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Abstract

The analysis of spatio-temporal data and the physical understanding of the systems generating them are often
limited by the available techniques. These limitations are especially evident in nucleate boiling. This paper investigates
the analysis of a sequence of temperature fields obtained from a pool nucleate boiling experiment. Spatio-temporal data
for the wall temperature in pool nucleate boiling of water on a thin, horizontal, stainless steel plate were obtained by
liquid crystal thermography and high speed video recording. A previous analysis provided examples of the thermal
conditions for activation of individual nucleation sites, for the heat transfer mechanisms during bubble growth and for
the consequent interactions between adjacent sites. Principal component analysis (PCA) is shown to provide a re-
construction of the temperature fields that is accurate in the root mean square sense but which obscures information
about the underlying physics, such as positions of the nucleation sites. In contrast, a new approach using non-or-
thogonal empirical functions (NEFs) encodes the relevant physical constraints (e.g., each NEF has a radially sym-
metrical form as suggested by the pattern of cooling during bubble growth). NEFs provide an efficient identification of
the positions of active sites in successive frames; they are better suited to the analysis of non-stationary dynamics than
PCA and allow for information compression. © 2001 Elsevier Science Ltd. All rights reserved.

solutions is also a solution. This need not be the case if
the dynamics are non-linear and the variance “cap-
tured” need not reflect information.

Nucleate boiling represents an example in which the
underlying processes are strongly non-linear and not

1. Introduction

The need for the analysis of spatio-temporal complex
datasets emerges in a wide range of fields in the natural
sciences and engineering. Typically the processes gen-

erating the data are inherently non-linear, limiting the
applicability of classical linear analysis techniques for
isolating the basic processes at work and for modelling
the data. The principle of linear superposition is at the
heart of many traditional techniques: the sum of two
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completely understood. Better understanding of the in-
formation available from spatio-temporal experiments is
required to advance our current understanding of the
physics of nucleate boiling, thereby allowing improved
industrial applications. Better representations of the
data are a necessary first step, where ‘“‘better” means
techniques which improve visualization of the key pro-
cesses, the identification of physical processes, and the
modelling of their dynamics. This paper contrasts two
methods for representing spatio-temporal data, tradi-
tional empirical orthogonal functions (EOFs) and newly
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Nomenclature

ay coeflicient of the kth basis function in the
NEF reconstruction (9)

Cis(f) least-squares distance between the model
and the reconstruction at time ¢; defined in
(10)

C(K)  cost function for the NEF algorithm, when
K basis functions are used; defined in (11)

E®(7) model reconstruction error at time 7, when K
basis functions are used (a vector of length

N)

G(1) observed data at time 7 (a vector of length N)

G® (1) reconstruction of data at time 7, using K
basis functions (a vector of length N)

K number of basis functions used for the
reconstruction

L number of possible basis functions (NEFs)
in 7"

M number of pixels per frame

N number of data frames

R radius of a NEF basis function

t time

X horizontal coordinate

y vertical coordinate

' pool of basis functions which can be
selected by the NEF algorithm; defined in
Appendix A

Greek symbols

o penalty coefficient for C(K),
as used in (11)

u projection of the error field onto the pool of
basis functions 7~

@ NEF basis function (a vector of length N)

Superscript

T transpose of a vector or matrix

devised non-orthogonal empirical functions (NEFs). It
is shown how both are useful and that for nucleate
boiling NEFs are more so for the aims noted above.
After an introduction to the classical method of
principal component analysis (PCA), this paper dem-
onstrates the new NEF method for analysing time-
varying spatial fields, which is applied to experimental
data obtained by liquid crystal thermography during
pool nucleate boiling on a thin horizontal plate [1].
The layout of this paper is as follows: Section 2 dis-
cusses the need for spatio-temporal descriptions of nu-
cleate boiling, both in experiments and in numerical
models, and reviews the small amount of work so far
done in this respect. Section 3 describes the experimental
setup and the data used in this paper. Section 4 provides
a brief introduction to PCA. Section 5 introduces the
novel idea of NEF analysis and its application to nu-
cleate boiling. An analysis of the experimental data with
this new technique is presented in Section 6. Finally
Section 7 discusses the main differences between PCA
and NEF analysis and possible future developments.

2. Spatio-temporal description of nucleate boiling

Nucleate boiling, usually combined with convection,
is employed industrially when high heat fluxes have to be
transferred from a solid wall to a liquid at low tem-
perature differences. Applications range from evapora-
tors in power stations and refrigeration plant to the
cooling of micro-electronic devices. They cover an ex-
tremely wide range of fluids, geometries and flow con-
ditions. Currently, designers have to use rather

