states of a suitable Markov chain. Each state of the
chain is a complete sample of the parameter vector @ at a given iteration
j. Most of the effort is put in the generation of suitable chain states since
inference is reduced to calculate geometric averages. |

A suitable Markov chain is one whose transition probability, p(8Y+D|0V), ),
converges to the joint posterior mg(@|I) in the limit 7" — oco[66]. The tran-
sition probability is the conditional probability that the current state of the
chain 89 becomes the state Y+, This probability is also known as the
transition kernel of the chain, and it is denoted by K(6Y+D|91)).

Typically, the Markov chain takes values in R, since @ € R¥, and a
Markov chain is constructed using the algorithm developed by Hastings [40],
which is a generalisation of the method developed by Metropolis et al. in
1953 [69], and is known as the Metropolis-Hastings (MH) algorithm [40, 69,
30].

The MH algorithm generates a sequence {9(")}};1 as follows:
Set initial conditionms: 6=
Loop ( j=1,...,T ) {

Sample a candidate state j+1 : Y ~ q(-|8\))

Sample a uniform random variable: U~UQO,1)
If: U < a(0Y),Y) then: U+l =y
otherwise: eU+h) = gU)
Increment j

}
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The algorithm proceeds at each time j by choosing the next state of the
chain YY) by first sampling a candidate state Y from a proposal distribu-
tion ¢(-|6“) which depends on the current state 8**1). The candidate Y is

accepted with a probability of acceptance given by

DY) — min 4 1. FEI) 9(091Y)
a(89,Y) = {1’w(e<f>|1)q(Y|a<i>)}' (2.12)

The proposal distribution ¢(+|-) could be in any functional form and the
stationary distribution of the chain is 7 (-|I) provided that the transition
kernel for the Metropolis-Hastings algorithm satisfies the detailed balance
equation

m(z) K(z,y) = n(y) K(y,z) (2.13)
when the chain moves from z = 89 to y = Y+Y. The detailed balance
equation in (2.13) constrains the rates of moves through states in detail for
every possible pair of states. Therefore, once 8 ~ mg(6|I) is obtained, it
is assured that %Y is also sampled from mg(6|I). For technical details,
see [9, 29, 95].

It is often more convenient and efficient, from the computational point
of view, to divide 6 in components {01,0.,,...,6,,...,0,} and then update
these components one at a time. It is not necessary for each component to
be scalar. When the parameter vector is divided into components, the up-
dating process used for constructing the appropriate Markov chain is known
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as the single-component Metropolis-Hastings algorithm and was the original
structure proposed by Metropolis [69].

At each time step, the algorithm updates each of the £ components of
using the Metropolis-Hastings algorithm. In the j** iteration, the state of the
chain is updated one by one for each of the £ components of 8. Iteration j
updates 8% for i = 1,...,¢ choosing Y; from ¢;(¥;]6%,6%)) as a candidate

for the updated value 9_(ij+1) i.e. the i component of the next state in the

chain. Explicitly, the term 0(1)1 is
. - ) .
89, = (69™,...,6970,69),,...,69). (2.14)

Following (2.12), the candidate is accepted with probability

(2.15)

. ] (Y e(j)_ I ie(_j) Y, e(j).
o(09. 69, ¥) = min {1 n(Vilo%, 1) a0, 02) |

'w(67169, 1) ai(¥169,6%)
where (897169, I are the full conditional distributions for i = 1,..., 2.

If Y, is accepted then 0_(ij+1) =Y, otherwise 9?+1) = GFf) and the chain
does not move. Note that no other component of #%) is changed in step j.
For clarity, the definition of the full conditional distributions is presented
later in this section.

By analogy with the description of the MH algorithm, the‘ general struc-

ture of the single-component algorithm is presented as follows:
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Set initial conditions: @U=0)
Loop (j=1,...,T) {
Set coordinate iterator i=1
Loop (i=1,...,8) {
Sample a candidate state j+1: Y;~ qi(Y,,;|0'1(.j),0‘(_j_)i)
Sample a uniform random variable: U ~U(0,1)
If: U< a(G_z(j),().(f)i,Y,-) then: 6g+1) =Y;
o7 Z g

otherwise:

Increment ¢ }

Increment j }.

Note that 0(1 ), mixes the values of the components previously already
updated in the current iteration j (see equation (2.14)) and components
updated in the previous iteration j — 1 wheﬁ 1<i</{-1.

Synoptically, given an arbitrary set of starting values 0_(f ), R 0.(? ) the first
iteration of the updating process looks as follows:

simulate 0'(11) ~  7(f;4] 0_(3), ce 0_(3),1)
simulate 6_(21) ~  m(0s] 0.(11),0_(;?),...,9.(?),[)

simlate 60 ~ w6, 69,...,00,,690,,...,69,1)

simulate 9.(31) ~ w0, BFII),...,HF;ZI,I)
and yields a chain with states 89 = (0_(f) yoe ,0_({) ) after j cycles. Con-
sequently, if all the full conditional distributions are available, all that is

required is to sample iteratively from them.
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The full conditional distribution of 095) under 7 (-, I) is defined as

ms(611)

(00—, I) = Tns@T) db;

(2.16)

Note that the normalisation constant in (2.16) is independent of 8 ;, since
from equation (2.6) it is clear that the posterior distribution is proportional

to the joint PDF of all observables and non-observables in the model.
7(04]0.-;, I) x ws(O|I) ox p(S = {s:}, 0]I). (2.17)

In other words, the full conditional distribution of 8 ;, given the values of
the other components 6 _;, corresponds to those terms of 7g(0|I) in which 6;
appears explicitly. This feature makes full conditional distributions straight-
forward to calculate. The process becomes even more straightforward when
a conjugate functional form can be easily identified i.e. the full conditional
distribution is in a closed form.

Let F be a family of probability distribution functions f(z|@) (indexed
" by 0). A class F* of prior distributions f* is a conjugate family for F if the
posterior distribution is in the class F* fo£ all f € F, all priors f* € F7*, and
all z € X [17, 29]. When this happens, the functional form of the distribution
is said to be in a closed form. This class is closed under product, therefore if
f € F, the product f - f* € F*.

For example, if the Likelihood distribution belongs to the same conjugate
family as the prior, then the resulting posterior will also belong to the same
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conjugate family. The role of conjugate families of distributions in the prac-
tical implementation of the MCMC methodology is very important and will
be clearly visible in the example presented later in section 2.1.2 and in the
applications of Bayesian perspectives for the Logistic map in Chapter 3 and
for National Grid dynamics in Chapter 6.

One of the most important issues surrounding the implementation of
MCMC techniques is the choice of the proposal distribution ¢(-)[95, 91, 61,
80]. For computational efficiency, ¢(-) should be chosen so as to be easily eval-
uated and sampled from, and with associated high probability of acceptance
given by equation (2.12).

A common way to choose the proposal distribution g is the process called
Gibbs sampler [32, 30]. The Gibbs sampler is a special case of the single-
component MH algorithm, taking as the proposal distribution for the it
component of @ its corresponding full conditional as defined in (2.16). The
candidate for the next step of the chain is drawn from the full conditional.

Therefore the MCMC with the Gibbs sampler is
¢(Y;|0.4,0 ;) = m(Y3|0.—, I). (2.18)
Substituting equation (2.18) into equation (2.12) gives-
o(69,69,Y:) =1, (2.19)

i.e. Gibbs sampler candidates are always accepted as the next step in the
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chain.

Having chosen the proposal distribution, the next step is to find out how
the generated Markov chain is converging towards a stationary distribution,
7g(@|I). This problem is known as chain mizing and is directly related to the
mix values of past and present updates of components 8. Depending on the
relation between the proposal distribution ¢ = w(+|-) and the full posterior
mg(-|I), the mixing can happen at different rates. The slower the mixing of
the chain, the larger the number of iterations needed to achieve convergency.

For the majority of applications, the complexity of the models makes it
impossible to calculate analytically the rate of convergence of a particular
transition kernel towards the stationary distribution, and it is therefore nec-
essary to develop numerical tools to check chain convergence (for a review of
these tests see [13]).

To monitor convergence where only one realisation of the chain is avail-
»able, the output of the Monte Carlo calculation using the posterior samples
from the MH algorithm iteration are ploﬁted and then the number of itera-
tions of the algorithm when the mixing appears to be achieved is chosen by
eye [95]. When parallel runs are available leading to several realisations of
the same chain, th?: Gelman and Rubin (GR) statistic [31] can be used to
assess convergency.

Let 7 be the burn-in time when the mixing is finished. The chain {B(j ) j=
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7+ 1,...,T} contains all T'— 7 — 1 samples from the full posterior wg(8|I).

