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TOPIC I: Classical and recent results on the stochastic

differential equations

§ 1. Introduction: Kolmogorov and Itô’s papers

1931 A. N. Kolmogorov. “Über die analytischen Methoden in der

Wahrscheinlichkeitsrechnung”, Math. Ann., 104, 415–458.

Dynamic system: P(s, x; t, A) is a transition probability for the system

which starts at time s from point x to be at time t > s in a set A.

It is assumed that (“Chapman–Kolmogorov equation”)

P(s, x; t, A) =

∫
P(s, x;u, dy)P(u, y; t, A) for 0 ≤ s ≤ u < t.
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Kolmogorov did not use the words “a system is described by a

Markov provess X = (Xt)t≥0 such that

P(Xt ∈ A |Xs = x) = P(s, x; t, A)” .

The reason is the following: in 1931 there was no theorem about

possibility to construct a process with given system of transition

probability, or finite dimensional distributions. It was done in

1933 A. N. Kolmogorov. Grundbegriffe der

Wahrscheinlichkeisrechnung, Berlin (Chapter III, § 4).

(English translation: Foundations of the Theory of Probability,
Chelsea, New York, 1950.)
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From what we call now the Chapman–Kolmogorov equation,

Kolmogorov deduced

backward differential equation

− ∂

∂s
f(s, x; t, y) = A(s, x)

∂

∂x
f(s, x; t, y) +

B2(s, x)

2

∂2

∂x2
f(s, x; t, y)

forward differential equation

∂

∂t
f(s, x; t, y) = − ∂

∂y

[
A(t, y)f(s, x; t, y)

]
+

1

2

∂2

∂y2

[
B2(t, y) f(s, x; t, y)

]




for f(s, x; t, y) =
∂P (s, x; t, (−∞, y])

∂y
with

A(s, x) = lim
∆↓0

1

∆

∫ ∞

−∞
(y − x)f(s, x; s+∆, y) dy,

B2(s, x) = lim
∆↓0

1

∆

∫ ∞

−∞
(y − x)2f(s, x; s+∆, y) dy,



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In the 1940–50s K. Itô considered the problem of

an EXPLICIT CONSTRUCTION of a

Markov process X = (Xt)t≥0 whose

local drift and local variance coincide

with a given function A(s, x) and B2(s, x)
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The Itô’s idea was the following:

◮ To take a Wiener (Brownian) process W = (Wt)t≥0 that can be

constructed explicitly

for example: Wt = ξ0t+

∞∑

n=1

2n−1∑

k=2n−1

ξk
√
2
sin(πkt)

πk
with i.i.d., N(0,1),

random variables ξ0, ξ1, . . . (this is a Paley–Wiener construction)

and after this

◮ to define the process X = (Xt)t≥0 as a solution of the stochastic

differential equation

dXt = A(t,Xt) dt+B(t, Xt) dWt (SDE)

in the sense that Xt = X0 +
∫ t
0A(s,Xs) ds +

∫ t
0B(s,Xs) dWs

for all t ≥ 0.
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Here we have a “stochastic integral”
∫ t
0B(s,Xs) dWs which was defined

in

1944 K. Itô. “Stochastic integral”, Proc. Imp. Acad. Tokyo,

20, 519–524.

In a series of papers (1942–1951) K. Itô

◮ gave a definition of the notion of the solution of the stochastic

differential equation (SDE), and

◮ gave condition on A(s, x) and B(s, x) which implies existence

and uniqueness of the solution of SDE with coefficients A(s, x)

and B(s, x).
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THEOREM 1. Let A(s, x) and B(s, x) satisfy

• the local Lipschitz condition: for any n ≥ 1

|A(s, x)−A(s, x′)|+ |B(s, x)−B(s, x′)| ≤ Cn

for |x| ≤ n, |x′| ≤ n, and s ≤ n,

• the condition of linear growth: for any n ≥ 1

|A(s, x)|+ |B(s, x)| ≤ Cn(1 + |x|) for |x| ≤ n and s ≤ n,

where Cn are constants.

Then (on any stochastic basis (Ω,F , (Ft)t≥0,P) on which

the Wiener process is defined) a strong solution exists

and is unique (up to indistinguishability).
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A strong solution is a solution X = (Xt)t≥0 such that Xt is

Ft-measurable for each t ≥ 0.

The Wiener process W = (Wt)t≥0 is assumed to be defined

on a given stochastic basis; in particular, Wt is Ft-measurable

for each t ≥ 0.

Ft stands for the σ-algebra generated by Ws, s ≤ T , and by all

P-null sets from the σ-algebra σ(Ws, s ≥ 0).
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Itô’s result about existence of a strong solution of the stochastic

differential equation (SDE) was extended in

1961 A. V. Skorokhod, Issledovania po teorii sluchajnykh pro-

tsessov, Kiev, Izd-vo KGU

(English translation: Studies in the Theory of Random Processes,
Addison-Wesley, Reading, 1965.)

THEOREM 2 [Skorokhod, Chap. 3, § 3, and Chap. 5, § 4].

Let the coefficients A(t, x) and B(t, x) be bounded and continuous.

Then there exists a “solution” ∗ of the (SDE).

∗
We put the word solution in the inverted commas, since the Skorokhod
solution is not a strong solution. His solution is the so-called weak solution.
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STRONG solution of the (SDE).

• a filtered probability space (Ω,F , (Ft)t≥0,P)

• an F = (Ft)-Wiener process W

• an F0-measurable random variable ξ





are given

A strong solution is then defined as an F-adapted process X with

X0 = ξ a.s. which satisfies (SDE).

WEAK solution of the (SDE).

We assume that only the initial distribution µ and coefficients A(s, x)

and B(s, x) are given. The weak solution consists of

• a filtered probability space (Ω,F , (Ft)t≥0,P) (a priori not given),

• an F = (Ft)t≥0-measurable Wiener process W = (Wt)t≥0,

• an F-adapted process X = (Xt)t≥0 with P ◦ X−1
0 = µ which

satisfies (SDE), i.e., for all t ≥ 0

Xt = X0 +

∫ t
0
A(s,Xs) ds+

∫ t
0
B(s,Xs) dWs P-a.s. I-1-10



§ 2. WEAK AND STRONG SOLUTIONS. 1:

EXAMPLES OF EXISTENCE AND

NONEXISTENCE

EXAMPLE 1 (M. Barlow ∗). There exists a continuous bounded

function B(x): R → (0,∞) such that the following SDE has a weak

solution but does NOT have any strong solution:

dXt = B(Xt) dWt , X0 = x0

Weak
solution

Strong
solution

+ −

∗
1982 M. Barlow, “One-dimensional stochastic differential equations

with no strong solution”, J. Lond. Math. Soc., 26, 335–347.
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EXAMPLE 2. Deterministic SDE:

dXt = − sgnXt dt , X0 = 0,

where sgn x=





1, x > 0,

−1, x ≤ 0,

W S
− −

Indeed, our equation has the form

f(t) = −
∫ t
0
sgn f(s) ds, t ≥ 0. (∗)

Let us show that this integral equation has no solution.
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Let f be a solution. Assume that there exist a > 0 and t > 0 such

that f(t) = a. Set

τ = inf{t ≥ 0: f(t) = a}, σ = sup{t ≤ τ : f(t) = 0}.
Using the equation (∗) we get

a = f(τ) = f(σ) = −(τ − σ).

The above construction shows that f ≤ 0. In a similar way we prove

that f ≥ 0. Thus, f ≡ 0, but then f is not a solution of (∗).

As a result, (∗) has no solution.
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EXAMPLE 3.

dXt = − 1

2Xt
I(Xt 6= 0) dt+dWt

W S
− −

Indeed, suppose that (X,W ) is a solution (weak or strong). Then

Xt = −
∫ t
0

1

2Xt
I(Xt 6= 0) ds+Wt. By Itô’s formula (that holds for

both strong and weak solutions):

X2
t = −

∫ t
0
2Xs

1

2Xs
I(Xs 6= 0) ds+

∫ t
0
2Xs dBs+ t

=

∫ t
0
I(Xs = 0) ds+

∫ t
0
2Xs dBs.

∗
Results of Examples 3 and 4 was obtained in

1974 A. Zvonkin, “A transformation of the phase space of a process
that removes the drift”, Math. Sb., 93:1, 129–149.
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The process X is a continuous semimartingale with 〈X〉t = t. Hence,

by the “occupation times formula”,
∫ t
0
I(Xs = 0) ds =

∫

R

I(x = 0)Lxt (X) dx = 0,

where Lxt (X) is the local time of the process X spent at the point x

by the time t.

So, X2 is a positive local martingale and hence a supermartingale.

Since X2 ≥ 0 and X2
0 = 0, we conclude that X2 = 0 a.s. Hence X2

t =
∫ t
0 2Xs dBs. Then our SDE takes the form dXt = dBt, a contradiction

(since Xt = 0 while Bt ia a Brownian motion).
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EXAMPLE 4. The following SDE has a (unique) strong (and

thus weak) solution:

dXt = − sgnXt dt+ dWt
W S
+ +

This example is a particular case of the following statement.

Let a(x) be a bounded Borel measurable function. The the

following SDE has a (unique) strong (and thus weak) solution:

dXt = a(Xt) dt+ dWt , X0 = x0
W S
+ +
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Our interest to the equation dXt = − sgnXt dt+ dWt comes from

the following optimization problem.

Consider SDE

dXu
t = u(Xu

t ) dt+ dWt, Xu
0 = 0,

with the Lipschitzian “control” u = u(x), |u(x)| ≤ 1. Put

τ(u) = inf{t : |Xu
t | ≥ 1}.

We want to find an optimal control u∗ = u∗(x) such that

Eτ(u∗) = sup
u∈Lip

Eτ(u), where Lip is a class of Lipschitzian “con-

trols” u = u(x) with |u(x)| ≤ 1.

Intuitively, it is evident that u∗(x) = − sgn x. However, this function

u∗(x) /∈ Lip and there is a natural question: does exist a solution

of the SDE dXt = − sgnXt dt+ dWt? It turned out, this SDE has a

strong solution.
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EXAMPLE 5. The “two-sided” Tanaka equation:

dXt = sgnXt dWt , X0 = 0 W S
+ −

If X is a solution, then by the Lévy characterization theorem, X is

a Wiener process. We find
∫ t
0
sgnXs dXs =

∫ t
0
sgn2Xs dWs =Ws. (∗)

By the Tanaka formula,

|Xt| =
∫ t
0
sgnXs dXs+ Lt(X), (∗∗)

where Lt(X) is the local time of the process X at zero.
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From (∗) and (∗∗) if follows that

Wt = |Xt| − Lt(X).

But Lt(X) = Lt(|X|), since Lt(X) = lim
ε↓0

= 1
2ε

∫ t
0 I(|Xs| ≤ ε) ds. Hence

FW
t ⊆ F |X|

t . (∗ ∗ ∗)
if X is a strong solution of the SDE dXt = sgnXt dWt, then (by

definition of a strong solution)

FX
t ⊆ FW

t . (∗ ∗ ∗ ∗)
From (∗ ∗ ∗) and (∗ ∗ ∗ ∗) we get

FX
t ⊆ F |X|

t ,

which cannot be true because X is a Wiener process (σ-algebra FX
t

contains also σ-algebra FsgnX
t ).
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To prove the existence of a weak solution, take a Wiener process

W̃ = (W̃t)t≥0 and a process Wt =
∫ t
0 sgn W̃s dW̃s, t ≥ 0. Put Xt = W̃t,

then

sgnXt dWt = sgn W̃t ·
(
sgn W̃t dW̃t

)
= dW̃t = dXt.

So, the pair (Wt, Xt)t≥, where (Wt)t≥0 is a Wiener process, solves

the equation

dXt = sgnXt dWt.