inaccurate empirical correlations that relate heat flux
and wall superheat as spatio-temporally averaged
quantities for steady-state conditions. These correlations
may be restricted to particular regimes and separate
criteria are required for transitions between regimes.
Furthermore, non-dimensional analysis cannot be ap-
plied rigorously, because of the large number of poten-
tially significant variables. A way out of this difficulty
has been to exploit the scaling of fluid properties with
reduced pressure, by scaling the heat transfer coefficient
to standard conditions at a reference reduced pressure
[2]. It remains difficult to incorporate the sensitivity of
nucleate boiling to the surface condition, bulk properties
and thickness of the heated wall. The average surface
roughness, R,, provides only a weak guide to bubble
nucleating characteristics [3] and may be expected to
interact with the wall bulk properties, leading to in-
creasingly complicated empirical correlations. New
methods of measuring and processing two-dimensional
surface roughness may lead to the specification of more
relevant parameters [4] and eventually, along with other
methods such as gas bubble nucleation [5], to the iden-
tification of potential nucleation sites. With this infor-
mation available, it may be advantageous to supplement
correlations by numerical models that are the best
available representations of the very complicated phys-
ical processes in nucleate boiling. Because of the im-
perfect understanding of these processes, it may be some
time before models replace empirical correlations, but
models can be used to examine conditions that correla-
tions cannot, such as (i) the hysteresis and ‘“patchy”
development associated with boiling inception, (ii) tran-
sitions between regimes following gradual changes in
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heat flux and (iii) local fluctuations in wall temperature
during steady-state boiling. These conditions may affect
the cooling of electronic components, the heating
of sensitive fluids and the development of thermal
stresses.

Older models for nucleate boiling, e.g., [6], assumed
a uniform and constant wall superheat, thus excluding
any influence of wall bulk properties and thickness,
despite the inherently non-uniform and unsteady nature
of the heat transfer processes. More recent models, for
an axi-symmetrical cell round a single bubble site, cal-
culate the cyclical variations in wall temperature during
bubble waiting time, growth and departure [7-9]. Such
models presuppose regular, periodic production of
bubbles at an “average” nucleation site. Real boiling is
known to be more complicated. Bubbles from a given
nucleation site may have a distribution of sizes and
waiting times; sites differ in activity and their spatial
distribution is not uniform; bubbles may coalesce, even
at low heat fluxes.

The spatio-temporal variations in wall temperature
have been demonstrated in experimental studies of nu-
cleate boiling by liquid crystal thermography. Watwe
and Hollingsworth [10] followed the irregular develop-
ment of nucleate boiling on a horizontal plate and its
interaction with circulation in the surrounding liquid
pool. High speed video recording of the liquid crystal
colourplay with simultaneous recording of the bubble
motion makes it possible to measure the local variations
in wall temperature associated with individual bubbles.
The cyclic variations in wall superheat at individual sites
have been measured during the boiling of water on
horizontal [1] and vertical [11,12] plates. Individual sites
nucleate at different superheats: bubble growth causes
local cooling and the next bubble nucleates when the
superheat is recovered. There are small variations in the
nucleation superheats for different bubbles at the same
site, the reason for which is not yet known: they do not
appear to be caused by the local temperature gradient in
the liquid phase, so either the residual vapour may settle
at different metastable positions in a cavity or there may
be several closely spaced cavities that appear as a single
site. The cooling associated with bubble growth and
departure is confined to the contact area between the
bubble and the wall: there is no direct cooling over a
larger area of influence [1,12]. The collective motion of
bubbles after departure causes an increase in convective
cooling. When bubbles move tangentially on a vertical
plate [11,12] or under a sloping plate [13], their wakes
initiate additional convective cooling in particular re-
gions. The cooling caused by bubbles from one site in-
fluences the thermal conditions at other sites, causing
intermittent bubble production or suppression [1,11,12].
Sites may also interact by (i) bubble coalescence [14], (ii)
seeding or displacement of vapour from unstable sites
[15] and (iii) other fluid dynamical interactions that are

less readily detectable from the variations in wall tem-
perature and observations of the bubbles.

If the interactions between sites occur frequently, it
may be necessary to use multi-site, rather than single-
site, models. The detailed analysis of examples of in-
teractions is extremely time consuming as the assessment
of their significance requires the identification of many
examples over long periods of observation. At low heat
fluxes, the positions of the nucleation sites can be con-
firmed by observations of the bubbles and the analysis
can be confined to the temperature-time measurements
at the sites. The interactions between a small group of
sites on a horizontal plate over a short period were la-
boriously identified in [1]. In [16], by assuming that a
sudden decrease in temperature exceeding a specified
threshold signalled either local nucleation or cooling by
a bubble from an adjacent site, probable interactions
were identified from near-simultaneous decreases at
pairs of sites in the same group. It was shown that over a
longer period the frequency of coincidences was much
greater than would be expected for random events. At
higher heat fluxes, the view of the bubbles is obscured
and the positions of active sites and their interactions
can only be deduced from observations of the liquid
crystal over a long period. This is one motive for de-
veloping economical methods of analysing long se-
quences of two-dimensional temperature fields deduced
from high speed video recordings.

