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Abstract

In any actual forecast, the future evolution of the system igncertain and the

forecasting model is mathematically imperfect. Both, onti uncertainties in

the future (due to true stochasticity) and epistemic uncemrinty of the model

(re ecting structural imperfections) complicate the congruction and evalu-

ation of probabilistic forecast. In almost all nonlinear feecast models, the
evolution of uncertainty in time is not tractable analyticaly and Monte Carlo

approaches ("ensemble forecasting") are widely used. Thisesis advances
our understanding of the construction of forecast densigefrom ensembles,
the evolution of the resulting probability forecasts and m#ods of establish-
ing skill (benchmarks). A novel method of partially correang the model

error is introduced and shown to outperform a competitive ggoach.

The properties of Kernel dressing, a method of transformingnsembles into
probability density functions, are investigated and the covergence of the
approach is illustrated. A connection between forecastingnd Information
theory is examined by demonstrating that Kernel dressing & minimization
of Ignorance implicitly leads to minimization of Kulback-Leibler divergence.
The Ignorance score is critically examined in the context aftther Information
theory measures.

The method of Dynamic Climatology is introduced as a new appach to



establishing skill (benchmarking). Dynamic Climatologys a new, relatively
simple, nearest neighbor based model shown to be of value nlshmarking

of global circulation models of the ENSEMBLES projectENSEMBLES is a

project funded by the European Union bringing together all mjor European

weather forecasting institutions in order to develop and & state-of-the-art

seasonal weather forecasting models. Via benchmarking teeasonal fore-
casts of the ENSEMBLES models we demonstrate that Dynamic i@latology

can help us better understand the value and forecasting perfance of large
scale circulation models.

Lastly, a new approach to correcting (improving) imperfectmodel is pre-
sented, an idea inspired by/ [63].The main idea is based on a two-stage
procedure where a second stage corrective' model iterafiy corrects sys-
tematic parts of forecasting errors produced by a rst stagecore' model.
The corrector is of an iterative nature so that at a given timet the core
model forecast is corrected and then used as an input into tmext iteration
of the core model to generate a timé + 1 forecast. Using two nonlinear
systems we demonstrate that the iterative corrector is super to alternative
approaches based on direct (non-iterative) forecasts. Waithe choice of the
corrector model class is exible, we use radial basis funetis. Radial basis
functions are frequently used in statistical learning anddr surface approxi-
mations and involve a number of computational aspects whiche discuss in
some detalil.
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collecting the forecasting errors: Within a learning set
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0 curve), a core model is initialized with a singleinitial
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sent veri ¢ations of the testing set (gray dash curve). The ymbols

h:, hy 1 and h; , represent information available at timest, t 1

6.2
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forecast: Initialized with an observation at time t (red point),
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P C forecast (blue dot). The core model is then initialized with the
P C forecast att + 1 to produce leadtime 1 forecast of timet + 2,
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List of variables

Here we list variables used throughout this thesis. We orddne variables by
chapters, since occasionally across di erent chapters asgh symbol may cor-
respond to di erent variables. Within a chapter each symbolepresents one
variable only. Chapter2 is an exception to this rule as it pnddes background
information across various elds; consequently, we couldohavoid occasion-
ally using a single symbol multiple times. The variables of l@pter [2 are
therefore not listed, and are clari ed in the text only.

29



LIST OF FIGURES

Properties of Kernel Dressing

a

c()
F()
G()
H()
IGN

KL

N()
p()
p()
al)

Sk

scaling parameter in A ne Kernel dressing
blending parameter between two densities
density of a house (betting)

punter forecasting density

rate of growth

Shannon's entropy

Ignorance

index of an outcome (a density bin)
number of discrete outcomes (density bins)
Kullback-Leibler divergence

forecasting leadtime

expected value of a distribution

ensemble size

number of observations

normal distribution

o set parameter in Kernel dressing

model forecasting density

estimate of model forecasting density
system density

bandwidth of a kernel or standard deviation of a distributon
k-th outcome

parameter vector

odds issued by a house

time

time delay

variance of transformed ensemble

wealth at time t

number of occurrences df-th outcome
initial condition or an ob§%rvation (potentially noisy)
veri cation (potentially noisy)

transformed ensemble member
transformed ensemble



LIST OF FIGURES

Dynamic

b
d

Xa

climatology and its benchmarking utility

- damping friction (pendulum)

- dimensionality of feature space (length of feature vectpr
- dierence of an image and analog

- angle between two vectors

- Euclidean distance

- external forcing (pendulum)

- number of analogs to be selected at leadtime 1

- number of analogs to be selected beyond leadtime 1
- forecasting leadtime

- number of RBF centers

- size of an ensemble

- number of observations

- forcing frequency (pendulum)

- time

- time delay

- phase window

- initial condition or an observation (potentially noisy)
- d-dimensional feature vector

- analogous feature vector

- analog of an observation

- image of an analog

- leadtime | point forecast

31



LIST OF FIGURES

Forecasting with Radial Basis Functions

A

B ()
c
c
d
f
-

i

M

pd

- -

< X

distance or RBF matrix

j -th basis function

center

vector of centers

dimensionality of observation point
system function

estimate of system functionf

] -th basis function coe cient
vector of basis function coe cient
number of centers

number of observations

radial function

distance ind-dimensional space
time

d-dimensional observation point
observed value

32



LIST OF FIGURES

Forecast correction PC v.

- Z2 X r

Xt
Xt
X+
Xt
R
Zt

dimension (embedding dimension)

forecasting error

systematic part of a forecasting error, model error
stochastic part of a forecasting error

forecasting leadtime

maximum leadtime

size of a forecasting ensemble

number of RBF centers

size of data

time

embedding time delay

initial condition or an observation (potentially noisy)
ensemble of initial conditions

ensemble forecast at leadtimé

“true' system state

forecast at timet

core model forecast in and PC

33



Chapter 1
Introduction

In many elds where predictions of future states of system&] are required,
probabilistic forecasting has become a frequently used rhed of choice.
Probabilistic methods in forecasting have been pioneereg the US Weather
Bureau, which in 1965 appended probabilities of precipitain as a standard
part of public weather forecasts/ [95]. Since then, weatheorécasting insti-
tutions around the world have shifted their focus from sin@ point forecasts
toward probabilities when producing forecasts at short ten weather scales
or seasonal or climate scales [100{102]. Economics is amotim uential eld
which has embraced probabilistic forecasting. The Bank ofrigland (BoE)
has been issuing “fan charts', i.e. probabilistic forecasof in ation, since
1997 [13] as part of the quarterly In ation Report. Since the, many cen-
tral banks, including ECB, Federal Reserve, Sveriges Rikabk [10], Czech
National Bank [45], etc., have followed the BoE lead and inafled prob-
abilistic forecasts of in ation and other macro-economic ariables as part
of their regular reporting. Probabilistic forecasting hasalso been used in
nance to predict stock prices [160], in health to predict ejplemics of dis-
eases|[23, 94] and, indeed, in insurance to price potentiab$es of extreme
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Weather events|[1, 96].

Probabilistic forecasting deploys Monte Carlo experimest 3, 56, 70], to pro-
duce a collection (ensemble) [78, 93,/98, 103, 143] of mUkipoint forecasts
by using slightly di erent initial conditions [69, 93, [143] Building on the
ensemble of forecasts, probabilistic methods can be usedasign probabil-
ities to future outcomes, yielding forecasting distributbns. The forecasting
distributions express uncertainty about future evolutionof a system. Proba-
bilistic forecasting is in stark contrast with point forecats, where a forecast
is given in terms of an expectation and hence much less infaation, if any,
regarding uncertainty is provided.

Any forecasting process, probabilistic or not, typicallynvolves several stages,
including:

data retrieval and transformation,
current state estimation,

forecast formation,
post-processing,

forecast evaluation

benchmarking.

Probabilistic approaches introduce additional challengdue to the fact that
they work with forecasting distributions as opposed to exmgations. In this
work we focus on three particular steps of the forecastinggeess, all of which
will be studied within the probabilistic context. The stepsof our interest are:

1. error correction
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2. evaluation

3. benchmarking

The three above steps enter the forecasting process afteetforecast forma-
tion. Our focus is therefore on improvement and understanding of

the value of a forecast and not on forecast formation. In this thesis
the value of a forecast is the common thread linking the three areas
of our interest.

Error correction

Since all models are wrong [12] every forecast is prone totsysatic errors.
Error correction is a part of the post-processing stage and designed to add
additional value to a forecast by detecting and correctingystematic errors.
If systematic errors are present it may be possible to deteeind, to some
extent, correct them [61/ 99]. While simple error correctioapproaches focus
on bias correction, more complex correctors may take the farof a two-stage
procedure deploying an additional modeling layer on top ohe forecasting
model. In this thesis we deploy a two-stage procedure wheteetsecond stage
corrector is designed to “learn’ the systematic errors of éhrst stage model
and correct the errors in an iterative manner. The correctors based on
radial basis functions (RBF) [39, 40] and is shown to signiantly improve
forecasts for models with medium-to-large systematic emo while not de-
grading performance of models with very low systematic emoDeployment
of RBF as the corrector introduces some computational isssierelating the
‘power’ of the available computational device to the qualt of the corrector.
A critical discussion of the computational issues is also gsented.

Evaluation
The evaluation stage assigns value to a forecast by scorigtperformance of
a forecasting model. The performance measure (score) aslaslthe object,
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i.e. what is being scored, are of crucial importance if onenas to achieve a
meaningful understanding of the value of a forecast. For puiforecasts the
frequently used score is the Root Mean Square Error (RMSE) dnthe object
to score is the value of the point forecast. A similar appro&ds often adopted
in probabilistic setting when some distance metric, e.g. RSE, is applied
to each of the ensemble forecasts (or their mean or other gstics). While
such an approach could yield some intuition as to "how far' thensemble
forecasts are from the target, it is questionable whether weould gain a real
insight regarding the value of the forecast. The issue is thaoth RMSE and
the individual ensemble forecasts only hold information ajut expectations,
and disregard the very useful information contained within the dis-
tribution of the ensemble forecasts . To make use of all the available
information captured by an ensemble, the ensemble forecastist be trans-
formed into a forecasting distribution, [15, 58, 112, 113,1%,/116] and the
forecasting distribution itself then becomes an object ohe scoring. There
are two immediate challenges related to the process. Firsyhat method
should be used in order to transform the ensemble forecastdra distribu-
tion and is the method statistically sound? Second, what sp® should be
applied to the forecasting distributions?

Ensemble transformation and scoring represent two intedrparts of an eval-
uation method, the properties of which must be well understad. Using a
biased evaluation method could lead to the selection of anf@rior forecasting
model. In this thesis we study Kernel Dressing (KD), a probalistic evalu-
ation method which uses, but is not restricted to, a logaritmic scoring rule
called Ignorancel[49, 115]. We show that its properties maké particularly
useful for probabilistic setting and, under some conditia) prevent selection
of an inferior model. Also, since in practical applicationsgnorance seems
often overlooked despite its desirable properties, we shdww this scoring
rule relates to the well-known Information Theory measuresf Shannon's
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Entropy [124] and Kullback-Leibler divergencel [74]. By exgsing the links
among the three measures we hope to further highlight the dséess of
Ignorance as a probabilistic scoring rule.

Benchmarking

The real value of a forecasting model can only be understood a relative
basis, i.e. when compared to an alternative model (benchnkar[4, 148,53,
156]. Benchmarking can thus be considered as an interpratat of the score
of a forecast. In probabilistic setting, the output of a bertemarking model is
transformed into distributions so that they are comparabléo the forecasting
distributions of the forecasting model. The benchmarkingistributions often
take very simple form, e.g. unconditional distribution of st observations
(climatology). While simple benchmarks are often robust, tey may lack
performance. More complex benchmarks may be required to ingpe on the
performance and thus become a “stronger' benchmark. One wafycreating
a stronger benchmark is to construct conditional distribubns. Conditioning
on some event (e.g. month of a year in seasonal forecastingaymyield
improvements in performance at an a ordable cost of a modeareduction
in robustness.

Another appealing method of benchmark construction is to @ssimple statis-
tical models. Statistical models are capable of incorporiagy simple forecast-
ing rules that may greatly improve performance, while preseing the desired
level of robustness. Statistical models can therefore be raouseful bench-
marks than climatological distributions, and provide us wh a much deeper
understanding of the value of a forecasting model. In this #sis we present
Dynamic Climatology (DC), a simple statistical model that poses a stronger
benchmark than climatological distributions. We demonstite some of its
properties in simpli ed settings and then use it to benchmds the state-of-
the-art seasonal-to-annual weather forecasting models thie ENSEMBLES
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project [28,29, 36, 57, 152].