This pair (Wt, Xt)t≥ is a weak solution of this equation.
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In Examples 6 and 7 we consider the stochastic differential “one-

sided” Tanaka equation

dXt = λdt+ I(Xt > 0) dt

with λ = 0 and λ 6= 0, respectively.

EXAMPLE 6. The “one-sided” Tanaka equation:

dXt = I(Xt > 0) dWt , X0 = ξ W S
+ +

where ξ and W are independent.
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PROOF of Example 6. Consider the stopping time σ = inf{t ≥
0: ξ+Wt ≤ 0} and set

Xt = ξ+Wt∧σ. (•)
This process X is a strong solution of SDE dXt = I(Xt > 0) dWt,

X0 = ξ. Indeed, it is (F(ξ,W)
t )t≥0-adapted, X0 = ξ, and

Xt−X0 =

∫ t
0
I(σ > s) dWs =

∫ t
0
I(ξ+Wσ∧s > 0) dWs =

∫ t
0
I(Xs > 0) dWs,

i.e., dXt = I(Xt > 0) dWt, X0 = ξ.

So, the qualitative properties of

the “one-sided” Tanaka equation dXt = I(Xt > 0) dWt

differs markedly from those of

the “original” Tanaka equation dXt = sgnXt dWt.
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EXAMPLE 7 (Karatzas–Shiryaev–Shkolnikov). The one-

dimensional “one-sided” Tanaka equation with drift:

dXt = λ dt+ I(Xt > 0) dWt , X0 = ξ,

where ξ and W are independent

λ < 0 :
W S
+ +

λ > 0 :
W S

+ −

For λ > 0 the weak solution is unique.

〈For the proof see the recent paper:

I.Karatzas, A.N.Shiryaev, M.Shkolnikov, “On the one-sided Tanaka equation with

drift”, Electronic Comm. in Probab., 16 (2011), 664–677.〉
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In connection with Examples 6 and 7, the following theorem is

interesting.

THEOREM. For any real constant λ, and with W and

V standard Brownian motions, the PERTURBED one-sided

Tanaka equation

dX(t) = λ dt+ I(X(t) > 0) dW (t) +
η

2
dV (t), 0 ≤ t < ∞,

has a pathwise unique strong solution, provided either

(i) η /∈ [−1,1] and 〈W,V 〉(t) = −t/η, 0 ≤ t <∞, or

(ii) η 6= 0 and W , V are independent.
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EXAMPLE 8 (I.V.Girsanov). Let 0 < α < 1/2.

dXt = |Xt|α dBt , X0 = 0, W S
+ +

where B = (Bt)t≥0 is a Brownian motion (Wiener process).

It is clear that the process X ≡ 0, t ≥ 0, solves the SDE. This trivial
solution is both strong and weak. The interesting question:

Does a nontrivial solution exist ? The answer is “YES” .

The method of the proof suggested by I.V.Girsanov is based on the
ideas of the

CHANGE of TIME.
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Take (Ω,F) = (C,B), where C is the space of continuous functions

ω = (ωt)t≥0. Let W = (Wt(ω))t≥0 with Wt(ω) = ωt is a (canonical)

Wiener process (w.r.t. the Wiener measure PW on (C,B) which exists

as we know).

Let A = (At(ω))t≥0 be a process defined by

At(ω) =

∫ t
0
|Ws(ω)|−2α ds, 0 < α < 1/2. (•)

Define T̂ (θ) = inf{t ≥ 0: At > θ}. Since 0 < α < 1/2, the process A

has PW -a.s. continuous nondecreasing trajectories, PW (At < ∞) = 1

for each t ≥ 0 and At → ∞ PW -a.s. as t→ ∞.
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Starting from W and (T̂ (θ))θ≥0, construct

Ŵθ(ω) =W
T̂ (θ)

(ω) and F̂θ = F
T̂ (θ)

.

The process Ŵ = (Ŵθ)θ≥0 is a continuous local martingale w.r.t.

(F̂θ)θ≥0 with 〈Ŵθ〉 = T̂ (θ).

From (•), by the change-of-variable formula, we get

T̂(θ) =
∫ T̂ (θ)
0

|Ws|−2α dAs

=
∫ A

T̂ (θ)

0
|W

T̂(s)
|−2α ds =

∫ θ
0

|Ŵs|−2α ds. (••)
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Introduce the process

Bθ =
∫ θ
0

|Ŵs|−α dŴs. (• • •)

(as a stochastic integral w.r.t. a local martingale Ŵ ). This process is

an ((F̂(θ))θ≥0,P
W)-local martingale with the quadratic characteristic

〈B〉θ =
∫ θ
0

|Ŵs|−2α d〈Ŵ 〉s =
∫ θ
0

|Ŵs|−2α dT̂ (s)

by (••)
=

∫ θ
0

|Ŵs|−2α|Ŵs|2α ds = θ.

Thus, the local martingale B = (Bθ)θ≥0 has the quadratic characte-

ristic 〈B〉θ = θ; therefore, by the Lévy characterization theorem, it

is a PW -Brownian motion.
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If we change notation: Xθ = Ŵθ, then, by (• • •),

Bθ =
∫ θ
0

|Xs|−α dXs and thus dXθ = |Xθ|α dBθ.

Therefore the pair of processes

(Xθ, Bθ)θ≥0, where Xθ =W
T̂(θ)

= Ŵθ,

Bθ =
∫ θ
0

|Ŵs|−2α d〈Ŵ 〉s,

provides a weak solution of the SDE

dXt = |Xt|α dBt (0 < α < 1/2).
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Return to Example 4.

Let a(x) be a bounded Borel measurable function. The the

following SDE has a (unique) strong (and thus weak) solution:

dXt = a(Xt) dt+ dWt , X0 = x0
W S
+ +

There have been many attempts to extend this result about existence

of the strong solution to the “functional” case:

dXt = a(t,X) dt+ dWt, (⋆)

where for each t the functional a(t, X) depends on the past {Xs, s ≤ t}
of the process X.

More exactly, let a = a(t, x) be a bounded (predictable) functional

a(t, x): R+×C(R+) → R. The following example shows that (⋆) with

past-depending drift term can have no strong solution.
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§ 3. The TSIRELSON EXAMPLE

Let x = (xt)0≤t≤1 ∈ C([0,1]) with x0 = 0. Define the numbers tk,

k = 0,−1,−2, . . . such that 0 < · · · < t−2 < t−1 < t0 = 1 and consider

the function a(t, x) such that a(0, x) = 0 and

a(t, x) =

{xtk − xtk−1

tk − tk−1

}
, tk ≤ t < tk+1,

where {α} stands for the fractional part of α.

For such a function the SDE dXt = a(t, Xt) dt+ dWt takes the form

Xtk+1
−Xtk =

{Xtk −Xtk−1

tk − tk−1

}
(tk+1 − tk) + (Wtk+1

−Wtk)

which is equivalent to the recurrent equations

ηk+1 = {ηk}+ εk+1, where ηk =
Xtk −Xtk−1

tk − tk−1
, εk =

Wtk −Wtk−1

tk − tk−1
.
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From this recurrent equation we have

e2πiηk+1 = e2πi{ηk+1}e2πiεk+1 = e2πiηke2πiεk+1.

Denote mk := Ee2πiηk. If our SDE dXt = a(t, X) dt+ dWt with the

function a(t, X) defined above has a strong solution then ηk must

be FW
tk

= σ{Ws, s ≤ tk}-measurable. Consequently,

mk+1 = mkEe
2πiεk+1 = mke

−2π2/(tk+1−tk).

Therefore,

mk+1 = mk+1−n exp
{
−2π2

(
1

tk+1 − tk
+ · · ·+ 1

tk+2−n − tk+1−n

)}
.

Thus, |mk+1| ≤ e−2π2n for any n. Hence mk = 0 for any k =

0,−1,−2, . . . .
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Further, from the same recurrent equation we have:

e2πiηk+1 = e2πiηk e2πiεk+1 = · · · = e2πiηk−n e2πi(εk+1−n+···+εk+1).

Assume there exists a strong solution to our SDE. Under this assumption

ηk−n should be FW
tk−n-measurable. Consequently, if we denote GWtk−n,tk+1

=

σ
{
ω : Wt −Ws, tk−n ≤ s ≤ tk+1

}
, then the independence of the σ-

algebras FW
tk−n and GWtk−n,tk+1

implies that

E
(
e2πiηk+1 | GWtk−n,tk+1

)
= e2πi(εk+1−n+···+εk+1) Ee2πiηk−n︸ ︷︷ ︸

= 0

= 0.

Since GWtk−n,tk+1
↑ FW

tk+1
as n ↑ ∞, we conclude (“Lévy theorem”) that

E(e2πiηk+1 | FW
tk+1

) = 0.

If a strong solution then existed, then the variables ηk+1 would be

FW
tk+1

-measurable implying the identity e2πiηk+1 = 0 which is clearly

impossible.

I-3-3



The contradiction obtained shows that the equation dXt = a(t, X) dt+

dWt with the above function a(t, X) does not have a strong solution.

In connection with this example of nonexistence it is reasonable to

give general sufficient conditions for existence of s strong solution

of the SDE with path-dependent nonanticipating coefficients:

dXt = A(t,X) dt+B(t, X) dWt.

The following result ∗ is a straightforward extension of the result of

Theorem 1.

∗
R. Liptser, A. Shiryaev, Statistics of random processes, Springer, 1977-78,
2001.
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THEOREM 3. Suppose that (Ω,F , (Ft)t∈[0,1],P) is a given filtered

probability space and W = (Wt)t∈[0,1] is a (Ft)-Wiener process.

Let the nonanticipating functionals A(t,X), B(t, X), t ∈ [0,1], x ∈
C([0,1]), satisfy the global Lipschitz condition:

|A(t, x)−A(t, y)|2 + |B(t, x)−B(t, y)|2

≤ L1

∫ t
0
|xs − ys|2 dK(s) + L2|xt − yt|2,

A2(t, x) +B2(t, x) ≤ L1

∫ t
0
(1 + x2s) dK(s) + L2(1 + x2t ),

where L1 and L2 are constants, K(s) is a nondecreasing right-

continuous functions, 0 ≤ K(s) ≤ 1, x, y ∈ C([0,1]). Let ξ be an

F0-measurable random variable. Then the SDE

dXt = A(t,X) dt+B(t, X) dWt

has a unique strong solution X = (Xt,Ft)t≥0, 0 ≤ t ≤ 1.
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Let us give also some results related with the SDE dXt = a(Xt) dt+

dWt considered in Example 4.

THEOREM 4 (Zvonkin, 1974). Suppose that for a one-dimensional

SDE

dXt = A(t,Xt) dt+B(t, Xt) dWt, X0 = 0,

the coefficient A(t, x) is Borel measurable and bounded, the coefficient

A(t, x) is continuous and bounded, and there exists constants c > 0,

ε > 0 such that

|B(t, x)−B(t, y)| ≤ c
√
|x− y|, t ≥ 0, x, y ∈ R,

|B(t, x)| ≥ ε, t ≥ 0, x ∈ R.

Then the SDE has a unique strong solution.

For homogeneous SDEs there exists a stronger result.
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THEOREM 5 (Engelbert, Schmidt, 1985).

Suppose that, for a one-dimensional SDE

dXt = A(Xt) dt+B(Xt) dWt, X0 = x0,

the coefficient B does not vanish, AB−2 ∈ L′
loc(R), i.e.,

∫

|x|≤ε
A(x)B−2(x) dx < ∞, ε > 0,

and there exists a constant c > 0 such that

|B(x)−B(y)| ≤ c
√
|x− y|, x, y ∈ R,

|A(x)|+ |B(x)| ≤ c(1 + |x|), x ∈ R.

Then the SDE has a unique strong solution.
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§ 4. GIRSANOV’s CHANGE of MEASURES

(Ω,F , (Fn)n≥0,P) is a filtered probability space, F0 = {∅,Ω},

ε = (ε1, ε2, . . .) is a sequence of i.i.d., N(0,1), r.v.,

εn is Fn-measurable.