Time-resolved liquid crystal measurements are con-
fined to the special conditions of boiling on a very thin,
electrically heated wall. These conditions reduce bubble
frequencies and modify features that influence the local
variations in wall temperature, e.g., the thermal capacity
of the wall and lateral conduction. Limited spatial res-
olution and frequency response [1,14] prevent an appli-
cation to boiling conditions that involve very small
bubbles and/or high bubble frequencies. Liquid crystal
measurements also have poor signal-to-noise ratios. So
far, detailed measurements have been made only for
water boiling at near-atmospheric pressure. Conse-
quently great care is necessary in extrapolating the
mechanisms observed under these conditions to other
conditions. Even with this reservation, the experiments
provide data for the validation of numerical models over
a range of conditions, which would increase confidence
in the use of the models to explore conditions in-
accessible to liquid crystal experiments. The experiments
may not identify all the important mechanisms at the
extrapolated conditions, but the onus is on a modeller
who chooses to exclude a mechanism to show that its
exclusion is justified.

Multi-site numerical simulations can consider tem-
perature fields in the wall around tens or hundreds of
nucleation sites of different sizes placed at irregular
spacing at low heat fluxes. In this case sites produce
discrete bubbles [17-19], while at high heat fluxes sites
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produce vapour stems discharging into a large hovering
bubble [20,21]. Such models are hybrids of calculations
from first principals and empirical correlations. Con-
ductive heat transfer within the wall is calculated nu-
merically, using a fine grid where required. Heat transfer
from the wall to bubbles or stems is described by
boundary conditions that approximate micro-layer or
triple-interface evaporation in circular regions around
each nucleation site. Lateral motion of bubbles with
wake cooling at low heat fluxes has not been considered,
although some single-site models include a contribution
to the heat flux from sliding bubbles [22,23]. Convection
and bubble motion in the liquid—vapour region is less
well understood and the modelling here is heavily de-
pendent on empirical correlations. Attempts at simula-
tion entirely from first principals of a wall region with
many nucleation sites, fully coupled to the liquid-va-
pour region, are still at a pioneering stage (see, for ex-
ample, the two-dimensional model of Tajima and Shoji
[24] which expands on earlier work by Yanagita [25]).
Multi-site models require specification of site positions
and their characteristics, e.g., as effective radii, or
superheats for activation and cessation. At present,
these models have only been run under a limited range
of conditions; it is not known how extensive a model
should be, whether it is sufficient to model the interac-
tions between tens of nucleation sites or whether
thousands must be considered. Validating comparisons
between multi-site models and liquid crystal experiments
have yet to be made.

Such comparisons may be complicated by chaotic
behaviour in modelled and real boiling over certain
ranges of conditions, characterised by sensitivity of the
time development of the state of the system to initial
conditions and reductions in predictability of future
states by deterministic modelling. Nucleate boiling sys-
tems satisfy the necessary conditions for chaos by having
many degrees of freedom and non-linear dynamics, to
which the switching interactions between sites are just
one contribution. Smith [26,27] has noted that predic-
tions of the developing state of a physical system by
deterministic models, e.g., in weather forecasting, are
limited by three separate causes: experimental uncer-
tainty in the specification of initial conditions, imper-
fections in the model and the non-linear dynamics of the
system. Each of these apply in nucleate boiling: liquid
crystal measurements are subject to noise and the region
of observation is likely to be smaller than the full extent
of the system, so that there are unknown edge effects; the
physical processes cannot be modelled accurately and
the system is non-linear. The evidence of chaotic beha-
viour is reviewed briefly below. Thus it is unlikely that
the measured and predicted states of a boiling system
will coincide over long periods. In nucleate boiling,
however, the temporal development of the state of the
system is not in itself of particular interest, except in

transitions between regimes. It is more important to
know whether the system has an equilibrium state rep-
resented by a limit cycle, the corresponding relationship
between the spatio-temporal average wall temperature
and heat flux and the amplitude, spatial and time scales
of the fluctuations in these quantities. Methods must be
devised to measure the performance of a model in these
respects and this is the second motive for developing
methods to analyse the spatio-temporal data from either
liquid crystal experiments or numerical simulations.

Modelling and experimental studies of chaos in
boiling have been reviewed by Nelson et al. [28] and
Shoji [29]. Sadasivan et al. [20] examined the single
variable-time series for the fluctuations in the spatially
averaged wall temperature calculated by their multi-site
model, thereby using only a small part of the informa-
tion generated by the calculations. They found indica-
tions of period doubling with increasing heat flux, a
classical route to chaotic behaviour. Shoji et al. [29]
measured the length-averaged wall temperature—time
series for boiling on electrically heated platinum wires
0.8 and 2 mm long. They concluded that the series had
attractors indicative of chaos, for which they calculated
high fractal dimensions which were different in nucleate,
transitional and film boiling. Lee [30] investigated the
chaotic release of bubbles during film boiling on a wire.
The study of spatio-temporal chaos requires distributed
sensors that do not affect the surface conditions that
control nucleate boiling. Shoji et al. [31] used five micro-
thermocouples embedded in a thick copper wall to
measure local fluctuations in near-surface wall temper-
ature with amplitudes in nucleate boiling of order 1°C
(comparable with the computations in [18] for copper).
Ellepola [32] analysed simulated data and actual data
from liquid crystal experiments. The time series of the
temperature measurements at a single site and the series
generated by a simple lumped-parameter numerical
model for two interacting sites were analysed by stan-
dard means for fractal dimension and Lyapunov ex-
ponents [33] and their predictability was estimated
[32,34].

