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Abstract

In any actual forecast, the future evolution of the system isuncertain and the

forecasting model is mathematically imperfect. Both, ontic uncertainties in

the future (due to true stochasticity) and epistemic uncertainty of the model

(re
ecting structural imperfections) complicate the construction and evalu-

ation of probabilistic forecast. In almost all nonlinear forecast models, the

evolution of uncertainty in time is not tractable analytically and Monte Carlo

approaches ("ensemble forecasting") are widely used. Thisthesis advances

our understanding of the construction of forecast densities from ensembles,

the evolution of the resulting probability forecasts and methods of establish-

ing skill (benchmarks). A novel method of partially correcting the model

error is introduced and shown to outperform a competitive approach.

The properties of Kernel dressing, a method of transformingensembles into

probability density functions, are investigated and the convergence of the

approach is illustrated. A connection between forecastingand Information

theory is examined by demonstrating that Kernel dressing via minimization

of Ignorance implicitly leads to minimization of Kulback-Leibler divergence.

The Ignorance score is critically examined in the context ofother Information

theory measures.

The method of Dynamic Climatology is introduced as a new approach to
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establishing skill (benchmarking). Dynamic Climatology is a new, relatively

simple, nearest neighbor based model shown to be of value in benchmarking

of global circulation models of the ENSEMBLES project.ENSEMBLES is a

project funded by the European Union bringing together all major European

weather forecasting institutions in order to develop and test state-of-the-art

seasonal weather forecasting models. Via benchmarking theseasonal fore-

casts of the ENSEMBLES models we demonstrate that Dynamic Climatology

can help us better understand the value and forecasting performance of large

scale circulation models.

Lastly, a new approach to correcting (improving) imperfectmodel is pre-

sented, an idea inspired by [63].The main idea is based on a two-stage

procedure where a second stage `corrective' model iteratively corrects sys-

tematic parts of forecasting errors produced by a �rst stagècore' model.

The corrector is of an iterative nature so that at a given timet the core

model forecast is corrected and then used as an input into thenext iteration

of the core model to generate a timet + 1 forecast. Using two nonlinear

systems we demonstrate that the iterative corrector is superior to alternative

approaches based on direct (non-iterative) forecasts. While the choice of the

corrector model class is 
exible, we use radial basis functions. Radial basis

functions are frequently used in statistical learning and/or surface approxi-

mations and involve a number of computational aspects whichwe discuss in

some detail.
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List of variables

Here we list variables used throughout this thesis. We orderthe variables by

chapters, since occasionally across di�erent chapters a given symbol may cor-

respond to di�erent variables. Within a chapter each symbolrepresents one

variable only. Chapter 2 is an exception to this rule as it provides background

information across various �elds; consequently, we could not avoid occasion-

ally using a single symbol multiple times. The variables of Chapter 2 are

therefore not listed, and are clari�ed in the text only.
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Chapter 1

Introduction

In many �elds where predictions of future states of systems [5] are required,

probabilistic forecasting has become a frequently used method of choice.

Probabilistic methods in forecasting have been pioneered by the US Weather

Bureau, which in 1965 appended probabilities of precipitation as a standard

part of public weather forecasts [95]. Since then, weather forecasting insti-

tutions around the world have shifted their focus from single point forecasts

toward probabilities when producing forecasts at short term weather scales

or seasonal or climate scales [100{102]. Economics is another in
uential �eld

which has embraced probabilistic forecasting. The Bank of England (BoE)

has been issuing `fan charts', i.e. probabilistic forecasts of in
ation, since

1997 [13] as part of the quarterly In
ation Report. Since then, many cen-

tral banks, including ECB, Federal Reserve, Sveriges Riksbank [10], Czech

National Bank [45], etc., have followed the BoE lead and included prob-

abilistic forecasts of in
ation and other macro-economic variables as part

of their regular reporting. Probabilistic forecasting hasalso been used in

�nance to predict stock prices [160], in health to predict epidemics of dis-

eases [23, 94] and, indeed, in insurance to price potential losses of extreme
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Weather events [1, 96].

Probabilistic forecasting deploys Monte Carlo experiments [3, 56, 70], to pro-

duce a collection (ensemble) [78, 93, 98, 103, 143] of multiple point forecasts

by using slightly di�erent initial conditions [69, 93, 143]. Building on the

ensemble of forecasts, probabilistic methods can be used toassign probabil-

ities to future outcomes, yielding forecasting distributions. The forecasting

distributions express uncertainty about future evolutionof a system. Proba-

bilistic forecasting is in stark contrast with point forecasts, where a forecast

is given in terms of an expectation and hence much less information, if any,

regarding uncertainty is provided.

Any forecasting process, probabilistic or not, typically involves several stages,

including:

� data retrieval and transformation,

� current state estimation,

� forecast formation,

� post-processing,

� forecast evaluation

� benchmarking.

Probabilistic approaches introduce additional challengedue to the fact that

they work with forecasting distributions as opposed to expectations. In this

work we focus on three particular steps of the forecasting process, all of which

will be studied within the probabilistic context. The stepsof our interest are:

1. error correction
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2. evaluation

3. benchmarking

The three above steps enter the forecasting process after the forecast forma-

tion. Our focus is therefore on improvement and understanding of

the value of a forecast and not on forecast formation. In this thesis

the value of a forecast is the common thread linking the three areas

of our interest.

Error correction

Since all models are wrong [12] every forecast is prone to systematic errors.

Error correction is a part of the post-processing stage and is designed to add

additional value to a forecast by detecting and correcting systematic errors.

If systematic errors are present it may be possible to detectand, to some

extent, correct them [61, 99]. While simple error correction approaches focus

on bias correction, more complex correctors may take the form of a two-stage

procedure deploying an additional modeling layer on top of the forecasting

model. In this thesis we deploy a two-stage procedure where the second stage

corrector is designed to `learn' the systematic errors of the �rst stage model

and correct the errors in an iterative manner. The correctoris based on

radial basis functions (RBF) [39, 40] and is shown to signi�cantly improve

forecasts for models with medium-to-large systematic errors while not de-

grading performance of models with very low systematic error. Deployment

of RBF as the corrector introduces some computational issues, relating the

`power' of the available computational device to the quality of the corrector.

A critical discussion of the computational issues is also presented.

Evaluation

The evaluation stage assigns value to a forecast by scoring the performance of

a forecasting model. The performance measure (score) as well as the object,
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i.e. what is being scored, are of crucial importance if one aims to achieve a

meaningful understanding of the value of a forecast. For point forecasts the

frequently used score is the Root Mean Square Error (RMSE) and the object

to score is the value of the point forecast. A similar approach is often adopted

in probabilistic setting when some distance metric, e.g. RMSE, is applied

to each of the ensemble forecasts (or their mean or other statistics). While

such an approach could yield some intuition as to `how far' the ensemble

forecasts are from the target, it is questionable whether wewould gain a real

insight regarding the value of the forecast. The issue is that both RMSE and

the individual ensemble forecasts only hold information about expectations,

and disregard the very useful information contained within the dis-

tribution of the ensemble forecasts . To make use of all the available

information captured by an ensemble, the ensemble forecastmust be trans-

formed into a forecasting distribution, [15, 58, 112, 113, 115, 116] and the

forecasting distribution itself then becomes an object of the scoring. There

are two immediate challenges related to the process. First,what method

should be used in order to transform the ensemble forecast into a distribu-

tion and is the method statistically sound? Second, what score should be

applied to the forecasting distributions?

Ensemble transformation and scoring represent two integral parts of an eval-

uation method, the properties of which must be well understood. Using a

biased evaluation method could lead to the selection of an inferior forecasting

model. In this thesis we study Kernel Dressing (KD), a probabilistic evalu-

ation method which uses, but is not restricted to, a logarithmic scoring rule

called Ignorance [49, 115]. We show that its properties makeKD particularly

useful for probabilistic setting and, under some conditions, prevent selection

of an inferior model. Also, since in practical applicationsIgnorance seems

often overlooked despite its desirable properties, we showhow this scoring

rule relates to the well-known Information Theory measuresof Shannon's
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Entropy [124] and Kullback-Leibler divergence [74]. By exposing the links

among the three measures we hope to further highlight the usefulness of

Ignorance as a probabilistic scoring rule.

Benchmarking

The real value of a forecasting model can only be understood on a relative

basis, i.e. when compared to an alternative model (benchmark) [4, 48, 53,

156]. Benchmarking can thus be considered as an interpretation of the score

of a forecast. In probabilistic setting, the output of a benchmarking model is

transformed into distributions so that they are comparableto the forecasting

distributions of the forecasting model. The benchmarking distributions often

take very simple form, e.g. unconditional distribution of past observations

(climatology). While simple benchmarks are often robust, they may lack

performance. More complex benchmarks may be required to improve on the

performance and thus become a `stronger' benchmark. One wayof creating

a stronger benchmark is to construct conditional distributions. Conditioning

on some event (e.g. month of a year in seasonal forecasting) may yield

improvements in performance at an a�ordable cost of a moderate reduction

in robustness.

Another appealing method of benchmark construction is to use simple statis-

tical models. Statistical models are capable of incorporating simple forecast-

ing rules that may greatly improve performance, while preserving the desired

level of robustness. Statistical models can therefore be more useful bench-

marks than climatological distributions, and provide us with a much deeper

understanding of the value of a forecasting model. In this thesis we present

Dynamic Climatology (DC), a simple statistical model that poses a stronger

benchmark than climatological distributions. We demonstrate some of its

properties in simpli�ed settings and then use it to benchmark the state-of-

the-art seasonal-to-annual weather forecasting models ofthe ENSEMBLES
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project [28, 29, 36, 57, 152].

Thesis structure

This thesis is structured as follows: In Chapter 2 we providebackground

information that is drawn upon throughout the thesis. We discuss funda-

mental concepts such as ensemble forecasting [78, 98, 143],forecasting sce-

narios [65, 66] and sources of uncertainty [31, 131, 132]. Wealso de�ne the

concept of a forecasting framework, discuss methods of forecasting density

construction [15, 58, 110] and (un)conditional climatological forecasts.

In Chapter 3 we investigate the properties of Kernel Dressing (KD) [15, 58],

a method of transforming ensemble forecasts into forecasting densities, and

study the properties of Ignorance [14, 49, 115], a measure offorecasting skill.

We show that, although similar in concept, KD substantiallydi�ers from

Kernel Density Estimation as understood by [11, 20, 129]; a fact that has

not been fully recognized. We show analytically that minimizing Ignorance

implicitly leads to minimization of Kullback-Leibler divergence [75]. We nu-

merically demonstrate that under the perfect model scenario (PMS) [133],

KD recovers the system density, suggesting that KD is an unbiased estima-

tor. We also perform a novel numerical analysis of the KD properties outside

PMS and demonstrate that caution must be exercised when deploying A�ne

KD (an extended version of KD), a new fact that has been previously over-

looked [14]. Using the Kelly betting framework [72] we clarify important

links between Ignorance and alternative Information theoretical measures,

namely Shannon's entropy [124{126] and Kullback-Leibler divergence.

In Chapter 4 we introduce Dynamic Climatology (DC), a new approach to

de�ning a zero skill reference (benchmark) [157]. DC is a new, and rela-

tively simple, statistical model shown to be a valuable benchmarking tool,

which we deploy to benchmark the forecasting skills of the state-of-the-art

global circulation models of the ENSEMBLES project. The rationale for
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constructing DC is that traditional zero skill references such as climatolog-

ical forecast (climatology) may not yield lead an adequate quanti�cation of

model skill [53, 68, 89]. By de�ning a stronger reference, e.g. DC, we may

obtain a more thorough understanding of the value of a forecasting model.

We construct DC to outperform climatology and demonstrate t hat

DC indeed does outperform climatology. We also construct DC to

accommodate for degradation of forecasting skill at long le adtimes

and to be capable of producing `new' values, not contained wi thin

the training set. We deploy DC to forecast Sea Surface Temperatures over

two regions important for seasonal weather forecasting: the Nino3.4 and the

Main Development Region. We contrast the DC forecast with those of EN-

SEMBLES models [36, 57, 152] and demonstrate that DC is a comparable,

and occasionally a `better', performer.

In Chapter 5 we provide background information on radial basis functions

(RBF), as they are extensively used in Chapter 6. We discuss the basic

setting of RBF interpolation and approximation, and give arguments for

formulating forecasting problems in terms of RBF approximation.

In Chapter 6 we present predictor-corrector (P C), a new approach to im-

proving the forecasts of an imperfect model, based on iterative corrections

of the systematic part of a model error [61, 67, 137]. For several nonlinear

systems, we show theP C signi�cantly improves imperfect model forecasts

and is superior to an alternative approach of 	� [62, 63].