µ = (µn)n≥1

σ = (σn)n≥1

}
are given predictable sequences

(i.e., µn and σn are Fn−1-measurable).

σn are assumed > 0.

Set ξn = µn+σnεn. Evidently, Law(ξ | Fn−1;P) = N(µn, σ2n) which

allows one to call ξ = (ξn)n≥0

a CONDITIONALLY GAUSSIAN sequence (w.r.t. P)

with

conditional expectation
E(ξn | Fn−1) = µn

and
conditional variance
D(ξn | Fn−1) = σn
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We have Law(ξ | Fn−1;P) = N(µn, σ2n) and we want to construct a

new measure Pµ such that

Law(ξ | Fn−1;P
µ) = N(0, σ2n) .

In particular, if σn = 1, then r.v. ξ = µn + ε, 1 ≤ n ≤ N , are i.i.d.,

N(0,1), w.r.t. the measure P
µ
N = Pµ|FN :

Law(ξ1, . . . , ξN |Pµ) = Law(ε1, . . . , εN |P),
i.e.,

Law(µ1+ε1, . . . , µN+εN |Pµ) = Law(ε1, . . . , εN |P) (•)

The simplest version of corresponding continuous analog of this

result is the following.
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Let B = (Bt)t≤T be a Brownian motion (w.r.t. a measure P) and let

Bµ = (B
µ
t )t≤T be defined by B

µ
t = µt+ Bt (= a Brownian motion

with drift). Then one can construct the new measure Pµ such that

Law(B
µ
t , t ≤ T |PµT ) = Law(Bt, t ≤ T |PT )

where PT = P|FT and P
µ
T = Pµ|FT .

Let us prove the result (•).
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For N ≥ 1 define Zn = exp

{
−

n∑

k=1

µk
σk
εk −

1

2

n∑

k=1

(
µk
σk

)2}
.

LEMMA. 1) The sequence Z = (Zn)n≥1 is a (P, (Fn))-martingale

with EZn = 1.

2) Let F∞ = σ(
⋃Fn) and assume that

E exp

{
1

2

∞∑

k=1

(
µk
σk

)2}
< ∞ (Novikov’s condition).

Then Z = (Zn)n≥1 is a uniformly integrable martingale with limit

(P-a.s.) Z∞ = limZn such that

Z∞ = exp

{
−

∞∑

k=1

µk
σk
εk −

1

2

∞∑

k=1

(
µk
σk

)2}

and Zn = E(Z∞ | Fn).
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PROOF. 1) This is obvious, since for each n ≥ 1

E

[
exp

{
µk
σk
εk −

1

2

(
µk
σk

)2} ∣∣∣∣ Fn−1

]
= 1

by the Fn−1-measurability of µn/σn and the conditional Gaussian

property Law(εn | Fn−1;P) = N(0,1).

2) This will be proved below.
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Now turn to the proof of the GIRSANOV THEOREM:

Law(µ1+ ε1, . . . , µN + εN | P̃) = Law(ε1, . . . , εN |P) (•)

with dP̃N = ZN dPN .

First of all, recall the well-known Bayes formula:

Let P̃N ≪ PN , and let Y be a bounded FN-measurable r.v. Then

for each m ≤ N

Ẽ(Y | Fm) =
1

Zm
E(Y ZN | Fm),

where in our case Ẽ = E
P̃N

and ZN = exp

{
−

N∑

k=1

µk
σk
εk−

1

2

N∑

k=1

(
µk
σk

)2}
.

I-4-6



By this Bayes formula we get

Ẽ
(
eiλξn | Fn−1

)
= E

[
exp

{(
iλσn − µn

σn

)
εn+ iλµn − 1

2

(
µn

σn

)2} ∣∣∣∣ Fn−1

]

= E

[
=: I, E[I | Fn−1] = 1

︷ ︸︸ ︷

exp

{(
iλσn − µn

σn

)
εn − 1

2

(
iλσn − µn

σn

)2}

× exp

{
1
2

(
iλσn − µn

σn

)2
+ iλµn − 1

2

(
µn
σn

)2}

︸ ︷︷ ︸
= exp{−λ2σ2

n/2}

∣∣∣∣ Fn−1

]

= exp

{
−λ

2σ2n
2

}
P̃N-a.s.

⇓ ⇓ ⇓
Law(µ1+ ε1, . . . , µN + εN | P̃) = Law(ε1, . . . , εN |P) (•)
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To extend this result to the case N = ∞, consider again the martingale

Z = (Zn)n≥1 with

Zn = exp

{
−

n∑

k=1

µk
σk
εk −

1

2

n∑

k=1

(
µk
σk

)2}
.

Since EZN = 1, we have had possibility to define the measure P̃N :

dP̃N = ZN dPN ,

w.r.t. which the discrete version of the Girsanov theorem holds.

For case N = ∞ it is reasonable to put

dP̃∞ = Z∞ dP∞ , where P∞ = P|F∞, F∞ = σ(
⋃

Fn).
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Generally speaking, we cannot guarantee that EZ∞ = 1. That is

true if Z = (Zn)n≥1 is a uniformly integrable martingale, since for

such martingales there exists limn→∞Zn (= Z∞) and EZ −∞ = 1.

The most famous sufficient condition for the uniform integrability

of the family (Zn)n≥1 is the Novikov criterion:

E exp

{
1

2

∞∑

k=1

(
µn

σn

)2
<∞

}

The proof of this criterion will be provided below (§ 5) for more

general case of continuous time, which we consider now.
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Let (Ω,F , (Fn)n≥0,P) be a filtered probability space, and

B = (Bt)t≥0 a Brownian motion (Wiener process).

Consider the question on existence of a weak solution of the SDE

dXt = µ(t,X) dt+ dWt µ

where for each t ≥ 0 the functional µ(t, x) ≡ µ(t; xs, s ≤ t) is Bt-
measurable, where Bt = σ(xs : s ≤ t), x = (xs) ∈ C[0,∞), a space of

continuous functions defined on [0,∞).

The basic method of the proof is based on the ideas of the change

of measure launched in

1960 I. V. Girsanov. “On transformation of one class of random

process with the help of absolutely continuous change of

measure”, Theory Probab. Appl., 5:1, 314–330.
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Girsanov theorem claims the following.

Suppose Ω = C[0, T ] and let PWT be a Wiener measure on (C[0, T ],BT);
hence the canonical process W = (Wt(x))t≥T with Wt(x) = xt is a

PW -Wiener process.

Let Zt = exp

{
−
∫ T
0
µ(s,W ) dWs −

1

2

∫ T
0
µ2(s,W ) ds

}
and EWZT = 1,

where EW stands for expectation w.r.t. the measure PWT .

Define a new measure P̃T such that

dP̃T = ZT dP
W
T .

Then the process Bt = Wt+
∫ T
0
µ(s,W ) ds is P̃T -Wiener process:

Law

(
Wt+

∫ T
0
µ(s,W ) ds, t ≤ T

∣∣∣∣ P̃T
)
= Law(Wt, t ≤ T |PWT ).
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Put Xt =Wt. Then

dXt = −µ(t,X) dt+dBt (• •)

where B is a P̃T -Wiener process.

So, the set (B,X, P̃T ) forms a weak solution of equation (• •).
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Consider a particular case µ(t,W ) = −µ, where µ = const. Then

ZT = e−µBT−µ
2T/2, dP̃

µ
T = ZT dPT , Bt = Wt+ µt,

and Law(Wt + µt, t ≤ T |PµT ) = Law(Wt, t ≤ T |PT). From here we

find that if GT(x) = GT(xt, t ≤ T) is a bounded functional on space

C[0, T ], then

Law(GT (W
µ) |PµT ) = Law(GT (W ) |PT )

where W
µ
t = µt+Wt and P

µ
T = P̃T with

dP
µ
T = e−µWT−µ2T/2 dPT (= e−µW

µ
T−µ2T/2 dPT ).
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As a result we get

EGT(W
µ) = Eµ

dPT
dP

µ
T

GT(W
µ) = Eµ eµW

µ
T−µ2T/2GT(Wµ)

Girsanov’s
theorem

= E eµWT−µ2T/2GT(W ).

So, we have the following useful formula:

EGT(W
µ) = E eµWT−µ2T/2GT(W )

I-4-14



For many problems of the stochastic analysis, optimal stopping, it

is very useful to extend the above results

Law

(
Wt+

∫ T
0
µ(s,W ) ds, t ≤ T

∣∣∣∣ P̃T
)
= Law(Wt, t ≤ T |PT ),

EGT(W
µ) = E eµWT−µ2T/2GT(W )

for case when T is replaced by stopping time τ :

(�) Law
(
Wt+ µ(s,W ) ds, t ≤ τ

∣∣∣ Pµτ
)
= Law(Wt, t ≤ τ |Pτ),

(� �) EGτ(W
µ) = E eµWτ−µ2τ/2Gτ(W ).

Here dP
µ
T = eµWτ−µ2τ/2 = dPτ and, of course, we must assume that

τ is such that

EeµWτ−µ
2τ/2 = 1 .
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If instead of

(�) Law
(
Wt+ µ(s,W ) ds, t ≤ τ

∣∣∣ Pµτ
)
= Law(Wt, t ≤ τ |Pτ),

(��) EGτ(W
µ) = E eµWτ−µ2τ/2Gτ(W ).

we consider

(�) Law

(
Wt+

∫ t
0
µ(s,W ) ds, t ≤ τ

∣∣∣ Pµτ
)
= Law(Wt, t ≤ τ |Pτ),

(��) EGτ

(
Wt+

∫ t
0
µ(s,W ) ds; t ≤ τ

)

= E exp

{
−
∫ τ
0
A(s,W ) dWs −

1

2

∫ τ
0
A2(s,W ) ds

}
·Gτ(W ),

then it is necessary to replace the condition EeµWτ−µ2τ/2 = 1 by

E exp
{
−

∫ τ

0
µ(s,W ) dWs −

1

2

∫ τ

0
µ2(s,W ) ds

}
= 1 .
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Put λ = −µ and denote

E(λ)t = eλWt−λ2t/2, t ≥ 0.

The process (E(λ)t)t≥0 is the so-called stochastic exponential which

solves the linear SDE

dE(λ)t = λE(λ)t dWt , E(λ)0 = 1.

The process (E(λ)t)t≥0 is an (FW
t )t≥0-martingale with E(λ)t = 1.

This martingale is not uniformly integrable and, generally speaking,

E(λ)τ ≤ 1.

Our aim now is to find conditions on τ which imply E(λ)τ = 1.
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§ 5. CRITERIA of UNIFORM INTEGRABILITY

for STOCHASTIC EXPONENTIALS

Recall first some famous WALD’s IDENTITIES for a Wiener

process (Brownian motion) W = (Wt)t≥0.

Assume that the stopping time τ = τ(ω) is a stopping time w.r.t.

the σ-algebras (FW
t )t≥0 (i.e., {τ(ω) ≤ t} ∈ FW

t , t ≥ 0).

It is well known that:

E
√
τ <∞ ⇒ EWτ = 0

Eτ <∞ ⇒ EWτ = 0, EW2
τ = Eτ

(Wald’s identities)
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Introduce the following conditions:

Gikhman & Skorokhod: Eeλ
2τ < ∞ I(1;λ)

Liptser& Shiryaev: Ee
(
1
2+ε)λ

2τ
< ∞ II(12 + ε;λ)

Novikov: Ee
1
2λ

2τ < ∞ III(12;λ)

Yan; Krylov: lim
ε↓0

ε logEe(
1
2−ε)λ2τ = 0 IV(12−;λ)

I-5-2



We begin with the demonstration of the following implication:

II(12 + ε;λ): Ee(
1
2+ε)λ

2τ <∞ for some 0 < ε < 1 ⇒ EE(λ)τ = 1

For simplicity take λ = 1 and fix a ε > 0.