3. Spatio-temporal data

The experimental data were obtained during the
study of saturated pool boiling of water at atmospheric
pressure on a horizontal stainless steel plate 0.125 mm
thick, heated by ripple-free direct electric current to yield
a heat flux of 125 kW /m?. (For more details see [1].) At
this heat flux the general production of bubbles made it
difficult to view events at individual sites on the bubble
side. The growth of a bubble could still be detected on
the liquid crystal side by the short-lived near-circular
area of cooling around its nucleation site, which caused
a change in the colour of the liquid crystal. The
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Fig. 1. The surface temperature field of the stainless steel plate for the first nine time steps. Possible nucleation sites 4 and B and the

horizontal slice at y = 27 are marked in the first panel.

colourplay of the liquid crystal was recorded at 200 Hz
by a colour video camera. The NTSC VHS recordings
were replayed through a RGB decoder to a framegrab-
ber with onboard 8 bit conversion to hue. A sequence of
N = 8000 hue fields (40 s) was transferred to a PC for
analysis. Each field was converted to a temperature field,
using a pre-determined calibration. The analysis was
confined to a small part of the experimental area,
measuring 11.4 mm x 10 mm and corresponding to
64 pixels in the horizontal direction and 64 pixels in the
vertical direction. In this paper, the small deviation of
the aspect ratio from 1 is neglected. Alternate fields were
interlaced so in any one field there were 64 pixels per row
and 32 rows. For present purposes, the values at ad-
jacent pairs of pixels in each row were averaged and the
small difference in vertical positions of rows x and x + 1
in alternate even and odd fields was neglected, resulting
in a sequence of arrays of M = 32 x 32 temperatures, at
time intervals of 5 ms. Nine consecutive members of the
sequence are illustrated in Fig. 1.

A discrete coordinate system is defined using x and y
to describe the horizontal and vertical directions, with
(x,») = (1,1) specifying the top left corner pixel. Note
that nucleation sites outside the particular section shown

in Fig. 1 may also give rise to changes in the temperature
field outside this area. Visual inspection of the data
suggests two possible nucleation sites at positions
A = (6,27) and B = (30,27), marked in the first panel of
Fig. 1.

Time variation in the temperature field is illustrated
using a horizontal slice at y = 27, also marked in Fig. 1.
Fig. 2 shows the temperature profile over this slice for
the first 500 time steps. This slice appears to pass
through the cooled areas around several nucleation sites,
although not necessarily through their centres. The left-
hand site appears to be much more active than the
others. One of the objectives of this analysis is to de-
termine the positions of the sites and the times at which
bubbles nucleate. Variation in the frequency of bubble
activity may also be seen from the temperature—time
series at these two nucleation sites with approximate
positions A and B shown in Fig. 3.

4. Principal component analysis

PCA [35-37] is a popular technique which aims to
provide a description of spatio-temporal data in terms of
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Fig. 3. The temperature on the stainless steel plate for the first 1000 time steps at sites 4 and B.

a relatively small number of spatial basis vectors which
are constant in time. The goal is to minimise the root-
mean-square reconstruction error between the recon-
struction and the original field, using, say, K basis
vectors.

Consider a sequence in time of spatially extended
measurements 0;(¢), (i=1,...,P, j=1,...,0) on a
spatial grid of size P x Q; for example in this paper each
@ij(t) represents a temperature measurement at pixel
position (i, j) on the plate and P = Q = 32.
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For convenience each two-dimensional array of pix-
els, ©;(t), can be considered a single vector G(¢) where
the kth component of G is G(t) = O4(t), for
k=(G—-1)P+i, k=1,...,Px Q. In this paper it will
sometimes be clearer to think of the measurement field
as a matrix, G;(f) = ©;(¢), but there is a one-to-one
correspondence between the two representations. Bold-
face symbols represent vectors and matrices.

PCA provides a basis for G, representing the time
dependence of G by a series of principal components py(¢),
each of which describes the time-dependent intensity of
one basis vector v; constant in time. In symbols

G(1) = Zpk(t)vk: (1)

where the basis vectors v, are called EOFs and form an
orthonormal basis; the time-varying coefficients p;(¢) are
the principal components. M is the number of basis
vectors which in general equals the number of pixels
(i.e., M = P x Q); as discussed below PCA is often used
for “data compression” by considering the sum over the
leading EOFs, i.e., to some K < M.