Thesis structure

This thesis is structured as follows: In Chaptef]2 we provideackground
information that is drawn upon throughout the thesis. We disuss funda-
mental concepts such as ensemble forecasting | [78,98) 1#8kcasting sce-
narios [65, 66] and sources of uncertainty [31, 131, 132]. iso de ne the
concept of a forecasting framework, discuss methods of foaisting density
construction [15, 53, 110] and (un)conditional climatoldgal forecasts.

In Chapter [3 we investigate the properties of Kernel Dressin(KD) [15, 58],
a method of transforming ensemble forecasts into forecasdi densities, and
study the properties of Ignorance [14, 49, 115], a measurdafecasting skill.
We show that, although similar in concept, KD substantiallydi ers from
Kernel Density Estimation as understood by![11, 20, 129]; adt that has
not been fully recognized. We show analytically that mininging Ignorance
implicitly leads to minimization of Kullback-Leibler divergence [75]. We nu-
merically demonstrate that under the perfect model scenari(PMS) [133],
KD recovers the system density, suggesting that KD is an urdéed estima-
tor. We also perform a novel numerical analysis of the KD pragties outside
PMS and demonstrate that caution must be exercised when deging A ne
KD (an extended version of KD), a new fact that has been previsly over-
looked [14]. Using the Kelly betting framework![72] we cldsi important
links between Ignorance and alternative Information the@tical measures,
namely Shannon's entropy [124{126] and Kullback-Leiblerigergence.

In Chapter 4 we introduce Dynamic Climatology (DC), a new apmach to
de ning a zero skill reference (benchmark) [157]. DC is a nevand rela-
tively simple, statistical model shown to be a valuable behearking tool,
which we deploy to benchmark the forecasting skills of the ate-of-the-art
global circulation models of the ENSEMBLES project. The rabnale for
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constructing DC is that traditional zero skill references ch as climatolog-
ical forecast (climatology) may not yield lead an adequateugnti cation of

model skill [53, 68, 89]. By de ning a stronger reference,ge. DC, we may
obtain a more thorough understanding of the value of a foresting model.

We construct DC to outperform climatology and demonstrate t hat
DC indeed does outperform climatology. We also construct DC to
accommodate for degradation of forecasting skill at long le adtimes
and to be capable of producing ‘'new' values, not contained wi thin

the training set. We deploy DC to forecast Sea Surface Temperatures over
two regions important for seasonal weather forecasting: élNino3.4 and the
Main Development Region. We contrast the DC forecast with thse of EN-
SEMBLES models|[36, 57, 152] and demonstrate that DC is a coarpble,
and occasionally a "better’, performer.

In Chapter B we provide background information on radial bas functions
(RBF), as they are extensively used in Chapterl6. We discussiéd basic
setting of RBF interpolation and approximation, and give aguments for
formulating forecasting problems in terms of RBF approximion.

In Chapter [@ we present predictor-corrector R C), a new approach to im-
proving the forecasts of an imperfect model, based on itere¢ corrections
of the systematic part of a model error. [61, 67, 137]. For seaénonlinear

systems, we show thd> C signi cantly improves imperfect model forecasts
and is superior to an alternative approach of [62] 63].

To demonstrate the skill of the two approachesP C and , we consider
two well-known dynamic systems, Lorenz84 [83] and Lorenz§&l]. Using
Lorenz84, we show that, for a low-complexity imperfect modleP C improves
the forecasts by> 1:5 Bits and outperforms by up to 1 Bit at long
leadtimes. We also test the behavior of boti? C and as we gradually
improve the forecasting skill of the imperfect model. We shothat PC
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maintains its superiority at medium range, even in settingsvith a (much)
more skillful imperfect model. The computational aspectsfahe P C and
approaches are also discussed in detail, both in general aspkci ¢ terms.

We also use the Lorenz84 and Lorenz63 systems to study the expof Root
Mean Square Error (RMS)[[97], when used as a meassure of fasting per-
formance [134]. Intuitively, given a measure of forecasgnperformance (say
RMS), it is reasonable to require that the measure rates a dect model
(i.,e. a model equivalent with the system) higher than an impéect model
(an approximation of the system). Measures that do not meetush a re-
quirement may be misleading and may lead a forecaster to e that an
approximation of a system may be more useful then the systemself. Whilst
a number of measures do meet the requirement, i.e. are propeeasures, it
has been shown that RMS is not a proper measure. Despite itstpotially
harmful properties RMS continues to be frequently used in thevaluation of
forecasting models. Our aim is to expose the danger of usinyIB. To do so,
we numerically demonstrate how RMS-based evaluation may beisleading,
and how it can lead to the selection of an inferior model.
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Chapter 2
Background

This thesis capitalizes on a number of concepts of statissic information
theory and dynamical systems. In this chapter, we provide leaground in-
formation that will be drawn upon throughout the thesis.

We begin with a general description of a forecasting problem Section[Z.1.
We discuss a system, a forecasting model, and give our deioi of a forecast-
ing framework. We follow with a discussion of forecasting sgarios [@56]
and brie y describe sources of uncertaint)@DSZ] sturing the future
evolution of a dynamical system.

In Section[2.2 we provide a brief description of ensemble é@asting 8,
] and discuss several methods of forecasting density stomction B%

]. Both ensemble forecasting and forecasting densiti@® key concepts
in probabilistic forecasting and will be used throughout tis work. We also
de ne unconditional and conditional climatological foreasts and discuss their
application. These climatological forecasts are used ergvely in Chapterd 4
and[8

Chapter [3 is concerned with the properties of Kernel dresgina method
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of forecasting density construction and evaluation. We disiss the general
aspects of forecast evaluation in Section—2.4, where we atd®ne Kernel
dressing ].

At the center of forecast evaluation are measures of foretiag performance.
Measures originating from Information theory BZBZ fﬁ IEIS] have
proved to be of particular importance @65]. The Inforntaon theoretical

measures and their importance for evaluation of forecasgmerformance are
discussed in Sectioh 2.3.

Lastly, we brie y discuss issues related to seasonal weatherecasting and
describe the forecasting models of the ENSEMBLES proje@,@], as they
will be a subject of study in Chapter’ 4.

2.1 Forecasting

The future evolution of any physical system is clouded with ncertainty,
which limits our ability to precisely determine future staies of the system.
In our e orts to better understand the behavior of a system, W& construct
inherently imperfect mathematical models describing thenderlying rule gov-
erning the system. These imperfect models are often used $sue statements
about future system states - a process callddrecasting E].

In forecasting, systems are often classi ed as eithdeterministic or stochas-
tic. Deterministic systems are governed by a xed behavioral ket and do
not involve any randomness. Stochastic systems, on the caay, do involve
random behavior, although their behavioral rule may also irolve a xed
(non-random) part.

Throughout this work, we are concerned with forecasting afynamical sys-
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tems a subclass of deterministic systems. A good de nition of aydamical
system can be found on Wikipedia [155]: a dynamical system ésmathemat-
ical concept where a xed rule describes the time dependedea point in a
geometrical space An example of dynamical systems are physical laws, typ-
ically described in terms of di erential equations, e.g. aisiple pendulum(8]
derived from Newton's second law

A® = gsin (2.1)

whereA is the length of the pendulum, is the angular displacement of the
rod and g is gravitational force.

In our work (e.g. Chapter[4), we apply probabilistic methodsn the context
of weather forecasting. While the pendulum system of EQ._2i& an example
of a simple dynamical system, weather is an example of a vergngplex
dynamical system. Weather is de ned as a state of the atmospte, and
is often described using a set of xed behavioral rules, i.ephysical laws
such as the one in Eq._2]1, which form a dynamical system. Wéat is also
considered a chaotic system [B81]. A chaotic system is a typédynamical
system sensitive to initial conditions. Given two initial $ates that are very
close (as quanti ed by some measure), the future states olied by evolving
the two initial states may end up very far from each other. In ther words,
small di erences in initial states (conditions) may yield atirely di erent
forecasts. Obtaining a useful forecast of complex, chaotaystem such as
weather is a challenging task. Yet due to its direct impact omany elds,
including agriculture, transport, insurance, etc., weathr forecasting is of
crucial importance.

In this work, our aim is to apply forecasting approaches bagen probabilis-
tic methods. Forecasting is used throughout a wide spectrummf scienti c
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elds as well as industries and is applied to a large varietyfaynamical and
stochastic systems di ering in complexity as well as their ature (natural
vs. mathematical). It is not possible to apply our approacteto all possible
classes of systems; there are simply too many of them. What wan do is
apply our methods to a few selected systems for which we beéeour ap-
proaches are useful. Our applications therefore involvengdle mathematical
dynamical systems (e.g. Lorenz63 [81], pendulum) but alsdaghly complex
chaotic system (weather).

Although we deliver a number of results that may help to betteunderstand

the studied systems (or their models), our main goal is to psent probabilis-

tic methods and how they may be applied in forecasting. Our gvhasis is

not on system analysis, but rather on a thorough descriptioof (new or ex-

isting) probabilistic methods and their properties, as weéhs a comprehensive
illustration of their application.

2.1.1 System model pair

Forecasting a system requires a vehicle,farecasting model By a forecasting
model, we will understand a mathematical description of a sfem. Models
are constructed to describe systems, and so the models thehass can also be
classi ed as deterministic and stochastic. To describe a dgmical system, a
physicist would typically use a deterministic model, i.e. iderential equation
(or a set of equations) similar to EqCZI1. On the other hand, atatistician
would probably choose a stochastic model to describe the ®m. In this
work, we will be using both approaches.

A given system may be described by di erent models; where a ydicist uses
di erential equations, a statistician may use regressionBut even if we stick
with the physicist's toolbox, there might be di erent sets d di erential equa-
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tions describing the same system. The obvious reason for ray more than

a single mathematical description of a system is that it maydimpossible to
describe the system exactly. In fact, no model of a physicaydamical system
is able to exactly describe the system at hand, simply becauforecasters do
not possess a perfect knowledge of all laws occurring in negu

2.1.2 Forecasting framework

The process of forecasting involves several stages, thdestion of which we
call a forecasting framework Although the number of stages may vary with
an application, in general, the forecasting framework invees:

(1) collection of observations,

(2) data quality control,

(3) current system state estimation,

(4) forecast generation,

(5) forecast post-processing,

(6) construction of forecasting density,

(7) forecast evaluation.
Items 1-3 are often referred to adata assimilation In elds such as weather
forecasting, the data assimilation requires more human, putational, and
nancial resources than the rest of the forecasting framewk For exam-

ple, the European Center for Medium and Short Range ForecadECMWF)
processes a total of 75 million observations from satellgeand conventional
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observation devices every 12 hours. To collect and qualitpmtrol such an
amount of data is a major task.

Collected and quality-controlled data then may serve as amput for current
state estimation procedures. In nonlinear dynamical systems small errors in
a current state estimation may ruin a point forecast as chaat (or highly
nonlinear) systems, such as weather, display high sensityto initial con-
ditions , ]. Due to the signi cant impact on the quality of a forecast,
state estimation methods, such as 4DVaFE‘_)L_1|3@42], PartcFilter [@@]
Gradient DescentEIQEM etc., are a very active area of raseh.

Forecast generation is a central part of the forecasting fin@ework. The fore-
casting model is initialized by initial conditions determned within the state
estimation stage. The initial conditions are than integra¢d by the model to
produce a raw ensemble of point forecasts for a required fuéutime, which
we call aleadtime

The raw ensemble often contains biases. Model output postgzessing is a
type of quality check applied to the ensemble and designed temove biases.
Outliers may also be handled within this stage.

If a probabilistic forecast is to be issued, the post-procesd ensemble needs
to be turned into a forecasting PDF, which assigns probabiies to possible
future states of the forecasted system. The forecasting PBFare also used
in the forecast evaluation to ex-ante assess the rate of sass of a forecast.

By providing this very short, and possibly incomplete, desiption of a fore-
casting framework, we are trying to show that forecasting ia complex pro-
cess involving a number of procedures and methods. It must beessed that
each and every stage is prone to errors and imperfections, ieth negatively
impact on the quality of a forecast. In an attempt to improve aforecast, a
forecaster should pay attention to all of the stages of the rfecasting frame-
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work.

2.1.3 Perfect and imperfect model scenario

When investigating properties of a forecasting model, bottme Perfect model
scenario (PMS) ,] and thelmperfect model scenario(IMS) [, ]
are useful concepts. In Chaptdrl3, we rely on PMS to demonstegproperties
of a forecast evaluation method. To explain what we understa by PMS, we
rst describe IMS and than de ne PMS as somewhat the oppositef IMS.
The descriptions loosely foII03].

Imperfect model scenario : IMS is a scenario in which the forecasting
model provides an imperfect description of a system. It assies that a

forecaster does not know the system rule exactly. Often it @lso assumed
that the system's current state is not known exactly.