Thus the estimator in equation (2.9) is given by

T

Eutlg(®)] % — 3 9(69). (2.20)

T-—71.
j=7+1

In practice, 7 should be large enough to obtain consistent estimates. The
size of 7 is limited by computational resources. Evaluations of the full con-
ditional distributions make the numerical implementation costly in terms of
running time and computational resources, which grow as the complexity of
the model increases.

Note that the coﬁditioning of the full conditional distributions changes at
each iteration (since 6% ), changes), each full conditional distribution 7;(-|89), I)
being used only once per iteration j and for each component ¢. Generating
random samples for such distributions is, in general, time consuming, even
more so when analytical reduction to a closed form for the full conditional
distribution is not possible.

When the full conditional distribution is in a closed form, standard al-
gorithms should be used to generate random samples. When this is not
the case, the Accept/Reject Algorithm is used for sampling from a general
density fy(y). This algorithm is presented in [17] as the theorem 3.2.1 in
section 3.2.1.4. |

The following section will exemplify the Bayesian perspectives in a sim-
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ple example presented in Chapter 5 of [95]. The simple structure of this
simple example gives insight on the implementation of the single-component
Metropolis-Hastings algorithm, as well as on the definition, calculation and
properties of the full conditional distributions, including the convergence of

the transition kernel of the chain to the joint posterior distribution 7g(8|I).

2.1.2 Simple Example

Assume there is access to'a data set of observations corresponding to reali-
sations of a random variable Y. In order to infer any moment of Y, requires
setting up a probability model to represent it. Let y = {y1,..,yn} be N
realisations of a random variable Y. Based on I, the background expe;rt
knowledge of the process associated with Y, and before any realisation of
the process is observed, the y;’s are chosen to be normally distributed with

unknown mean p and variance o2

v~ N(u,0%), t=1,...,N. (2.21)

where {y;}, are conditionally independent given u and o2.
For unknown parameters, no information is available, so the following

nomn-informative priors are set reflecting I,

po~ N(0,1), | (2.22)
% ~ Ga(2.01,1), (2.23)
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where independency between p and o2 is assumed and Ga(a, §) is the generic
notation for a Gamma distribution with mean o/ and varignce a/B?. From
(2.23) is clear that o2 follows an Inverted Gamma distribution.

Equations (2.21) to (2.23) form a two-parameter Bayesian model. This
model consistg of one observable y and two non-observables y and 7. Fol-
lowing the notation introduced in last section,b the parameter vector is @ =
(6.1,0.2) = (1, 7)-

From equations (2.4) and (2.5), the joint distribution of y, u, and 7 is
given by

p(v, 1, 1) = [[ p(wele, 0, 1) p(ull) p(o®|1). (2:24)

Substituting equations (2.21) to (2.23) into (2.24),

p(y,p,0%) =

i =

—

N(p, o } x N(0, 1)><Q’a(201 1),

t=1

1 .
e R 2.2
¢ X TR’ (225)

§|_E.':12
3 —

is obtained.

If more relevant information about 8 were available, equation (2.25)‘ had
looked different since the different prior choices. The background information
is translated into the priors and Likelihood terms by “relevant” probability .

distributions reflecting such information [83]. At this point, were the func-
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tional form of the posterior is written, the explicit notation of the dependency
of equation (2.24) on I is dropped for clarity.

Once the data set S = {y;}I¥, is observed, (2.25) is evaluated on the
realisation of Y and from equation (2.6) it follows that the functional form

of the joint posterior distribution 7g(8) is proportional to

1 LA 1 p2 1
2
7s(6) ( 2) exp{ 252 tgl(yt 1) 2 2}. (2.26)

As pointed out earlier, to construct the full conditional distribution asso-
ciated with the parameter 6 ; one only needs to pick out the terms in (2.26),
where 6 ; appears.

Choosing the correspondingly appropriate terms in (2.26), fqr this two-
parameter Bayesian model the full conditional distribution for the mean pa-

rameter is

7(ulo?) o exp {—% (v - u)? - "7} (227)

t=1

whilst for the variance parameter is

. 1) % |
m(0%|p) o o exp _ﬁZ(:‘lt_ﬂ') — i (2.28)
t=1

Rewriting equations (2.27) and (2.28), it is easily found that the full con-

ditional distributions for p and o2 are proportional to Normal and Inverted
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Gamma distributions respectively. These full conditionals are then given by

o2+ N N oy
m(plo?) o exp{— 53 (u—‘% :

Elil Yt o?
u ~ N (02t+N, ZIN (2.29)

and

m(o?|p) o (%) i exp {—% [1 +% i(yt - u)2] }

1 : N 1 .
=~ ga(2+-2—,1+—2- (yt—u))- (2.30)

t=1

Note that the prior distributions are in the conjugate family of the Like-

lihood p(y|u,0?) in (2.21), and therefore the full conditionals are reduced to

a closed form. According to (2.18) the proposal distributions, ¢, are chosen
as the full conditionals (2.29) and (2.30). .

To generate the first state of the Markov chain given an arbitrary initial

condition 8© = (u(@ 1)

N 2(0)
simulate y(l) ~ N( Zt=1 Yt o )

0-2(0) + N’ 0-2(0) + N

N

N 1
imulate 7~ [24+=1+= — uM)2 2.31
51muae7'- ga(+2, +2t2=1:(yt ,u) , (2.31)

using standard sampling algorithms for Normal and Gamma densities. Af-
ter T iterations of both simulations in (2.31), a Markov chain {6}3{;1 =

(u™), 7M) values from which any inference can be made. From the equa-
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tions in (2.31) the single-component MH algorithm described earlier is easily
implemented.

Three parallel runs of the single-component MH algorithm using the
Gibbs sampler were performed for 7' = 1.1 x 10° iterations. A set of N=100

observations, randomly distributed as
iid \rp~
y: ~ N(i2,6%) (2.32)

for t =1,...,100 and true parameter values 8 = (f, 02) = (1.2029, 27.4045)
were observed. Each run generates a Markov chain for the parameter vector
6=(01,0,).

Once the chain is obtained, the convergency and mixing have to be as-
sessed by choosing the bﬁrn—in time 7 where the samples drawn from the
full posterior distribution are to be considered as samples of the posterior.
Typically, convergency is physically assessed by plotting the output of a
Monte Carlo approximation of any summary statistic, taking the Markov
chain states obtained as samples, when only one chain is available. Plotting
the Monte Carlo approximation of a summary statistic is the simplest way
to check for convergence and mixing, i.e. the parameter space is explored
with the support of the full posterior.

Given that the MCMC algorithm was run three times, three chains were

obtained and the “eye” tests for convergency were applied for all chains.
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burn-in time equal to 10 iterations,.the mean for the last T' — 10 samples
states of the chain is plotted. The smaller the sample size, the bigger the
burn-in time and therefore the variation in the estimated mean. Each trace
for this running mean corresponds in each panel to the estimates of a chain
for a given parameter, a horizontal grey solid line locates the true value of
the parameter 0 ;. Estimation for all three chains seem to stabilise after few
iterations for both parameter components. In addition, for 85 = o2 one of
the chains tends to be slightly down shifted from the true values but only
with an error of 1 x 1072. In all cases, 7 could be set for a value of less than
2000 iterations. To refine further the value of the burn-in time, zooms of
the samples and the Monte Carlo estimates should be made. In the typical
case where only one chain is available, burn-in time estimation is made from
plots like Figure 2.2 but looking only' at one chain in isolation. Therefore,
convergency assessment by eye can provide unreliable estimates of burn—in_
times, which may in turn affect the posterior estimates.

The theory described in the last section, assured that the chain generated
by the Metropolis-Hastings algorithm in conjuction with the Gibbs sampler
will reach the required target distribution, i.e. the posterior distribution but
it does not give any details on when this will happen. Theoretical results are
obtained asymptoticaly and it is a fact that the simulation of the chain cannot
be run for infinite times. Henceforth, com}erg.ency diagnostics is a kéy part
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of the MCMC techniques. Any test that is used to diagnose convergency
provides a final conclusion when the chain has not reach convergence to |
the target distribution but conclusions are always ambigouos for complete
convergence. It is common that the chain may appear that has reached
convergence however there is always the possibility that the chain is actually
trapped for a finite time in a region or mode of the posterior rather than
properly exploring the parameter space [31, 13].

In the MCMC literature, there are available several quantitative tests to
diagnose convergency and mixing for a given chain or sets of chains. The
more prominent tests used in several packages and software available for im-
plementation of MCMC techniques include: Gelman and Rubin (GR) statis-
tic [31], Geweke time series test [33], Heildelberger and Welch test [44], and
the Raftery and Lewis test [78] among others.

In order to quantify the convergence of the algorithm, the GR statis-
tic [31, 95] is used throughout this Thesis to assess convergency in a more
quantitative way. If only om;, chain is available, and is long enough, the
GR statistic can be calculated by fragmenting the chain into segments and
consider each of the segments as a chaiﬁ itself [31, 95, 13].

