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TOPIC I: Classical and recent results on the stochastic
differential equations

§ 1. Introduction: Kolmogorov and Ito’s papers

H 1931 A.N.Kolmogorov. ‘‘Uber die analytischen Methoden in der
Wahrscheinlichkeitsrechnung’’, Math. Ann., 104, 415-458.

Dynamic system: P(s,x;t, A) is a transition probability for the system
which starts at time s from point x to be at time ¢t > s in a set A.

It is assumed that (“Chapman—Kolmogorov equation’)

P(s,z;t,A) = /P(s,:c; u,dy) P(u,y;t,A)| for 0<s<u<t.
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Kolmogorov did not use the words “a system is described by a
Markov provess X = (X;)4>0 such that

P(X: € A| Xs =x) = P(s,x;t, A)".

The reason is the following: in 1931 there was no theorem about
possibility to construct a process with given system of transition
probability, or finite dimensional distributions. It was done in

H 1933 A.N. Kolmogorov. Grundbegriffe der
Wahrscheinlichkeisrechnung, Berlin (Chapter III, §4).

(English translation: Foundations of the Theory of Probability,
Chelsea, New York, 1950.)
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From what we call now the Chapman—Kolmogorov equation,

Kolmogorov deduced

backward differential equation

__g_f(s,a:;t,y)==A(S,$)-§’—f(3af’f?t’y)‘1L
s ox

B2(s,z) 82

5 f(s T, t,y)

forward differential equation

0

62

o 1w t) =~ LA (it )] + 5 55 [BX 6 0) FGs,itw)
for f(s.a:t,y) = 2L ( YD) it ]
As,z) = / (y— o) (s, 5+ A, ) dy,
B2(s,2) = Ijm / (y— )2 (s, 05+ D, y) dy,
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In the 1940—-50s K. Itd considered the problem of

an EXPLICIT CONSTRUCTION of a
Markov process X = (X¢);>0 whose
local drift and local variance coincide

with a given function A(s,z) and B2(s, x)
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The Itd's idea was the following:

>

To take a Wiener (Brownian) process W = (W;)>0 that can be
constructed explicitly

oo 2"—1 .
sin(mkt
for example: Wy =&t + » Y &V?2 (Tht) it i.i.d., N(0,1),
n=1 k=21 mk
random variables &g, &1, ... (this is a Paley—Wiener construction)

and after this

to define the process X = (X;)>0 as a solution of the stochastic
differential equation

dX; = A(t, Xp) dt + B(t, X;) dW; | (SDE)

in the sense that X; = Xg + [{A(s, Xs)ds + [§ B(s, Xs) dWs
for all t > 0.
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Here we have a “stochastic integral” [§ B(s, Xs) dWs which was defined
in

H 1944 K. Itd. ‘‘Stochastic integral’’, Proc. Imp. Acad. Tokyo,
20, 519-5624.

In a series of papers (1942—-1951) K. Itd

» [(gave a definition of the notion of the solution of the stochastic
differential equation (SDE), and

» |gave condition on A(s,z) and B(s,z) which implies existence
and uniqueness of the solution of SDE with coefficients A(s,x)
and B(s,x).
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THEOREM 1. Let A(s,x) and B(s,z) satisfy

e the local Lipschitz condition: for any n > 1

|A(s,z) — A(s,2")| + |B(s,z) — B(s,2")| < Cp,

for |x| < n, |2'| <n, and s < n,

e the condition of linear growth: for any n > 1

|A(s,z)| + |B(s,z)| < Cn(1 4 |z|)| for |z|<n and s <n,

where (), are constants.

Then (on any stochastic basis (£2,F,(Ft)t0,P) on which
the Wiener process is defined) a strong solution exists

and is unique (up to indistinguishability).
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A strong solution is a solution X = (X;);>0 such that X; is
F+-measurable for each ¢t > 0.

The Wiener process W = (W;)>0 is assumed to be defined
on a given stochastic basis; in particular, W} is Fi-measurable
for each t > 0.

JF: stands for the o-algebra generated by Ws, s < T', and by all
P-null sets from the o-algebra o(Ws, s > 0).
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Itd's result about existence of a strong solution of the stochastic
differential equation (SDE) was extended in

H 1961 A.V. Skorokhod, Issledovania po teorii sluchajnykh pro-

tsessov, Kiev, Izd-vo KGU

(English translation: Studies in the Theory of Random Processes,
Addison-Wesley, Reading, 1965.)

THEOREM 2 [Skorokhod, Chap. 3, §3, and Chap. 5, §4].
Let the coefficients A(¢,z) and B(t¢,z) be bounded and continuous.
Then there exists a “solution” * of the (SDE).

* We put the word solution in the inverted commas, since the Skorokhod
solution is not a strong solution. His solution is the so-called weak solution.
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STRONG solution of the (SDE).

e a filtered probability space (2, F, (Ft)t>0,P)
e an F = (F;)-Wiener process W are given
e an Fp-measurable random variable &

A strong solution is then defined as an F-adapted process X with
Xg = £ a.s. which satisfies (SDE).

WEAK solution of the (SDE).

We assume that only the initial distribution u and coefficients A(s, x)
and B(s,xz) are given. The weak solution consists of

e a filtered probability space (€2, F, (Ft)¢>0,P) (a priori not given),
o an F = (F;)t>0-measurable Wiener process W = (Wy)>0,

e an [F-adapted process X = (X;);>0 with Po XO_1 = u which
satisfies (SDE), i.e., for all t >0

t t
Xt:XO—I—/O A(s,XS)ds—l—/O B(s, Xs)dWs P-as. [F110



8§ 2. WEAK AND STRONG SOLUTIONS. 1:
EXAMPLES OF EXISTENCE AND
NONEXISTENCE

EXAMPLE 1 (M. Barlow *). There exists a continuous bounded
function B(z): R — (0,c0) such that the following SDE has a weak
solution but does NOT have any strong solution:

WV eak Strong
dX; = B(Xy)dWy |,  Xo = x0 solution|solution
| + —

* H 1982 M. Barlow, ‘‘One-dimensional stochastic differential equations

with no strong solution’’, J. Lond. Math. Soc., 26, 335-347.
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EXAMPLE 2. Deterministic SDE:

dXy = —sgn Xydt |, Xo=20,
Q W

1, x>0, —

where sgnxz =
-1, x <0,

Indeed, our equation has the form

t
F(t) = —/O sgn f(s)ds,  t>0.

Let us show that this integral equation has no solution.
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Let f be a solution. Assume that there exist a > 0 and t > 0 such
that f(t) = a. Set

T=inf{t > 0: f(t) = a}, o=sup{t <r: f(t) =0}
Using the equation (%) we get

a=f(r) = flo) =—(7—0).

The above construction shows that f < 0. In a similar way we prove
that f > 0. Thus, f =0, but then f is not a solution of (x).

As a result, (x) has no solution.
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EXAMPLE 3.

1
dX; = —I(X O) dt + dW.
¢ 39 (Xt # 0) dt+dW;

Indeed, suppose that (X, W) is a solution (weak or strong). Then
t 1

X = — . ﬁI(Xt #= 0)ds + W;. By Itd's formula (that holds for
t

both strong and weak solutlons):

X7 —/ 2Xs - I(XS#O)ds—I—/ 2XsdBs +t

:/O[(stc)) ds—l—/o 2 X, dBs.

* Results of Examples 3 and 4 was obtained in
1974 A. Zvonkin, ‘‘A transformation of the phase space of a process
that removes the drift’’, Math. Sb., 93:1, 129-149.
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The process X is a continuous semimartingale with (X); = t. Hence,
by the “occupation times formula’,

t - - Xr
/O [(Xs = 0)ds = /Rf(a; — 0)L¥(X) dx = O,

where L7 (X) is the local time of the process X spent at the point «
by the time t.

So, X2 is a positive local martingale and hence a supermartingale.
Since X2 > 0 and X2 = 0, we conclude that X2 = 0 a.s. Hence X7 =
fg 2XsdBgs. Then our SDE takes the form dX; = dB¢, a contradiction
(since X; = 0 while B; ia a Brownian motion).
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EXAMPLE 4. The following SDE has a (unique) strong (and
thus weak) solution:

dXy = —sgn X dt + dW, \

This example is a particular case of the following statement.

S
T

Let a(xz) be a bounded Borel measurable function. The the
following SDE has a (unique) strong (and thus weak) solution:

dX: = a(Xy) dt + dW4 |, Xo = x0 \—/I\—/ _S|_
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Our interest to the equation dX; = —sgn X;dt + dWW; comes from
the following optimization problem.

Consider SDE
X} = w(X®) dt + dW;, X% =0,
with the Lipschitzian “control” u = u(x), |u(x)| < 1. Put
7(u) = inf{t: | X{| > 1}.
We want to find an optimal control u* = u*(x) such that

Er(u*) = sup Er(u), where Lipis a class of Lipschitzian *con-
ueLip trols” v = u(x) with |u(x)| < 1.
Intuitively, it is evident that u*(x) = — sgnx. However, this function
uw*(x) ¢ Lip and there is a natural question: does exist a solution
of the SDE dX; = —sgn X;dt + dW,? It turned out, this SDE has a
strong solution.
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EXAMPLE 5. The “two-sided” Tanaka equation:

dX+ = sgn X dWy |, XO:O \_/|\_/ S

If X is a solution, then by the Lévy characterization theorem, X is
a Wiener process. We find

t t
By the Tanaka formula,
t
X = [ sgn X dXs + Ly(X), (%)

where L;(X) is the local time of the process X at zero.
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From (x) and (xx) if follows that
Wi = [X¢| = Li(X).

But Ly(X) = Li(|X]), since Ly(X) = Iifg = 5= J§1(|Xs| < €) ds. Hence
g

.7:,5W C ]:,JL‘X‘. (k% *)

if X is a strong solution of the SDE dX; = sgn X;dW, then (by
definition of a strong solution)

XA, (s % %)
From (x*x) and (x* xx*) we get
e 7

which cannot be true because X is a Wiener process (o-algebra Fi*

contains also o-algebra F;9" ).
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To prove the existence of a weak solution, take a Wiener process
W = (W)s>0 and a process Wy = [{sgn Wy dWs, t > 0. Put X; = W,
then

sgn X; dW; = sgn W - (sgn Wi th> = dW,; = dX;.

So, the pair (W, X¢)¢>, where (Wy)>0 is @ Wiener process, solves
the equation

dXy = sgn X dWy.

This pair (W, X¢)¢> is a weak solution of this equation.
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In Examples 6 and 7 we consider the stochastic differential “one-
sided” Tanaka equation

dX; = Xdt + I(Xy > 0) dt
with A =0 and X\ # 0O, respectively.

EXAMPLE 6. The "“one-sided” Tanaka equation:

+1

dX; = I(X; > 0) dW; |, Xo=¢ \—/I\—/

where & and W are independent.
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PROOF of Example 6. Consider the stopping time o = inf{t >
0: ¢4+ Wy <0} and set

Xt =&+ Wino- (o)

This process X is a strong solution of SDE dX; = I(X; > 0) dW4,
Xo = €. Indeed, it is (]—"t(S’W))tZO—adapted, Xo =&, and

t t t
l.e., dXy = I(Xy > 0)dW;, Xg =E€.

So, the qualitative properties of
the “one-sided’” Tanaka equation dX; = I(X; > 0) dW;

differs markedly from those of

the “original” Tanaka equation dX; = sgn X; dW4.
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EXAMPLE 7 (Karatzas—Shiryaev—Shkolnikov). The one-
dimensional “one-sided” Tanaka equation with drift:

A<O: WIS
dX, = Ndt+ 1(X, > 0)dw; | Xo=¢, T+
Ny W | S

where ¢ and W are independent =9 i

For A > 0 the weak solution is unique.

(For the proof see the recent paper:
I.Karatzas, A.N.Shiryaev, M.Shkolnikov, “On the one-sided Tanaka equation with
drift”, Electronic Comm. in Probab., 16 (2011), 664—677.)
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In connection with Examples 6 and 7, the following theorem is
interesting.

THEOREM. For any real constant A\, and with W and
V standard Brownian motions, the PERTURBED one-sided
Tanaka equation

dX (1) = Adt + I(X(t) > 0)dW (1) + gd\/(t), 0<t< oo,

has a pathwise unique strong solution, provided either
(i)mé¢[-1,1] and (W, V)(t) = —t/n, 0 <t < oo, Or
(ii)) n 70 and W, V are independent.
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EXAMPLE 8 (I.V.Girsanov). Let 0 < a < 1/2.

AX; = | Xi|* dB; | Xo=o0,  pOS

where B = (B;)¢>0 is @ Brownian motion (Wiener process).

It is clear that the process X =0, t > 0, solves the SDE. This trivial
solution is both strong and weak. The interesting question:

Does a nontrivial solution exist ? The answer is “YES".

The method of the proof suggested by I.V.Girsanov is based on the
ideas of the

CHANGE of TIME.
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Take (€2, F) = (C,B), where C is the space of continuous functions
w = (wt)i>0- Let W = (W (w))¢>0 With Wi(w) = wy is a (canonical)
Wiener process (w.r.t. the Wiener measure PW on (C, B) which exists
as we know).

Let A = (A¢(w))¢>0 be a process defined by

Ap(w) = /Ot |W3(w)|_20‘ ds, O<a<l/2. (o)

Define T/(9) = inf{t > 0: A; > 6}. Since 0 < a < 1/2, the process A
has PW-a.s. continuous nondecreasing trajectories, PW(At <o0)=1
for each t >0 and 4; - o PW-as. ast— oo.
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Starting from W and (T7'(6))g>q, construct

Wg(w) = Wf(&)(w) and ﬁg — ff(&)

The process W = (17[79)920 is a continuous local martingale w.r.t.
(Fplg>0 With (Wy) = T(0).

From (e), by the change-of-variable formula, we get

. T(6)
T(0) = /O W =22 d A,
A~ 0
— T(0) R —2« _ 17 |—2x
_/O |WT(S)| dS—/O |Ws| ds. (e0)
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Introduce the process
0 __ -
By = /O |Ws|™% dW. (eoe)

(as a stochastic integral w.r.t. a local martingale W). T his process is
an ((f(@))9>o, PW)-local martingale with the quadratic characteristic

(Bl = [ Wl 2 d(W)s = [ W] T (s)
b
yg‘) /O |WS|—204|WS|204 ds = 0.

Thus, the local martingale B = (By)y>0 has the quadratic characte-
ristic (B)y = 0; therefore, by the Lévy characterization theorem, it
is a PW-Brownian motion.
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If we change notation: Xy = Wy, then, by (e e o),

0
By =/O Xs|~®dXs,  and thus  dXy = |X,|*dB,.

Therefore the pair of processes

(Xg, BQ)QZO’ where X@ = W = Wg,

T(0)
= —2a /117
By = /O W =22 d(W)s,

provides a weak solution of the SDE

dX; = |Xt|adBt O<a< 1/2).
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Return to Example 4.

dX; = a,(Xt) dt + dWy |, Xo = xg

Let a(x) be a bounded Borel measurable function. The the
following SDE has a (unique) strong (and thus weak) solution:

W

S

_I_

_|_

There have been many attempts to extend this result about existence

of the strong solution to the ‘“functional’” case:

dX; = a(t, X) dt + dW,

(%)

where for each ¢ the functional a(t, X ) depends on the past {Xs, s < t}

of the process X.

More exactly, let a = a(t,x) be a bounded (predictable) functional
a(t,z): Ry xC(Ry) — R. The following example shows that (x) with
past-depending drift term can have no strong solution.
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8§ 3. The TSIRELSON EXAMPLE

Let © = (x4)o<t<1 € C([0,1]) with zg = 0. Define the numbers 1,
k=0,—-1,—-2,...suchthat 0 < ---<t_o<t_1 <tg=1 and consider
the function a(t,x) such that a(0,z) = 0 and

Tt, — Tt _
a(t,iv):{ e 1}, by < <tpg1,
b — -1

where {a} stands for the fractional part of a.

For such a function the SDE dX; = a(t, X;) dt + dW; takes the form
Xty — Xty _q

Ktppr — Xty = { f— 1 }(tk—l—l —t) + Wy g — W)

which is equivalent to the recurrent equations

Nk+1 = Nk} + €x+1, Where n, = , € =




From this recurrent equation we have

627Ti77k_|_1 — ezﬂi{nk+1}ezﬂi€k+1 — 627Ti77k€27Ti€k_|_1 '

Denote my := Ee2™k. If our SDE dX; = a(t, X) dt 4+ dW; with the
function a(t, X) defined above has a strong solution then n;, must
be F}V = o{Ws,s < t;}-measurable. Consequently,

M1 = myEe?™ k1 = e 27 [ (bp1—tg)

T herefore,
1 1
Mig+1 = Mg41-n eXD{—2W2< + -t )}
te4+1 — i tk+2—n — th+1-n
Thus, |mgyq| < e=27°n for any n. Hence mjp = 0 for any k =
0,—1,-2.....
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Further, from the same recurrent equation we have:

E2TIM4 1 — 2N 2TIER 4] — ... — 2T iMf—p L2Ti(Efq1 gt FEf41)

Assume there exists a strong solution to our SDE. Under this assumption

Nk—n Should be ]—"thV_n—measura ble. Consequently, if we denote Qtvlf_mtkﬂ =

a{w: Wiy — Ws, tr_y, < s < tk_l_l}, then the independence of the o-

algebras ]—"thV_n and QtVZ_m implies that

le41

E<627Ti?7k+1 | gg{/_mtkﬂ) — 627Ti(€k+1—n—|—...—|—6k+1)EGQWj%—nJ —0.
=0

Since Qtvli/_n 0 ]—"thVH as n T oo, we conclude (“Lévy theorem’) that

41

E(e2m M1 |f22/+1) — 0.

If a strong solution then existed, then the variables Nk+1 would be
FJV._-measurable implying the identity e2™k+1 = 0 which is clearly
impossible.
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The contradiction obtained shows that the equation dX; = a(t, X) dt+
dW; with the above function a(¢, X) does not have a strong solution.

In connection with this example of nonexistence it is reasonable to
give general sufficient conditions for existence of s strong solution
of the SDE with path-dependent nonanticipating coefficients:

dXy = A(t, X) dt + B(t, X) dW,.

The following result * is a straightforward extension of the result of
Theorem 1.

* R. Liptser, A. Shiryaev, Statistics of random processes, Springer, 1977-78,
2001.

I-3-4




THEOREM 3. Suppose that (2,7, (Ft)ic[0.1]; P) is a given filtered

probability space and W = (W) [p1] Is @ (Ft)-Wiener process.
Let the nonanticipating functionals A(t,X), B(t,X), t € [0,1], = €
C([0,1]), satisfy the global Lipschitz condition:

At z) — A(t, )% + |B(t, x) — B(t,y)|?
t
< Ly [ loa =y 2 A (s) + Lolee =yl
A2(t,2) + B2(t,2) < Ly [ (1+32) dK () + Lo(1 + 2),

where L1 and Lo, are constants, K(s) is a nondecreasing right-

continuous functions, 0 < K(s) < 1, z,y € C(]0,1]). Let £ be an
Fo-measurable random variable. Then the SDE

dXy = A(t, X) dt + B(t, X) dW;
has a unique strong solution X = (X, F4)¢>0, 0 <t < 1.
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Let us give also some results related with the SDE dX; = a(X;) dt +
dW; considered in Example 4.

THEOREM 4 (Zvonkin, 1974). Suppose that for a one-dimensional
SDE

dX; = A(t, X¢) dt + B(t, X3) dWr, Xog =0,

the coefficient A(¢, z) is Borel measurable and bounded, the coefficient
A(t,x) is continuous and bounded, and there exists constants ¢ > 0,
e > 0 such that

[B(t,z) — B(t,y)| <c¢\/lz—y|, t>0, =zy€eR,
|B(t,z)|>e, t>0, x€R.

Then the SDE has a unique strong solution.

For homogeneous SDEsS there exists a stronger result.
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THEOREM 5 (Engelbert, Schmidt, 1985).
Suppose that, for a one-dimensional SDE

dXy = A(Xy) dt + B(Xy) dWy, Xo = o,

the coefficient B does not vanish, AB~2 ¢ Lig(R), i.e.,

/ A(z)B™?(z) dz < oo, e > 0,
|z|<e
and there exists a constant ¢ > 0 such that

|B(z) - B(y)| <c/|lr—y|, =xy€eR,
|A(z)| + |B(z)| <c(1+z|), z€eR.

Then the SDE has a unique strong solution.
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§4. GIRSANOV’'s CHANGE of MEASURES
(2, F, (Fn)n>0,P) s a filtered probability space, Fo = {@, 2},
e = (e1,eo,...) is a sequence of i.i.d., N(0,1), r.v.,
en IS Fp-measurable.

= (tn)n>1 are given predictable sequences
(i.e., un and o, are F,,_1-measurable).
on, are assumed > 0.

Set &, = pn + onen. Evidently, | Law(¢| F,_1;P) = N(un,02) I which

allows one to call £ = (én)p>0

o = (on)n>1

a CONDITIONALLY GAUSSIAN sequence (w.r.t. P)
with

conditional expectation and conditional variance

E(§n | Fn-1) = un D(&n | Fn—1) = on
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We have Law(¢|F,_1;P) = N(un,02) and we want to construct a
new measure P* such that

Law(¢ | Fpp—1; P#) = N(0,03) |

In particular, if o, =1, then rv. E = un+¢, 1 <n < N, are i.i.d.,
N(0,1), w.r.t. the measure P, = PH|Fy:

Law(&q,..., &N |P*) = Law(eq,...,en | P),

Law(pu1+er, ..., un+en |PH) = Law(ey,...,en|P) (o)

The simplest version of corresponding continuous analog of this
result is the following.
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Let B = (Bt)(<T be a Brownian motion (w.r.t. a measure P) and let
Bt = (B}")i<r be defined by B}’ = ut + B; (= a Brownian motion
with drift). Then one can construct the new measure P# such that

Law (B, t <T|Pf) = Law(By,t < T |Pp) I

where Py = P|Fp and P4 = PH|Frp.

Let us prove the result (o).
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Sy IR
For N > 1 define Z, = exp{— Z — € — = Z (—) }
k=1 O 2k=1 O

LEMMA. 1) The sequence Z = (Zn),>1 is a (P, (Fn))-martingale

2) Let Foo = o(UFn) and assume that

1 X2 : o
Eexp{— > (—) } < oo (Novikov’s condition).
k=1 "k

Then Z = (Zn)p>1 is a uniformly integrable martingale with limit
(P-a.s.) Zoo = lim Z,, such that

romonl- 5 B 5 (4]
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PROOKF. 1) This is obvious, since for each n > 1

1 2
E[exp{%%_—(&) } |]—"n_1] —1
O 2\ 0}

by the F,,_i-measurability of un/on and the conditional Gaussian
property Law(ey | F,,—1;P) = N(0,1).

2) This will be proved below.
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Now turn to the proof of the GIRSANOV THEOREM:

,un +en |P) =Law(ey,...,en|P)

Law(ul +e1,...

with dPy = Zxn dPy.

First of all, recall the well-known Bayes formula:

Let Py < Py, and let Y be a bounded Fn-measurable r.v. Then
for each m < N

~ 1
E(Y|}—m) — Z—E(YZNU'—m)a

m

~ m N 17 2
where in our case E = Ex and Zy = exp{— > —ksk—— > (—k> }
P k=1%k  25=1\k




By this Bayes formula we get

-, 1
E<e”\5n |]—"n_1) =E [exp{ (iAan — @) en + iA\un — 5

On

=: 1, E[I|:Fn—1] =1

Ve

= E[ exp{(Man —

~

%)@n — %(i)\an - M)z}

n o'n

X exp{%(i}«;n — g_z)2 + i — %(w

\

"~

= exp{—A%c}/2}

} I5N—a.s.

Y

LaW(,LL1 +e1,...

uy +en|P) = Law(ey, ..

,en|P)

(o)
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To extend this result to the case N = oo, consider again the martingale
7 (Z?’L)nZl with

Since EZy = 1, we have had possibility to define the measure ISN:
dPn = Zn dPy,

w.r.t. which the discrete version of the Girsanov theorem holds.

For case N = oo it is reasonable to put

dPoo = Zoo dPoo|, Where Pog = P|Foo, Foo = o(|JFn).
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Generally speaking, we cannot guarantee that EZ = 1. That is
true if Z = (Zn)p>1 is @ uniformly integrable martingale, since for
such martingales there exists limy—oo Zn (= Zx) and EZ —co = 1.

The most famous sufficient condition for the uniform integrability
of the family (Zy),>1 is the Novikov criterion:

con(l 5 (22)" <)

k=1 \9n

The proof of this criterion will be provided below (§5) for more
general case of continuous time, which we consider now.
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Let (2, F,(Fn)n>0,P) be a filtered probability space, and
B = (Bt)¢>0 a Brownian motion (Wiener process).

Consider the question on existence of a weak solution of the SDE

dX; = u(t, X) dt + dW;

where for each ¢ > 0 the functional u(t,z) = u(t;zs,s < t) is Bs-
measurable, where By = o(zs: s <t), x = (xs) € C[0,00), a space of
continuous functions defined on [0, c0).

The basic method of the proof is based on the ideas of the change

of measure launched in

1960 I.V. Girsanov. ‘“‘On transformation of one class of random
process with the help of absolutely continuous change of
measure’’, Theory Probab. Appl., 5:1, 314-330.
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Girsanov theorem claims the following.

Suppose 2 = C[0,T] and let PJW be a Wiener measure on (C[0,T1], Br);
hence the canonical process W = (Wi(x))>1 With Wi(z) = 4 is a
PW_wWiener process.

T 1 (T ,
Let Z; = exp{—/o w(s, W) dWsg — 5/0 uw<(s, W) ds} and EWZ; =1,

where EW stands for expectation w.r.t. the measure P}.

Define a new measure Py such that
dPp = Zp dPY.

T _
Then the process By = W, —I—/O (s, W) ds is Pp-Wiener process:

T ~
LaW(Wt‘l'/o uw(s,W)ds, t <T | PT) = Law (W4, t§T|ng).
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Put Xy = W;:. Then

dX; = —u(t, X) dt+dBy I

where B is a Pp-Wiener process.

So, the set (B, X,P7) forms a weak solution of equation (e e).

(00)
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Consider a particular case u(t, W) = —u, where y = const. Then
2 ~
Zp = e MBT=1T/2 Pl = 71 dPp, By = Wi+ ut,

and Law(W; + ut, t < T|P%) = Law(Wy, t < T|Pp). From here we
find that if Gp(x) = Gy (x¢, t < T) is a bounded functional on space
C[0,T], then

Law(Gp(WH) | P4) = Law(Gp(W) | Pr)

where W}' = ut + W; and P4, = Pp with

P = e~ rWr—wT/2 qp | (= W Wr—r*T/2 gp )
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As a result we get

dP
EG(WH) = EM dP—Z G (WH) = EM MW h—pT/2 G (WH)
T

Girsanov’s
theorem

— BT HT2 (W),

So, we have the following useful formula:

EGr(WH) = EetWr—12T/2 G (W) I
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For many problems of the stochastic analysis, optimal stopping, it
is very useful to extend the above results

T -
Law(Wt + /O (s, W)ds, t<T PT) = Law(Wy, t < T |Pp),

EG(WH) = EetWr—HT/2 (W)
for case when T is replaced by stopping time 7:
() Law(Wi+ (s, W)ds, t <7|Pl) = Law(Ws, t < 7[Pr),
(48) EG-(WH) =EeV 172G (W),

Here dPL = ePWr—12T/2 — gP_ and. of course, we must assume that

7 IS such that
EetWr—n'T/2 — 4 |
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If instead of
(4) LaW(Wt + pu(s,W)ds, t <t ‘ P#L) = Law (W, t < 7| P7),
(498) EG(WH) = EetWr=17/2 (W),

we consider
t
#) LaW(Wt—I—/O u(s,W)ds, t<r7| Pﬁ) = Law(W;, ¢ < 7Py,
t
4 9) EGT(Wt+/O u(s, W) ds; tsf)
T 1 T >
—E exp{—/o A(s, W) dWs —5/0 A2(s. W) ds}-GT(W),

then it is necessary to replace the condition Eel”/VT—MQT/2 = 1 by

T

T 1
E e:x;p{—/O p(s, W)dWsg — 5/0 p?(s, W) ds} =1
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Put A = —u and denote
E(N); = AWimA%t/2, t>0.

The process (£(M)¢)e>0 is the so-called stochastic exponential which
solves the linear SDE

dEN) = M) dWy |l EV)o = 1.

The process (E(A\)i)¢>o0 is an (F}V);>o-martingale with £(\); = 1.
This martingale is not uniformly integrable and, generally speaking,
EN)r < 1.

Our aim now is to find conditions on 7 which imply E(A) = 1.
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§ 5. CRITERIA of UNIFORM INTEGRABILITY
for STOCHASTIC EXPONENTIALS

Recall first some famous WALD’s IDENTITIES for a Wiener
process (Brownian motion) W = (W;)>o0.

Assume that the stopping time + = 7(w) is a stopping time w.r.t.
the o-algebras (F}V)i>o (i.e., {r(w) <t} € FV, t > 0).

EvVT <o = EWr:=0

It is well known that: Er < co = EW, =0, EW2=Er
(Wald’s identities)
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Introduce the following conditions:

Gikhman & Skorokhod:

Liptser & Shiryaev:

Novikov:

Yan; Krylov:

Ee)‘zT < 00

(5+)N27
Ee‘2 < 00

14,2
Ee2MN7 < 00

1 2
lim e log Ee(Z278AT = ¢

el0

I(1; )
II(3 + & A)
I1I(3; \)

IV(3—;A)
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We begin with the demonstration of the following implication:

1 2
II(% + &) Ec(2TNT o for some 0 < e < 1 \ = |EEN);=1 I

For simplicity take A =1 and fix a € > 0.

It is sufficient (for the uniform integrability) to check that

146
)+ < oo for some d >0,

sup E(Zinr(1)

where Zi(\) = E(\); = AWi—At/2
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We have (with p=1+4¢ and q= (1 +¢)/e):

(Zy(1))HH =yt P
— (LHOWi—p(1+6)2t/2 | p(1+6)7t/2—(1+8)t/2

By the HOlder inequality,

E(Zu(1) = (Ew)?) - (Bw)1)
— (RPN (D)

—1. <E(¢t(2))q)1/q.
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Take 6 > 1 such that for the given 0 < e <1

£2

< .
M) A roat
Then (wgz))q — opq(146)?t/2—q(146)t/2 < e(1/24e)t gng

E(wt(f;)q < Ee(1/2+e)(AT) < g (1/248)T -

So,  E(Zine ()M < (E@EHN) M < (Ee1/2Hmy 1/ < o,

The same is true if instead of A =1 we take any A > 0. Therefore

1 2
I1(5 + &5 0): Ee(2TEAT — o for some 0 < ¢ < 1 \ =
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Using the obtained result, let us prove the Novikov criterion:

III(%; A): B2 < oo | = EE(\), =1 |

For the proof take 0 <e <1 and A\s = (1 —¢)A. Then

Ee(l-l—e))\gT — E€(1+€)(1_€)2)\27_ < EG%AQT

Y

since (L+e)(1—e)2=(1-¢2)(1—-¢)<1.
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We know from the criterion II(% + ;) that

14ey\2
ET2 T c o = EZT(Ag)::

—EZ-((1 —e)N\) = Ee)\(l—e)WT—)\z(l—a)zT/Q

. 1—e)Y(ANW-=\27/2 1—&)eA27/2 Holder’s ineq. with
— E[e(1-o) /2. ((1=e)exr/2] (1/p=1_s, 1/q:€)

< (EZT(A))1_€(Ee(1_€)>‘27/2>6 < (EZ-(\) 7 (EeXNT/2)¢ |

Taking € | 0, we get 1 < EZ-(\). But EZ-(\) < 1 for any stopping
time. Hence, EZ;(\) = EEN)r = 1.
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Finally, let us show that

1 _\\2
IV(E—;N): imelog 2T =0 = EZ: () =1 I

N (2—)A2r . .
Condition lim.pelogEe*2 = 0 is equivalent to

: (1—e)A\27/2]1¢ _
L'fS E[e / } = 1. (%)

From the latter condition it follows that for sufficiently small € > 0O
Ee(1-2)X\?7/2 « 5 S0, for Ao = (1 — &)\

2
Ley2, L Q490-0?y2

(1—e2)(1—£) y2
Ee — Ee — Ee 2 AST

< Q.

Then applying the criterion II(%;)\g) we get that

EZT(A&“) = 1.
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Just as above we obtain

1 =EZ-(Ae) I

= EZ;((1 — £))) = EA-Wr=X?(1-2)%7/2
_ E[e(l—a)(AWT—)\QT/Q.6(1—5)5)\27/2] (Holder's ineq. with)

1/ p=1—¢, 1/g=c¢

< (EZ;(N))'~° (Bl T/2)° |

Put here ¢ | 0. Then taking into account the condition (%) we
obtain that EZ-()\) > 1. But at the same time EZ-()\) < 1. Hence
EZ-(A\) = 1, and criterion IV(%—;)\) is proved.
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WEAK and STRONG SOLUTIONS. 2:
GENERAL REMARKS on the

EXISTENCE and UNIQUENESS

The development of the general theory of SDE of the type

dX; = B(X,t)dt + A(X,t) dB; (©)

where B = (B;)>0 is a Brownian motion, and given above different
examples of existence/nonexistence of weak and strong solutions
led to the following general concept of

the SOLUTION of SDE (¢).

I-6-1




DEFINITION 1. A SOLUTION of SDE (¢) is a pair (X,B) of
processes X = (X¢)t>0, B = (Bt)r>0 defined on some (not given
apriori) filtered probability space (2, F, (F;),P) and such that (X, B)
are adapted, B is a P-Brownian motion, and P-a.s.

t t
Xt:XO—I—/OB(X,s)ds—l—/OA(X,s)st, t>0

(integrals are assumed to be well-defined).
Such a pair is very often called a weak solution of the SDE (¢).