To demonstrate the skill of the two approaches,P C and 	�, we consider

two well-known dynamic systems, Lorenz84 [83] and Lorenz63[81]. Using

Lorenz84, we show that, for a low-complexity imperfect model, P C improves

the forecasts by> 1:5 Bits and outperforms 	� by up to 1 Bit at long

leadtimes. We also test the behavior of bothP C and 	� as we gradually

improve the forecasting skill of the imperfect model. We show that P C
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maintains its superiority at medium range, even in settingswith a (much)

more skillful imperfect model. The computational aspects of the P C and 	�

approaches are also discussed in detail, both in general andspeci�c terms.

We also use the Lorenz84 and Lorenz63 systems to study the impact of Root

Mean Square Error (RMS) [97], when used as a meassure of forecasting per-

formance [134]. Intuitively, given a measure of forecasting performance (say

RMS), it is reasonable to require that the measure rates a perfect model

(i.e. a model equivalent with the system) higher than an imperfect model

(an approximation of the system). Measures that do not meet such a re-

quirement may be misleading and may lead a forecaster to believe that an

approximation of a system may be more useful then the system itself. Whilst

a number of measures do meet the requirement, i.e. are propermeasures, it

has been shown that RMS is not a proper measure. Despite its potentially

harmful properties RMS continues to be frequently used in the evaluation of

forecasting models. Our aim is to expose the danger of using RMS. To do so,

we numerically demonstrate how RMS-based evaluation may bemisleading,

and how it can lead to the selection of an inferior model.
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Chapter 2

Background

This thesis capitalizes on a number of concepts of statistics, information

theory and dynamical systems. In this chapter, we provide background in-

formation that will be drawn upon throughout the thesis.

We begin with a general description of a forecasting problemin Section 2.1.

We discuss a system, a forecasting model, and give our de�nition of a forecast-

ing framework. We follow with a discussion of forecasting scenarios [65, 66]

and brie
y describe sources of uncertainty [31, 131, 132] obscuring the future

evolution of a dynamical system.

In Section 2.2 we provide a brief description of ensemble forecasting [78, 98,

143] and discuss several methods of forecasting density construction [15, 58,

110]. Both ensemble forecasting and forecasting densitiesare key concepts

in probabilistic forecasting and will be used throughout this work. We also

de�ne unconditional and conditional climatological forecasts and discuss their

application. These climatological forecasts are used extensively in Chapters 4

and 6

Chapter 3 is concerned with the properties of Kernel dressing, a method
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of forecasting density construction and evaluation. We discuss the general

aspects of forecast evaluation in Section 2.4, where we alsode�ne Kernel

dressing [15].

At the center of forecast evaluation are measures of forecasting performance.

Measures originating from Information theory [22, 72, 74, 124, 125] have

proved to be of particular importance [46, 115]. The Information theoretical

measures and their importance for evaluation of forecasting performance are

discussed in Section 2.3.

Lastly, we brie
y discuss issues related to seasonal weather forecasting and

describe the forecasting models of the ENSEMBLES project [36, 57], as they

will be a subject of study in Chapter 4.

2.1 Forecasting

The future evolution of any physical system is clouded with uncertainty,

which limits our ability to precisely determine future states of the system.

In our e�orts to better understand the behavior of a system, we construct

inherently imperfect mathematical models describing the underlying rule gov-

erning the system. These imperfect models are often used to issue statements

about future system states - a process calledforecasting [5].

In forecasting, systems are often classi�ed as eitherdeterministic or stochas-

tic. Deterministic systems are governed by a �xed behavioral rule and do

not involve any randomness. Stochastic systems, on the contrary, do involve

random behavior, although their behavioral rule may also involve a �xed

(non-random) part.

Throughout this work, we are concerned with forecasting ofdynamical sys-

43



CHAPTER 2. BACKGROUND

tems, a subclass of deterministic systems. A good de�nition of a dynamical

system can be found on Wikipedia [155]: a dynamical system is`a mathemat-

ical concept where a �xed rule describes the time dependenceof a point in a

geometrical space'. An example of dynamical systems are physical laws, typ-

ically described in terms of di�erential equations, e.g. a simple pendulum[8]

derived from Newton's second law

A •� = � gsin� (2.1)

whereA is the length of the pendulum,� is the angular displacement of the

rod and g is gravitational force.

In our work (e.g. Chapter 4), we apply probabilistic methodsin the context

of weather forecasting. While the pendulum system of Eq. 2.1is an example

of a simple dynamical system, weather is an example of a very complex

dynamical system. Weather is de�ned as a state of the atmosphere, and

is often described using a set of �xed behavioral rules, i.e.physical laws

such as the one in Eq. 2.1, which form a dynamical system. Weather is also

considered a chaotic system [81]. A chaotic system is a type of dynamical

system sensitive to initial conditions. Given two initial states that are very

close (as quanti�ed by some measure), the future states obtained by evolving

the two initial states may end up very far from each other. In other words,

small di�erences in initial states (conditions) may yield entirely di�erent

forecasts. Obtaining a useful forecast of complex, chaoticsystem such as

weather is a challenging task. Yet due to its direct impact onmany �elds,

including agriculture, transport, insurance, etc., weather forecasting is of

crucial importance.

In this work, our aim is to apply forecasting approaches based on probabilis-

tic methods. Forecasting is used throughout a wide spectrumof scienti�c
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�elds as well as industries and is applied to a large variety of dynamical and

stochastic systems di�ering in complexity as well as their nature (natural

vs. mathematical). It is not possible to apply our approaches to all possible

classes of systems; there are simply too many of them. What wecan do is

apply our methods to a few selected systems for which we believe our ap-

proaches are useful. Our applications therefore involve simple mathematical

dynamical systems (e.g. Lorenz63 [81], pendulum) but also ahighly complex

chaotic system (weather).

Although we deliver a number of results that may help to better understand

the studied systems (or their models), our main goal is to present probabilis-

tic methods and how they may be applied in forecasting. Our emphasis is

not on system analysis, but rather on a thorough descriptionof (new or ex-

isting) probabilistic methods and their properties, as well as a comprehensive

illustration of their application.

2.1.1 System model pair

Forecasting a system requires a vehicle, aforecasting model. By a forecasting

model, we will understand a mathematical description of a system. Models

are constructed to describe systems, and so the models themselves can also be

classi�ed as deterministic and stochastic. To describe a dynamical system, a

physicist would typically use a deterministic model, i.e. di�erential equation

(or a set of equations) similar to Eq: 2.1. On the other hand, astatistician

would probably choose a stochastic model to describe the system. In this

work, we will be using both approaches.

A given system may be described by di�erent models; where a physicist uses

di�erential equations, a statistician may use regression.But even if we stick

with the physicist's toolbox, there might be di�erent sets of di�erential equa-
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tions describing the same system. The obvious reason for having more than

a single mathematical description of a system is that it may be impossible to

describe the system exactly. In fact, no model of a physical dynamical system

is able to exactly describe the system at hand, simply because forecasters do

not possess a perfect knowledge of all laws occurring in nature.

2.1.2 Forecasting framework

The process of forecasting involves several stages, the collection of which we

call a forecasting framework. Although the number of stages may vary with

an application, in general, the forecasting framework involves:

(1) collection of observations,

(2) data quality control,

(3) current system state estimation,

(4) forecast generation,

(5) forecast post-processing,

(6) construction of forecasting density,

(7) forecast evaluation.

Items 1-3 are often referred to asdata assimilation. In �elds such as weather

forecasting, the data assimilation requires more human, computational, and

�nancial resources than the rest of the forecasting framework. For exam-

ple, the European Center for Medium and Short Range Forecast(ECMWF)

processes a total of 75 million observations from satellites and conventional
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observation devices every 12 hours. To collect and quality control such an

amount of data is a major task.

Collected and quality-controlled data then may serve as an input for current

state estimationprocedures. In nonlinear dynamical systems small errors in

a current state estimation may ruin a point forecast as chaotic (or highly

nonlinear) systems, such as weather, display high sensitivity to initial con-

ditions [79, 81]. Due to the signi�cant impact on the quality of a forecast,

state estimation methods, such as 4DVaR [139, 142], Particle Filter [50, 108],

Gradient Descent [59, 64] etc., are a very active area of research.

Forecast generation is a central part of the forecasting framework. The fore-

casting model is initialized by initial conditions determined within the state

estimation stage. The initial conditions are than integrated by the model to

produce a raw ensemble of point forecasts for a required future time, which

we call a leadtime.

The raw ensemble often contains biases. Model output post-processing is a

type of quality check applied to the ensemble and designed toremove biases.

Outliers may also be handled within this stage.

If a probabilistic forecast is to be issued, the post-processed ensemble needs

to be turned into a forecasting PDF, which assigns probabilities to possible

future states of the forecasted system. The forecasting PDFs are also used

in the forecast evaluation to ex-ante assess the rate of success of a forecast.

By providing this very short, and possibly incomplete, description of a fore-

casting framework, we are trying to show that forecasting isa complex pro-

cess involving a number of procedures and methods. It must bestressed that

each and every stage is prone to errors and imperfections, which negatively

impact on the quality of a forecast. In an attempt to improve aforecast, a

forecaster should pay attention to all of the stages of the forecasting frame-
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work.

2.1.3 Perfect and imperfect model scenario

When investigating properties of a forecasting model, boththe Perfect model

scenario (PMS) [65, 133] and theImperfect model scenario(IMS) [66, 133]

are useful concepts. In Chapter 3, we rely on PMS to demonstrate properties

of a forecast evaluation method. To explain what we understand by PMS, we

�rst describe IMS and than de�ne PMS as somewhat the oppositeof IMS.

The descriptions loosely follow [133].

Imperfect model scenario : IMS is a scenario in which the forecasting

model provides an imperfect description of a system. It assumes that a

forecaster does not know the system rule exactly. Often it isalso assumed

that the system's current state is not known exactly.

Every `real world' forecasting exercise is an example of IMS; there are no

perfect models in the real world. A physicist does not know exactly the

governing equations of a particle motion, a weather forecaster has at best

a crude description of a weather system and no social scientist has a model

that would perfectly predict an election outcome. Under IMSthe forecasting

model always produces animperfect forecast.

Perfect model scenario : PMS is the opposite of IMS to some extent.

Consider a forecaster with a complete knowledge of the laws governing a sys-

tem. This perfect knowledge allows him/her to construct an ideal description

of a system, aperfect model.

We mentioned above that in IMS a forecast is always imperfect. Does it

mean that in PMS, with a perfect model at hand, a perfect forecast can be

achieved? The answer is no. To produce a perfect forecast of anon-linear
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dynamical system, a forecaster needs to know exactly the current state of

a system. Any uncertainty about the current state due to anobservational

error, or any other source of uncertainty, accumulates over time [98, 132, 133]

leading to an imperfect forecast. Under PMS, a forecast is always imperfect

unless the exact current state is known.

With real world forecasting exercises falling under IMS, isthere any example

of PMS? The answer is that PMS can only be constructed. This can be

achieved by letting the model act as both the model and the system. Con-

sider a forecasting model taking the form of a standard normal distribution,

N (0; 1), and a system producing a sample from the same distribution at each

time t, i.e. xt
iid� N (0; 1). The forecasting model will produce an imperfect

but highly valuable forecast ofxt , since the distributions of the model forecast

and system states will be equivalent. This may look like cheating, but PMS

is in fact an ideal testbed for understanding the propertiesof a forecasting

model, as we show in Chapter 3.

Perfect ensemble : Often, it is useful to use the concept of aperfect en-

semblein combination with PMS. With a perfect ensemble, we assume a

distribution of a current system state, which is a much weaker assumption

than assuming an exact knowledge of a current state. The distributional

assumption allows for sampling current state `candidates', so that an en-

semble of `perfect initial conditions' may be constructed.Under PMS and

perfect ensemble, a forecast remains imperfect, but the forecast distribution

is equivalent to the distribution of the future system states.

The combination of PMS and perfect ensemble involves ratherstrong as-

sumptions. So when is such a combination useful? The two concepts are

ideal tools when trying to understand the properties of the whole forecasting

framework (see Section 2.1.2). For example, if PMS with a perfect ensemble

yields a biased forecast, a forecaster knows that the bias isdue to the eval-

49



CHAPTER 2. BACKGROUND

uation method; both the forecasting model and the current state estimation

method may be ruled out as a sources of the bias. Without the perfect en-

semble, the forecaster could not be certain whether it is theevaluation stage

or the current state estimation stage causing the bias.