The GR statistic is based on the idea that the best way to identify non-
convergency [31, 13| is the simulation of multiple sequences for distinct and
overdispersed starting points that can be generated in several ways [31, 2, 49]. -
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These dispersed points are used as initial conditions for the several chains
to be generated. Given that the Markov chain is built in such a way that
asymptotically the chain states are a sample from the target distribution,
chains starting from different initial conditions intuitively should show the
same behavic;ur. The variance within the chains should be the same as the
variance across the chains [95] for all scalar summaries of interest from the
resulting empirical distributions.

The GR statistic is defined for a single summary statistic of interest. Let
€ be the summary statistic, e.g. the sample mean, median, etc. It is assumed
there are available ¢ parallel simulations of the same chain, each of length T.
For a single summary statistic &, it is denoted £, as the summary statistic up
to the v'® iteration time in the u'® chain, foru=1,...,candv=1,...,T.

For the ¢ parallel sequences of length T of the same summary statistic,
both the between-sequence variance B and the within-sequence variance W
are calculated.

The between-sequence variance B is defined as

_ T =~ _r\2
B=i7 68 (2.33)
where
_ 1 & |
é‘u. = T ;fuv (234)
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is the mean of the summary statistic within the uth chain, and

1<
€= & (2.35)
u=1
is the average of the summary statistic accross all parallel chains. Note that
the between-sequence variance in equation (2.33) contains a factor of T" since
it is defined in terms of the within-sequence means, &,., of equation (2.34),
the averages of T' values &,

In the other hand, the within-sequence variance W is defined as:

1
W="= 2 2.36
V=2 > o< (2.36)
where
1 < _
% =TT z;(é'uv —&) (2.37)

which represents the estimate of the average dispersion of the summary statis-
tic & Within a sequence u.

Once B and W are calculated from equations (2.33) and (2.36) respec-
tively, two estimates of the variance of summary statistic £ in the target
distribution are constructed following [31]. These two estimates correspond
to the upper and lower bounds of the variance of the summary statistic,
var(¢), and are denoted by var(¢) and the already defined W.

Using equations (2.33) and (2.36), the upper bound of the variance is
defined by:

T-1 1

@H(E) = ——W + =B, (2.38)
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and is an unbiased under stationarity conditions, i.e. the initial conditions
of the each parallel chains were actually drawn from the target distribution.
Equation (2.38) is an overestimate of the variance of £ since the initial coﬁ-
ditions of the chains are overdispersed relative to the target distribution. '

In the other hand, the across—sequenéé variance W in equation (2.36) is
the lower bound of var(€) since it is an underestimate. For finite iteration
times 7" the individual chains have not had time to explore the parameter
space under the support of the target distribution, having less variability.

Convergency is reached for T — oo when W — var(§) « var(£). For
finite iteration time, T, equation (2.38) is unbiased, and if B = W then
convergence is assumed to be reached.

Gelman and Rubin [31] proposed to monitor the convergence of the
Markov chain by‘ monitoring the shinking factor of the upper bound for the
variance of &, \7a7r(§) This ratio is the well known and used Gelman-Rubin
statistic, GR, the ratio between the upper and lower bounds of the standard

deviation of £. Then GR statistic is defined as:

GR = , | (2.39)

and calculated as a function of the iteration time. Replacing the estimated
upper and lower bounds on the variance of the summary statistic, var(¢),

given by equations (2.38) and (2.36) into equation (2.39), the GR statistic is
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written as:

GR=\/1——;—,(1—§/—), (2.40)

and asymtotic results can be considered.

As T — oo the GR value tends to 1, therefore the scale reduction be-
tween both bounds reduces to 1, i.e. the Markov chains are overlapping, the
within and across-sequence variance are equal (B = W) and convergence is
improving.

For finite T there are three possible behaviours for the values of the GR
statistic:

If B = W then GR= 1, convergence is reached, i.e. parallel chain se-
quences are overlapping.

If B/W < 1 then GR~ 1 for finite 7 > 1 and convergence can be
assumed to be reached.

If B/W > 1 then GR> 1 since the within-sequence variance is larger
than the across-sequence variance. This case indicates poor convergence for
some of the chains where the initial conditions are trapped in a local region
rather than exploring the full posterior. More iterations of the algorfthm are
required to let the samples explore the parameter space.

In practice, values of GR close to ‘1 do not secure convergence of the

samples to the target distribution, and it can be that by chance B/W is
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6 U o?

6 | 12027 27.4045

() 1.2029 27.3754
median(6) 1.2028 27.2265
5% Isopleth 1.1711 21.4185
95% Isopleth |  1.2354 33.8735

var () 3.74 x 107* | 1.43 x 10!

|(6)-8] |270x 107 | 2.90 x 102
Table 2.1: Inferences for the components of 8 from 6000 MCMC samples.

estimated mean and the true value of 6; is small enough to consider the
estimates reliable.

The procedure presented here for this simple example is also applied in
the applications described in Chapters 3 and 6 of the Logistic map and in

the simplified model for the electrical grid frequency dynamics.
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2.2 Maxi_mum Likelihood Parameter Estima-
tion

Maximum Likelihood parameter estimation technique is widely used for model
fitting from a Frequentist approach. It can be regarded as a way of quan-
tifying the “common-sense” idea that some sets of .parameters will result in
model traces that resemble the dynamics contained in the data more than
others.

The Maximum Likelihood technique is employed in the PMS as follows.
Given a set of observations S of the system of interest, a model that corre-
sponds exactly to that system and the model’s parameter vector @ € R¢. For
a large subset of R, traces of the model can be obtained by using each point
in the subset as a model parameter value. In this instance, it makes sense to
think that some parameter values are more likely to generate model traces
that closely match the data than others. This notion is quantified by using
probabilities and asking the question:

Given a particular value of the model parameters 0,
what is the probability that S may occur?

The probability in question is then the conditional probability of the
parameter 6 given a particular set of observations S, denoted by p(S|0).

This probability is identified with the Likelihood L(8|S) of a particular data
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set S given a set of parameters €. With this identification, the best estimate
for the parameter @ given the observations is the one that maximises the
Likelihood L(8|S).

Assuming that there is a data set, S = {s;}Y;, of IID observations known
to be normally distributed with unknown mean g and variance o?. The
probability of the data set S given the parameters 1 and o2, can be written

as:

2 N 1 (st — N)2
P({St}t]\;llu’g) = H We){p{_—&fT—}’

= (\/Q%)Nexp{—ﬁ :1 (St_ﬂ)z}: (2.41)

where the parameter vector is @ = (u,0?). In turn, the PDF of equation

(2.41) is identified with the Likelihood function L(8|{s;}X,).

Maximisation of the Likelihood function identified with the PDF in equa-
tion (2.41) implies the minimisation of the argument of the exponential func-
tion. In other words, finding the maximum of the Likelihood is equivalent
to finding the minimum of the negative log-Likelihood of equation (2.41),
also known as the bosi function. The cost function or log-Likelihood is then
written as:

1 X
Cs(1,0) = Nlog(o?) + =5 3 (se — )" (242)

The uncertainty in the estimates of @ when the minimum of (2.42) is

found is presented as error bars in the cases where the length of S is large
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enough or several realisations of S are available [17].

In the case where the variance o2 is known or somehow given, equation
(2.42) is only a function of 4 and the Normal Likelihood is maximise for the
value of p that minimises Cs(u).

In general, likely parameter values for a fixed set of observations S can
be found using maximum Likelihood techniques by designing a cost func-
tion that measures the agreement between the data and the model, given
a particular set of model parameter values. Depending on the context of
the model parameter estimation problem, the definition of “agreement” can
change drastically.

Widely used cost functions to estimate parameters in deterministic non-
linear models are the Least Squares and Total Least Squares cost functions.

In this document these are regarded as special cases of the maximum Likeli-

hood method and are presented in detail in Chapter 4, section 4.1.

2.3 Indistinguishable States

This section is devoted to describing briefly the methodology used to ob-
tain indistinguishable states [54, 55] of a dynamical system by a gradient
descent (GD) algorithm. Indistinguishable states are found for a set of noisy

observations of the system of interest. These states are considered to be
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indistinguishable from the noise reduction properties of the GD algorithm.
It is guaranteed that a trajectory that shadows the true trajectory of the
system is obtained.

Despite the fact that finding indistinguishable states is not by itself é
methodology regarded as related to parameter estimation, Chapter 4 uses
this idea to make advances into the solution of the problem of parameter
estimati.on in nonlinear systems. Here, the problem is placed in the perfect
model scenario (PMS) where the reality of the system under study matches
exactly the model chosen to represent it. See Chapter 1 in section 1.2 for the
definition of the PMS.

The ideas related to the indistinguishable state theory are closely related
to noise reduction, state estimation and ¢-shadowing but they differ from the
approach presented in Chapter 4 in both technical details and motivation.