If the solution (X, B) is such that X; is F-measurable for all ¢, then
we say that (X, B) is a strong solution.
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DEFINITION 2. We say that the SDE (¢) has the property of
uniqueness in law if for any solutions (X, B) and (X', B") (which
may be defined on different filtered probability spaces (2, F, (F;), P)
and (2, F,(F]),P")) one has

Law(X | P) = Law(X’ | P/) I

DEFINITION 3. We say that the SDE (¢) has the property of
pathwise uniqueness if for any solutions (X, B) and (X', B) (which
are defined on the same filtered probability spaces) one has

P(X; = X, t20):1I.

NOTE. Stroock and VVaradhan developed a little bit different approach
to the notion of the solution of SDE. They treat a solution not as

a pair of processes but rather as a single object, namely, a measure
on the path space which is a solution of the martingale problem.
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Implications which follow directly from the definitions:

Strong existence I —> | Weak existence I
Pathwise uniqueness I — Unigqueness in law I

The well-known Yamada—Watanabe theorem:

Weak existence —> | Strong existence I EI

Pathwise uniqueness

H.-J. Engelbert and A. Cherny established the counterpart of EI:

Strong existence — Pathwise uniqueness I

Unigqueness in law
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We conclude our lectures on the SDEs by the following
notes (proposed by A. Cherny, H.-J. Engelbert et al.):

(1) It may happen that there exists no solution to the SDE
W | S

(on any filtered probability space):

Examples:

(o) dXy = —sgn X;dt|, Xg=0,

(deterministic equation)

1, x>0,

here sgnx =
-1, x<0;

1
(B) |dXi= —EI(Xt #0)dt+dB|, Xo=0,
t
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(2) It may happen that there exists a weak solution

but there is no strong solution:

Examples:

(Oz) dXy = sgn X; dB; |, XO

W|S
i —

(“two-sided” Tanaka equation)

(B) |dXy = A(Xy)dBy|, Xo

(Barlow’s case)

with A(x): R — (0,00) bounded continuous
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(3) If there exists a strong solution of the SDE on some filtered
probability space, then there exists a strong solution on any

other probability space with Brownian motion.

(4) If there exists a solution and if pathwise uniqueness holds, then
on any filtered probability space with a Brownian motion there
exists exactly one solution and this solution is strong (by the

Yamada—Watanabe theorem).
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(5) It may happen that there are several solutions with the same
Brownian motion.

Examples:

W(S
+ |+

here (B, B) and (0, B) are solutions;

(o) |dXy =1(Xy#0)dB;, Xo=0,

o—1
(B) |dX¢=— X, I(Xy #0)dt + dBy

Xog=x0#0, &>2.

~»

here we have the weak existence and pathwise
uniqueness, so there exists a unigque strong
solution (the Yamada—Watanabe theorem).
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§ 7. WEAK and STRONG SOLUTIONS. 3:
SUFFICIENT CONDITIONS for
EXISTENCE and UNIQUENESs. SUMMARY

dXi = A(t, Xy) dt + B(t, Xy) dWy I

|A(t, z)| + |B(t, )| < (1 + |z]),
then there exists a unique strong solution

Skorokhod: HIf A and B are continuous bounded,
then there exists a weak solution

Zvonkin: If A is measurable bounded, B is continuous bounded
and |B(t,z) — B(t,y)| < e\/lz —yl, [B(t,2)| > ¢ >0,
then strong existence and pathwise uniqueness hold
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dXi = A(Xy) dt + B(X¢) dWy I Xg=20

Engelbert & Schmidt:

If B# 0, AB~2 € LL _(R), |B(z) — B(y)| < c|z — y| and

|A(z)| + [B(z)] < (1 + [z]),
then there exists a (pathwise) unique strong solution
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dXi = A(t, Xy) dt + B(t, Xy) dWy I

Yamada & Watanabe:

If there exist a constant ¢ > 0 and a strictly increasing
function h: Ry — Ry with [91 h=2(x) dz = oo such that
|A(t, 2)—A(t, y)| < clz—yl, |B(t,2)—B(t,y)| < hlz—yl,

then pathwise uniqueness hold

Stroock & Varadhan:

If A is measurable bounded, B is continuous bounded
and there exists a constant e(¢,z) > 0 such that
|A(t, )| > e(t,x)|A\], XN € R,

then weak existence and uniqueness in law hold

Portenko:

HIf |B(t,z)| > e>0and [§ [g|A(S,z)|"T0dsdz < oo, § > O,
then the previous Stroock—Varadhan result holds

I-7-3




dX: = A(Xz) dt + B(Xt) dWy I

Krylov:

If A and B are measurable bounded
and there exists a constant € > 0 such that |B(x)| > &,
then weak existence and uniqueness in law hold
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TOPIC II: Optimal stopping problems. Basic formulations,

concepts and methods of solutions

8§ 1. Standard and Nonstandard Optimal Stopping Problems

Optimal stopping theory is a part of the stochastic
optimization theory with a wide set of applications and well-

developed methods of solution.

GENERAL FORMULATION.
We have a filtered probability space (€2, F, (F¢)t>0,P) and a family

of the stochastic processes G = (Gt)¢>0, Where G; is interpreted as
the gain if the observation is stopped at time ¢.
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The optimal stopping problems consist in finding the value functions

V = sup EG- or V = sup EG-I(T < 00)
TEM TEM

Here 9 is the class of Markov times 7 = 7(w)
(i.e., random variables = with values on [0, oo] such

that {w: 7(w) <t} € F for all t > 0),
M is a subclass of MM,

namely, the random variables 7 such that 7(w) < oo
for all w € 2, or sometimes P(7(w) < o0) = 1.
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Note that we do not make any measurability assumption on the gain
functions Gy, t > 0 except for F-measurability.

If Gt is Fi-measurable for each t > 0, then we say that the problems
of finding V and V are STANDARD problems.

If Gt is F = o(|J F:)-measurable or F-measurable, then we say that
the problems of finding V and V are NONSTANDARD problems.
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The general Optimal Stopping Theory (OST) is well-
developed for STANDARD problems. For this case there are

two main approaches to solve the problems V and V:

A. Martingale approach I

operates with JF;-measurable
functions G; and is based on
two methods:

a) Method of backward
induction (for case of
discrete tinet =n < N)

b) Method of essential
supremum (for discrete
and continuous time and
finite or infinite horizon)

B. Markovian approach I

assumes that functions G¢(w)

have the Markovian
representation, I.e. there
exists a Markov process
X = (Xy)>0 such that

Gi(w) = G(t, X¢(w)) with some
measurable functions G(t, x),
where x € FEF and E is a phase
space of X

II-1-4




The technique of reduction to the Markovian representation will be
illustrated in Topic III where we consider some quickest detection
problems formulated a priori as nonstandard stopping problems.

Before going to the results of the general theory for standard
problems, let us consider the procedures of reduction of the
nonstandard problems to the standard ones.

Assume Gi(w) is (t,w)-measurable positive (or bounded) functions,
t >0, we 2. From the General Theory of stochastic processes we
know * that there exists an optional process (or optional projection)
G (w) such that for any Markov time 7 = 7(w)

EG-I(T < 00) = EGLI(T < 00).

* See, e.g., C.Dellacherie, P.-A.Meyer. Probabilités et potentiel. Théorie
des martingales (Ch. VI, §2: Projections et projections duales), Hermann,
1980, 113-119.
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NOTE. Process G' = (G}(w))>0, w € €2, is called optional if it is
measurable w.r.t. the o-field on €2 x R4, generated by all cadlag
adapted processes considered as a mappings on €2 x Ry. If the
process G’ is optional, then G} is F;-measurable and for any Markov
time 7 the variable G-I(r < ~) is Fr-measurable, where the o-
algebra is defined as Fr ={Ac F: An{r <t} e F, t>O0}.
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DISCRETE TIME: there exists a very simple construction of G’:

CONTINUOUS TIME: the property

there exists an optional process G}(w), t > 0, such that

EG-I(T < 00) = EGLI(T < 00)

for any * stopping time r

IS EQUIVALENT to the property

there exists an optional process G}(w), t > 0, such that
the (conditional) identity hold:

E[G-I(T < o) | Fr] = GLI(T < o) a.s.

for any * stopping time r

* It is NOT sufficient to take only bounded stopping times .

II-1-7




g§2. OS-Lecture 1: INTRODUCTION

1. Connections of the Optimal stopping theory and the Math-
ematical analysis (especially PDE-theory) can be illustrated by

the Dirichlet problem for the Laplace equation:

to find a harmonic function v = u(z) in the class C? in the
bounded open domain C C RY, i.e., to find a function u € C?
that satisfies the equation

Au=0, xed(, (%)
and the boundary condition

uw(z) = G(z), = €dD, where D =R \ C. (%)

I1-2-1




Let
p = inf{t: Bf € D},
where
BY =z + By

and B = (B);>0 is a d-dimensional standard Brownian motion.

Then the probabilistic solution of the Dirichlet problem
Au = 0, x e C,
uw(x) =G(x), x€0D,
is given by the formula

u(x) = EG(B%D), x e CUID
(u(:v) — E;,;G(BTD))
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The optimal stopping theory operates with the optimization
problems, where

e we have a set of domains C = {C . O C Rd} and
e Wwe want to find the function

U(x) =supEzG(Br,)|, where G = G(z) is given for all z € RY,
T —
b DeD={D=C:CeC}

or, generally, to find the function

V(z) =supE,G(B7)|, where 7 is an arbitrary finite
T

stopping time defined by the

process B.
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2. The following scheme illustrates the kind of concrete problems
of general interest that will be studied in the courses of lectures:

A. Theory of probability B. Mathematical statistics
sharp inequalities sequential analysis

C. Financial mathematics
stochastic equilibria

The solution method for problems A, B, C consists in reformulation
to an optimal stopping problem and reduction to a free-boundary
problem as stated in the diagram:
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A, B, C

© @

Optimal stopping problems

@ o

Free-boundary problems
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3. To get some idea of the character of problems A, B, C that will
be studied, let us begin with the following remarks.

(A) Let B = (B¢)t>0 be a standard Brownian motion. Then

EBr=0 and EBr=0 if Ey/7 < oo

Wald identities: 5 5 _
EBr =T and EB;f =Er if ETr < o0

From Jensen’s inequality and E|B.|?2 = Er we get

E|B,P < (Er)P/2 for O0<p<?2
E|B-|F > (Er)P/2  for 2<p< oo

IA

B. Davis (1976): E|B,| < 2iEv/T, 2i = 1.30693...
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Now our main interest relates with the estimation of the expectations

Emax By and Emax|By|.

t<rt t<rt
We have
max B 2 | B|.
So,
EmaxB; = E|Bp| = 2T
p<p 8 T =\
and

VET,

21Ev/T, 2] = 1.30993...

EmaxB; = E|B| <
TﬁTXt |T|_{
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The case of max|B| is more difficult. We know that

SHIN

P (max|Bt| < :c) =

t<T on + 1 812

n=0

From here it is possible to obtain (but it is not easy!) that

Emax By = /=T (=1.25331...).
t<T 2

(Recall that E|By| = /2T (= 0.79788...).)

= ED" (_w2(2n + 1)2> |
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SIMPLE PROOF:

(Batit > 0) "2 (VaBy;t > 0).

Take o =inf{t > 0:|By = 1}. Then

P( sup |Bt| < a:) = P( sup |Bt/x2| < 1)
0<t<1 0<t<1

1 1
o =) el 5) (=)
0<t<1/x2 2 Vo

that is,

law 1
sup |By =

0<t<1 NG
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T he normal distribution property:

2 [0o0 _z2
—/ Fe 2a2de =al,  a>0. (%)
™ JO

So,

2 o 20
E sup |By = E ) —/ Ee 2 dx.
0<t<1 Vo wJO

Since Ee A7 = Cosh\/_ we get

OO dx 2 [© eldx 2 [ dy
E sup |By| = 2—/ ; — _/ .
0<t<1 cosh x TJO ecx+1 wJ1 144y

o0
2 T T
= 2\/ arctan(xz) = 24/=-— = 4/=.
T 1 T 4 2
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E sup |B = T E sup |Bt|:,/zT
0<t<1 2 0<t<T 2

In connection with MAX the following can be interesting. In his

speech delivered in 1856 before a grand meeting at the St.-Petersburg
University the great mathematician

P.L. Chebyshev (1821-1894)

has formulated some statements about the *unity of theory and
practice’”. In particular he emphasized that

“a large portion of the practical questions can be stated in the
form of problems of MAXIMUM and MINIMUM... Only the
solution of these problems can satisfy the requests of practice
which is always in search of the best and the most efficient.”
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4. Suppose that instead of maxt§T|Bt|, where, as already known,

E max |By = 7
0<t<T 2

we have some random time = and we want to find

E
o)

N3

ax |By ="
t<T

It is clear that it is virtually impossible

e to compute this expectation for every stopping time r of B.

Thus, as the second best thing, one can try

e tOo bound it with a quantity which is easier computed.

A natural candidate for the latter is Er at least when finite.
In this way a | PROBLEM A| has appeared.
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Problem A leads to the following maximal inequality:

E< max |Bt|> < CVET (1)

0<t<rt

which is valid for all stopping times = of B with the best constant
C' equal to V2.

We will see that the problem A can be solved in the form (1) by
REFORMULATION to the following optimal stopping problem:

Vi = sup E(Orgtang | Bt| — CT) , (2)

where

e the supremum is taken over all stopping times r of B
satisfying ET < o0, and
e the constant ¢ > 0 is given and fixed.

It constitutes Step 1 in the diagram above.
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If Vi = Vi(c) can be computed, then from (2) we get

<
E( max [Bl) < Va(e) + cEr (3)
for all stopping times = of B and all ¢ > 0. Hence we find
< | :
E(OrgtaSXT |Bt|> < CIQE <V*(c) +c ET) (4)

for all stopping times 7 of B. The RHS in (4) defines a function of
Er that, in view of (2), provides a sharp bound of the LHS.

Our lectures demonstrate that the

optimal stoppin free-boundar
P PpIng can be reduced to a y

problem (2) problem

This constitutes Step 2 in the diagram above.
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Solving the free-boundary problem one finds that Vi(c) = 1/2c.

Inserting this into (4) yields

c>0
so that the inequality (4) reads as

inf E(V*(c) + CET) = V2ET

follows:

E( max | Bt
0<t<rt

)S\/E

for all stopping times 7 of B.

This is exactly the inequality (1) above with C = /2.
The constant v/2 is the best possible in (6).

(5)

(6)
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In the lectures we consider similar sharp inequalities for other stochastic
processes using ramifications of the method just exposed.

Apart from being able to

e derive sharp versions of Known inequalities

the method can also be used to

e derive some new inequalities.
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(B) Classic examples of problems in SEQUENTIAL ANALYSIS:

e WALD'’s problem (“Sequential analysis’, 1947) of sequential
testing of two statistical hypotheses

Ho:p=po and Hy:p=p (7)

about the drift parameter 4 € R of the observed process

Xy =ut+ By|, t>0, where B= (Bt)tZO IS a (8)
standard Brownian motion.

e [ he problem of sequential testing of two statistical hypotheses
Ho: A=A and Hi: A= )\q (9)

about the intensity parameter A > 0 of the observed process

X;=N{'|, t>0, where N=(Ny)>q is a (10)

s tandard Poisson process. 151~




The basic problem in both cases seeks to find the

optimal decision rule (7., dx)

in the class A(«a, 8) consisting of decision rules

(d,7), where 7 is the time of stopping and
accepting Hq if d =dq or
accepting Hp if d = dp,
such that the probability errors of the first and second kind satisfy:
P(accept Hy | true Hp) < « (11)
P(accept Hp | true H1) < f (12)

and the mean times of observation Egr and E;7 are as small as
possible.

It is assumed that > 0 and 8 > 0 with a4+ 8 < 1.
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It turns out that with this | (variational) problem

Y

one may associate an |optimal stopping (Bayesian) problem

U

which in turn can be reduced to a |free-boundary problem|.

This constitutes Steps 1 and 2 in the diagram above.

Solving the free-boundary problem leads to an optimal decision rule
(7«,ds«) in the class A(«a, B8) satisfying (11) and (12) as well as the
following two identities:

EoT = (ITerTZ:) EoT, Eim = (ITI”ICE) Ei7
where the infimum is taken over all decision rules (7,d) in A(a, B).
This constitutes Steps 3 and 4 in the diagram above.
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In our lectures we study these as well as closely related problems of

QUICKEST DETECTION.

(The story of creating of the quickest detection problem of randomly
appearing signal, its mathematical formulation, and the route of
solving the problem (1961) are also interesting.)

Two of the prime findings, which also reflect the historical development
of these ideas, are the

principles of SMOOTH and CONTINUOUS FIT

respectively.
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C) One of the best-known specific problems of

MATHEMATICAL FINANCE,

that has a direct connection with optimal stopping problems, is the
problem of determining the

arbitrage-free price of the American put option.

Consider the Black—Scholes model, where the stock price X =
(X¢)r>0 is assumed to follow a geometric Brownian motion:

X; =1z exp (aBt + (r — 0%/2) t), (13)

where z > 0, 0 > 0, » > 0 and B = (B;);>0 is a standard Brownian
motion. By Itd’'s formula one finds that the process X solves

dXy = rX¢dt + 0 X4 dBy with Xg = x. (14)
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General theory of financial mathematics makes it clear that the
initial problem of determining the arbitrage-free price of the American
put option can be reformulated as the following optimal stopping
problem:

Vi =sup Ee "T(K — X;7)T (15)
T

where the supremum is taken over all stopping times = of X.
This constitutes Step 1 in the diagram above.

The constant K > 0 is called the strike price. It has a certain
financial meaning which we set aside for now.
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It turns out that the optimal stopping problem (15):
Vi =supEe "T(K — X;)T
T

can be reduced again to a free-boundary problem which can be
solved explicitly. It vields the existence of a constant bs such that
the stopping time

is optimal in (15).

This constitutes Steps 2 and 3 in the diagram above.

Both the optimal stopping point b« and the arbitrage-free price Vi
can be expressed explicitly in terms of the other parameters in the
problem. A financial interpretation of these expressions constitutes
Step 4 in the diagram above.
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In the formulation of the problem (15) above:
Vi=-supEe "T(K — X;)T
T

no restriction was imposed on the class of admissible stopping
times, i.e. for certain reasons of simplicity it was assumed there
that

7 belongs to the class of stopping times
M={7|0<7< 0} (17)

without any restriction on their size.
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A more realistic requirement on a stopping time in search for the
arbitrage-free price leads to the following optimal stopping problem:

1%

sup Ee 7 "T(K — X,)T
rem?

(18)

where the supremum is taken over all = belonging to the class of

stopping times

m ={r|o<r<T)}

with the horizon T' being finite.

(19)

The optimal stopping problem (18) can be also reduced to a free-
boundary problem that apparently cannot be solved explicitly.
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Its study vyields that the stopping time
T = INF{O<t<T| X¢ <bs(t) } (20)

is optimal in (18), where bs: [0,T] — R is an increasing continuous
function.

A nonlinear Volterra integral equation can be derived which characterizes
the optimal stopping boundary t — b4« (t) and can be used to compute
its values numerically as accurate as desired.

The comments on Steps 1-4 in the diagram above made in the
infinite horizon case carry over to the finite horizon case without
any change.

In our lectures we study these and other similar problems that arise
from various financial interpretations of options.
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5. So far we have only discussed problems A, B, C and their reformulations
as optimal stopping problems. Now we want to address the methods

of solution of optimal stopping problems and their reduction to free-
boundary problems.

T here are essentially two equivalent approaches to finding a solution
of the optimal stopping problem. The first one deals with the problem

Vi« = sup EG,| in the case of infinite horizon, (21)
TEM

or the problem

V.l = sup EG;| in the case of finite horizon, (22)
rem?

where M={7]0<7<o0}, and MI={r|0<7<T)
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In this formulation it is important to realize that

G = (Gt)¢>0 is an arbitrary stochastic process defined on
a filtered probability space (€2, F, (Ft)¢>0,P), where it is
assumed that G is adapted to the filtration (F;);>0 which
in turn makes each 7 from Mt or ML a stopping time.

Since the method of solution to the problems (21) and (22) is based
on results from the theory of martingales (Snell’s envelope, 1952),
the method itself is often referred to as the

MARTINGALE METHOD.
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On the other hand, if we are to take a state space (FE,B) large
enough, then one obtains the

“Markov representation” Gy = G(X;)

for some measurable function G, where X = (X;);>0 is a Markov
process with values in E. Moreover, following the contemporary
theory of Markov processes it is convenient to adopt the definition
of a Markov process X as the family of Markov processes

((Xt)¢>0, (Ft)t>0, (Pz)zeE) (23)

where P;(Xg = ) = 1, which means that the process X starts at
x under P,. Such a point of view is convenient, for example, when
dealing with the Kolmogorov forward or backward equations, which
presuppose that the process can start at any point in the state
space.
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Likewise, it is a profound attempt, developed in stages, to study
optimal stopping problems through functions of initial points in the
state space.

In this way we have arrived to the second approach which deals with
the problem

V(z) = Sl;I_D ExG(X7) (24)

where the supremum is taken over 9 or ML as above (DynKkin’s
formulation, 1963).

Thus, if the Markov representation of the initial problem is valid, we
will refer to the

MARKOVIAN METHOD of solution.
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6. To make the exposed facts more transparent, let us consider the
optimal stopping problem

Vi = sup E< max |Bg| — c7'>
T 0<t<T

in more detail.

Denote
Xt = |z + By (25)

for x > 0, and enable the maximum process to start at any point by
setting for s > «x

— , 2
o=V { oo ) 29
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0<r<t

The process S

the pair (X,5S)

(St)+>0 is not Markov, but

(X, St)e>0 forms a Markov process
with the state space
E={(z,5s) eR?|0<xz<s}.

The value Vi from (2) above: Vi = sup E( max |Bg| — CT) coincides
T 0<t<t

with the value function
Vi(z,s) = sup Ex,S<ST— m) (27)
T

when x = s = 0. The problem thus needs to be solved in this more
general form.
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T he general theory of optimal stopping for Markov processes makes
it clear that the optimal stopping time in (27) can be written in the
form

m=inf{t>0| (X4, S;) € Di} (28)

where Dy is a stopping set, and
Cx = E \ D« is the continuation set.

In other words,

e if the observation of X was not stopped before time ¢
since Xs € Cx for all 0 < s < t, and we have that X; € Dy,
then it is optimal to stop the observation at time ¢,

e if it happens that X; € Cx as well, then the observation
of X should be continued.
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S Heuristic considerations on the
Dy Cx shape of the sets C, and D. make
it plausible to guess that there exist
a point sx > 0 and a continuous
increasing function s — g«(s) with

g«(sx) = 0 such that

(xt, s
Di={(2,5) ER? | 0<z<gs(s), s>s«} (29)

T

Note that such a guess about the shape of the set Dy can be made
using the following intuitive arguments. If the process (X, S) starts
from a point (x,s) with small x and large s, then it is reasonable to
stop immediately because to increase the value s one needs a large
time 7 which in the formula (27) appears with a minus sign.
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At the same time it is easy to see that

if = is close or equal to s then it is reasonable to continue
the observation, at least for small time A, because s will
increase for the value vA while the cost for using this
time will be cA, and thus VA —cA > 0 if A is small

enough.

Such an a priori analysis of the shape of the boundary between the
stopping set Cx and the continuation set Dy is typical to the act of
finding a solution to the optimal stopping problem. The

art of GUESSING

in this context very often plays a crucial role in solving the problem.
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Having guessed that the stopping set Ds in the optimal stopping

problem Vi(z,s) =sup; Ez s(Sr—c7) takes the form

*:{(ZU,S)ERQ|O§$§g*(3),323*}7

it follows that 7« attains the supremum, i.e.,

Vi(zx,s) = Eg;,s(ST*— CT*) for all (z,s) € E.

Consider Vi(z,s) for (x,s) in the continuation set
Cy=ClucC?

where the two subsets are defined as follows:

Cl={(z,s) eR? | 0<z<s<ss}
C2={(z,s) €ER? | gu(s) <z <5, s> sx}.

(30)

(31)

(32)
(33)
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Denote by

the infinitesimal operator of the process X. By the strong Markov
property one finds that Vi solves

LxVi(x,s) =c for (xz,s) in Ck. (34)

If the process (X, S) starts at a point (z,s) with = < s, then during
a positive time interval the second component S of the process
remains equal to s.

This explains why the infinitesimal operator of the process (X, .S)
reduces to the infinitesimal operator of the process X in the interior
of Ck.
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On the other hand, from the structure of the process (X, S) it follows
that at the diagonal in R2

_I_
e the condition of normal reflection holds:
oV
“(z,5) = 0. (35)
Js r=s—

Moreover, it is clear that for (x,s) € D
e the condition of instantaneous stopping holds:

Vi(x,s) = s. (36)

Finally, either by guessing or providing rigorous arguments, it is
found that at the optimal boundary g«

e the condition of smooth fit holds:

OV

5 (z,s) = 0. (37)

r=gx(s)+
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This analysis indicates that the value function Vi and the optimal
stopping boundary g« can be obtained by searching for the pair of
functions (V, g) solving the following free-boundary problem:

LxV(z,s) =c for (z,s) in Cy (38)

?’TV(%S) = 0 (normal reflection) (39)
S

r—S—

V(x,s) =s for (z,s) in Dy (instantaneous stopping) (40)

g—v(:c,s) =0 (smooth fit) (41)
xr

r=g(s)+
where the two sets are defined as follows (g(sg) = 0):

ng{(w,s)ERz|O§w§8<800rg(s)<:c§s,3280} (42)
Dy ={(z,s) €R? | 0<z<g(s), s>s0} (43)

It turns out that this system does not have a unique solution so
that an additional criterion is needed to make it unique in general.
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Let us show how to solve the free-boundary problem (38)—(41) by
picking the right solution (more details will be given in the lectures).

From (38) one finds that for (x,s) in Cy we have

V(z,s) = cx? + A(s) x 4+ B(s) (44)
where A and B are some functions of s. To determine A and B as
well as g we can use the three conditions

oV
—(x, 8) =0 (normal reflection)
68 rT—S8—
V(x,s) =s for (xz,s) in Dy (instantaneous stopping)
oV
—(x, s) =0 (smooth fit)
0z =g (s)+
which yield
1
/
g(s) = , for s> sp. (45)
2(s—g(s))
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It is easily verified that the linear function

1
9(3) — 5= 2— (46)
C
solves (45). In this way a candidate for the optimal stopping boundary

g« 1S obtained.

For (z,s) € E with s > 4. one can determine V (z,s) explicitly using

V(z,s) =cx’ + A(s) z + B(s)

and

1

g(s) = 3—2—6.

This in particular gives that V(1/2¢,1/2¢c) = 3/4c.
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For other points (x,s) € E when s < 1/2c¢ one can determine V(z, s)
using that the observation must be continued. In particular for z =
s = 0 this yields that

V(0,0) =V (1/2¢,1/2c) — cEg (o) (47)

where o is the first hitting time of the process (X, S) to the point
(1/2¢,1/2¢).

Because Eg (o) = Ego(X2) = (1/2¢)? and V(1/2¢,1/2¢c) = 3/4c,
we find that

1(0,0) = Qic (48)

as already indicated prior to (5) above. In this way a candidate for
the value function Vi is obtained.
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The key role in the proof of the fact that

IS played by

Ito’s formula (stochastic calculus) and the
optional sampling theorem (martingale theory).

This step forms a VERIFICATION THEOREM that makes it

Clear that

the solution of the free-boundary problem coincides
with the solution of the optimal stopping problem
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7. The important point to be made in this context is that the
verification theorem is usually not difficult to prove in the cases
when a candidate solution to the free-boundary problem is obtained
explicitly.

This is quite typical for one-dimensional problems with infinite
horizon, or some simpler two-dimensional problems, as the one just
discussed.

In the case of problems with finite horizon, however, or other
multidimensional problems, the situation can be radically different.

In these cases, in @ manner quite opposite to the previous ones,
the general results of optimal stopping can be used to prove the
existence of a solution to the free-boundary problem, thus providing
an alternative to analytic methods.
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8. From the material exposed above it is clear that our basic interest
concerns the case of continuous time.

The theory of optimal stopping in the case of continuous time is
considerably more complicated than in the case of discrete time.

However, since the former theory uses many basic ideas from the
latter, we have chosen to present the case of discrete time first, both
in the martingale and Markovian setting, which is then likewise
followed by the case of continuous time. The two theories form
several my lectures.
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§3. LECTURES 2-—3:
T heory of optimal stopping for discrete time.
A. Martingale approach.

1. Definitions

(Q,F,(Fn)nZO,P), ]:Og}—lggfnggfa G:(Gn)nzo
Gain G4, is Fp-measurable

Stopping (Markov) time ™ = 7(w):
7: Q2 —=>{0,1,...,00}, {7 <n}eF, foralln>0.
I is the family of all finite stopping times
M is the family of all stopping times
MY ={reMm|n<r<N}

For simplicity we will set Y = imjov and 9, = M.

I1I-3-1




The optimal stopping problem to be studied seeks to solve

Vi =supEGr |. (49)
T

For the existence of E G, suppose (for simplicity) that

E sup |G| < o0 (50)
0<k<oo

(then EG: is well defined for all 7 € MY, n < N < 00).

In the class MY we consider

VN = sup EG,|, 0<n<N. (51)
TEQﬁnN

Sometimes we admit that 7 in (49) takes the value o (P(7 = ) >
0), so that 7 € M. We put G- =0 on {r = co}.

Sometimes it is useful to set Goo = limsup Gy,.
n—oo

II-3-2




2. The method of backward induction.

VnN: sup EGr
n<tT<N

To solve this problem we introduce (by backward induction) a special
stochastic sequence Sy, SN _1,...,55":
N __ N _
Sy =Gy, S, = max{Gp, E(Sn+1 | Fn)}s
n=N-1,...,0.

If n = N we have to stop and our stochastic gain SZ"\\;, equals Gy.

Stop at time N

_— /"\/\

i i \i | >
O 1 2 - N—-2 N-1 N
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For n = N — 1 we can either stop or continue. If we stop, our gain
S]]\\,’_l, equals G_1, and if we continue our gain Sﬁ_l will be equal
to E(SY | Fv_1).

either stop at time N — 1
||

| o i

*
|
| |
/II |
/\ or continue and stop at time N
i i i | i i —>
0 1 2 || N—-2 N-1 N

So,
SN_1 = max{Gn_1,E(SN | Fn_1)}

and optimal stopping time is

T]]\\T/v_lzmiﬂ{N—]-SkSN:SljﬂV:Gk}'
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Define now a sequence (Sfy)ognSN recursively as follows:
SN = ay, n = N,
N __ N _
Sp = max{Gn,E(S; 31 Fn)}, n=N-1,...,0.
The described method suggests to consider the following stopping
time:

Tg:inf{nékéN:Sﬁsz} for 0<n<N.

The first part of the following theorem shows that S and 7V solve
the problem in a stochastic sense.

The second part of the theorem shows that this leads also to a
solution of the initial problem

VN = sup EG, foreach n=0,1,...,N.
n<rt<N
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Theorem 1. (Finite horizon)
I. For all 0 <n < N we have:

(@) Sy >E(Gr|Fn), Vrem)
(b) Sy =E(G,x|Fn).

II. Moreover, if 0 <n < N is given and fixed, then we have:

(c) 7V is optimal in VN = sup EG,;
n<t<N

(d) if 7« is also optimal then 7Y < ry;

(e) the sequence (Siiv)nngN is the smallest
supermartingale which dominates (Gy)p<k<n

(Snell’s envelope)
(f) the stopped sequence (SIQ\TATM“S%SN is a
martingale.
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Proof of Theorem 1.
I. Induction over n=N,N—-1,...,0.
Conditions
() Sy >E(Gr|Fn), Vremy,
and

(b) Sy =E(Gx|Fn)

are trivially satisfied for n = V.

Suppose that (a) and (b) are satisfied for n = N, N—1,...,k, where
k> 1, and let us show that they must then also hold for n = k—1.
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(a) (S,;QV > E(Gr | Fn), V1€ 2))?{7}7) : Take 7 € MY | and set 7 =7V k;
then 7 € MY, and since {r>k} € F;_1 it follows that

E(Gr|Fr_1) = E[I(r=k—-1)Gy_1 | Fr—1] + E[I(7>k)G7 | Fj_1]
= I(t=k—-1)Gy_1 + I(t>k) E[E(GF | F}) | Fi—1]-
(52)

By the induction hypothesis, (a) holds for n = k. Since 7 € imf,j this
implies that

E(Gz | Fr) < 3. (53)
From Sp = max(Gn, E(S;, 1 | Fn)) for n =k — 1 we have

Gr_1 < SN 1, (54)
E(SE | Fr_1) <SP (55)
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Using (53)—(55) in (52) we get
E(Gr | Fpo1) < I(r=k—1)S;_1 + I1(7>k) E(Sy | Fy_1)
< I(r=k—=1)8) {+1(r>k)Si¥ =58 ;.  (56)
T his shows that
SN > E(G, | Fr), Vremd
holds for n = k — 1 as claimed.
(b) <SN = E(G len)) . To prove (b) for n =k — 1 it is enough to

check that all inequalities in (52) and (56) remain equalities when
T = Tk 1- For this, note that

N __N N .
Th—1 = Tk on 17p—1 =k}

N .
Grp—1= Sk-1 on {mply=k—1}

ESY | Fre1) =S 1 on {7, >k}
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Then we get
E [GTé\f_l | Fre1| =TI =k — 1) Gy
+1(rl 2 k) E[E(G v [ Fi) | Py
=I(r 1 =k —1)G_1 + 1N 1 > k) E(SY | Frm1)

Thus
SV = E(GT?;LV | Fn)

holds for n = kK — 1. (We supposed by induction that (b) holds for
n=2N,...,k.)
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(c) (TAV is optimal in Vﬂ{V: sup EGT):
n<t<N

Take expectation E in

T € M.

ESN >EG, forall remy

Then

and by taking the supremum over all 7 € zm,,f,Y we see that

Esy = v (

= sup EG;
remdy

):

On the other hand, taking the expectation in S = E(G_~|Fn) we

get

which shows that

ESY =EG_y
ESN <yN <= sup EG-
remdy

):
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So,
ESN =y
and since ESY =EG_y, we see that
V) =EG_n

implying the claim (c): “The stopping time 7.’ is optimal’.