Every ‘real world' forecasting exercise is an example of IM&ere are no
perfect models in the real world. A physicist does not know extly the
governing equations of a particle motion, a weather foredas has at best
a crude description of a weather system and no social sciestthas a model
that would perfectly predict an election outcome. Under IMShe forecasting
model always produces aimperfect forecast

Perfect model scenario : PMS is the opposite of IMS to some extent.
Consider a forecaster with a complete knowledge of the lawsvgrning a sys-
tem. This perfect knowledge allows him/her to construct andeal description

of a system, aperfect model

We mentioned above that in IMS a forecast is always imperfectDoes it
mean that in PMS, with a perfect model at hand, a perfect forexst can be
achieved? The answer is no. To produce a perfect forecast oh@n-linear
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dynamical system, a forecaster needs to know exactly the cent state of
a system. Any uncertainty about the current state due to arobservational
error, or any other source of uncertainty, accumulates over tim, 33]
leading to an imperfect forecast. Under PMS, a forecast isvedys imperfect
unless the exact current state is known.

With real world forecasting exercises falling under IMS, ihere any example
of PMS? The answer is that PMS can only be constructed. This oabe
achieved by letting the model act as both the model and the sgsn. Con-
sider a forecasting model taking the form of a standard norrhdistribution,

N (0; 1), and a system producing a sample from the same distributiat each
time t, i.e. X, “ N(0;1). The forecasting model will produce an imperfect
but highly valuable forecast ofx;, since the distributions of the model forecast
and system states will be equivalent. This may look like chéag, but PMS
is in fact an ideal testbed for understanding the propertiesf a forecasting
model, as we show in Chaptdr] 3.

Perfect ensemble : Often, it is useful to use the concept of gerfect en-
semblein combination with PMS. With a perfect ensemble, we assume a
distribution of a current system state, which is a much weakeassumption
than assuming an exact knowledge of a current state. The didiutional
assumption allows for sampling current state "candidatesso that an en-
semble of “perfect initial conditions' may be constructedUnder PMS and
perfect ensemble, a forecast remains imperfect, but the émast distribution

is equivalent to the distribution of the future system stats.

The combination of PMS and perfect ensemble involves rathettrong as-
sumptions. So when is such a combination useful? The two cepts are
ideal tools when trying to understand the properties of the hole forecasting
framework (see Sectioh 2.1.2). For example, if PMS with a dect ensemble
yields a biased forecast, a forecaster knows that the biasdse to the eval-
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uation method; both the forecasting model and the current ate estimation
method may be ruled out as a sources of the bias. Without the gect en-
semble, the forecaster could not be certain whether it is thevaluation stage
or the current state estimation stage causing the bias.

2.1.4 Sources of uncertainty in physical systems

Forecasts of any dynamical systems are inherently inacctea There are
two major sources of uncertainty directly in uencing the acuracy of a fore-
cast Eb]: uncertainty about the current state of a syste, i.e. theinitial
condition uncertainty, and uncertainty due to the inaccuracies in a f@cast-
ing model speci cation, themodel error ﬂﬁ@]

Initial condition uncertainty : Under IMS conditions, uncertainty stems
from the forecaster's inability to accurately observe a cuent state of a sys-
tem, an observation error The observation error is particularly in uential
when sets of di erential equations are used as a model. It issknown @],
that for nonlinear (and in particular chaotic) systems/mockls, an arbitrarily
small initial error in the initial state will accumulate (grow) over the forecast-
ing leadtime The error growth will eventually cause the forecasting maa
to reach its predictability limit [@], a leadtime beyond which the forecast is
no longer "useful'. Although stochastic models may be lesssseptible, they

also may su er from the imprecise determination of the initl condition.

Model error : The uncertainty related to the model formulation arises da
to an imperfect understanding (or description) of the predited system. The
imperfect model formulation leads to a model error, which Wieventually
cause the model to reach its predictability limit.

The model error is often caused by a number of factors. One way disen-
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tangling the model error is as follows:

(1)

(2)

®3)

Structural error: The equations describing the systems are “incorrect’,
i.e. there may be a variable missing or a function is incorrédg speci ed.

Error due to a choice of approximation and discretization nieod: A
forecasting model is often deployed on a computational dee, which
is by nature of a nite precision. i.e. a digital (discrete) evice. Model
equations describing a given system frequently take a comtious form.
To deploy a model on a computer, the continuous equations riet be
discretized. This transformation involves numerical metbds that of-
ten require approximations and truncations |[145], and thusitroduce
‘imperfections' into the model's original (analytical) egations. The
choice of a transformation method in uences the severity amperfec-
tions. A poor choice of transformation may lead to a signi cat model
error, even in computers with very high precision.

Error due to model resolution Computational devices always work at
a limited capacity. Their main constraints, limited memoryand speed
of processing, translate into restricted precision, limitions of volume
of tasks, and constrained execution time. Due to the consirds, the
values of system variables are calculated on a discrete mashwhich
model equations are adjusted (see above paragraph). The diy of
the mesh is another source of imperfections. Using a very denmesh
means that less approximation is needed to obtain state vada between
mesh points, giving less room for an imperfection due to appima-
tion. Note that model error due to resolution di ers from tha due to
discretization. This is because a high density mesh cannairopensate
for errors introduced by a poorly chosen discretization mebd. Hence
models with low mesh density and high quality approximatiormethods
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may exhibit lower errors than those with high mesh density kdupoor
approximation/discretization method.

To minimize the observation error, a forecaster may attemptio improve the
measuring device. This, however, may prove dicult due to bdget con-
straints or the fact that the device is already state-of-theart. A more real-
istic approach is to use a number of observational devicescato determine
the initial state as some function of their outputs. Alterndively, a fore-
caster may attempt to sample the distribution of initial staes as discussed
in Section[Z.Z1.

To address model error, a forecaster may attempt to obtain aelter under-

standing of the system. Another option is to see whether the mael error

contains a systematic part and if so to correct it. When usingleterministic

models, the systematic part of the model error is frequentlgresent. In such
cases, error detection and correction algorithms can be yesuccessful in re-
ducing the systematic part of the model error. We suggest aaimework that

deals with the systematic part of a model error in Chapterl6.

2.2 Probabilistic forecasting

2.2.1 Ensemble forecasting and forecasting densities

In Section[2.1.4, we have discussed how an inaccuracy in detmation of a
current state accumulates over the integrations of a foresing model, and
degrades the quality of a forecast. We have also mentionedatha forecaster
may address the initial condition uncertainty using Monte @rlo methods.
Ensemble forecastindﬁ] Is one such approach. Ensemble forecasting is fre-
guently deployed in weather forecasting, and aims to provda representative
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sample of possible future states of a system.

To produce an ensemble forecast (or simply aansembl¢, a forecaster sam-
ples possible current states, generatingl initial conditions x; = fxu gl ,
which form an initial condition ensemble at the initial time t. The initial
conditions Xy are then iteratively input into a forecasting model to prodee

an ensemble oM point forecasts,Ri+1 = fR+1 k0N, , i.€., an ensemble fore-
cast at leadtimet + 1. Fig: .1 shows a simple schematic of ensemble forecast
generation, for the case oM = 4 initial conditions. In an ideal case, the
forecast values would be a representative sample of the pbkssystem states
attime t = 1.

schematic of ensemble forecast
5 T T

/0 forecast 4
initial condition 4 0 /0
°

< 0OfF observation @ X verification —

[ ]
initial condition 1 0 .

\0 forecast 1

_5 1 1
t=0 t=1
leadtime

Figure 2.1: Ensemble forecast: Using an observation (large red circle) at time
t = 0, an ensemble of initial conditions (small red circles att = 0) is constructed
and iterated forward using the model (blue lines) to obtain an ensemble forecast
(small red circles att = 1). At time t = 1 the forecast can be veri ed with an
outcome (red cross), i.e. system state observed at timée+ 1.

Forecast-veri cation archive . A forecasting model is often used to pro-
duce ensemble forecasts extending to several lead times. gdme later

53



CHAPTER 2. BACKGROUND

time, when the forecasted system states are actually obsedy an archive
of forecast-veri cation pairs may be formed. The archive is constructed sim-
ply by pairing an ensemble with the observed system state aaeh leadtime.
The archive of forecast-veri cation pairs can than serve astraining set when
constructing forecasting densities and/or evaluating facasting performance
of a model.

Forecasting distribution : A natural way of describing an uncertainty is
via distributions. A sample of possible future states, an eemble forecast,
may be turned into aforecasting distribution p. The forecasting distribution
is able to concisely summarize the uncertainty caused by avgational and
modeling errors. When producing forecasts far> 1 leadtimes, a forecasting
distribution is constructed for each leadtimd, giving a sequence of distribu-
tions f P19z, . There are a number of methods to construct the forecasting
distributions, and we brie y discuss some of them in the nexsection[2.2.2.

An important question is: why would a forecaster wish to turnensemble
forecasts into forecasting densities? There are three mamasons for doing
so. First, a forecasting density can be used to assign proliiles to the
possible future states of the system. Second, a forecastidgnsity enables
evaluation of a forecast in probabilistic terms. This is anmportant part of
the forecasting framework discussed in more detail in SemtilZ.4. Third, the
density construction is often designed to include post-poessing procedures
such as bias correction, designed to improve raw forecaskspost.

2.2.2 Constructing forecasting densities

There are number of methods to turn ensemble forecasts intorécasting
densities. Here we brie y discuss a selected few, namélggistic regression
Gaussian dressingand Bayesian model averagingBy choosing these three
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particular methods, we aim to provide insight regarding emsnble-based den-
sity construction. Since our selection represents rathet drent approaches,
we hope to demonstrate the diversity of existing approachesVe note that for
this work, the most relevant is the Gaussian dressing, whigbrovides a link
to our preferred method oKernel dressing(section[2.4.8). Although Logistic
regression and Bayesian averaging are not directly linked Kernel dressing,
we hope that understanding the alternatives will help the rader to better
appreciate the concept of density construction from ensemabforecasts. A
detailed account of methods discussed, as well as altermatimethods, can
be found in [157].

Logistic regression : In weather forecasting, logistic regression has been a
frequent tool of forecasting density estimation [157] [64] ogistic regression
is a useful method when a forecaster takes an interest in theantiles, g, of
possible outcomes. In ensemble forecasting the logistigression often takes
the form of

1+exp( o+ X + 27)
exp( o+ X + 27)

Py o=

(2.2)

wherex is a mean of an ensemble forecast,i% the ensemble variance ang
is the observed system state, i.e., the veri cation. The pameters o, 1; »
are determined by maximizing likelihood of the veri cationy being in the
guantile g over all forecast-veri cation pairs contained within an achive.

Gaussian dressing : Gaussian dressing (GD) is a sort oénsemble dress-
ing a density construction method proposed by [116]. GD appliggaussian
distribution to each forecast-veri cation pair and takes he form of

(x )2

1
ply; x) = 9—2 e 272 (2.3)
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There are dierent ways of determining the parameters and . In the
simplest form of GD and are set to some function of the ensemble mean
and ensemble variance respectively, i.e.,= f& ) and = g(*). As noted
by ], this has the undesirable consequence that the foasting distribution

is solely based on the ensemble forecast, i.e. informatioropided by the
actually observed statey is neglected. Other authors, e.gmﬁl 8] suggested
to determine and according to a forecasting performance. This leads to
maximization of some function ofp(y) over the forecast-veri cation pair. We
will discuss the performance-based approach in Section 34

Bayesian model averaging : Bayesian model averaging (BMA)O] ad-
dresses an uncertainty stemming from selecting a suboptihmaodel. Instead
of relying on a single model BMA considerk candidate models and calcu-
lates a posterior probability of an outcome by conditioningpn the K models.
Consider a modek producing al step ahead point forecasky.;+, where xy
represents thek-th ensemble member. The forecasty.;+| is associated with
a PDF, a(YjXkt+1)- The PDF ¢ is a PDF of the outcomey conditional on
Xk being the best forecast in the ensemble forecast. Droppinigett + | term
for simplicity, the BMA model can be written as

PYIXa; 1015 %k) = 8 Wik (Y Xk) (2.4)
k=1

wherewy is the probability that the forecast xx produced by modelk is the
best forecast in the ensemble. The, thus may be viewed as weights assigned
to each of the ensemble members and are estimated via maxiatian of the
log-likelihood of p(yjxx) over a testing data. The functional form ofp can
take the form of a parametric distribution. When a Gaussian idtribution is
assumed, the BMA can be described as a weighted sumkofGaussian ker-
nels, each centered at the ensemble membsey, with a variance determined
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from the historical errors of the forecask.

2.2.3 Unconditional climatology and climatological fore-
cast

The climatological distribution, or simply climatology, is an unconditional
distribution, pc(x), of observed values of a system variabbe over the time
period |t ;t + ]. Climatology may be constructed using parametric
or non-parametric density estimation methods. In our workwe estimate
climatology using the Kernel dressing method described ire&ion[Z.4.3.