Reproducing equation (1.2), let z; € R™ be the system’s state variable

which evolves by the map

Ti11 = f(z;0), (2.43)

where the map is f : R™ — R™ and the model parameters are comprised in
a vector € Rf. Here, 0 is considered to be known and fixed and attention
is focused on the true trajectory of the system generated by it.

The noisy observations are considered only to contain a measurement
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noise (i.e. additive) component. Each of the N observations available are
given by
8t = Ty + My, (2.44)

fort=1,...,N, s; € R™, and eaqh random perturbation 7; is assumed to
be IID Normal random variable, 7, ~ N (O, 0,27), with no loss of generality.

Following the work of Judd and Smith in [54] regarding the calculation of
indistinguishablé states in the PMS, given a known or unknown noise modell
and a set of observations, an ensemble of indistinguishable states may be
found. Such an ensemble is formed by states belonging to the maximum
Likelihood trajectory. Following (2.43), a Maximum Likelihood trajectory is
one that belongs to the set of all possible states yy indistinguishablé from
Zy given the entire history of observations S, where zy and yy are system
states

The set of all possible indistinguishable states is defined as

N .
H(zy) = {yN eR™: Zh(yt —x4) < oo} . (2.45)

t=1

The state yy is indistinguishéble from zy when it belongs to H(zy). The
definition of the set of indistinguishable states in equation (2.45) is con-
structed from the Likelihood of y; and z; being indistinguishable given all

observations in S and is written as

h(ye —z;) = —logq(y: — x¢). (2.46)
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The Liicelihood of y; and z; being indistinguishable can be regarded as the
information gained when an observation is made at time t. In turn, ¢(y; — )
is the distribution of the distances between the states z; and y; and it is pro-
portional to the joint probability density of the two being indistinguishable

from each other, explicitly given by

g - 71) o / plse — w2)plse — wo)ds, (2.47)

where p(-) is a generic PDF, and the normalisation constant in (2.47) is
calculated when y; = z; and it is given by [[p(s:)]*ds:.

From Figure 2.6 (reproduced from Figure 1 in [54]), the set of indistin-
guishable states for a set of observations with bounded noise are all points
in the overlap (shaded area). For unbounded noise models and typicél non-
linear systems, H(zx) is non-trivial and is a subset of the unstable set of zy
as showed in [54]. In general, a set of indistinguishable states can be found
foranyt=1,...,N.

An ensemble of such states is found by the minimisation of the mismatch
between the state estimate u; and the one-step forecast f(u;;6). Formally,
for the perfect model defined in (2.43) and a set of observations S, there

exists a pseudo-state u; € R™ such that
U1 — f(u; 0) = 0. (2.48)

For a time series of length NV, (2.48) conforms a set of equations for the
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2.3.1 Gradient Descent Algorithm
Finding the minimum of the mismatch is equivalent to solving
4= -VC(u), (2.50)

where C = CMM(U), with the initial condition for u{® = S. Note that the
initial condition u(® refers to the place where the iteration of the gradient
descent algorithm starts, so it is iteration time rather that the system’s evo-
lution time.

Differentiating the mismatch cost function at each time gives the explicit
recurrence relation which will generate a pseudo-orbit 2) at the j** iteration
of the algorithm. Note that the {z}’s are the {u;}’s that minimise equation

(2.50) by Gradient Descent methods. Explicitly,

—(2e41 — f(2)) dif(20), t=1
aC 2
3 - N1 X (= flzea)) + (21— f(2)) def(z), 1SESN-1
L —(Zt - f(zt—.l))a t=N

where d;f(2:) is the transpose of the Jacobian derivative of the map f evalu-
ated at z. Solving (2.50) by the Euler approximation, each iteration of GD

produces a point in the sequence space RV*™ from iteratively calculating

4

(29 — F(T) def (29), t=1
G 2A

(j.+.1) . . . . .
2o =57 X (2P = £e2)) — (2, - () df (), 1<t<N-1

| &~ @), t=N
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for a suitable step size A.

For more details on the algorithm and its use for nonlinear noise reduction
purposes see [26], for its use with purposes of state estimation see [54, 79, 55,
51] and for details on how to use the methodology in the context of parameter

estimation in nonlinear systems see Chapter 4.
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Chapter 3

Bayesian Inference and Chaotic

Dynamics

The application of Bayesian methods to the estimation of parameters in
chaotic maps was first addressed by Berliner in 1991 [5]. In 1992 a second
paper was published by Berliner [7] and was extensively commented upon
and criticised by other statisticians [6, 25, 35, 37, 93]. This discussion saw
the beginning of a new philosophical debate on the uses and boundaries of
Bayesian methods on dynamical systems that is still active.

In Berliner’s paper [5], noise free chaotic systems (in particular, the Lo-
gistic map) were presented in a didactic way. The aim was to point oﬁt how
statisticians could understand chaotic behaviour using time series and the ap-
parent risks involved in the inference process from such chaotic Likelihoods.
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In particular, this work explores the dependency of the chaotic Likelihood’s
behaviour on the length of the data set and the unknown initial conditions as
commented in [89]. In recent years, among the dynamical community, new in-
terest on the application of Bayesian methods has arisen for the case of noisy
chaotic time series as presented in several works, for example [12, 39, 70].

At present, time series analysis is carried out using both probabilistic and
deterministic methods as the distinction between deterministic and random
behaviour is difficult to ascertain. Sources of uncertainty in the observations
from the systems under study and of the model’s correspondence with reality
make for a challenging task. At this point, any methodology that generates
parameter estimates or forecasts that are consistent with reality is valid and
useful.

One reason that Bayesian methodology is used in the' analysis of nonlin-
ear time series is that it incorporates in a “natural way” considerations of
unknown parameters that can be interpreted as experimental information.
For example, different types of noise present in the signal of interest [5, 42]
can be incorporated into the modelling process. When the Bayesian per-
spective is applied numerically using Markov Chain Monte Carlo (MCMC)
techniques, it seems that the use of stochastic models on chaotic systems
provides impressively correct and unbiased parameter estimations [70, 12].

Implementation of the methodology suggests that it could help to deal
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with noise components (measurement and dynamical noise) and system char-
acterisation (e.g. parameter estimation and state estiniation) simultane-
ously. Examples of the use of Bayesian methods in the analysis of com-
plex dynamical systems such as discrete and continuous chaotic systems
(60, 63, 70, 43, 74, 12, 94, 84], population models [90], sea clutter [41], ecosys-
tem inverse problems [28], cardiorespiratory models [3, 62], and electricity
grid dynamics [22], among others, are increasingly present in tl'le literature.

Originally, Berliner [5], and later in [8, 52], addressed and presented
a discussion about the possible flaws, shortcomings and inconsistencies of
Bayesian estimations for nonlinear models. This discussion is re-addressed
in this Chapter from a new perspective. Consistency tests are suggested in
an effort to help recognise the validity and limitations of this approach in the
case of parameter estimation for a grid frequency model, in conjunction with
non-linear parameter estimation based on cost function methods [68, 76] and
indistinguishable states theory.

Section 3.1 introduceé chaotic maps from a Bayesian point of view. From
the paradigm of Bayesian state-space modelling, a probabilistic model is pre-
sented to estimate parameters for a chaotic dynamical model. In particular,
Section 3.2 discusses the case of the Logistic map’s probability rﬁodel. Sam-
ples for the posterior given the Logistic map’s model and its corresponding
noisy observations are generated using MCMC methods.
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The numerical implementation of MCMC is carried out in two stages.
Section 3.2.1.3 presents how to use the publicly available software, Bayesian
inference Using Gibbs Sampler ( WinBUGS). WinBUGS software is available
free of charge from the BUGS project including manuals, tutorial and many
examples. See ulr: http://www.mrc-bsu.cam.ac.uk/bugs.

The use of this software is shown to be inappropriate when dealing with
chaotic Likelihoods, given that convergence of the posterior’s samples is not
robust enough, among other reasons. Moreover, high resolution estimation
of the unknown initial condition is required as commented in [52].

A “Tailored” implementation of the algorithm is developed where each of
the unknown parameters of the probabilistic model is obtained by sampling
its corresponding full conditional distribution, as presented in Section 3.2.1.4.

The performance of MCMC techniques for the Logistic map is studied
through a series of experiments. First, a perfect model experiment is set up
in Section'3.2 in order to explore the sources of uncertainty included in the
formulation and to detect inconsistencies in the probability model. Secondly,
Section 3.3, presents several experiments performed by using the formulation
developed in 3.2. These are used to distinguish deterministic from random
behaviour. Thg Bayesian parameter estimation approach is used, in con-
junction with surrogate data methods, to pin-point which features present
in the data, the inferences are based on. In particular, the MCMC model
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based method is applied both to time series data, and to surrogate data sets
(e.g. random draws from the observed time series) for which the dynamical
relationship described by the model does not usefully apply. Surprisingly,
the MCMC estimations for both data sets are often indistinguishable. The
results of this work are to be published elsewhere [24]. In section 3.4, several
possi‘tz;le origins of the shortcomings of the Bayesian approach are discussed .
for this ambiguity, and the use, in general, of Bayesian perspectives in chaotic

systems is summarised.