The standard procedure is as follows: first a time-
averaged field is defined as

G =1 6, @

where N is the number of frames observed and
;i (i=1,...,N) are the discrete times at which the data
are sampled. An anomaly G'(f) = G(t) — G is con-
structed by removing the time average. Next, the co-

variance matrix S is formed
1 u / / T
S=-—> GG, (3)
N-1%

where each diagonal term, S;;, is the variance in the jth
pixel, while off-diagonal terms, Sy, are the covariances
between the jth and kth pixels, thus Sy = S;; and Sis a
symmetric matrix. An eigenvalue decomposition [36,38]
yields

S=vzv' 4)

where V is an orthonormal matrix (i.e., VV' = I) and £’
is a positive definite diagonal matrix; the positive square
roots o; of its diagonal elements are known as the
singular values of S. The columns of V, v,, are the
EOFs, and the contribution which each of them gives to
the total variance of the field is given by the corre-
sponding eigenvalue o7.

Due to the orthonormality of V, the principal com-
ponents may be computed by projecting the field G(r)
onto the EOFs,

pilt) = VIG(1). (5)

By convention the diagonal elements of X are ordered so
that ¢; > o, for j < k. It follows that a hierarchy of re-
constructions which capture increasing amounts of the
variance may be formed by truncating the number of
EOFs to K <M

GN () = Zpk(t)Vk~ (6)

Note that K = M results in a perfect reconstruction,
GM (1) = G(1).

Fig. 4 shows the first eight EOFs calculated from the
experimental temperature fields discussed in Section 3.
Note that none of the EOFs resembles the typical field
(see Fig. 1) formed by a single active nucleation site
during bubble formation. The constraint of orthog-
onality on the EOFs need not yield a sparse represen-
tation of the data in terms of separate cooling regions,
although such a separation would be appropriate for
nucleate boiling temperature data. Furthermore, PCA
employs a superposition of EOFs to reconstruct the
original data; since local cancellation between different
EOFs is used to represent a single physically meaningful
pattern, more than one EOF may be necessary to re-
construct the temperature field associated with just one
nucleation event.

Fig. 5(a) shows the associated singular value spectrum
and the fraction of the variance which is explained by
using K EOFs is shown in Fig. 5(b). When PCA is used to
compress the data, these plots are used to choose the
number of EOFs needed to achieve a specific level of
compression, as defined by the fraction of the variance
reconstructed. In the present case the first 10 EOFs
capture 90% of the variance in the data and more than 60
EOFs are required to capture 98%. The decision on the
appropriate level of compression in a given case is not
straightforward. The EOFs with smallest singular values
are commonly thought to have lower signal-to-noise ra-
tios, hence a large part of the variance may be caused by
measurement noise, rather than physical events; in this
case truncation of the set of EOFs would be advanta-
geous. The same EOFs, however, may contain informa-
tion about important but relatively infrequent nucleation
events. EOFs provide a powerful means of compressing
data in terms of variance but may not provide direct
insight into the physical processes that create the fields.
The point here is that, while capturing variance is a
reasonable goal in linear stochastic systems, doing so
need not reflect the information content in non-linear
streams of data, as discussed in the next section.

5. Non-orthogonal empirical functions

Variance compression need not be a fundamental
aim when dealing with non-linear systems, and there are
numerous uses for which EOFs are not ideal as basis
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Fig. 4. The first eight EOFs of the temperature fields, in order
of decreasing singular values, row by row, from top left to
bottom right.
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vectors. Nucleate boiling may prove to be one such
system. Bubbles develop at specific nucleation sites be-
fore disengaging from the surface. By monitoring a
temperature field of the surface, the bubble growth
manifests as a sharp drop in temperature around the
nucleation site over an approximately circular region,
followed by a more gradual recovery of the temperature.
The circular region may be overlapped by the effects of
bubble growth at other sites. A basis which reflects the
existence of the individual localised nucleation sites and
uses the approximate radial symmetry of the bubbles
may offer a much more efficient method of describing
the dynamics. This approach also encodes some of the
underlying physics in the analysis, rather than blindly
applying statistical methods to the data. Basis functions
which are radially symmetric around the nucleation
sites, with a fixed shape, but varying radius represent a
natural choice for this purpose. In general such a basis
would not have the property of orthogonality of the
EOF basis; it is not constructed to be efficient in cap-
turing variance like EOFs, but it may be better at de-
scribing the physics.

As an example consider NEFs with a radially sym-
metric quadratic structure

) B —x = xo|M% X = %ol < B2,
P(x; %0, R) = {OE | " |(|)therwi!e,

()

where X, is the centre of the NEF, R its radius and cis a
normalisation constant. The NEF corresponding to the
centre xo = (16, 16) with radius R = 8 is shown in Fig. 6.
Each NEF is normalised such that the integral of the
square of the function @ over the entire field is equal to
unity

/@Z(X)dzx =1 (8)

Suppose that the temperature field G at a particular time
is approximated by a linear combination of K NEFs

K
G(K) = Zak<Dk. (9)
k=1

As K increases the approximation improves.

09
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Fig. 5. EOF reconstruction: (a) singular value spectrum; (b) fraction of variance explained, both as a function of the number of EOFs

used for reconstruction.
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0.1

Fig. 6. NEF basis function @(x; X, R) with xo = (16,16) and R = 8.