Climatology is not only useful as a statistical descriptiorof the forecasted
data, it may also be used as a simple probabilistic forecastj model. When
used as a forecasting model, the forecasting density for aven leadtimel
simply coincides with the climatology,pi+1(X) = pc(x). This approach yields
a probabilistic forecast that does not change over leadtime

Assuming that the systems dynamics is (to some degree) captd by data
used to construct climatology, the climatological forecasnay be considered
a robust forecast. In other words there will be a few surprisgo the clima-
tology if the dataset reasonably captures the system's padynamics and the
dynamics do not change abruptly.

As the climatological forecast does not change with leadtin it might not

seem a very useful forecasting model. However, its usefidsean be better
appreciated when compared with forecasts produced by altetive models.
Since climatology is simple to construct, quick to use, andrpduces robust
forecasts, it may serve as a useful reference forecast dagia zero skill

An alternative model should always outperform a zero skillofecast. What
would be the purpose of a model whose forecast is "worse' thezero skill
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reference forecast?

Climatology may be constructed in a number of ways, e.g. viaapametric
density estimation &], kernel density estimatiom L}or kernel dressing
(see Sectiom 2.413). The climatological distribution canédused to produce a
very basic climatological forecast simply by sampling a single (or multiple)

value(s) from the distribution.

2.2.4 Conditional climatology

Climatological distribution may take more complex forms. W can construct
so calledconditional climatologiesby conditioning on some feature of the
data. For instance, when a seasonality is present, a foret&rsmay choose
to condition on a particular season. In weather forecastingt is common

practice to construct amonthly climatologyby conditioning on a month of a
year. In economics, climatologies conditional on a busirsesr political cycle

are often used.

In Chapter[4 we will be using a monthly climatology to benchmi alternative

forecasts. Monthly climatology is a special case of a clindbgy where we
condition on phase information. In general, climatology cwlitioned on a
phase can be de ned as

p(X)=p(Xjxe:t2 [t 1;t+ ) (2.5)

wherex; is a time series ok andt is a point on a circle with circumference
equal to length of a period and ;; , are phase angles de ning an arc over
the circle. In case of the monthly climatology and considerg monthly ob-
servations of some variable, the period would be 12 monthstp the time
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t would be set to the number indexing a given month and; = , =0. In
practice, one may construct monthly climatologies that spaover more than
1 month by setting ; = , > 0. Asymmetric monthly climatologies can also
be constructed by setting 1 6 ».

We note that it only makes sense to construct monthly climatogy when a
monthly seasonality is actually present in the data. Constrcting monthly
climatology of temperatures over sub-Saharan Africa may heanake much
sense, since the seasonality at these latitudes may not béated to months
but rather to seasons.

In the following sections we use data from the application i8ection[4.3.2 to
demonstrate how monthly climatology can be a more useful glatology than

the unconditional. In Fig:[2.2 we show a measure of forecasgi performance
against the varying size of the phase angle. Since the dataedsto gener-
ate the plot are monthly data, the phase angle has a simple erpretation.

Window size of 0 corresponds to a “pure' monthly climatology.e. only the
same months are considered in the conditioning. Window sizd 6 means
that all months of a year may be considered, which leads to uneditional

climatology. The measure of performance will be explained Bection[Z.4.2;
for now we can say that lower value mean a better performanc€learly, the

window size of 0, which corresponds to the “pure’ case of mioiyt climatol-

ogy, gives much better results then the window size of 6 whidworresponds
to unconditional climatology.

2.2.5 Blending climatological and model forecasts

At the “short' leadtimes, a forecasting model is expected toutperform the
climatological (or any other zero skill) forecast. Shouldt ifail to do so, the
model should not be selected (see Sectibn 212.3). At the loteadtimes,
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Evaluation of climatologies
1.5 T T T T T

P
O
05 i i i i i
0 1 2 3 4 5 6
window size
Figure 2.2: Climatological ignorance in Nino34: Forecasting performance of

climatology of monthly SST temperatures over Nino3.4 regim evaluated in terms
of Ignorance. Ignorance is calculated for a varying size of phase angle (window).
For window size of 6 the conditional climatology becomes unenditional, as all
observations will fall within the window. The optimal windo w in this case is 0
(the lowest level of Ignorance), i.e. the climatology shoud condition only on a
given month of a year.

however, the error growth will cause a model forecast to deterate. Thus a
forecasting model that performs well at short leadtimes malye outperformed
by climatology at long leadtimes. The concept oblending aims to prevent
the model from underperforming the climatological forecas

The idea is simple. For a given leadtime, a model forecastingnsity pm(X)
is "blended"' with the climatologyp:(x) producing a ~ nal' forecasting density

p(x)
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p(x) = PO+ (@) pe(X) (2.6)

where 2 [0;1] is a blending parameter. As a result, at leadtimes where
the model signi cantly outperforms climatology, the paraneter ! 1. At
the long leadtimes, where the model forecast is eroded by theowth of the
forecasting error, ! 0 and the climatology ‘takes' over. The nal forecast-
ing density p thus always outperforms or is comparable to the climatologal
forecast.

In this work, unless stated otherwise, all model forecastindensities are
blended with climatology. Where suitable, the blending is @he using a
conditional climatology, e.g. monthly climatology.

2.3 Information theory in forecasting

Achieving a high quality forecast is a central point of any fiecasting exercise.
The question is how to measure the quality of a forecast, on other words,
the performance of a forecasting model? When assessing geniance of a
model, predictability of the system should be considered. Quanti cation of
predictability dates back to [82], where it is de ned in reléion to climate
as ‘the time span through which a given climate is supposed last'. The
intuitive link between a model performance and predictabtly is that for
systems with low predictability the forecast starts to dewate from its target
very soon, i.e. at short leadtimes. Intuitively, if a state 6a system changes
too frequently and the changes do not follow detectable pattns, it becomes
very di cult for any model to produce a forecast that stays wih the target
over a long time span. Ideally, a forecaster would assesseitast quality
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simply by comparing the time over which a forecast stays clego a target
with the predictability of the system. The problem is that, gart from some
special cases [162], the predictability of a system is rayeknown.

Most (if not all) measures of model performance are based ohet notion
of closeness, i.e. they aim to evaluate how "close' a foredasfrom its tar-
get. Probably the best known measure is the predictive meaquared error,
where the “closeness' is de ned as the Euclidean distanceadforecast from
its target. Typically, the mean squared error is applied to pint forecasts.
However, with the development of ensemble forecasts we camnnfi so-called
forecasting densities, distributions constructed from amnsemble forecast,
and confront the distribution with the target. The reason fa working with
distributions is that a distribution contains more information than a sin-
gle point and so measures based on distributions may provideore robust
evaluation of forecasting performance [112, 133].

The question is, what performance measures are useful? Feample, ear-

lier studies in weather forecasting [87, 128] often deplayeneasures of pre-
dictability based on the signal-to-noise ratio. The nois#s-signal ratio can

be measured at di erent locations and di erent situations. However, as|[77]
point out, to obtain an overall measure of forecasting penfmance the changes
in the signal should be weighted by the frequencies of theiccurrence and
then aggregated. The problem is that aggregating signal-taoise ratios over
di erent times (or locations) has no clear interpretation. This drawback of

the signal-to-noise ratios led to a search for alternative @asures.

An important class that overcomes the issues of signal-tmise ratios have
been developed within Information theory/[124, 125]. Theas$s of Informa-
tion theory-based measures is more general than signal+toise ratios |[7/7]
since it can compare forecasts across di erent locations times. Further-
more, these measures take into account forecasting disuiiibns and thus
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can deliver a more robust performance assessment. Sincestblass of mea-
sures has proved very in uential across a variety of forecsg elds, and
has been successfully applied to assess forecasts of botkdonensional as
well as complex dynamical systems, we will be using the infoation-based
measures throughout this work. The focus in this subsectiois to provide
some brief background information on these measures.

2.3.1 Information-based measures of performance

The work of [77] suggests using measures developed withifohmation the-
ory as measures of predictability in simple climate modelsTheir approach
uses theentropy

X
H(X) = p(xi) log p(xi); (2.7)

i=1
which measures uncertainty related to stateg; occurring with probabilities
pi. Since by de nition, the entropy is a measure weighted by th&equency of
occurrence of states, it can be used as an aggregated meastingredictabil-

ity. Moreover, [77] make the point that upon making a measureent an
uncertainty, hence entropy can be used as a measure of infatmon gain.

They further consider themutual information

p(xjy)
p(x)

X
1(X;Y)= p(x;y)log
Xy

(2.8)

and use it to measure how fast information about a given indil change of
signal (or anomaly) is degraded.

63



CHAPTER 2. BACKGROUND

2.3.2 Forecast performance and optimal compression

An alternative approach based on Information theory is suggted by [115],
who construct a score that minimizes the amount of informatin needed to
describe the distribution which governs occurrence of a $gm state. In In-
formation theory this is the problem of optimal data compresion discovered
and solved by [[124{126]. In data compression, one aims to encode given
information using fewer binary digits (bits) than needed toexactly express
the given information. This can be achieved by exploiting dundancy in
the information. For example, consider a string of characte 'AAAAABBB-
BCCC' needs to be transmitted to a recipient. Transmitting te original
string would require 96 bits, i.e. 8 bits per each of the 12 craxcters. Instead
of transmitting the original string the source transmits anencoded version
as 5A4B3C, that is the message would read: there are 5 letteks 4 letters
B, and 3 letters C. The total amount of bits being transferredis only 54
(assuming 32-bit architecture and numbers being represewt as characters)

To describe the basic idea behind the score in the forecagficontext |[115]
provide the following example. Consider 2 forecasters A amg] both having
access to a forecasting distributiom used to forecast an outcom&. Assume
that forecaster A has been told what the outcome is, and neettsshare/com-
municate the result to forecasteiB. The question is, what is the minimum
bits of information A needs to communicate the outcome to B? &ed on the
optimal compression, A needs the minimum of

Bi = log,(p(xi)) (2.9)

bits to describe to B that the i-th outcome of K possible outcomes has
occurred.
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What is the rationale for deploying the optimal compressiowvehicle? Con-
sider that A attempts to communicate the outcome to B using tw alterna-
tive forecasting distributions p and g. We can think of p and q as being two
alternative encodings of the same outcome, just like in thebave example
with letters. If using p means that, on average, the forecaster A needs less
bits to communicate the outcome to the recipient B, then A wllchoosep
as her preferred encoding. In other words, if it takes less @t (bits) to
transmit p rather than g, then p is a more useful description of the outcome.
Consequently, by assigning a number of bits to each of the twaiternative
encodings the Ignorance selects the forecasting distrilbah that is, in the
Information theoretic sense, “closer' to the true distriblion governing the
outcomes.

Since Ignorance is based on the idea of optimal data compiriess which
is central to Information theory, it is a close relative of aber Information-
based measures, namely Shannon's entropy and also crogseg@y (Kullback-

Leibler divergence). We describe Ignorance in greater détan Section[Z2.4.2
and we also show mathematically how it relates to other infamation mea-
sures in Sectio-3I3.

2.4 Probabilistic forecast evaluation

A forecast evaluation is an important part of the forecastig framework (see
Section[Z.1.R). In this section we provide a description ohé forecast eval-
uation process and discuss why it is important. We also praleé a detailed
description of an evaluation method oKernel dressing(KD), which is our
method of choice to be used in all applications below.
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2.4.1 Background on forecast evaluation

Forecast evaluation aims to assess, the general quality ofaecast by com-
paring the forecasted system states to actual observed stat The forecast
quality is quanti ed in terms of a scoring rule (score).

The forecast evaluation provides a forecaster with:

(a) The ability to better understand and improve a forecastThe forecast
evaluation exposes sub-spaces of the model state space witke fore-
casting error is large. A forecaster then has the opportunitto analyze
the sub-spaces and use the analysis to improve the forecagtimodel;

(b) Justi cation of the cost of resources invested into a foresting frame-
work. The assessment of a forecast performance in terms of score-pr
vides a measure that can be directly linked to the utility a foecast
user. The utility can then be compared with the costs.

(c) The ability to perform model selection.The forecast score of competing
models can be compared in order to select the best model.

The process of probabilistic forecast evaluation involves

(1) construction of the forecasting densities,
(2) use of the densities to assign probabilities to the vertations,
(3) score calculations.
When evaluating a forecast, we are interested in a performes at a given

leadtime. If we want to evaluate forecasting performance dhe rst lead-
time, we collect forecasting densities of the rst leadtimenly and use those
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to evaluate the veri cations. For the second leadtime, we @sdensities con-
structed for the second leadtime only etc.

2.4.2 Ignorance and other scoring rules

A scoring rule or a scoreS, is a measure of a quality of forecasting perfor-
mance of a model. In probabilistic forecasting, a score meass how much
of a probability the forecasting densityp( ) has assigned to the veri cation
y. The forecasting performance can then be expressed as arrage value of
scoresﬂ4] collected over a number of forecast-veri catigpairs

1 X
E[S]= S(i%) (2.10)
i=1
whereN is a number of forecast-veri cation pairsp;( ) is the i-th forecasting
density constructed using thei-th ensemble forecask; and y; is the i-th
veri cation.