3.1 State-Space Modelling: Bayesian

Framework

In order to illustrate the Bayesian approach, assume that there exists a dy—'
namical system that is observed for a period of time. Moreover, the model
that represents the system corresponds to the system itself, i.e. the model
and reality are the same. Observations of the system are obtained by measur-
ing the model variables at regular time intervals in order to produce a time
series. It is assumed that the data set is normally perturbed b); measurement
and dynamical noise. Both noise components are taken to be independent

and identically distributed random variables (IID).
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Following the definition of the Perfect Model Scenario in Chapter 1, the

dynamics follow a deterministic model of the form
Il:t=ft($0;6), t=0,1,..., (31)

where z; € R™, f:R™ — R™ is a discrete map on ¢, 0 € R’ is the vector of
unknown parameters, and o € R™ the unknown initial state (see equation
(1.2) and (13) in Chapter 1, section 1.2). In a statistical framework, the
deterministic model could be naively seen as a Nonlinear Auto-Regressive
process (NAR) if the states z were to be considered random variables.

Let S be a data set not yet observed from a dynamical system f subject
to observational and dynamical noise. Dynamical noise is seen as a stochastic

perturbation of the deterministic states x; given in general by:
Ty = f(iL't_]_; 0) + 5t, Jt ~ IID(O, O'g), (32)

where z;_; = f(z4—2;0) + 6;—1 and o, is the amplitude or standard deviation
of the perturbation (see equation (1.10) in Chapter 1, section 1.2).

In addition, the measurement noise component is
8¢ = Ty + 1, N ~ 11D(0, Uf,), (3.3)

with oy, as its corresponding amplitude. The deterministic states x; are often
called latent variables since they are not observed directly (see equation (1.4)
in Chapter 1, section 1.2).
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The joint probability distribution for the dynamical model f [83]V, p(s|8,1),
is updated via Bayes’ theorem [4] to the distribution of the data given the

model parameters, so that
(018, 1) o« pN(s16,1)-pD(O|1), (3.4)

where the parameter vector @ includes all the dynamical model parameters,
the noise model parameters and any unknown parameters associated with
the probabilistic model itself. Note that the parameter vector 8 contains
all the non-observables whilst S contains only the observed parameters or
variables. The superscript ( f ) in the probability distribution notation em-
phasises the fact that the Bayesian perspective is model dependent, and I is
the background information about the dynamical system modelled by f.

The left hand side of equation (3.4) is known as the posterior distribution,
which is decomposed into two terms: the Likelihdod and the prior probability
densities, respectively. The Likelihood contains the information of the data
set given the model, whilst the priqr contains information of the system itself
and the model chosen to represent it (see section 2.1) and.the background
information I.

Assume now that a realisation S = {s;}; is observed. Evaluating (3.4)

on S gives the joint posterior distribution

ms(811) o< pUU(S = {s}iy , 6ID), (3:5)
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where m5(0|I) contains all the samples from the prior that best resemble
the data, given the parameter vector 8 and a,fe consistgnt with the back-
ground information I. The prior contains all the physical knowledge on the
parameters involved. In principle, any inference of 8 could be made from
(3.5). Note that, from now on, the superscript (f) in any probability density
related to the probabilistic model is dropped for the sake of clarity and not
because the dependency is forgotten.

In summary, the Bayesian framework does not make a fundamental dis-
tinction between model variables and model parameters, since all are naively
considered as random variables in the context of dynamical systems. In
addition, random variables are classified and collected in two categories: ob-
servables in S and non-observables in 8. Any random variable which is not
observed is included in @ (this includes, among other quantities, the system
states x;, the dynamical model parameters and the noise model amplitudes)
and all are inferred in the process from the full posterior distribution of
equation (3.5).

The Bayesian inference process can be seen as composed by:

1. Classification of all random variables in the model into observables and

non-observables, collected in S and 8, respectively. .
2. Forming the posterior distribution p(S|6, I).
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a. Writing Likelihood terms, p(8|S, I), for all observables in S and

background information 1.

b. Writing prior terms, p(6|I), for all non-observables in @ and prior

information I.
3. Obtaining a realisation of S to evaluate the posterior with.
4. Generating samples of the full posterior distributions 7(8|I).

In practice, random samples of 7g(6|I) are drawn using Markov Chain
Monte Carlo techniques which are briefly described in section 2.1.1 and for
the Logistic map in 3.2.1. section 2.1.2 exemplifies all these points for a
simple two parameter probability m(;del.

Up to this point, equation (3.5) is conformed by two terms: the Likelihood
and the prior, with no apparent hurdle to overcome. Prior terms are not
subject to any restriction, other than the one given by the model f and the
expert knowledge, I, of the system of interest. Unfortunately, the Likelihood
associated with noisy chaotic observations is highly complex, multimodal and
strongly dependent on the initial condition zq [5]. This fact makes it difficult
to interpret the results obtained by the methodology in dynamical terms if
the observations are known to contain only measurement noise as it is the

/

case in 3.2 and 3.2.1.
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3.2 Example: Bayesian Inference for the
Logistic Map

Before applying the probabilistic methodology to dynamical systems anal-
ysis, the PMS is defined for noisy observations that are suspected of being
generated by a system governed by the Logistic map [67] following the general
definition of the dynamical systemA of interest in Chapter 1.

Let S be a set of noisy observations of the system state z;. The underlying

states follow the one dimensional map f = f(z;-1,a) such that
z,=1—azl | = f(z,-1;0) = fi(20; a). (3.6)

Equation (3.6) is known as the Logistic map, where a € [0, 2] is the logistic
parameter, o € [—1, 1] its initial condition and f* is the t—fold composition
of the map.

The observations are, in general, subject to measurement and dynamical

noise such that

T = f(zy_1;0) + 6, 6 tit‘i./\f(O, o), (3.7)
St = Ty + M, n %1 N(O’ 012;)’ (38)

where the measurement noise variance a% is known. Note that equations (3.7)
and (3.8) are included for the sake of generality, i.e. they do not correspond
to the conditions of the PMS used in the examples of this Chapter.
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It is important to clarify that such a general setting is used to formulate
the Bayesian methodology in the correct terms but the MCMC techniques
will be implemented for the PMS conditions mentioned above, i.e. reality is
(3.6) and the observations are given by (3.8) only.

In the Bayesian framework and for the general setting where both obser-
vational and dynamical noise components are present, random variables are
classified into observables and non-observables. The non-observable random

variables correspond to the components of 8, given by

0= (xo,xl,xl, e ,xN,a,af’,ag) . (3.9)
From further refinements of the probability model, the components of 8 will
eventually increase/decrease in dimension as prior information is included
through the modelling process.

Once a realisation of length N, S = {s;},, is observed, the Likelihood

in (3.4) is evaluated on S so (3.5) becomes
ws(0|I) o H p(s¢|ze, a, a I) p(zi|Ti1,0,02,1)| x (3.10)
p(zo, I) p(a, I) p(am I) p(o3, 1), (3.11)
under normality and independency assumptions for 7; and é; and each of the
components of 6.
The Likelihood terms (3.10) show explicitly the contribution of both noise

components in equations (3.7) and (3.8). The Likelihood accounts for un-
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certainty sources in the observations. Explicit contributions for dynamical

noise are given by

6t ~ N(0,0’g)

1
p(xtlxt—ha‘; 0}?’]) = 2 €Xp {_7 (ft(xt—l;a’) - xt)2}7 (312)

and for the measurement noise component by

m ~ N(0,07), (3.13)
P(Stlxt, a, 02;1) = = €xXp {——I—(St - mt)z}- (3'14)
n \ /27r0,7E 207

The probabilistic nature of this approach allows for the inclusion of a
stochastic transition over time of the dynamical states in (3.12) and it could
be interpreted in several ways. This multiplicity of meanings or interpreta-
tions has led to some misunderstandings and inconsistencies as in [70, 12],
since the PMS is not well defined. The implications of such terms are dis-
cussed in sections 3.2.1.2 and 3.2.1.3. In the case.where the noise model
consists only of measurement noise, the stochastic evolution in time of the
system’s states in equation (3.12) is an artificial construct that needs to be
introduced in the probabilistic model, and the use of Bayesian techniques is
made in the NSA. As will be shown in section 3.2.1.2, that is required in
order to make the MCMC’s numerical implementation feasible. As discussed

in section 3.2.1.2, the ad hoc “prior” knowledge of stochastic transition of the
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system’s states is included for the same reason. Therefore, it is not a nat-
ural feature of Bayesian methodology. Only where both noise components
are present, i.e. dynamical and measurement noise, should the prior of the
system’s states include both dynamical and measurement noise.