2.1.4 Sources of uncertainty in physical systems

Forecasts of any dynamical systems are inherently inaccurate. There are

two major sources of uncertainty directly in
uencing the accuracy of a fore-

cast [98, 99]: uncertainty about the current state of a system, i.e. the initial

condition uncertainty, and uncertainty due to the inaccuracies in a forecast-

ing model speci�cation, themodel error [61, 137].

Initial condition uncertainty : Under IMS conditions, uncertainty stems

from the forecaster's inability to accurately observe a current state of a sys-

tem, an observation error. The observation error is particularly in
uential

when sets of di�erential equations are used as a model. It is well known [81],

that for nonlinear (and in particular chaotic) systems/models, an arbitrarily

small initial error in the initial state will accumulate (grow) over the forecast-

ing leadtime. The error growth will eventually cause the forecasting model

to reach its predictability limit [133], a leadtime beyond which the forecast is

no longer `useful'. Although stochastic models may be less susceptible, they

also may su�er from the imprecise determination of the initial condition.

Model error : The uncertainty related to the model formulation arises due

to an imperfect understanding (or description) of the predicted system. The

imperfect model formulation leads to a model error, which will eventually

cause the model to reach its predictability limit.

The model error is often caused by a number of factors. One wayof disen-
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tangling the model error is as follows:

(1) Structural error : The equations describing the systems are `incorrect',

i.e. there may be a variable missing or a function is incorrectly speci�ed.

(2) Error due to a choice of approximation and discretization method: A

forecasting model is often deployed on a computational device, which

is by nature of a �nite precision. i.e. a digital (discrete) device. Model

equations describing a given system frequently take a continuous form.

To deploy a model on a computer, the continuous equations need to be

discretized. This transformation involves numerical methods that of-

ten require approximations and truncations [145], and thusintroduce

`imperfections' into the model's original (analytical) equations. The

choice of a transformation method in
uences the severity ofimperfec-

tions. A poor choice of transformation may lead to a signi�cant model

error, even in computers with very high precision.

(3) Error due to model resolution: Computational devices always work at

a limited capacity. Their main constraints, limited memoryand speed

of processing, translate into restricted precision, limitations of volume

of tasks, and constrained execution time. Due to the constraints, the

values of system variables are calculated on a discrete meshto which

model equations are adjusted (see above paragraph). The density of

the mesh is another source of imperfections. Using a very dense mesh

means that less approximation is needed to obtain state values between

mesh points, giving less room for an imperfection due to approxima-

tion. Note that model error due to resolution di�ers from that due to

discretization. This is because a high density mesh cannot compensate

for errors introduced by a poorly chosen discretization method. Hence

models with low mesh density and high quality approximationmethods
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may exhibit lower errors than those with high mesh density but poor

approximation/discretization method.

To minimize the observation error, a forecaster may attemptto improve the

measuring device. This, however, may prove di�cult due to budget con-

straints or the fact that the device is already state-of-the-art. A more real-

istic approach is to use a number of observational devices and to determine

the initial state as some function of their outputs. Alternatively, a fore-

caster may attempt to sample the distribution of initial states as discussed

in Section 2.2.1.

To address model error, a forecaster may attempt to obtain a better under-

standing of the system. Another option is to see whether the model error

contains a systematic part and if so to correct it. When usingdeterministic

models, the systematic part of the model error is frequentlypresent. In such

cases, error detection and correction algorithms can be very successful in re-

ducing the systematic part of the model error. We suggest a framework that

deals with the systematic part of a model error in Chapter 6.

2.2 Probabilistic forecasting

2.2.1 Ensemble forecasting and forecasting densities

In Section 2.1.4, we have discussed how an inaccuracy in determination of a

current state accumulates over the integrations of a forecasting model, and

degrades the quality of a forecast. We have also mentioned that a forecaster

may address the initial condition uncertainty using Monte Carlo methods.

Ensemble forecasting[78] is one such approach. Ensemble forecasting is fre-

quently deployed in weather forecasting, and aims to provide a representative
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sample of possible future states of a system.

To produce an ensemble forecast (or simply anensemble), a forecaster sam-

ples possible current states, generatingM initial conditions x t = f xt;k gM
k=1 ,

which form an initial condition ensemble at the initial time t. The initial

conditions xt;k are then iteratively input into a forecasting model to produce

an ensemble ofM point forecasts,x̂ t+1 = f x̂t+1 ;kgM
k=1 , i.e., an ensemble fore-

cast at leadtimet +1. Fig: 2.1 shows a simple schematic of ensemble forecast

generation, for the case ofM = 4 initial conditions. In an ideal case, the

forecast values would be a representative sample of the possible system states

at time t = 1.

t=0 t=1
-5

0

5

observation verification

initial condition 1

initial condition 4

forecast 1

forecast 4

schematic of ensemble forecast

x

leadtime

Figure 2.1: Ensemble forecast: Using an observation (large red circle) at time

t = 0, an ensemble of initial conditions (small red circles at t = 0) is constructed

and iterated forward using the model (blue lines) to obtain an ensemble forecast

(small red circles at t = 1). At time t = 1 the forecast can be veri�ed with an

outcome (red cross), i.e. system state observed at timet + 1.

Forecast-veri�cation archive : A forecasting model is often used to pro-

duce ensemble forecasts extending to several lead times. Atsome later
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time, when the forecasted system states are actually observed, an archive

of forecast-veri�cation pairs may be formed. The archive is constructed sim-

ply by pairing an ensemble with the observed system state at each leadtime.

The archive of forecast-veri�cation pairs can than serve asa training set when

constructing forecasting densities and/or evaluating forecasting performance

of a model.

Forecasting distribution : A natural way of describing an uncertainty is

via distributions. A sample of possible future states, an ensemble forecast,

may be turned into aforecasting distribution, p̂. The forecasting distribution

is able to concisely summarize the uncertainty caused by observational and

modeling errors. When producing forecasts forL > 1 leadtimes, a forecasting

distribution is constructed for each leadtimel, giving a sequence of distribu-

tions f p̂t+ lgL
l=1 . There are a number of methods to construct the forecasting

distributions, and we brie
y discuss some of them in the nextsection 2.2.2.

An important question is: why would a forecaster wish to turnensemble

forecasts into forecasting densities? There are three mainreasons for doing

so. First, a forecasting density can be used to assign probabilities to the

possible future states of the system. Second, a forecastingdensity enables

evaluation of a forecast in probabilistic terms. This is an important part of

the forecasting framework discussed in more detail in Section 2.4. Third, the

density construction is often designed to include post-processing procedures

such as bias correction, designed to improve raw forecasts ex post.

2.2.2 Constructing forecasting densities

There are number of methods to turn ensemble forecasts into forecasting

densities. Here we brie
y discuss a selected few, namelyLogistic regression,

Gaussian dressing, and Bayesian model averaging. By choosing these three
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particular methods, we aim to provide insight regarding ensemble-based den-

sity construction. Since our selection represents rather di�erent approaches,

we hope to demonstrate the diversity of existing approaches. We note that for

this work, the most relevant is the Gaussian dressing, whichprovides a link

to our preferred method ofKernel dressing(section 2.4.3). Although Logistic

regression and Bayesian averaging are not directly linked to Kernel dressing,

we hope that understanding the alternatives will help the reader to better

appreciate the concept of density construction from ensemble forecasts. A

detailed account of methods discussed, as well as alternative methods, can

be found in [157].

Logistic regression : In weather forecasting, logistic regression has been a

frequent tool of forecasting density estimation [157] [54]. Logistic regression

is a useful method when a forecaster takes an interest in the quantiles, q, of

possible outcomes. In ensemble forecasting the logistic regression often takes

the form of

P(y � q) =
1 + exp(� 0 + � 1�x + � 2�̂ )

exp(� 0 + � 1�x + � 2�̂ )
(2.2)

where �x is a mean of an ensemble forecast, ^� is the ensemble variance andy

is the observed system state, i.e., the veri�cation. The parameters� 0; � 1; � 2

are determined by maximizing likelihood of the veri�cationy being in the

quantile q over all forecast-veri�cation pairs contained within an archive.

Gaussian dressing : Gaussian dressing (GD) is a sort ofensemble dress-

ing a density construction method proposed by [116]. GD appliesgaussian

distribution to each forecast-veri�cation pair and takes the form of

p(y; x) =
1

p
2�� 2

e� ( x � � ) 2

2� 2 ; (2.3)

55



CHAPTER 2. BACKGROUND

There are di�erent ways of determining the parameters� and � . In the

simplest form of GD� and � are set to some function of the ensemble mean

and ensemble variance respectively, i.e.,� = f (�x ) and � = g(�̂ ). As noted

by [14], this has the undesirable consequence that the forecasting distribution

is solely based on the ensemble forecast, i.e. information provided by the

actually observed statey is neglected. Other authors, e.g. [48, 58] suggested

to determine � and � according to a forecasting performance. This leads to

maximization of some function ofp(y) over the forecast-veri�cation pair. We

will discuss the performance-based approach in Section 2.4.3.

Bayesian model averaging : Bayesian model averaging (BMA) [110] ad-

dresses an uncertainty stemming from selecting a suboptimal model. Instead

of relying on a single model BMA considersK candidate models and calcu-

lates a posterior probability of an outcome by conditioningon the K models.

Consider a modelk producing a l step ahead point forecastxk;t + l , wherexk

represents thek-th ensemble member. The forecastxk;t + l is associated with

a PDF, qk(yjxk;t + l). The PDF qk is a PDF of the outcomey conditional on

xk being the best forecast in the ensemble forecast. Dropping the t + l term

for simplicity, the BMA model can be written as

p(yjx1; : : : ; xK ) =
KX

k=1

wkqk(yjxk) (2.4)

wherewk is the probability that the forecast xk produced by modelk is the

best forecast in the ensemble. Thewk thus may be viewed as weights assigned

to each of the ensemble members and are estimated via maximization of the

log-likelihood of p(yjxk) over a testing data. The functional form ofp can

take the form of a parametric distribution. When a Gaussian distribution is

assumed, the BMA can be described as a weighted sum ofK Gaussian ker-

nels, each centered at the ensemble memberxk , with a variance determined
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from the historical errors of the forecastxk .

2.2.3 Unconditional climatology and climatological fore-

cast

The climatological distribution, or simply climatology, is an unconditional

distribution, pc(x), of observed values of a system variablex over the time

period [t � � ; t + �]. Climatology may be constructed using parametric

or non-parametric density estimation methods. In our work,we estimate

climatology using the Kernel dressing method described in Section 2.4.3.

Climatology is not only useful as a statistical descriptionof the forecasted

data, it may also be used as a simple probabilistic forecasting model. When

used as a forecasting model, the forecasting density for a given leadtime l

simply coincides with the climatology,pt+ l (x) = pc(x). This approach yields

a probabilistic forecast that does not change over leadtime.

Assuming that the systems dynamics is (to some degree) captured by data

used to construct climatology, the climatological forecast may be considered

a robust forecast. In other words there will be a few surprises to the clima-

tology if the dataset reasonably captures the system's pastdynamics and the

dynamics do not change abruptly.

As the climatological forecast does not change with leadtime, it might not

seem a very useful forecasting model. However, its usefulness can be better

appreciated when compared with forecasts produced by alternative models.

Since climatology is simple to construct, quick to use, and produces robust

forecasts, it may serve as a useful reference forecast de�ning a zero skill.

An alternative model should always outperform a zero skill forecast. What

would be the purpose of a model whose forecast is `worse' thana zero skill
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reference forecast?

Climatology may be constructed in a number of ways, e.g. via parametric

density estimation [58], kernel density estimation [11, 129] or kernel dressing

(see Section 2.4.3). The climatological distribution can be used to produce a

very basicclimatological forecast, simply by sampling a single (or multiple)

value(s) from the distribution.

2.2.4 Conditional climatology

Climatological distribution may take more complex forms. We can construct

so calledconditional climatologies by conditioning on some feature of the

data. For instance, when a seasonality is present, a forecaster may choose

to condition on a particular season. In weather forecasting, it is common

practice to construct amonthly climatologyby conditioning on a month of a

year. In economics, climatologies conditional on a business or political cycle

are often used.

In Chapter 4 we will be using a monthly climatology to benchmark alternative

forecasts. Monthly climatology is a special case of a climatology where we

condition on phase information. In general, climatology conditioned on a

phase can be de�ned as

p� (x) = p(xjxt : t 2 [t � � 1; t + � 2]) (2.5)

wherext is a time series ofx and t is a point on a circle with circumference

equal to length of a period and� 1; � 2 are phase angles de�ning an arc over

the circle. In case of the monthly climatology and considering monthly ob-

servations of some variable, the period would be 12 months long, the time
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t would be set to the number indexing a given month and� 1 = � 2 = 0. In

practice, one may construct monthly climatologies that span over more than

1 month by setting � 1 = � 2 > 0. Asymmetric monthly climatologies can also

be constructed by setting� 1 6= � 2.