(d) (if T+ is also optimal then 7V < ’7'*) :

If we suppose that 7« is also optimal, then r,év < 7%. We claim that
the optimality of 7« implies that SY = G-, (P-a.s.). Indeed,

foralln <k <N 5S¢ >G,, thus S > G-,
If SN # Gr, (P-a.s.), then
P(SY > Gr) > 0.
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It thus follows that

(@)

EG. < ESY < ESY ) VN,

where

(a) follows by the supermartingale property of
(S{)<r<n (see (e)) and the optional sampling
theorem, and

(B) was obtained in (c).

The strict inequality EG., < VnN, however, contradicts the fact that
T+ IS optimal.

Hence SY = G,, (P-a.s.) and the fact that 7)Y < 7. (P-a.s.) follows
from the definition

TN =infin <k<N:SY =G}
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(e) <the sequence (Siiv)ngng is the smallest supermartingale
which dominates (Gk)ngng)i

From
Sp = max{G, E(Sth 1| Fi)}, k=N-—-1,....n,

we see that (S,iv)nngN is @ supermartingale:

Sp > E(SP 1 | Fr)-

Also we have S,{Y > (1. It means that (S;iv)ngng is a supermartingale
which dominates (Gg)n<k<N-

Suppose that (gk)ngng is another supermartingale which dominates
(Gp)n<k<n, then the claim that S > S (P-a.s.) can be verified by
induction over k=N, N —1,...,1.
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Indeed, if k = N then the claim follows by S = G for n = N.

Assuming that S, > S for k = N,N — 1,...,0l with I > n+4 1 it
follows that
SNy = max(Gi_1, E(S{¥ | Fi—1))
< max(G;_1,E(S; | Fi-1)) < 51 (P-as.)

using the supermartingale property of (Sg),<k<n- SO, (S,J{V)nngN IS
the smallest supermartingale which dominates (Gg),<k<nN
(Snell's envelop).
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() <the stopped sequence (S;i\[MN)nsksN is a martingale) ;

To verify the martingale property

gN _
E[ (k+1)AT N|]:k} Sk/\ N
with n < k < N — 1 given and fixed, note that
N N
E [S(lemfk} =E[I(r)' < k) S N|fk}
+E[I(rY > k+ 1) S | 7y
= I(r)) < K)Sp v + 17 > k+ 1D E(S | Fp)

= I(m < k)S), N+ I >k+1)S) = Sk/\T

where we used that

Sy =E(Siqq | Fr) on {m >k+1}
and {7 > k4 11 e F,. since 7V is a stopping time.
n k n
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Summary

1) The optimal stopping problem
VON: sup EG-
Teimé\’
IS solved inductively by solving the problems

V,{V: sup EGr for n=N,N-—-1,...,0.
TeMN

2) The optimal stopping rule 7V for V.V satisfies

N ZTéV on {rl¥ >k}

for 0 <n <k < N when 7}¥ is the optimal stopping rule for VN. In
other words, this means that if it was not optimal to stop within
the time set {n,n+ 1,...,k — 1} then the same optimality rule for
V.V applies in the time set {k,k+1,...,N}.

I1-3-17




3) In particular, when specialized to the problem VON, the following
general principle (of dynamic programming) is obtained:

if the stopping rule 7§ is optimal for V§¥ and it was not
optimal to stop within the time set {0,1,...,n — 1}, then
starting the observation at time n and being based on the
information F;,, the same stopping rule is still optimal for
the problem V.V,

PPN PRE.
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3. The method of ESSENTIAL SUPREMUM

The method of backward induction by its nature requires that the
horizon N be FINITE so that the case of infinite horizon remains
uncovered.

It turns out, however, that the random variables SV defined by the
recurrent relations

S’I]’IY:G]\“ n:N,
S,,]LV — max{Gn,E(S?],L\[+1 | Fn)}, n=N-1,...,0,

admit a different characterization which can be directly extended to
the case of infinite horizon NN.

This characterization forms the base of the SECOND method that
will now be presented.
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Note that the relations

() Sy >E(Gr|Fn) Vremy
(b) Sy =E(G,x|Fn)

from Theorem 1 suggest that the following identity should hold:

S

sup E(Gr|Fn)]|.
TeMN

(!) Difficulty: sup__gyv E(Gr-|Fn) need not define a
measurable function.

To overcome this difficulty it turns out that the concept of

ESSENTIAL SUPREMUM

proves useful.
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Lemma (about Essential Supremum).

Let {Zn,a € A} be a family of random variables defined on (2, F,P)
where the index set 21 can be arbitrary.

I. Then there exists a countable subset J of 2l such that the random
variable Z*: QQ — R defined by
7% = sup Za
acJ
satisfies the following two properties:

(a) P(Za<Z*) =1, Va € X;

(b) If Z: Q — R is another random variable
satisfying P(Zo, < Z*) = 1, Ya € 2, then
P(Z*< Z)=1.
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II. Moreover, if the family {Z,,a € A} is upwards directed in the
sense that

for any a and B in 2 there exists v in 2
such that max(Za, Zg) < Zy (P-a.s.),

then the countable set J = {an,n > 1} can be chosen so that

Z*= lim Z,, (P-a.s.)

n—oo

where Zoy < Za, < -+ (P-a.s.).

Proof. (1) Since z — 2

from R to [—1, 1], it is no restriction to assume that |Z,| < 1.

arctan(x) is a strictly increasing function

(2) Let C denote the family of all countable subsets C of 2. Choose
an increasing sequence {Cyp,n > 1} in C such that

a def sup E (sup Za) = supk ( sup Za)
CceC acC n>1 acCh
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Then J déf U;’le (), 1S @ countable subset of & and we claim that

def
7 = sup Za
acJ

satisfies the properties (a) and (b).

(3) To verify these claims take o € 2 arbitrarily.

(a): If a« € J then Z, < Z* so that (a) holds. If « ¢ J and we assume
that P(Zy > Z*) > 0, then

a < E(Z*V Zy) <a

since a = EZ* € [-1,1] (by the monotone convergence
theorem) and J U {a} belongs to C. As the strict inequality
is impossible, we see that P(Z, < Z*) = 1, Va € 2 as claimed.

(b): follows from Z* = sup,cj Za and (a): P(Za<Z*) =1, Va € ¥,
since J is countable.
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Finally, assume that the condition in II is satisfied. Then the initial
countable set
J={a1,as,...}

can be replaced by a new countable set J° = {af,a5,...} if we
initially set a7 = a3, and then inductively choose Oz;fH_l > ap Vopyq
for n > 1, where v > a VvV 8 corresponds to Z,, Zﬁ and Z~ such that
Zy 2> Za NV Zg (P-a.s.). The concluding claim Z* = limp—oco Za, in 11
IS then obvious, and the proof of the lemma is complete. [ ]

With the concept of essential supremum we may now rewrite

SN > E(Gr| Fn) Vremd: Sn = E(G x| Fn)

in Theorem 49 above as follows:

SibvzesssupE(GTU—"n) forall 0<n<N.
n<t<N
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This esssup identity provides an additional characterization of the
sequence of r.v.'s (S,,J,Y)OSRSN introduced initially by means of the
recurrent relations

SN = ay, n =N,

S = max{Gn,E(S)\ 1| F)}, n=N-1,...,0.

Its advantage in comparison with these recurrent relations lies in
the fact that the identity

SN = esssup E(Gr | Fn)
n<rtr<N
can naturally be extended to the case of INFINITE horizon N. This
programme will now be described.

Consider (instead of VN = sup_gun EGr)

V,, = sup EG-.
TEMC
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To solve this problem we will consider the sequence of r.v.’s (Sn)n,>0
defined as follows:

Spn = esssup E(Gr | Fn)
>N

as well as the following stopping time:
™ = inf{k >n|S, =G} for n >0,
where inf @ = oo by definition.

The first part (I) of the next theorem shows that (Sn),>o satisfies
the same recurrent relations as (S3)o<n<n-

The second part (II) of the theorem shows that S,, and 7, solve the
problem in a stochastic sense.

The third part (III) shows that this leads to a solution of the initial
problem V;, = sup,;>, EG~r.

The fourth part (IV) provides a supermartingale characterization of
the solution.
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Theorem 2 (Infinite horizon).

Consider the optimal stopping problems

Vn = supEGr, TEMC, n>0

T>N

assuming that the condition E sup |GL| < oo holds.
0<k<oo

I. The following recurrent relations hold:

Sn = max{Gn, E(S,,+1|Fn)}, Vn>0.

II. Assume moreover if required below that

Then for all n > 0 we have:
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III. Moreover, if n > 0 is given and fixed, then we have:

The stopping time m, = inflk > n : S, = G} is
optimal in Vp = sup;>, EGr.

If 7« is an optimal stopping time for Vi, = sup,>, EG~
then mm, < 7« (P-a.s.).

IV. The sequence (Si)i>n IS the smallest supermartingale
which dominates (Gy)y>y (Snell's envelope).

The stopped sequence (Sip.,)k>n IS @ martingale.

Finally, if the condition P(m, < oo) = 1 fails so that
P(mn, = oc0) > 0, then there is NO optimal stopping time
in Vn =sup.>, EGr.
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Proof. I. We need prove the recurrent relations

Sn = max{Gp, E(Sn—l—l | Fi)}, n>0.

Let us first show that

Sn < Mmax{Gn, E(Sp41 | Fr)}-
For this, take T e M, and set =7V (n+1).
Then 7€ M,41, and since {T > n+ 1} € F, we have
E(Gr | Fn) = E[I(r =n)Gn | Fn] + E[I(T = n+ 1)G7| Fu]
= I(t =n)Gn+ I(t > n+ 1)E(Gz| Fn)
= I(t =n)Gn + I(7 2 n+ 1) E[E(G7 | Fq1) | Fal
<I(tr=n)Gn+I(t>n+1)ES, 11| Fn)
< max{Gn, E(S, 41| Fn)}.
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From this inequality it follows that
Sn = esssup E(Gr | Fn) < max{Gn, E(S,,4+1 | Fn)}
™>n

which is the desired inequality.

For the reverse inequality, let us first note that S, > G, (P-a.s.)
by the definition of S,, so that it is enough to show (and it is the
most difficult part of the proof) that

Sn 2 E(Sn—l—l |Fn)

which is the supermartingale property of (Sp),>q. To verify this
inequality, let us first show that the family {E(G7 | F,4+1);7 € M, 41}
IS upwards directed in the sense that

for any o and B in 2 there exists ~ in 2
such that Zo Vv Zg < Z,. ()
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For this, note that if o9 and oo are from M, 41 and we set o3 =
o114 + o215 where
A= {E(G01 |]:n—|—1) > E(Gag |]:n—|—1)}a

then o3 € M, 1 and we have

E(Gos | Fri41) = E(Gola+ Gopl 7| Fr41)
=14 E(Goy | Fr1) + 15 E(Goy | Fri1)
= E(Goy | Frt1) V E(Goyp | Fig1)
implying (x) as claimed. Hence by Lemma there exists a sequence

{ok, k> 1} in M, 41 such that

ess sulp E(Gr | Fry1) = kILmOO E(Goy. | Frot1)

T>n+

where

E(G01 |]:n—|—1) < E(GUQ |Fn—|—1) < e (P-a.s.).
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Since
S = esssup E(G+ | F :
n—+1 o] ( 7'| n—|—1)
by the conditional monotone convergence theorem we get
E(Snt1|Fn) =E | lim E(Goy | Fog1) | 7n
= lim E[E(Goy, | Fri1) | Fn)

k—00

k—o00

So, Sp = max{Gn,E(S,+1|Fn)} and the proof if I is complete.

II. Theinequality Sy, > E(G+| Fn), VT € 9y, follows from the definition
Sn = €sssup,>, E(Gr | Fn).

For the proof of the equality Sy, = E(G~,, | Fn) we use the fact stated
below in IV that the stopped sequence (Siar,)k>rn IS @ Martingale.
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Setting G, = supy>,, |G| we have
Skl < esssupE (IG-| | Fi) < E(G| Fr) (*)
7>k

for all k > n. Since Gj, is integrable due to Esupj>, |[Gg| < oo, it
follows from (x) that (Sy)i>y, is uniformly integrable.

Thus the optional sampling theorem can be applied to the martingale
(M) g>n = (Skar, ) k>n and we get

My, = E(M~, | Fn). ()

Since My, = S, and M., = S;, we see that (xx) is the same as S,, =
E(Gr, | Fn)-

III: ““T he stopping time 1, is optimal in V,, = supTZnEGT.”

The proof uses II and is similar to the corresponding proof in Theorem
1 (N < o00).
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IV. “The sequence (S;)i>y, IS the smallest supermartingale which
dominates (Gg)r>," (Snell's envelop).

We proved in I that (Sk)an is a supermartingale. Moreover, from
the definition

Spn = esssup E(Gr | Fn)
T>N
it follows that S; > Gy, k > n, which means that (Sj)>, dominates
(Gr)g>n- Finally, if (Sk)k>, is another supermartingale which dominates
(Gr)i>n, then from Sy, = E(Gr, | Frn) (Part II) we find

Sk = E(Gr, [ F) < E(ng | Fi) < S, VE2>n.

(The last inequality follows by the optional sampling theorem being
applicable since S, < G. < G, (= supg>, |Gk|) with G}, integrable.)
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The statement

“The stopped sequence (Siar,)k>n IS @ martingale”

IS proved in exactly the same way as for case N < co.

Finally, note that the final claim

“If the condition P(m, < co) = 1 fails so that P(r, = o0) >
0, then there is NO optimal stopping time in the problem
Vi = sup;>, EG:"”

follows directly from III (“If 7, is optimal stopping tome then 7, < 7
(P-a.s.) for the problem V,, = sup,>, EG;").
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Remark. From the definition

Sn = esssup E(Gr | Fn)
n<tT<N

it follows that

N|—>S,,€V and N|—>T,,€V

are increasing. So,

S® = |Iim S and = |lim 7Y
N—00 N—0

exist P-a.s. for each n > 0.
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Note also that from

VN = sup EG;
n<tT<N

it follows that N — V.V is increasing, so that V> = limy_, V.V
exists for each n > 0.

From S = esssup,<,<n E(Gr|Fn) and S, = esssup,>, E(Gr|Fn)
we see that

S0 < S, and 1.0 < 7. (%)
Similarly,
Vo2 <V ( = sup EGT). (%)
T>n

If condition Esup, <k« |G| < oo does not hold then the inequalities
in (x) and (%) can be strict.
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Theorem 3 (From finite to infinite horizon).

If ESUpg<k<oo |G| < 00 then in Sp° < Sp, 7.° < m and Vi° < Vi, we
have equalities for all n > 0.

Proof. From

SP = max{Gn,E(S;' 1 | Fn)}, n >0,
we get

S = max{Gn,E(S;3 1 [ Fn)}, n>0.

So, (5p°)n>0 is @ supermartingale.

Since S;° > G, we see that

(S°) <G, <supG,, n>0.
n>0

So, ((Sp°) 7 )n>o0 is uniformly integrable.
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Then by the optional sampling theorem we get

S;° > E(S° | Fn) forall 7€ My. (%)

Moreover, since S7° > Gg, k > n, it follows that S > G- for all
T € Mp, and hence

E(S?O | ]'_n) > E(GT | -Fn) (**)
for all 7 € M,,. From (%), (x*x) and
Spn = esssup E(Gr | Fn)
T>n
we see that S;° > S,.
Since the reverse inequality holds in general as shown above, this
establishes that S5° = S, (P-a.s.) for all n > 0. From this it also

follows that r° = 7, (P-a.s.), n > 0. Finally, the third identity
Voo =V, follows by the monotone convergence theorem.
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B. Markovian approach.

We will present basic results of optimal stopping when

the time is discrete and the process is Markovian.

1. We consider a time-homogeneous Markov chain X = (Xp),>0

e defined on a filtered probability space (€2, F, (Fn)n>0, Pz)
e taking values in a measurable space (F, B)

where for simplicity we will assume that

(a) E =R for some d > 1
(b) B = B(R?) is the Borel o-algebra on R?.
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It is assumed that the chain X starts at £ under P, for z € E.

It is also assumed that the mapping =z — P;(F') is measurable for
each F € F.

It follows that the mapping x — E;(Z) is measurable for each random
variable Z.

Finally, without loss of generality we will assume that (€2, F) equals
the canonical space (ENo, BNo) so that the shift operator 6,: Q — Q
is well defined by

On(w)(k) = w(n+k) for w=(w(k))r>0€ R and n,k>0.
(Recall that Ng stands for NuU {0}.)

I1-3-41




Given a measurable function G: E — R satisfying the following
condition (with G(Xy) =0 if N = c0):

Ex< sup |G(Xn)|) < 00
0<n<N

for all x € E/, we consider the optimal stopping problem
VNV(2) = sup E;G(X;)
0<7<N

where x € E and the supremum is taken over all stopping times r
of X. The latter means that 7 is a stopping time w.r.t. the natural
filtration of X given by

Fg:U(Xk;OSkgn) for n>0.
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Since the same results remain valid if we take the supremum in
vNV(z) = sup E;G(Xy) (%)
0<t<N

over stopping times 7 w.r.t. (Fn)p>0, and this assumption makes
final conclusions more powerful (at least formally), we will assume
in the sequel that the supremum in (%) is taken over this larger class
of stopping times.

Note also that in (x) we admit that N can be +oco as well.

In this case, however, we still assume that the supremum is taken
over stopping times 7, i.e. over Markov times 7 satisfying 0 < 7 < oo.

In this way any specification of G(Xs) becomes irrelevant for the
problem (x).
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To solve

VvNV(z) = sup E;G(X7) (%)
O<t<N

when N < oo, we may note that by setting G,, = G(X,) for n > 0
the problem reduces to the problem

n<tT<N

Having identified (%) as (xx), we can apply the method of back-
ward induction which leads to a sequence of r.v.’s (quy)ogngjv and
a stopping time 7Y = inf{n <k < N :SY = Gy}

The key identity is

S;],LV:VN_”(Xn) for 0<n<N, Pgas.,;, xeF (k%)

Once (xxx*) is known to hold, the results of the Theorem 1 (finite
horizon) from the Martingale theory translate immediately into the
present Markovian setting and get a more transparent form.
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To get formulation, let us define

CN={zeE: VN () >G()}
DN ={ze E: VN () =G(z)}

for 0 <n < N. We also define stopping time
p=inf{0<n<N:X,eDN}

and the transition operator T" of X

TF(z) = Ey F(X1)

for x € E whenever F': E — R is a measurable function so that

F(X7) is integrable w.r.t. P, for all z € FE.
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Theorem 4 (Finite horizon: The time-homogeneous case)

Consider the optimal stopping problems

V™*™(z) = sup E;G(X;) (%)
0<t<n

assuming that E; sup |G(X})| < oo. Then
0<k<N

I. Value functions V" satisfy the “Wald—Bellman equation’

V™ (z) = max(G(z), TV 1(2)) (z € E)

forn=1,...,N where VO = @G.

II. The stopping time p = inf {0 < n < N: X, € DNV is
optimal in (x) for n = N.

III. If7 is an optimal stopping time in (x) then p < 7« (Pz-a.s.)
for every x € F.
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IV. The sequence (VN_n(Xn))ogngN is the smallest

supermartingale which dominates (G(Xn))o<n<n under Py
for x € E given and fixed.

V. The stopped sequence (VN_”(Xn/\TD))ogngN is a
martingale under P, for every x € E.

Proof. To verify the equality SY = vVN—"(X,,) recall that

Sp = E2(G(X n) | Fn)

(i)
for 0 < n < N. Since S,iv_” 0 Oy = Sﬁf_l_k we get that 7V satisfies
N =infln<kE<N:SYN=G(Xp)}=n+71""06bh (i)

for 0 <n <N (Opw(k) =wlk+n)).
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Inserting (ii) into (i) and using the Markov property we obtain

N _ —
8 = 2 [GOX, g )| o] = B [6(X y) ol ]
o (iii)

where () follows by (i): SY = Ez(G(X_n) | Fn), which imply
Ex )" =E, G(XTéV_n) = sup E;GX.)=VV""2) (iv)

0<t<N—n
forO<n< N and z € E.

Thus SY = vN="(X,) holds as claimed.
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To verify the “Wald—Bellman equation’, note that the equality
Sy = max{Gn, E(S)11 | Fu)},

using the Markov property, reads as follows:

VNT(X,) = max {G(Xn), Ex [V H (X, 41) | Pl }
= max{G(Xn),Ex [V "1 (X1) 0 00| Ful}
= max {G(Xn), Ex, VN_”_l(Xl)}
N—n—1
max {G(Xn), TV (Xn)}

()

for all 0 < n < N. Letting n =0 and using that Xg = x under P, we
see that (x) yields V"(z) = max{G(z), TV 1(z)}.

The remaining statements of the theorem follow directly from the
Martingale Theorem (1). The proof is complete. [ ]
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The “Wald—Bellman equation” can be written in a more compact
form as follows. Introduce the operator Q by setting

QF(z) = max(G(zx), TF(x))

for « € FEF where F: EF — R is a measurable function for which
F(X1) € LY(P;) for x € E. Then the “Wald—Bellman equation” reads
as follows:

Vi(z) = Q"G(x)

for 1 < n < N where Q" denotes the n-th power of ). These
recursive relations form a constructive method for finding V¥ when
Law (X1 |Pz) is known for x € F.
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TIME-INHOMOGENEOUS MARKOV CHAINS X = (Xn),>0

Z = (Zn)p>0 is @ time-homogeneous Markov chain.

Optimal stopping problem:

()

VN(n, x) =

sup
0<7t<N—n

En,a? G(n+r, XTL—I—T)

We assume

(k)

En,x < sup
0<k<N-—n

G(n +k, Xn+k>|) < oo,
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Theorem 5 (Finite horizon: The time-inhomogeneous case)

Consider the optimal stopping problem (x) upon assuming that the
condition (xx) holds. Then:

I. The function V"™ satisfies the “Wald—Bellman equation”

VNV (n,z) = max(G(n,z), TV (n, x))
forn=N-1,...,0 where
TVN(n,2) =Ena VV(n+1,X,41), n=N-1,...,0,
and

TVN(N—]-, ZU) — EN—]_,:U G(Na XN)!
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II. The stopping time
Dy =infin<k<N:(n+k X,,) €D}
with
D ={(n,z) €{0,1,...,N}xE: V(n,z) = G(n,z)|
is optimal in the problem (x):

VN(n,2) =  sup  Eng G(n+7, Xppr);
0<t<N—n

1. If 7V is an optimal stopping time in (x) then 7§ < =N

(Pn,z-a.s.) for every (n,z) € {0,1,...,N}xE;
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IV. The value function VN s the smallest superharmonic
function which dominates the gain function G on

{0,..., N} xE,
TVN(n,z) < VNV(n,z), VN(n,z) > G(n,z);

V. The stopped sequence

N N
(V ((n—I—k) A D> X(n—l—k)/\Tg))ngSN—n

is a martingale under Py, 5 for every (n,z) € {0,1,..., N}xE,

The proof is carried out in exactly the same way as the proof of

T heorem 4.
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Optimal stopping for infinite horizon (N = ~):

V(z) = SupE, G(Xr)

Theorem 6

Assume Egsup,>o |G(Xn)| < oo, z € E.

I. The value function V satisfies the “Wald—Bellman equation”

V(z) = max(G(x), TV (x)), x € FE.

II. Assume moreover when required below that Py(mp < o0) = 1
for all x € E, where

D =inf{t >0: Xy € D}

with D = {z € E : V(x) = G(x)}. Then the stopping time T
is optimal.
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I1I.

IV.

VL

If 7+ is an optimal stopping time then tp < 7« (Pgz-a.s. for
every x € F).

T he value function V' is the smallest superharmonic function
(Dynkin’s characterization) (TV < V') which dominates the
gain function G on E, or, equivalently, (V(Xn))p>0 IS the
smallest supermartingale (under Py, x € E) which dominates

(G(Xn))nzo-

The stopped sequence (V(Xnarp))n>0 IS @ martingale under
P, for every x € E.

If the condition Py(tp<oo) = 1 fails so that Py(rp=o0) > 0
for some x € E, then there is no optimal stopping time in
the problem V(xz) = sup,E;x G(X;) for all x € E.
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Corollary (Iterative method). We have

(a constructive method for finding the value function V).

V(z) = lim Q"G(z)

n—oo

Uniqueness in the Wald—Bellman equation

F(z) = max(G(z), TF(z))

Suppose Esup,>o F(Xn) < co.

Then F equals the value function V if and only if the following
“boundary condition at infinity” holds:

limsup F(X,) = limsupG(Xy,) Pg-a.s.
n—oo

n—oo

Ve € F.
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2. Given o € (0,1] and bounded g: E — R and c¢: E — R4, consider
the optimal stopping problem

V() = supEs (a7g(Xr) = 3 aFle(X 1))
k=1

Let X = (Xn)n>0 denote the Markov chain X killed at rate a. It
means that

TF(z) = aTF(2).
Then

-
V(z) = supE, (g(XT) s c(Xk_l))
T k=1
The “Wald—Bellman equation’” takes the following form:

V(z) = max{g(:c),aTV(a;) - c(m)}.
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§4. LECTURES 4-5.
T heory of optimal stopping for continuous time

A. Martingale approach

Let (2, F,(Ft)>0,P) be a stochastic basis (a filtered probability
space with right-continuous family (F;);>0 where each F; contains
all P-null sets from F.

Let G = (Gt)¢>0 be a gain process. (We interpret Gy as the gain if
the observation of G is stopped at time ¢.)

DEFINITION.

A random variable 7: 2 — [0, 0] is called a Markov time
if {r <t} eF forallt>0.

A Markov time is called a stopping time if 7 < co P-a.s.
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We assume that G = (G¢)¢>0 is right-continuous and left-continuous
over stopping times (if 7, T 7 then G, - G+ P-a.s.).

We also assume that

E( sup |Gif) <oo (Gp=0 if T=o00).
o<t<T

BASIC OPTIMAL STOPPING PROBLEM:

VtT: sup E G-
t<T<T

We shall admit that T' = oo. In this case the supremum is still taken
over stopping times 7, i.e. over Markov times 7 satisfying t < 7 < oo.
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Two ways to tackle the problem VI = sup;<,<7E G-

(1) Discrete time approximation

[0,7] — T = {tg”),tgn),...,t%”)} 1+ T is a dense
subset of [0, 7]

G — G = (G ()

with applying previous discrete-time results and then
passing to the limit n — oo;

(2) Straightforward extension of the method of essential
supremum. This programme will now be addressed.

We denote for simplicity of the notation

Vi =V, (T<oo or T =00).
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Consider the process S = (S;);>0 defined as follows:

St = esssup E(G+|F).
T>

The process S is the Snell’s envelope of G.

Introduce

w = inf{u>1t|Sy = Gy} WwWhere info = oo by definition.

We shall see below that

St > max{G¢, E(Sy | F)} for u>t.

The reverse inequality is not true generally.

However,
St = max{Gt, E(SO'/\Tt | }—t)}

for every stopping time o >t and 7 given above.
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Theorem 1. Consider the optimal stopping problem

%:SUDEGTa tZOa
T>t

upon assuming Esup;>q |Gt| < co. Assume moreover when required
below that

Pln<oo)=1, t>0.

(Note that this condition is automatically satisfied when the horizon
T is finite.) Then:

I. Forallt>0 we have

St > E(G+| F:) for each T € My
St = E(Gr| Ft)
where My ={r:7<T} ifT < o,
My ={r:7 <00} IfT=oc0.
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II.

I1I.

IV.

VI

The stopping time 7 = inf{u >t : S, = Gu} is
optimal (for the problem V; = sup,>;E Gr).

If 7/ is an optimal stopping time as well then
7t < 77 P-a.s.

The process (Su)y>t IS the smallest right-
continuous supermartingale which dominates

(GS)SZt-

The stopped process (Sunr)y>t IS a right-
continuous martingale.

If the condition P(r+ < oo) = 1 fails so that
P(r: = oc0) > 0, then there is no optimal stopping
time.
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Proof. 1°. Let us first prove that S = (S;);>0 defined by
Sy = esssup E(G+| Fp)
T>1

IS a supermartingale.

Show that the family {E(G-|F:) : 7 € M} is upwards directed in the
sense that if o7 and o, are from 9M; then there exists o3 € M such

that
E(G01|Ft)VE(G02|Ft) S E(G03|-7:t)-
Put o3 =o0114y —|—O'QIA where
A ={E(Go,|Ft) > E(Goy| F1)}-
Then o3 € My and
E(G03|~7:t) — E(GalfA +GJQIA|]:2€) — IAE(G01|]:t) +IA E(G02|~7:t)
= E(Goy| Ft) V E(Goy| F).
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Hence there exists a sequence {o;; k > 1} in My such that

(%) esssup E(G7| Ft) = lim E(Go, | Ft)
Temt k— 00
where
E(G01|Ft) SE(G02|Ft) < - P-a.s.

From (x) and the conditional monotone convergence theorem (using
Esups>o |G| < 00) we find that for 0 <s <t

E(St| Fs) = E( Jim E(Goy| F) | Fs)
= lim E[E(Go,|Ft) | Fs]
k— 00
k—00 T>S

Thus (St)¢>0 is a supermartingale as claimed.
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Note that from Esup;>o|G¢| < oo and
Sy = esssup E(G+| Ft),
T>1
esssup E(G7| Fi) = lim E(Go,| Ft)
th k— o0

it follows that

ES; =supk G-
T>1

2°. Let us next show that the supermartingale S admits a right-
continuous modification S = (S;);>0-

From the general martingale theory it follows that it suffices to
check that

t~ES; is right-continuous on Ry.
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By the supermartingale property of S

ES;>--->ES, >2ES;, thtt.

So, L :=limp—o0 E Sy, exists and

ES; > L.

To prove the reverse inequality, fix e > 0 and by means of ES; =

sup,>¢ E G choose o € M; such that

EGJZESt—é‘

Fix 6 > 0 and note that there is no restriction to assume that
tn € [t,t+ 6] for all n > 1. Define

-

o

t+ o
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Then for all n > 1 we have

() EGs, =EGsI(0 >tn) +EGi4s5I(0c <tn) <ESy,

since o € My, and ES; = sup,>EGr. Letting n — oo in () and
assuming that Esupg<;<7 |Gt < oo we get

EGoI(oc >t) +EG4sl(c =t) <L (= lim ES: ).

Letting now ¢ | O and using that G is right-continuous we obtain

EGol(oc >t)+EGI(c=t) =EGs < L.

From here and EGs > E St — e we see that L > E Sy — e for all e > 0.
Hence L > E S; and thus
lim EStn:L:ESt, tn T t,

n—oo

showing that S admits a right-continuous modification S = (S.);>0
which we also denote by S throughout.
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et us prove property IV:

The process (Sy),>¢ is the smallest right-continuous
supermartingale which dominates (Gs)g>;.

For this, let S = (§u)u2t be another right-continuous supermartingale
which dominates G = (Gu),>¢- Then by the optional sampling theorem
(using Esup;>g |G| < o0) we have

Su > E(Sr| Fu) > E(Gr| Fu)
for all - € My, when u > t. Hence by the definition S, = esssup E(G+| Fu)

T>U

we find that 5, < §u (P-a.s.) for all v > t. By the right-continuity of
S and S this further implies that

P(Su < Sy forallu>t)=1

as Claimed.
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Property I: for all ¢t > 0

() St > E(Gr| F¢) for each 7 € My,
() St = E(Grn| F).

The inequality (x) follows from the definition S; = esssup,>;E(G+| 7).
The proof of (xx) is the most difficult part of the proof of the

T heorem.

The sketch of the proof is as follows.
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Assume that Gy > 0 for all t > O.
(o) Introduce, for A € (0,1), the stopping time
7 =inf{s >t : ASs < Gs}
(Then )\STtA < GTt)\' Tt)\_l_ = T¢.)
() We show that
Sy = E(Sﬁﬂ]—}) for all X e (0,1).
So Sy < (1/X) E(GTN]-}) and letting A 11 we get
St < E(GTZ€1| Ft)
where 71 = limy 7t (7 1 when X 1).

(v) Verify that 7t = 7. Then S; < E(Gr| F:) and evidently
St > E(GTt|Ft)- Thus S = E(GTtlth)-
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For the proof of property V:

The stopped process (Sunr)y>t iS a right-
continuous martingale

it is enough to prove that

E SO'/\Tt =E St

for all bounded stopping times o > t.

The optional sampling theorem implies
E Sonr < E St (57)
On the other hand, from Sy = E(Gr, | F¢) and Sy, = G, we see that
ESi =EGr =E Sy <ESonan.

Thus, E Soar, = E S; and (Suan)y>¢ iS @ martingale. [ ]
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B. Markovian approach

Let X = (X;)¢>0 be a strong Markov process defined on a filtered
probability space

(Q’f’ (Ft)t207 PCB)

where re€FE (=RY), Ps(Xo=2)=1,
x — P;(A) is measurable for each A € F.

Without loss of generality we will assume that
(Q,F) = (E[O’OO),B[O’OO)) (canonical space)
Shift operator 0; = 64(w): 2 — Q is well defined by

01 (w)(s) =w(t+s) for w=(w(s))s>0€ 2 and t,s>0.
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We consider the optimal stopping problem

V(z) = sup E; G(Xy)
0<7r<T

G(X7p)=0 if T<oo; Ez sup |G(Xp)| < oo.
T

0<t<
Here 7 = 7(w) is a stopping time w.r.t.

(F)is0 (FXCF, FX=0(Xs0<s<t)).

(G is called the gain function,
V is called the value function.
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V(z) = Sl7J_D E: G(X+)
P.(Xpg=xz)=1

CASE T = oc:

Introduce

the continuation set C ={x € E:V(x) > G(x)} and
the stopping set D={xe F:V(x)=G(x)}

NOTICE! If
V is IsC (lower semicontinuous) (G IS usc (upper semicontinuous)
[ & e
[ — O
then

C'isopen and D is closed
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The first entry time

rp=inf{t>0:X; € D}

for closed D is a stopping time since both X and (F;)s>0 are right-
continuous.