There are a number of scoring rules currently used in fore¢asvaluation
procedures, we list a few selected scores:

(1) Ignorance:

S(p(y)) = log(p(y)) (2.11)
(2) Naive Linear Score
S(p(y)) = p(y) (2.12)
(3) Proper linear score .
S(p(y)) = PA(y)dy  2p(y) (2.13)
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(4) Mean square error
Z

S(p(y)) = (p(y) p(y))°dy (2.14)

where ptis an estimate or a forecast of densitp. In Section[2.4.1 we have
stated that forecast evaluation provides a forecaster witthe means of model
selection. An important property of a score directly relatd to model selection
is propriety. Given two PDFs p and g, a score is proper if the following
inequality holds

Z Z
S(p(y))a(y)dy S(a(y)) a(y)dy: (2.15)

Note that a score is strictly proper if the inequality is replaced by strict
inequality >. In terms of the probabilistic forecasting, Eqi_2.15 can beter-

preted as saying that a proper score should recognize where tforecasting
density p di ers from the “true' density g that produced the veri cation vy.

Clearly, the best forecasting density fol is the one that actually generated
y. Any other forecasting density should score less than theuge' one. Proper
scores therefore ensure that in the (rare) cases when one basselect be-
tween an imperfect forecast and a perfect forecast, the pect forecast will
be identi ed as the better one. This is indeed a useful prop®r since in

forecasting one tries to achieve the best possible forecagthen a forecaster
has a perfect density (or model) available it makes sense toefer it over

any alternative forecasting density since, on average, thperfect forecasting
model will produce better forecasts. In other words, thereino point in using
an imperfect forecasting model when a perfect model is awable.

Although the propriety property seems an obvious requirenmg not all scores
are proper. For instance, it can be shown [14] that the root nra@ squared
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error (RMS) is not a proper score. Using root mean squared errthus may
lead the forecaster to select an imperfect model over a patfene. The naive
linear score is also not proper, while its augmented versiotie proper linear
score, is.S0 what are the potential consequences of using scores thed aot
proper? As before, when a forecaster in fact has a perfect neb@vailable,
he/she would be foolish to use some alternative imperfect mel instead.
The perfect model will certainly deliver a better performane. A proper
score helps the forecaster to detect which one of the altetivee models is
perfect.

It could be argued that in practice, a forecaster never has aegdect model
to hand. In such cases, the impact of using an improper scoreaynonly be
evaluated via some utility function which a forecaster aimg maximize. In
Section[6.4, we aim to demonstrate this by showing how RMS mdgad to
selection of an inferior model.

It is important to realize that deployment of a proper score des not ensure
that the best model is selected. For example, consider a casewhich the

forecasting model is perfect but the method used to construthe forecasting

densities is awed. Despite the model producing perfect emmble forecasts
the densities constructed from them will diverge from the tre density, simply
because the density construction is erroneous. If a properose is applied
to the (biased) forecasting densities it may fail to detecthat the model is
perfect. In other words, judged by the biased densities, theoper score may
“think' that it deals with an imperfect model.

In this work, the score of our choice is Ignorance [49, 115]orEcasting per-
formance in our applications is quanti ed by the expected Igorance de ned
as
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X

IGN = log,(pi (i) (2.16)

1
Ny
For simplicity, we will call the expected Ignorance simply dnorance from
now on. Ignorance is a proper score. It is also lacal score Locality is
another property of a score that means only the probability ssigned to the
veri cation y enters the scoring rule. An example of a non-local score isth
proper linear score, which involves an integral over the wlkeodomain of the

veri cation y.

Note that Ignorance is a score of our choice not only becaudds proper.
Another good reason of using Ignorance is that it has direcinks to other
information measures, i.e. Kullback-Leibler divergencend Shanon entropy.
We will study links between these measures in Sectién 13.3.

When comparing a forecasting performance of alternative rdels, the Rela-
tive Ignorance is a useful metric. Relative Ignorance is deed as

RIGN=I1GN 5, [IGNg (2.17)

whereA and B designate two alternative models being compared. In Relaé
Ignorance, modelB, a benchmark, de nes a zero skill reference forecast.
Model A outperforms model B if the relative Ignorance is negative,d. below
the zero line de ned by the reference forecast &. The lower the Relative
Ignorance, the better the modelA is relative to modelB.

In subsequent analyses, a climatological forecast is oftesed as the zero skill
reference. A forecasting model outperforms the climatologl reference if its
Ignorance is lower than that of the climatology, i.e. if Relave Ignorance of
a model is negative.
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2.4.3 Kernel dressing

Kernel dressing(KD) is a non-parametric method of turning ensemble fore-
casts into forecasting densities. For a given leadtime, thmethod utilizes
multiple ensemble forecasts to construct forecasting detiss. Kernel dress-
el b, 12k 1zbl e
procedure used to estimate a single density diven a sample from the un-
known “true' distribution p. Since KDE is a well-known method, and due to

ing is similar to kernel density estimation(KDE) [

the similarities between KD and KDE, we rst brie y describe a version of
KDE, which will help to describe the KD estimator.

is assumed to have properties of a PDF. There are di erent fors of kernel
functions EE}IS 129], a frequently used one being the Gaian kernel

K (t) = p12:e 2t (2.18)

The kernel density estimate is given by

X" X X j

p(x)= (2.19)

1
m
where is the bandwidth or a smoothing parameter. The core issue in the
kernel density estimation is how to set the bandwidth. The dgmal band-
width should be chosen so that the divergence of the estimagefrom the
true p is minimized, i.e. d(p;p) = kp pk, whered(p; p) is some measure of
the divergence. An obvious obstacle when minimizing(p; p) is that p is not
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known, i.e. the divergence cannot be measured. To deal withe problem,
a number of automated selection methods have been suggestetiuding
crossvalidation or plug-in selectorslﬂ.[lZESZ].

Similarly to the KDE, the kernel dressing deploys a linear aobination of
kernels centered at a data poink;, which in this case is an ensemble member
of an ensemble forecast = Xxi;:::; Xy produced by the forecasting model.
In its general form ], the KD forecasting density can be pressed as

XnKyax,-o

j=1

1
— (2.20)

p(yix; =f a00)=
wherey represents the veri cation, is a vector containing the parameters
f;a;og, is the bandwidth and the scaling parametera is designed to
rescale the ensemble forecast, while the o set parameteshifts the location
of the ensemble. In our applications, the kerné{ is chosen to be a Gaussian
kernel. We note thatp'is an estimate of the distribution of the system state
at a given leadtime.

Similarly to KDE, the issue in KD is how to set the parameterd ;a;0g.
Since the main goal of forecasting is to produce a useful foast, "usefulness’
being measured by a score, it is sensible to maximize the foasting score

X
argmaxs(p) =~ S(p (v)) (2.21)

i=1

with N being a number of ‘relevant' forecasts anfi( ) a score of a choice, in
our case Ignorance as given by EQ:Z]16.

The parameters ;a;o0 are set simultaneously using all ‘relevant' forecast-
veri cation pairs. The KD procedure is applied at each leadine, which
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means that the relevant forecasts-veri cation pairs are althose produced
(observed) at the given leadtime. As a consequence, thereasdi erent
parameter vector | at each leadtime.

Bins, Ensembles, Verifications, Densities

4+
3 -
2 bins
- ens
1| —<— verif
punter
or bookie
true
Ak e
2 F
0
Densities of forecasts
Figure 2.3: Forecast distributions (Gaussian-like curves) somewhat resem-

ble the true p (red Gaussian-like curve). The punter uses the (blue) ensehie
members to construct her estimate (blue Gaussian-like cur@) of the true p. The
bookie constructs his estimate (magenta) using climatoloigal approach with all
realized veri cations (red crosses joined with red line) béng included in his en-
sembles.

KD in the forecasting mode In the forecasting mode, a model produces a
forecasting ensemble, but the veri cations are not (just yet) available. To
construct a forecasting density for a given leadtimé, we simply use the
parameters | as obtained in training. To obtain the forecasting densitythe
parameter values are plugged into
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. 1 X +1;j
Bue 1 (YiX 1) = K aq Xerj O
m =1 |

(2.22)

where @ is a forecasting density constructed using an ensembig,, =
fXt+15 gy - X¢+1 IS @n ensemble generated by a model initialized at tinteto
produce a forecast for leadtimé.

Apart from the quality of the ensemble, there are two other fetors in u-
encing the quality of the KD forecasting density. The rst isthe number of
‘relevant forecast', i.e. the size of the forecast-veri ¢@n archive at a given
leadtime. The second is the size of the forecasting ensemble real-world
applications, both are often restricted in size, which is att that needs to be
appreciated when constructing the forecasting densitiesTlhe consequences
of these restrictions, as well as some properties of the KDtiegator, will be
discussed in Chaptef13.

2.4.4 Crossvalidation and subsampling

Although the score provides information about the forecastg performance
of a model, it may be useful to evaluate robustness of the imfoation. This is

often very useful when the forecast-veri cation archive iimited which may

lead to high sensitivity to outliers. In such cases, it is adgable to crossval-
idate the score. In fact, in this work we always perform crosalidation and

report quantiles of the crossvalidated scores.

For cases when the training set is small, i.e. Chaptél 4, we ais leave-
one-out type of crossvalidationlﬂﬂ] as k-fold crossvadition would not be
feasible. For larger training sets, such as for those used @hapter [g, the
2-fold crossvalidation is performed.
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2.5 Seasonal forecasting

SectionZ.Z.B has provided some preliminary rationale beldi the benchmark-
ing of forecasting models. Since in later chapters we willeis benchmarking
model to evaluate performance of seasonal weather fore@agtmodels, our
aim here is to provide some background on seasonal weatheetasting.

Weather forecasters aim to produce forecasts that are uskht both short

and long leadtimes. Long-term weather forecasts are of gteéaportance to

industries including agriculture, health, energy, insunace, and many others.
Take agriculture for example. Knowing 6 months ahead whethéhere will

be a cold summer, a farmer may decide what type of plants to sowOr

take insurance for example. Knowing 6 months ahead that therwill be
a cold summer in the Atlantic may provide crucial information about the

number of hurricanes during the hurricane season. A reliabforecast could
therefore decrease the expected costs, e.g. damaged ailifees, and lead to
a reduction in insurance premiums. In response to such dena=sn(and for
many other reasons) weather forecasting institutions arowl the world aim

to extend the usefulness of their forecasts to seasonal (up@nths), annual,
and even decadal time scales.

2.5.1 Seasonal forecasting and models

Seasonal weather forecasting is concerned with producimgydcasts at the
time scale of months, with 6 months horizon often being the deltime of
choice. Given that achieving a good forecast several dayseakl is a challenge,
can we expect a long term forecast to be useful? The argumeaont & useful
seasonal forecast is based on an important observation th&e conditions of
the lower boundary of the atmosphere tend to have a long menypi.e. are
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rather persistent and change only gradually. The lower bowlary conditions
include for example sea surface temperature (SST), soil reire, or snow
cover, and due to the persistence, they can be forecast at #nscales of weeks
or even months.

The SST plays a prominent part in seasonal forecasting. This because
the temperature changes in oceans surface layers have a puoid impact
on global weather conditions. Since changes in oceans prgai at a much
slower pace than changes in the atmosphere, the SST changesmedictable
at longer time scales making the long term weather forecadasible.

Since seasonal forecasting is concerned with both the ocemnwell as the
atmosphere, the modeling requires coupling of an ocean mbdath an at-

mospheric model. The resulting coupled model, also calletiet coupled
atmosphere-ocean general circulation model (AOGCM), is ¢ém used to pro-
duce global weather forecasts. To generate the forecast€ K& must rst be

initialized with some initial state of the atmosphere and ogan. The initial

state just represents a starting point from which the modeltarts integrating

equations for uid motion forward in time. The nal state of t his integration
represents a forecasted future state of the atmosphere (arean). For a more
detailed description of circulation models see, for exanmgl[158]

2.5.2 Long-term patterns and regions of importance

Throughout history, scientists have identi ed several chhate patterns that
have a profound impact on the global weather. The patterns armeasured
in terms of climate indices which include:

El-Nifno - Southern Oscillation (ENSO), a global pattern ofirregular
warming of sea surface (increase of SST)
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Maden - Julian Oscilation, an equatorial traveling patternof anomalous
rain

North Atlantic Oscillation - the di erence of normalized se level pres-
sure between the Azores and Iceland, with positive di eremcsignaling
stronger than average westerly winds over the middle latitles.