Given a temperature field G and a model structure
such as (9), the coefficients a; can be determined using a
maximum likelihood approach [39]. If the measurement
errors are independent and normally distributed, then
the maximum likelihood principal reduces to least
squares [39], i.e., minimises

_ 1 pwrgw
Cis = ]l_lE E™)] (10)
where E®) = G — G%) is the model reconstruction error
which results from using K basis functions. The fact that
G® is linear in the coefficients implies that a unique
solution may be obtained using singular value decom-
position [36].

For the EOFs, one often selects a target fraction of
the variance and keeps the required number of EOFs.
For NEFs, a number of criteria exist for quantifying
the optimal model size K. The quantity Cis defined in
(10) can be used as a criterion to decide when to stop
increasing K. The complexity of a model G may be
taken into account by multiplying (10) by a penalty
term [40],

1

C(K) = MEWEW exp (oK), (11)

so that models with fewer parameters (smaller K) are
favoured by the selection criteria. In particular, Rissa-
nen [41,42] derives an expression based on a minimal
description length argument [43], « = (InM)/2M.

The non-orthogonality of a NEF basis implies that
the construction of increasing orders of approximation
is no longer sequential; the approximation of order
K + 1 is affected by terms of order less than K. An it-

erative procedure is therefore required to construct the
model G.

Let 7~ represent a pool of normalised basis functions
@, including a constant NEF, @(x) = const. Judd and
Mees [43,44] construct a model G® by iteratively select-
ing a set 4 of K basis function indices from 7". A sensi-
tivity analysis [43] may be used to quantify the effect of
adding one new basis function to . Let p = —7 TE®) be
the projection of the error field onto the entire pool of
basis functions. The largest element of u in absolute value
is the index which should be added to the basis to give the
largest marginal improvement to the approximation.
Similarly, sensitivity analysis suggests that, when remov-
ing a basis function from %, removing the basis function
corresponding to the smallest coefficient a; will do the
least damage to the approximation. These two observa-
tions provide a method of selecting a good representation
of the data with K basis functions by adding, then deleting,
basis functions until the basis set no longer changes. De-
tails of the algorithm are given in Appendix A.

Fig. 7 demonstrates the procedure of obtaining a
NEF reconstruction of the single temperature field
shown in the top left panel (the same as the first field in
Fig. 1). The first NEF used is constant over the field and
is chosen to remove the baseline of the field. Subsequent
panels show the reconstructions obtained using addi-
tional basis functions while attempting to minimise the
cost function given by (10). Note that both negatively
and positively weighted basis functions are used. Since
the analysed field represents just a small area of the
stainless steel plate where boiling occurred, it is possible
that nucleation sites outside the sample area contributed
to temperature changes inside. For this reason, NEF
centres were given the freedom to position themselves
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Fig. 7. Demonstration of the procedure for constructing the NEF representation (9) of the first temperature field (shown in top left
panel). Subsequent panels show the approximations achieved using K = 1,2,...,8 NEFs. Colour map as in Fig. 1.

both on the sample (32 x 32 pixels) and on a boundary
perimeter which was 10 pixels in width.

The number of NEFs used depends on the penalty
term used in the cost function (11). In the limit as
o — 0, the number of NEFs used would tend to M as no
cost would be given to the complexity of the recon-
struction needed to replicate the true field. In the anal-
ysis reported here, a penalty weighting value of
o =40(InM)/M was chosen in (11).

In the last panel of Fig. 7, the reconstruction with
eight NEFs, some negative and some positive, bears
some resemblance to the original temperature field. The
penalty term in the cost function (11) has the effect of
controlling the number of basis functions chosen. Oth-
erwise more and more basis functions would be added as
the reconstruction converges to the true field. The ac-
curacy required depends on the purpose of the analysis:
a small number of NEFs may be sufficient to identify
nucleation sites, more may be needed to specify the

temperature at each site at the instant of nucleation. The
later members of the set may carry information unre-
lated to the nucleation sites, e.g., other sources of con-
vective heat transfer or noise in the experimental data.
As already discussed for EOFs in Section 4, the trun-
cation of the set of NEFs may also be used as a way of
filtering noise.

6. Results of NEF analysis

The reconstruction illustrated in Fig. 7 must be ap-
plied separately to every temperature field. The centres
and radii of the NEFs used to reconstruct the nine
consecutive fields in Fig. 1 are shown in Fig. 8. NEFs
with negative weights are shown as blue circles, whereas
NEFs with positive weights have red circles. In all cases
the technique has placed negative NEFs at positions
corresponding to the centres of large drops in tempera-
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Fig. 8. An illustration of the positions and radii chosen for the NEFs during the first nine time steps. NEFs with negative weights are
shown in blue, while those with positive weights are shown in red. Colour map as in Fig. 1.

ture, which are likely to be associated with nucleation
sites. Between three and four non-constant NEFs are
required in the reconstruction of each field in Fig. 8.

Fig. 9(a) shows a histogram of the number of NEFs
used for reconstruction when the analysis is extended to
all N fields, with the numbers of negatively and positively
weighted NEFs shown separately in Figs. 9(b) and (c),
respectively. Note that decreasing « in (11) would have
the effect of shifting these histograms to larger values.