It is sufficient (for the uniform integrability) to check that

sup
t

E
(
Zt∧τ(1)

)1+δ
< ∞ for some δ > 0,

where Zt(λ) = E(λ)t = eλWt−λ2t/2.
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We have (with p = 1+ ε and q = (1+ ε)/ε):

(Zt(1))
1+δ = ψ

(1)
t · ψ(2)

t

= e(1+δ)Wt−p(1+δ)2t/2 · ep(1+δ)2t/2−(1+δ)t/2.

By the Hölder inequality,

E(Zt(1))
1+δ =

(
E(ψ

(1)
t )p

)1/p ·
(
E(ψ

(2)
t )q

)1/q

=
(
Eep(1+δ)Wt−p2(1+δ)2t/2

)1/p ·
(
E(ψ

(2)
t )q

)1/q

= 1 ·
(
E(ψ

(2)
t )q

)1/q
.
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Take δ > 1 such that for the given 0 < ε < 1

δ(1 + ε) ≤ ε2

(1 + ε)(1 + 2ε)
.

Then (ψ
(2)
t )q = epq(1+δ)

2t/2−q(1+δ)t/2 ≤ e(1/2+ε)t and

E(ψ
(2)
t∧τ)

q ≤ Ee(1/2+ε)(t∧τ) ≤ Ee(1/2+ε)τ < ∞.

So, E(Zt∧τ(1))1+δ ≤
(
E(ψ

(2)
t∧τ)

q
)1/q ≤ (Ee(1/2+ε)τ)1/q <∞.

The same is true if instead of λ = 1 we take any λ > 0. Therefore

II(12 + ε;λ): Ee(
1
2+ε)λ

2τ <∞ for some 0 < ε < 1 ⇒

⇒ EZτ(λ) = 1 ⇒ EE(λ)τ = 1
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Using the obtained result, let us prove the Novikov criterion:

III(12;λ): Ee
1
2λ

2τ < ∞ ⇒ EE(λ)τ = 1

For the proof take 0 < ε < 1 and λε = (1− ε)λ. Then

Ee(1+ε)λ
2
ετ = Ee(1+ε)(1−ε)

2λ2τ ≤ Ee
1
2λ

2τ ,

since (1 + ε)(1− ε)2 = (1− ε2)(1− ε) < 1.

I-5-6



We know from the criterion II(12 + ε;λ) that

Ee
(
1+ε
2 )λ2ε τ < ∞ ⇒ EZτ(λε) = 1 =

= EZτ((1− ε)λ) = Eeλ(1−ε)Wτ−λ2(1−ε)2τ/2

= E
[
e(1−ε)(λWτ−λ2τ/2 · e(1−ε)ελ2τ/2

] (
Hölder’s ineq. with
1/p = 1 − ε, 1/q = ε

)

≤
(
EZτ(λ)

)1−ε(
Ee(1−ε)λ

2τ/2
)ε

≤
(
EZτ (λ)

)1−ε(
Eeλ

2τ/2)ε .

Taking ε ↓ 0, we get 1 ≤ EZτ(λ). But EZτ(λ) ≤ 1 for any stopping

time. Hence, EZτ(λ) = EE(λ)τ = 1.
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Finally, let us show that

IV(12−;λ): lim
ε↓0

ε log Ee
(
1
2−ε)λ

2τ
= 0 ⇒ EZτ(λ) = 1

Condition limε↓0 ε log Ee
(
1
2−ε)λ

2τ
= 0 is equivalent to

lim
ε↓0

E
[
e(1−ε)λ

2τ/2
]ε

= 1. (∗)

From the latter condition it follows that for sufficiently small ε > 0

Ee(1−ε)λ2τ/2 <∞. So, for λε = (1− ε)λ

Ee
1+ε
2 λ2ε τ = Ee

(1+ε)(1−ε)2
2 λ2τ = Ee

(1−ε2)(1−ε)
2 λ2τ < ∞.

Then applying the criterion II(1+ε2 ;λε) we get that

EZτ(λε) = 1.
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Just as above we obtain

1 = EZτ (λε)

= EZτ((1− ε)λ) = Eeλ(1−ε)Wτ−λ2(1−ε)2τ/2

= E
[
e(1−ε)(λWτ−λ2τ/2 · e(1−ε)ελ2τ/2

] (
Hölder’s ineq. with
1/p = 1 − ε, 1/q = ε

)

≤
(
EZτ (λ)

)1−ε(
Ee(1−ε)λ

2τ/2)ε .

Put here ε ↓ 0. Then taking into account the condition (∗) we

obtain that EZτ(λ) ≥ 1. But at the same time EZτ(λ) ≤ 1. Hence

EZτ(λ) = 1, and criterion IV(12−;λ) is proved.
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§ 6. WEAK and STRONG SOLUTIONS. 2:

GENERAL REMARKS on the

EXISTENCE and UNIQUENESS

1. The development of the general theory of SDE of the type

dXt = B(X, t) dt+A(X, t) dBt (⋄)

where B = (Bt)t≥0 is a Brownian motion, and given above different

examples of existence/nonexistence of weak and strong solutions

led to the following general concept of

the SOLUTION of SDE (⋄).
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DEFINITION 1. A SOLUTION of SDE (⋄) is a pair (X,B) of

processes X = (Xt)t≥0, B = (Bt)t≥0 defined on some (not given

apriori) filtered probability space (Ω,F , (Ft),P) and such that (X,B)

are adapted, B is a P-Brownian motion, and P-a.s.

Xt = X0 +
∫ t
0
B(X, s) ds+

∫ t
0
A(X, s) dBs, t ≥ 0

(integrals are assumed to be well-defined).

Such a pair is very often called a weak solution of the SDE (⋄).

If the solution (X,B) is such that Xt is FB
t -measurable for all t, then

we say that (X,B) is a strong solution.
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DEFINITION 2. We say that the SDE (⋄) has the property of

uniqueness in law if for any solutions (X,B) and (X ′, B′) (which

may be defined on different filtered probability spaces (Ω,F , (Ft),P)
and (Ω′,F ′, (F ′

t),P
′)) one has

Law(X |P) = Law(X′ |P′) .

DEFINITION 3. We say that the SDE (⋄) has the property of

pathwise uniqueness if for any solutions (X,B) and (X ′, B) (which

are defined on the same filtered probability spaces) one has

P(Xt = X′
t, t ≥ 0) = 1 .

NOTE. Stroock and Varadhan developed a little bit different approach

to the notion of the solution of SDE. They treat a solution not as

a pair of processes but rather as a single object, namely, a measure

on the path space which is a solution of the martingale problem.
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Implications which follow directly from the definitions:

Strong existence ⇒ Weak existence

Pathwise uniqueness ⇒ Uniqueness in law

The well-known Yamada–Watanabe theorem:

Weak existence

Pathwise uniqueness

⇒ Strong existence •

H.-J. Engelbert and A. Cherny established the counterpart of • :

Strong existence

Uniqueness in law

⇒ Pathwise uniqueness
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2. We conclude our lectures on the SDEs by the following

notes (proposed by A. Cherny, H.-J. Engelbert et al.):

(1) It may happen that there exists no solution to the SDE

(on any filtered probability space):
W S
− −

.

Examples:

(α) dXt = − sgnXt dt , X0 = 0,

(deterministic equation)

here sgn x =





1, x > 0,

−1, x ≤ 0;

(β) dXt = − 1

2Xt
I(Xt 6= 0) dt+ dBt , X0 = 0,
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(2) It may happen that there exists a weak solution

but there is no strong solution:
W S
+ −

.

Examples:

(α) dXt = sgnXt dBt , X0 = 0,

(“two-sided” Tanaka equation)

(β) dXt = A(Xt) dBt , X0 = 0,

(Barlow’s case)

with A(x): R → (0,∞) bounded continuous
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(3) If there exists a strong solution of the SDE on some filtered

probability space, then there exists a strong solution on any

other probability space with Brownian motion.

(4) If there exists a solution and if pathwise uniqueness holds, then

on any filtered probability space with a Brownian motion there

exists exactly one solution and this solution is strong (by the

Yamada–Watanabe theorem).
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(5) It may happen that there are several solutions with the same

Brownian motion.

Examples:

(α) dXt = I(Xt 6= 0) dBt , X0 = 0,
W S
+ +

here (B,B) and (0, B) are solutions;

(β) dXt = −δ − 1

2Xt
I(Xt 6= 0) dt+ dBt , X0 = x0 6= 0, δ ≥ 2.

here we have the weak existence and pathwise

uniqueness, so there exists a unique strong

solution (the Yamada–Watanabe theorem).
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§ 7. WEAK and STRONG SOLUTIONS. 3:

SUFFICIENT CONDITIONS for

EXISTENCE and UNIQUENESS. SUMMARY

dXt = A(t,Xt) dt+B(t,Xt) dWt

Itô: If |A(t, x)− A(t, y)|+ |B(t, x)−B(t, y)| ≤ c|x− y|
|A(t, x)|+ |B(t, x)| ≤ c(1 + |x|),

then there exists a unique strong solution

Skorokhod: If A and B are continuous bounded,

then there exists a weak solution

Zvonkin: If A is measurable bounded, B is continuous bounded

and |B(t, x)−B(t, y)| ≤ c
√
|x− y|, |B(t, x)| ≥ ε > 0,

then strong existence and pathwise uniqueness hold
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dXt = A(Xt) dt+B(Xt) dWt X0 = 0

Engelbert & Schmidt:

If B 6= 0, AB−2 ∈ L1
loc(R), |B(x) − B(y)| ≤ c|x − y| and

|A(x)|+ |B(x)| ≤ c(1 + |x|),
then there exists a (pathwise) unique strong solution
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dXt = A(t,Xt) dt+B(t,Xt) dWt

Yamada & Watanabe:

If there exist a constant c > 0 and a strictly increasing

function h : R+ → R+ with
∫ 0+
0 h−2(x) dx = ∞ such that

|A(t, x)−A(t, y)| ≤ c|x−y|, |B(t, x)−B(t, y)| ≤ h|x−y|,
then pathwise uniqueness hold

Stroock & Varadhan:

If A is measurable bounded, B is continuous bounded

and there exists a constant ε(t, x) > 0 such that

|A(t, x)λ| ≥ ε(t, x)|λ|, λ ∈ R,

then weak existence and uniqueness in law hold

Portenko:

If |B(t, x)| ≥ ε > 0 and
∫ t
0

∫
R |A(S, x)|n+δ ds dx < ∞, δ > 0,

then the previous Stroock–Varadhan result holds
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dXt = A(Xt) dt+B(Xt) dWt

Krylov:

If A and B are measurable bounded

and there exists a constant ε > 0 such that |B(x)| ≥ ε,

then weak existence and uniqueness in law hold
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TOPIC II: Optimal stopping problems. Basic formulations,

concepts and methods of solutions

§ 1. Standard and Nonstandard Optimal Stopping Problems

1. Optimal stopping theory is a part of the stochastic

optimization theory with a wide set of applications and well-

developed methods of solution.

GENERAL FORMULATION.

We have a filtered probability space (Ω,F , (Ft)t≥0,P) and a family

of the stochastic processes G = (Gt)t≥0, where Gt is interpreted as

the gain if the observation is stopped at time t.
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The optimal stopping problems consist in finding the value functions

V = sup
τ∈M

EGτ or V = sup
τ∈M

EGτI(τ < ∞)

Here M is the class of Markov times τ = τ(ω)

(i.e., random variables τ with values on [0,∞] such

that {ω : τ(ω) ≤ t} ∈ Ft for all t ≥ 0),

M is a subclass of M,

namely, the random variables τ such that τ(ω) <∞
for all ω ∈ Ω, or sometimes P(τ(ω) <∞) = 1.
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Note that we do not make any measurability assumption on the gain

functions Gt, t ≥ 0 except for F-measurability.