We note that it only makes sense to construct monthly climatology when a

monthly seasonality is actually present in the data. Constructing monthly

climatology of temperatures over sub-Saharan Africa may not make much

sense, since the seasonality at these latitudes may not be related to months

but rather to seasons.

In the following sections we use data from the application inSection 4.3.2 to

demonstrate how monthly climatology can be a more useful climatology than

the unconditional. In Fig: 2.2 we show a measure of forecasting performance

against the varying size of the phase angle. Since the data used to gener-

ate the plot are monthly data, the phase angle has a simple interpretation.

Window size of 0 corresponds to a `pure' monthly climatology, i.e. only the

same months are considered in the conditioning. Window sizeof 6 means

that all months of a year may be considered, which leads to unconditional

climatology. The measure of performance will be explained in Section 2.4.2;

for now we can say that lower value mean a better performance.Clearly, the

window size of 0, which corresponds to the `pure' case of monthly climatol-

ogy, gives much better results then the window size of 6 whichcorresponds

to unconditional climatology.

2.2.5 Blending climatological and model forecasts

At the `short' leadtimes, a forecasting model is expected tooutperform the

climatological (or any other zero skill) forecast. Should it fail to do so, the

model should not be selected (see Section 2.2.3). At the longleadtimes,
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Figure 2.2: Climatological ignorance in Nino34: Forecasting performance of

climatology of monthly SST temperatures over Nino3.4 region evaluated in terms

of Ignorance. Ignorance is calculated for a varying size of aphase angle (window).

For window size of 6 the conditional climatology becomes unconditional, as all

observations will fall within the window. The optimal windo w in this case is 0

(the lowest level of Ignorance), i.e. the climatology should condition only on a

given month of a year.

however, the error growth will cause a model forecast to deteriorate. Thus a

forecasting model that performs well at short leadtimes maybe outperformed

by climatology at long leadtimes. The concept ofblending aims to prevent

the model from underperforming the climatological forecast.

The idea is simple. For a given leadtime, a model forecastingdensity pm (x)

is `blended' with the climatologypc(x) producing a `�nal' forecasting density

p(x)
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p(x) = � � pm (x) + (1 � � ) � pc(x) (2.6)

where � 2 [0; 1] is a blending parameter. As a result, at leadtimes where

the model signi�cantly outperforms climatology, the parameter � ! 1. At

the long leadtimes, where the model forecast is eroded by thegrowth of the

forecasting error,� ! 0 and the climatology `takes' over. The �nal forecast-

ing density p thus always outperforms or is comparable to the climatological

forecast.

In this work, unless stated otherwise, all model forecasting densities are

blended with climatology. Where suitable, the blending is done using a

conditional climatology, e.g. monthly climatology.

2.3 Information theory in forecasting

Achieving a high quality forecast is a central point of any forecasting exercise.

The question is how to measure the quality of a forecast, or, in other words,

the performance of a forecasting model? When assessing performance of a

model, predictability of the system should be considered. Quanti�cation of

predictability dates back to [82], where it is de�ned in relation to climate

as `the time span through which a given climate is supposed tolast'. The

intuitive link between a model performance and predictability is that for

systems with low predictability the forecast starts to deviate from its target

very soon, i.e. at short leadtimes. Intuitively, if a state of a system changes

too frequently and the changes do not follow detectable patterns, it becomes

very di�cult for any model to produce a forecast that stays with the target

over a long time span. Ideally, a forecaster would assess forecast quality
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simply by comparing the time over which a forecast stays close to a target

with the predictability of the system. The problem is that, apart from some

special cases [162], the predictability of a system is rarely known.

Most (if not all) measures of model performance are based on the notion

of closeness, i.e. they aim to evaluate how `close' a forecast is from its tar-

get. Probably the best known measure is the predictive mean squared error,

where the `closeness' is de�ned as the Euclidean distance ofa forecast from

its target. Typically, the mean squared error is applied to point forecasts.

However, with the development of ensemble forecasts we can form so-called

forecasting densities, distributions constructed from anensemble forecast,

and confront the distribution with the target. The reason for working with

distributions is that a distribution contains more information than a sin-

gle point and so measures based on distributions may providemore robust

evaluation of forecasting performance [112, 133].

The question is, what performance measures are useful? For example, ear-

lier studies in weather forecasting [87, 128] often deployed measures of pre-

dictability based on the signal-to-noise ratio. The noise-to-signal ratio can

be measured at di�erent locations and di�erent situations.However, as [77]

point out, to obtain an overall measure of forecasting performance the changes

in the signal should be weighted by the frequencies of their occurrence and

then aggregated. The problem is that aggregating signal-to-noise ratios over

di�erent times (or locations) has no clear interpretation. This drawback of

the signal-to-noise ratios led to a search for alternative measures.

An important class that overcomes the issues of signal-to-noise ratios have

been developed within Information theory [124, 125]. The class of Informa-

tion theory-based measures is more general than signal-to-noise ratios [77]

since it can compare forecasts across di�erent locations ortimes. Further-

more, these measures take into account forecasting distributions and thus
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can deliver a more robust performance assessment. Since this class of mea-

sures has proved very in
uential across a variety of forecasting �elds, and

has been successfully applied to assess forecasts of both low-dimensional as

well as complex dynamical systems, we will be using the information-based

measures throughout this work. The focus in this subsectionis to provide

some brief background information on these measures.

2.3.1 Information-based measures of performance

The work of [77] suggests using measures developed within Information the-

ory as measures of predictability in simple climate models.Their approach

uses theentropy

H (X ) = �
nX

i =1

p(x i ) logp(x i ); (2.7)

which measures uncertainty related to statesx i occurring with probabilities

pi . Since by de�nition, the entropy is a measure weighted by thefrequency of

occurrence of states, it can be used as an aggregated measureof predictabil-

ity. Moreover, [77] make the point that upon making a measurement an

uncertainty, hence entropy can be used as a measure of information gain.

They further consider themutual information

I (X ; Y) =
X

x;y

p(x; y) log
�

p(xjy)
p(x)

�
(2.8)

and use it to measure how fast information about a given initial change of

signal (or anomaly) is degraded.
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2.3.2 Forecast performance and optimal compression

An alternative approach based on Information theory is suggested by [115],

who construct a score that minimizes the amount of information needed to

describe the distribution which governs occurrence of a system state. In In-

formation theory this is the problem of optimal data compression discovered

and solved by [124{126]. In data compression, one aims to encode given

information using fewer binary digits (bits) than needed toexactly express

the given information. This can be achieved by exploiting redundancy in

the information. For example, consider a string of characters `AAAAABBB-

BCCC' needs to be transmitted to a recipient. Transmitting the original

string would require 96 bits, i.e. 8 bits per each of the 12 characters. Instead

of transmitting the original string the source transmits anencoded version

as 5A4B3C, that is the message would read: there are 5 lettersA, 4 letters

B, and 3 letters C. The total amount of bits being transferredis only 54

(assuming 32-bit architecture and numbers being represented as characters)

To describe the basic idea behind the score in the forecasting context [115]

provide the following example. Consider 2 forecasters A andB, both having

access to a forecasting distributionp used to forecast an outcomex. Assume

that forecaster A has been told what the outcome is, and needsto share/com-

municate the result to forecasterB . The question is, what is the minimum

bits of information A needs to communicate the outcome to B? Based on the

optimal compression, A needs the minimum of

B i = � log2(p(x i )) (2.9)

bits to describe to B that the i -th outcome of K possible outcomes has

occurred.
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What is the rationale for deploying the optimal compressionvehicle? Con-

sider that A attempts to communicate the outcome to B using two alterna-

tive forecasting distributions p and q. We can think of p and q as being two

alternative encodings of the same outcome, just like in the above example

with letters. If using p means that, on average, the forecaster A needs less

bits to communicate the outcome to the recipient B, then A will choosep

as her preferred encoding. In other words, if it takes less e�ort (bits) to

transmit p rather than q, then p is a more useful description of the outcome.

Consequently, by assigning a number of bits to each of the twoalternative

encodings the Ignorance selects the forecasting distribution that is, in the

Information theoretic sense, `closer' to the true distribution governing the

outcomes.

Since Ignorance is based on the idea of optimal data compression, which

is central to Information theory, it is a close relative of other Information-

based measures, namely Shannon's entropy and also cross-entropy (Kullback-

Leibler divergence). We describe Ignorance in greater detail in Section 2.4.2

and we also show mathematically how it relates to other information mea-

sures in Section 3.3.

2.4 Probabilistic forecast evaluation

A forecast evaluation is an important part of the forecasting framework (see

Section 2.1.2). In this section we provide a description of the forecast eval-

uation process and discuss why it is important. We also provide a detailed

description of an evaluation method ofKernel dressing(KD), which is our

method of choice to be used in all applications below.
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2.4.1 Background on forecast evaluation

Forecast evaluation aims to assess, the general quality of aforecast by com-

paring the forecasted system states to actual observed states. The forecast

quality is quanti�ed in terms of a scoring rule (score).

The forecast evaluation provides a forecaster with:

(a) The ability to better understand and improve a forecast.The forecast

evaluation exposes sub-spaces of the model state space where the fore-

casting error is large. A forecaster then has the opportunity to analyze

the sub-spaces and use the analysis to improve the forecasting model;

(b) Justi�cation of the cost of resources invested into a forecasting frame-

work. The assessment of a forecast performance in terms of score pro-

vides a measure that can be directly linked to the utility a forecast

user. The utility can then be compared with the costs.

(c) The ability to perform model selection.The forecast score of competing

models can be compared in order to select the best model.

The process of probabilistic forecast evaluation involves:

(1) construction of the forecasting densities,

(2) use of the densities to assign probabilities to the veri�cations,

(3) score calculations.

When evaluating a forecast, we are interested in a performance at a given

leadtime. If we want to evaluate forecasting performance atthe �rst lead-

time, we collect forecasting densities of the �rst leadtimeonly and use those
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to evaluate the veri�cations. For the second leadtime, we use densities con-

structed for the second leadtime only etc.

2.4.2 Ignorance and other scoring rules

A scoring rule or a score,S, is a measure of a quality of forecasting perfor-

mance of a model. In probabilistic forecasting, a score measures how much

of a probability the forecasting densityp(�) has assigned to the veri�cation

y. The forecasting performance can then be expressed as an average value of

scores [14] collected over a number of forecast-veri�cation pairs

E[S] =
1
N

NX

i =1

S(pi (yi )) (2.10)

whereN is a number of forecast-veri�cation pairs,pi (�) is the i -th forecasting

density constructed using thei -th ensemble forecastx i and yi is the i -th

veri�cation.

There are a number of scoring rules currently used in forecast evaluation

procedures, we list a few selected scores:

(1) Ignorance:

S(p(y)) = � log(p(y)) (2.11)

(2) Naive Linear Score:

S(p(y)) = � p(y) (2.12)

(3) Proper linear score:

S(p(y)) =
Z

p2(y)dy � 2p(y) (2.13)
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(4) Mean square error:

S(p(y)) =
Z

(p̂(y) � p(y))2dy (2.14)

where p̂ is an estimate or a forecast of densityp. In Section 2.4.1 we have

stated that forecast evaluation provides a forecaster withthe means of model

selection. An important property of a score directly related to model selection

is propriety. Given two PDFs p and q, a score is proper if the following

inequality holds

Z
S(p(y))q(y)dy �

Z
S(q(y))q(y)dy: (2.15)

Note that a score is strictly proper if the inequality � is replaced by strict

inequality > . In terms of the probabilistic forecasting, Eq: 2.15 can be inter-

preted as saying that a proper score should recognize when the forecasting

density p di�ers from the `true' density q that produced the veri�cation y.

Clearly, the best forecasting density fory is the one that actually generated

y. Any other forecasting density should score less than the `true' one. Proper

scores therefore ensure that in the (rare) cases when one hasto select be-

tween an imperfect forecast and a perfect forecast, the perfect forecast will

be identi�ed as the better one. This is indeed a useful property since in

forecasting one tries to achieve the best possible forecast. When a forecaster

has a perfect density (or model) available it makes sense to prefer it over

any alternative forecasting density since, on average, theperfect forecasting

model will produce better forecasts. In other words, there is no point in using

an imperfect forecasting model when a perfect model is available.