The distribution of NEF radii sizes is shown in Fig.
10. This indicates that the most common radius is
around 12 pixels. Note that since bubbles survive for
several time steps, often with varying radii, this histo-
gram cannot give a clear indication of the typical bubble
size distribution. This latter distribution could be ob-
tained by following the evolution of single bubbles in
time and such a “bubble census’ will be discussed in a
future paper.

Fig. 11 shows a histogram of the centre positions of
negatively weighted NEFs. The distribution shows a
sharp peak around position (6,27), a broader peak
around (27,30) and a significant but broad distribution
in the top perimeter region. In addition, there are many
positions which occur only a few times during the se-
quence of 8000 frames. Caution is required in using
these distributions alone to identify the positions of ac-
tive sites. The argument for the form of the function
used for the NEF analysis is that negative centres are
likely to be associated with nucleation sites but some
negative NEFs may also be required to represent ad-
ditional mechanisms of cooling, such as convection that
is not related to a single bubble. When cooling is caused
by a nucleating bubble, it persists for many frames,
leading to a sequence of NEFs with the same (or nearly
the same) centres, as in Fig. 8. Thus there is some am-
biguity about the interpretation of a negative centre with
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Fig. 9. Histogram of the number of non-constant NEFs needed for the reconstruction at each of the time steps for (a) all values of a;
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only a few occurrences: it may not be a nucleation site at

all, or it may be a site that produces only one or two

short-lived bubbles during the period of the data anal-
ysis. Other physical processes may influence the distri-
butions:

e One site may actually be a group of cavities with
almost the same activation superheats, closely spaced
relative to the bubble radius (i.e., within one or two
pixels of each other in this study), which share bubble
production. The sites identified in [1] exhibited some
scatter and were consolidated on this length scale and
this is one possible explanation for the small varia-

tions in activation superheat for different bubbles at
the same site in [11,12]. The definition of a single site
for modelling purposes may then depend on the rela-
tive size of the scales of surface micro-roughness and
bubble radius, which depends on system pressure (see
[3,4D).

e Other sites may be closely spaced but have different
activation superheats, so that they interact with each
other and cause intermittency, as described in [1,16].
This may be the case for the site at (25,25) in Fig. 8
and what appears to be a much more active site at
(27,30) in Fig. 11.

One of the objectives of the analysis is to detect and

eventually quantify the significance of these interactions,

which requires the additional information about the
weights ¢ and radii R of the NEFs and their resolution in
time, not included in Fig. 11. A first attempt at this sort of
analysis over a short time interval of 200 time steps is
presented graphically in Fig. 12, where the radii of the
circles represent the weighting function (temperature
drop) and the radius R in panels (a) and (b) respectively.

From physical arguments, bubble nucleation is expected

to cause a temperature drop that increases rapidly in

magnitude and then declines. The position of the nucle-
ation site can be found most accurately from the NEF at
the start of the temperature drop. In Fig. 12(a), it is

possible to identify bubbles growing at (27,6,¢ = 110),

(27,6,¢t = 150), (27,30, +=0), (27,30, =140) and at

the less active site (15, 15, ¢ = 50); in addition there is a lot

of activity at sites in the top perimeter region, as antici-
pated from Fig. 11. There is a tendency for the centres of
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the NEFs in each bubble sequence to drift sideways with
increasing time. This contributes to the spread of centres
in Fig. 11 and suggests that there is an additional physical
process at work that has a general influence on the heat
transfer around nucleation sites after bubbles have de-
parted, perhaps the flow circulation in the boiling cell.
Circulation was observed in [1] through the general pat-
tern of motion of the bubbles but no effect was detected in
the studies of temperature fields after the departure of
individual bubbles. The reconstruction by EOFs in Fig. 4
is not capable of giving a clue to the possible existence of
this effect.

The physical processes of nucleate boiling are ex-
pected to be particularly sensitive to the superheats at
the nucleation sites, which must therefore be recon-
structed accurately. A section of the temperature—time
series for the site at (27, 6) is shown in Fig. 13. Even for
the small number of NEFs used in this study (between
one and six per field because of the setting of the cost
function), the differences between the original and re-
constructed data have a standard deviation ~ 0.5°C,
which is about the same as the accuracy of the original
measurements.

7. Discussion and future work

Understanding the interactions between nucleation
sites in boiling requires the digestion of large quantities
of spatio-temporal data. In other branches of the
physical sciences, one of the tools used to approach this
task is PCA. While EOFs are by construction optimal
for capturing variance within the data, capturing the
variance need not lead to a natural physical interpreta-
tion, as discussed in Section 4. NEFs provide a more
natural description of boiling data in terms of cooling
and superheating regions. As shown in the previous
section, this description allows for the analysis of spatial
and temporal correlations between nucleation events,
for their statistical characterisation and for the analysis
of the dynamics of single nucleation events. Such an
analysis of local features is not straightforward in the
PCA framework.