At this stage, the discussion of the application of the Bayesian perspec-
tives for the problem of the Logistic map is developed for the case where both
measurement and dynamical noise are present in the observations following
the general framework. Later in this Chapter, it will be reduced to a simpler
case, where only measurement noise is present in the signal. This reduction
is performed in order to make a consistent comparison with previous imple-
mentations of Bayesian methodologies to chaotic systems, in particular the
work presented in [70].

The prior terms in (3.11) représent given uncertainty sources related to
the model used to represent the data. Using prior knowledge of the model
used, the priors are set as follows. A wide informative prior is chosen for the

initial condition such that

g ~ U(—l, 1),

P(ﬂfoa I) = H(-’Eo)[—l,l], (3-15)

given that it is known that the initial condition must lie in the real interval
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[—1, 1], where I(z) is the indicator probability function given by

4

0, u<z
I(Z) fu,u) = § L u<z<v (3.16)
0, r<v
\

For the logistic parameter a, a non-informative prior is assigned to be

a ~ N(0,1),

Le‘“z/{ (3.17)

p(a'aI) = \/ﬁ

where N (u,0?) is the Normal distribution with mean p and variance o2.

The variance of the dynamical noise process in (3.7) is set to a prior that
reflects the expectation for dynamical noise to be small and close to zero.
The variance of the dynamical noise is written as o7 and defined to be the

prior for the dynamical noise variance given by

~ ga(aa ﬂ))

S| =

~ IGa(e,p),

oo

A I S
potD) = g () o 818

where Ga(a, ) is the Gamma distribution with scale and shape parame-
ters a and 8. The random variable, X ~ ga(a', B), is always positive and
close to zero. If Y = 1/X then Y follows an inverted Gamma distribution
ZGa(a, B)[17]. Here, the Gamma parameters are a = 2.01 and 8 = 0.0005,
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which corresponds to a Inverted Gamma distribution, denoted by ZGa(«, (),
with mean and variance of 4 x 107 and 2 x 1073.

The variance of the measurement noise process, o2, is set to be constant

n
and equal to the square of the kﬁown noise amplitude. When the amplitude
of the measurement noise process is unknown, the prior for orf, can be chosen
to be an Inverted Gamma distribution.

Replacing equations (3.12) to (3.18) into the full posterior distribution

7s(0, I), the full probability model for the PMS of the Logistic map is’

1 N r 1 &
7s(0,1) ( ) exp | ~5— (St_xt)z:, X

27r<;r,7 it

N i N
1 1
(W) €xXp _—50’_(? tz-—_;(f(xt—l; a’) - xt)zl X

I(zo) X Le“‘z/2 X iy 3 - e P/ (3.19)
0 [—1,1] \/2—7‘- F(a) o_g .) .

for a parameter vector, 8 RN 3.

Generating samples from (3.19) is difficult because calculation of the
marginal distribution implies a high dimensional integration (~ RN*3), i.e.
the normalisation constant of the posterior, as discussed in section 2.1.1.

MCMC techniques are independent of the normalisation constants. Hence
what is important is the functional dependency of the posterior, and how
components of @ depend on other components of 6.

Figure 3.1 shows the graphical representation of this model by a Directed
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Likelihood terms

. iid
Measurement noise: 7; n ~ N(0,02)

Dynamical noise: &, | 6; % N'(f(z¢; 9), 02)

Prior terms

Initial condition: zg zo ~ (o) [-1,1)
Logistic parameter: a a~N(0,1)
Dynamical noise variance: o2 | o2 ~ZIGa(a, )

Table 3.1: Likelihood and prior terms for the PMS Logistic map probability model.

in the model. The graph is included here as a mnemonic resource for the
probability model of the Logistic map. Relations among nodes in the graph
resemble kinship relations, for details see [95].

In Table 3.1 all Likelihood and prior terms defined for the PMS are col-

lected.

3.2.1 MOCMC for the Logistic Map: In Practice

In practice, given the level of complexity of the probability models developed
for dynamical systems (i.e. Logistic map), there are two possibilities for ob-
taining samples of the full posterior distribution given in general by (3.5).

Perhaps the best option for the first approach to MCMC techniques is to use
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a “black box” package. The advantage is that samples are obtained by spec-
~ ifying the Likelihood and prior terms using a correct syntax. For example,
pnce'the syntax of the package is familiar, the MCMC implementétion of the
probability model given by equation (3.19) involves only writing the Likeli-
hood and prior terms explicitly. Changes in prior information or even noise
model assumptions will only neglect some of the terms already described here
and/or add some additional ones. Packages like WinBUGS [95] are very use-
ful for learning and training purposes since they prevent the user from the
generating random samples from non-standard probability functions. For
deeper studies, it is often unavoidable for the researcher to use “Tailored”
routines in order to perform more refined calculations.

Another option is a personalised MCMC implementation for the model
of interest. In this work, both ways of generating samples from the pos-
terior were used, given that some inconsistencies where found when using
WinBUGS for the model described in section 3.2.

In any case, when using a “black-box” package or “Tailored” set of rou-
tines, the single component Metropolis-Hasting algorithm using a Gibbs sam-
pler (see section 2.1.1) is used. In that case the steps to follow to obtain

samples from the posterior in equation (3.19) are:

1. Calculate the full posterior distributions as in section 3.2.1.1 for each
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of the components of @ in equation (3.9).
2. Select a sampling method for each component of 6.

3. Set up the iterative process by which a Markov chain state is generated
in each iteration ¢, by updating the full conditional distribution of each

component of 6.

4. Approximate any inference of @ by a Monte Carlo approximation.

As explained in section 2.1.1 and in Chapter 2, full conditional distribu-
tions play a key role in many applications of MCMC techniques. They are
taken as the proposal distribution when using the Gibbs sampler, and are
responsible for the update of each component of 8. section 3.9 calculates the
full conditional distribution for the probabilistic model of the Logistic map.

The study of the Bayesian methodology for the inference of nonlinear
dynamics involved the reproduction of the results obtained in [70, 12], par-
ticularly in the use of WinBUGS of Meyer and Christensen in [70].

Given that the parameter estimation problem stated in [70] only contains
measurement noise, it is inconsistent with the probability model used, since
the perfect model described at the begining of these chapter includes dynam-
ical noise as well. In consequence, the PMS described in section 3.2 is taken
as one where only measurerﬁent noise is present in the Logistic map’s obser-
vations. section 3.2.1.2 presents a discussion of the reasons for the potentially

83



misleading concepts used by Meyer and Christensen in order to justify their
model assumptions and corresponding parameter estimates. Using one PMS
formulation (with additive dynamical noise) to simulate observation known
to be generated in a different PMS (without dynamical noise), misuses the
technique and attempts to solve the problem in a NSA. In addition, a cor-
rect but not numerically tractable Bayesian formulation is developed which is
- consistent with the problem of estimating model parameters for the Logistic
map.

For consistency, the WinBUGS package was used to generate samples of
the posterior in the NSA in order to make a comparison with results in [70].
No consistency with the estimates presented in [70] was found. The failure of
WinBUGS when applied to solve numerically probability models from chaotic
time series is presented in section 3.2.1.3 a brief discussion of its shortcomings
is as well presented. From now on, the explicit dependency of the full joint
posterior and full conditional distribution on the background information I is
dropped off since it is already reflected in the way the posterior is constructed

in this section.
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3.2.1.1 Full Conditional Distributions: PMS Logistic

Map

section 2.1.1 defines the full conditional distribution 7s(6;|6.—;) as the dis-
tribution of the i** component of @ conditioned on all the remaining compo-
nents. From equation (3.5), @ has distribution 7g(-|-), the full conditional is

then defined by

75(60)

mslalb-) = ey aey

(3.20)

where, for the Logistic map, the probability model hés i=1...,N+3
components, with IV as the length of the observations available. The Gibbs
sampler takes (3.20) as the proposal distribution from which the next step
of the chain is updated. The proposal or full condition distribution is con-
structed from picking the terms in (3.5) which explicitly depend on ;.
Table 3.2 summarises the full conditional distributions for each of the
components of 8. These full conditionals are calculated from (3.19) by just
picking the terms where the corresponding component appears. Given that
the MCMC implémentation is independent of the normalisation constant, all
that is needed is the functional form of the posterior distribution and the

corresponding full conditionals.
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The components of the @ after the modelling process are:
0 = (zo,21,...,%t, ..., TN, Q ag) . (3.21)

In order of appearance of the components of 6 (3.21), the full conditionals

are listed in Table 3.2.

(7] Full Conditionals PDF PDF parameters

component functional form

N 2
Quartic A = %2‘
0 1= To e—Alxg—Bm:g s
’ __a{z1—-1
B, = %171

exponential .