In terms of seasonal weather forecasting, the most importaolimate event
is the ENSO, the strength of which is measured by the Nino3.#dex. The
Nino3.4 index is the average sea surface temperature anoyntdken over a
region in the south paci ¢ within the box de ned by N:5.0, S:5.0, E:-120.0,
W:-170.0. The sea surface temperature (SST) in this regios important for
the El Nifo or La Nina climate events|[144]. The El Nino evers classi ed
if the 5-month moving average of the Nino3.4 index exceeds #0C. The La
Nifna event is classi ed if the Nino3.4 index is below -0.€.

Another important climate condition (not listed above) is the level of SST
in the so-called Main Development Region. The MDR is an areawering
mid latitudes of the Atlantic with the coordinates N:10.0, N20.0, W:20.0,
W:-80.0 and the sea surface temperature in this region plagscrucial role
for the hurricane formation in the Atlantic basin. Since huricanes have a
great potential to inict signi cant harm on US cities and energy facilities
located on and o the south-east US coast a good seasonal faast of SST
in MDR is crucial.

Due to the signi cant impact on weather and its impact on larg@ numbers
of people, as well as industries, we are interested in the kiyi of weather
models to provide useful weather forecasts in both the MDR dnNino3.4.
In Section[4.3 we evaluate and benchmark the ability of ENSERLES [152]
models to forecast the SST in the two regions.
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2.5.3 The ENSEMBLES models

The ENSEMBLES [36, 57, 152] is a 5-year program funded by theui®-

pean Commission, which aims to develop an ensemble predctisystem for
seasonal forecasting. The ensemble prediction system iséd on 5 state-
of-the-art coupled atmosphere-ocean circulation modelgveloped by major
European weather forecasting institutions. The models takg part in the

project include [31, 152]:

IFS/HOPE, a model operated by the European Centre for Medium
Range Weather Forecast (ECMWF)

ARPEGE/OPA, operated by Meteo-France
GloSea, DePreSys$C, both operated by UK Met O ce
ECHAM5/OM1, operated by IfM-GEOMAR Kiel

MF, operated by Euro-Mediterranean Centre for Climate Chage

The ENSEMBLES models were used to generate hind-casts (foasts of
past observations) at seasonal-to-annual horizons. Thenli-casts consist
of nine-member ensembles. The initial states of the atmospte (and the
veri cations) are taken from the ERA-40 reanalysis [E5]a dataset consisting
of global atmosphere and surface conditions over the period 1957 - 2002
constructed by the ECMWF.

The ENSEMBLES models were used to generate forecasts ovee theriod
of 1960 to 2001. There were 4 dierent forecast initializatins: February,
May, August, and November. The February, May, and August inializa-
tions yielded 7-months-ahead forecasts, while the Novembmitialization

forecasted 14 months ahead.
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The models used in ENSEMBLES are high-resolution Global Ciualation
Models (GCM). All the involved models are expensive to buildcomplex
to deploy, and require large computational resources, oftesupercomputers.
The cost of construction and operation in terms of both the hman and com-
putational resource, is considerably large. The size of thevested resources
is expected to be outweighed by the forecasting performance

The forecasts produced by the ENSEMBLES models represent axample of
a periodically forced system. In fact, all the geophysicalrpcesses on Earth
are of this kind. In the periodically driven systems we are iking at phases
and periods, which translates to seasonalities in the statical sense.

In this thesis, we will re-evaluate the ENSEMBLES models usy Kernel
dressing and Ignorance (see Chaptéi 3) and benchmark theieriormance
using our proprietary benchmark suggested and described @hapter[4.

2.5.4 Multi-model ensembles in seasonal forecasting

In seasonal forecasting, a multi-model ensemble (MME) is ambination
of ensembles of individual forecasting models, often used improve the
forecasting skill of ensemble forecasts. MME accounts foneertainties due
to misspeci cation (systematic model errors) of individuamodels [151] by
reducing overcon dence of the individual ensembles. In péular, since
the multi-model combines ensembles of several models, tlesulting grand-
ensemble has larger spread than any of the individual enselet Ensembles
with larger spread are then more likely to capture a veri cabn and hence
improve the skill of the ensemble forecast. Indeed, it has & shown that a
multi-model ensemble outperform the skill of individual mdels as measured
by Brier score, ROC statistics, and RMSE|[30, 73].
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In [152], the skill of the ENSEMBLES models was evaluated ugj a multi-

model ensemble (MME). The MME was constructed by combiningneembles
of all ve ENSEMBLES models, where the individual ensemblesere equally
weighted (seel[30, 73] for other weighting approaches). lhet Nino3 region,
at all leadtimes, the MME achieved substantially smaller RNSE when com-
pared to the individual models. It was also shown, that the ESEMBLES

MME signi cantly outperformed the MME of the previous generation mod-

els, DEMETER [104], as evaluated by Brier skill score, RMSEBnd Anomaly
correlation.

While MME is a useful concept, the improved skill due to incrased spread
of an ensemble comes at the cost of diluted performance whemiadividual
model actually captures the veri cation. Consider that oneof the individual
models has a small spread but also a very small bias; this mbdknost always
captures a veri cation and does so with a high precision, i.anany ensemble
members will be very close to the veri cation. When comparimp the MME
with the small-spread/small-bias model, the MME might not autperform the
model. While both the MME and the individual model will almog always
capture the veri cation, the precision of the MME will suer. Due to its
large spread, the MME will have many ensemble members far anéom the
veri cation.

The MME is not the only way of improving performance of ensentb fore-
casts. In Sectior Z.1]2 we mentioned forecast post-progegs a part of the
forecasting framework concerned with bias removal. Biasmeval may also
involve in ation of an ensemble spread. Indeed, in SectidnZZ3 we discussed
Kernel dressing (KD), which is designed to produce forecast) densities that
account for model error by implicitly increasing an ensembélspread. When
forecast skill is evaluated via KD, the MME may not yield a sigi cant advan-
tage over individual models, simply because in KD the spreaaf individual
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ensembles are already large enough. It is therefore impantao note that
while MME may be helpful in some evaluation approaches, in logrs, i.e.
Kernel dressing, it may not yield additional value.

2.5.5 Benchmark models and their value

Since an absolute value of a score is not very informative rézast evaluation
should be performed in relative terms. A forecaster is mordten interested in
which model generates a “better' forecast rather than whas ian exact value
of a score. Relative performance evaluation gives a much testperspective
of a model's forecasting performance. A benchmarking modsla useful tool
when evaluating the relative performance of a forecastingadel as it de nes
a zero skill which a forecasting model is expected to outperm.

A good benchmarking model should possess several propeatti€irst of all
it should be robust so that it sets a clear and understandablperformance
threshold that would distinguish a good model from a bad one.lt also
should be easy to operate since investing a lot of time and etojust to

run a benchmark model is not e cient. Finally, it should be smple. If a
forecasting model is unable to beat a simple model, it is nosaful and should
be abandoned.

In probabilistic forecasting, the obvious choice for a behmark is climatol-
ogy. Indeed we use unconditional and conditional climatolly benchmarks
throughout this work. Although climatologies are natural tioices for a bench-
mark, we can use more complex benchmarks. Simple statisticaodels with
a better forecasting performance when compared to climatgly can be con-
structed and contrasted with more complex forecasting motse In Chapter[4
we use a version of a nearest neighbor model to provide a bemetik to state-
of-the-art seasonal weather forecasting models of the ENMBLES project.
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We note that at the time of the experiment, due to technical isues within
our database infrastructure, forecasts of only 4 ENSEMBLE®odels were
available. Hence the benchmarking results presented belexclude the MF
model operated by the Euro-Mediterranean Centre for Climat Change. We
note, however, that the goal of the exercise is to show usefaks of our
benchmarking model, for which purpose, we believe, the foBNSEMBLES
models represent a su cient sample.

2.6 Correcting a model error

In practice, forecasting models are always an imperfect mgsentation of re-
ality. Consequently, forecasts produced by a model always er from errors

that stem from the model imperfections. The model error presice applies
to both stochastic as well as deterministic models. Stochas forecasting
models are almost always built using noisy data, and henceeaprone to
over- tting [32) 56, 141]. Both dynamic and parametric stolastic models
are subject to model mis-speci cation. In addition the dynanic models are
exposed to an error due to assimilation procedure [137], aogedure used to
estimate the current state of a system.

The main impact of model error on the quality of a forecast is ostly due to
model integration, as an arbitrarily small initial error accumulates at each
integration step. While the sources of the error may di er inboth statistical
and dynamical systems, the error propagation and accumulah has the same
consequence - degradation of forecast utility.

Reducing the impact of model error inevitably leads to an impved forecast.
Bias correction has therefore become an important part of fecast post-
processing in many elds. In Chapte.6 we suggest an iteraBvmethod of
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error correction and contrast it with an alternative methodintroduced in [60].

2.6.1 Systematic part of a model error

A necessary condition for any error correction procedure tioe successful is
that an error in a forecast contains a systematic part. Shodlforecasting
error be purely random, any systematic approach to limitinghe error would
inevitably fail. The good news is that in practice, forecastindeed contain
systematic parts of an error; often the systematic part is deto the model
error. For example, in the case of model error due to misspeaiion, a
model will be “incorrect' in a similar way each time a similamitial condition
re-occurs. The same applies to the over tting. A stochastienodel will be
incorrect in a similar way each time its prediction starts fom a similar initial
state.

If it were possible to detect a pattern of forecast imperferns, it should also
be possible to either link the imperfections back to the motl@nd correct
the model error, or to build a correcting layer that would, atleast to some
extent, correct the imperfections and improve the forecast Linking the
imperfections back to a model may often prove dicult. For laage models
consisting of hundreds or thousands of equations, it mightebvery di cult to
exactly pinpoint the source of the error. Constructing a caecting layer on
top of the forecasting model seems more pragmatic. In Chapt@ we build
on the idea of a correcting layer, and construct a two-stageqcedure, which
substantially reduces the forecasting error of a rst-stag model.
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2.6.2 lIterative vs. direct predictors

The accumulation of a forecasting error over a long horizorosely relates
to the type of forecasting approach. A frequent forecastingpproach is to
use an iterative model, where a predictor with a short foresting horizon is
constructed and then iterated to build a forecast over a lorgg horizon. An
alternative approach is to build a “direct' predictor, i.e.a forecasting model
with a forecasting horizon long enough to obtain a long ternofecast with
only a single iteration.

In both approaches, the forecasting error grows with eacheitation as the

forecasting model propagates both the system state and theontel error.

It has been shown|[38], that under some conditions, the itdrge approach

achieves a lower forecasting error. However, in cases whtre forecasting

model is imperfect and the data are noisy, the conditions am@ot met and

the theoretical result does not hold. In such cases, the dateapproach seems
to be a better choice as it undergoes only a single iteratiomad hence the
ampli cation of a model error is smaller.

The problem with direct predictors is that they are often di cult to con-
struct. Iterative predictors are therefore of interest. Casequently, methods
involving forecast corrections can be very useful.

2.6.3 Correction models

Correction models may take a number of forms. A frequently ed class of
error correction models is based on a two-stage approach,ewh in the rst
stage a predictor is used to generate a forecast and then ireteecond stage, a
corrector is applied to correct the forecast. Typically, tk rst stage produces
a forecast over the whole forecasting horizon. The correctis applied only
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after the complete forecast has been generated. This appcbavas used to
develop the corrector [60], which has been been succesdfin producing
longer-term forecasts when contrasted with a single-stageocedure.

Regarding the modeling approach, it is intuitive to designarrection models
as stochastic. Dynamic correctors may be constructed, buinse knowing
the dynamics of the model error implies that we know where th@ynamics of
the rst stage model is wrong, rather than constructing sucha corrector we
could simply improve the model. Also, constructing a dynaruicorrector for
stochastic models does not make sense. Knowing the dynanmiéghe error
implies that we have some knowledge about the dynamics of thlsystem.
Consequently, a stochastic model of the system could and sitw be replaced
by a dynamic model with a stochastic corrector.

By de nition, correction models can be successful only in thpresence of sys-
tematic errors. The larger the systematic error, the morekKely a correction
model is to succeed in reducing it. Consequently, in cases evhthe rst-
stage model is a good predictor the correction model is nokdily to further
improve the forecasting performance.

An advantage of a corrector is that if the rst stage model dognot su er large

systematic errors, the corrector does not degrade the rstage forecast, i.e.
“it does not make things worse'. Given its stochastic natursee Section 2.613)
the correction model estimates the expected value of the &masting error,
which is zero in the absence of systematic errors. The secaidge therefore
does not alter the rst stage forecasts if they are already ogd'.

Our method presented in Chaptef6 is constructed as a two-gfa procedure
but with an important feature that makes it distinct from oth er two-stage
procedures. The corrector we present works on an iterativagis. This means
that the corrector is applied after each iteration of the rg stage model. In
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our method, the corrected single step forecast serves as an input into the
next iteration of the rst stage model.