DEFINITION. A measurable function FF = F(x) is said to be
superharmonic (for X) if

E: F(Xs) < F(x)

for all stopping times ¢ and all z € E. (It is assumed that F(X,) €
L1(P,) for all z € E whenever ¢ is a stopping time.)

We have:

(F(Xt))t>0 is a supermartingale

F' is superharmonic ifF
under P, for every =z € F.
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The following theorem presents

NECESSARY CONDITIONS

for the existence of an optimal stopping time.

Theorem. Let us assume that there exists an optimal stopping time
T+« IN the problem

V(2) = supEx G(X7)
T
i.e. V(x) =E; F(Xr,). Then

(I) The value function V is the smallest superharmonic
function (Dynkin’s characterization) which dominates
the gain function G on E.

I1-4-20




Let us in addition to “V(x) = E; F(X~,)"” assume that

V is Isc and G is usc.

T hen

(II) The stopping time 7p = inf{t > 0 : Xy € D} satisfies

and is optimal;

(IIT) The stopped process (V(Xiarp))e>0 IS a right-continuous
martingale under P, for every x € E.
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Now we formulate

SUFFICIENT CONDITIONS

for the existence of an optimal stopping time.

Theorem. Consider the optimal stopping problem
V() = supEs G(X7)
upon assuming that the condition
Erxsup |G(Xy)| <oo, x€F,
t>0

is satisfied.
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et us assume that there exists the smallest superharmonic function

AN

V' which dominates the gain function G on E.

Let us in addition assume that

AN

V is Isc and G is usc.

Set D={zc E:V(z) =G(z)} and let rp = inf{t : X; € D}.
We then have:

(a) IfPu(rp < oo) =1 forall z € E, thenV =V and tp is
optimal in V(x) = sup; E; G(X;);

(b) If Px(p < ) < 1 for some x € E, then there is no
optimal stopping time in V(x) = sup, E; G(X).
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Corollary (The existence of an optimal stopping time).

Infinite horizon (T = o0). Suppose that V is Isc and G is usc. If
P.(7p < o) =1 for all x € E, then tp is optimal. If Py(7p < o0) < 1
for some x € E, then there is no optimal stopping time.

Finite horizon (T < oo). Suppose that V is Isc and G is usc. Then
Tp IS optimal.

Proof for T'= . (The case T' < co can be proved in exactly the
same way as the case T' = oo if the process (X;) is replaced by the
process (t, Xt).)

The key is to show that V is SUPERHARMONIC.
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If so, then evidently V is the smallest superharmonic function
which dominates G on E. Then the claims of the corollary follow
directly from the Theorem (on sufficient conditions) above.

For this, note that V is measurable (since it is Isc) and thus so is
the mapping

(+) V(Xy) = supEx, G(Xr)

for any stopping time o which is given and fixed.

On the other hand, by the strong Markov property we have

(%) EXU G(Xr) = ECB[G(XJ—I—TOQG) |}—0]

for every stopping time 7 and x € E. From (%) and (xx) we see that

V(ze) = GSSTSUD ECB[G(XO'+TOQO-> |]:U]

under P, where x € E is given and fixed.
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We can show that the family

{ E[Xo47r00, | Fol 1 7 is @ stopping time}

is upwards directed: if py = o+ 71100, and po> = o+ 106, then there
IS p =0 4+ 7 06s such that

E[G(X,O) |Fa] — E[G(X,Ol) |~7:0] V E[G(X,OQ) |-Fa]-

From here we can conclude that there exists a sequence of stopping
times {m,;n > 1} such that

V(XO) — |i7[;ﬂ Es [G(XJ—I—Tno@g) |]'_n]

where the sequence {Ex[G(X,;4; 00,) | Frl} is increasing Px-a.s.
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By the monotone convergence theorem using Esuptzo |G| < 0o we
can conclude

Ex V(Xo) = Ii,rrln Ex G(XU+Tn090-) < V(z)

for all stopping times o and all x € E. This proves that V is
superharmonic.

REMARK 1. If the function

is continuous (or Isc) for every stopping time 7, then x — V(x) is Isc
and the results of the Corollary are applicable. This yields a powerful
existence result by simple means.
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REMARK 2. The above results have shown that the optimal stopping
problem

V(z) = Slip E: G(X+)

IS equivalent to the problem of finding the smallest superharmonic

AN

function V which dominates G on E. Once V is found it follows
that V =V and mp = inf{t: G(X;) = V(X;)} is optimal.

AN

There are two traditional ways for finding V:

(i) Iterative procedure (constructive but non-explicit)

(ii) Free-boundary problem (explicit or non-explicit).
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For (i), e.g., it is known that if G is Isc and

Erinf G(X = f | E
x;goG( t) > —oo forall x€F,

then V can be computed as follows:

V(z) = lim lim QNG(z)

n—00 N—oo

where
QnG(x) ;= G(x) V Eg G(Xl/zn)

and QY is the N-th power of Q.
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The basic idea (ii) is that

V and C (or D)

should solve the free-boundary problem:

(+) LxV <0
(¢x) V>G (V>GonC & V=G on D)

where Ly is the characteristic (infinitesimal) operator of X.

Assuming that G is smooth in a neighborhood of 9C the following

“rule of thumb' is valid.
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If X after starting at 9C enters immediately into int(D) (e.g. when X
is a diffusion process and 9C' is sufficiently nice) then the condition
LyV < 0 under (xx) splits into the two conditions:

LxV =0 inC

ov|  9G

— = — (smooth fit).
ox loc Oz |lpC

On the other hand, if X after starting at 0C does not enter immediately
into int(D) (e.g. when X has jumps and no diffusion component
while 9C may still be sufficiently nice) then the condition ILXV <0
(i.e. (x)) under (xx) splits into the two conditions:

LyV =0 inC

V‘a(} = G|ac (continuous fit).
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Proof of the Theorem on NECESSARY conditions
Basic lines

(I) The value function V is the smallest superharmonic
function which dominated the gain function G on E.
We have by the strong Markov property:

= Bz G(Xo4r.00,) < Sup Ex G(X7) = V(z)

for each stopping time o and all x € E.

Thus V is superharmonic.
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Let F' be a superharmonic function which dominates G on E. Then

Er G(X7) < Ep F(X,) < F(z)

for each stopping time 7 and all x € E. Taking the supremum over all
7 we find that V(z) < F(x) for all x € E. Since V is superharmonic
itself, this proves that V is the smallest superharmonic function
which dominated G.

(II) Let us show that the stopping time
D = il’]f{t : V(Xt) = G(Xt)}

is optimal (if V is Isc and G is usc).

We assume that there exists an optimal stopping time :
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We claim that V(X:,) = G(X~,) Pgz-a.s. for all z € E.

Indeed, if P.{V (X ) > G(X~)} > 0 for some x € E, then

Ex G(X7,) <Ezx V(X7) < V(z)

since V is superharmonic, leading to a contradiction with the fact
that 7« is optimal. From the identity just verified it follows that

™ < 7« Pg-a.s. for all x € FE.
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By (I) the value function V is the superharmonic (E; V(Xs) < V(X)
for all stopping time o and x € FE). Setting ¢ = s and using the
Markov property we get for all t,s >0 and all x € £

V(Xy) > Ex, V(Xs) = Ex [V(Xyqs) | Fil.
This shows that

The process (V(Xt))i>0 IS a supermartingale
under P, for each xz € E.

Suppose for the moment that V is continuous. Then obviously it
follows that (V(X;))>0 is right-continuous. Thus, by the optional
sampling theorem (using Esup;>o|G(X¢)| < o0), we see that

E. V(X;) <E,V(Xs) for o<T.
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In particular, since 7p < 7« we get
< Ez V(XTD) = Ex G(XTD) < V(x),
where we used that

Now it is easy to show that 7p is optimal if V' is continuous.
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If V is only Isc, then again (see the lemma below) the process

(V(X4))¢>0 is right-continuous (Pgz-a.s. for each x € E), and the
proof can be completed as above.

This shows that 7p is optimal if V' is Isc as claimed.

Lemma. If a superharmonic function F: E — R is Isc, then

the supermartingale (F'(X;))¢>o0 IS right-continuous
(Py-a.s. for each x € F).

We omit the proof.
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(IIT) The stopped process (V(Xiarp))e>o0 is @ right-continuous
martingale under P, for every =z € E.

PROOF. By the strong Markov property we have

Ex [V(Xt/\TD) |-7:8/\TD] = [ EXt/\TD G(XTD) |‘7:S/\TD}
= Ex (Ex[G(Xrp) 0 Ounrp | Finep] | Fonrp)
= Ex (E2[G(Xrp) | Finrpl | Fonrp) = Ex[G(Xrp) | Fsnrp]
= Ex, .., G(Xrp) = V(Xsarp)
for all 0 < s <t and all x € E proving the martingale property. The

right-continuity of (V(Xt/\TD)>t>O follows from the right-continuity

of (V(X¢t))¢>o that we proved above.

The proof of the theorem on necessary conditions is complete.
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REMARK. The result and proof of the Theorem extend in exactly
the same form (by slightly changing the notation only) to the finite

horizon problem

Vp(X) = sup Epx G(X7).
0<r<T

Now we formulate the theorem which provides

sufficient condition

for the existence of an optimal stopping time.
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THEOREM. Consider the optimal stopping problem
T

upon assuming that Ezsupy;>o|G(Xy)| < oo, x € E. Let us assume
that

(a) there exists the smallest superharmonic function V which
dominates the gain function G on E;

(b) V isIsc and G is usc.
Set D={z € E:V(z) =G(z)} and p = inf{t : X; € D}.
We then have:

() IfPu(rp <o) =1 forallz € E, thenV =V and rp is
optimal;

(I1) If Pp(rp < o©) < 1 for some =z € E, then there is no
optimal stopping time.
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SKETCH OF THE PROOF.

(I) Since V is superharmonic majorant for G, we have
E: G(X;) <E, V(X;) < V(x)
for all stopping times = and all x € E. SO

G(x) < V(z) = supEx G(X7) < V()

for all x € F.

Next step (difficult!): assuming that Pp(7p < o0) =1 forall x € E,

we prove the inequality

and optimality of time 7p.

V(z) < V(x)
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(I) If Py(rp < o0) < 1 for some =z € E then there is no optimal
stopping time.

Indeed, by ‘“necessary-condition theorem’ if there exists optimal
optimal 7« then 7p < 7.

But 7p takes value co with positive probability for some x € E.

So, for this state z we have Py(7« = oo) > 0 and 7 cannot be
optimal (in the class M = {7 : 7 < c0}). ]
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T OPIC III: Quickest detection problems

8§1. W. Shewhart and E. Page’s works

1. Let us describe the (chronologically) first approaches to the
Quickest Detection (QD) problems initiated in the 1920-30s by
W. Shewhart who proposed — to control industrial products — the
so-called control charts (which are used till now). The next step
in this direction was made in the 1950s by E. Page who invented
the so-called CUSUM method, which became very popular in the
statistical practice. None of these approaches was underlain by any
deep stochastic analysis.
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In the late 1950s A. N. Kolmogorov and the author gave precise
mathematical formulation of two QD-problems. The basic problem
was a multistage problem of quickest detection of the random
target which appears in the steady stationary regime under assump-
tion that the mean time between false alarms is large (see Topic V).

T he second problem was a Bayesian problem whose solution became
a crucial step in solving the first problem.
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2. W. Shewart approach * supposes that z1,xz5,... are observations
on the random variables X1, Xo,... and 6 is an unknown parameter
(“hidden parameter’”) which takes values in the set {1,2,...,c}.

The case 8 = oo is interpreted as a “normal” run of the inspected
industrial process. In this case X4, Xo,... are i.i.d. random variables
with the density f*°(z).

If @ =0or & =1, then X1, Xo,... are again i.i.d. with density f9(x).
If 1 <60 < oo, then Xq,...,Xy_71 are i.i.d. with the density f°°(x)

and Xy, Xg11,... run with the density fO(x): () N £9(2) I

*\M.A.Shewhart, ‘“The application of statistics as an aid in maintaining qual-
ity of manufactured product’’, J. Amer. Statist. Assoc., 138 (1925), 546-548.

W. A. Shewhart, Economic Control of Manufactured Product, Van Nostrand Rain-

hold, N.Y., 1931. (Republished in 1981 by the Amer. Soc. for Quality
Control, Milwaukee.) I11-1-3




Alarm signal is a random stopping time » = 7(z), = = (x1,22,...)
such that 7(x) = inf{n > 1: x, € D}, where D is some set in the
space of states =x.

For f9(z) ~ N (ug,o), f(x) ~ N (1o, o) Shewart proposes to take
7(x) =inf{n > 1: |xn — poo| > 30}.
It is easy to find the probability of false alarm (on each step)
a=P..0)11X1 — poo| > 30} = 0.0027.

For E(,,...o)7 we find

0@
1
E(o)™ = 2 k(1 — o)t ==~ 370
k=1 @

Similarly we can find the probability of the correct alarm g =
P(MOaU)ﬂXl —,uoo| > 30‘} and E(MOaU)T'
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W. Shewhart did not formulated optimization problems.

A possible approach can be as follows.

Let My = {7: E°7 > T}, where T is a fixed constant.
The stopping time 77 is called a minimax if

0 * % o 0
Slng (TT—0|TT20) _Tler;}’tTSl;pE (r—6|7>80)

(here PY is the distribution on (R>,B) generated by
X1,..., Xp_1,Xg, Xoq1,--2).

Another possible formulation is the following:

6 is a random variable and T;h is optimal if

Teignﬁia) P((T —o)t > h) - P((Tg;h — o)t > h)

where im(a) = {7: P(r <0) <a}. -1-5




By Chebyshev's equality P((T —)t > h) < iE(r-0)T and

Eek(T—G)'I'
kh

P((r—0)F > h) = P(FT—DF > &by <

Eek(T—H)"'

So, P((T — 9)+ > h) < inf " and we have the problems:
k>0 e

inf E(r—0)t =E(*—0)T, inf EeF(T—0T — gk(r=0)T |
TEM (4 TEM ()

It is interesting to solve the problems

inf E|7 — 6], inf Eekl™—0!

where inf is taken over the class 9t of all stoping times .

Solutions of these problems will be discussed later.

Now only note that for all Bayesian problems we need to

III-1-6
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For the problem
supP(|r — 0| > h) = P(|7j — 0] < h)
with h = 0, i.e., for the problem
Sup P(r =0) =P(r§ =0),

under the assumption that 6 has the geometric distribution, the
optimal time 735 has the following simple structure:

0]
= inf{n > 1 J{OO((ZZ)) = Dé}
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For Gaussian distributions f9(z) ~ N(ug,o) and f°(z) ~
N (poo, o) we find that

o = inf{n > 1: x, € Ay}.

If fO(z) = %)\OG—AOW and f°°(x) = %)\ooe_)‘oo|x‘, then
o = inf{n > 1: z, € B;}.
Generally, if fO and f°° belong to the exponential family:

fx) = cag(x) exp{capa(z)}, wWhere ¢, cq, g(x) > 0,

O ~
then }foo((z)) S exp{cosoo(w) - CooSpoo(x)}a thus

Coo

1o = inf{n > 1: copo(Tn) — coopoo(xn) € Cy}.
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3. E.Page’s approach. ™ Below we will consider in details the
CUSUM method initiated by E. Page. Now we give only definition
of this procedure.

0
The SHEWHART method is based on the statistics S5, = foo(é;”)),
which for Gaussian densities fO(z) ~ N (ug,1) and £°(z) ~ N (0,1)

takes the form

n
Sn = exp{po(zn — 52)} = exp{AZn}, where Z, = > po(z—).
k=1

The CUSUM method is based on the statistics (see details in §5)

n

_ [ _
— maXx exX E x; — & = max expis, — 24, i
o 1<k<n p{z. n—klluO( o2 )} 1<k<n P{Zn n—k+1}

* E.S.Page, ‘‘Continuous inspection schemes’’, Biometrika, 41 (1954), 100-114.

E.S.Page, ‘‘Control charts with warning lines’’, Biometrika, 42

(1955), 243-257. I1I-1-9




The CUSUM stopping time is 7* = inf{n > 1: v, > d}.

It isimportant to emphasize that to construct the CUSUM statistics vy,
we must know the densities f°(z) and f9(z). Instead of Z, =
v—q1 po(z—52) we can use the following interesting statistics. Define

mn
Ty = eol(ze — 2 and T, = Z, — min Z,.
n k§1| k|( k 2) n n 1<k<n k

Note that

2/2, x>0,

TRl
T L — —- ) —
2kl (e, =27 {—3x2/2, z < 0.

So, for negative z;, k < n, the statistics T is close to 0. But if =
become positive, then the values Tn will increase. Thus, the statistics
Tn help us to discover the appearing of the positive values xy.
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8§ 2. Definition of the 6-model and Bayesian G-model in the
quickest detection

1. We consider now the case of discretetimen = 0,1,... and assume
that (Q, F, (F), >0, PY, P>®) is the binary statistical experiments. The
measure P° cor_responds to the situation § = oo, the measure PO
corresponds to the situation 6 = 0.

Assume first that Q =R*° = {z: (x1,2>,...),z; € R}

Let fO(xq,...,zn) and f°(x1,...,xzn) be the densities of PO and P
(w.r.t. the measure P, = 3(P9 + P)).

We denote by fO(zpn|z1,...,2,—1) and f°(zn|x1,...,x,_1) the cor-
responding conditional densities.

How to define the conditional density f7(xzn|x1,...,2,_1) for the
value 0 < 0 < 00?7
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The meaning of the value 6 as a change-point (disorder, disruption,
in Russian “razladka’”) suggests that it is reasonable to define

O
0 fn ($n|$1,. .. 7$n—1)7 n < 97
f(SUn|CU1,...,$ —1):
" " f?? (.CUn|.CU1,. .. 7xn—1)7 n 2 97

Fo(an |21, s xp_1) = I(n < 0) f(an |21, .-, Tp_1) ()

or 5
+I(n>0)f(xn|x1,...,Tn_1)

Since it should be

fg(xla S 737?7,—1) — ffg,—]_(xla S 7xn—1)fg(mn | L1,... 73371—1)7
we find that
(@1, 1) = I(n < ) f2 (1, .. Tp_1)
(21, p_1) ()
+I(n>0)fg21(x1,. - T9-1) =5 =
fo_1(x1,...,p_1)
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The formula (x*x) can be taken as a definition of the density
fa(xe, .. mp_1).

It should be emphasized that, vice versa, from (xx) we obtain (x).

Note that from (%) we get the formula
fg($n|$1,. . 7'5677,—1) — 1= I(TL < 9)[f?2o($n|$1, . 7'5677,—1) T 1]
+I(n > 0)[fn(@n|21,...,29_1) — 1]

which explains the following general definition of the measures PY
which is based on some martingale reasoning.
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2. General stochastic -model. The previous considerations show
how to define measures P? for case of general binary statistical
experiment (2, F, (Fn)n>0, PY, P®), Fo = {2, Q}.

Introduce the notation:

1 1
P=_(PO+P), PO=POIF, PR =P|F, Pu=_(PS+PY)

jo_dP o _dP® o _dPy o dPF
- ) - ’ n - ’ n -
dp dpP P, dPr,
Q

d
(d—P is the Radon—Nikodym derivative ).
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Since for A € F,,

0
/ E(LO | F) dP_/ L9dP = PO(A) = PO(A) = ZE” dPn_/ALgdP,
n

we have the martingale property
LY =E(L° | F,) and similarly L = E(L>®| Fp).
Note that P(LY = 0) = P(L® = 0) = 0.

Associate with the martingales L° = (L9),>0 and L>® = (L),>0
their stochastic logarithms
n ALY " AL
M,,?:ZL ET(Ly_, > 0), MP =Y
k=1 "k—1 r=1 Li-1
where ALY =LY — LY | and AL = L% — L%° .

I(Lk 1> 0),
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T he processes (M},B,]—"n, P)n>o0, (Mp°, Fn, P)y>0 are P-local martingales
and

ALY =19 .AMY, ALL = L | AM®.
In case of the coordinate space 2 = R*°, we find that (P-a.s.)
o_ ALy _ Ly Nz, )
AMy =-—g5—=7g5 —1==23 -1
— fg($n|$1,...,$n_1) —1
and similarly
AMSO:ng(:Un|$1,...,xn_1)—1. (.)
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Above we defined f2(xzp|x1,...,2,_1) as

fa@n |1, 2 1) = I(n < O) 7% (an |z, 2 1)
+I(n > 0) fr(zn |21, .., 2p_1).
Thus, if we take into account (e), then for general case it is reasonable
to define AMY as

AMY =I(n < O)AM® + I(n > 0)AMC. (o)
We have
LY = &(MD),, L = E(M™®),,

where £ is the stochastic exponential:

n
E(M)y, = H(l—I—AMk) (eoeo)
k=1
with AM; = M; — M;,_1. Thus it is reasonable to define LY by
LY = (M%),
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From formulas (ee) and (e ee) it follows that

EM ) = E(M™)n,  n<b,
E(MO)n
EM)p = E(M™)y_q , 1<0<n
" E(MO)g_1
So, for LY we find that (P-a.s.)
0
L) = I(n < 0)LF + I(n > )L | - =0
n - n il 0—1 Lg 17
0 o Lo- 1_
or LY =I(n<0LX+I(n>0)LY. ?—1,
LO
0 _
or L) = L‘(’g_l)/\n 70 L
(6—1)An
(L%O, 0>n
0 o_ 0
So, we have L, =« o | Ln’ 9<n
\ 0—1
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Define now for A € F,
PO(A) = E[T(A)E(M?),], or PY(A) =E[T(A)LY).

The family of measures {P%}n21 is consistent and we can expect
that there exists a measure PY on Fao = \V Fn such that

PY| 7, = PY.

Without special assumptions on LY, n > 1, we cannot guarantee
existence of such a measure ™. It will be so, if, for example, the
martingale (L%)nzo is uniformly integrable. In this case there exists
an Fso-measurable random variable L? such that

L =€e?|F) and PY(A) =E[I(A)LY].

* See, e.g., the corresponding example in: A.N.Shiryaev, Probability,
Chapter II, §3.

II1-2-9




Another way to construct the measure PY is based on the famous
Kolmogorov theorem on the extension of measures on (R, B(R*°)).
This theorem states that

if P P2 ... is a sequence of probability measures on
(R%°, B(R*°)) which have the consistency property

P;ﬂ+1(3 x R) = P,(B), B c B(Ry),

then there is a unique probability measure PY on (R, B(R>®))
such that

Pe(Jn(B)) — Pn(B)

for B € B(Ry,), where J,(B) is the cylinder in R* with base
B € B(Ry).
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Note that, for the case of continuous time, the measures P? pased
on the measures Pf, t > 0, can be constructed in a similar way.

The measures PY constructed for all 0 < 0 < oo from the measures
PO and P> have the following characteristic properties:

PY(A) = P®(A), if n<0|

The constructed filtered statistical experiment

(2, F, (Fn)n>0; P?,0 < 6 < o)

will be called a 8-model constructed via measures PO (“change-
point”, “disorder” time 0 equals 0) and P*° (*‘change-point”, “disorder”
time 0 equals o0).
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3. General stochastic G-models. Let

(2, F, (Fn)n>0: PY,0 < 0 < c0)

be the f-model. Now we shall consider # as a random variable (given
on some probability space (2/, 7', P")) with the distribution function

G = G(h), h > 0. Define
Q=0QxQ, F=FoxF
and put for A € Fso and B’ € F/

PEC(Ax B = Y PY(A)AG(H),
oc B’

where AG(0) = G(0) — GO —1), AG(0) = G(0).

The extension of this function of sets A x B’ onto F = Fao @ F will

be denoted by PG,
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It is clear that for PG(A4) = PG(A x N') with A € Fp, where N/ =
{0,1,...,00}, we get

PG(A) = 3" PLCAYAG) + (1 — G(n))P2(A),
60=0

where we have used that PY(A) = PX(A) for A € F, and 6 > n.
Denote

dP§

PY = pPYF, and LG =21
dPn,

Then we see that
0

LS =Y LIAG().
6=0
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Taking into account that

(L,'(?LO,
0
L, = < Lgo . L,,QL
1 0
\ Lp_4

0 >n

0 < n,

we find the following representation:

where L, = L9, = 1.

LO

L
=3 1

60—

n

1

AG(0) + L2(1 — G(n)),

with LZ{ =L =

1,
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EXAMPLE. Geometrical distribution:

G(0) =, AG(n) = (1—m)¢" 'p,

Here

/,’L_

1 o0

n>1.

L LY
LS =708+ (1 —n)LY 3 pg* LO + (1 — m)q" L.

k=

If fO = f9(zq,...,2p) and f° =

g(ml,...,xn) =7rf79(:c1,...,

+ (=) fr(z1,. ..

+ Q1 -mq" fr (@1, ..,

0

o (z1, ..

xn)
n—1

, Tn,) Z pq g
n).

rpn) are densities of PY
and Py° w.r.t. the Lebesgue measure, then we find

f2o(z,. ..

7:U]€)

fk(:cl,...

7:U]€)
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Thus

fg(mla S 73371) — ng(xla S 7£Un)
n—1
+@Q-m ) qufgo(wla---ﬁxk)ﬁak(wk+dﬂ---awn T1,...,T)
k=0

+ (1 o W)qnffgo(wla R 7wn)7
where

f??(xla"'awn).
Rz, .., o)

0 _
frok(@pt1s - on| T, 2p) =
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§ 3. Four basic formulations (VARIANTS A, B, C, D)
of the quickest detection problems for the
Brownian case

1. VARIANT A.We assume that G-model is given and
Mo = {7: PC(r < 0) < a}, where a € (0,1),
M is the class of all finite stoping times.
e Conditionally extremal formulation:
To find an optimal stopping time 72 € 9, for which

EC(rf —0)T = inf EC(r—o)T .

e Bayesian formulation: To find an optimal stopping time
TEKC) e 9 for which

P (T(C)<(9)+CE (T(C)—H) —JQJ}I[P(T<9)+CE(T—9) ] .
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2. VARIANT B (Generalized Bayesian formulation). We assume
that 6-model is given an:

M = {7 € M: E°7 > T} [the class of stopping times 7 for which the
mean time E.7 of 7, under assumption that
there was no change point (disorder) at all,
equals a given a priori constant T' > 0].

The problem is to find the value

and the optimal stopping time 7, for which

S E(r—0)T =B(T) .

0>1
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3. VARIANT C (the first minimax formulation).

The problem is to find the value

C(T) = inf supEl(r—0|7>6)
TE?).RT021

and the optimal stopping time 7 for which

supEY (7 — 0| 7p > 0) = C(T)
0>1
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VARIANT D (the second minimax formulation).

The problem is to find the value

D(T) = inf SUDQSSSUDEH((T—9)+|F9_1)
TEM 9>1 w

and the optimal stopping time 7 for which

supesssup EV((Fp — )T | Fo_1)(w) = D(T)
0>1 W

[ Essential supremum w.r.t. the measure P of the nonnegative ]
function f(w) (notation: esssup f, or ||f||le, Or vraisup f) is defined
as follows:

esssup f(w) =inf{O0 <c<oo:P(|f| >c) =0}

w
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4. There are many works, where, instead of the described penalty
functions, the following functions are investigated.:

| Wi(r), T <0,
W(0,7) = {WQ(T —0), T>80,
W(0,7) = Wi((r —0)T) + Wal(= — ) ™),
in particular, W(0,7) = E|r — 6|

W(,r) =P(r—6| > h), etc.
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84. The reduction of VARIANTS A and B to the
standard form

1. Denote

A1(c) = inf |[PE(r < 0) + cEC(+ — e)ﬂ,
TEML

As(c) = inf |PE(r < 0) + cEC(r — 6 + 1)+]
TEMNL

THEOREM 1. Let 1, = P%(0 < n|Fn). Then

i —1 -
Aq1(c) = Jg;ﬁEG (1—7mr)+c Z Tk |,
i b—0 -

Ao(e) = Inf EG|(1 — 7)) +¢ 3 mil.
T - k=0 -

S
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PROOF follows from the formulae P& (r < 6) = EG(1 — #,) and

T—1

(r—0)T =3 1(0 <k),

This follows from the
property £t =37, I(£>k):

(r—60)"=> I(r—02>k)

E>1

=) I(6<7—k)

k>1

= Tz_l 16 <1
=0

Representations (e) imply

.
EC(r—6+1)1T = EC > g,
k=0

T

(r—0+1)T =3 1(6 <k).

k=0

EC(r — 0)T =E¢ Z 1(0 < k)

—EGZI(k<T—1)I(0<k)
k=0

- EGiEG[I(k <7 —1I(0 < k)| Fi

k=0

— EGi ES[I(r > k+ 1)I(0 < k)| Fi

k=0

(o)

T—1

—EGZI(k<T—1)EG[I(9<k)|]—"k = E®) m.

k=0

7\

7 )

—_
EC(r — )T =EC > g
k=0

k=0
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THEOREM 2. Define

Az =infE%|r —6), Ay =infE% T — 0+ 1|.
Then
. T—1 o T
Az =infE [9 + ];_:O(zwk — 1)], Ag =infE [9 + kz_jo(zwk — 1)].

PROOF is based on the formulae

T—1

T—0l =64 > (2I(6 <k)—1),
k=0

T—0+1 =04+ > (2I(6 <k)—1).
k=0
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THEOREM 3. Let G = G(n), n > 0, be the geometrical
distribution:

AG(n) =pg"~ 1, n>, G(0) = 0.
Then for A3 = A3z(p) we have

Az(p) = %A1 (p),

1
inf E9|7 — 0] = ~inf|PY(r < 0) + pE“(r — 0) 1|
T p T
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2. Consider now the criterion

Wl(’r), T <0,

A(W) — il’71_f EGW(Q,T) with W(Q,T) — {WQ((T_Q)—I_) >0

where Wo(n) = En: f(k), W»(0)=0. Then

ECW (0, 7) = EC Z Wo(r — k)

1 - G(7r) ;= L1

(1 —M(Wl(f) PR AG(k))].

For example, for Wi(n) =1, Wa(n) = cn? we get

7—1 L
a-m)(1+ % =02 )]

ECW (0, 7) = EC
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3. In Variant B: B(T) = inf ) EC(r —0)T.
TEWT@Z].

THEOREM 4. For any finite stopping time = we have

00 T—1
ST EN(r 0T =E® Y o, (%)
0=1 n=1
L LY dP? dPg°
where o, = Y " L, = % LY =" [ =_"

Therefore,

T—1

Bp = inf E® Y 4n, where Mp={recM:E°r>T}
TEMT —1

Some generalization:

Bp(T) = inf > EF((r—0)T), where F(n)=x}_, f(k),
T2 F(0) =0,

f(k‘) Z 0 I1I-4-6



oo

PROOF of (). Since (r—)T =Y I(r—-0>k)= Y I(r>k)

k=1

k>0+1

and PF(A) = P>(A) for A= {r >k} € F;_1, we find that

EO(r—0)T= Y EI(r>k)

k>0+1

-I(T > k)

I(T>k)

I(T>k)

I(7'>k)

_I(T > k)

d(P¥| Fr—1)
L9

d(P9|fk—1)]

Ly
0
Lk

1.

e

Lg 1162 1]
01121
k

L _
1] . I11-4-7
Lg_1



©.@)
Therefore, >~ EV(r — )T = E® Z [

We find here that

where

k: 0+1

> I(r>k)

Li_1
Lg_1

—EOOZ ZI(@—|—1<k<7)

0=1 k=2

=E*° Y}

k=2

>

0=1

k=2

T—1

Lg_q

k=

Br(T) = inf E* Z W, (f),

Wi (f) =

TEMT =0

Zf(n+1—9>

6=0

Lg_

|

—EOOZW—EOOZW

1

1

N

Ly_q
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8§5. VARIANT C and D:
lower estimates for the risk functions

1. In Variant C the risk function is

C(T) = inf supE0(7—9|7>9)
TE?)ﬁTQ

THEOREM 5. For any stopping time = with E®r < oo,

1 T—1 n L
supE0(7—9|7>9)>—EOOZ¢n where o, =Y —.
0=1 £ n=1 =1 101

Thus, in the class §J\IT = {r € Mp: E®°r =T},

C(T) = inf SupE9(7—9|T>9)> ]B%(T)
TEgﬁT0>
N T—1
where B(T) = inf Y E(r—0)T = inf E® Y .