Although the propriety property seems an obvious requirement, not all scores

are proper. For instance, it can be shown [14] that the root mean squared
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error (RMS) is not a proper score. Using root mean squared error thus may

lead the forecaster to select an imperfect model over a perfect one. The naive

linear score is also not proper, while its augmented version, the proper linear

score, is.So what are the potential consequences of using scores that are not

proper? As before, when a forecaster in fact has a perfect model available,

he/she would be foolish to use some alternative imperfect model instead.

The perfect model will certainly deliver a better performance. A proper

score helps the forecaster to detect which one of the alternative models is

perfect.

It could be argued that in practice, a forecaster never has a perfect model

to hand. In such cases, the impact of using an improper score may only be

evaluated via some utility function which a forecaster aimsto maximize. In

Section 6.4, we aim to demonstrate this by showing how RMS maylead to

selection of an inferior model.

It is important to realize that deployment of a proper score does not ensure

that the best model is selected. For example, consider a casein which the

forecasting model is perfect but the method used to construct the forecasting

densities is 
awed. Despite the model producing perfect ensemble forecasts

the densities constructed from them will diverge from the true density, simply

because the density construction is erroneous. If a proper score is applied

to the (biased) forecasting densities it may fail to detect that the model is

perfect. In other words, judged by the biased densities, theproper score may

`think' that it deals with an imperfect model.

In this work, the score of our choice is Ignorance [49, 115]. Forecasting per-

formance in our applications is quanti�ed by the expected Ignorance de�ned

as
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IGN = �
1
N

NX

i =1

log2(pi (yi )) (2.16)

For simplicity, we will call the expected Ignorance simply Ignorance from

now on. Ignorance is a proper score. It is also alocal score. Locality is

another property of a score that means only the probability assigned to the

veri�cation y enters the scoring rule. An example of a non-local score is the

proper linear score, which involves an integral over the whole domain of the

veri�cation y.

Note that Ignorance is a score of our choice not only because it is proper.

Another good reason of using Ignorance is that it has direct links to other

information measures, i.e. Kullback-Leibler divergence and Shanon entropy.

We will study links between these measures in Section 3.3.

When comparing a forecasting performance of alternative models, the Rela-

tive Ignorance is a useful metric. Relative Ignorance is de�ned as

RIGN = IGN A � IGNB (2.17)

whereA andB designate two alternative models being compared. In Relative

Ignorance, modelB , a benchmark, de�nes a zero skill reference forecast.

Model A outperforms model B if the relative Ignorance is negative, i.e. below

the zero line de�ned by the reference forecast ofB . The lower the Relative

Ignorance, the better the modelA is relative to modelB .

In subsequent analyses, a climatological forecast is oftenused as the zero skill

reference. A forecasting model outperforms the climatological reference if its

Ignorance is lower than that of the climatology, i.e. if Relative Ignorance of

a model is negative.
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2.4.3 Kernel dressing

Kernel dressing(KD) is a non-parametric method of turning ensemble fore-

casts into forecasting densities. For a given leadtime, themethod utilizes

multiple ensemble forecasts to construct forecasting densities. Kernel dress-

ing is similar to kernel density estimation(KDE) [56, 80, 114, 120, 129], a

procedure used to estimate a single density ^p given a sample from the un-

known `true' distribution p. Since KDE is a well-known method, and due to

the similarities between KD and KDE, we �rst brie
y describe a version of

KDE, which will help to describe the KD estimator.

Given a samplex = x1; : : : ; xm from the density p a density estimate,p̂, is

constructed using a linear combination ofm kernel functions K (�). Each

kernel is entered at one of them sampled data pointsx j ; j = 1; : : : ; m and

is assumed to have properties of a PDF. There are di�erent forms of kernel

functions [37, 105, 129], a frequently used one being the Gaussian kernel

K (t) =
1

p
2�

e� 1
2 t2

; (2.18)

The kernel density estimate is given by

p̂� (x) =
1

m�

mX

j =1

K
�

x � x j

�

�
: (2.19)

where � is the bandwidth or a smoothing parameter. The core issue in the

kernel density estimation is how to set the bandwidth. The optimal band-

width should be chosen so that the divergence of the estimatêp from the

true p is minimized, i.e. d(p̂; p) = kp̂ � pk, whered(p̂; p) is some measure of

the divergence. An obvious obstacle when minimizingd(p̂; p) is that p is not
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known, i.e. the divergence cannot be measured. To deal with the problem,

a number of automated selection methods have been suggested, including

crossvalidation or plug-in selectors [11, 20, 52].

Similarly to the KDE, the kernel dressing deploys a linear combination of

kernels centered at a data pointx j , which in this case is an ensemble member

of an ensemble forecastx = x1; : : : ; xm produced by the forecasting model.

In its general form [15], the KD forecasting density can be expressed as

p̂� (yjx; � = f �; a; o g) =
1

m�

mX

j =1

K
�

y � axj � o
�

�
(2.20)

where y represents the veri�cation, � is a vector containing the parameters

f �; a; o g, � is the bandwidth and the scaling parametera is designed to

rescale the ensemble forecast, while the o�set parametero shifts the location

of the ensemble. In our applications, the kernelK is chosen to be a Gaussian

kernel. We note that p̂ is an estimate of the distribution of the system state

at a given leadtime.

Similarly to KDE, the issue in KD is how to set the parametersf �; a; o g.

Since the main goal of forecasting is to produce a useful forecast, `usefulness'

being measured by a score, it is sensible to maximize the forecasting score

arg max
�

S(p̂� ) :=
1
N

NX

i =1

S(p̂� (y)) (2.21)

with N being a number of `relevant' forecasts andS(�) a score of a choice, in

our case Ignorance as given by Eq: 2.16.

The parameters�; a; o are set simultaneously using all `relevant' forecast-

veri�cation pairs. The KD procedure is applied at each leadtime, which

72



CHAPTER 2. BACKGROUND

means that the relevant forecasts-veri�cation pairs are all those produced

(observed) at the given leadtime. As a consequence, there isa di�erent

parameter vector� l at each leadtime.
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Figure 2.3: Forecast distributions (Gaussian-like curves) somewhat resem-

ble the true p (red Gaussian-like curve). The punter uses the (blue) ensemble

members to construct her estimate (blue Gaussian-like curve) of the true p. The

bookie constructs his estimate (magenta) using climatological approach with all

realized veri�cations (red crosses joined with red line) being included in his en-

sembles.

KD in the forecasting mode: In the forecasting mode, a model produces a

forecasting ensemblex, but the veri�cations are not (just yet) available. To

construct a forecasting density for a given leadtimel, we simply use the

parameters� l as obtained in training. To obtain the forecasting density,the

parameter values are plugged into

73



CHAPTER 2. BACKGROUND

p̂t+ l (yjx; � l ) =
1

m� l

m lX

j =1

K
�

al � xt+ l;j � ol

� l

�
(2.22)

where p̂t+ l is a forecasting density constructed using an ensemblex t+ l =

f xt+ l;j gm
j =1 . x t+ l is an ensemble generated by a model initialized at timet to

produce a forecast for leadtimel.

Apart from the quality of the ensemble, there are two other factors in
u-

encing the quality of the KD forecasting density. The �rst isthe number of

`relevant forecast', i.e. the size of the forecast-veri�cation archive at a given

leadtime. The second is the size of the forecasting ensemble. In real-world

applications, both are often restricted in size, which is a fact that needs to be

appreciated when constructing the forecasting densities.The consequences

of these restrictions, as well as some properties of the KD estimator, will be

discussed in Chapter 3.

2.4.4 Crossvalidation and subsampling

Although the score provides information about the forecasting performance

of a model, it may be useful to evaluate robustness of the information. This is

often very useful when the forecast-veri�cation archive islimited which may

lead to high sensitivity to outliers. In such cases, it is advisable to crossval-

idate the score. In fact, in this work we always perform crossvalidation and

report quantiles of the crossvalidated scores.

For cases when the training set is small, i.e. Chapter 4, we use a leave-

one-out type of crossvalidation [107] as k-fold crossvalidation would not be

feasible. For larger training sets, such as for those used inChapter 6, the

2-fold crossvalidation is performed.
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2.5 Seasonal forecasting

Section 2.2.3 has provided some preliminary rationale behind the benchmark-

ing of forecasting models. Since in later chapters we will use a benchmarking

model to evaluate performance of seasonal weather forecasting models, our

aim here is to provide some background on seasonal weather forecasting.

Weather forecasters aim to produce forecasts that are useful at both short

and long leadtimes. Long-term weather forecasts are of great importance to

industries including agriculture, health, energy, insurance, and many others.

Take agriculture for example. Knowing 6 months ahead whether there will

be a cold summer, a farmer may decide what type of plants to sow. Or

take insurance for example. Knowing 6 months ahead that there will be

a cold summer in the Atlantic may provide crucial information about the

number of hurricanes during the hurricane season. A reliable forecast could

therefore decrease the expected costs, e.g. damaged oil-facilities, and lead to

a reduction in insurance premiums. In response to such demands (and for

many other reasons) weather forecasting institutions around the world aim

to extend the usefulness of their forecasts to seasonal (up 6months), annual,

and even decadal time scales.

2.5.1 Seasonal forecasting and models

Seasonal weather forecasting is concerned with producing forecasts at the

time scale of months, with 6 months horizon often being the leadtime of

choice. Given that achieving a good forecast several days ahead is a challenge,

can we expect a long term forecast to be useful? The argument for a useful

seasonal forecast is based on an important observation thatthe conditions of

the lower boundary of the atmosphere tend to have a long memory, i.e. are
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rather persistent and change only gradually. The lower boundary conditions

include for example sea surface temperature (SST), soil moisture, or snow

cover, and due to the persistence, they can be forecast at time scales of weeks

or even months.

The SST plays a prominent part in seasonal forecasting. Thisis because

the temperature changes in oceans surface layers have a profound impact

on global weather conditions. Since changes in oceans propagate at a much

slower pace than changes in the atmosphere, the SST changes are predictable

at longer time scales making the long term weather forecastsfeasible.

Since seasonal forecasting is concerned with both the oceanas well as the

atmosphere, the modeling requires coupling of an ocean model with an at-

mospheric model. The resulting coupled model, also called the coupled

atmosphere-ocean general circulation model (AOGCM), is then used to pro-

duce global weather forecasts. To generate the forecasts, GCM must �rst be

initialized with some initial state of the atmosphere and ocean. The initial

state just represents a starting point from which the model starts integrating

equations for 
uid motion forward in time. The �nal state of t his integration

represents a forecasted future state of the atmosphere (or ocean). For a more

detailed description of circulation models see, for example, [158]

2.5.2 Long-term patterns and regions of importance

Throughout history, scientists have identi�ed several climate patterns that

have a profound impact on the global weather. The patterns are measured

in terms of climate indices which include:

� El-Ni~no - Southern Oscillation (ENSO), a global pattern ofirregular

warming of sea surface (increase of SST)
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� Maden - Julian Oscilation, an equatorial traveling patternof anomalous

rain

� North Atlantic Oscillation - the di�erence of normalized sea level pres-

sure between the Azores and Iceland, with positive di�erence signaling

stronger than average westerly winds over the middle latitudes.

In terms of seasonal weather forecasting, the most important climate event

is the ENSO, the strength of which is measured by the Nino3.4 index. The

Nino3.4 index is the average sea surface temperature anomaly taken over a

region in the south paci�c within the box de�ned by N:5.0, S:-5.0, E:-120.0,

W:-170.0. The sea surface temperature (SST) in this region is important for

the El Ni~no or La Ni~na climate events [144]. The El Nino event is classi�ed

if the 5-month moving average of the Nino3.4 index exceeds +0.4� C. The La

Ni~na event is classi�ed if the Nino3.4 index is below -0.4� C.

Another important climate condition (not listed above) is the level of SST

in the so-called Main Development Region. The MDR is an area covering

mid latitudes of the Atlantic with the coordinates N:10.0, N:20.0, W:20.0,

W:-80.0 and the sea surface temperature in this region playsa crucial role

for the hurricane formation in the Atlantic basin. Since hurricanes have a

great potential to in
ict signi�cant harm on US cities and energy facilities

located on and o� the south-east US coast a good seasonal forecast of SST

in MDR is crucial.

Due to the signi�cant impact on weather and its impact on large numbers

of people, as well as industries, we are interested in the ability of weather

models to provide useful weather forecasts in both the MDR and Nino3.4.