2.6.4 Applications and limitations of correction mod-
els

Although in general correction models may be applied to botlow-dimensional
and high-dimensional models we note that our approach hasse limitations
when applied to a high-dimensional setting. Recall that thé&erative nature
of our approach requires a correction to be made after eachiagration of the
rst stage model, so that the "corrected' rst stage forecascan be input into
the next model integration. In other words, if there areTl integration steps
of the rst stage model, there also must bel corrections, giving the total
amount of “operations' as Z. For non-iterative correctors that are applied
only after all integrations of the rst stage model have beemperformed, the
total number of operations is simplyT +1, T for rst stage integrations and
one for the single round of forecast correction.

The obvious drawback of the iterative approach is that moreperations take
more time. Given nite computational resources this may led to limita-
tions in the length of the predicted horizon. In reality, hovever, the severity
of the limitation depends on the complexity of the correctio model. Since
correction models are often stochastic, their executionntie is typically mod-
erate when compared with the integration step of a large seatleterministic
model. Thus ‘simple' correction models with moderate exeon time still
may be applicable to high-dimensional systems. Non-iteiige correctors do
not impose any limitations on the rst stage, since they are @plied only
once.

In this work, we apply the iterative approach to low-dimensinal systems
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only. This is mainly because we do not have any high-dimens@ model
available. We note that operating a high-dimensional detetinistic model is
a research task in its own right and is beyond the scope of thigork.

Regarding applications in the low-dimensional setting, tbre are a number
of potential applications in elds such as economics, nare; transport, but

also physics. For example, our approach can be applied to lalimensional
convection models, e.g. Lorenz systems [81/| 83], rotatingralus [111, 161],
but also to models of in ation, stock prices, or transport pak predictions.
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Properties of Kernel Dressing

In this chapter we aim to derive and illustrate some of the prperties of Kernel
Dressing (KD » ,EB], a method used to construct and evalteaforecasting
156] described in Sectign Z14.3. We also stube properties

d:l'S] (see Sectibn 24.2) when deployedhimitkD.

densities

of Ignorance

We rst show that Kernel Dressing substantially diers from the Kernel
Density Estimation ,,9], an important observatiorthat has often
been overlooked. We then provide a description of the KD prepties and
describe the role of Ignorance within KDHMBW]. Wedtilight the
importance of treating KD as a standalone estimator and arguthat the
(desirable) properties of Ignorance do not ensure a high-aity forecastin
density. We also show that under a perfect model scenario, NF5) [133]
Ignorance minimization within the KD implicitly minimizes the Kullback-

Leibler divergence.

In Section[3.2 we demonstrate the behavior of KD numericalligoth under
the PMS and outside it. We study the convergence of the KD estiator and
demonstrate the impact of the ensemble size on the quality afforecasting
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density. We also discuss the impact of the size of the foretiag archive and
look at the potential trade-o between size of the archive athensemble sizes.

In Section[3.3 we show important links between Ignorance arather well-

established information measures, i.e. Shannon's entroﬁiZfIl{lZAS] and
Kullback-Leibler divenceE4B5]. In particular, we siw that Ignorance

under Kelly betting [72] leads to optimal betting. By settirg the Ignorance

within the broader context of Information theory, we aim to cemonstrate its
relevance as a measure for probabilistic forecasting.

In this chapter, the following are new contributions:

clarifying the distinctions of KD and KDE
disentangling Ignorance and the KD framework
showing that, under PMS, properties of KDE are applicable t&KD

novel analysis of numerical properties of KD under PMS and pect
ensembles

new analysis of numerical properties of KD under IMS

novel analysis of numerical properties of KD under varyingnsemble
size

demonstrating that increased archive size leads to more nadt esti-
mates, but does not reduce IGN/KL-divergence

clarifying analogy of the Ignorance, KL-divergence, and &hnon's en-
tropy under the Kelly betting framework
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3.1 Contrasting Kernel Dressing

In this section, we describe the basic framework to be used studying the
P
which will enable us to demonstrate how the forecasting detiss converge
to the system density. We also comment on di erences betwedfD and
the pseudo-likelihood based KDE|B9]. Although the derence between
the two might seem super cial, we argue that the two approads di er sub-

properties of KD @]. In particular, we describe the PMS soario

stantially. Finally, we derive an analytical result showirg that the Ignorance
deployed within the KD approach implicitly leads to minimization of the
KL-divergence.

3.1.1 Perfect model testbed

In Section[2Z.1.2 we have classi ed an evaluation method as arficular stage
of a forecasting framework. We have also argued that all stag of the fore-
casting framework must perform well in order to obtain a goodorecast.
A good performance of the evaluation method is of particulamportance.
Should the evaluation be unreliable, it would be impossibléo determine
if poor forecast quality is due to the model, observation eors, or awed
evaluation.

The evaluation method of our choice is Kernel Dressing; hovart we assess
the quality of KD? We can assess KD quality by studying bias irPMS
with a perfect initial condition ensemble. We argue that if KD is unbiased
under PMS, it can be considered an appropriate evaluation ried. Our
rationale for this approach is as follows. When discussingMs and IMS
in Section[2.1.8, we stated that all real-world data exeras fall under IMS.
We have also said that under IMS, the forecasting model alwsyproduces
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an imperfect forecast. Considering a forecasting framewowith a awed
evaluation method, one cannot rule out the evaluation methibbeing a reason
behind the forecast imperfection; under IMS the forecastindistributions are
imperfect, whether KD is awed or not. However, under the PMS$the system
and the model coincide as there is no model error involved, e only in PMS
are aws in the evaluation method detectable.

To test KD, we combine PMS with a perfect ensemble (PE) (see 8®n[2.1.3).
Under the PMS/PE environment, we expect the model's ensendimembers
to be distributed in the same way as the system states. Assumgithe model's
forecasting density igp(x) and the states (veri cations) produced by the sys-
tems are distributed according tog(x), we expect the model distribution to
converge to the system, i.e.

lim () = a(x) (3.1)

where N denotes number of samples (ensemble members). We note, how-
ever, that the forecasting model merely produces ensembleembers; the
forecasting distribution is yet to be obtained via KD. The KDtherefore pro-
vides estimates,p{, of the model's forecasting distributionpy. For KD to

be considered a good evaluation method, the estimapg 4nust converge to

pn , Which in turn converges to the system distributiong as shown in EqE31L.
So we can write that

n|!ilm Pn(X) = pn(X) (3.2)

Should KD fail to meet Requirement3.R, it would be considedea biased
evaluation method.
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In Sections[3.1.B and3]2, we present numerical results shogvthat KD is
indeed a good estimator under PMS/PE. The analyses are examed in two
di erent settings. In the rst, the model and system are simgy Gaussian
distributions. In the second, we choose the model and the s to be the
logistic map ELJL]

Xer1 = X1 Xy): (3.3)

In the Gaussian setting, there is no speci ¢ rule for obtaimg the initial con-
ditions. To produce the ensemble forecast, we sampe ensemble members
from the inverse of the assumed noise modm[ss]. To obtainriveations,
we sample once from the same Gaussian distribution. For thec®nd case,

support of the logistic mapx 2 (0;1). We then iterate the initial conditions
with the logistic map | times yielding a leadtimel ensemble forecast. To
generate the veri cation, we repeat the same process with lgna single ini-
tial condition. In both cases the procedure is performed times giving N
di erent ensemble forecasts or forecast initializations.

The quality of the KD densities is measured by the closenesktie forecasting
density to the system climatology. The metrics used are Ignance and the
KL-divergence.

3.1.2 Distinguishing Kernel dressing and Kernel den-

sity Estimation

Looking at Equation[2.19 it may seem that KD and KDE are almosidentical.
The two concepts di er substantially, however, both in ther assumptions
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and in the way their parameters are determined. We repeat s@mof the

di erences cited in mi] but also add new important items tohe list.

(1)

(2)

3)

(4)

(5)

(6)

Probably the most important di erence is that KDE assumes that the
samples used to construct the density estimate are drawn frothe
target density. KD does not.

Since the samples in KDE are drawn from the target densit)KDE is
expected to provide an asymptotically unbiased estimate.nlKD, we
never expect to obtain an asymptotically unbiased estimatas there is
no ‘target' density.

In KDE, we have number of samples from the target densityhile in
KD we only have one - the veri cation.

If pseudo-likelihood is deployed to estimate the KDE badwidth, the
likelihood is maximized over the whole sample. In KD with Igarance
being used as a measure, we only minimize the Ignorance at agé
point (the locality property of Ignorance).

The Ignorance in KD is minimized over many distincforecast-veri cation
pairs. In fact, we have an ensemble forecast and related veation at
each forecasted timé. The forecasts and the veri cations may or may
not be independent. Except for special cases, the distribahs at the
di erent times t are expected to be independentin KDE there are
no independent distributions across di erent timeg; in fact the time
dimension is not relevant at all, i.e. in KD samples are assiwed to be
obtained at a single timet.

The o set parameter in KD is meant to remove a potential bas of a
forecasting model, i.e. KD expects to encounter biases andplicitly
removes them.
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(7) The forecasting density coming out of the KD is often a mixire of the
model density, and the climatological distribution. This relates to point
(2) above in the sense that there is no target density. Alsojrge the
“target' density of KDE is replaced by a mixture of model andystem
distributions, we cannot use the concept of unbiasedness.

(8) All the KD parameters are determined simultaneously sohtat the
choice of bandwidth cannot be separated from the o seto or the
blending parameter .

To our knowledge, the items (2), (4), (5), and (7) are new.

3.1.3 Ignorance as a minimizer of Kullback-Leibler di-
vergence

Ignorance is often a measure of choice when KD is used. Theiavéd been
several e orts E}l,@,mﬂ to show some of the important prerties of
Ignorance. In this section we aim for another contributionas we argue that
under some assumptions Ignorance is an unbiased estimator Kullback-
Leibler (KL) divergence [74]

X k
D (k= p(k)log%: (3.4)

wherep and q are two possibly di erent densities.

To show this, we use a simple trick. If we can show that under s@ assump-
tions KD becomes equivalent to a pseudo-likelihood based EDwe can then
show that minimizing Ignorance leads to minimization of KLdivergence. We
adopt two assumptions:
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1. PMS, i.e. the forecasting model is identical to the system
2. PE, i.e. the initial conditions have the same underlyingidtribution as

the veri cations (see Sectiori 2.112).

Recall that the in-sample forecasting density at a given timt and a given
veri cation point vy, is

xn .
B (yt) = ni Kk St (3.5)
i=1
Substituting in Eq: 218 and dropping the notation we get
1 X
IGN = E[y log 3 ()] (3.6)
t=1
= EL, logp(y)] (3.7)
= E  p(y)logp(y)dy (3.8)
Z
= E [( p(y)logp(y) + p(y)logp(y)) p(y)logp(y)ldy (3.9)
Z
= E [Dw (pkp)] plogpdy (3.10)

which shows that minimiza&ion of Ignorance implicitly minmizes KL dis-
tance, up to the constant plogp. Assuming the above along with un-
bounded support forp and K (), while increasing the ensemble size and
number of forecast-veri cation pairs, asymptotically leas to

Z Z
E [DkwL (pkp)] = plogp+ plogp (3.11)
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where the rst element on the right hand side representsross-entropyand
the second representgntropy. If the two distributions coincide, p = §, the
Kullback-Leibler divergence reduces to zero.

Eq:[3.11 has important consequences. It says minimum Ignoize is obtained
as the KL-divergence of the forecasting densify @nd the system distribution
p. This implicitly suggests that under the PMS/PE scenario, he forecast-
ing densities will approach the system densityUnder PMS/PE, we have a
model which coincides with the system, hence the model geatd states
that (in the limit) have an identical distribution to those produced by the
system. The only di erence between the model and system deétysas mea-
sured by Ignorance will be due to the (small) sample size ofdlensemble and
veri cations. As we increase the ensemble size to in nity ah compare en-
sembles with veri cations over an in nite horizon, two things happen. First,
the small sample distribution of the ensemble will approacthe underlying
distribution of the model and the small sample distributionof veri cations
will approach the system distribution. Since we deal with a @rfect model,
in the limit the two distributions must coincide, i.e. the Kullback-Leibler
divergence will reach its minimum (de ned by the value of embpy plogp).
This result is indeed evidenced by the numerical analysis Bection[3.2.1L.

3.2 Numerical analysis of Kernel Dressing prop-
erties

Recent works regarding Ignorance have focused on the projes of the mea-

sure [115]1[48].[14] [15]. One important output of this resezn was that Ig-

norance was shown to be a proper score, i.e. it has the ability distinguish
a perfect model forecast from an imperfect model forecast.otever, using
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Ignorance in an evaluation procedure does not guarantee tithe best model
will be selected. This is because the Ignorance deals withndéies that are
constructed via some density construction method, KD in oucase. In fact,
it is both the KD and the scoring rule that impact on the quality of the
forecasting density and consequently the model selectioim this section, we
study properties of KD using Ignorance as a measure.