I1I-5-1
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PROOF. We have
S B -0t =Y ElGr—60|r>0)P(r>0)

6>1 6>1
<SupE9(7'—9|7' >0) ) PH(T > 9)
60>1 0>1

by definition of the 6-model, H
since {7 >0} € Fyp_1

= sup E9(7—6|T>9)ZP°0(T>9).
0>1 6>1

g

Ve

= E°°r

T hus,

1 T—1
6 6 + _

0>1 9>1
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2. Now we consider Variant D, where

D(T) = inf supesssup EQ[(T —(0—1))T |]—"9_1].
TEMr 6>1 w

THEOREM 6. For any stopping time = with E°°r < oo,

Eoo 71
SUp esssup Ee[(f — (6 — 1))"’ | ]—"9_1] > T_Z-l:k_o Tk ;
>1 W Eoe Yy (1 — )T

where (v)r>0 is the CUSUM-statistics:

()

LY o dPY dPS°

= max —~ LY = —"1 o0 — .
Yk 1<6<n L0 ( n dP,, n dPn)
T hus,
EOO 7’:1
D(T) > inf 2 =0Tk

TEMp EOO ZZ;%(l — )t
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Recall, first of all, some useful facts about CUSUM-statistics (’Yn)nzoi

Ln Ln
Yn = max = max ;
1<0<n Lg_1q 1<k<n L,,_}

L n L
Tn = I & max(1l,v,—1) = Z (1-— 79—1)+ = -
n—1 = ~ d =1 Lo—1
L,_
=D (1—w-)t
ot o—1
by induction
n Ln 17 7n—1 < 17
= Yn= (1—~ —1)+‘|"Y —1| =
Ln—l[ " " ] Ly_1 Yn—1s Yn—1=>1
(cf. pn=Y = T [1+ Pp_1]).

o—1 Ln-1 Ln—1
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PROOF of the basic inequality (x):

0 1t wEQ;OVk
sup ess SUpE (= (O —1)T | Fpq] > oy T L (1 AT (%)
For = € My
&) B E] (r— 0 - 1))F | Fp_1|(w)

"

=> I(r—(0-1)>2k)=) I(t>k+(6-1)) =) I(T>k),

k>1 k>1 k>0

2 :GCHITEEDY E9[1(7>k) bl |]—"9 1| (P>®-as).
k>0 k>0 0—

[Here we used the fact that if r.v. £ is > 0 and F,_i;-measurable, then ]
Ln
L

Ly
E(| Foo) = EX |60 | Foma]s Lu=
Lg_1
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Denote d(7) = supg>1 €sssup,, d?(7). For each 7 and each 6 > 1
d(r) > d’(r) (P%-a.s.)

and for any nonnegative Fy-measurable function f = fy(w) (all r.v.’s
here are Fy-measurable)

fo—1I(T > 0)d(T) > fo_1I(T > Q)dQ(T) (P%-a.s. and P™®-a.s. ) (k%)

Ve

since PY(A) = P>*(A)
for every A € Fy_1

Taking into account (xx), we get by definition of the §-model
E{fy11(r20) }d(r) = E*{fy_11(r=0)d(r)} > E{fy 11(r=6)d (1)}
Lj_
= E{fy 112 0) ¥ B (1 2 k) 2L [ Fy )}

k>0 Lg_1
L
=120 Y fo 17"t 2 0)]
k>0 Lg_1
T L =
=e°{1(r20) 3 fy 1t fr-5-6
k=0 Lg_1



Taking summation over 6 we find that

d(T) i E*°fo_11(T > 6) > E™ Z Z fo— 1

6=1 0=1 k= 0 Lg—1
T
=Y 3 gyt
k=16=1 0—1
L
EXRST ST L fg_ “k—-1
: k=120=1J0-1T,
From this we get d(r) > . -1
Ec© 29:1 f0—1
Take fy = (1 —~p)T. Then
k
Lp—1 _ Ly, Lp_1
S (1)t —y9—1)T = V-
o=1 Lo-1 6=1 Lo—1 L

Since v, = Liﬁl ,Yk—1}, We have

E~° Z Z fo— 1 Z max{1l,y,_1} = Z max{1,v}-

k=10=1 L1 1-5-7

Thus, inequality (x) of Theorem 6 is proved.



8 6. Recurrent equations for statistics mn, ©Yn, ¥n, Yn
1. We know from §4 that in Variant A the value
A1(c) = inf [PO(r < 0) + cE9(r — )T
TEM

can be represented in the form

T—1
A1(e) = inf EG[(l )+ ckgzjowk],

where |7, = PE (0 <n|Fn), m>1, =mg=w=G0)|. (If we have

observations Xg, X1,..., then F, = FX = 0(Xp,..., Xn).) Using the
Bayes formula, we find

L Zﬁgn L% AG(Q)
— e :

n

dPY 16— dP§

where L9 = —, = —.
" dPy " dPn

Tn,

I1I-6-1




Introduce ¢, = 7, /(1 — w,). For the statistics ¢, one find that

LOO
L9 -1 ANG(O
 Se<n LEAGO) T 20<n 0 (0)

©n

C Yesn LY AGH) (1= G(n)L
Since m, = on/(1 4+ ¢n), we get

So<n 7.0 AG(0)
- AG(0) + (1 - G(n))’

7'('n:

and therefore

n AG(n
L{;_l{(l - 77?’&)1_@(7(1_)1) + 7Tn-|—1}

Tn = L. AG(n 1-G(n) ’

. (1 - Wn—l)lia%gﬁ)l)
— T — L, AG(n 1-G(n)
Ln—l{(l — ﬂ-n)l—G(fEL—)l) + 7Tn—|—1} + (1 _ Wn—l)l_G(f,ﬁE_)l)
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T hus,

Ly AG(n)
on = Tn Ln_l{(l o 7-‘-n)l—G(?’Ln—l) + 7Tn+1}
n — — — .
1 —mn (1 — Wn—l)lig?frgﬁ)l)
Finally,
Ly AG(n) n 1-G(n—1)
L\ 1-Gm) Y i Zam) [
LY AG(6
From the formulas m, = 2.0<n ”G 0) and ¢, = n we find
Ln 1— T™n
also that
1 Ln,
Op = AG(0)].
" G(n) 92 Lg_1
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EXAMPLE. If G is geometrical distribution: AG(0) = G(0) = m,
AG(n) = (1 — )¢ 1p, then

AG(n) p AGn-1) 1 Ln
= =, = —, and — —1)-
TeTe s G p ©n an_l(erson 1)
7 __ Pn : N Ln 7 .
For ¢n(p) := —, p > 0O: Yn(p) = (L +Yn—1(p));
p qLp—1
For p, := lim n(p): P = (1 4+ p—1)
pl0 Lp_1
R ~ " Ln
If oo =0, then g =0 and |, = >
=1 Ln—l
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We see that o, = ¥, (= H— 1L ) where the statistics has
appeared in Variant B:

Z E/(r —0)T = E® Z V.

n=1

So, we conclude that statistics 1, (in Variant B) can be obtained
from the statistic ¢, (p) (which appeared in Variant A).
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2. Consider the term L, /L,_1 in the above formulas. Let o-algebras
Fn be generated by the independent (w.r.t. both PO and P)
observations zg, z1, ... with densities fO(z) and f°(z) for zn, n > 1.
Then
Ln fo(wn)
Ly—1 foo(xn)

So, in this case

_ fo(:vn){ AGM) 11—G<n—1>}
fead -6 T 1—6m) [

¥n

II1I-6-6




If g, ..., zn has the densities fO(xq,...,zn) and f*(zq,...,zn), then

Ly _ f0($n|$07---7$n)
Lp—1  f®(xn|xg,...,Tn)
and
. fo(a:n|:co, o Th—1) | AG(n) 1-G(n—-1)
Pn = + ¥n—1 :
[ (znlzo, .- 2p—1) |1 — G(n) 1 - G(n)
In the case of Markov observations
o — f0<wn|xn_1>{ AG(n) Lo 11—G(n—1>}
n — — .
fe(xn|r,—1) |1 - G(n) " 1—-G(n)
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From the above representations we see that

>

in the case of independent observations zqg, x1,... (w.r.t.
PO and P>) the statistics ¢, and m form a Markov
sequences (w.r.t. P&);

in the case of Markov sequences xg,x1,... (w.r.t. PO
and P*°) the PAIRS (¢n,xn) and (mn,xn) form Markov
sequences (w.r.t. P9).
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8§ 7. VARIANTS A and B:
Solving the optimal stopping problem

1. We know that Aq(c) =
represented in the form

inf [PG(T < 0) + cEC(r — G)W can be
TEM

T—1
Aqi(c) = Jg;ﬁEW [(1 — 1) +c Z Wn],

n=0

here E, is the expectation E¢ under assumption G(0) = = (€ [0, 1]).

7—1
Denote V*(r) = ing)‘Jt Ex [(1 —7r)+c Z ™|, for fixed ¢ > 0,
TE

n=0

Tg(w) = Exg(mr1) for any nonnegative (or bounded)
function g = g(w), m € [0, 1],

Qg(m) = min{g(n),Tg(m)}.
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We assume that in our G-model

GO)=m, AGm)=(1-m)¢"'p, 0<m<l, 0<p<l

In this case for ¢, = /(1 — m) we have

L
on=——(p+ on_1).
qLpy—1
In case of the PY9- and P%-i.i.d. observations z1,z»,... with the
densities fO(x) and 7°(z) we have
fo(xn)
on = (p+ pn-1)-
! qf>°(xn) "

From here it follows that (¢,) is an homogeneous Markov sequence
(w.r.t. PG). Since mp = ¢n/(1 + ), we see that (m,) is also PC-
Markov sequence. So, to solve the optimal stopping problem V*(x)
one can use the General Markovian Optimal Stopping T heory.
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From this theory it follows that

a) V¥(r) =1imQ"g(x), where g(7r) =1 —m,
b) optimal stopping time has the form 7* = inf{n>0: V*(7r) = 1—=n}.

Note that 7 < oo (Px-a.s.) and V*(x) is a concave function. So,

™ =inf{n: m, > 7"} where x* is a (unique) root of the
equation V*(n) =1 — .

We have

V*(r) = lim Q"(1—m)| with Q(1-m) :min{(l—w), e+ Ex(l—m1) }
—(1-m)(1-p)

Since V¥(m) = 1im, Q"(1 —7) <Q(1 —7) <1-—m, we find that

Q(l—-7")<1-—7% or min{(l—w*), c7T*—|—(1—7T*)(1—p)} <1-x%

From here we obtain S p
the LOWER ESTIMATE for 7*: ~—c+p |
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In Topic IV (§3) we shall consider Variant A for the continuous

(diffusion) case. In this case for «* we shall obtain the explicit
formula for n*.

2. In Variant B

B(T) = inf > E%r —6)T, where Mgy = {r: E®r>T}, T >0.
TEMp
9>1
’7'—1 n L
We know that Y E%(r — )T =E® 3 yn, where ¢, = > "
0>1 n=1 6=1 Lo-1
From here
L
Yo =|—— (14+1,_1),  -1=0.
Ln—l
N —
0
— J(@n) in the case of (P°- and P>-) i.i.d.
f>(xn) observations 1II-7-4




For the more general case

Be(T) = inf S E°F((r—0)") with F(n)= 3 f(k),
k=1

TEgﬁT0>1 —
B F(0)=0, f(k)>0

we find that

S EOF((r—0)T) =E® Z W (f).

0>1
where

Wi (f) = Z fin+1-10)

9—=0 L01
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>

>

If f(t) = Z cmoe™, then

m=0

with X

If f(t) = Z COkt

k=0

(

with X

\

Y, =

(0,k) _
" Ln 1 (1 T Z

(m 0)

Wn(f) = cootn + Z CmO

m=1

Ln
— Ln— (1+¢n—1)7

(m0) _ A

Y_1 =0,

("), Y =0

n_

(0,k)

then |[W,(f) = coo¥n + Z CokYn

k=1

L
(1 + Qbn—l)a

Y_1 =0,
Ln 1

W 2P), w§P =0
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M K
» For the general case f(t) = > > cmpe ™R Ao = 0, we have
m=0 k=0

W (f) = z zc {mok)

m=0 k=0
n
L
with i M = $° Amn 10 4 g _ gyk =2
=0 L9—1
T he statistics ngm’k) satisfy the system

(mk:)_ Am N Z Qb(mz) 0<m< M,

Lp_1 ok ’ 0<k<K.
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EXAMPLE 1. If F'(n) = n, then

Ln
f(n) =1, Wu(f) =1vn, where o, = 7 1<1 +vYn), Y_1=0.
EXAMPLE 2. If F(n) = n? 4+ n, then
f(n) = 2n.
In this case
o) = 2600 with O = Z (1 4y, 1+ 90D
n—1

Thus
Wn(f) = Vyu_1(f) + 2¢n.
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3. We know that

T—1 n

B(T) = |nf > E'(r — )T = inf E® Z W, |, W, = .
T0>1 TEMr o—1 Lo—1

T—1
By the Lagrange method, to find inf E® Z Yn We need to solve

TEM

the problem n=1

inf E°° Z (vn +¢) (cis a Lagrange multiplier). (%)
TE

For i.i.d. case and geometrlc distribution the statistics (v,) form a
homogeneous Markov chain.

By the Markovian optimal stopping theory, the optimal stopping
time 7 = 7*(¢) for the problem (%) has the form

7*(c) = inf{n: ¥n > b*(c)} I H-7-9



Suppose that for given T' > 0 we can find ¢ = ¢(T") such that
ET*(c(T)) = T.
Then the stopping time
T (c(T)) = inf{n: ¢n > b*(c(T))}

will be optimal stopping time in the problem

B(T) = inf E°(r — )T
(T) Teng:l (T —0)
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8§ 8. VARIANTS C and D: around the optimal stopping times

1. In Variant C the risk function is

C(T) = mf SUDEH(T—9|T>9)

TEMp 9>1 }
1 7 ’7'—1 n
> E*° -~ where = 6, Thm. 5
> For nZ:jl Un Pn = Z L@ : (8 )

= Y B —0)T (Thm. 4)

_ 1
So, in the class Mp = {r € Mp: E°7 =T} we have |C(T) > ?IB%(T) :

For any stopping time 70 € M

1
supE?(r — 0|7 > 0) > C(T) > ]B%(T)
0>1

Thus, if we take a “good” time 79 and find B(7T), then we can obtain

a ““‘good” estimate for C(T'). In Topic IV (§ 6) we consider this a1

procedure for the case of continuous time (Brownian model).



2. Finally, in 85 (Theorem 6) it was demonstrated that for any
stopping time = with E®°r < 0o

T—1
E* )
SuUp esssup Ee[(f —(6—-1)T |]—"9_1] > 1’“:0 .
0>1 w o T— n
E> ) (1 — )
k=0
So
T—1 T—1
EOO Z YE inf EOO Z YE
- k=0 T€Mr =0
D(T) > inf — > —

E> ) (1 —v)T  sup E® > (1 — )T
k=0 TE€EMr k=0
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G. Lorden * proved that CUSUM stopping time
o*(T) =inf{n >0: v, > d*(T)}
is asymptotically optimal as T — oo (for i.i.d. model).
In 1986 G.V.Moustakides ** proved that CUSUM statistics (vy) is

optimal for all T' < co. We consider these problems in § 6 of Topic IV
for the case of continuous time (Brownian model).

* “Procedures for reacting to a change in distribution’”, Ann. Math. Statist.,
42:6 (1971), 1897—1908.

e “Optimal stopping times for detecting changes in distributions’, Ann.

Statist., 14:4 (1986), 1379—1387.
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TOPICIV: Quickest detection problems: Continuous time
(Brownian model)

8§ 1. Introduction

1.1. In the talk we intend to present the basic—from our point of
view—aspects of the problems of the quickest detection of disorders
in the observed data, with accent on

the MINIMAX approaches.

As a model of the observed process X = (X;);>0 with a disorder, we
consider the scheme of the Brownian motion with changing drift.
More exactly, we assume that

odBy, t <@,

X, =ut—0)T o By, or dX;=
t = u( )T 4+ oB; / {,udt—l—adBt, >0,

where 6 is a hidden parameter which can be a random
variable or some parameter with values in Rt = [0, co]. IV-1-1




1.2. A discrete-time analogue of the process X = (X¢);>0 is @ model

X = (X17X27 SR 7X9—17X97X9—|-17 X ')7

where, for a given 6,

X1,Xo,...,Xp_q1 are i.i.d. with the distribution Fx and
Xg, Xg41,--- are i.i.d. with the distribution Fp.

Walter A. Shewart was the first to use—in 1920—30s—this model
for the description of the quality of manufactured product. The
so-called ‘control charts’, proposed by him, are widely used in the
industry until now.
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The idea of his method of control can be illustrated by his own

EXAMPLE: Suppose that

forn <6 ther.v.'s X, are N(uoo,az) and
form>6 ther.v.'s X, are N(uo,az), where pg > poo.

Shewart proposed to declare alarm about appearing of a disorder
(‘change-point’) at a time which is

T=inf{n >1: X, — ug > 30}.
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He did not give explanations whether this (stopping, Markov) time
iIs optimal, and much later it was shown that:

If & has geometric distribution:
P() =0) =, P(O=k|6>0) =" 1p,
then in the problem

T~ inf P(r=20) (%)

the time |7* = inf{n >1: X, > c*(,uo,,uoo,az,p)} ,  Where

¢ = c* (o, poo, 02, p) = const, is optimal for criterion (x).

Here the optimal decision about declaring of alarm at time n depends
only on X,,. However, for the more complicated models the optimal
stopping time will depend not only on the last observation X, but

on the whole past history (Xq,...,Xn).

IV-1-4




1.3. This remark was used in the 1950s by E. S. Page who proposed
new control charts, well known now as a CUSUM (CUmulative
SUMs) method. In view of a great importance of this method, we
recall its construction (for the discrete-time case).

NOTATION:

P% and P> are the distributions of the sequences (Xq,...,Xp), n>1,
under assumptions that § = 0 and 6 = oo, resp.; P, = %(Pg + P$°);

dPY dP° LY
L) =—1 o =—", Lp=—- (the likelihood ratios);
dP, dP, oo

0 o Lg-1
L0 = I(n < )L + I(n > 0)LY o

(L%, =10 =1, LY=Lg =1).
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For the GENERAL DISCRETE-TIME SCHEMES:

the Shewart method of control the CUSUM method is
charts is based on the statistics based on the statistics
Ln Lo
Sp=—"2|, n>0 Yn = Max —=|, n >0
L 6>0 LS°

It is easy to find that since LY = LS for § > n, we have

Lo
n
0<0<n LS°

or

LO Lg.il Ly
Yo = max| 1, max | ——3 = max| 1, max :
0<0<n \ LSC L0_1 0<6<n Lgy_1q

where L_1 = 1.
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Let Z, = log L, and 1, = log~vy,. Then we see that

Tn:max(O,Zn— min Z@),
0<6<n—1

whence we find that

Th=2Zpn— min Zy| and | T, = max(0,T,_1 + AZ,)]|,

(In § 6, we shall discuss the corresponding formulas for the continuous-
time Brownian model. In §6, the question about optimality of the
CUSUM method will also be considered.)
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§ 2. Four basic formulations (VARIANTS A, B, C, D)
of the quickest detection problems for the
Brownian case

Recall our basic model

dX, = o dBy, t <90,
pudt +odBy, t>0,

where e u#0, o> 0,
e B = (B)>o is a standard (EB; = 0, EB? = t)
Brownian motion, and
e O is a time of appearing of a disorder.
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VARIANT A. Here

0 = 0(w) is a random variable with the values from R+ = [0, oo] and
T = 7(w) are stopping (Markov) times (w.r.t. the filtration (F;):>0,
where F; = o(Xs,s < t).

e Conditionally variational formulation:
In the class My = {7: P(r < 0) < a}, where a is a given number
from (0,1), to find an optimal stopping time 7% for which

E(T;_MT;ZG):Tierg)}:taE(T_elTZG) :

e Bayesian formulation: To find

A*(e) = igf[P(r < 0) 4+ cE(r — e)ﬂ

and an optimal stopping time TE‘;) (if it exists) for which

P(1(ey < 0) +cE(r(y — T =A*(c)|. IV-1-9




VARIANT B (Generalized Bayesian). Notation:

Mp = {7: Ecor =T} [the class of stopping times 7 for which the
mean time E.7 of 7, under assumption that

there was no change point (disorder) at all,
equals a given constant T7].

The problem is to find a stopping time T; in the class M, for
which

1 (oo 1 [oo
inf —/ E —9+d9=—/ E (% — )T do|.
TeMr 1T JO 9(7 ) T JO H(TT )

We call this variant of the quickest detection problem

generalized Bayesian

because the integration w.r.t. df can be considered as the integration
w.r.t. the ‘‘generalized uniform’ distribution on RT.
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In § 4 we describe the structure of the optimal stopping time 77 and

calculate the value

1 /T
B(T) = ?/0 Eo( — ) do.

T hese results will be very

useful for the description of the asympto-

tically (T' — oo) optimal method for the minimax

VARIANT C. To find
C(T) = inf supE(r—0|7>0)
TEWTQ

and an optimal stopping time 7 if it exists.

Notice that the problem of finding C(T) and 7 is not solved yet.
We do not even know whether 7 exists. However, for large T it
is possible to find an asymptotically optimal stopping time and an
asymptotic expansion of C(T") up to terms which vanish as T — oo.
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T he following minimax criterion is well known as a Lorden criterion.

VARIANT D. To find

D(T) = inf supesssupEg((T — 0)" | Fp)(w)|.
TEMT 6>0 w

"

this value can be interpreted
as the ‘“worst-case’” mean
detection delay

Below we give the sketch of the proof that the optimal stopping
time is of the form

Tp=inf{t > 0: v > d(T)},

where (v¢)¢>0 is the corresponding CUSUM statistics.
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8§ 3. VARIANT A

3.1. Under assumption that § = 6(w) is a random variable with
exponential distribution,

P() =0) =, P(O>t|0>0)=e M
(m€[0,1) and XA > 0 is known),

the problems of finding both the optimal stopping times T(*C), T and
the values

A*(c) = P(rfy < 0) +cE(rfy —0)",  A*(a) =E(r%— 0|75 > 6)
were solved by the author a long time ago.

We recall here the main points, since they will be useful for solving
the problem of Variant B.
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Introducing the a posteriori probability
m = P(0 < t|F), TQ = T,

we find that for any stopping time

P(r <6) —I—CE(T—9)+ = Eﬁl(l — ) —|—C/OT7Ttdt],

where E,; stands for the expectation w.r.t. the distribution P, of
the process X with mg = w. The process (m;);>0 has the stochastic
differential

p 7
dmy = ()\ — —271'252)(1 — ) dt + —27Tt(1 — ) dX+.
o

(o)
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The process X = (X3)¢>0 admits the innovation representation

/ _ _
X, = r/O reds + 0By, ie. dX,=rmdt+odB,

where

_ uort

Bt:Bt—l_—/ (es—ﬁs)ds

o JO
is a Brownian motion w.r.t. (F7*);>0. So, one can find that
dmy = M1 — m) dt + Cﬂ't(l — TT¢) d?t.
o

Consequently, the process (wt,]—"ff)tzo is a diffusion Markov process
and the problem

TEMp M7 il;]_f[P(T<9)+CE(T—9)+}

= inf Ex [(1 —mr) + C/OT Tt dt] (=Vi(m)

is a problem of optimal stopping for a diffusion Markov IV-1-15

process (¢, Ft)¢>0-



To solve this problem, we consider the corresponding

STEFAN (free-boundary) PROBLEM :

Vin)=1—-—m, w> A,
AV (7)) = —cm, T <A,

where A is the infinitesimal operator of the process (Wta]:t)tzoi

A=xr1-m L ¢ %(3)27{2(1 )2

dm o

d
dm?’
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The general solution of the equation

AV (7)) = —err

for m < A contains two undetermined constants (say, C7 and C5). So,
we have three unknown constants A, C1,C> and only one additional
condition:

1 V(xr)=1-x for # > A.

It turned out that two other conditions are:

dV dV,
2| (smooth-fit): (m) = o(7) with V(7)) =1 —,
d7T WTA d7T 7T\LA
dV
3 — = 0.
dm 710

These three conditions allow us to find a unique solution V(x) of
the free-boundary problem.
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After that we prove that V(nr) = V*(x). Thus, we find

A
V() = {(1 —A) = [{y(@)dz, 7€ [0,A),

1 —m, m e [A, 1],
where

x du U 1
= —c [ NG -G G =10 _r
y(@) 0 ° u(l — u)? () J l1—u wu

A c ,u2

N = —, C =—, pP= 5
p p 20

The optimal boundary point A* = A*(¢) can be found from the
equation

A* * du
NG(A*)—G(u)] —
C/O © u(l —u)? !
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The optimal stopping time is
7™*(c) = inf{t > 0: m > A*(c)}
For the conditionally extremal problem

T N inf Ex(+—0|7>0)
Tema

the optimal stopping time 7% has a very simple structure:
7o =inf{t: m > 1— a}.

Indeed, Pr(71<0) = E;x(1 —7;) if <1 — . SO, from the continuity
of the process (m¢);>o it follows that we must have 1 — 7.« = «, or
m.+ = 1 — «. This proves optimality of the stopping time 7%. (Note

(6

that if m> 1 — «, then 72 =0.)
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The corresponding value A*(a) = E(r2 — 0|7} > 0) can be found,
say, for m = 0, from the previous expression for

V*(0) = P(*(c) < 0) + cE(r*(c) — ) T.
Indeed, in the expression
7*(c) = inf{t > 0: m > A*(c)}

the threshold A*(¢) depends continuously on ¢, and we can find
¢ = cq such that A*(co) =1 — a. SO

V*(0) = P(7} < 0) + caE(7*(ca) — )T
= o+ CaE(T*(Ca) —0|7"(ca) > 9)(1 — ).

From here it follows that

A*(a) = E(T*(Ca) —0|7*(ca) > 9) —

with cq such that A*(a) =1 — «.

IV-1-20




3.2. Let us turn again to the process (m);>0 which plays a role
of a sufficient statistics for the problems in Variant A. Put ¢ =
7t/(1 — 7). Then we can find that

t L
o1 = oLy 2aeM [ e bas, (58)
0 L
where
dPg | .
L; = W(t, X) is the Radon—Nykodym derivative of
o0 the measure Po(t,A) = Law[(Xs,s <t) € A|6 = 0] w.r.t.

the measure Py (t,A) = Law[(Xs,s <t) € A|0 = 0.

For L; we have the representation

H p 2
Ly =e"t, where Hi=-—F5Xy— —=t.
t t= "2 T 55

From here by the Itd formula we find that dL; = ﬁLt dX, which,
together with (58) and after using the Itd formula again, gives

dor = AL+ 1) dt + 2 oy d X NV1o1
o




The process (¢¢)r>0 depends on A, of course.
Consider 1 = limyo(pt/N).

If A\ — 0 and mg — 0 in such a way that mg/\ — m, then the formula

for ¢ yields the following representation for iy:

£ L
zpt_mLtJr/ s,

From here or from the equation for ¢; we find that

dwtzdt+§¢tdxt, o = m|.

In the next section we will see that the process (v;)>0 plays a crucial

role in solving the optimization problem in Variant B.
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8§4. VARIANT B

4.1. We want to solve the following optimal stopping problem: To

find

B(T) = inf l/ooE@(T—e)ere,
TEWTT 0

where 0 is a parameter with values in RT and 9 = {r: Ecor = T}.

The key point is the following representation:

oo T
/O E9(7—9)+d0:EOO/O o du

where dipy, = du + po 2y dXo.

(59)
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To prove representation (59), we note first of all that (r — )T =
Jo° I(u < 7)du. Using change of measure, we get

T L
E9(7—9)+=/6 Egl(u < 7) du—/ Eoo—I(u<7') du = Eoo —udu

Lg

L
E(r—0)tdo =E / / Lu o | a0
/O 9(7' ) 00 [ Le u

— E. /[m@du .

and

The process (yt)r>0 is a Poo-diffusion Markov process with the
differential diyy = dt + L4y dBy, g = m. We see that

T
inf [ Eo(r—60)Tdo= inf E / do.
TeMT JO 9(7- ) TEMT > ¢u
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From the general theory of optimal stopping for Markov processes
it follows that an optimal stopping time in the problem

]
- inf E / d
4 TEgﬁT > 0 wu “

has the following form:
= inf{t > 0: ¢ > b(T)},

where b(T) is such that Ecori = T. Since ¢y = t + (u/0) J§1bu dBu,
we find that

But 157; = b(T), so that b(T') = Ecor7 = T'. We have got, for optimal
stopping time T% in Variant B, the very simple formula:

h=inf{t>0: ¢ > T}
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4.2. For this stopping time 77, the quantity Ex fOTT Yy du is easy to
find. Indeed, consider the process (;)¢>0 With g = = > 0. The
corresponding function

(z) :
- E(x) Eso’ stands for averaging w.r.t. the
U(a:) f ¢ du Po-distribution of (v:)>0 when ¢p =z

satisfies the backward equation

B 62 2
LooU(z) = —z, where Loo=—+ p1°——= = —2, p= Ll
ox Ox2

Put for simplicity p = 1, then it is easy to find that

U(x) = G(%) — G(i) ., Where jim)) i/{: F](Eu()ujju,
— Ei(—u) = /uoo eTtalt
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These formulae imply that

1
B(T inf — E — )T do= inf —E d
( ) TEgﬁTT 0(7- ) TEgﬁTT > wu “
1 N 1 1 1 stralghtforward
T .
— °F /T du = —U(0) = —G(—) calculations
7Ee Jo Yudu=3U0) =261 5

— F(%) - A(%), where |A(b) = 1—b/oooe_b“ Iog(i—l—u) d

1 1 1 1
Thus, |B(T) = —G(—) = F(—) — A(—) and we have the following
T \T T T

asymptotics for small and large T':

5 +0(1?), T — 0,
B(T) = | —1 a2
ogT —(14+C)+0(T*log<T), T — oo,

where C = 0.577... is the Euler constant.
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8§ 5. VARIANT C

5.1. It is clear that

]_ o0

—/ Eoo(T—0)T dO =
T Jo

1 oo
= — Eg(7—0 |7 > 0)Py(7>60) db
T/O o(7=017 = 0)Py(r=0) [ since {T > 0} € Fyp and ]

1 oo Po(A) = P (A) for A € Fy
— ?/O Eg(7—0 | 7>0) Poo(7>0) df

]_ o0

< /O Sup Eg(m—0 | 7>0) Poo(T20) d0 - 1 ocayee
o)

K 1 [P (r>0)d) = LE.r = 1 ]

=supEg(Tr — 0|7 > 0), for 7 € My = {r: Eoer =T}
0

B(T) < C(T) I

As a result, we find that
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It is clear that

C(T) = Tle%ngg Eg(r—0|7>0) < sup EQ(’TT 0| > 0) = Egrr.

The value EOT; is easy to find from the backward equation for E(‘”) T:

Eorr = F(1/T)|. Taking into account the lower estimate for C(T),
we obtain the following result:

r(2)-a(2) <em <o(})

which implies that for large T

log? T

IogT—(l—I—C)—I—O( 'OQQT)

For small T we have | T/2 4+ O(T?) < C(T) < T + O(T?) I

)gC(T)§|ogT—C+O<
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5.2. From the last three inequalities it follows that there exists a
GAP between the left-hand and right-hand sides. One possibility to
eliminate this gap consists in

considering a WIDER class of stopping times.

This idea, launched by M. Pollak in the discrete-time case, leads us

To consider a class of RANDOMIZED stopping times
7 = 7T(w,w), where randomization is defined by the
randomness @ in the jnitial value of the process (v;);>0:

dipy(w,w) = dt + pyy(w,w) dX¢(w)

with ¢Yg(w,w) = &(w), where a random variable &£&(w) does
not depend on the Brownian motion (Bi(w)):>0-
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Denote by B(T) and C(T) the corresponding analogues of B(T) and
C(T) when the class My = {r = 7(w) : Eco™ = T'} is replaced by the
wider class My = {7 = 7(w,w) : Exc™ = T}. We have

B(T) =B(T) < C(T)
and to get the estimate from above
C(T) < Eg7(w,w)

we construct the special stopping time 7(w,w) in the following
way. We take a random variable £(w) with a special density ga(vy)
concentrated on [0, A], where A will be defined later.
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This density is defined from the ideas of the quasi-stationary distribu-
tion. More specifically, we take g4(y) as a solution of the forward
equation

2 " _ : — 4 —
(1P9a(W)" — g4(y) =0 with gu(A) =0, /O ga(y)dy = 1.

Solving this equation we get

h(A) — h
04(p) = 1 () ")
where
1 /1
F) ="M hy) = yetv — B
y y
with
4 OOe_t
/ —dt, 2 <0,
—Ei(z) =", ot N
\;%[/_ Tdt+/6 Tdt], 2> 0.
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Let

Y = inf{t: Y(w,0) = A with ¢g(w,©) = y},

?ZA . Ti(w).
Then
_ A 1 1
Ty = fy (Exr)oady =4 [F(5) = a(5)
A2+ 0042), A — 0,
JA—logA+ (14+C)+0(A4t0g24), A— co.

Take A = A(T) such that A —[F(1/A) — A(1/A)] = T. For such a
choice we have (for p=1)

2T 4+ O(T?), T — 0,

AT) = {T +1ogT — (1 +C)+0O(TY10g2T), T — oo.
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We find that Eg7;, = F(1/A) — A(1/A). Taking A = A(T), we see
that since F(1/T) — A(1/T) = B(T) = B(T) < C(T) < Eo7y, . the
following inequality hold:

1 1 1 1
F(?) ; A(T) SN F(A(T)) A(A(T))'
Then
for small T: T/2+ O(T?) < C(T) < T + O(T?),
for large T: C(T) =1logT — (1 +C) 4+ O(T t10g? T).

T he existence of the optimal stopping times belonging to the classes
Mr and My for Variant C and Variant C is still an open problem.
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8§ 6. VARIANT D

6.1. In this variant we are interested to find

— _ Nt
D(T) = Tler%}‘tnggesswsupEg((r )" | Fp )(w)

We had already mentioned that here an optimal stopping exists and
has the form

T =1inf{t > 0: v > d(T)},

L
where (v¢)¢>0 is the CUSUM-process: v = supL—t with
0<t L.

dP dP
L= —2(t,X) = -

(t X) = exp{ Xt—;—zt}

O'
and

dL; = % L;dX;.

o
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As in the discrete-time case, v+ can be defined also by

dPg
=sup—(t, X),
Yt ur dPoo( )

since Py(-) = Law(X |6) and

dP dP dP 1 Ly
(1, X) = (4 X) = =2 (5 X) - s =
dPg "’
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Consider in more details the structure of (v)¢>0. We have

. Ly Ly
= iﬂf@gt Lg o Nt.
By the Itd formula,
Ly d L L d Ny v d Ny
d’Yt=d< >=—— = 5 dXt — v ——-
Ny Ny  (Np)? o2 Ny

Note that ¢+ > 1 and (/N¢) changes values on the set {4+ = 1}. It
leads to the representation

:U’ Cth
dvi = — v dX 1 =1
= dXy =yl =1)—= N,
_ dNS
Put Hy = — [§vs I(ys = 1)%=. Then
dyt = dHy + p% dXt, vo = 1.
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T herefore,

t
w=14H+ [ L5ysdXs,
0o

which is the non-homogeneous Doléans-Dade equation whose solution
can be written in the form

t L
=Lyt [T dH (%)
Recall that the process (v;);>¢ satisfies the equation
dyr = dt + % Yy d Xy
o
A solution of this equation with ¢¥g =1 is given by
t L,
= L / — dHg. * %
¢t t"‘ 0 L. S ( )

Comparing (*) and (**) reveals the similarity of the equations for
(Y1)i>0 and (v¢)r>0- The both processes are Markov processes.
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Define for = € My
Dy(r;w) = Eg((r — )T | Fp) (w).
Since (7 —0)T = [§° I(u < 7) du, we have
©.@)
Dy(T,w) = /O Eg{f(u < T) |F9}du.