In Section 4.3 we evaluate and benchmark the ability of ENSEMBLES [152]

models to forecast the SST in the two regions.
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2.5.3 The ENSEMBLES models

The ENSEMBLES [36, 57, 152] is a 5-year program funded by the Euro-

pean Commission, which aims to develop an ensemble prediction system for

seasonal forecasting. The ensemble prediction system is based on 5 state-

of-the-art coupled atmosphere-ocean circulation models developed by major

European weather forecasting institutions. The models taking part in the

project include [31, 152]:

� IFS/HOPE, a model operated by the European Centre for Medium

Range Weather Forecast (ECMWF)

� ARPEGE/OPA, operated by Meteo-France

� GloSea, DePreSysIC, both operated by UK Met O�ce

� ECHAM5/OM1, operated by IfM-GEOMAR Kiel

� MF, operated by Euro-Mediterranean Centre for Climate Change

The ENSEMBLES models were used to generate hind-casts (forecasts of

past observations) at seasonal-to-annual horizons. The hind-casts consist

of nine-member ensembles. The initial states of the atmosphere (and the

veri�cations) are taken from the ERA-40 reanalysis [85],a dataset consisting

of global atmosphere and surface conditions over the periodof 1957 - 2002

constructed by the ECMWF.

The ENSEMBLES models were used to generate forecasts over the period

of 1960 to 2001. There were 4 di�erent forecast initializations: February,

May, August, and November. The February, May, and August initializa-

tions yielded 7-months-ahead forecasts, while the November initialization

forecasted 14 months ahead.
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The models used in ENSEMBLES are high-resolution Global Circulation

Models (GCM). All the involved models are expensive to build, complex

to deploy, and require large computational resources, often supercomputers.

The cost of construction and operation in terms of both the human and com-

putational resource, is considerably large. The size of theinvested resources

is expected to be outweighed by the forecasting performance.

The forecasts produced by the ENSEMBLES models represent anexample of

a periodically forced system. In fact, all the geophysical processes on Earth

are of this kind. In the periodically driven systems we are looking at phases

and periods, which translates to seasonalities in the statistical sense.

In this thesis, we will re-evaluate the ENSEMBLES models using Kernel

dressing and Ignorance (see Chapter 3) and benchmark their performance

using our proprietary benchmark suggested and described inChapter 4.

2.5.4 Multi-model ensembles in seasonal forecasting

In seasonal forecasting, a multi-model ensemble (MME) is a combination

of ensembles of individual forecasting models, often used to improve the

forecasting skill of ensemble forecasts. MME accounts for uncertainties due

to misspeci�cation (systematic model errors) of individual models [151] by

reducing overcon�dence of the individual ensembles. In particular, since

the multi-model combines ensembles of several models, the resulting grand-

ensemble has larger spread than any of the individual ensembles. Ensembles

with larger spread are then more likely to capture a veri�cation and hence

improve the skill of the ensemble forecast. Indeed, it has been shown that a

multi-model ensemble outperform the skill of individual models as measured

by Brier score, ROC statistics, and RMSE [30, 73].
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In [152], the skill of the ENSEMBLES models was evaluated using a multi-

model ensemble (MME). The MME was constructed by combining ensembles

of all �ve ENSEMBLES models, where the individual ensembleswere equally

weighted (see [30, 73] for other weighting approaches). In the Nino3 region,

at all leadtimes, the MME achieved substantially smaller RMSE when com-

pared to the individual models. It was also shown, that the ENSEMBLES

MME signi�cantly outperformed the MME of the previous generation mod-

els, DEMETER [104], as evaluated by Brier skill score, RMSE,and Anomaly

correlation.

While MME is a useful concept, the improved skill due to increased spread

of an ensemble comes at the cost of diluted performance when an individual

model actually captures the veri�cation. Consider that oneof the individual

models has a small spread but also a very small bias; this model almost always

captures a veri�cation and does so with a high precision, i.e. many ensemble

members will be very close to the veri�cation. When comparing the MME

with the small-spread/small-bias model, the MME might not outperform the

model. While both the MME and the individual model will almost always

capture the veri�cation, the precision of the MME will su�er . Due to its

large spread, the MME will have many ensemble members far away from the

veri�cation.

The MME is not the only way of improving performance of ensemble fore-

casts. In Section 2.1.2 we mentioned forecast post-processing, a part of the

forecasting framework concerned with bias removal. Bias removal may also

involve in
ation of an ensemble spread. Indeed, in Section 2.4.3 we discussed

Kernel dressing (KD), which is designed to produce forecasting densities that

account for model error by implicitly increasing an ensemble spread. When

forecast skill is evaluated via KD, the MME may not yield a signi�cant advan-

tage over individual models, simply because in KD the spreads of individual
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ensembles are already large enough. It is therefore important to note that

while MME may be helpful in some evaluation approaches, in others, i.e.

Kernel dressing, it may not yield additional value.

2.5.5 Benchmark models and their value

Since an absolute value of a score is not very informative, forecast evaluation

should be performed in relative terms. A forecaster is more often interested in

which model generates a `better' forecast rather than what is an exact value

of a score. Relative performance evaluation gives a much better perspective

of a model's forecasting performance. A benchmarking modelis a useful tool

when evaluating the relative performance of a forecasting model as it de�nes

a zero skill which a forecasting model is expected to outperform.

A good benchmarking model should possess several properties. First of all

it should be robust so that it sets a clear and understandableperformance

threshold that would distinguish a good model from a bad one.It also

should be easy to operate since investing a lot of time and e�ort just to

run a benchmark model is not e�cient. Finally, it should be simple. If a

forecasting model is unable to beat a simple model, it is not useful and should

be abandoned.

In probabilistic forecasting, the obvious choice for a benchmark is climatol-

ogy. Indeed we use unconditional and conditional climatology benchmarks

throughout this work. Although climatologies are natural choices for a bench-

mark, we can use more complex benchmarks. Simple statistical models with

a better forecasting performance when compared to climatology can be con-

structed and contrasted with more complex forecasting models. In Chapter 4

we use a version of a nearest neighbor model to provide a benchmark to state-

of-the-art seasonal weather forecasting models of the ENSEMBLES project.
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We note that at the time of the experiment, due to technical issues within

our database infrastructure, forecasts of only 4 ENSEMBLESmodels were

available. Hence the benchmarking results presented belowexclude the MF

model operated by the Euro-Mediterranean Centre for Climate Change. We

note, however, that the goal of the exercise is to show usefulness of our

benchmarking model, for which purpose, we believe, the fourENSEMBLES

models represent a su�cient sample.

2.6 Correcting a model error

In practice, forecasting models are always an imperfect representation of re-

ality. Consequently, forecasts produced by a model always su�er from errors

that stem from the model imperfections. The model error presence applies

to both stochastic as well as deterministic models. Stochastic forecasting

models are almost always built using noisy data, and hence are prone to

over-�tting [32, 56, 141]. Both dynamic and parametric stochastic models

are subject to model mis-speci�cation. In addition the dynamic models are

exposed to an error due to assimilation procedure [137], a procedure used to

estimate the current state of a system.

The main impact of model error on the quality of a forecast is mostly due to

model integration, as an arbitrarily small initial error accumulates at each

integration step. While the sources of the error may di�er inboth statistical

and dynamical systems, the error propagation and accumulation has the same

consequence - degradation of forecast utility.

Reducing the impact of model error inevitably leads to an improved forecast.

Bias correction has therefore become an important part of forecast post-

processing in many �elds. In Chapter 6 we suggest an iterative method of
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error correction and contrast it with an alternative methodintroduced in [60].

2.6.1 Systematic part of a model error

A necessary condition for any error correction procedure tobe successful is

that an error in a forecast contains a systematic part. Should forecasting

error be purely random, any systematic approach to limitingthe error would

inevitably fail. The good news is that in practice, forecasts indeed contain

systematic parts of an error; often the systematic part is due to the model

error. For example, in the case of model error due to misspeci�cation, a

model will be `incorrect' in a similar way each time a similarinitial condition

re-occurs. The same applies to the over�tting. A stochasticmodel will be

incorrect in a similar way each time its prediction starts from a similar initial

state.

If it were possible to detect a pattern of forecast imperfections, it should also

be possible to either link the imperfections back to the model and correct

the model error, or to build a correcting layer that would, atleast to some

extent, correct the imperfections and improve the forecasts. Linking the

imperfections back to a model may often prove di�cult. For large models

consisting of hundreds or thousands of equations, it might be very di�cult to

exactly pinpoint the source of the error. Constructing a correcting layer on

top of the forecasting model seems more pragmatic. In Chapter 6 we build

on the idea of a correcting layer, and construct a two-stage procedure, which

substantially reduces the forecasting error of a �rst-stage model.

83



CHAPTER 2. BACKGROUND

2.6.2 Iterative vs. direct predictors

The accumulation of a forecasting error over a long horizon closely relates

to the type of forecasting approach. A frequent forecastingapproach is to

use an iterative model, where a predictor with a short forecasting horizon is

constructed and then iterated to build a forecast over a longer horizon. An

alternative approach is to build a `direct' predictor, i.e.a forecasting model

with a forecasting horizon long enough to obtain a long term forecast with

only a single iteration.

In both approaches, the forecasting error grows with each iteration as the

forecasting model propagates both the system state and the model error.

It has been shown [38], that under some conditions, the iterative approach

achieves a lower forecasting error. However, in cases wherethe forecasting

model is imperfect and the data are noisy, the conditions arenot met and

the theoretical result does not hold. In such cases, the direct approach seems

to be a better choice as it undergoes only a single iteration and hence the

ampli�cation of a model error is smaller.

The problem with direct predictors is that they are often di� cult to con-

struct. Iterative predictors are therefore of interest. Consequently, methods

involving forecast corrections can be very useful.

2.6.3 Correction models

Correction models may take a number of forms. A frequently used class of

error correction models is based on a two-stage approach, where in the �rst

stage a predictor is used to generate a forecast and then in the second stage, a

corrector is applied to correct the forecast. Typically, the �rst stage produces

a forecast over the whole forecasting horizon. The corrector is applied only

84



CHAPTER 2. BACKGROUND

after the complete forecast has been generated. This approach was used to

develop the 	� corrector [60], which has been been successful in producing

longer-term forecasts when contrasted with a single-stageprocedure.

Regarding the modeling approach, it is intuitive to design correction models

as stochastic. Dynamic correctors may be constructed, but since knowing

the dynamics of the model error implies that we know where thedynamics of

the �rst stage model is wrong, rather than constructing sucha corrector we

could simply improve the model. Also, constructing a dynamic corrector for

stochastic models does not make sense. Knowing the dynamicsof the error

implies that we have some knowledge about the dynamics of thesystem.

Consequently, a stochastic model of the system could and should be replaced

by a dynamic model with a stochastic corrector.

By de�nition, correction models can be successful only in the presence of sys-

tematic errors. The larger the systematic error, the more likely a correction

model is to succeed in reducing it. Consequently, in cases when the �rst-

stage model is a good predictor the correction model is not likely to further

improve the forecasting performance.

An advantage of a corrector is that if the �rst stage model does not su�er large

systematic errors, the corrector does not degrade the �rst stage forecast, i.e.

`it does not make things worse'. Given its stochastic nature(see Section 2.6.3)

the correction model estimates the expected value of the forecasting error,

which is zero in the absence of systematic errors. The secondstage therefore

does not alter the �rst stage forecasts if they are already `good'.

Our method presented in Chapter 6 is constructed as a two-stage procedure

but with an important feature that makes it distinct from oth er two-stage

procedures. The corrector we present works on an iterative basis. This means

that the corrector is applied after each iteration of the �rst stage model. In
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our method, the corrected single step forecast serves as an input into the

next iteration of the �rst stage model.

2.6.4 Applications and limitations of correction mod-

els

Although in general correction models may be applied to bothlow-dimensional

and high-dimensional models we note that our approach has some limitations

when applied to a high-dimensional setting. Recall that theiterative nature

of our approach requires a correction to be made after each integration of the

�rst stage model, so that the `corrected' �rst stage forecast can be input into

the next model integration. In other words, if there areT integration steps

of the �rst stage model, there also must beT corrections, giving the total

amount of `operations' as 2T. For non-iterative correctors that are applied

only after all integrations of the �rst stage model have beenperformed, the

total number of operations is simplyT + 1, T for �rst stage integrations and

one for the single round of forecast correction.

The obvious drawback of the iterative approach is that more operations take

more time. Given �nite computational resources this may lead to limita-

tions in the length of the predicted horizon. In reality, however, the severity

of the limitation depends on the complexity of the correction model. Since

correction models are often stochastic, their execution time is typically mod-

erate when compared with the integration step of a large scale deterministic

model. Thus `simple' correction models with moderate execution time still

may be applicable to high-dimensional systems. Non-iterative correctors do

not impose any limitations on the �rst stage, since they are applied only

once.