If Gt is Ft-measurable for each t ≥ 0, then we say that the problems

of finding V and V are STANDARD problems.

If Gt is F = σ(
⋃Ft)-measurable or F-measurable, then we say that

the problems of finding V and V are NONSTANDARD problems.
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2. The general Optimal Stopping Theory (OST) is well-

developed for STANDARD problems. For this case there are

two main approaches to solve the problems V and V :

A. Martingale approach B. Markovian approach

operates with Ft-measurable

functions Gt and is based on

two methods:

a) Method of backward

induction (for case of

discrete tine t = n ≤ N)

b) Method of essential

supremum (for discrete

and continuous time and

finite or infinite horizon)

assumes that functions Gt(ω)

have the Markovian

representation, i.e. there

exists a Markov process

X = (Xt)t≥0 such that

Gt(ω) = G(t, Xt(ω)) with some

measurable functions G(t, x),

where x ∈ E and E is a phase

space of X
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The technique of reduction to the Markovian representation will be

illustrated in Topic III where we consider some quickest detection

problems formulated a priori as nonstandard stopping problems.

3. Before going to the results of the general theory for standard

problems, let us consider the procedures of reduction of the

nonstandard problems to the standard ones.

Assume Gt(ω) is (t, ω)-measurable positive (or bounded) functions,

t ≥ 0, ω ∈ Ω. From the General Theory of stochastic processes we

know ∗ that there exists an optional process (or optional projection)

G′
t(ω) such that for any Markov time τ = τ(ω)

EGτI(τ <∞) = EG′
τI(τ <∞).

∗
See, e.g., C. Dellacherie, P.-A. Meyer. Probabilités et potentiel. Théorie
des martingales (Ch. VI, § 2: Projections et projections duales), Hermann,
1980, 113–119.
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NOTE. Process G′ = (G′
t(ω))t≥0, ω ∈ Ω, is called optional if it is

measurable w.r.t. the σ-field on Ω × R+, generated by all càdlàg

adapted processes considered as a mappings on Ω × R+. If the

process G′ is optional, then G′
t is Ft-measurable and for any Markov

time τ the variable GτI(τ < ∞) is Fτ-measurable, where the σ-

algebra is defined as Fτ = {A ∈ F : A ∩ {τ ≤ t} ∈ Ft, t ≥ 0}.
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DISCRETE TIME: there exists a very simple construction of G′:

G′
n = E(Gn | Fn), n ≥ 0.

CONTINUOUS TIME: the property

there exists an optional process G′
t(ω), t ≥ 0, such that

EGτI(τ < ∞) = EG′
τI(τ < ∞)

for any ∗ stopping time τ

is EQUIVALENT to the property

there exists an optional process G′
t(ω), t ≥ 0, such that

the (conditional) identity hold:

E[GτI(τ < ∞) | Fτ ] = G′
τI(τ < ∞) a.s.

for any ∗ stopping time τ

∗
It is NOT sufficient to take only bounded stopping times τ .
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§ 2. OS-Lecture 1: INTRODUCTION

1. Connections of the Optimal stopping theory and the Math-

ematical analysis (especially PDE-theory) can be illustrated by

the Dirichlet problem for the Laplace equation:

to find a harmonic function u = u(x) in the class C2 in the

bounded open domain C ⊆ Rd, i.e., to find a function u ∈ C2

that satisfies the equation

∆u = 0, x ∈ C, (∗)
and the boundary condition

u(x) = G(x), x ∈ ∂D, where D = R
d \ C. (∗∗)
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Let

τD = inf{t : Bxt ∈ D},
where

Bxt = x+Bt

and B = (Bt)t≥0 is a d-dimensional standard Brownian motion.

Then the probabilistic solution of the Dirichlet problem

∆u = 0, x ∈ C,

u(x) = G(x), x ∈ ∂D,

is given by the formula

u(x) = EG(BxτD), x ∈ C ∪ ∂D
(
u(x) = ExG(BτD)

)
.
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The optimal stopping theory operates with the optimization

problems, where

• we have a set of domains C =
{
C : C ⊆ Rd

}
and

• we want to find the function

U(x) = sup
τD

ExG(BτD) , where G = G(x) is given for all x ∈ Rd,

D ∈ D =
{
D = C̄ : C ∈ C}

or, generally, to find the function

V (x) = sup
τ

ExG(Bτ) , where τ is an arbitrary finite

stopping time defined by the

process B.
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2. The following scheme illustrates the kind of concrete problems

of general interest that will be studied in the courses of lectures:

A. Theory of probability

sharp inequalities

B. Mathematical statistics

sequential analysis

C. Financial mathematics

stochastic equilibria

The solution method for problems A, B, C consists in reformulation

to an optimal stopping problem and reduction to a free-boundary

problem as stated in the diagram:
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A, B, C

?H

6N

&%
'$
1 &%

'$
4

Optimal stopping problems

?H

6N

&%
'$
2 &%

'$
3

Free-boundary problems
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3. To get some idea of the character of problems A, B, C that will

be studied, let us begin with the following remarks.

(A) Let B = (Bt)t≥0 be a standard Brownian motion. Then

Wald identities:
EBT = 0 and EBτ = 0 if E

√
τ <∞

EB2
T = T and EB2

τ = Eτ if Eτ <∞

From Jensen’s inequality and E|Bτ |2 = Eτ we get

E|Bτ |p ≤ (Eτ)p/2 for 0 < p ≤ 2

E|Bτ |p ≥ (Eτ)p/2 for 2 ≤ p <∞

B. Davis (1976): E|Bτ | ≤ z∗1E
√
τ , z∗1 = 1.30693 . . .
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Now our main interest relates with the estimation of the expectations

Emax
t≤τ

Bt and Emax
t≤τ

|Bt|.

We have

maxB
law
= |B|.

So,

Emax
t≤T

Bt = E|BT | =

√
2

π
T

and

Emax
t≤τ

Bt = E|Bτ | ≤




√
Eτ ,

z∗1E
√
τ , z∗1 = 1.30993 . . .
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The case of max |B| is more difficult. We know that

P

(
max
t≤T

|Bt| ≤ x

)
=

4

π

∞∑

n=0

(−1)n

2n+1
exp

(
−π

2(2n+1)2

8x2

)
.

From here it is possible to obtain (but it is not easy!) that

Emax
t≤T

|Bt| =
√
π

2
T

(
= 1.25331 . . .

)
.

(Recall that E|BT | =
√

2
πT (= 0.79788 . . .).)
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SIMPLE PROOF:

(Bat; t ≥ 0)
law
= (

√
aBt; t ≥ 0).

Take σ = inf {t > 0 : |Bt| = 1}. Then

P

(
sup

0≤t≤1
|Bt| ≤ x

)
= P

(
sup

0≤t≤1
|Bt/x2| ≤ 1

)

= P

(
sup

0≤t≤1/x2
|Bt| ≤ 1

)
= P

(
σ ≥ 1

x2

)
= P

(
1√
σ
≤ x

)
,

that is,

sup
0≤t≤1

|Bt| law=
1√
σ
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The normal distribution property:

√
2

π

∫ ∞

0
Ee

− x2

2a2 dx = a , a > 0. (∗)

So,

E sup
0≤t≤1

|Bt| = E
1√
σ

(∗)
=

√
2

π

∫ ∞

0
Ee

−x2σ
2 dx.

Since Ee−λσ = 1
cosh

√
2λ

, we get

E sup
0≤t≤1

|Bt| =

√
2

π

∫ ∞

0

dx

cosh x
= 2

√
2

π

∫ ∞

0

ex dx

e2x+1
=

√
2

π

∫ ∞

1

dy

1 + y2

= 2

√
2

π
arctan(x)

∣∣∣∣∣

∞

1

= 2

√
2

π
· π
4

=

√
π

2
.
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E sup
0≤t≤1

|Bt| =
√
π

2
E sup
0≤t≤T

|Bt| =
√
π

2
T

In connection with MAX the following can be interesting. In his

speech delivered in 1856 before a grand meeting at the St.-Petersburg

University the great mathematician

P. L. Chebyshev (1821–1894)

has formulated some statements about the “unity of theory and

practice”. In particular he emphasized that

“a large portion of the practical questions can be stated in the

form of problems of MAXIMUM and MINIMUM... Only the

solution of these problems can satisfy the requests of practice

which is always in search of the best and the most efficient.”
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4. Suppose that instead of maxt≤T |Bt|, where, as already known,

E max
0≤ t≤T

|Bt| =
√
π

2
T ,

we have some random time τ and we want to find

E max
0≤ t≤ τ

|Bt| = ?

It is clear that it is virtually impossible

• to compute this expectation for every stopping time τ of B.

Thus, as the second best thing, one can try

• to bound it with a quantity which is easier computed.

A natural candidate for the latter is Eτ at least when finite.

In this way a PROBLEM A has appeared.
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Problem A leads to the following maximal inequality:

E

(
max
0≤t≤τ

|Bt|
)
≤ C

√
Eτ (1)

which is valid for all stopping times τ of B with the best constant

C equal to
√
2.

We will see that the problem A can be solved in the form (1) by

REFORMULATION to the following optimal stopping problem:

V∗ = sup
τ

E

(
max
0≤t≤τ

|Bt| − cτ

)
, (2)

where

• the supremum is taken over all stopping times τ of B

satisfying Eτ <∞, and

• the constant c > 0 is given and fixed.

It constitutes Step 1 in the diagram above.
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If V∗ = V∗(c) can be computed, then from (2) we get

E

(
max
0≤t≤τ

|Bt|
)
≤ V∗(c) + cEτ (3)

for all stopping times τ of B and all c > 0. Hence we find

E

(
max
0≤t≤τ

|Bt|
)
≤ inf
c>0

(
V∗(c) + cEτ

)
. (4)

for all stopping times τ of B. The RHS in (4) defines a function of

Eτ that, in view of (2), provides a sharp bound of the LHS.

Our lectures demonstrate that the

optimal stopping

problem (2)
can be reduced to a

free-boundary

problem

This constitutes Step 2 in the diagram above.
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Solving the free-boundary problem one finds that V∗(c) = 1/2c.

Inserting this into (4) yields

inf
c>0

E
(
V∗(c) + c Eτ

)
=

√
2Eτ (5)

so that the inequality (4) reads as follows:

E

(
max
0≤t≤τ

|Bt|
)
≤

√
2 Eτ (6)

for all stopping times τ of B.

This is exactly the inequality (1) above with C =
√
2.

The constant
√
2 is the best possible in (6).
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In the lectures we consider similar sharp inequalities for other stochastic

processes using ramifications of the method just exposed.

Apart from being able to

• derive sharp versions of known inequalities

the method can also be used to

• derive some new inequalities.
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(B) Classic examples of problems in SEQUENTIAL ANALYSIS:

• WALD’s problem (“Sequential analysis”, 1947) of sequential

testing of two statistical hypotheses

H0 : µ = µ0 and H1 : µ = µ1 (7)

about the drift parameter µ ∈ R of the observed process

Xt = µt+Bt , t ≥ 0, where B = (Bt)t≥0 is a

standard Brownian motion.

(8)

• The problem of sequential testing of two statistical hypotheses

H0 : λ = λ0 and H1 : λ = λ1 (9)

about the intensity parameter λ > 0 of the observed process

Xt = Nλ
t , t ≥ 0, where N = (Nt)t≥0 is a

s tandard Poisson process.

(10)
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The basic problem in both cases seeks to find the

optimal decision rule (τ∗, d∗)

in the class ∆(α, β) consisting of decision rules

(d, τ), where τ is the time of stopping and

accepting H1 if d = d1 or

accepting H0 if d = d0,

such that the probability errors of the first and second kind satisfy:

P(acceptH1 | trueH0) ≤ α (11)

P(acceptH0 | trueH1) ≤ β (12)

and the mean times of observation E0τ and E1τ are as small as

possible.