The random variable £ = I(u < 1) is Fy-measurable, therefore, by
change of measures in conditional expectations,

L
E0(€|f9)=Eoo<£L—u ]'"9)
0
and
o0 Lu
Dy(7; w) =/ Eoo<—l(u§7)|.7-_@> du
0 L@
OOLu TLu
_E /—1 < d‘]—" —E /—d‘]—‘.
00[0 Ly (u = 7) du 6] oolo Ly ! 9]
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Define | D(7) = sup esssup Eg((T 9)+|]-"9) (w) = sup esssup Dy(7; w)|.
w

60>0

This definition and the previous formulae imply that
O
D(7) EsoHy = Eoo(D(7)Hy) = Eno /o D(r)I(0 < ) dH,

> Exc [ Dy(riw)1(0 < 7) dHy
o0 T Lu
:Eoo/ (0 < 7)Eso /O —du‘}"g dH,

L

This inequality, together with the property Ecovr = 1 4+ EccH+, leads
(after some transformations) to the following important estimate:

oo YT

D(r) >

lnfTEQﬁT Eco Jg e dt

T herefore, D(T) = inf D(r)>

T mT Ssu pTEm’tT EOQ’YT
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Define |7(d) = inf{t: v+ = d}| and find Eoc7(d) and Eg7(d).

With respect to the measure P the process (v;);>0 is a diffusion
process with values in [1,00), where the point {1} is a reflection
boundary (with f/(14) = 0). If V() = Eco(7(d) |79 = z), then,
taking into account that dv = (u/o)v+dBt + dH:, we find (for p =
1?/(202) = 1) that

?V"'(z) = -1, x>0, VI(14) =0, V(d) =0.
So, V(z) =d—x + log(xz/d) and

Eco(7(d) |70 =1)=V(1l) =d—1-logd
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Similarly, for U(x) = Eg(7(d) |v9 = =) we have dv = (u/o)v dBt +

dH; and we find (for p = 1) that

2 2
Poal/(z) + 2 5a?U0"(@) = -1 with U'(14) =0, U(d)=0.
o 20
1 1 d
It gives U(z) = - — — —log —. So,
d «x x

Eo(r(d) |70 =1) = U(1) = } +logd — 1|

Define

7(d(T)) =inf{t > 0: v =d(T)}.

Then we get the following formula for d(T):

Eoo(r(d(T)) v = 1) =d(T)—1—1logd(T) =T.
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Solving the optimal stopping problems

-
T~ SUp Ecoyr and 7~ inf E/ ¢ dt,
TEMT TEMT 0

we find that for both of them the optimal stopping time in the
class My is 7 = 7(d(T)). Hence

Eorp = Eo7(d(T')) > D(T) >

The calculations give that Ex ng vedt = d(T)logd(T)+1—-d(T). So,
from (***), taking into account that Eqr7 = 1/d(T") + logd(T) — 1,
we find
1 d(T)logd(T) + 1 — d(T)
+ logd(T) —1>D(T) >
d(T) d(T’)

Here left-hand and right-hand sides coincide. T herefore,

D(T) = log d(T) — 1 + @
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Since d(T) — 1 —logd(T) = T, we find the following asymptotics:

T 4+ O(T?), T — 0,

DT = {IogT _14+0(TY), T

Recall that

T/2 4+ O(T?), T — 0O,

B(T) =
(1) {IogT—l—C+O(T1IogT), T — oo,

and
T/2+0(T%) <C(T) < T+ 0(T?), T —0,

2 2
0g T—(l—l—C)—I—O(IOg T log< T’

For C(T") we have got (C = 0.577... is the Euler constant)

T/2+O(T?) <C(T) < T+ O(T?), T —0,
C(T)=1logT—-(14+C) + O(T t109°T), T — .

) < C(T) <log T—C—I—O( ), T — oo.
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TOPIC V: Applications-1: Detection of spontaneously
appearing effects

§1. INTRODUCTION

1.1. Fifty years ago, near the end of 1958, Andrei Nikolaevich Kol-
mogorov held several conversations with Yurii Borisovich Kobzarev,
an expert in statistical radio engineering and the founder of the
Soviet school of radiolocation. One of the prime interest of Kobzarev
was related to

the correct formulation of the problem of quickest detect-
ion of the reflected signal arriving from a target appearing
at a RANDOM time which is not known in advance.

He said that in real systems one often uses detection methods based
on the

Neyvyman—Pearson criterion and Wald criterion. V-1-1




However, these methods are optimal only in problems of distinguishing
the following TWO hypotheses:

H~: the target appears at time 6 = oo,
i.e., there is no target during the whole period
of observation;

Hp: the target is present from the very beginning
of observation,
i.e., from the time 6 = 0.

At that it is assumed that the observed process X = (X;);>0 is of
the form

Ny + S, i.e., “‘noise-+signal’, under hypothesis Hy.

{Nt, i.e., only “noise’”, under hypothesis Hyo,
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From the point of view of statistics, the key role in distinguishing
these two hypotheses is played by the likelihood ratio

__dPg

[+ =
T

(t, X) which is the Radon—Nykodym derivative of

the measure Pg = Law(X | Hp) w.r.t.

the measure P = Law(X | Hx), t > 0.
For example, the Neyman—Pearson method states that the optimal
procedure of distinguishing the hypotheses Hy and Hs, by the crite-
rion inf(a 4+ 3), where o and B are the first and second kind errors,

under assumption that we know (X;).<7, is the following one:

Hq, if LT > K, _ _
we accept where K is a certain constant.

Heo, if Ly < K,

At that |inf(a+ B) = %(1 —||IPo — Psol|) |, where ||Pg — P is the

distance in variation between the measures Po = Law(Xs,s < T'| Hg)
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One "direction" case ‘ ‘

_

yrd

-
e

SSS S S

Kobzarev emphasized that in reality
a target (signal) can appear not only
at time 0 or oo but at any time 6.

Thus, we actually have not TWO
hypotheses Hp and Hs  but
CONTINUUM of hypotheses Hy
if 6 € [0,00], at that the observed

Nta t < 87
X =
Ny + St—@a t > 0.

process is

[Change-point # was called a time of appearing of a disorder
(disruption).] In that way we arrived at a problem of

mathematical formulation of the problem of detection of 6

taking into account the specific features of

real systems like a radiolocator. v-1.4




1.2. In January of 1959 A. N. Kolmogorov said me that we should
engage ourselves into the problems which Kobzarev was interested in.

We had many consultations with experts which gave us a lot of
useful information about properties which are demanded from “opti-
mal’, or "good’, systems of detection of spontaneously appearing
targets (signals), about statistical data on radar noise, etc.

The considered systems had the following important feature: in
contrast to both Neyman—Pearson and Wald procedures they were
Mmultistage, i.e., after one makes a decision that a target had
appeared, the whole system does not stop working but starts anew.
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We soon understood that the

CORRECT FORMULATION of the PROBLEM

must take into account the following two requirements:

(A)

(B)

if a target does not appears during a long period
of observation, then this should result in sounding
a ‘'signal of alarm’ as rarely as possible;

if a target appears, then the ‘signal of alarm”
should follow it with minimal possible delay.
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It is natural to seek numerical characteristics of the quality of
observation systems according to requirements (A) and (B). To
this end one could—by analogy with the theory of testing two
hypotheses—consider the following quantities:

a =‘probability of a false alarm”,

(B =*“probability of false tranquillity”.

Here we should note that introducing these quantities implies that
the whole observation process is divided into separate stages,
each one being finished with one of two decisions:

either |“there is a target' | or |"there is no target' |.

The first decision means sounding of alarm, the second decision
means merely passing to the next stage of observation.
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It is clear that the
probabilities a« and 3

in themselves, without taking into account the duration of individual

stages of observation,

are NOT reasonable characteristics
of an observation system.

For example: in practice one often meets with the probability of
false tranquillity 8 which is close to 1, and this does not discredit
the system of observation provided that the duration of individual

stages is sufficiently small.
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These considerations suggested that it is reasonable to characterize
the quality of an observation system

e from the point of view of requirement (A) by the expectation

T:EOOT

of the interval 7 between two false alarms under condition that there
is no target (i.e., under hypothesis Hy);

e from the point of view of requirement (B) by

R: E*O’ *,

the expectation of the time o between appearance of a target and
sounding the alarm under assumption that a target appears when
the stationary regime have been already established.

* E. stands for averaging w.r.t. the measure P, which corresponds to the

established stationary regime (the necessary details will be given later).
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Requirements (A) and (B) “conflict” with each other.

Notation: If the expectation Eso7 equals T, then we denote the
minimal delay time R by R(T).

The above discussion shows that to tackle the problem of finding
‘“optimal observation system with minimal delay time R(T")"
one should determine the exact meaning of the terms
e the observed process X = (X;)¢>0,

e the detection system,

e the established stationary regime which is
a background for the appearing target.
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Numerous consultations with experts in radio engineering made it
clear that it is very difficult to cover all arising requirements on and
all types of the process X = (X;)¢>0 which arrives to the entrance
of a decision device and which contains the noise component and—
possibly—a signal component.

Kolmogorov emphasized that it is very hard to embrace ALL the
requirements and we could succeed by concentrating upon

the “MOST DIFFICULT"” case of
detection of a signal hidden in a noise.
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This case corresponds to the model in which

e the noise is simulated by the (Gaussian) white noise
(with zero mean) and

e the appearing signal is a constant.

Thus, if 8 is a time of appearing of a signal, then the observed
process £ = (&)¢>0 IS

004, t <0,
— 60
ct {r +ody, t>0, (60)

where é§; is white noise.

In the 1950—60s processes of type of “white noise”, “color noise’'—
though without sufficiently exact mathematical definitions—were
very popular in the literature on radio engineering.
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It was quickly understood that to get an exact mathematical model
for the observed process X = (X;);>0 one should “integrate” the

preceding relation (60) for (&;);>0. Then for X; = fé £sds we get the
formula

t
Xt:r/OI(s>9)ds—|—aBt, (61)

where B; = f(’)f dsds is a Brownian motion (Wiener process).

Rewriting (61) in differentials, we find that

dXy =rI(t > 0)dt + ocdB; |. (62)

That is mainly this model that we investigate below.
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Certainly, discrete-time models are also of interest. We consider
such general models (without assumption of independency) in § 10.

In the following two sections we will discuss the special systems
of detection (W- and NP-systems) which are based on ideas of
the Wald and Neyman—Pearson methods. T hese cases will make
clear the meaning of the notions detection system and established
stationary regime in multistage detection problems. The main
results of these sections are formulae for the corresponding delay
times RV\/(T) and RNP<T)-
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8§ 2. Multistage cyclic-return detection W-system

2.1. From (62) it follows that if 6 = 0, then

dX; = rdt + o dBy, Xg =0, (63)

and if 6 = oo, then

dX; = o dB;, Xg = 0. (64)

According to A. Wald, the sequential likelihood criterion in the
problem of distinguishing two hypotheses Hp: 6§ = 0 and Hx: 0 = o0
is based on the statistics

__dPg

[+ =
L 4P

(t, X) which is the Radon—Nykodym derivative of
the measure Po(-) = Law(Xs,s <t|0 =0) w.r.t.

the measure Py (-) = Law(X;5, s < t|6 = 00).
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The logarithm

IS easy to find:

Consequently,

Zy = log Ly
r r
Zy = —Xt — —=t.
t 52 t 52

o

20 o

if 9 =0,

if 0 = oco.

(65)

(66)

(67)
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The Wald (one-stage) method of distinguishing between two
hypotheses consists in

choosing two constants A and B, A <0 < B, and
observing the process Z;, t > 0, up to the time

7(A,B) =inf{t > 0: Z; ¢ (A, B)};

it Z.ca.B) = A, then we accept the hypothesis Heo, and
It Z.(a,B) = B, then we accept the hypothesis Hy:
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The considered multistage W/(Wald)-system of observa-
tion/detection can be illustrated as follows:

T3

B ? When the process Z;
Zt—Zrl reaches the level A (at
time 71), the process
0 h returns to zero, so that
just after the time
Zt—Zn_ZTz the observed process Zf

A IS Z — A.

When Z;— A in turn reaches the level A (at time ), it drops to zero,
and we observe the process ZF = Z;—2A. The times 71, 7 and other
times of reaching the lower bound suggest that, to all appearance,
there is only noise, and we decide that there is no disorder.
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The time 73—which is the first time when the process reaches the
level B—is identified with the time of alarm about the appearance
of a ‘disorder’. If in fact there was no disorder, then it is a false
alarm and Esom3 is the time till the first false alarm. However, in any
case, just after reaching the level B the process is shifted to zero.

Suppose that such a procedure lasts infinitely long and 8 = oco. Let
(Z7)+>0 be a cyclic-return process described above; it is generated
by the process (Z;);>0 and is built upon the times 71,79,73,... in
such a way that, as soon as a level A or B is reached, the process
returns instantaneously to zero.
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Under the hypothesis Hoo the process (Z])>0 enters into a stationary
regime in a sense that the Ilimit

g5 (2)dz = lim POO(ZSZ;‘<2—I—CZZ|Z8=ZO>, A<z <B,
t—00

exists for all zg € (A, B) (see, e.g., (Karlin, Taylor, 1981, p. 260—261)).

By definition, the mean time of delay in detection of a disorder is

By (A, B) = [ Eo(r*(B) |25 = Daze(2)dz|,  (69)

where 7*(B) = inf{t: Z = B} is the first-exit time of the process
(Z§)i>0 to the level B.

The expectation Too(2z) = Ex[7*(B) | Z5 = 2] is the mean time
till the first false alarm under assumption that ZE‘; — z and the
hypothesis H~ IS true.
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The problem of the quickest detection of a disorder, provided that
the disorder appears against a background of the established station-
ary regime and we use the cyclic-return W-procedure, consists in
finding

— ' h T(A, B) =T .
Bw(D) = nf Rw(A.B), where T(4,B)=Tx(0)

Since all these quantities depend on r and o only through the ratio
signal/noise p = r2/(202), for simplicity of notation we can take
r=+/2, o0 = 1. Then the process (Z;):>q IS

Zy =z —t+V2W; under hypothesis Hao,
Zy = z4+t+V2W; under hypothesis Hy.
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LEMMA 1. The mean time between two false alarms is

Too(0) = “’(‘: %)\, (69)

where w(a,B) = (1 — a) Iogl_Ta + alogﬁ and

oa=P(Z;, =B|Zg=0,Hx) (probability of the false alarm),
B=P(Z; =A|Zyg=0,Hpg) (probability of the false tranquillity)

are given by the “*Wald formulae':

1—e4 . ed(eB — 1)
eA

o =

(70)

B _ A B = B
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PROOF. “Wald’s formulae” (70): Let a(z) = P(Zry = B|Zgy =
xr,Hx) and B(z) = P(Zr; = A|Zg = x,Hx). It is clear that

a(B) =1, a(A)=0 and B(B) =0, p(A) =1.
Moreover, o« and 3 solves the (backward) Kolmogorov equations
o'(x) —d'(z) =0 and pF’(z)+ 5 (z) =0.
It is easy to find that

er — e eA(eB~T - 1)
(@) = F——rg  B@)="—F—x (71)
which implies, in particular, the formulae (70) for a« = «(0) and
B = 5(0). (70) is proved

Remark. From the Wald formulae (70) if follows that

A:Ioglﬁ , B:Iogl_ﬁ. (72)

— X «
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Proof of (69): Introduce the expectations
Moo(z) = Eco(71 | Zg = 7), Mg(x) = Eo(71| Zo = ).
For these expectations we have the equations
MY () — ML () = -1 with Mo (A) = Mx(B) =0,
Mg (z) + Mg(z) = =1  with Mo(A) = Mo(B) = 0,
whose solutions are given by
(eB —e?)(B—-A)

Moo(x) = R — B+ «z, (73)
(& — €
B _ _A4+B—=x _
MO(a:):(e € 5 2\(3 A)—I—A—:c, (74)
(& — €
respectively. In particular,
B(eA —1) — A(eP -1
Mao(0) = ZEEZD AN (=),
B B 1 _ A A A B—l
Mo(0) = PG T )AL (=, )).
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Let Too(xz) be the mean time till exit to the boundary B under
assumptions that Zg = x and that no disorder appears during the

whole period of observation.

By the total probability formula,

Too(z) = Moo(z) + (1 — a(z))Toe(0), (75)
whence
Too(0) = ML(O) = @ (69) is proved

Lemma 1 is proved.
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2.2. Let us turn to formula (68). There is no difficulty to find
To(z) = Eo(7*(B) | Z5 = z). Indeed, by analogy with (75),

To(z) = Mo(z) + B(2)Tp(0),
whence
Mo(0) _ w(B,a)

To(0)=1_5 -5

and, therefore,

To(z) = Mo(=) + () 122,

where 3, B(z), and Mgy(z) are given in (70), (71), and (74).

(76)

The limiting stationary density ¢%. (z) can be found by the methods
based on the Green function (according to the formula (81) below).
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Recall that if (Z;)>0 is a regular diffusion process with phase space [A, B]
and stochastic differential (in (A, B))

dZy = p(Zy) dt + o(Zy) dBy, Zo=z (z€ (A, B)),
then the Green function G(z, z) of this process is given by
(, (S(z) = S(A))(S(B) — 5(2)) 1
A<z <z
G, 2) = ¢ 2( oy S S) srsssb
’ S(B) —S(x))(S(z) —S(A 1
5 S(B) — 5(A) 2ty EPETED
(77)

where the scale function S(z) is given by

S(x) = /Cx s(z) dz with s(z) = exp{— /CZ iggzi dy} (78)

(c is a fixed constant).
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REMARK 1. Regularity of the process (Z;);>0 (on the inter-
val (A, B)) means that for all z € (A,B) and y € (A, B)

Plo(y) < oo|o(0) =2x) >0, where o(y) =inf{t>0: Z; = y}.

REMARK 2. The function 2/[02(2)s(z)] is called a density of
speed measure m(dz) given by

2

m(dz) = 2(2)5(2) dz.

REMARK 3. The relations defining the Green function G(x, z) are

oc(A,B)
E. /o I-(Z;) dt = /r Gz, 2) dz, (79)

where I are Borel sets in [A,B] and o(A,B) = inf{t: Z; = A or B}.
This implies that G(x,z) is the density of the mean time (up
to 7(A, B)) which the trajectory (Z;);>0 passes in a point z under
assumption that Zg = =.
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In the considered case of the process (Z;)y>0 with the differential
dZ; = —dt ++/2dBy, we have s(z) = e* ¢ and S(z) = e*¢—1. Thus,

from (77) we find th

G(x,z) = <

and, therefore,

Goo(0,2) = G(0, 2) =

at

(v A B _z

(e —eT)e” —€) 4 cr<a<B
(eB—eA)eZ ’ - = =
B _x z A

(7 —ef)(e* =) o, <cr<B

e AEEETER

(

1_A B—z_]_
Qo 2=V o<:cn,
e — €
B A—z
(e g(lf ) A<.<o
\ 6 _6

This and the well-known formula (Karlin, Taylor, 1981, p. 260—261)

U0 (2)

gives the following result.

= G (0,2) /AB Goo(0, 1) dy)_l
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LEMMA 2. The stationary density g% (z) is given by

(AP -1

<
* A(l — eB eAd — 1)’ -0

|A(1 —eB) + B(edA — 1)’ -7

Inserting (76) and (81) into

B
Rw(A, B) = [ To(=)a%(2) d

(see (68)), we find the following representation for Ry (A, B):

B-A-2 Aer B AP —eMH(B-1+eP)
2 1—ed  2[A(1—eB) +B(eA-1)]

Rw (A4, B) = (82)
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alarm delay time
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The mean time between two false alarms equals (see (69))
w(a,8) _ A —eP)+ B(e! - 1)

o o 1 —eA '
Consider those pairs (A, B) for which

T(A,B) =Tx(0) = (83)

T(A,B) =T.

Among these pairs (A, B), it is natural to choose those for which
Ry (A, B) attains its minimum. In other words,

we should find

R\N(T) = inf R\N(A,B) , (84)

where infimum is taken over the pairs (A,B) for
which T(A,B) = T.

V-2-18




THEOREM 1. Infimum in (84) is attained at the pair (A*, B¥),
where A* =0 and B* solves the equation

T=eB" —B*—1. (85)

The value Ry (T) is determined by

Ry (T) = %[B*(ﬁ* —e B B—) - §<eB* — 24 e—B*)

In particular,

logT — 3 + O(T—l IogQT), T — oo,
Rw(T) =

2T 4 O(T2), T — 0.

The proof consists in the direct analysis of (82) and (83).
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REMARK 4. In our early works we refer to the cyclic-return W-
method with levels (A*, B*), where A* = 0 and B™* is determined
from (85), as to

degenerated sequential analysis.
It worth noting that up to the time 7*(B*) = inf{t > 0: Z = B*}
the process (Z;) coincides with the CUSUM-process

=/ —minZ/
Yt t s<t S

which is known from the papers by Page ™. In general, the cyclic-
return process (Z;)>o coincides with a cyclic-return CUSUM-process
(v )¢>0, Which is obtained from (7¢)¢>0 by shifting it to 0 each time
that it reaches the boundary B*, These considerations explain why—
along with Ry/(7)—one sometimes use the notation Rcysum(T).

* E.S.Page, Continuous inspection schemes, Biometrika, 41 (1954), 100—
114; Control charts with warning lines, Biometrika, 42 (1955), 243—-257.
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REMARK 5.

In the literature in English, for the quantities T (z), Tp(z), and
Rw (A, B) introduced above one often use also the following notation:

Too(2z) = ARLo — Average in-control Run-Length;
To(z) = ARLg — Average out-of-control Run-Length;

Rw (A, B) = SADT (A, B) — Stationary Average Delay Time.
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REMARK 6.

For A* = 0 and B*determined from (85), the stationary density is
given by

() = (P - 1),

B*

d50 (%)
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REMARK 7.

T he following graphs give
an idea of behavior of the
function R (7T")

for large T':

and for small T':
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8§ 3. Multistage cyclic-return detection NP-system

3.1. According to the Neyman—Pearson method, to distinguish between
two hypotheses Hp: 6 = 0 and Hx: 86 = oo one should choose
two numbers m > 0 and h and if Z,, > h, then one accepts the
hypothesis Hgp. But if Z,, < h, then one gives preference to the
hypothesis Hxo.

We use these element of the Neyman—Pearson test adapting them
to the multistage cyclic-return detection problem in the following
way.
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We start observations with Zg = 0. If Z;;, < h, then we decide that
there is no disorder.

At the next step we observe the process (Z)m<t<om With Z; =
Zy — Zm. If Zo,, < h, we decide again that there is no disorder.

If at a certain step (on the figure this is the third step) Zs,, > h,
then we decide that the disorder have appeared.

After that the observations do not stop but start over again.

alarm
A

h

OMMM

3m
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Consider the probabilities of errors of the first and second Kind:

& — P(Zm > h | HOO) ( — POO(Zm > h))a
B=P(Zn <h|Hg) (=Po(Zmn<h)).

Since Z,, are Gaussian, it is easy to find that
_ 1 2 1. - 0
m—E(Ca‘I'CB) 9 h—E(Ca_CB>7
where C, and CB solve
P(Cy) =1—-—« and CD(CB) =1-—-p7

with &(z) = (2r)~1/2 [Z__e=t%/2 4y,
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Suppose that the disorder does not appear during the whole period
of observation (i.e., 8 = o). Denote by T the mean time till the
first false alarm. The signal of alarm can come at times km, k > 1,
with probabilities a(1 — )k~ 1.

T herefore
Too = m/a.

Recall that in the W-method the analogous quantity Toc(0) is given
by (69):

Too(0) = w(a, B)/a.

To find the mean time of delay of disorder detection one should
make some suggestions about the character of appearance of a
disorder. In W-method we have assumed that the disorder occurs
against the background of established stationary regime which is
preceded by a long-lasting observation process.
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3.2. If we take the Bayesian point of view, then we could assume
that a priori distribution P(6 < t) for 0 is the exponential distribution
P(6 <t) =1—e M with E9 = 1/)\. The assumption in the W-method
that a disorder appears at “infinity” (when the process enters into
the stationary regime) can be interpreted as the condition E6 — o,
which is equivalent to A — O.

For the exponential distribution PV (with parameter \) we find that

b—a

B— A’ (86)

: (N) _
[\ugp (9 e (a,b) |0 € (A,B)) -

if A<a<b<B.

In other words, the limit (as A — 0) of the exponential distribution P(M)
is conditionally uniform (in a sense that (86) is fulfilled).
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From these considerations we assume that the probability distribution
of appearance of disorder is uniform on each interval (am, (a+1)m).

Therefore the mean time of delay Ryp(m, h) is

(87)

-

1 m
Rnp(m, h) = —/ Ry dt
m JO

where R; is the mean time up to detection of disorder provided that
the disorder appeared at a time ¢t € [0, m].

THEOREM 2. The mean time of delay Ryp(m, h) is given by

m m 1 Ca
RNP(mah) — > + 1 _ 6{1 — ﬁ 01_5(1 - Cb(m))dx}a (89)

where Co = (h+m)/v2m, C1_g = (h—m)/vV2m.

V-3-6




Proof of Theorem 2. It is clear that

R, = Ex Ry(2) = / Ri(2)poo(0,0: L, 2) dz, (90)

where R:(z) is the mean time of detection of a disorder, which have
appeared at time t € [0, m], when Z; = z, and

1 (z 4 t)2
0,0;t,2) = ex {— }
poo( 2 V27wto P 202t
is the transition density of the process (Zs)s>0 with dZs = —ds +
V2 dBs.
We have

Ri(z) = (m = t)Pi(Zm > h| Zy = 2)
+ [(m — 1) + Ro(0)]Pt(Zm < h| Zy = 2), (91)

where P:(-) is the probability distribution provided that a disorder
have appeared at time t.
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From (91) we find that
Ri(z) = (m —t) + Ro(0)P(Zm < h| Zy = 2),
Thus, Rg(0) =m/(1 — B) and

Ri(z) = (m —1t) —I—

BPt(Zm<h|Zt—z)

<m—t>+—/ po(0,zim —t,y)dy,  (92)

where pg(0,z;m — t,y) is the density of the probability that the
process (Zs)s>o With disorder, starting at time s = 0 from the
point y, will find itself at time m —t in a point z. It is clear that

. . 2
1 eXIO{_[y (z+m —1t)]
\/27r(m—t)a 20*(m —1)

where o = /2. Using (92), (93), (90), and (87), we get the required
formula (89) for Ryp(m, h). [ ]
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Taking into account the formula Toxc = m/a, where m = (Cqo +
Cp)?/2 = (Ca—C1_p)?/2, we come, after straighforward transform-
ations, to the following formula for Ryp(m, h):

TooW () {

Rnp(m, h) =

2 1
. 1+—[1—

W (y) \/QTOO\U(:U)
< (29@) — W) - o) + @(y))] }

where x = Cq, y = C1_g, V(z) = 1 — P(x). This formula turns out
to be useful for studying the asymptotic behavior of

Rnp(T) = inf Ryp(m, h),

where infimum is taken over all pairs (m, h) for which Toc =T
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THEOREM 3. For Ryp(T) the following asymptotics hold:

log T, T — oo,
Rnp(T) ~

N NIW

T — 0.

29
For large T the pairs (m,h) and («,B8) have the following
asymptotics:

m ~ log T, h ~logT
and
log T’ 1
o~ : B~ .
T Vv2l0logT -loglogT
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Comparing the formulae

3
RV\/(T) ~ logT, RNP(T) ~ 5 log T, T — oo, (94)
and
5 T

shows that for large T' the W-method is “3/2 times’ more effective
than the NP-method. But for small T' the NP-method is “5/6 times”
more effective than the W-method.
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8§ 4. Cyclic-return systems of observation over N directions

The quantitative analysis of the W- and NP-systems of detection
given in § 2 and § 3 was the FIRST stage of our project “The
quickest detection problems’. The main results, obtained in 1959—
60, were welcomed by the concerned experts, who were particularly
interested in the question whether the logarithmic asymptotic

log T, T — oo,

for the delay time, obtained for the W-method, is unimprovable.

Furthermore, the question arose as whether the asymptotics

T
—, T — 0,
2
found for the Neyman—Pearson method, is also unimprovable.
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All this suggested that we ought to go in for finding the optimal
method.

This became a subject of the SECOND stage of our project,
but at the first stage we considered also a more general scheme
of observations, which will be referred to as ‘‘cyclic-return system
of observations over N directions’”. The core of this practically
important scheme can be described as follows.

We have one radio-locator, which is able to inspect in a cyclic way
one of N directions. It is assumed that the target—if it appears—
arises equiprobably in one of N directions. The probabilistic-statistical
characteristics of all these N directions are identical.
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W-system, adapted to the case of N directions, can be illustrated
in the following way (N = 2).

Two "directions" case

- P Let the observation start at the 1st
haN - direction. If the process exits from the
interval (A, B) for the first time through the

lower level A, then we decide that there

IS No target in the 1st direction,

alarm

B > and the radio-locator switches
First M
direction | over to observation in the 2nd
0 WAWM 5 : ) ) . .
V\ ; | direction, and so on in a cyclic
Ay - — way. The system signalizes the
B E ; appearance of a target Iif,
Second | | , . ,
direction ;//\W/M‘\ g in one of the directions, the
\_\ process reaches the upper level.
Ay ,
T2
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Let T = T(A, B) be the mean time between two false alarms. For
all N this time is the same as for N = 1:

A(l —eB)Y+ B(ed = 1)

T(4,B) = .

The mean delay time IR{\(/\)])(A, B) can be calculated in the same way
as in the case N = 1, under assumption of established stationary
regime.

Let R\(/\y)(T) = infR\(/‘]\y)(A,B), where infimum is taken over all A, B
such that T(A, B) = T. It turned out that

RON Ty =T [N———I— ]+0(T2) T — 0, (96)
and
1 3 Nlog?T
IR{\(/]\Y)(T):IOQT—I—(N—N)—g—I—O( O;j’ ) T = co. (97)
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At that for N > 1 the optimal lower level A*(T,N) is not
anymore zero, as for N = 1, and A*(T,N) — 0 as T — o~
which means the swift passing from one direction to another
(zaBegomo when there is no target).

The NP-system can be evidently adapted for the case of
N directions.

V-4-5




It turned out [see (Shiryaev, 1963-1I)] that the corresponding time of
delay is of the form

LIN+2)logT, T — oo,
(D (ry ~ {2 P (98)

SNT, T — 0.

Comparing R\(/\y)(T) with R(N]\IQ(T) shows that for large T the W-
method is more effective than the NP-method. For small T', to the
contrary, the NP-method is more effective than W-method.
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8§ 5. Setup of the problem of optimal detection methods

5.1. The above results on behavior of mean time of delay, Ry (T)
and Ryp(T), for large and small T' concluded, as we already mentioned,
the first stage of our work on quickest detection of randomly
appearing targets.

At the second stage the main efforts were paid to the problem
of formulation of optimization problem of quickest detection of a
target (disorder) under the following assumptions:

(a) the appearance of the target is preceded by a long period
of observation;

(b) a stationary regime of observation gets established
(in the absence of a target);

(c) the target appears against a background of the esta-
blished stationary regime.
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Notation:

R(T) is the mean time of delay in the detection of the target
under assumption that the mean time between two false
alarms equals T
(cf. Rw(T) and Ryp(T)).

The key result given in two works “T he problem of the most rapid
detection of a disturbance of a stationary regime’” (Shiryaev, 1961-5)
and “On optimal methods in quickest detection problems’ (Shiryaev,
1963), is summarized in the following theorem.

(It is assumed that p =r2/(202) = 1.)
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THEOREM 4.

1) For the optimal (multistage cyclic-return) method of
observations the mean delay time is determined by

R(T) = P(— Ei(—b)) — 1 + b/oo b2 109 T 2) )L g9
0 X
where b= 1/T and — Ei(-b) = [§°t te tdt.
In particular,
T 2
=4+ O(T%), T — 0,
— ! 2 1
R(T) {IogT—(l—l—C)—l—O(Tl), T — oo, (100)

where C is the Euler constant (C = 0.577...).
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2) The optimal method is based on observations over the process
Y = (2)¢>0 solving the stochastic differential equation

dipy = dt + V2 dX4.

Observations start with the value ¥ = 0. When the process ¢ =
(vt)¢>0 reaches the threshold T, it falls to zero, and the observations
over this process i = (v¢);>0 Starts over again from zero. (If the
initial process X = (X¢)¢>0 is such that dX; = ri(t > 6)dt + o dB;,
then the corresponding process ¢ = (¥¢)s>0 has the stochastic
differential diyy = dt + ro 2y dX;.)

Let us trace the main steps of the proof of the theorem.
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First of all we should determine what we mean under a “multistage”
method of observations. Each method of observations of such type,
say ¢, is identified with a sequence (71,1, ...) of stopping times with
respect to the flow (]—‘,;LB)QO of o-algebras F;° = o(Bs,s < t), which
characterize the duration of observations on the first stage, second
stage, and so on. The times 71,7m,... are assumed independent.
Under assumption that there is no disorder they have the same
distribution. Denote by

the expectation of the time till the first false alarm.