The following analyses will rely on both the perfect and impéct model
scenarios, with a perfect ensemble also having a role (seetfea 2.1.3). We
aim to show that KD is an unbiased estimator. It is only possile to show
this under PMS. Since, in the real world, forecasting is alwa under IMS,
we will also be looking at KD properties outside PMS. In botheenarios, we
use simple Gaussian settings. To see KD behavior under a ma@mplex
setting, we also include analyses using the logistic map.

3.2.1 Convergence in perfect model scenario

We utilize the test-bed described in Section 3.1.1 to show merically that
under a PMS/PE scenario, the KD evaluation method yields facasting
densities that converge toward the target density.

We begin by showing a numerical example supporting our clainm Sec-
tion B.Z1. We use the Gaussian PMS described in Section: 3 with =0
and =1 and produce 2,048 forecasting densities by minimizing igrance
within KD. Since we operate under PMS, the o seto and scalea param-
eters become irrelevant. In Figi-3]1 we show values of Ignace and the
KL-divergence plotted against the bandwidth parameters for a model with
an ensemble size dfl = 512. For this particular archive of 2,048 ensemble-
veri cation pairs, the value of gy that minimizes Ignorance is equal to the
value of . that minimizes the KL-divergence.
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Figure 3.1: Ignorance minimizes KL-divergence (PMS): Ignorance as a function
of the parameter (top) calculated for a particular sample for a model with 512 ensemble
members. The minimum value of Ignorance (green line) coincies with the minimum of
the KL-divergence (bottom) at the value of =0:18.

The numerical result in Fig:[3.1 supports our previous clainbut only with a
single archive. To obtain a more robust result, we generat8 such archives
using the PMS test-bed. For each archive we locategy and . and plot
them in Fig: [3.3. Although across di erent archives the optnal bandwidths
may vary signi cantly, within a given archive the gy (green) and ¢, (red)
are frequently close or very similar.

The values of the gy (green) and . are only expected to be equal asymp-
totically. In small archives with forecasts of limited ens@ble size, they are
expected to be close but not necessarily equal. Increasirgetensemble size
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Figure 3.2: Resampled parameters for IGN/KL:

Bootstraped parameter values (ensemble size = 512)
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For 128 samples, the kernel width

minimizing KL-divergence (red crosses) is centered closghround 0.35. The that min-

imizes Ignorance (green dots) oscillates around the same ke, supporting the suggestion

that minimization of Ignorance implicitly leads to minimiz ation of KL-divergence.
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Figure 3.3: Resampled parameters for IGN/KL:
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A di erent view of the result in

FigB:3. For each ensemble size, we plot all 128 samples ominimizing both the Ignorance

(blue) and KL-divergence (red). As the ensemble size increses the two sets of converge.
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should cause the distance between the bandwidths to decreadn Fig: [3.3
we reproduce the exercise for 8 di erent ensemble sizes whkeeping the
size of the archive constant at 2,048 forecasts. The enseebize is doubled
every time, beginning with 16 and ending up with an ensembleze of 2,048
ensemble members. As in Fig:3.1, we generate 128 archivesefch ensem-
ble size and plotf gy ; kL g and their medians. We see that with small
ensemble sizes the medians of the two bandwidths are rathar fapart. As

the ensemble size increases, they become closer, indigatime minimum of

the Ignorance function is found in the same part of the paranher space as
the minimum of the KL-divergence.

Figure 3.4: Gaussian PMS: The model (magenta dashed) as well as the system (black)
are N (0; 1) distributions. Both KD probabilities (blue dots) and the ir average (green dots)
over 128 samples converge to the system distribution as thensemble size increases.
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Another e ect to observe in Fig:[3.3 is that both the bandwidhs decrease
when the ensemble size is increased. The intuition behindishis that a larger
ensemble leads to a forecast with “better probabilities'In other words, a
larger ensemble is equivalent to a larger sample, and a largample always
provides a better description of the distribution it comesrbm. A consequence
of having more ensembles is that the kernel dressing proceellcan form
sharper kernels, i.e. the optimal bandwidth of the kernelsdzome smaller.
Contrarily, for small ensembles the optimal bandwidth mustbe larger to
compensate for areas that are not well covered by ensemblemfiers. Having
plenty of ensemble members therefore means that the kerngiay be sharper,
hence the narrower bandwidth.

Since we have numerically shown that under the Gaussian PMSE, the

Ignorance minimizes KL-divergence, we can move on to look tite actual
forecasting densities produced by KD. We show the 128 foretiag densities
(blue) in Fig: 8.4 along with their median (green) and the syem (black) and
model (magenta) PDFs for 4 di erent ensemble sizes. For themll ensemble
size of 16 members, the forecast densities do not estimate thystem density
well. For 2,048 ensemble members, we obtain a much better uks the

densities converge toward the system as we increase the emde size.

For completeness we show bias and variance of the 128 foréxas a function
of ensemble size in Fig—3]5. The result just con rms the ndig pictured in
Fig: 3.4 that both bias and variance decrease with the ensetabsize. Note
that the bias is calculated as the expected value of the di ence of the
“average' density (green) from the true system distributio (black).

What is the behavior of KL-divergence and Ignorance duringonivergence?
In Fig: B.8 we plot values of both as a function of an increasgrensemble size.
We also plot Ignorance/KL-divergence calculated using theystem density
(black line); this de nes the maximum skill level. In the cas of the KL-
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Figure 3.5: Bias and variance in PMS:  Both bias (red) and variance (blue) quickly
decay as the ensemble size (the horizontal axis) increaseblote that bias is measured as
the expected value of the distance between the green and thddzk lines of Fig[3.4.

divergence, the maximum skill is reached at zero, since whéme model
distribution is equal to the system, the KL-divergence is ze. Values of
both metrics decrease as the larger ensembles provide beftaecasts. The
median KL-divergence (red) is very close to zero when the emsble size is
2,048, signaling that the (median) forecasting density isevy close to the
system. The (median) Ignorance (blue) also decreases, altlyh at a slower
pace. As the number of ensemble members increases, the minimumagance
of the model must become the same as that of the system. UndeviB (and

in the limit) the Ignorance reduces to the entropy of the disibution (see
Eq[3.9). This is why the Ignorance of the system (black horintal line) is

located at a value of 2.047 Bits, the entropy oN (0; 1) distribution.

We have shown KD properties in simple settings using a Gauasi distri-

bution and now shift our attention to a more complex setting;we use the
logistic map under PMS/PE. The purpose of this example is to con rm and
demonstrate that even for complex multimodal densities, wean observe the
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Figure 3.6: Ignorance and KL distance in PMS: Under PMS, increasing the size
of an ensemble brings the forecasting density produced by keel dressing closer to the
system density. The 128 sample average of KL-divergence (@eline) converges to zero,
while the ignorance (blue line) approaches the ignorance dhined by using probabilities
assigned by the system itself, i.e. the system de nes a zerdki reference (black line).

convergence between the model and the systeifig: [3.41 shows 128 forecast-
ing densities for the same ensemble sizes as in Fig] 3Eken in this much
more complex exampleKD with Ignorance minimization leads to improved
forecasts as the ensemble size increases. The Ignorance léhdlivergence
plotted in Fig: show substantial reduction in both metrcs, with KL-
divergence being reduced signi cantly but saturating at a an-zero level with
an ensemble size of 2,048 he complexity/multimodality of the logistic map
density is the most likely reason that the KL-divergence isnevented from
coming closer to the zero line; the convergence is much slowden compared
to the normal distribution example. This is because the abpt changes in
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density (multiple modes) are more di cult to approximate than the smooth
uni-modal density of N (0; 1). Much larger ensembles would be required to
see the full convergence. With more ensemble members the tplé modes
would be better covered, kernels would require smaller banaith and hence
the description of the distribution would be more detailed.

The two examples presented here are strictly within the PMS/E scenario.
Outside PMS/PE there will be no convergence as the system tibution is
completely di erent from the model distribution. It is only under the PM-
S/PE where the properties of the KD can be studied and appreatied; outside
the PMS/PE there is no target distribution, hence no absolut measure of
‘goodness'. This is, of course, a consequence of the bagit & forecasting:
the system is not known and if it was, we would not need to forast its
future states, they would just be calculated.

3.2.2 Archive size and archive-ensemble size tradeo

In terms of data, the forecast quality depends on two factorghe size of the
forecast-veri cation archive and the size of the ensembléJsing the Gaussian
PMS/PE scenario (Section"3.Z]1), we have demonstrated thacreasing an
ensemble size has a positive impact on the forecast qualitg eneasured by
both the Ignorance and the KL-divergence. Intuitively, we nght speculate
that increasing the size of the archive would also lead to impved forecasts.
So what size should an archive be to obtain robust forecasgirperformance?

Fig: 3.9 shows several experiments where the ensemble sizexéd at M =

2; 048, while the size of an archive is doubled for each experimheThe Ig-
norance is then plotted as a function of the ensemble size araks before,
we generate 128 samples for each archive size. The mediarotgnce value
(green) shows that whenM = 2;048, increasing the archive size only leads
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Figure 3.7: Logistic map PMS:  The mean (green) of 128 estimates (blue) gradually
converges to the underlying density of the Logistic map (bl&dk) as ensemble size is in-
creased. Pseudo-likelihood type of kernel density estimain was used to construct the
underlying density. The climatology and the forecasts wereobtained by iterating the set
of initial conditions using the Logistic map 1,000 times.

to a small reduction in the Ignorance. The Ignorance decreased by about
0:1 Bits, which accounts for about a 10% improvement in forecisg perfor-
mance (a decrease of 1 Bit leads to doubling of a performanc@)he main
observation is that the variance of the Ignorance sample ilng reduced as
we increase the archive size. This suggests that the size loé archive mainly
a ects the e ciency of the forecast.

In Fig: B.I0, we repeat the experiment for di erent ensemblsizes; Fig{3.p
is plotted in the last panel. There are two pieces of informain captured
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Figure 3.8: Ignorance of Logistic map PMS: Similarly to Gaussian PMS, both the
Ignorance and the KL-divergence decrease signi cantly wih the size of ensemble. Due
to the large second derivative of the underlying density, tre KL-divergence is rather high
at small ensemble sizes when compared to the Gaussian casehel maximum skill level
is de ned by the system density, similarly to Fig The maximum skill in terms of
Ignorance is -0.8, and zero for the KL-divergence.

by the Figure. First, the suggestion that the archive size dces variance
signi cantly, while the Ignorance only marginally, holds br all ensemble sizes.
Second, the notion that the ensemble size has a greater impan the forecast
quality than the size of the archive is also conrmed. To seehts, we can
compare the rst and the last panels. The Ignorance is lower in the last
panel with the larger archive size of 2,048. In fact, the Igmance seems to
be decreasing across all the panels; however, we have notistigzally tested
the signi cance of the decreases. As noted above, the de@ean Ignorance
as a result of larger archive size is only small; statisticésting did not seem
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Figure 3.9: Increasing the archive: For the ensemble size of 16 members, the size
of forecast-veri cation pairs is gradually increased (dowbled at each step). For a given
archive size Ignorance values are calculated using 128 satap. For small archive sizes,
e.g. 16, the Ignorance values are widely dispersed. Incraag the archive size produces
more stable estimates. The median value (green line) of thegnorance also decrease, as
the archive size increases.

necessary as it would at best conrm a signi cant but “small'reduction.

Given a constrained computational resource, it seems thanansemble of
512 members and archive size of 1,024 forecast-veri catipairs produce a
good forecast in this particular case.

The conclusion suggested by the numerical results is thatdreasing an en-
semble size is more bene cial in terms of the forecast quglithan the size of
the archive. That is not to say that size of the archive is unimportant since
clearly a larger archive leads to a greater e ciency. In realorld applica-
tions, however, the archive size is limited, while the ensdxe size may often
be increased at a given computational cost.
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Figure 3.10: Increasing the archive:  Each block shows same information as Fig—3]9
but for a di erent ensemble size. A given block represents a igen ensemble size stated on
the x-axis. Within a block there are 9 di erent archive sizes and for each size 128 samples
are generated and evaluated by Ignorance.

3.2.3 Kernel Dressing outside perfect model scenario

Section[3.Z.1l provided some insight regarding the propezti and behavior
of KD under PMS/PE. To complete the picture, we brie y investigate its
behavior outside PMS.

Considering the previous setting, a good starting point fotMS could be set-
ting the model to beN (0; 1) while the system isN (0; 2). The idea is to study
a situation in which the model is underdispersive and prodes ensembles
that are too tight. Fig: B11 shows that KD has no problem comgnsating
for the larger variance in the system. KD simply increases ¢hbandwidth
Even for small ensemble sizes, the forecasting densitiesning out of
KD are very close to the system and far from the model distritiion. Also,
the variability is much smaller when compared to the PMS/PE eenario in
Fig: B4. When the ensemble size is 512 members, the foresamte tightly
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