It is assumed that α > 0 and β > 0 with α+ β < 1.
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It turns out that with this (variational) problem

⇓
one may associate an optimal stopping (Bayesian) problem

⇓
which in turn can be reduced to a free-boundary problem .

This constitutes Steps 1 and 2 in the diagram above.

Solving the free-boundary problem leads to an optimal decision rule

(τ∗, d∗) in the class ∆(α, β) satisfying (11) and (12) as well as the

following two identities:

E0τ = inf
(τ,d)

E0τ, E1τ = inf
(τ,d)

E1τ

where the infimum is taken over all decision rules (τ, d) in ∆(α, β).

This constitutes Steps 3 and 4 in the diagram above.
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In our lectures we study these as well as closely related problems of

QUICKEST DETECTION.

(The story of creating of the quickest detection problem of randomly

appearing signal, its mathematical formulation, and the route of

solving the problem (1961) are also interesting.)

Two of the prime findings, which also reflect the historical development

of these ideas, are the

principles of SMOOTH and CONTINUOUS FIT

respectively.
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C) One of the best-known specific problems of

MATHEMATICAL FINANCE,

that has a direct connection with optimal stopping problems, is the

problem of determining the

arbitrage-free price of the American put option.

Consider the Black–Scholes model, where the stock price X =

(Xt)t≥0 is assumed to follow a geometric Brownian motion:

Xt = x exp

(
σBt+ (r − σ2/2) t

)
, (13)

where x > 0, σ > 0, r > 0 and B = (Bt)t≥0 is a standard Brownian

motion. By Itô’s formula one finds that the process X solves

dXt = rXt dt+ σXt dBt with X0 = x. (14)
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General theory of financial mathematics makes it clear that the

initial problem of determining the arbitrage-free price of the American

put option can be reformulated as the following optimal stopping

problem:

V∗ = sup
τ

Ee−rτ(K −Xτ)
+ (15)

where the supremum is taken over all stopping times τ of X.

This constitutes Step 1 in the diagram above.

The constant K > 0 is called the strike price. It has a certain

financial meaning which we set aside for now.
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It turns out that the optimal stopping problem (15):

V∗ = sup
τ

Ee−rτ(K −Xτ)
+

can be reduced again to a free-boundary problem which can be

solved explicitly. It yields the existence of a constant b∗ such that

the stopping time

τ∗ = inf { t ≥ 0 | Xt ≤ b∗ } (16)

is optimal in (15).

This constitutes Steps 2 and 3 in the diagram above.

Both the optimal stopping point b∗ and the arbitrage-free price V∗
can be expressed explicitly in terms of the other parameters in the

problem. A financial interpretation of these expressions constitutes

Step 4 in the diagram above.
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In the formulation of the problem (15) above:

V∗ = sup
τ

Ee−rτ(K −Xτ)
+

no restriction was imposed on the class of admissible stopping

times, i.e. for certain reasons of simplicity it was assumed there

that

τ belongs to the class of stopping times

M = { τ | 0 ≤ τ < ∞} (17)

without any restriction on their size.
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A more realistic requirement on a stopping time in search for the

arbitrage-free price leads to the following optimal stopping problem:

V T∗ = sup
τ∈MT

Ee−rτ(K −Xτ)
+ (18)

where the supremum is taken over all τ belonging to the class of

stopping times

M
T = { τ | 0 ≤ τ ≤ T } (19)

with the horizon T being finite.

The optimal stopping problem (18) can be also reduced to a free-

boundary problem that apparently cannot be solved explicitly.
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Its study yields that the stopping time

τ∗ = inf { 0 ≤ t ≤ T | Xt ≤ b∗(t) } (20)

is optimal in (18), where b∗ : [0, T ] → R is an increasing continuous

function.

A nonlinear Volterra integral equation can be derived which characterizes

the optimal stopping boundary t 7→ b∗(t) and can be used to compute

its values numerically as accurate as desired.

The comments on Steps 1–4 in the diagram above made in the

infinite horizon case carry over to the finite horizon case without

any change.

In our lectures we study these and other similar problems that arise

from various financial interpretations of options.
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5. So far we have only discussed problems A, B, C and their reformulations

as optimal stopping problems. Now we want to address the methods

of solution of optimal stopping problems and their reduction to free-

boundary problems.

There are essentially two equivalent approaches to finding a solution

of the optimal stopping problem. The first one deals with the problem

V∗ = sup
τ∈M

EGτ in the case of infinite horizon, (21)

or the problem

V T∗ = sup
τ∈MT

EGτ in the case of finite horizon, (22)

where M = { τ | 0 ≤ τ ≤ ∞}, and MT = { τ | 0 ≤ τ ≤ T }.
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In this formulation it is important to realize that

G = (Gt)t≥0 is an arbitrary stochastic process defined on

a filtered probability space (Ω,F , (Ft)t≥0,P), where it is

assumed that G is adapted to the filtration (Ft)t≥0 which

in turn makes each τ from M or MT a stopping time.

Since the method of solution to the problems (21) and (22) is based

on results from the theory of martingales (Snell’s envelope, 1952),

the method itself is often referred to as the

MARTINGALE METHOD.
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On the other hand, if we are to take a state space (E,B) large

enough, then one obtains the

“Markov representation” Gt = G(Xt)

for some measurable function G, where X = (Xt)t≥0 is a Markov

process with values in E. Moreover, following the contemporary

theory of Markov processes it is convenient to adopt the definition

of a Markov process X as the family of Markov processes

((Xt)t≥0, (Ft)t≥0, (Px)x∈E) (23)

where Px(X0 = x) = 1, which means that the process X starts at

x under Px. Such a point of view is convenient, for example, when

dealing with the Kolmogorov forward or backward equations, which

presuppose that the process can start at any point in the state

space.

II-2-29



Likewise, it is a profound attempt, developed in stages, to study

optimal stopping problems through functions of initial points in the

state space.

In this way we have arrived to the second approach which deals with

the problem

V (x) = sup
τ

ExG(Xτ) (24)

where the supremum is taken over M or MT as above (Dynkin’s

formulation, 1963).

Thus, if the Markov representation of the initial problem is valid, we

will refer to the

MARKOVIAN METHOD of solution.
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6. To make the exposed facts more transparent, let us consider the

optimal stopping problem

V∗ = sup
τ

E

(
max
0≤t≤τ

|Bt| − cτ

)

in more detail.

Denote

Xt = |x+Bt| (25)

for x ≥ 0, and enable the maximum process to start at any point by

setting for s ≥ x

St = s ∨
(

max
0≤r≤t

Xr

)
. (26)
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St = s ∨
(

max
0≤r≤t

Xr

)

The process S = (St)t≥0 is not Markov, but

the pair (X,S) = (Xt, St)t≥0 forms a Markov process

with the state space

E = { (x, s) ∈ R2 |0 ≤ x ≤ s }.

The value V∗ from (2) above: V∗ = sup
τ

E

(
max
0≤t≤τ

|Bt| − cτ

)
coincides

with the value function

V∗(x, s) = sup
τ

Ex,s

(
Sτ− cτ

)
(27)

when x = s = 0. The problem thus needs to be solved in this more

general form.
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The general theory of optimal stopping for Markov processes makes

it clear that the optimal stopping time in (27) can be written in the

form

τ∗ = inf { t ≥ 0 | (Xt, St) ∈ D∗} (28)

where D∗ is a stopping set, and

C∗ = E \D∗ is the continuation set.

In other words,

• if the observation of X was not stopped before time t

since Xs ∈ C∗ for all 0 ≤ s < t, and we have that Xt ∈ D∗,
then it is optimal to stop the observation at time t,

• if it happens that Xt ∈ C∗ as well, then the observation

of X should be continued.
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D∗ C∗
Heuristic considerations on the

shape of the sets C∗ and D∗ make

it plausible to guess that there exist

a point s∗ ≥ 0 and a continuous

increasing function s 7→ g∗(s) with

g∗(s∗) = 0 such that

D∗ = { (x, s) ∈ R
2 | 0 ≤ x ≤ g∗(s) , s ≥ s∗ } (29)

Note that such a guess about the shape of the set D∗ can be made

using the following intuitive arguments. If the process (X,S) starts

from a point (x, s) with small x and large s, then it is reasonable to

stop immediately because to increase the value s one needs a large

time τ which in the formula (27) appears with a minus sign.
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At the same time it is easy to see that

if x is close or equal to s then it is reasonable to continue

the observation, at least for small time ∆, because s will

increase for the value
√
∆ while the cost for using this

time will be c∆, and thus
√
∆ − c∆ > 0 if ∆ is small

enough.

Such an a priori analysis of the shape of the boundary between the

stopping set C∗ and the continuation set D∗ is typical to the act of

finding a solution to the optimal stopping problem. The

art of GUESSING

in this context very often plays a crucial role in solving the problem.
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Having guessed that the stopping set D∗ in the optimal stopping

problem V∗(x, s) = supτ Ex,s(Sτ− cτ) takes the form

D∗ = { (x, s) ∈ R
2 | 0 ≤ x ≤ g∗(s) , s ≥ s∗ },

it follows that τ∗ attains the supremum, i.e.,

V∗(x, s) = Ex,s

(
Sτ∗− cτ∗

)
for all (x, s) ∈ E. (30)

Consider V∗(x, s) for (x, s) in the continuation set

C∗ = C1
∗ ∪ C2

∗ (31)

where the two subsets are defined as follows:

C1
∗ = { (x, s) ∈ R

2 | 0 ≤ x ≤ s < s∗ } (32)

C2
∗ = { (x, s) ∈ R

2 | g∗(s) < x ≤ s , s ≥ s∗ }. (33)
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Denote by

LX =
1

2

∂2

∂x2

the infinitesimal operator of the process X. By the strong Markov

property one finds that V∗ solves

LXV∗(x, s) = c for (x, s) in C∗. (34)

If the process (X,S) starts at a point (x, s) with x < s, then during

a positive time interval the second component S of the process

remains equal to s.

This explains why the infinitesimal operator of the process (X,S)

reduces to the infinitesimal operator of the process X in the interior

of C∗.
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On the other hand, from the structure of the process (X,S) it follows

that at the diagonal in R2
+

• the condition of normal reflection holds:

∂V∗
∂s

(x, s)

∣∣∣∣∣
x=s−

= 0. (35)

Moreover, it is clear that for (x, s) ∈ D∗
• the condition of instantaneous stopping holds:

V∗(x, s) = s. (36)

Finally, either by guessing or providing rigorous arguments, it is

found that at the optimal boundary g∗
• the condition of smooth fit holds:

∂V∗
∂x

(x, s)

∣∣∣∣∣
x=g∗(s)+

= 0. (37)
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This analysis indicates that the value function V∗ and the optimal

stopping boundary g∗ can be obtained by searching for the pair of

functions (V, g) solving the following free-boundary problem:

LXV (x, s) = c for (x, s) in Cg (38)

∂V

∂s
(x, s)

∣∣∣∣
x=s−

= 0 (normal reflection) (39)

V (x, s) = s for (x, s) in Dg (instantaneous stopping) (40)

∂V

∂x
(x, s)

∣∣∣∣
x=g(s)+

= 0 (smooth fit) (41)

where the two sets are defined as follows (g(s0) = 0):

Cg = { (x, s) ∈ R
2 | 0 ≤ x ≤ s < s0 or g(s) < x ≤ s, s ≥ s0 } (42)

Dg = { (x, s) ∈ R
2 | 0 ≤ x ≤ g(s) , s ≥ s0 } (43)

It turns out that this system does not have a unique solution so

that an additional criterion is needed to make it unique in general.
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Let us show how to solve the free-boundary problem (38)–(41) by

picking the right solution (more details will be given in the lectures).