In this work, we apply the iterative approach to low-dimensional systems
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only. This is mainly because we do not have any high-dimensional model

available. We note that operating a high-dimensional deterministic model is

a research task in its own right and is beyond the scope of thiswork.

Regarding applications in the low-dimensional setting, there are a number

of potential applications in �elds such as economics, �nance, transport, but

also physics. For example, our approach can be applied to low-dimensional

convection models, e.g. Lorenz systems [81, 83], rotating annulus [111, 161],

but also to models of in
ation, stock prices, or transport peak predictions.
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Chapter 3

Properties of Kernel Dressing

In this chapter we aim to derive and illustrate some of the properties of Kernel

Dressing (KD) [15, 58], a method used to construct and evaluate forecasting

densities [48, 156] described in Section 2.4.3. We also study the properties

of Ignorance [49, 115] (see Section 2.4.2) when deployed within KD.

We �rst show that Kernel Dressing substantially di�ers from the Kernel

Density Estimation [11, 20, 129], an important observationthat has often

been overlooked. We then provide a description of the KD properties and

describe the role of Ignorance within KD [14, 115, 116]. We highlight the

importance of treating KD as a standalone estimator and argue that the

(desirable) properties of Ignorance do not ensure a high-quality forecasting

density. We also show that under a perfect model scenario, (PMS) [133]

Ignorance minimization within the KD implicitly minimizes the Kullback-

Leibler divergence.

In Section 3.2 we demonstrate the behavior of KD numericallyboth under

the PMS and outside it. We study the convergence of the KD estimator and

demonstrate the impact of the ensemble size on the quality ofa forecasting
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density. We also discuss the impact of the size of the forecasting archive and

look at the potential trade-o� between size of the archive and ensemble sizes.

In Section 3.3 we show important links between Ignorance andother well-

established information measures, i.e. Shannon's entropy[124{126] and

Kullback-Leibler divergence [74, 75]. In particular, we show that Ignorance

under Kelly betting [72] leads to optimal betting. By setting the Ignorance

within the broader context of Information theory, we aim to demonstrate its

relevance as a measure for probabilistic forecasting.

In this chapter, the following are new contributions:

� clarifying the distinctions of KD and KDE

� disentangling Ignorance and the KD framework

� showing that, under PMS, properties of KDE are applicable toKD

� novel analysis of numerical properties of KD under PMS and perfect

ensembles

� new analysis of numerical properties of KD under IMS

� novel analysis of numerical properties of KD under varying ensemble

size

� demonstrating that increased archive size leads to more robust esti-

mates, but does not reduce IGN/KL-divergence

� clarifying analogy of the Ignorance, KL-divergence, and Shannon's en-

tropy under the Kelly betting framework
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3.1 Contrasting Kernel Dressing

In this section, we describe the basic framework to be used instudying the

properties of KD [15]. In particular, we describe the PMS scenario [65, 133]

which will enable us to demonstrate how the forecasting densities converge

to the system density. We also comment on di�erences betweenKD and

the pseudo-likelihood based KDE [52, 129]. Although the di�erence between

the two might seem super�cial, we argue that the two approaches di�er sub-

stantially. Finally, we derive an analytical result showing that the Ignorance

deployed within the KD approach implicitly leads to minimization of the

KL-divergence.

3.1.1 Perfect model testbed

In Section 2.1.2 we have classi�ed an evaluation method as a particular stage

of a forecasting framework. We have also argued that all stages of the fore-

casting framework must perform well in order to obtain a goodforecast.

A good performance of the evaluation method is of particularimportance.

Should the evaluation be unreliable, it would be impossibleto determine

if poor forecast quality is due to the model, observation errors, or 
awed

evaluation.

The evaluation method of our choice is Kernel Dressing; how can we assess

the quality of KD? We can assess KD quality by studying bias inPMS

with a perfect initial condition ensemble. We argue that if KD is unbiased

under PMS, it can be considered an appropriate evaluation method. Our

rationale for this approach is as follows. When discussing PMS and IMS

in Section 2.1.3, we stated that all real-world data exercises fall under IMS.

We have also said that under IMS, the forecasting model always produces
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an imperfect forecast. Considering a forecasting framework with a 
awed

evaluation method, one cannot rule out the evaluation method being a reason

behind the forecast imperfection; under IMS the forecasting distributions are

imperfect, whether KD is 
awed or not. However, under the PMS, the system

and the model coincide as there is no model error involved, hence only in PMS

are 
aws in the evaluation method detectable.

To test KD, we combine PMS with a perfect ensemble (PE) (see Section 2.1.3).

Under the PMS/PE environment, we expect the model's ensemble members

to be distributed in the same way as the system states. Assuming the model's

forecasting density isp(x) and the states (veri�cations) produced by the sys-

tems are distributed according toq(x), we expect the model distribution to

converge to the system, i.e.

lim
n!1

pN (x) = q(x) (3.1)

where N denotes number of samples (ensemble members). We note, how-

ever, that the forecasting model merely produces ensemble members; the

forecasting distribution is yet to be obtained via KD. The KDtherefore pro-

vides estimates, ^pN , of the model's forecasting distributionpN . For KD to

be considered a good evaluation method, the estimate ^pN must converge to

pN , which in turn converges to the system distributionq as shown in Eq: 3.1.

So we can write that

lim
n!1

p̂N (x) = pN (x) (3.2)

Should KD fail to meet Requirement 3.2, it would be considered a biased

evaluation method.
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In Sections 3.1.3 and 3.2, we present numerical results showing that KD is

indeed a good estimator under PMS/PE. The analyses are examined in two

di�erent settings. In the �rst, the model and system are simply Gaussian

distributions. In the second, we choose the model and the system to be the

logistic map [91]

xt+1 = rx t (1 � xt ): (3.3)

In the Gaussian setting, there is no speci�c rule for obtaining the initial con-

ditions. To produce the ensemble forecast, we sampleM ensemble members

from the inverse of the assumed noise model [33]. To obtain veri�cations,

we sample once from the same Gaussian distribution. For the second case,

we selectM initial conditions x t = f x1; : : : ; xM g by uniformly sampling the

support of the logistic mapx 2 (0; 1). We then iterate the initial conditions

with the logistic map l times yielding a leadtimel ensemble forecast. To

generate the veri�cation, we repeat the same process with only a single ini-

tial condition. In both cases the procedure is performedN times giving N

di�erent ensemble forecasts or forecast initializations.

The quality of the KD densities is measured by the closeness of the forecasting

density to the system climatology. The metrics used are Ignorance and the

KL-divergence.

3.1.2 Distinguishing Kernel dressing and Kernel den-

sity Estimation

Looking at Equation 2.19 it may seem that KD and KDE are almostidentical.

The two concepts di�er substantially, however, both in their assumptions
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and in the way their parameters are determined. We repeat some of the

di�erences cited in [15] but also add new important items to the list.

(1) Probably the most important di�erence is that KDE assumes that the

samples used to construct the density estimate are drawn from the

target density. KD does not.

(2) Since the samples in KDE are drawn from the target density, KDE is

expected to provide an asymptotically unbiased estimate. In KD, we

never expect to obtain an asymptotically unbiased estimateas there is

no `target' density.

(3) In KDE, we have number of samples from the target density,while in

KD we only have one - the veri�cation.

(4) If pseudo-likelihood is deployed to estimate the KDE bandwidth, the

likelihood is maximized over the whole sample. In KD with Ignorance

being used as a measure, we only minimize the Ignorance at a single

point (the locality property of Ignorance).

(5) The Ignorance in KD is minimized over many distinctforecast-veri�cation

pairs. In fact, we have an ensemble forecast and related veri�cation at

each forecasted timet. The forecasts and the veri�cations may or may

not be independent. Except for special cases, the distributions at the

di�erent times t are expected to be independent.In KDE there are

no independent distributions across di�erent timest; in fact the time

dimension is not relevant at all, i.e. in KD samples are assumed to be

obtained at a single timet.

(6) The o�set parameter in KD is meant to remove a potential bias of a

forecasting model, i.e. KD expects to encounter biases and implicitly

removes them.
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(7) The forecasting density coming out of the KD is often a mixture of the

model density, and the climatological distribution.This relates to point

(2) above in the sense that there is no target density. Also, since the

`target' density of KDE is replaced by a mixture of model and system

distributions, we cannot use the concept of unbiasedness.

(8) All the KD parameters are determined simultaneously so that the

choice of bandwidth � cannot be separated from the o�seto or the

blending parameter� .

To our knowledge, the items (2), (4), (5), and (7) are new.

3.1.3 Ignorance as a minimizer of Kullback-Leibler di-

vergence

Ignorance is often a measure of choice when KD is used. There have been

several e�orts [14, 48, 115] to show some of the important properties of

Ignorance. In this section we aim for another contribution,as we argue that

under some assumptions Ignorance is an unbiased estimator for Kullback-

Leibler (KL) divergence [74]

DKL (pkq) =
X

k

p(k) log
p(k)
q(k)

: (3.4)

wherep and q are two possibly di�erent densities.

To show this, we use a simple trick. If we can show that under some assump-

tions KD becomes equivalent to a pseudo-likelihood based KDE, we can then

show that minimizing Ignorance leads to minimization of KL-divergence. We

adopt two assumptions:
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1. PMS, i.e. the forecasting model is identical to the system,

2. PE, i.e. the initial conditions have the same underlying distribution as

the veri�cations (see Section 2.1.2).

Recall that the in-sample forecasting density at a given time t and a given

veri�cation point yt is

p̂t (yt ) =
1

n�

mX

j =1

K
�

x j � yt

�

�
(3.5)

Substituting in Eq: 2.16 and dropping the� notation we get

IGN = E[
1
N

NX

t=1

� logp̂t (yt )] (3.6)

= E[� logp̂(y)] (3.7)

= E
Z

� p(y) log p̂(y)dy (3.8)

= E
Z

[(� p(y) log p̂(y) + p(y) logp(y)) � p(y) logp(y)]dy (3.9)

= E [DKL (pkp̂)] �
Z

plogpdy (3.10)

which shows that minimization of Ignorance implicitly minimizes KL dis-

tance, up to the constant
R

plogp. Assuming the above along with un-

bounded support for p and K (�), while increasing the ensemble size and

number of forecast-veri�cation pairs, asymptotically leads to

E [DKL (pkp̂)] = �
Z

plogp̂ +
Z

plogp (3.11)
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where the �rst element on the right hand side representscross-entropyand

the second representsentropy. If the two distributions coincide, p = p̂, the

Kullback-Leibler divergence reduces to zero.

Eq: 3.11 has important consequences. It says minimum Ignorance is obtained

as the KL-divergence of the forecasting density ^p and the system distribution

p. This implicitly suggests that under the PMS/PE scenario, the forecast-

ing densities will approach the system density.Under PMS/PE, we have a

model which coincides with the system, hence the model generated states

that (in the limit) have an identical distribution to those p roduced by the

system. The only di�erence between the model and system density as mea-

sured by Ignorance will be due to the (small) sample size of the ensemble and

veri�cations. As we increase the ensemble size to in�nity and compare en-

sembles with veri�cations over an in�nite horizon, two things happen. First,

the small sample distribution of the ensemble will approachthe underlying

distribution of the model and the small sample distributionof veri�cations

will approach the system distribution. Since we deal with a perfect model,

in the limit the two distributions must coincide, i.e. the Kullback-Leibler

divergence will reach its minimum (de�ned by the value of entropy
R

plogp).

This result is indeed evidenced by the numerical analysis inSection 3.2.1.

3.2 Numerical analysis of Kernel Dressing prop-

erties

Recent works regarding Ignorance have focused on the properties of the mea-

sure [115] [48] [14] [15]. One important output of this research was that Ig-

norance was shown to be a proper score, i.e. it has the abilityto distinguish

a perfect model forecast from an imperfect model forecast. However, using
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Ignorance in an evaluation procedure does not guarantee that the best model

will be selected. This is because the Ignorance deals with densities that are

constructed via some density construction method, KD in ourcase. In fact,

it is both the KD and the scoring rule that impact on the quality of the

forecasting density and consequently the model selection.In this section, we

study properties of KD using Ignorance as a measure.

The following analyses will rely on both the perfect and imperfect model

scenarios, with a perfect ensemble also having a role (see Section 2.1.3). We

aim to show that KD is an unbiased estimator. It is only possible to show

this under PMS. Since, in the real world, forecasting is always under IMS,

we will also be looking at KD properties outside PMS. In both scenarios, we

use simple Gaussian settings. To see KD behavior under a morecomplex

setting, we also include analyses using the logistic map.

