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Abstract
This paper proposes efficient estimators of risk

measures in a semiparametric GARCH model defined
through moment constraints. Moment constraints are
often used to identify and estimate the mean and vari-
ance parameters and are however discarded when es-
timating error quantiles. In order to prevent this effi-
ciency loss in quantile estimation, we propose a quan-
tile estimator based on inverting an empirical likeli-
hood weighted distribution estimator. It is found that
the new quantile estimator is uniformly more efficient
than the simple empirical quantile and a quantile es-
timator based on normalized residuals. At the same
time, the efficiency gain in error quantile estimation
hinges on the efficiency of estimators of the variance
parameters.

1 Modeling Framework

We consider the following popular AR(p)-
GARCH(1,1) model
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where uy = hy' “e¢, and {4 } is an i.i.d sequence of
innovations with mean zero and variance one and
p is a finite and known integer. We suppose that
e+ has a density function f(-), which is unknown
apart from the two moment conditions:

/ xf(x)dx = 0; / 22 f(x)dz = 1.

The conditional Value-at-Risk of 4+ given F3_1 is:
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Let 0 = (w, B,7). The goal of this paper is to esti-
mate the parameters (6, qo, £/S) efficiently and
plug in these efficient estimators to obtain the con-

ditional quantile §nt = hl/ 2((9)(]@ and the condi-

tional expected shortfall Y¢(a) = n/ 2((9)ES

2 FEfficient Estimation

Efficient Estimaton of 6 :

We rewrite the volatility model of GARCH(1,1)

using adaptive methods, which is

hy = ¢+ acZth_l + bhy_q
The finite dimensional parameter in this model
§=(c,a,b)| €O cR3is to be partitioned into
two parts: (¢, 8') where 8 = (a,b)! € B for
the reason that only 3 is adaptively estimable.As
a result, we can rewrite the volatility as hy(0) =

c“g¢(a,b), where g4(8) = 1+ auj_| + bgi—1(53).

We construct the efficient estimator for 6 in 3

steps:

1. Let (/9\1 — (B\lT ,71) " be an initial v/T-consistent
estimator, for example the QMLE, and com-
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2. Update the estimator of (3 by using the
Newton—Raphson method:

pute the residuals €14 = y¢/h

3. Denote &; = yig, Y 2(B\) and the efficient esti-

mator for ¢ 1s
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Theorem 1 Suppose that assumptions A hold.
Then, then there exists an efficient estimator
6 that has the following expanded
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FEfficient Estimation of quantile:

Case 1: Quantile Estimation with true error avail-
able: We compare three estimators: R

a) The empirical distribution function F(z) =
n=t S 1(gr < ) is commonly used but it does
not impose these moment constraints. R

b) A modified empirical distribution, Fy(z) =
U (e — i) [5- < @)

¢) In this paper, we consider a new weighted
empirical  distribution estimator Fy(z) =
> i Wel(ey < x), where the empirical likelihood
weights {w;} come from the following:

max [[}"jwy

{we}
n
thl w = 1 thl wier = 0;
n
thl wi(e? — 1) = 0.

It is clear that by construction ﬁw satisfies the
moment restrictions.
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Theorem 2 Suppose that assumptions A.2-
A.5 hold. The quantile and expected shortfall
estimators are asymptotically normal:

Vn(Ga — go) = N (0,V7)
Vi(@ne — qa) = N (0,V3)
\/_(Qwa da) = N(0, V3)

\/_(ES@ ESy) = N (0,V})
\/_(ESNoz — ESq) = N(0,V5)
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Case 2: Quantile Estimation with true error avail-
able. The result is similar as Case 1, but we use
the polluted error instead.

3 Simulation and Empiri-
cal Study

Stmulation:  We follow Drost and Klaassen
(1997) to simulate several GARCH (1,1) series
from the model (1) with the following parame-
terizations:

1. (¢,a,b) € {(1,0.3,0.6), (1,0.1,0.8), (1,0.05,0.9)}:

2. f(x) € {N(0,1), MN(2,—-2), L, t(5),t(7),t(9),
X%, X%Q}, which are, respectively, referred to
the densities of standardized (mean 0 and
variance 1) distributions from Normal, Mixed
Normal with means (2, —2), Laplace, student
distributions with degree of freedom 5, 7 and
9 and chi-squared distribution with 6 and 12
degrees of freedom.

Table 1. Integrated Mean Squared Error (x1079)
of Distribution Function Estimators

n = 500 n = 1000

Flaz) Fn(z) Fu(r) F(z) Fy(z) Fur)
N 10.3365]0.1199 10.1212]0.1616 ] 0.0580 1 0.0583
MN 10.328610.1412 10.0916 1 0.1622 0.0687 | 0.0462
L 0.3313]0.2188 10.1603]0.169210.1092 | 0.0810
t(5) 10.3419/0.2157 10.163510.1657|0.1055 | 0.0797
t(7) 10.3255/0.1594 10.1458 10.1695 0.0791 10.0708
t(9) 0.333610.1439 10.1361 0.1664  0.0730 | 0.0687
Xg 0.330810.1479 10.1217 0.1692 1 0.0721 | 0.0605
X1o 10.3297/0.1335 0.1213]0.1692 0.0654 10.0595

Table 2. Comparison of quantile estimators for
qo.05 (true errors are available)

n = 1000

Bzas(xlO 3) MSE(xlO 3)

Go [ ANa Qo 4o qNo | Qua
N |-1.2/-0.6 0.1 45 2.0 2.0
MN|-08-1.110.0 1.3 1.0 | 0.7
L 126 2746 94|49 46
t(5) -1.41 27149169 48 | 3.9
t(7) 1062935 63 33 32
t(9) 13521 3158 29| 28
Xg 23102 [-1.010.7 1.1 0.6
X12 2.0 -1.21-0.8 14| 1.3 | 1.0

Empirical Study: Backtest VaR Models com-
parison 1. EWMA, MA  HS, GARCH(1,1) and

GARCH-ELW

Model Violation Ratio| Volatility
EWMA 2.2084 0.0185
MA 3.4541 0.0080
HS 2.2650 0.0130
GARCH(1,1) 2.3216 0.0174
GARCH-ELW (our model) | 1.1891 0.0185