We use the value T to guarantee that the requirement (A) in §1,
which demands that false alarms should occur “rarely’, is fulfilled.
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5.2. Let us discuss how to understand what is ‘mean time of delay’
under the assumption that the process have already entered the
stationary regime. Assume that the disorder appears at time t. (In
what follows we let t — c0.) We shall use the notation

g =max{k: 7+ -+ 71 <t}

Then we shall understand the time of delay (when using the method §)
as the following quantity:

»x(t)+1
R?:Et[ Z Ti—t], (101)
1=1

where E;(-) is averaging w.r.t. the measure P; which corresponds to
the case that the disorder appears at time ¢.
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Let

P?(u) = Poo{t - }gt:) T < u} (102)

i=1
be the probability distribution of duration of time interval between
t and Zfzﬁ? ;. Then

D+ (1)

R?: E+ Z Ti—t|t—ZTi:u]P?(du)
o L ;3 i—=1
PR #(t) 5
= /o Et|Too()+1 — D> Ti=t— U Toe(t)+1 = “] Pt (du)
: i—=1
¢
=/0 Eu(r —u|7 > ) PI(du), (103)

where for simplicity of writing we denoted 71 by 7.
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If we restrict ourselves to the detection methods for which the

distribution Foo(x) = Poo(7 < ) is non-lattice, then, by the well-
known renewal theorem, we find that

x(t) ” d
: SeN 1 _ | _ _ @
Jim P{(u) = lim Poo{t ; < u} = [1(1 = Fx(@)) === (104)

Therefore (103) implies that if Eo o7 = T, then

o0 P
lim Rgz/ Eo(m—u|T > u) {T>u}du
t—o0 0 T

P
:/OOOEU(T—U|T>U) U{TT>u}du

_ 1 +
_?/O Eu(r — u)T du. (105)
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For the -method, the quantity
R(T) = lim RY (106)
t—o00

IS called its mean time of delay in detection of disorder, which occurs
against a background of established stationary regime.

From (105) we see that, in the scheme of multistage observations
of the process

where dX; = odB; if there is no disorder, and

X = (X¢)>0. where dX; = rdt + odB; if the
disorder have been occurred,

finding the optimal detection method reduces to the

following variant of the optimal stopping problem.
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VARIANT B. To find, in the class My = {7: Ecor =T}, a
time 77 such that

i > + T E (o +
TIG%T . Ev(7 —u) du=/o Ew(mp —u)™ du. (108)

Variant B is also called a generalized Bayesian problem.

This terminology will be clear from Variant A which we will consider
later and which is a Bayesian problem of optimal stopping.
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Now we will describe TWO METHODS of solving problem (108):

inf [ Eu(r—u)Td /OOE( < _ )t a
T — U u = T — U u
TeMr JO “ 0] v

The first one (8 6), developed in our works of 1959—-60, is based
on considering a (one-stage) Bayesian quickest detection problem—
which is constructed in a special way—by passing to the limit [as
A — O in exponential distribution for the time of appearing of the
target (disorder)].

The second—direct—method will be discussed in § 7.
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§ 6. BAYESIAN FORMULATION OF THE QUICKEST
DETECTION PROBLEM
6.1. Let 6 = 0(w) be a random variable with exponential distribution

P(O>t) =e M (109)
We consider the model
dX; =rI(t > 0)dt + o dBy, (110)

where the time 6 and the Brownian motion B = (B;);>0 are assumed
to be independent.

Notation:

e Py(:) is the probability distribution of the process
X = (Xy) with dX; = rI(t > uw) dt + o dBy;

o IP’O‘)(-) = )\/OOO e M Py () du;

e EW and E., are the averaging w.r.t. PN and Pu..
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We find that
o0
£ (r—0)T = )\/o e M Eyu(r —u)T du. (111)

Consider the quantities »(t) = max{k: 71 +---+ 7. < t} introduced
above. Let T = Eoxor; and a = PN (11 < 0), where § = 0(w) has
exponential distribution (P(6 > t) = e~ ).

As A — 0
TEN (0) ~ENg (= 21"1).

Since § = 0(w) is exponentially distributed, we have the equality
EMN () = a/(1 —a). Thus, a =PXMN(r; <6) > 1 as A — 0 and

1l -«

a\

~ T, A — 0.
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Let us turn to representation (105):

1 [oo
lim Rg = f/O Eu(m1 —u) T du.

t—00
et us transform the right-hand side:

1 oo 0 e MEy (11 —u)Td
—/ Eu(r1 —uw) T du = lim Jo~e u(ry — w) T du
T Jo A—0,a—1: 107—>\0‘:T (1 —-a)/(a))
. im A Jo? e~ ME, (11 —u)T du
A—0,a—1: 107—)\a=T l-«a
EXN) (- — o)t
_ im (11 —0)
A—0,a—1: 107—)\a=T l-—«a
— lim EN (11 — 0|7 > 0). (112)

A—0,a—1: 1_—)\0‘=T
(8

V-6-3




Thus, the problem of finding

im‘%/ooQ Eu(r1 —uw)T du,
where infimum is taken over the times 73 such that
Ecomy = T, is closely related with finding of conditional
times of delay EWMN (7 — O|m > 6) in the following
Bayesian problem of quickest detection.
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VARIANT A. Let a random variable 6 be exponentially distributed
with mass at zero:

P(0=0) =m, P(O>t]|0>0)=c . (113)
Let the observed process X = (X;);>0 have the differential
dB t <6
dxy =770 =% (114)
rdt +ocdBy, t2>286.

Bayesian problem: To find the optimal time 7* = 7*(¢, A) such that

inf[P(r < 6) 4 cE(7 — NT]=P(* <0) + cE(+* —0)T. (115)

Conditionally extremal problem: Given « € (0,1), to find in the
class My = {7: P(7 < 0) < a} the time 7% such that

inf E(+—0|7>0)=E(r;—0|1;>0). (116)
TE,’Jﬁa
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The Bayesian problem (115) was solved in the following way.

(a) We first show that for any 7 with Er < o

P(T§9)+CE(T—9)+:E[(l—WT)—I—c/OTWtdt], (117)
where
m = P(0 < t| FX)

IS the a posteriori probability of appearing of disorder on the time
interval [0, ¢] under assumption that the observed data are
(Xs,s<t), mg = w. (As usual, ng = o0(Xs,8<1).)

(b) We derive, for process (m;)+>0, the following stochastic differential
equation:

2
dmy = ()\—T—Qﬂ'g)(l—ﬂ't) dt—l—%ﬂ't(l—ﬂ't) dXt. (118)
o o
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(c) We show that the process X = (X;);>0 with

thr/OtHSds—I—aBt, 0s = 1(s>0),
admits the “innovation’” representation
thr/otﬁsds+a§t, i.e., dX;=rmdt+ odB;, (119)
where

_ r [t
Bt:Bt—l_—/(eS—Trs)dS
o JO

is a Brownian motion with respect to the filtration (]'}X)tzo-
From (118) and (119) it follows that

dmy = A1 — m) dt—l—zﬂ't(l — TT¢) dB;. (120)
o

Consequently, the process (wt,]-"f()tzg is a diffusion Markov process.
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(d) The process ¢ = 7/(1 — ) admits the representation

t L
0 = poe Ly + )\eAt/ e~ At ds, (121)
0 L
where
dPg , ; L
L; = dP—(t,X) is the Radon—Nykodym derivative of
oo

the measure Pg(-) = Law(Xs,s <t|0 = 0) w.r.t.
the measure Poo(-) = Law(Xs,s <t = ).
For L; we have the representation
2

T T
L;=e''*, where H; = —X;— —=t. 122
t=¢€ t= 38T 55 (122)
By the Itd formula,
dLy = —5 Ly dX¢. (123)

o

V-6-8




The simplest way to derive equation (118) for m; is to get first the

equation for ¢; = " and then to derive from it (by the Itd
formula) the equation for m = ot
1+ ¢y

By the Bayes formula,

td
m=PO<t|F) = [ 2

- / d'us(t,X)pg(s) ds C;—‘:(t,X), (124)
where pus is the measure of the process (X;)y>g with
dXy = rI(t > s)dt + o dBy,
p is the measure of the process (X;);>0 with
dXy =rI(t > 0)dt + o dBy

and py(s) = Xe™ 5. (Now we assume for simplicity that mg = 0.)
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In an analogous way, we find that

X oo
1—m =P(O>t|F ):/t
d
— / “t(t X)pg(s) ds = e—/\t “t(t X). (125)
From (124) and (125) it follows that

t_\dP L
O = it =)\e>‘t/ e P, S(t X)ds —)\e>‘t/ —AsZ s,

1— T 0] 0 LS
If mg = 0, then we deduce in an analogous way that
Al At [P st
ot = poe "Ly + e / e~ " —ds, (126)
0 Lg
which vields

T
dor = M1 + ) dt + 5 PtdXy

0
_7'('0 -

with g = il
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(e) If A — 0 and ng — 0 in such a way that ng/A — m, then (126)
implies that +y = limy o(¢t/A) obeys the relation

¢t=mLt+/tﬁds (127)

which implies that

dipy = dt + %w dX;, o =m. (128)

T his process, introduced in 1959—60 in (Shiryaev, 1961-5, 1963), plays
a key role in solving the problem in Variant B. We shall discuss it a
little bit late. Now we continue the description of the next steps of
solving the Bayesian problem in Variant A.
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6.2. (f) Let

Vi(r) = iI’Tlf EW<(1 —7r) + C/OT ) dt), (129)

where the upper index w of expectation means that ng = .
With respect to the corresponding measure P, the process (m):+>0
with dm = A(1 — m) dt + m(1 — ) dBy is a diffusion process with
infinitesimal operator

d 1 d?
A= a(w>%+§bz(w>ﬁ, (130)

where the local drift a(w) local variance b2(x) are determined by

a(m) = X1 —m), (131)
- 2
b2 () = (5) (r(1—m)°, (132)
o
respectively. To find the function V(x) we reduced the optimal
stopping problem (129) to a Stefan problem V-6-10

(free-boundary problem).



To this end let us consider two domain
C*={m:V(r)<l—n} and D*"={m:V*(n)>1-n};

Vo*(w) = 1—m is the risk from the instantaneous stopping at state .

Since the function V*(x) is concave, there exists a point A* such
that

C*={r:w< A"} and D*={m:7> A"}

The Stefan problem mentioned above consists in finding a function
V =V(x), m € [0,1], and a boundary point A such that

V() =1 —m, ™> A, (133)
AV (7)) = —cm, ™ < A. (134)

Equation (134) nmeeT BUA

N 2
M1 — V' (7) + %(5) 72(1 — )2V (1) = —e. (135)
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The general solution of this equation contains two undetermined
constants 7 and (5. Together with unknown constant A, we have
three constants which are to be determined, so we need THREE
conditions to determine A, C1, and (5.

One condition ia very natural, this is condition (133).

From a priori analysis of the properties of the function V*(r) if
follows that other two conditions are the smooth-fit condition

dV dV/
v =20 , i.e., the condition V/(4—-)= -1, (136)
dm WTA dm 7Ti,A
and the condition
dV
- =0 |, (137)
dm 710

which marks out that solution of equation (135) which does not
go away to 400 or —o0 as w1 0.
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Having solved equation (135) with conditions (133), (136), and (137),
we obtain that

1— T, T € [A7 1]7
where
_ o [FAG@ -G du _ v 1
y(@) = —C | e dowpr |@=logr—
A C

N2y |C T e

The constant A can be found from the equation
A du
NG(A)—G(u)] —
C/O ¢ A= (139)
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Application of the ‘“verification theorem” allows us to prove (see
(Shiryaev, 1976) that solutions (V (), A) of the Stefan problem found
above give the solution (V*(xw), A*) of the initial optimal stopping
problem (129). At that the optimal stopping time 7* does exists and
IS given by

T =inf{t>0:m > A"}
(The threshold A* is determined as a unique root A of equation (139).)

Having the solution of the Bayesian problem we can find the solution
in conditionally extremal setup:

To find—within the class My = {7: Px(7 < 0) < a}—a time 7
such that

inf Ex(r— 0| >0) = Ex(ri— 0|7 > 0)
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We claim that if, e.g., «

form

where A}, =1 — «a.

o = inf{t: m > AL},

0, then the optimal time 7} is of the

For the proof it suffices to observe that Pr(7 < 6) = E;(1 — ) and

for 72
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(g) Let us turn to the formula
V*(0) = inf{Po(r < 0) + cEo(r — )T }. (140)
The optimal stopping time 7* = 7*(¢) is of the form
™(c) =inf{t >0: m > A*(c)}.

The threshold A*(¢) depends continuously on ¢ and, for0 < a < 1
given, one can choose ¢ = ¢4 such that A*(ca) = A}, where A}, =
1 — «. Let us use the notation 77 = 7"(ca). Then

V*(0) = Po(75 < 0) + cabo(rq — 0|75 > 0)
:(X+CQE0<T;—9|T;26)(1—(X). (141)
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On the other hand, we already know from (138) that

Ca [Aa
* — _A* o
Vi(0) = (1-a+ |

O /f”‘e—u/p)[G(x)—G(u)] W e (142)

0 u(l —u)?

Comparing (141) and (142) (with A}, = 1 — «) for the conditional
mean time of delay

R(a,\) = Eq(72 — 0|75 > 0) (143)
under assumption that Pgo(7% > 0) = 1 — «, the following formula:
R(a, \) = ° / o / T —OpGE@-cw] _ du |
(1 —a)p/o 0 u(l —u)?
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If \ >0 and a — 1 in such a way that (1 — a)/\ — T, then the
limiting risk
R(T) = limR(a, \) (144)

IS given by

. 1 b ) b |Og(1 —+ a)
R(T) = {e (—Ei(-b)) — 1+ b/o e du}, (145)

u

where — Ei(—b) = [°e~t=1dt and b = (pT) 1. Letting for simplicity
p =1, we find from (144) that

7 +0(12), T -0,

14
09T — (1 4+C)+0(T"Y), T o, (146)

R(T) = {

where C if the Euler constant (C = 0.577...).
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REMARK. Let
V(ric) = Eﬂ'((l —mr) + C/OTT('t dt)

and
R(T) = Ex|T —0|.

In (Shiryaev, 2004) it was shown that the criterion R(7) is a particular

case of the criterion V(7;¢). Moreover,

R(r) = %vw; A).
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6.3. (h) As we have already seen, in conditionally extremal problem
of finding

inf EN(r—6|7>0)
Tema

where M, = {r: PX)(r < 0) < a} (c PN (9 = 0) = 0), the optimal
rule 72 is of the form

o =inf{t: m =1 — a},
or, equivalently,

T;:inf{t: O = }, (147)
where
O = )\/ot fz_)‘sﬂ ds (148)
with L; = exp{(r/c2) X; — (r?/202)t}. By the It formula,
dptr = Ma — o) dt + é pr dXt. (149)
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Letting ¢ = ¢t/ and passing in (148), (149) to the limit, we find

t I,
= —d 150
o= [ ds (150)
and
-
dyy = dt + ?wt dX4. (151)

This process 1 = (1¢);>0, introduced in (Shiryaev, 1961-5, 1963), is
a key to solving the pr&blem
. 1l o0 + ]
-~ E'?J;:T?/o Fu(r—w)tdu  (Variant B). (152)
According to (147), we have
= inf{t: o1 = 1‘0‘} — inf{t: 2= 1‘“}

Q a\
— 7" = inf{t: Yy =T},

if A\— 0 and @ — 1 in such a way that (1 —a)/(aX) = T.

(153)
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From (113) and (153) we obtain following result: the quantity

— L e +
R(T) = mf:T?/O Eu(7 —u)™ du, (154)

7 BEooT
which is the minimal mean time of delay in multistage return-cyclic
system of observation, under the stationary regime, is given by (99).
In particular,

5+ 0(12), T — 0,

1
logT — (1 +C)+0(T t10g?2T), T — . (155)

R(T) = {
The optimal detection method is based on observation of the process
Y = (Y1)e>0, Yo = 0 (which returns back to zero after reaching the
level T).
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6.4. From what we have said above, we see that the sufficient
statistics for the problem (152) is the process (v¢):>0 controlled
by the stochastic differential equation (151). In (Shiryaev, 2008b)
we considered a more general case, with some nonlinear function
E.G((r — w)1) instead of the linear function of delay, Ey(r — u)T.
Under some special assumptions on the functions G(¢), t > 0, we
show that for any stopping time 7

/OOO EuG((T - u)+> du = Exo /OT WV, (G) du,

where W,(G) is a diffusion process which can be represented as
a linear combination of diffusion process which form the Markov
family of sufficient statistics (see Theorem 1 in (Shiryaev, 2008b)).

In the discrete-time case the question about Markov family of suf-
ficient statistics in nonadditive Bayesian and generalized Bayesian
disorder problems was studied in (Shiryaev, 1964TVP), (Shiryaev, Zryu-

mov, 2010). V-6-27




8§ 7. Direct method of finding the optimal stopping time
in VARIANT B

Let us consider now the direct method of solving the problem

©.@)
inf Eu(r —u)T du,
TeMr JO

where My = {7: Ecor = T7}.

The key point in this method is the following relation established in
(Feinberg, Shiryaev, 2006).

©.@) T
/O Eu(T—u)+du=Eoo/O Wy du |,

where

r
o
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T hus,

1
R(T) = inf = [ E —"‘d_mf—E/ d
( ) TE?))TTT U(T u) v TE?))TT > ¢u bt

According to the general theory of stopping rules [see (Shiryaev,
1976), (Peskir, Shiryaev, 2005), the time

Tj*ﬂ = inf{t: Y =T}

IS optimal in the problem

1 T
TeEMp ~ ir;f ?EOO/O Uy, du.

. 1 T . (2 [T
To find | R(T) = ?EOO/O Wby du | we have to find |U(z) = EE /O b du

where (¢u),>0 is a diffusion Markov process with diy = du+ 1y dBy
and ¥g =z > 0.
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Solving the equation

2
U'(z) + pz?U"(z) = —x, where p= 2%2,
we find that
1 1
U@ =6(z) - 6(3)
where
G(x) = /OO F(g) du, F(x) = " (— Ei(—x))
U

o0 e_u

(—Ei(—:c):/x “— du).

V-7-3




Straightforward calculations show that

T

_ F(i) B [1 _ 1o yrlog(l+u) du],
T 1T Ji/T U

which coincides with (145).

1 7 1 1 1
R(T) = —E [ " pudu = ZU(0) = ?G(—)

In particular (as was already obtained in (146)),

5+ 0(12), T — 0,

R(T) = {IogT —(14+0C)4+0(T 1 1092T), T — oo,

where C = 0.577... is the Euler constant.
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§ 8. Minimax problems of quickest detection (Variants C and D)

8.1. For the scheme
B
dX, = o dBy, t <0,
rdt+odBy, t>0,

where 6 € [0, o] is a parameter, the following two Variants (C and D)
of minimax problems—proposed by M. Pollak and G. Lorden,
respectively—are of a great interest.

VARIANT C. In the class My = {7: Ecor = T}, to find

C(T) = inf supEg(r—0|7>80)| (156)
TEMT >0

VARIANT D. In the class My = {7: Ecor = T}, to find

D(T) = inf supesssupEg(r —0|F5 )| (157)
TEMT >0 w
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In (Feinberg, Shiryaev, 2006) it is shown that

B(T) < C(T) < C(T)| (158)
where
C*(T) =Egrp and 7p=inf{t > 0: ¢ > T}.
Since C*(T') = Egr;- = F(b), b=1/T, we have
F(b) — A(b) < C(T) < F(b), (159)

where A(b) =1 —b [Pu"1F(u)du, F(b) = —Ei(-b).
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From (159) we deduce that for large T

logT — (1+C) + O0(T 1 10g?°T) < C(T) < logT — C+ O(T L 10g%T) |

(160)
For small T

g + O(T?) < C(T) < T + O(T?).

The 'gap” in second-order terms in (160) (—(14C) on the left-hand
side and —C on the right-hand side) can be eliminated, if one turns
to RANDOMIZED rules proposed by M. Pollak.

Let ¢ = (¢;)¢>0 be a process with
_ r _
dpy = dt + —5 Py dXy
o

and a ‘“random” initial state 15 whose probability density g = g(y),
y > 0, is chosen in a special way.
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The results of (Burnaev, Feinberg, Shiryaev,2008) imply that, in the
class My of randomized stopping times 7 with Eso™ = T, the following

estimates hold for C(T) = inf_ 5., SUPp>0 Eg(F — 0|7 > 0):

B(T) < C(T) < C(T) = EoTye( ) (161)

~

where ¢g*(A) is the initial density which is chosen in a special way
(on [0, A]) for g with a certain threshold A.
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Calculation of EoT;*(A) in (161) shows that for large T

logT — (1 +C)+0(T t10g?T) <
<C(T) <
<logT — (14 C)+ O(T t10g?T).

This implies that the suggested randomized method, which is based
on observation upon the process (@t)tzo with certain special initial
distribution for g, is asymptotically optimal (T' — oo) with the first
two terms of asymptotics equal to logT — (1 4+ C) and higher terms
of order O(T— 11092 T).

The question about optimal (non-asymptotical) method in Variants C
and C is still open.
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8.2. In the discrete-time case G. Lorden, who introduced the minimax
criterion D, established [see (Lorden, 1971)] that the CUSUM-method
is asymptotically optimal (as Ecom > T — 00).

T he optimality of this method was established in (Moustakides, 1986).

In the continuous-time case, for the scheme dX; = rI(t > 0)dt +
odB;, the optimality of the CUSUM-method was established in
(Beibel, 1996), (Shiryaev, 1996). See also (Moustakides, 2004).
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CUSUM method

discrete-time case

asymptotical optimality
(aS Ecom > T — o0) is
proved in (Lorden, 1971)

optimality is proved in

(Moustakides, 1986)

continuous-time case

for the scheme
dX; =rI(t > 0)dt+ o dBy,
optimality is proved in

(Beibel, 1996) and
(Shiryaev, 1996)

See also (Moustakides, 2004)

The essence of this method consists in the following.
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L dP
Let T} = sup—t be the CUSUM-process with L; = —O(t, x).
o<t Lg dPoo

In the class M = {r: Ecxr=T}, the optimal time for criterion D is

% =inf{t: T, > D} I

where the threshold D is a root of the equation

D—1—logD =T (in the case p=r?/(20°) = 1).

For large T D(T) =logT —1+0(T™ 1) I

The key to the proof of optimality of the time T; is the following
inequality: for any time 7

— ExTr

SUp €sssup Eg[(T —0)T |]—"@X] (w)
6 w
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8§ 9. Summary of results in Variants A, B, C and D

The observed process X = (X;)>0 satisfies

dX, = o dBy, t <0,
rdt +odB,. t>0.

VARIANT A. We assume that 6 is a random variable with
the exponential distribution exp{\}.

Bayesian setup: To find

V(T) = inf |Px(r < 0) + cEx(r — 6)T
TEM

Conditionally extremal setup: To find

IR((){,)\)ZTL%}"t Eo(r—0|7>0).|
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If « - 1 and A — O in such a way that (1 — a)/\ — T, then the
limiting risk R(T) = R(a, M) is given by

T/2 4 O(T?), T — 0,
logT — (14+C)+0(T7 1Y), T o,

R(T) = {

where C = 0.577 ... is the Euler constant (we put p = r2/(202) = 1).

The optimal time 7* in V(7)-criterion is given by

" = inf{t: my > A*} I

The optimal time 7} in R(a, A)-criterion is given by

To=inf{t: m > 1 — a} I
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VARIANT B. Here 6 is assumed to be a parameter from [0, oc].
A multistage problem reduces to generalized Bayesian setup

B(T) = inf 1/00 Eu(r —w)F dul.
TEgﬁTT

0

The optimal stopping time:

= inf{t: Yy =T}|.

T he limiting risk:

T/2 + O(T?),

T — 0,
T — oo,
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VARIANT C. Here 0 is a parameter from [0, oo] and the criteria
of quality of detection are given by

C(T) = inf supE9(7—9|7->9) My = {7: ExT =T1}),

TEMT 6> 0>
C(T)= inf supEe(7—0|7>6) r is the class of randomized
TE€Mr 620 stopping times with E..7 = T).

As T — oo

0ogT — (1 4+C)+ 0T t10g?T) < C(T) <logT — C + O(T~ tlog? T),
logT — (1 4+ C) +0O(T t1og?T) = T(T).

Asymptotically optimal methods (as T' — oo) are based on
observation upon the processes (¢;);>0 and (¢;);>p With

dipy = dt + Py d Xy, Yo =0
dip; = dt + 1), d X, g is @ random variable with
a special distribution.

V-9-4




VARIANT D. 0 is a parameter from [0, oc] and the criterion of
quality of detection is

D(T) = inf supesssup Eg[(T —0)T |]—"@X] (w)|.
T€EMT >0 w

The optimal stopping time is

% =inf{t >0: T, > D} |

L
o T} = sup—t is the CUSUM-process and,
o<t Lg

e D solves the equation D —-1—logD =T1T.

As T - oo | D(T)=logT—-14+0(T"1) | V-9-5

where




8§ 10. Some remarks about -models and Bayesian G-models

10.1. We focused above on continuous-time models and, what
is more, on the models of the form dX; = rI(t > 0)dt + odBy,
where (B;);>o0 is a Brownian motion. The corresponding models
with discrete time are certainly of a great interest. T hese models are
generally considered in asymptotic variants. The ideas of invariance
principle suggest that a great part of results for the discrete-time
disorder problem (at least in asymptotical aspects) can be obtained
from the above-exposed results for the model dX; = rI(t > 0)dt +
odB;. For more details see (Shiryaev, 1963-1).

In the discrete-time case one considers, as a rule, models with
independent observations. Let formulate now the general model
[proposed in (Shiryaev, 2008a)] for disorder problems in the discrete-
time case without independency assumption.
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We start with a binary filtered probability-statistical experiment

(Qa"ra (}—n)nz& P07 POO))
where (Fn)p>0 is a filtration, Fo = {@,Q2} C F; C F», C --- C F,

Letting

P) =P Fn, PP =P®F, P=3P°+P®), P,=PF,
introduce

dPY dP°
0 n 00 n
— , — , 162
" dPy " dPy (162)
n ALY no AL>X
MR =Y 0 k. MP =Y Look . (163)
k=1 "k-1 k=1 "k—-1

Then, if E(M)n =T11(14+AM), then LQL and L£° admit the following
representations:

LY = &(M®)y, L = E(M™®),. (164)
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For independent observations with densities f°(z), f9(z) we have
LY = fO®xq) - fOxn), L = f®(x1)--- f®(zp). In this case

ALQ Lo
AM) = 75" = —1=f ) - 1
L L
n—1 n—1

and, evidently,

EMO) = [[ (1 +AMP) = T[ O = LS
k=1 k=1

Analogously, E(M>), = L°.

n

If disorder occurs at time 0 < n, then the density of random variables
T1,...,%n is given by f(z1) - f(zg_1)f%xp) - - - fO(zn), which can
be rewritten in the form

L9 =g?, if AM! =1k <0)AMP +I1(k>0)AM?. (165)
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The above considerations show how to determine—for a given 0 &

{0,1,...,00}—the corresponding measure PY: one should let
PY(A) = E[1(A)E(M?) o], AeF, (166)
where
n
EM")oo = lim EM )n,  E(M7)n = TLa+ A M)

(AMY is given in (165)).
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10.2. If 0 is a r.v. with distribution function G = G(n), n > 0, then
the corresponding probability distribution PG(A), A e F,,, is given by

n
PG(A) = Z P%(A)AG(@) + (1 — G(n))P;°(A). (167)
0=0
G G o _ dP§ G _ 0
Let P = PY|F, and LY = BT Then Ly Z L) AG(60). Taking
n 0=0
into account the representation
LOO
L) =1(n < 0)L® + I(n > 0)LY Lg—l, (168)
0—1
we find that
n
Z 9 L AG(0) + L®(1 — G(n)) (169)

—1
(with L, = L0 =1).
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EXAMPLE. Let 0 have the geometric distribution G with G(0) =,
AG(n) = (1 —7m)¢"1p, n> 1. In this case

. 0 n—1 kLOO
Ly =nLyp+(1—7) Y pq L—’%+(1_W)an30.
k=0 k
If there exists the densities f$¢(z1,...,7;) and f2(z1,...,kn), then
we find that
fg(mla S 73371) — Wf??(xla < 73371)

n—1
+@Q-m ) qufﬁo(wb---»wk)fg,k(wk+1,---,wn T1,...,T)
k=0

+ (1 T W)qnfgo(wla s 7xn)7

where fg’k(:vk_l_l,...,:Un|:c1,...,:vk) are conditional densities.
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Let us describe—for 8-models and G-models—some
BASIC STATISTICS which are used in disorder problems.

O0-MODELS: one of the more important and frequently used is the
CUSUM-statistics

Ly,
6>0 L
L9 L9
Let L, := —". Since L) = L ; —5——, we find that
L3° Lto_1yan
L
T, = max| 1, max ——|. (170)
0<6<n L9—1

Let v, :=logTy, and Z, :=1og Ly, then

= /n— mMin Z = max(0 _ AN/}
Tn n 0<f<n 0> Tn (a’Yn 1+ n)

V-10-7




G-MODELS: the following statistics prove to be important:

=Pl <n|Fn),  pn=-_—"
1 — ™n
and Lo,
n= (L4 o] (171)
n—1
From the Bayes formula,
L Z@gn L’QLAG(Q)
For ¢ with L, = LY /L% we find that
1 L,
on = AG(0) |, (173)
" 1-G(n) 92 Lg_q
whence we deduce that
Ln AG(n) 1-G(n—1) T
= 1, = . 174
¥n L1 1—G(TL)+ 1—G(n) Pn—1 ¥0 1 _ -~ ( )
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If G is a geometric distribution with AG(0) = G(0) = 7 and

AG(n) = (1 —m)q" 'p, n>1,
then it follows from (174) that

L T
on = ——[p+ on_1], 0o = -
qLn—1 1—m

If p— 0, # — 0 in such a way that «/p — m > 0, then (175) implies
that ¢y = lim, o(¢n/p) Obeys the recurrent relations

(175)

Ln

Yn = 7 [1+vYp—1], n>1, Yo = m. (176)
n—1

From (176) or (173) we find the following representation:

n Ln
(This statistics underlies the “Shiryaev—Roberts procedure’ in
disorder problems in the discrete-time case.)
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10.3. The four variants (A, B, C, D) of disorder problems considered
above play a dominating role also in the discrete-time case different
assumptions on probabilistic character of observed data (see, e.g.,

(Pollak, 1985), (Roberts, 1966), (Wetherill, 1977),
(Hawkins, Olwell, 1998), (Frisén, 2007), (Sequential Analysis, 2007),
(Tartakovsky, 2008), (Tartakovsky, Veeravalli, 2005)

and bibliography therein).
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TOPIC VI. Applications-2: Testing two and three hypotheses
for Brownian motion with drift

1°. On a filtered probability space (€2, F, (Fi)+>0,P) we observe a
process

Xt = pt + By, t >0,

where B = (B;)>0 is a Brownian motion and p takes one of the
three values:

n=ut, (hypothesis H1),
p=pu0  with ut <u®<u?  (hypothesis HO),
0= 2, (hypothesis H?).
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Some notation:

.ngza(w: Xs, s <t), P! = LaW(X|,u:,ui),
. . . dP? . . . 7l
PZ:PZFX, I = t7 . — z];'X7 z:_t.
t | Fi t —dP? t (b =p'[F7) Pt W?

Known formulas:

L = exp{ (u' — 10 X; — S [(4)% — (1071},

dLi = Li(p' — p9)(dXy — pPdt),  LH=1,
do} = @i(p' — p®)(dXe —pPdt)  (by Bayes' formula),
1 _ o 2 _ o7 0_ -
Tt = 1 ) Tt = 1 ) Tt = 1 2
L+ ¢p + » 14y + i 14y + i
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The innovation representation of X:

dX; = E(u| F{*) dt + dB,

where B = (Et,fix) is an innovation Brownian motion,
E(u| F*) = phni + ponp + ponf.

Thus,
0 1.1 2 .2
dXt:u + w solt +u290t dt + dB,.
14+ ¢p + ¢3
- - (= 1Ot 4 (2 — p0)p? -
i = (' = 0l dt + dB )
1+ ¢f + 97
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Testing of 3 statistical hypotheses H!, HY, HZ:
BAYESIAN FORMULATION.

Terminal risk;

w(p,d") =0,
w(luza d]) — Q45 v # J

(d* = accept HY).