B. = o§+o,21+2aa,2,(a:t+1—1)
i 20.20-2
§n

Quartic
{01}1],\!:2 = {.’Et}g___ll e_Alfé—B,-a:?-{-Cixt

2,2 2
sioi+oi(l—az?_,)
Ci — s 1% t—1

exponential o702

_ afsN+a,2,(l—a.m?v_1)
KN = o5+o2

2,2
2_00
oy = 25

2
o +an

ONt1=2TN e~@n—un?20% | N (up,o%)

llg = Tz 1 (1-a)
= T 3, N _1
@ o3+ =1 TF

— —(a—pa)?/202 2
9.N+2 =a e (a—pa)?/205 N(/J'aaaa,) 52
2
o =
o ‘74%'1'Z:f:=1“”‘t1

, Qs = -%/- + «
Oniz= 0'32 (l/ag)asﬂe—ﬁa/a.s IGa(a.;, ﬁa) . ZN : \ )
ﬁ6=ﬂ+§ t=1 xt_1+a$t—1

Table 3.2: Table of full conditional distributions for the probability model in the

PMS for the Logistic map.

For example, the construction of the full conditional distribution of the
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first component of 8, 1 = xo, is as follows. Checking equation (3.19) for the
terms where xy appears, it is found that the full conditional distribution of

the initial condition is proportional to:
7s(zo|T1,. .., Tty ..., TN, @, 02) X e‘%(f("““)“‘”)zll(xo)[_m]. (3.22)

After some algebraic manipulation, the functional form is proportional to
a quartic exponential distribution shown in Table 3.2. It is known that
the indicator distribution is not conjugate to the Normal or Gamma prior
conjugate family, and therefore equation 3.22 is not in a closed form. As
described in section 2.1, the indicator distribution is not conjugate to the
Normal distribution therefore the product of both does not belong to ghe
conjugate family.

When a full conditional is not in closed form, a sampling random algo-
rithm has to be implemented [9, 17]. Only the full conditional distributions
corresponding to the pararheter vector components to the initial condition
Ty and the latent variables {z;}/7' are not in closed form. Details on how
samples are obtained when closed form of the full conditionals are not avail-
abel for the components of 8 are given in [23] and in section 3.2.1.4. In the
case that the full conditional distribution is in a closed form, any standard
routine for generating random samples can be used, as is the case for the rest

of the remaining components of .
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3.2.1.2 Naive Statistical Approach for the Logistic Map

It is important to note that the motivation for this study comes from the
works cited in [70, 12]. In both papers, the outstanding performance of the
MCMC techniques when estimating parameters, unobserved components of
the state vector and reducing noise in the reconstructed dynamics of chaotic
systems, caught the interest in the use Bayesian perspectives for parameter
estimation and even for inference of the nonlinear dynamics of chaotic time
series. Both papers used WinBUGS as the numerical tool to implement the
Bayesian inference process of any parameter in the corresponding model.
Their performance of the methodology was apparently higher that any other
methodology or technique that has been used in this framework for parameter
estimation [54, 26, 27]. It looked suspiciously successful.

In terms of an analytical formulation, and even in prior formulation, the
probability model presented by Meyer and Christensen and the one devel-
oped in section 3.2 are quite similar. The difference is subtle and it was
only identified when problems arose in the numerical implementation and an
interpretation of the estimates obtained was made.

The fundamental difference has roots in the PMS conditions presented
in [70] and the general model setting scenario described earlier in Chapter 1

and in this Chapter in section 3.1. The model used in [70] aims to solve a dif-
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ferent problem than the one they described. In short, Meyer and Christensen
want to solve the problem of parameter estimation of a chaotic system from
noisy bbservations when there is only measurement noise in the signal. Note
that if literally compared, i.e. equation by equation, both probability mod-
els appear equivalent. Intuitively, the two probability models should look
different since the observations are conditioned differeﬁtly and it is assumed
that dynamicél noise is not present in the observations.

Perfect model conditions are going to be described in detail, in order to
clearly point out how Meyer and Christensen’s formulation is incorrect and
how it is inappropriate to solve the problem of model parameter estimation
of nonlinear models from observations subject only to measurement noise.
In addition, based on these perfect model conditions a Bayesian probability
model suitable to solve this problem (as stated in McSharry and Smith [68])
is going to be constructed. Please follow this description in parallel with the
one that starts in equation (3.6).

Assume a set of noisy observations S of the system state z; is obtained.

The system states follow the one dimensional map f = f(z;_1,a) such that
=1—az} | = f(Ti-1.4) = f(z0;0), (3.23)

is the Logistic map.

The observations S are known to be subject to measurement noise only
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and are therefore given by

ss=zi+m, 1SN0 02), (3.24)

with known variance af’. There is no dynamical noise.

Recalling that in the Bayesian framework wheré there is no distinction
between paraméters and variables, all model variables and parameters are
considered random variables and in conjunction with the conditions of equa-
tions (3.23) and (3.24), the modelling process proceeds by classifying the ran-
dom variables as observables and non-observables. The non-observed random

variables correspond to the components of 8 and are given by:

0 = (o, T1, %1y TN, G a2). (3.25)

Once a realisation of length N, S = {s;}}¥,, is observed, equation (3.4)

is evaluated on S so (3.5) becomes

N .

7TS(0) I) X [H p(3t|$t;aa 0'3, I)] X (326)
t=1

p(xO)xh"')xN,I) p(a’ I) p(a.r2p'[)’ (327)

under normality and independency assumptions for 7; each of the components
of 0.
The Likelihood terms in (3.26) contain the noise contributions. In this

case the noise consists only of measurement noise. Explicitly this contribution
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is

m ~ N(0,02), - (3.28)
p(si|zs,a,02, 1) = —1—exp [—i(st - xt)z]. (3.29)
K 7ol 202

Now, the priors for each of the components in @ are set as in equations
(3.15) for the initial condition, (3.17) for the logistic’s model parameter and
the amplitude of the measurement noise is constrained to be a known con-
stant.

The priors for all latent states, z1,..., s, ..., Ty, of the Logistic map are
still to be chosen. Consistent with the background information I that there
is no dynamical noise, let the prior of the latent state x; be equal to a Dirac

delta function of the form:

zy ~ 6z — ),
Ty, T =Ty
p(z,I) = (3.30)
0, otherwise
In addition, there is no reason why any other prior should be assumed since
it is known with certainty that the model is perfect for the dynamics and the
noise.
It is at this point that the interpretation of the probability model for the
Logistic map starts to be confusing in [70]. Up to the choice of the prior for

the system states, the use of Bayesian perspectives for parameter estimation
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of chaotic systems do not force nor prevent the choice of any prior or noise
model in the formulation. Formally, there are no misleading assumptions in
the probability model from equation (3.23) to (3.30). In turn, replacement
of the Likelihood and prior terms into (3.5) gives the full joint probability

distribution 7g(0, I)

1\ 1 =
s(0) (\/%_02) exp [—2—0—22(&—%)2] X

Iao)ian X p(@1)-p(z0)...plan) x Z==e%, (3:31)

dropping the dependency in the prior information since priors are conviniently
chosen.

Equation (3.31) is the posterior distribution that contains the information
from which any inference of the parameter vector € in (3.25) can be drawn.
This posterior distribution represents the values of 8 that best resemble the
noisy observations S given that the dynamics follow the logistic mab and the
noise model is composed of only one component: additive perturbations, i.e.
measurement noise, and the prior information I.

This formulation is as realistic as it could be consistently with the formula-
tion of the problem scenario. The problem aims to find parameter estimates
for an exactly known dynamical model, (3.23), and additive measurement
noise model (3.24). Any other liberties given by the setting of priors are
independent of the problem and consequently places the Bayesian attempt
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to solve the‘problem as naive (NSA) even though valid if estimates obtained
are consistently interpreted.

In the idyllic case where (3.31) is analytical, the solution of the problem
is just as far as the evaluation of at least two integrals; one for the calculation
of the normalisation constant of the posterior, i.e. the marginal distribution,
and another to calculate any expectation of a function g of 6, i.e. to infer
the parameter vector or any of its cbmponents.