3.2.1 Convergence in perfect model scenario

We utilize the test-bed described in Section 3.1.1 to show numerically that

under a PMS/PE scenario, the KD evaluation method yields forecasting

densities that converge toward the target density.

We begin by showing a numerical example supporting our claimin Sec-

tion 3.2.1. We use the Gaussian PMS described in Section: 3.1.1 with � = 0

and � = 1 and produce 2,048 forecasting densities by minimizing Ignorance

within KD. Since we operate under PMS, the o�seto and scalea param-

eters become irrelevant. In Fig: 3.1 we show values of Ignorance and the

KL-divergence plotted against the bandwidth parameters� for a model with

an ensemble size ofM = 512. For this particular archive of 2,048 ensemble-

veri�cation pairs, the value of � IGN that minimizes Ignorance is equal to the

value of � KL that minimizes the KL-divergence.
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Figure 3.1: Ignorance minimizes KL-divergence (PMS): Ignorance as a function

of the parameter � (top) calculated for a particular sample for a model with 512ensemble

members. The minimum value of Ignorance (green line) coincides with the minimum of

the KL-divergence (bottom) at the value of � = 0 :18.

The numerical result in Fig: 3.1 supports our previous claim, but only with a

single archive. To obtain a more robust result, we generate 128 such archives

using the PMS test-bed. For each archive we locate� IGN and � KL and plot

them in Fig: 3.3. Although across di�erent archives the optimal bandwidths

may vary signi�cantly, within a given archive the � IGN (green) and� KL (red)

are frequently close or very similar.

The values of the� IGN (green) and� KL are only expected to be equal asymp-

totically. In small archives with forecasts of limited ensemble size, they are

expected to be close but not necessarily equal. Increasing the ensemble size
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Figure 3.2: Resampled parameters for IGN/KL: For 128 samples, the kernel width

� minimizing KL-divergence (red crosses) is centered closely around 0.35. The� that min-

imizes Ignorance (green dots) oscillates around the same value, supporting the suggestion

that minimization of Ignorance implicitly leads to minimiz ation of KL-divergence.
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Figure 3.3: Resampled parameters for IGN/KL: A di�erent view of the result in

Fig 3.3. For each ensemble size, we plot all 128 samples of� minimizing both the Ignorance

(blue) and KL-divergence (red). As the ensemble size increases the two sets of� converge.
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should cause the distance between the bandwidths to decrease. In Fig: 3.3

we reproduce the exercise for 8 di�erent ensemble sizes while keeping the

size of the archive constant at 2,048 forecasts. The ensemble size is doubled

every time, beginning with 16 and ending up with an ensemble size of 2,048

ensemble members. As in Fig: 3.1, we generate 128 archives for each ensem-

ble size and plotf � IGN ; � KL g and their medians. We see that with small

ensemble sizes the medians of the two bandwidths are rather far apart. As

the ensemble size increases, they become closer, indicating the minimum of

the Ignorance function is found in the same part of the parameter space as

the minimum of the KL-divergence.

Figure 3.4: Gaussian PMS: The model (magenta dashed) as well as the system (black)

are N (0; 1) distributions. Both KD probabilities (blue dots) and the ir average (green dots)

over 128 samples converge to the system distribution as the ensemble size increases.
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Another e�ect to observe in Fig: 3.3 is that both the bandwidths decrease

when the ensemble size is increased. The intuition behind this is that a larger

ensemble leads to a forecast with `better probabilities'.In other words, a

larger ensemble is equivalent to a larger sample, and a larger sample always

provides a better description of the distribution it comes from. A consequence

of having more ensembles is that the kernel dressing procedure can form

sharper kernels, i.e. the optimal bandwidth of the kernels become smaller.

Contrarily, for small ensembles the optimal bandwidth mustbe larger to

compensate for areas that are not well covered by ensemble members. Having

plenty of ensemble members therefore means that the kernelsmay be sharper,

hence the narrower bandwidth.

Since we have numerically shown that under the Gaussian PMS/PE, the

Ignorance minimizes KL-divergence, we can move on to look atthe actual

forecasting densities produced by KD. We show the 128 forecasting densities

(blue) in Fig: 3.4 along with their median (green) and the system (black) and

model (magenta) PDFs for 4 di�erent ensemble sizes. For the small ensemble

size of 16 members, the forecast densities do not estimate the system density

well. For 2,048 ensemble members, we obtain a much better result; the

densities converge toward the system as we increase the ensemble size.

For completeness we show bias and variance of the 128 forecasts as a function

of ensemble size in Fig 3.5. The result just con�rms the �nding pictured in

Fig: 3.4 that both bias and variance decrease with the ensemble size. Note

that the bias is calculated as the expected value of the di�erence of the

`average' density (green) from the true system distribution (black).

What is the behavior of KL-divergence and Ignorance during convergence?

In Fig: 3.6 we plot values of both as a function of an increasing ensemble size.

We also plot Ignorance/KL-divergence calculated using thesystem density

(black line); this de�nes the maximum skill level. In the case of the KL-
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Figure 3.5: Bias and variance in PMS: Both bias (red) and variance (blue) quickly

decay as the ensemble size (the horizontal axis) increases.Note that bias is measured as

the expected value of the distance between the green and the black lines of Fig 3.4.

divergence, the maximum skill is reached at zero, since whenthe model

distribution is equal to the system, the KL-divergence is zero. Values of

both metrics decrease as the larger ensembles provide better forecasts. The

median KL-divergence (red) is very close to zero when the ensemble size is

2,048, signaling that the (median) forecasting density is very close to the

system. The (median) Ignorance (blue) also decreases, although at a slower

pace. As the number of ensemble members increases, the minimum Ignorance

of the model must become the same as that of the system. Under PMS (and

in the limit) the Ignorance reduces to the entropy of the distribution (see

Eq 3.9). This is why the Ignorance of the system (black horizontal line) is

located at a value of 2.047 Bits, the entropy ofN (0; 1) distribution.

We have shown KD properties in simple settings using a Gaussian distri-

bution and now shift our attention to a more complex setting;we use the

logistic map under PMS/PE. The purpose of this example is to con�rm and

demonstrate that even for complex multimodal densities, wecan observe the
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Figure 3.6: Ignorance and KL distance in PMS: Under PMS, increasing the size

of an ensemble brings the forecasting density produced by kernel dressing closer to the

system density. The 128 sample average of KL-divergence (red line) converges to zero,

while the ignorance (blue line) approaches the ignorance obtained by using probabilities

assigned by the system itself, i.e. the system de�nes a zero skill reference (black line).

convergence between the model and the system.Fig: 3.7 shows 128 forecast-

ing densities for the same ensemble sizes as in Fig: 3.4.Even in this much

more complex example,KD with Ignorance minimization leads to improved

forecasts as the ensemble size increases. The Ignorance andKL-divergence

plotted in Fig: 3.8 show substantial reduction in both metrics, with KL-

divergence being reduced signi�cantly but saturating at a non-zero level with

an ensemble size of 2,048.The complexity/multimodality of the logistic map

density is the most likely reason that the KL-divergence is prevented from

coming closer to the zero line; the convergence is much slower when compared

to the normal distribution example. This is because the abrupt changes in
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density (multiple modes) are more di�cult to approximate than the smooth

uni-modal density of N (0; 1). Much larger ensembles would be required to

see the full convergence. With more ensemble members the multiple modes

would be better covered, kernels would require smaller bandwidth and hence

the description of the distribution would be more detailed.

The two examples presented here are strictly within the PMS/PE scenario.

Outside PMS/PE there will be no convergence as the system distribution is

completely di�erent from the model distribution. It is only under the PM-

S/PE where the properties of the KD can be studied and appreciated; outside

the PMS/PE there is no target distribution, hence no absolute measure of

`goodness'. This is, of course, a consequence of the basic fact of forecasting:

the system is not known and if it was, we would not need to forecast its

future states, they would just be calculated.

3.2.2 Archive size and archive-ensemble size tradeo�

In terms of data, the forecast quality depends on two factors: the size of the

forecast-veri�cation archive and the size of the ensemble.Using the Gaussian

PMS/PE scenario (Section 3.2.1), we have demonstrated thatincreasing an

ensemble size has a positive impact on the forecast quality as measured by

both the Ignorance and the KL-divergence. Intuitively, we might speculate

that increasing the size of the archive would also lead to improved forecasts.

So what size should an archive be to obtain robust forecasting performance?

Fig: 3.9 shows several experiments where the ensemble size is �xed at M =

2; 048, while the size of an archive is doubled for each experiment. The Ig-

norance is then plotted as a function of the ensemble size and, as before,

we generate 128 samples for each archive size. The median Ignorance value

(green) shows that whenM = 2; 048, increasing the archive size only leads
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Figure 3.7: Logistic map PMS: The mean (green) of 128 estimates (blue) gradually

converges to the underlying density of the Logistic map (black) as ensemble size is in-

creased. Pseudo-likelihood type of kernel density estimation was used to construct the

underlying density. The climatology and the forecasts wereobtained by iterating the set

of initial conditions using the Logistic map 1,000 times.

to a small reduction in the Ignorance. The Ignorance decreased by about

0:1 Bits, which accounts for about a 10% improvement in forecasting perfor-

mance (a decrease of 1 Bit leads to doubling of a performance). The main

observation is that the variance of the Ignorance sample is being reduced as

we increase the archive size. This suggests that the size of the archive mainly

a�ects the e�ciency of the forecast.

In Fig: 3.10, we repeat the experiment for di�erent ensemblesizes; Fig: 3.9

is plotted in the last panel. There are two pieces of information captured
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Figure 3.8: Ignorance of Logistic map PMS: Similarly to Gaussian PMS, both the

Ignorance and the KL-divergence decrease signi�cantly with the size of ensemble. Due

to the large second derivative of the underlying density, the KL-divergence is rather high

at small ensemble sizes when compared to the Gaussian case. The maximum skill level

is de�ned by the system density, similarly to Fig 3.6. The maximum skill in terms of

Ignorance is -0.8, and zero for the KL-divergence.

by the Figure. First, the suggestion that the archive size reduces variance

signi�cantly, while the Ignorance only marginally, holds for all ensemble sizes.

Second, the notion that the ensemble size has a greater impact on the forecast

quality than the size of the archive is also con�rmed. To see this, we can

compare the �rst and the last panels. The Ignorance is lower in the last

panel with the larger archive size of 2,048. In fact, the Ignorance seems to

be decreasing across all the panels; however, we have not statistically tested

the signi�cance of the decreases. As noted above, the decrease in Ignorance

as a result of larger archive size is only small; statisticaltesting did not seem
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Figure 3.9: Increasing the archive: For the ensemble size of 16 members, the size

of forecast-veri�cation pairs is gradually increased (doubled at each step). For a given

archive size Ignorance values are calculated using 128 samples. For small archive sizes,

e.g. 16, the Ignorance values are widely dispersed. Increasing the archive size produces

more stable estimates. The median value (green line) of the Ignorance also decrease, as

the archive size increases.

necessary as it would at best con�rm a signi�cant but `small'reduction.

Given a constrained computational resource, it seems that an ensemble of

512 members and archive size of 1,024 forecast-veri�cationpairs produce a

good forecast in this particular case.

The conclusion suggested by the numerical results is that increasing an en-

semble size is more bene�cial in terms of the forecast quality than the size of

the archive. That is not to say that size of the archive is unimportant since

clearly a larger archive leads to a greater e�ciency. In real-world applica-

tions, however, the archive size is limited, while the ensemble size may often

be increased at a given computational cost.
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Figure 3.10: Increasing the archive: Each block shows same information as Fig: 3.9

but for a di�erent ensemble size. A given block represents a given ensemble size stated on

the x-axis. Within a block there are 9 di�erent archive sizes and for each size 128 samples

are generated and evaluated by Ignorance.

3.2.3 Kernel Dressing outside perfect model scenario

Section 3.2.1 provided some insight regarding the properties and behavior

of KD under PMS/PE. To complete the picture, we brie
y investigate its

behavior outside PMS.

Considering the previous setting, a good starting point forIMS could be set-

ting the model to beN (0; 1) while the system isN (0; 2). The idea is to study

a situation in which the model is underdispersive and produces ensembles

that are too tight. Fig: 3.11 shows that KD has no problem compensating

for the larger variance in the system. KD simply increases the bandwidth

� . Even for small ensemble sizes, the forecasting densities coming out of

KD are very close to the system and far from the model distribution. Also,

the variability is much smaller when compared to the PMS/PE scenario in

Fig: 3.4. When the ensemble size is 512 members, the forecasts are tightly
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