From (38) one finds that for (x, s) in Cg we have

V (x, s) = cx2 +A(s) x+B(s) (44)

where A and B are some functions of s. To determine A and B as

well as g we can use the three conditions

∂V

∂s
(x, s)

∣∣∣∣
x=s−

= 0 (normal reflection)

V (x, s) = s for (x, s) in Dg (instantaneous stopping)

∂V

∂x
(x, s)

∣∣∣∣
x=g(s)+

= 0 (smooth fit)

which yield

g′(s) =
1

2(s− g(s))
, for s ≥ s0. (45)
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It is easily verified that the linear function

g(s) = s− 1

2c
(46)

solves (45). In this way a candidate for the optimal stopping boundary

g∗ is obtained.

For (x, s) ∈ E with s ≥ 1
2c one can determine V (x, s) explicitly using

V (x, s) = cx2 +A(s) x+B(s)

and

g(s) = s− 1

2c
.

This in particular gives that V (1/2c,1/2c) = 3/4c.
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For other points (x, s) ∈ E when s < 1/2c one can determine V (x, s)

using that the observation must be continued. In particular for x =

s = 0 this yields that

V (0,0) = V (1/2c,1/2c)− cE0,0(σ) (47)

where σ is the first hitting time of the process (X,S) to the point

(1/2c,1/2c).

Because E0,0(σ) = E0,0(X
2
σ) = (1/2c)2 and V (1/2c,1/2c) = 3/4c,

we find that

V (0,0) =
1

2c
(48)

as already indicated prior to (5) above. In this way a candidate for

the value function V∗ is obtained.
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The key role in the proof of the fact that

V = V∗ and g = g∗

is played by

Itô’s formula (stochastic calculus) and the

optional sampling theorem (martingale theory).

This step forms a VERIFICATION THEOREM that makes it

clear that

the solution of the free-boundary problem coincides

with the solution of the optimal stopping problem
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7. The important point to be made in this context is that the

verification theorem is usually not difficult to prove in the cases

when a candidate solution to the free-boundary problem is obtained

explicitly.

This is quite typical for one-dimensional problems with infinite

horizon, or some simpler two-dimensional problems, as the one just

discussed.

In the case of problems with finite horizon, however, or other

multidimensional problems, the situation can be radically different.

In these cases, in a manner quite opposite to the previous ones,

the general results of optimal stopping can be used to prove the

existence of a solution to the free-boundary problem, thus providing

an alternative to analytic methods.
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8. From the material exposed above it is clear that our basic interest

concerns the case of continuous time.

The theory of optimal stopping in the case of continuous time is

considerably more complicated than in the case of discrete time.

However, since the former theory uses many basic ideas from the

latter, we have chosen to present the case of discrete time first, both

in the martingale and Markovian setting, which is then likewise

followed by the case of continuous time. The two theories form

several my lectures.
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§ 3. LECTURES 2–3:

Theory of optimal stopping for discrete time.

A. Martingale approach.

1. Definitions

(Ω,F , (Fn)n≥0,P), F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · · ⊆ F , G = (Gn)n≥0.

Gain Gn is Fn-measurable

Stopping (Markov) time τ = τ(ω):

τ : Ω → {0,1, . . . ,∞}, {τ ≤ n} ∈ Fn for all n ≥ 0.

M is the family of all finite stopping times

M is the family of all stopping times

M
N
n = {τ ∈ M |n ≤ τ ≤ N}

For simplicity we will set M
N = M

N
0 and Mn = M

∞
n .
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The optimal stopping problem to be studied seeks to solve

V∗ = sup
τ

EGτ . (49)

For the existence of EGτ suppose (for simplicity) that

E sup
0≤k<∞

|Gk| < ∞ (50)

(then EGτ is well defined for all τ ∈ MN
n , n ≤ N <∞).

In the class MN
n we consider

V Nn = sup
τ∈MN

n

EGτ , 0 ≤ n ≤ N. (51)

Sometimes we admit that τ in (49) takes the value ∞ (P(τ = ∞) >

0), so that τ ∈ M. We put Gτ = 0 on {τ = ∞}.

Sometimes it is useful to set G∞ = limsup
n→∞

Gn.
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2. The method of backward induction.

V Nn = sup
n≤τ≤N

EGτ

To solve this problem we introduce (by backward induction) a special

stochastic sequence SNN , S
N
N−1, . . . , S

N
0 :

SNN = GN , SNn = max{Gn, E(SNn+1 | Fn)},
n = N − 1, . . . ,0.

If n = N we have to stop and our stochastic gain SNN , equals GN .

-
���������1 Q

Q
Q
Q
Q
Q
Q
QQs ���������*

PPPPPPq ���������* PPPPPPPPPq

0 1 2 N − 2 N − 1 N

x
Stop at time N

?
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For n = N − 1 we can either stop or continue. If we stop, our gain

SNN−1, equals GN−1, and if we continue our gain SNN−1 will be equal

to E(SNN | FN−1).

-
���������1 PPPPPPPPPq ���������*

������1 PPPPPPPPPq �
�
�
�
�
�
��3

0 1 2 N − 2 N − 1 N

?

either stop at time N − 1

or continue and stop at time N

x

x
6

So,
SNN−1 = max{GN−1, E(S

N
N | FN−1)}

and optimal stopping time is

τNN−1 = min{N − 1 ≤ k ≤ N : SNk = Gk}.
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Define now a sequence (SNn )0≤n≤N recursively as follows:

SNn = GN , n = N,

SNn = max{Gn, E(SNn+1 | Fn)}, n = N−1, . . . ,0.

The described method suggests to consider the following stopping

time:

τNn = inf{n ≤ k ≤ N : SNk = Gk} for 0 ≤ n ≤ N .

The first part of the following theorem shows that SNn and τNn solve

the problem in a stochastic sense.

The second part of the theorem shows that this leads also to a

solution of the initial problem

V Nn = sup
n≤τ≤N

EGτ for each n = 0,1, . . . , N.
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Theorem 1. (Finite horizon)

I. For all 0 ≤ n ≤ N we have:

(a) SNn ≥ E(Gτ | Fn), ∀τ ∈ M
N
n ;

(b) SNn = E(GτNn
| Fn).

II. Moreover, if 0 ≤ n ≤ N is given and fixed, then we have:

(c) τNn is optimal in V Nn = sup
n≤τ≤N

EGτ ;

(d) if τ∗ is also optimal then τNn ≤ τ∗;

(e) the sequence (SNk )n≤k≤N is the smallest

supermartingale which dominates (Gk)n≤k≤N
(Snell’s envelope)

(f) the stopped sequence (SN
k∧τNn

)n≤k≤N is a

martingale.
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Proof of Theorem 1.

I. Induction over n = N,N−1, . . . ,0.

Conditions

(a) SNn ≥ E(Gτ | Fn), ∀τ ∈ M
N
n ,

and

(b) SNn = E(GτNn
| Fn)

are trivially satisfied for n = N .

Suppose that (a) and (b) are satisfied for n = N,N−1, . . . , k, where

k ≥ 1, and let us show that they must then also hold for n = k−1.
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(a)
(
SNn ≥ E(Gτ | Fn), ∀τ ∈ MN

n

)
: Take τ ∈ MN

k−1 and set τ̄ = τ ∨ k;
then τ̄ ∈ MN

k , and since {τ≥k} ∈ Fk−1 it follows that

E(Gτ | Fk−1) = E[I(τ=k−1)Gk−1 | Fk−1] + E[I(τ≥k)Gτ̄ | Fk−1]

= I(τ=k−1)Gk−1 + I(τ≥k) E[E(Gτ̄ | Fk) | Fk−1].

(52)

By the induction hypothesis, (a) holds for n = k. Since τ̄ ∈ MN
k this

implies that

E(Gτ̄ | Fk) ≤ SNk . (53)

From SNn = max(Gn, E(SNn+1 | Fn)) for n = k − 1 we have

Gk−1 ≤ SNk−1, (54)

E(SNk | Fk−1) ≤ SNk−1. (55)
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Using (53)–(55) in (52) we get

E(Gτ | Fk−1) ≤ I(τ=k−1)SNk−1 + I(τ≥k) E(SNk | Fk−1)

≤ I(τ=k−1) SNk−1 + I(τ≥k) SNk−1 = SNk−1. (56)

This shows that

SNn ≥ E(Gτ | Fn), ∀τ ∈ M
N
n

holds for n = k − 1 as claimed.

(b)
(
SNn = E(GτNn

| Fn)
)
: To prove (b) for n = k − 1 it is enough to

check that all inequalities in (52) and (56) remain equalities when

τ = τNk−1. For this, note that

τNk−1 = τNk on {τNk−1 ≥ k};
Gk−1 = SNk−1 on {τNk−1 = k − 1};
E(SNk | Fk−1) = SNk−1 on {τNk−1 ≥ k}.

II-3-9



Then we get

E
[
G
τNk−1

| Fk−1

]
= I(τNk−1 = k − 1)Gk−1

+ I(τNk−1≥k) E
[
E(G

τNk
| Fk) | Fk−1

]

= I(τNk−1 = k − 1)Gk−1 + I(τNk−1≥k) E(SNk | Fk−1)

= I(τNk−1 = k − 1)SNk−1 + I(τNk−1≥k)SNk−1 = SNk−1.

Thus

SNn = E
(
GτNn

| Fn
)

holds for n = k − 1. (We supposed by induction that (b) holds for

n = N, . . . , k.)
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(c)
(
τNn is optimal in V Nn = sup

n≤τ≤N
EGτ

)
:

Take expectation E in SNn ≥ E(Gτ | Fn), τ ∈ Mn
n. Then

ESNn ≥ EGτ for all τ ∈ M
N
n

and by taking the supremum over all τ ∈ MN
n we see that

ESNn ≥ V Nn

(
= sup

τ∈MN
n

EGτ

)
.

On the other hand, taking the expectation in SNn = E(GτNn
| Fn) we

get

ESNn = EGτNn

which shows that

ESNn ≤ V Nn

(
= sup

τ∈MN
n

EGτ

)
.
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So,

ESNn = V Nn

and since ESNn = EGτNn
, we see that

V Nn = EGτNn

implying the claim (c): “The stopping time τNn is optimal”.

(d)
(
if τ∗ is also optimal then τNn ≤ τ∗

)
:

If we suppose that τ∗ is also optimal, then τNn ≤ τ∗. We claim that

the optimality of τ∗ implies that SNτ∗ = Gτ∗ (P-a.s.). Indeed,

for all n ≤ k ≤ N SNk ≥ Gk, thus SNτ∗ ≥ Gτ∗.

If SNτ∗ 6= Gτ∗ (P-a.s.), then

P(SNτ∗ > Gτ∗) > 0.

II-3-12



It thus follows that

EGτ∗ < ESNτ∗
(α)
≤ ESNn

(β)
= V Nn ,

where

(α) follows by the supermartingale property of

(SNk )n≤k≤N (see (e)) and the optional sampling

theorem, and

(β) was obtained in (c).

The strict inequality EGτ∗ < V Nn , however, contradicts the fact that

τ∗ is optimal.

Hence SNτ∗ = Gτ∗ (P-a.s.) and the fact that τNn ≤ τ∗ (P-a.s.) follows

from the definition

τNn = inf{n ≤ k ≤ N : SNk = Gk}.
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(e)
(
the sequence (SNk )n≤k≤N is the smallest supermartingale

which dominates (Gk)n≤k≤N
)
:

From

SNk = max{Gk, E(SNk+1 | Fk)}, k = N − 1, . . . , n,

we see that (SNk )n≤k≤N is a supermartingale:

SNk ≥ E(SNk+1 | Fk).

Also we have SNk ≥ Gk. It means that (SNk )n≤k≤N is a supermartingale

which dominates (Gk)n≤k≤N .

Suppose that (S̃k)n≤k≤N is another supermartingale which dominates

(Gk)n≤k≤N , then the claim that S̃k ≥ SNk (P-a.s.) can be verified by

induction over k = N,N − 1, . . . , l.
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Indeed, if k = N then the claim follows by SNn = GN for n = N .