Since it is known that the states x; follow the Logistic map and that the
prior chosen do not dependent on the dynamics, the Likelihood in (3.31) is

explicitly as follows

i N
p(6]S) o« exp _‘2717—12" ;(St_f(mt—l;a))2]’
- . N
X exp -——2—0—% ;(st - ft(xo;a))zl. (3.32)

Replacing (3.32) into the full posterior distribution (3.31), follows that

N N
ns(6) o ( \/;r_af) [Texp |55 fHaia)?] x

I(zo){-1, X P(x1) ... p(xs) ... p(TN) X —1—e“2/2. (3.33)

Ver

In order to generate samples of the posterior such that inferences of @ are
calculated, the next step is to performed the calcuiation of the full condi-
tional distribﬁtions. Going in order of the components in equation (3.25),
the full conditional distribution for the first component of 0,‘ 7g(60.1)60.-1),
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corresponding to the initial condition zg is proportional to

N
ns(zo|Z1,...,TN,a) < exp Z — fY(z0;a))?|. (3.34)
t=1

In order to see clearly the functional form of the initial condition full

posterior, the negative logarithm of (3.34) is taken to obtain

log (ms(xo|z1,.-.,ZN,a — f¥(zo;a) )2, (3.35)

Mz

—

i=

explicitly the polynomial

o< (51— (1—azd))®+ (s2— (L —a(l —az))’))* +--- +

~

(sN ~(1-a(l-a(l-a(l- 3 a(l —az3)®...)%)?%)?)?))% (3.36)

Henceforth the full conditional for zg is an exponential distribution
ms(zo|Z1,- .., TN, a) X €Xp [bo + bixo + oz + -+ + byan (:co)22N] . (3.37)
Similarly, for the logistic parameter a, the full conditional is
ns(alzo, 1,...,TN) X €xp [co +ciap+cai + -+ czzvazN]. (3.38)

It is clear that both full conditional distributions are numerically in-
tractable even for N ~ 3. This fact is directly related to the remark of
Berliner when referring to the wild behaviour of chaotic Likelihoods and it
is exemplified there with numerical calculations [5]. Such high order polyno-
mials result in “wild” behaviour and large numbers of modes in the chaotic
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Likelihood. Note that it is easy to see that any other Likelihood associated
with a chaotic map which is quadratic bears similar intractability issues.

If the priors are not chosen to be Dirac delta function nor any probability
density function in which the latent states z; are IID, the more sensible
choice will be to include dynamical noise in the probability model despite
the fact that the observations do not contain any. Once the dynamical noise
is included the direct dependency of the Likelihood on the dynamics i§ broken
as explicitly calcglated in section 3.2.1.1.

As it is clearly shown by equations (3.37) and (3.38), the justification of
the introduction of dynamical noise in the probabilistic model for the Logistic
map is il po_sea and has to be included carefully. Meyer and Christensen
literally argued in [70] that in order... “To develop this idea within a proper
statistical paradigm requires treating the system states as stochastic instead
of deterministic. We therefore consider the more realistic case that the system
dynamics are subject to random disturbances.” This argument is only true
if the given PMS problem that is aimed to be solved is the one of parameter
estimation of chaotic systems from observations with both components of
noise.

From the formulation of the problem presented in [70], such an argument
only follows in order to achieve numerical tractability and it does not imply
any correctness or proper implementation of Bayesian perspectives [24]. On
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the contrary, given the assumptions it is an incorrect formulation of the
Bayesian approach to find parameter estimates for the Logistic map from
observations that only contain measurement noise.

Although, the perfect model is known, to solve the problem, an imperfect
model of the system is used in order to facilitate numerical calculation. This
situation is referred to in Chapter 1 as the NSA.

Their inclusion of stochastic transition over time for the latent variables
of the Logistic map is more justifiable and consistent with the approach if it
is seen as a choice for the prior of the system states. Otherwise, it is just an
ad hoc condition to force Bayesian perspectives into the dynamical settings.

Despite .the inconsistencies in the problem formulation posed by Meyer
and Christensen, the probability model which includes dynamical noise is
correct when dynamical noise is also known to beé present in S. When that
is not the case, as in [70] the probability model is incorrect but it is useful in
the sense that it providgs a feasible numerical implementation. In order to
have a tractable numerical probability model in the Bayesian framework, all
experiments and simulations are going to be performed using this NSA.

Consistently the artificial dynamical noise included in the model could be
seen as a term which accounts for model error and the resulting inferences
should be interpreted accordingly. It is important to note that once the
standard deviation of the dynamical noise o5 component tends to zero the
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regime whith only measurement noise is reached. Even though that limit
is justifiable in dynamical terms, in the Bayesian framework it implies a

fundamentally different probability model.

3.2.1.3 Using WinBUGS: Chaotic Bugs

The BUGS (Bayesian inference Using Gibbs Sampling) project is concerned.
with flexible software for the Bayesian analysis of complex statistical models
using MCMC methods. The project began in 1989 in the MRC Biostatistics
Unit and led initially to the ‘Classic’ BUGS program, and then onto the
WinBUGS software developed jointly with the Imperial College School of
Medicine at St Mary’s, London. The project first developed a DOS based
program and later Windows based software, now widely used. At present, the
software can aiso be run on from Unix-based platforms. For more information
on the project please refer to http://www.mrc-bsu.cam.ac.uk/bugs/.

As a learning tool, WinBUGS is a very useful resource in conjunction
with [95] for familiarisation with Bayesian modelling issues and numerical
techniques involved in the process of posterior sampling. Most of the com-
ments included in this section are a result of various personal communications
with Renate Meyer and Nelson Christensen from the Department of Statis-

tics, University of New Zealand," and Andrew Thomas from Imperial College,
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one of the main developers of the BUGS software. Contacts with Meyer and
Christensen were made when many trials of different versions of their model
were performed using BUGS/WinBUGS did not produce any output which
resembled the results presented in [70]. -Kindly, Christensen shared one of
the original versions used for the calculations presented in their paper.

The study of the lack of convergence of the MCMC output for the prob-
ability model of the Logistic map and technical sampling errors with the
algorithms when multimodal priors are used (e.g. slice sampling [71]) were
done in collaboration with Andrew Thomas in a couple of meetings and sev-
eral personal communications [21]. As a result of these discussions, it was
decided to build a “tailored” implementation of the MCMC techniques in or-
der to gain control on the process of monitoring sampling process and identify
any possible faults. This implementation is described in 3.2.1.4.

In particular, BUGS or WinBUGS performance is put under strain when
faced to high complex Likelihoods and uncertain éonvexity in the full condi-
tionals, the case when nonlinearities are present [21]. A. Thomas performed
several corsections to the software in order to improve the sampling algorithm
used in the such cases and also in the code interpreter.

A data set from the Logistic map of 100 points is generated for a =
1.85 and initial condition zy = 0.3. The Bayesian model implemented in
WinBUGS is applied to several data files with noise levels varying from 0
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to 2, in variance. The data files contain only fneasurement noise for two
noise processes Gaussian and Uniform. The noise level is defined as | =
Onoise/ Osignal, Where o is the standard deviation. Denote the Gaussian and
Uniform noise amplitude as a function of the noise level as €,(I) and €,(l),
respectively.

To obtain a sample from the posterior distribution for the Logistic noisy
data, 1.1 x 10° iterations of the Gibbs sampler are performed. This number of
iterations include a burn-in time of 1.0x 10* iterations following [70]. To avoid
highly correlated values and to reduce the size of the output, the resulting
chain is thinned by taking every 20th observation which yields a final sample
size of 5000 points and took an average of 3 minutes on a Pentiﬁm 1V, 2GHz
processor PC fér each data file. Only traces of the parameters corresponding
to a, o and 7% were recorded, the Logistic parameter, the initial condition

2 corresponds to the

and the precision parameter respectively. Note that 7
variance of the dynamical noise parameter o2 = 1/72.
To assess convergence, the GR statistic is calculated for the three param-
eters by fragmenting the chain into two parts of 2500 points each. Following
Meyer and Christensen [70], after 1.0 x 10* iterations, the mixing of the chain
is assumed to have finished. Figure 3.2 shows the GR statistic calculated for
the median, variance and 97.5% isopleth, for a and o2. The horizontal line

is the pass mark for the test. Given that the samples are approximately

99



$ /b

/1$%$

1 =

>

(G

&/1$$

#$$$

"(

> |

F

@

" %S $

86) @ F $

89

>

&$$

A @

#1582

I$$  >111 &/$$  #$$$#/$$
L G ($ R
% $ "( F $ ( G+
( G) $ 5%(" ( (
!
BE Ch
1 A @
2 1
2. 2 <
> 2 >|F
, ! 89



: 6 / 89] > @,

2 /
/ 6A >B,
y
3
$IB g8 sl &/$S  #$3$#/$S
"% $ ( 'S $($ '"& % $ 9 =
%$ "( F $ (G+ " "( F-"
86) @ F $ ( G) $ 58( " ( (G &" " 5%
Q@>R 9 '
/ 3
/ J
/ = 7%8#
7%$8# $ /

&$&



($ & $ L # $% &  $ " ( %S $

$ # o, )
2)3<
2);<
$#
# 3
|)><
$ #
A C
© C
1C
1C =C
! # $
< ! A F& %' / &I M ' 7%$84#
/ 1
[ U > ?2C 7 & 6 ,/ 6\,/
BCh 6 ,
- & (% ('$ & + (% (" $% $

&$#

& "

“&D

9"

#

Ch



















































































































































































































































































































































































































































































































































































































































































































