Another weakness of PCA when applied to non-linear
dynamics is that individual members of the EOF basis are
rarely independent. The constraint of orthogonality en-
sures that they are not linearly correlated, but it fails to
address non-linear correlations. PCA fails to distinguish
sporadic, intermittent nucleation events and background
noise with the same variance; these are clearly distin-
guished in the NEF analysis. NEF anlaysis is more robust
to non-stationarity than PCA, as NEFs deal with each
time frame independently; given a change in heat flux, the
NEFs could adapt to new nucleation sites at the cost of
having to use additional NEFs.

When data compression is of interest, NEFs provide
an extremely compact representation. While EOFs are
fixed at all times, NEFs are allowed to vary at each time
step, so they can effectively compete with EOFs also in
terms of variance compression. For example the NEF
analysis of the dataset presented in this paper achieves a
time-averaged reconstruction error (see Eq. (10)) of
Cis =+ 3, Cis(t;) = 0.29°C?, equivalent to 15% of the
variance, using an average of four NEFs per time step
(see Fig. 9(a)). As shown in Fig. 5, at least seven EOFs are
necessary to obtain the same compression. Even though
the NEF representation requires the specification of the
indices of the NEFs used at each time step, this overhead
is compensated in this application by the smaller average
number of NEFs per frame, compared to the number of
EOFs required to obtain the same compression. More
important than compressing variance, however, the
NEFs transmit more relevant information: the location
and strength of nucleation sites in each frame.

To summarise, this work has demonstrated the suc-
cessful application of a new method of analysis by NEFs
to data for the spatio-temporal wall temperature fields
measured by liquid crystal thermography during nu-
cleate boiling on a horizontal plate. It has been shown
that the method has advantages over more conventional
methods using EOFs in its applicability to non-station-
ary processes for capturing single nucleation events and
the directness of its physical interpretation.

So far the method has been applied to data from
a small array of pixels and analysis of the temporal
evolution of the fields has not been fully implemented.
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The next stage is to apply the temporal analysis to data
from larger arrays, in order to investigate the interac-
tions between a large group of nucleation sites over a
long time period.

While there are many statistical approaches to
modelling data from physical systems, few of these at-
tempt to hardwire known physical constraints into the
modelling technique. In the case of nucleate pool boiling
on a horizontal plate, it has been shown that the as-
sumption of radially symmetric NEFs is a good ap-
proximation to the temperature field obtained during
bubble formation at a nucleation site. The approach
presented in this paper focuses on patches of the field
displaying large temperature decreases in order to
identify the underlying nucleation sites. The method
should also work when the physics of boiling indicate
that asymmetrical NEFs such as ellipses might be more
appropriate, e.g., when the bubbles have a component of
velocity tangential to the surface in boiling on vertical
[11,12] or sloping [13] plates, or in the presence of an
external flow field. NEFs are especially advantageous
when their shape is matched to particular localised
physical processes, but they are also able to represent
fields which include processes with other characteristic
shapes.

In addition to spatial correlations, the NEF analysis
can utilise the obvious correlations that exist over time
due to the bubbles lasting longer than a single time step.
The present algorithm will be extended to incorporate
these temporal correlations in future work. It is expected
that such modifications will improve the accuracy of the
nucleation site identification algorithm presented here.

In general, whenever physical insight suggests that
either spatial correlations of temporal evolution will not
be linear, one may expect a NEF approach to outper-
form EOF approaches.
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Appendix A

The following is an algorithm for implementing the
basis selection technique introduced by Judd and Mees

[43,44] for the selection of NEFs. All the symbols used
are also defined in Section 5. Given a field of
measurements G(¢), the algorithm aims at finding a
reconstruction (9), choosing a set of K basis functions
4 from a large pool 7~ of L possible normalised basis
functions.

The number of basis functions in the basis, K, is
chosen such that the cost function C(K) given in (11) is
minimised. In the following, each NEF in 7" is identified
by an index i=1,... L. EX® =G — G® is the model
reconstruction error which results from using K basis
functions in 4.

(1) Let % initially be an empty set and k£ =1 the
number of NEFs to be included in the basis in this
iteration. Define E” = G.

(i) Let g = —7 TE*"Y be the projection of the re-
construction errors onto the pool of basis func-
tions. Let i, be the index (in 7¥7) of the
component of u with maximum absolute value.
This is the NEF which will be included in the basis,
% =AU {inn}. Note that typically the constant
NEF, &(x) =const., will be selected initially (when
K=1).

(iit) Calculate the coefficients a4 associated with all
the NEFs in the basis # so far, see (9). Let iy, be
the NEF having the coefficient with smallest ab-
solute value. This NEF is a candidate for removal
from the basis.

@iv) If iy # iow, then remove iy, from the basis,
B =R\ {ioun}, and go to step (ii).

(v) Store the current 2% = % and calculate the
cost function C(k), see (11).

(vi) If C(k) < C(k — 1), then increase k = k + 1 and
go to step (ii).

(vii) The selected basis is that having the minimum
cost function, 2%, K =k — 1.
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