Risk of the sequential decision § = (7,d), where
» 7 = 7(w) is a (FX)-stopping time: {r <t} € FX, t > 0;
» d is FX-measurable (d = d!,dO, d?):

Rs(m) = Ex(em + w(p, d)), | where Pr = 7Pl 4+ 70P0 4+ 72p2.
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It is easy to see that

Rs(m) > Ew(CT-I- min{a107T7]:+a207T72'7 ag1me+azimz, a027T9+a127T%})-

\ 7
"

=: G(m}, ), 72)

Then

' = — 1 0 2
5;?&) Rs(m) = inf R(; goy(7) = inf Ex(cr + G(mz, 77, 77)),

where d* (= d1,d°, d?) is determined from the relationship

I{dO}(d*)[aloﬂl + agom?] + f{dl}(d*)[aowo + ap1m?]
+ I{d2}(d*)[a027fo + agont] = G(xt, 70, 7°).
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From general theory of optimal
stopping it follows that the set

N={0<nl,7x%7°<1:7l4m47° =1}

is such that NN = C* 4+ D*, where
C* is the set of continuation of
observations and

D* = D'+ D° + D=

If 7« = (vl 7%, 72) € D¢, then
we make decision d7, i.e., we
accept hypothesis H.
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For simplicity, assume that

rt =m0 =72 = 1/3,
(symmetrical case).

aj; =1, 177, a;; = 0,
:ul:_la Mozoa /’L2:1
In this case G(nl, 79, 72) = min{rl+x2, 7O+x2, xO+4x1}, or, in

terms of (o1, ?),
G(g@l 902) mln{901+9027 1+9027 1+901}
’ 1+ ol + 2

By symmetry, dyp; = —got dX: and dgot = got dX¢. SO, gp

p? = eXtTt/2 and in terms of (t,z) the terminal risk function is
Gt 2) min{l_l_e—zc—t/Q’ 1_|_ezv—t/2 P t/2_|_ex t/2}
7w —
1+ e t/2(e—% 4 %)

—Xt—t/Q
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Our basic Bayesian problem of sequential testing of
three hypotheses Hy (u = —-1), Hy (0 =0), Hy> (u=1)

IS REDUCED TO

the optimal stopping problem: to find a stopping
time 7* such that
R+«=R/+(1/3,1/3,1/3) = inf E(er + G(1,X+)),
where
min{l 4 e~ T1/2 1 4 o=~t/2 g~a—t/2 4 ju— t/2}
1+ e t/2(e—% 4 %)

G(t,x) =
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The infinitesimal operator of (¢, X;) is

where

A(t,z) =

5, o 102
L = — 4+ A(¢ — 4+ —
(t2) ot + A 7:6)83: 20x2’
eT—t/2 _ p—x—t/2 e—t/Q(e:c — e %)

14+ eT—t/2 + e—T—t/2 — 1+ e—t/Q(ex + e—:z:)°
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It is interesting to compare these formulas with the corresponding
formulas for problem of testing TWO hypotheses, say

Ho: p=pg=20 and Hi:p=pn=1

For this case, denoting

Rs(m) = Ex(er + W(n,d)), 6 = (7,d),
with 7 = (7%, 72), 79 = P(u =0) = 1/2, 72 =P(p = 1) = 1/2,
9+ 72 =1, and W(p,d") = 0 and W(ut,d?) = 1, i # j, we find
that

Rs(m) = Ex (CT - G(7T7O_, 772))

where

m =P(u=pO|F), nf=P(u=p?|F").
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Introduce o7 = nZ/7P. Then

min(1, eXt—t/2)

2 Xy—t/2 1 2y _
Yt — € g ) G(T‘-T77TT) — G(ta Xt) — 14 eXt—t/Q
Innovation representation for X = (X;);>0 is
- eT—1/2
dX; = A(t, X¢)dt + dB;, where A(t,z) == L+ )2
For G(t,z) we have
( 1 S t
1_|_6:z:—t/2’ :U_2,
G(t,x) = |
eCIZ—t/Q t
< —.
\ 1_|_6:z:—t/2’ :U_2
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If x = t/2, then we directly find that

G(t,z) € CH? and Ly G(t,z) =0,

where L .y Is the infinitesimal operator of X:

5, 1 92
L(t,:c):§+f4( )—+——

Applying the generalized Itd formula, we get
t S
G(t,X0) = G(0,X0) + [ LuuryGls, Xo)I(Xs # 2) ds
t oG s\
+ [ 2. X1(Xs # ) dBs

2/ [—(8 Xsq) — g—f(s,Xs—)]I(Xs 7= %) dLT

where L;" is a local time of X on theray z =1¢/2, t <s.
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oG e t/2 oG

1

For x > t/2: — = — and — = —.

x>t/ Ox (14 ex—1/2)2 Ox lz)t/2 4
ZC—t/Q 1
For x < t/2: oG = - and oG = —.
Ox (14 ex—1/2)2 ox lzxtt/2 4

oG
ThUS, [%(37 Xs—l—)_ O (Sa XS—)

%0 %)
we have

1 :
:S/Q — —5, and (W|th E — E(1/2,1/2))

1
EG(r, Xr) = G(0, Xo) — JELT,
: . 1
inf E[CT + G(, XT)] = G(0,Xq) + inf E[C’T - ZLT },

where L;" is a local time on x =t/2, t <s. From here we find that

the set {(t,z): z =1t/2, t > 0, —co < x < oo} belongs to the set C
of continuation of observations.
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" /
Note that L} = ‘Xt - 5| —/O Sgn(XS - 5) dXs. Thus,

eXs—5/2
EL"‘ — E‘XT — —‘ — E/ sgn(XS — f)
14+ eXs— 3/2

so that the problem of testing two hypotheses

Ho: p=0 and Ho:u=1
IS reduced to the following optimal stopping problem:

1 ~ - s eXs—8/2
II;'I_fE[C’T 4ELT} — |rTle[w ‘XT 2|—|—E/o sgn(Xs ) | oXom 5/2 ]

for the process X = (X;);>0 with

eXt—t/Q

X = s

ds + dB;.
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If X; = X; — t/2, then this stopping problem is reduced to the optimal
stopping problem

S T _ 673_8/2
Ve = sup E, |X7—|—CT—/ sgn X - — ds
T 0 1_|_6X3—3/2

where

dXS — — ds _I_ dgs, 70 — XT.
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Similarly, for the problem of testing two hypotheses

Hy:p=-1 and Ho:p=1

we find that the problem infsRs(n) for case nl = #n2 = 1/2 is
reduced to the problem

1
infE[m' — —LT],
T 2
where L,? is a local time in zero of the process X = (Xs)4>0 With

eXs—8/2 _ o—Xs—5/2

dXS — eXS—S/Q + e—XS—S/2 ds _I_ dBS
Note that
2
X, = log 1 55 where wE:P(M:u2|]-"5X).
— 7?

Let us now return to the problem of testing THREE hypotheses.
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2°. Properties of G(¢,x). For x >t/2 we have

B 1 _I_e—:c—t/Q
G(t,z) = 1+ e—t/Q(Gx + e—x)'
So,
oG ex_t/2/2 (‘)—G B et 4+ eT—1/2
ot [L4et2(em+e )2 O [1+4e /(v +e )]

Z?Q_G B —ex_t/z[(l—l—e_t/z)(ex—l—e_x) + (2€—t+ex—t/2)e—t/2(ezr;_l_e—:z:)]
ox2 1+ e—t/Q(ezc + e—7)]4 '
From these formulas we find that (for z > t/2)

L(t,x)G(t7x) = 0.

In a similar way, we get the same relationship for z < —t/2 and for
x| < t/2.
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Applying the generalized 1td formula to G = G(¢,x), we find that

t S
G(t, X;) = G(0, Xp) +/ L(s.0)G (5. XS)I<XS £ ia) ds

+/ta—G<s X) I(Xs # +2 ) dB

+§/

(0G oG

o (5, Xsh) = = (5, X ): I(XS - %) dLT

1 (9G 8G | _
4 5/ (s, Xah) = 225, Xam) I(XS — —§> dL;
where LT, L~ are local times of X on the rays ¢ = s/2, © = —s/2.

Straightforward calculations show that

oG

—(s Xs+) — —(3 Xs—)

8G

— (s, Xs+) — —(s Xs—)

oz

oG

Xs=s/2
8G

X3:—8/2

1

_2—|—e_3’
1

_2—|—e_3.
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So, if Lg = L;"—I—LS—, then for any stopping time 7 such that Er < oo
we find that

T  dLg
0 24e 5|

If Xg =0, then G(0,0) =2/3. Since 1/3<1/(24+¢e7%) <1/2, we
have

1
EG(r, Xr) = G(0, Xo) — SE

1 1
ZE(4C7‘ — L7) <E(er +G(7r, X7)) < 8E(6C7‘ — L7).
From here we conclude that solution of the problems

for different values of ¢ > 0 will give a quite good approximation for
our problem of finding

1 /7 dLg
2Jo 24e5)

inf E(m' — —
T
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REMARK. The solutions of the problems

1 /7 dL
infElc(T7—1t) — = i
T>1 2J0 24 e S

and

. 1
nt E(C“ —-3 LT)

are asymptotically (¢t — oo) indistinguishable.
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3°. The problem
Xia

infrE(cr — L) I Here Ly = L;" + L;, where L+

are local times on the rays
xr = =4t/2. The presence
of local times suggest
the following picture (D1,
DY and D? are sets of
stopping with accepting the
hypotheses H!, HO, and H?).
The local times LT and L~
are local times accumulated
along the rays =z = =4t/2.
So, these rays and areas near
these rays should belong to
the set of continuation of
observations. V21




THEOREM 1. Let f = f(t) and g = g¢g(t) be upper
and lower optimal stopping boundaries in the half-plane of
positive x and t > 0. Then for large ¢

FO=2+A+0(, g =2-A+0( ),

where constant A is a unique solution of the equation
e e 4 + 24 =21
(So, A~ (2¢)~1 for small ¢.)

For x < O and ¢t > 0, the upper and lower functions are

—g(t) and —f(1).
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This result says that if
we did not stop Dbefore
time Ty, then the problem of
testing of three hypotheses
iIs split into two problems
of testing of two statistical
hypotheses

H? and H° (if X7, > 0)
and

1 0
H* and H- (if X7, <0).
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The following important result gives integral equations for optimal
boundaries f(t) and (g(t).

THEOREM 2. There exists Ty > 0 such that for all ¢t > Tj

[0 =247, o) =2+30,

where f(t) and g(t) satisfy the following integral equations:

e [T Gt F@):i5,5(s), F(s)) ds = Galt, (1)),
e [T Gr(t3(1);5.3(), J()) ds = Ga(t,5(1)

with

_ 2
im f(t) = A, lim gt) = -4, et —ed424=2
t—o00 t—o00 C
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The functions G; and G» are given by

: ; (0)20]7 2 i (692
g:o exp{xe R }] g:o exp{xe R }
X [®s_t(b—z —0'(s—1)) — Ds_t(a—z — 0"(s—1))],

G1(t,x; s,a,b) = [

2 pin2,47-1 2 o in2 |
G2l = [Z oz t}] > exp{er |Gt ),
=0 2 i=0 2
where
Ga(w,0) =0 [~ (0w =)o (ovr+ ) dr - 2| —x, 6>0
o | VT VT 2|+ =z, 6<O0’
i 1 1 3
o=, = >
2 2 2

The critical point T is determined from the equation ¢g(7p) = O,
i.e., Top =sup{t: g(t) +t/2 =0}.
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PROOF of Theorem 1: We have to prove that

t _ t _
fO) =5+A+0(™), 9@t)=5-A+0(), (177)
where e —e=4 424 = 2/c. Consider a hew problem:
ST(z) = sup Ex(LT — er),
T

where LT = (L;")tzo is a local time along the ray =z = t/2 of the
process X = (X;)¢>0 With

e—t/Q(ezc — e %)

= dt + dB;. 178
I o t/2(et | o) t + dBy (178)

Xt
We also introduce

ST(t, ) = sup E; [L;r(t,X) — (1 — t)},

TEN:

where M; = {7r: 7 is a stopping time w.r.t. X, 7> t}, L;"(t,X) is a
local time of X on the ray x =t/2 on [t,T]. VI-26




By the It6—Tanaka formula,

L;l_(t,X) — |X8_%

S
— |Xt|—/ sgn(Xu—g) dXy, s>t. (179)
t

Transform our process X; into the process )A(/t = X —t/2, for which

~

~ eXt — e_)zt_t 1 —
dX; = ~ ~ — — | dt + dBy4. (180)
1 _|_ GXt _I_ e—Xt—t 2

The problem S+(t,X) for X is transformed into the problem

S°(t, ) = sup Ey o |L3(t, X) — c(r — 1)),
TEN:

where L2(t,X) is a local time of X in zero on [t,7]. It is clear that
St(t,x) = S°(t,x — t/2). Let us show that for this new problem the
set C' of continuation of observations has the form

C={(t=z):gt) <z < )}

where g = g(t) and f = f(t) are unknown functions. VI-27




~

To prove this, note that points (¢,0) belong to the set C by the
following “vA-property’” of a Brownian motion.

Indeed, for a Brownian motion B we have

Law(Le A (8, B)) = Law([Bal).

Thus, Et,0L§+A(t,5{) has order v A for small A, moreover, for such
small A

So, (t,0) € C (if we stop immediately, then our gain equals zero).
Define

F() =inf{z > 0: (¢t,z) & C}, §(t) = sup{z < 0: (t,z) € C}.

~

Since C is open (it follows from the general theory of optimal
stopping for Markov processes), we have

VI-28

f(t) >0, g@t)<0 forallt>O.



One can prove that (t,z) & C for all z > f(¢) and = < §. From this

it follows that C = {(¢t,z): §(t) < = < F(t)}.

Let us study the behavior of boundaries f(¢) and §(¢) as t — co. For
this purpose we approximate the process X with differential (180):

— Xt _ o~ Xyt 1 .
dXt:< c —_° ——)dt—l—dBt,
1 _|_ eXt _I_ e_Xt_t 2

by the process X¢ with differential

dX§ = ( —
1+ eXt

Fix (large) T > 0 and put e; = e!. Note that

et 1 ~. -
— E—esant dt + dBg.

( el 1 ) ( el — e %t 1)
———¢e1Sgnzx | sgnzx < 5 sgn.

14+er 2 14 e 4 e 21

(181)
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For the process X¢€1 consider the problem

S (t,z) = Seup Etx[Lo(t X1 — o7 —t)}

The process X¢1 is homogeneous (!). Thus, the set of continuation
of observations has the form

Cey = {(t,2): ey < < fer },
where g-, and f-; do not depend on t. From the majorization
property (181) it follows that

gt) > gey,  F(&) < feq (182)
For the problem oitesting of two statistical hypotheses controlled
by the processes X¢1, we know that

gey = —A+0(e1), fe = A+ 0O(e1). (183)
From (182) and (183) it follows that
gt >-A4+0™ ), J®)<A+o0(). (184)
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To obtain the inverse inequalities, we take the process X2 with
eo = eA~T. Then

Similarly to (183), we find that

geo = —A+0(e2), [feo = A+ O(e2).

Because

e—e " 1 sgnz < e’ 1 + essgna | sgn
— — x —— ¢ x x,
ldette ot o) 9T\ 5 T2 J

we find that

G(t) < Geyy, f(t) > feo, t>T.
So,

Gt) < —A40(e™), F@)>A+0(e. (185)
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Together with (184) this gives

gt)=—-A4+0(e), Ft)y=A440(.

From these properties it follows that for the process X we have

g(t) = g A+ O, f(t) = g FA+O0E), t oo

T he final step of the proof consists in demonstration that the “lower”
boundaries gjow(t) and fiow(t) are such that

Jow(t) = —g(t),  fiow(t) = —f ().

Theorem 1 is proved.
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PROOF of Theorem 2. First, we get integral equations for
boundaries §(t) and f(¢) in case of the optimal stopping problem

StT(t,z) = sup Em[L"'(t X) —e(r —t)} (186)
TEM
—~ t - r _ ,—x—t 1
Again put X; = X; — > b(t,x) = . i = j_ g Then

dX; = b(t, X;) dt + dB;.
Denote also H(t,z) = S°(¢, ), i.e

H(t,z) = sup Ey, [Lg(tj{) — (1 — t)]. (187)
TEN:

By the It6—Tanaka formula,

—~ —~ T —~ —~
H(t,z) = sup E;4 |XT| — |x| —/ sgn XsdXs — c(r — t)]
t

TEN:

— T —~ —
sup E; g |XT| —/ sgn X b(t, X¢) ds
TEM, t

VI-33
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We can prove that
T —~
Et,x/ sgn XsdBs =0 for 7 € 9 such that E; ;7 < oo.
t

Denote H(t,z) = H(t,z)+|z|. Itd's formula applied to H(t,z) € C1:1
gives

H(T, Xp) = H(t, X;) +/ (—(3 Xs) + L H(s, XS)> ds + Mart..

where “*Mart.” stands for a martingale with zero mean. Since

OH e b(s,x)sgnz 4 ¢ in the set C of continuation

R LX'H — of observations,

Js b(s,x)sgnx in the set of stopping D N {z # 0},
we have

_— — _ — T _ __ __
H(T, Xp) = H(t, X;) +/ B(s, Xs) sgn X ds
t

T — -
+ C/t I{g(s) < Xs < f(s)}ds+ Mart. 32




Take H(t,z) = H(¢t,z) — |z|. Then
H(T,X71) = |X¢| — | Xp| + H(t, X)) + /tT b(s, Xs)sgn Xsds
- c/tT I{g(s) < Xs < f(s)}ds + Mart.
= H(t, Xy) — L5(t, X)

- c/tTI{g(s) < Xs < f(s)}ds 4+ Mart.
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Taking E¢, for z = f(t) and = = g(t), we get

_ _ _ T _ ~
E, iy H (T, X1) = —E, 7 L5 (t, X) + ¢ /t P, 7 13(s)<Xs<f(s)} ds

_ _ _ T —
E, sy H(T, X7) = =B 50 L7 (¢, X) + C/t Pra{a(s)<Xs<f(s)}ds

(188)
(we used that H(t, f(t)) = 0, H(t,g(t)) = 0, E;»(Mart.) = 0). Since

E, oy H(T, X1)| = [E, 700 H(T, Xp)I{5(t) < X7 < F(H)}]
< cP{G(t) < Xp < f(H)} -0, T — oo,

and similarly E; s, H(T, Xr) — 0, T — oo, we see that the left-hand
sides in (188) tend to zero as T — oo.

Consider now other terms in (188).
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Denote G1(t, x; s, a, b) = Py z(a < Xs < b), where X; = X; —t/2 and
Xy = ut + B;. So, Xy = 6t + By, where P(6 = 6%) = 1/3,

1 1_1 o_,0 1__ 1 2__,2 1 __ 3
o = p > U= =5 U= o= %

Using the Gaussian property of Qit—l—Bt and Bayes' formula, we find
. : i\2 2 . N2
P(O=0" X =x) = exp{xez—%} / ;O exp{xeﬂ —%}. Thus,

2 . .
Gi(t,z:s,a,b) = 3 P(a; + Byt +63(s —t) € [a, b])P(e — 07 | Xy = x)
j=0

2 | | -
2 {®rtb-a—0i(a-1)) = ®_ifa—r—0)(a=1))} exp{a0i -}

Y

ji:o eXD{xQJ _ (QJT)Qt}

where ®(z) = [Z__o(t) dt, o(t) = (2r)~1/2e=t2/2,
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Let us calculate Gao(t,x,T) := E; ,LS(t, X):

~~ |
GQ(tCUT)—ZELo(T—tCU—l— Bt YP(O =0"| Xy = o)
i=0" g

— G3($, 07’, — t)

2 2
S Gs(z, 01, T—t) exp{xt — L)L
Bayes’ formula i= 0 3(@, ) p{:c 2 }

(189)

é:o exp{xei = (QZT)%}

Straightforward calculations for Gz(x, 1, s)
lim. 0 E{(2e) 71 J§ I(Jz + Bl| < e) du} leads to the formula

G3(x, p,s) = \/%e—(ﬂsﬂy/(%) +2x¢(ﬂ\/§+%>
_$—|£U|+/L/ (M\/__7> (M\/__I_\/_) VI-38




Let G3(x, 1) := limg00 G3(x, 1, s). Then

3 x x

Ga(x, 1) = u/o (u\f— ﬁ)w(uﬁ—k NG

From existence of this limit and (189) we find that the limit G>(¢,z) =
limp_ . Go(t,xz,T) exists and

)dr— x| + xsgn p.

2 | | 1:
> Ga(x,0) eXp{g;gz _ (92)2t}
GQ(t, a:) — 1=0

iéo exp{xei — (91’7)2’5}

The integral equations
e [~ Gt F®)i5,5(5), F()) ds = Ga(t, (1)
¢ [~ G(t3(1): 5,5(). F(5) ds = Ga(t, 5(1))

follow from (188) by passing to the limit as T' — oo and using above
formulae.
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TOPIC VII. Applications-3: Optimal stopping in some
problems of the one-time portfolio rebalancing

In this presentation we investigate the structure of the

OPTIMAL ONE-TIME REBALANCING STRATEGY

on the (B, S)-market in the case of the possible spontaneous change
of its parameter. We begin with the (B, S)-model (Black—Scholes)

dB; = r B dt, Bp=1

(190)
dS; = Sy (pudt + o dWy), So=1

[W = (Wi)i<1 is a standard Wiener process (Brownian motion)].
Discounted prices P, = S¢/B; solve the equation

dPt:Pt((u—r)dt—l—ath), Py=1,

and
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Let U = U(x) be a utility function (e.g., U(x) =logx or U(z) = z).
In the paper:

A. Shiryaev, Z. Xu, X.VY. Zhou, Thou Shalt Buy and Hold,

presented by X.Y. Zhou at the
Conference on Quantitative Methods in Finance (Sydney, 2007)

[appeared in Quantitative Finance, December 2008],

the following problem was considered:

To find an optimal stopping time 7* such that

P« P
EU<—7> — sup EU(—T>,
M TEM M

where M is the class of all stopping times taking values in [0, T]
and Mrp = SUPi<T P;.
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The main result of our paper mentioned above implies that

for the LINEAR function U(x) = x the (degenerated (1))
stopping time

. T if v>0, _ )
is optimal.

T = _ 5

(In the case —02/2 < v <0 the optimal stopping time is 7* = 0; this
was shown by J. du Toit, G. Peskir*.)

*'Selling a stock at the ultimate maximum', Ann. Appl. Probab., 19 (2009),
983—-1014.
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In the case of the logarithmic function U(z) = logx

P.
sup Elog—— = sup E[I/T—I-O'WT—MT] = sup E[vr+ ocW;] — EMp

TEMp MT TEMp TEMp
T — EM if 0,
= sup Evr —EMp = v - v
TEMT —EMp if v <O0.

So, in this logarithmic case an optimal stopping time is

N T if v>0,
T =
0O if v<0,

which is the same as for the linear utility function.

In the present talk we consider the following generalization of the
above problem using the model which has been proposed a long
time ago by the author in the papers on the ‘‘quickest detection
problem of the spontaneously appearing effects’.
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More exactly, we shall consider the following two models (I and II):

k| ast” =50 (0O, 0) dt +0dwy), 5o =1,

and

i | dsi = s (uW(t,0) dt + o dW),  So=1,

where 6 = 6(w) is a random variable which is independent of W and
assumes values in Ry = [0,00) and

) t < 87 ) t < 87
pp, t 2> 97 n1, t2 0,

the parameters 1 and uo are assumed such that u; > uo and

V]_E/L]_—’I“—%O'2>O,

VQEILLQ—’I"—%O'2<O,

so that pp— 302 <r < py — 0.

VII-5




Consider the MODEL (I): (B, SD). In this case, starting from the
initial time t = 0 the driving parameter is uq. If this value remains
unchanged on the whole interval [0,7] and vy = p3 —r — 302 > 0,

then by the previous result we should

hold the stock until time ¢t =T and sell it at this time.

But in fact the model (I) admits that at a certain random time 6
the regime switches from wpuy to po, and if vo = o —r — %02 < 0,
then, again by the previous results, we should

sell the stock at this time 6.

However, this time is unobservable and so the time of selling must
depend on the “correct” estimation of the time 6.
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All these considerations lead to the following optimal problem:

To find “one-time rebalancing’ stopping time T; such that
(1) (I)
T

Pr
V(I) = sup Elog—~ =
TEMT M(I)

M(I)

Since

(= H,")

4 N\

t
Pt(I) — exp{ /O v(s,0) ds + oW, }

N——

= [,L(I)(S,H)—’I“—%O'z

and EW, =0 for 7 € M, we deduce that

V() = sup E/TI/(S,Q)ds.
TEMT
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It is interesting that this “V.\"-criterion’ is equivalent to the following
“W}I)—criterion”:

(I)

T

W}D — sup Elog|S
TEMT

The value S(I) Br/Br determines the capital_at time T, if at time 7
we sell the stock and put the gained value SU on the bank account.
Since

B IS, ,
sOZL 27 p.—pPp,,
T BT BT T T T
we see that

W(I) — sup Elog P< ) + Elog Br.
TEM

Hence

Wi = v 4 Elog MY + Elog By .
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Consider now the MODEL (II), where u> — 1 at time 6. In this
case, our ‘“‘one-time rebalancing’ problem can be reformulated as
the problem of buying (after the time 0) the stock at minimal price:

pD

— inf Elog
TEMp

V}H)

Min;cio 11 £

The corresponding “W{ID_-problem’ is defined by the criterion:
(H)

(1) __ o Br _an
W TseupT E log BTS(H) = TseupT E log S(H)S
_ ai _ (1) (11)
_TseupTEIog P(H) + Elog S = TlenfTElogP + Elog S5

Hence

W(H) —V(H) + Elog S(H) — Elog min P(H) .
te[0,T]
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Now we give the second proof of the key representation

Elog Pr = E/OT [Vl — (v1 — I/Q)ﬂ't} dt.

Recall that
S
Pt — —t — eXta
By
where
t
X = /O v(s,0)ds + oWy, v(s,0) = u(s,0) —r — %02.
Notation:

_
V= sup Elog Pr = sup EX; = sup E [ v(s,0)ds.
TEMT TEMT TEMT 0

VII-10




Fix some 7 € M. Then

E/OT V(s.0) ds = E{I(e > 1) /OT V(s5.0)ds + (0 < 1) /OT V(5.0 ds}
= E{1(0 > T)v17 4+ 1(0 < 7) |16 + va(r — 0) ]
o E{I(@ >T)viT+ 10 < 71) :VQT + 0(vq — ’/2)]}
=EE{{...}|Fr)
= E{y17(1 —7r) +voTmr + (v1 — v2) E[OI(H <) |]:T”

= E{l/l’r + (vo — 1)1 + (V1 — v2) E[@I(@ <) |]:T]}’

where my = P(0 < t|F;) is a posteriori probability of the event {6 < t}

conditioned on F; = a(HS(I), s<t), v;i=p;—1— %02, i =1,2;

O _ [, @ 1.2 (1) _ JH1, u <0,
Hg /O<,u (u,0) —r 20)du—|—aW3, s (u, 9) {,uz, w0
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To find an optimal stopping time in the problem
T
sup E | v(s,0)ds,
TEMp 0
we have to solve the following optimal stopping problem:
sup E{I/lT + (vo—vq) [7'777 - E(HI(HST) |,7:T>] }
TEMp
Let us make the following assumption about the distribution of 6:

P(6=0) =, P(O>t|6>0) = e ™  where A > 0 is known |.

Having this distribution it is easy to find the a posteriori probability
mr =P(0 <t|Fr), where F; = J(Hg), s <1t).
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Indeed, introduce the processes

Tt

and Li(H) = d(P™ |]:’5H);

1 — my d(PV2|ftH)

Li(H) is the likelihood process, i.e., the Radon—Nikodym derivative
of the measure P¥1|FH w.r.t. the measure P*2|F/!, where P¥i is the
distribution of the process (Hf)tzo with

Yt —

dH} = v; dt + o dW;.

It is well known that for each 1 =1,2

By Itd's formula, this implies that

dLi(HY) = Ly(H") 2=
(o)
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By Bayes' formula, taking for simplicity = = 0, we get

SSYA MLy(HD)
LT o eup, (HD)
From this representation, again by Itd’'s formula, we find

du.

VQ_V Vo — I
dpp = [A(l + 1) — o1 ] dt + oy —dHt()
and
— _ 2
dry = (1 — m) [)\—Vl b2 2V17T _ (2 2’/1) th gt
o o

+ 27 (1 m) dH®.

o2
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Let (I) H(I) vt—(vo— 1/1)/ Wsds] This (innovation) process
o

is a Wiener process (w.r.t. (]—"t H®

notation we find that

)+>0). Taking into account this

vy — 1

dry = (1 — ) dit + m (1 — ) dW D,

Return to the formula
E/OT v(s,0)ds = E{l/]_T + (vo — )77 s
+ (1 — ) E[01(0 < 1) | 7],

where F; = a(HS(I), s <t). Put

0
pe=EBI(O<)|F) and py(s) = PO <s|F), s<t
S

Let us find P(0 < s|F:).
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With that end in view we note that, again by Bayes’
formula,

P(O>s|F)  PO>s|F) _ext/"oe—m dpsy
S

— = du
1l —m P(O > t|F) dug®

t L
=1+ )\e>‘t/ e_Au—tdu,

S U
where

e i and u® are measures on [0, t] of the process HD
under assumptions that 6 = « and
0 = oo, respectively, and

e Ly,=Ly(HWD).
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Hence, for s <t

t L
PO > 5| F) = (1 — ) (1 e [kt du),
S

Uu

t L
PO <s|F)=m— (1—mq) ()\e)‘t/ e_)‘uL—t du).
S

Uu

0 L
From here  py(s) := o P(0 < 5| F;) = (1 - ) e Me A L—t thus
S

S

/ / I
pt .= E[0I(0 <t)|F] = /O spg(s) ds = (1 — my) )\e)‘t/ se ™ s

“ 0 LS _
=Vt
Then
dpt = d((1 — m)v) = (1 —m) dyg — v dmp —d[m,v]e. (191)
— —~  ——

VII-17




t L
%) : dye = Mypdt + 2 eMd| [ se 5 2l gs
0 L
S

t eo—AS
= My dt + AeM [te_)‘t dt + dLy - /o SeL d3]

S

=+ Odt+ =t [ aHD —nat |

=0 dW(I)+(V2—V2)7Tt dt

(I)
o

= Xy +t)dt + v [Wt(VQ — Vl) dt + 22— "1

o

vy — V1

(s : dry = A(1 — ) dt + m (1 — mp) dW P

Vo — 1

(kxx): d[m, v]s = ( )2%7775(1 — ) dt
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Inserting (x)—(xx*x*) into (191) leads to

dpt = (L—m¢) dryp — ¢ dmy — d[m, ]y
— -~ ——

() () (k)

(o)

\ 7

N o
— (1 —m){ Ayt + 1) dt—l—%[wt(VQ 0”1) dt + 22— dWﬂ }

(%)
_ ’Yt{ A1 — ) dt + (1 — 7p) del) }

(%)
vy — 11\ 2
— ( - ) Yeme(1 — ) dt

N g
Vo

v — 1]

(k%)

v — 1]

— | A(1 — ) dt + (1 — )2 dwiD |, (192)
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Using (xx), we find that

d(tmy) = m dt + t dmy

v — 1]

zﬂ'tdt—I—t{)\(l—ﬂ't) dt + (1 — 7¢) dW?)}

This expression and (192) imply that

E/OT v(s,0)ds = E{I/]_T + (vo — )77 + (11 — 1/2)[)7-}

- E/OT{V1 + (VQ_Vl)[Wt + tA(l—Wt)}
_ (VQ—Vl))\t(l—wt)}dt

= E/OT(Vl + (vo — Vl)ﬂ't) dt.

VII-20




<0
——

Thus, E/OT v(s,0)ds = E/OT<V1 + (vo — Vl)ﬂ't) dt.

<0
This implies that we need find a stopping time T% such that

sup E TV(S, 0)ds = sup E OT [1/1 + (vo — V]_)T('t] dt

reMpy JO TEMp
7
- E/o [Vl + (2 — V1)7Tt} dt, . ()
since the process m; is continuous, then if mg < VQ’/_lul, one
should continue observations at least till the time
~ . _ ~ . " _
T =miN0<t<T:m > Ao i=—¢ |, l.€&, Tp > TT.
vy — V2
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Note also that

e if ;=0 (i.e., from the beginning we have parameter v1 > 0),
then it follows from (%) that 74 = T;

e Ifm=1 (i.e., from the beginning we have parameter v» > 0),
then evidently (%) implies that 74 = 0.

These deterministic Buy & Hold rules were already described above.
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To find an optimal stopping time T}, let us consider more carefully

the expression

I(t) = /Ot [Vl + (v2 — V1)7Tt] dt.

Since

Vo — V1 (1)

dmy = M1 — m) dt + (1 — 7¢) th ,

we see (taking mg = 0) that

t t — _

0] o

So,

t t — _
t="04 [mods - [ ry(1 - ) W

0 O
and

t t — __
vt = V—)\lwt - l/]_/o Tsds — / (2 = 1)y ws(1 — 7s) deI).

0 O

(193)
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Using the representation (193), we find that

EI(T) = E/ v1 + (vo — 1/1)7715] dt = E{TTFT + 1/2/ v dt}

]
— ﬂ{m + 25 [T dt} — ”1{ /\/ tdt}.
A v, JO A

Hence, letting ¢ = (|vo|/v1)A, we get

V1 . T
sup EI(r) = —— inf E{—7T7——|—C/O wtdt}

TEMT A TEM

_ ”/\1{ 1+71%TE{(1—7TT)+ /mdt}}

vy Vi

]
N roam {( mr) Fef T

\ 7

=: Vp
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T
Vp= inf E{(1— / dt}
r= i B ke

The case T = oo was investigated in an author’'s monograph *, from
which it follows that an optimal stopping time is

T = inf{t: mp > AL},

where A%  is a unique root of the equation

dy
:]_,
(1 —y)?

C/OA:;O exp{—/\[H(w) — H(y)]} . (k%)

c A 1 (v — 15)?
C:_a /\:_7 H(y):k)gi——, P — 2
p p -y vy 20
: T V1 V1
A%, can be shown to satisfy A%, > Ax (= ——— = ).}
v1—v2 v+ g

* A.N.Shiryaev. Optimal Stopping Rules, Springer, 1978, 2008: VII-25

Chap. 4, § 4.4 “The problem of disruption for a Wiener process’.



In the case T' < oo the optimal stopping time 77 has the following
form:

7 =inf{0 <t < T:m>gpr(t)},

where the optimal stopping boundary gp(t) =: g(t), 0 <t < T, is a
unique solution of the nonlinear integral equation (G. Peskir)*:
T—t

E; yoymr = 9(t) + C/

. E; 00) [7Tt_|_u I(mpqq, < g(t+ u)} du

T—1
2 [ Ergn[(L = M) I < g(t 4+ w)] du.

Note that gp(t) 1+ AL, as T — oo for all ¢t > 0.

*see details in: G. Peskir, A. Shiryaev. Optimal Stopping and Free-Boundary
problems, Birkhaduser, 2006; Chap. VI, Sec. 22, Fig. VI.2.
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W}D — sup Elog
TEMT

B
SﬁI)B—t] . as we have seen, for this criterion the
T

optimal stopping time is the same as for V}I)-criterion. Hence

the above stopping time 77 = inf{O <t < T: m > g(t)} is optimal.

e Let us mention that the W}I)-criterion was considered by
Ch. Blanchet-Scalliet, A. Diop, R. Gibson, D. Talay, E. Taure.”
In particular, they proposed ad hoc to use for each T' > 0 the
stopping time 75 = inf{t < T: m > A*}. From the above results
it follows that their method is only almost optimal. (The optimal
stopping time, as we have demonstrated, is the time Til:.)

Criteria V}H) and W}H) can be investigated in a similar way.

*Technical analysis compared to mathematical models based methods under
parameters mis-specification”, J. Banking Fin., 31 (2007), 1351-1373.
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It is interesting to note that the process () proves to be optimal
in other formulations of the problem “when sell the stock’. For

example, M. Beibel and H. R. Lerche* showed that the stopping
time

o, =inf{t>0: m > B},

where B is a certain constant, is optimal in the following problem:

So
sup E—
oEMoo Bs

provided that uo <r < pup and pu; < A+r.

**A new look at optimal stopping problems related to mathematical finance”,
Statistica Sinica, 7:1 (1997), 93—108.
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