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Abstract

We propose a tilting-based method to estimate the precision ma-
trix of a p-dimensional random variable, X, when p is possibly much
larger than the sample size n. Each 2 x 2 block indexed by (i, j) of
the precision matrix can be estimated by the inversion of the pairwise
sample conditional covariance matrix of X; and X controlling for all
the other variables. However, in the high dimensional setting, includ-
ing too many or irrelevant controlling variables may distort the results.
To determine the controlling subsets in high dimensional scenarios, the
proposed method applies the tilting technique to measure the contri-
bution of each remaining variable to the variance-covariance matrix of
X and X, and only puts the (hopefully) highly relevant remaining vari-
ables into the controlling subsets. We illustrate conditions under which
it can successfully distinguish the highly relevant remaining variables
from the rest. The simulation results will be presented under different
scenarios for the underlying precision matrix. Comparison with other
competing methods will also be given.

Introduction

- Importance and Challenging

Estimating covariance matrix X or precision matrix (inverse of covari-
ance matrix) ¥7! has always been an important part of multivariate
analysis.

e Financial risk management, Linear discriminant analysis (LDA),
Principal component analysis (PCA)

e Graphic networks, large portfolio selection, and so on

In high-dimensional cases, where the dimension p is of the same order
as the sample size n, or even much larger than n, estimating covariance
or precision matrix is much more challenging.

e When p > n, noninvertability of sample covariance matrix

e Even p is of the same order as n, parameters needed to be estimated
is p(p — 1)/2 can be much larger than n.

- Existing Methods

Most of the existing methods are based on assumption of the struc-
ture of underlying precision matrix.

e Assumption of ordering among variables: banding or tapering

(Bickel and Levina, 2008)

e Assumption of Sparsity structure: Lasso (Levina et al., 2008) or
Thresholding (Bickel and Levina, 2008)

e Assumption of Factor model (Fan et al., 2008)

Methods

- Pairwise Precision Matrix

o let X = (X1, Xy, -+, X,)! be a p-dimensional time series. For a
given pair of 7,5 (1 < i < j < p), we denote Pairwise Precision
Matrix as below,

— p X p precision matrix

.....<_7;
S—=l— . 0. —

rnuerse

Y. covariance matrix
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— 2 X 2 pairwise precision matrix
o= (Z :) —— coul(X, X)) |t

pairwise conditional
covariance matrix

e |t can be proved that given ¢ and j, the pairwise precision matrix
is the inverse of pairwise conditional covariance matrix.

- Pairwise Conditional Covariance Matrix

e Given ¢ and 7, regressing X; and X; on all the other variables
O3} we have

X;= Z Bi k- Xk + € (1)
ki, j

Xj = Z Bj,ka‘ + € (2)
ki j

e the pairwise conditional covariance matrix

cov((Xi,XﬂT‘Q{_i’j}) = cov((€;, ej)T) _ ( var(€;) COU(Gi,Gj)>

cov(e;, €5)  var(e;)
(3)
Lemma 1 The inverse of covariance of €;; is a consistent estimator

. . - . _]_ ~ Ao T .
of the pairwise precision matrix, X, ;, where €;; = (€i,€;)" is OLS

estimator of €;;.

- Pairwise Tilting

e In high dimensional cases, cov((X;, X;)T|Q="7}) is not well-
defined, as the controlling subset Q1=%7} contains too many con-
trolling variables.

e We want to replace Q{="7} by C;;, which only contains the (hope-
fully) highly relevant remaining variables.

e |t becomes a variable selection problem in a pair of linear regression
models.

e We assume, for each pair ¢, j, that we can decompose X; and X
as below,

Xi — Z Bz',bXb + Z Bz',eiXeZ- + Z Bz',erej + Z Bz,an + €

beB e; €& ejégj neN
(4)

X = Z By Xy + Z Bje;Xe; + Z Bje; Xe; + Z BinXn + €

beB e; €& ejeé'j neN
(5)

where

B={b:|8is] >Ci,and |Bp| > C1},0<C1 < 1
E=1{b:|Bie| > Crand |Bj;| < Co}, 0 < Cr, <O <11
Ej={b:|Bie;l < Cyand [B.| > C1},0<Cr < Cr <1
N ={b:|Bin| < Coand |Bin| < Co}, 0 < Cr <11

C is lower bound of regression coefficients for relevant variables;
(% is upper bound of regression coefficients for irrelevant variables.

- 3 Types of Pairwise Tilting
e Single Tilting:
Cij = { Xy : |corr(Xy, Xi)| > m or |corr(Xy, X;)| > 7)}

e Double Tilting:
Cij = { Xy : |corr(Xy, Xi)| > 7 and |corr(Xg, X;)| > )}

e Separate Tilting:
Ci = { Xy, : |corr(Xy,, X;)| > 7},
Cj = {Xy, : [corr(Xy;, X;)| > 7}

Where 7 is a chosen thresholding.

Simulation study

e Scenario 1: Block precision matrix

Frobenius norm error of precision matrix estimators (p=50,n=60,m1=8,m2=8,m3=8)
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Where m1, m2, m3 are the dimensions of blocks.

e Scenario 2: Banding precision matrix

Frobenius norm error of precision matrix estimators (p=50,n=100)
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e Scenario 3: Sparse precision matrix

Frobenius norm error of precision matrix estimators (p=50,n=50)
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