Assuming that S̃k ≥ SNk for k = N,N − 1, . . . , l with l ≥ n + 1 it

follows that

SNl−1 = max(Gl−1, E(S
N
l | Fl−1))

≤ max(Gl−1, E(S̃l | Fl−1)) ≤ S̃l−1 (P-a.s.)

using the supermartingale property of (S̃k)n≤k≤N . So, (SNk )n≤k≤N is

the smallest supermartingale which dominates (Gk)n≤k≤N
(Snell’s envelop).
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(f)
(
the stopped sequence (SN

k∧τNn
)n≤k≤N is a martingale

)
:

To verify the martingale property

E
[
SN
(k+1)∧τNn | Fk

]
= SN

k∧τNn
with n ≤ k ≤ N − 1 given and fixed, note that

E
[
SN
(k+1)∧τNn | Fk

]
= E

[
I(τNn ≤ k)SN

k∧τNn | Fk
]

+ E
[
I(τNn ≥ k+1)SNk+1 | Fk

]

= I(τNn ≤ k)SN
k∧τNn + I(τNn ≥ k+1) E(SNk+1 | Fk)

= I(τNn ≤ k)SN
k∧τNn + I(τNn ≥ k+1)SNk = SN

k∧τNn

where we used that

SNk = E(SNk+1 | Fk) on { τNn ≥ k+1 }
and { τNn ≥ k+1 } ∈ Fk since τNn is a stopping time.
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Summary

1) The optimal stopping problem

V N0 = sup
τ∈MN

0

EGτ

is solved inductively by solving the problems

V Nn = sup
τ∈MN

n

EGτ for n = N,N − 1, . . . ,0.

2) The optimal stopping rule τNn for V Nn satisfies

τNn = τNk on {τNn ≥ k}
for 0 ≤ n ≤ k ≤ N when τNk is the optimal stopping rule for V Nk . In

other words, this means that if it was not optimal to stop within

the time set {n, n+ 1, . . . , k − 1} then the same optimality rule for

V Nn applies in the time set {k, k+1, . . . , N}.
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3) In particular, when specialized to the problem V N0 , the following

general principle (of dynamic programming) is obtained:

if the stopping rule τN0 is optimal for V N0 and it was not

optimal to stop within the time set {0,1, . . . , n − 1}, then

starting the observation at time n and being based on the

information Fn, the same stopping rule is still optimal for

the problem V Nn .

-

6

�
��

�
�
��

�
�
�
�

�
�
�
��

�
�

�
��

�
�
�
�

�
�
��

�
�
��

�
�
��

�
�
��

��

�
�
��

�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

�
�
�
�
��

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
��

�
��

�
��

�
�

�
�

�
��

�
�
�

�
�
��

�
�
�

C

D

������:XXXXXXz������:XXXXXXz������:������*
������:XXXXXXz�

�
�
�
�
��

n− 1 n0

D

II-3-18



3. The method of ESSENTIAL SUPREMUM

The method of backward induction by its nature requires that the

horizon N be FINITE so that the case of infinite horizon remains

uncovered.

It turns out, however, that the random variables SNn defined by the

recurrent relations

SNn = GN , n = N,

SNn = max{Gn, E(SNn+1 | Fn)}, n = N−1, . . . ,0,

admit a different characterization which can be directly extended to

the case of infinite horizon N .

This characterization forms the base of the SECOND method that

will now be presented.
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Note that the relations

(a) SNn ≥ E(Gτ | Fn) ∀τ ∈ M
N
n ;

(b) SNn = E(GτNn
| Fn)

from Theorem 1 suggest that the following identity should hold:

SNn = sup
τ∈MN

n

E(Gτ | Fn) .

(!) Difficulty: supτ∈MN
n
E(Gτ | Fn) need not define a

measurable function.

To overcome this difficulty it turns out that the concept of

ESSENTIAL SUPREMUM

proves useful.
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Lemma (about Essential Supremum).

Let {Zα, α ∈ A} be a family of random variables defined on (Ω,F ,P)
where the index set A can be arbitrary.

I. Then there exists a countable subset J of A such that the random

variable Z∗ : Ω → R defined by

Z∗ = sup
α∈J

Zα

satisfies the following two properties:

(a) P(Zα≤Z∗) = 1, ∀α ∈ A;

(b) If Z̃ : Ω → R is another random variable

satisfying P(Zα ≤ Z∗) = 1, ∀α ∈ A, then

P(Z∗ ≤ Z̃) = 1.
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II. Moreover, if the family {Zα, α ∈ A} is upwards directed in the

sense that

for any α and β in A there exists γ in A

such that max(Zα, Zβ) ≤ Zγ (P-a.s.),

then the countable set J = {αn, n ≥ 1} can be chosen so that

Z∗ = lim
n→∞Zαn (P-a.s.)

where Zα1 ≤ Zα2 ≤ · · · (P-a.s.).

Proof. (1) Since x 7→ 2
π arctan(x) is a strictly increasing function

from R to [−1,1], it is no restriction to assume that |Zα| ≤ 1.

(2) Let C denote the family of all countable subsets C of A. Choose

an increasing sequence {Cn, n ≥ 1} in C such that

a
def
= sup

C∈C
E

(
sup
α∈C

Zα

)
= sup

n≥1
E

(
sup
α∈Cn

Zα

)
.
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Then J
def
=

⋃∞
n=1Cn is a countable subset of A and we claim that

Z∗ def
= sup

α∈J
Zα

satisfies the properties (a) and (b).

(3) To verify these claims take α ∈ A arbitrarily.

(a): If α ∈ J then Zα ≤ Z∗ so that (a) holds. If α /∈ J and we assume

that P(Zα > Z∗) > 0, then

a < E(Z∗ ∨ Zα) ≤ a

since a = EZ∗ ∈ [−1,1] (by the monotone convergence

theorem) and J ∪ {α} belongs to C. As the strict inequality

is impossible, we see that P(Zα ≤ Z∗) = 1, ∀α ∈ A as claimed.

(b): follows from Z∗ = supα∈J Zα and (a): P(Zα≤Z∗) = 1, ∀α ∈ A,

since J is countable.
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Finally, assume that the condition in II is satisfied. Then the initial

countable set

J = {α1, α2, . . .}
can be replaced by a new countable set J◦ = {α◦1, α◦2, . . .} if we

initially set α◦1 = α1, and then inductively choose α◦n+1 ≥ α◦n ∨ αn+1

for n ≥ 1, where γ ≥ α ∨ β corresponds to Zα, Zβ and Zγ such that

Zγ ≥ Zα ∨ Zβ (P-a.s.). The concluding claim Z∗ = limn→∞Zαn in II

is then obvious, and the proof of the lemma is complete.

With the concept of essential supremum we may now rewrite

SNn ≥ E(Gτ | Fn) ∀τ ∈ M
N
n ; SNn = E(GτNn

| Fn)
in Theorem 49 above as follows:

SNn = ess sup
n≤τ≤N

E(Gτ | Fn) for all 0 ≤ n ≤ N .
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This ess sup identity provides an additional characterization of the

sequence of r.v.’s (SNn )0≤n≤N introduced initially by means of the

recurrent relations

SNn = GN , n = N,

SNn = max{Gn, E(SNn+1 | Fn)}, n = N−1, . . . ,0.

Its advantage in comparison with these recurrent relations lies in

the fact that the identity

SNn = ess sup
n≤τ≤N

E(Gτ | Fn)

can naturally be extended to the case of INFINITE horizon N . This

programme will now be described.

Consider (instead of V Nn = supτ∈MN
n
EGτ)

Vn = sup
τ∈M∞

n

EGτ .
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To solve this problem we will consider the sequence of r.v.’s (Sn)n≥0

defined as follows:

Sn = ess sup
τ≥n

E(Gτ | Fn)

as well as the following stopping time:

τn = inf{k ≥ n |Sk = Gk} for n ≥ 0,

where inf ∅ = ∞ by definition.

The first part (I) of the next theorem shows that (Sn)n≥0 satisfies

the same recurrent relations as (SNn )0≤n≤N .

The second part (II) of the theorem shows that Sn and τn solve the

problem in a stochastic sense.

The third part (III) shows that this leads to a solution of the initial

problem Vn = supτ≥n EGτ .

The fourth part (IV) provides a supermartingale characterization of

the solution.
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Theorem 2 (Infinite horizon).

Consider the optimal stopping problems

Vn = sup
τ≥n

EGτ , τ ∈ M
∞
n , n ≥ 0

assuming that the condition E sup
0≤k<∞

|Gk| <∞ holds.

I. The following recurrent relations hold:

Sn = max{Gn, E(Sn+1 | Fn)}, ∀n ≥ 0.

II. Assume moreover if required below that

P(τn<∞) = 1.

Then for all n ≥ 0 we have:

Sn ≥ E(Gτ | Fn) ∀τ ∈ Mn, Sn = E(Gτn | Fn).
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III. Moreover, if n ≥ 0 is given and fixed, then we have:

The stopping time τn = inf{k ≥ n : Sk = Gk} is

optimal in Vn = supτ≥n EGτ .

If τ∗ is an optimal stopping time for Vn = supτ≥n EGτ
then τn ≤ τ∗ (P-a.s.).

IV. The sequence (Sk)k≥n is the smallest supermartingale

which dominates (Gk)k≥n (Snell’s envelope).

The stopped sequence (Sk∧τn)k≥n is a martingale.

Finally, if the condition P(τn < ∞) = 1 fails so that

P(τn = ∞) > 0, then there is NO optimal stopping time

in Vn = supτ≥n EGτ .
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Proof. I. We need prove the recurrent relations

Sn = max{Gn, E(Sn+1 | Fk)}, n ≥ 0.

Let us first show that

Sn ≤ max{Gn, E(Sn+1 | Fk)}.
For this, take τ ∈ Mn and set τ̄ = τ ∨ (n+1).

Then τ̄ ∈ Mn+1, and since {τ ≥ n+1} ∈ Fn we have

E(Gτ | Fn) = E[I(τ = n)Gn | Fn] + E[I(τ ≥ n+1)Gτ̄ | Fn]
= I(τ = n)Gn+ I(τ ≥ n+1) E(Gτ̄ | Fn)
= I(τ = n)Gn+ I(τ ≥ n+1) E[E(Gτ̄ | Fn+1) | Fn]
≤ I(τ = n)Gn+ I(τ ≥ n+1) ESn+1 | Fn)
≤ max{Gn, E(Sn+1 | Fn)}.
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From this inequality it follows that

Sn = ess sup
τ≥n

E(Gτ | Fn) ≤ max{Gn, E(Sn+1 | Fn)}

which is the desired inequality.

For the reverse inequality, let us first note that Sn ≥ Gn (P-a.s.)

by the definition of Sn, so that it is enough to show (and it is the

most difficult part of the proof) that

Sn ≥ E(Sn+1 | Fn)
which is the supermartingale property of (Sn)n≥0. To verify this

inequality, let us first show that the family {E(Gτ | Fn+1); τ ∈ Mn+1}
is upwards directed in the sense that

for any α and β in A there exists γ in A

such that Zα ∨ Zβ ≤ Zγ.
(∗)
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For this, note that if σ1 and σ2 are from Mn+1 and we set σ3 =

σ1IA+ σ2IĀ where

A = {E(Gσ1 | Fn+1) ≥ E(Gσ2 | Fn+1)},
then σ3 ∈ Mn+1 and we have

E(Gσ3 | Fn+1) = E(Gσ1IA+Gσ2IĀ | Fn+1)

= IA E(Gσ1 | Fn+1) + IĀ E(Gσ2 | Fn+1)

= E(Gσ1 | Fn+1) ∨ E(Gσ2 | Fn+1)

implying (∗) as claimed. Hence by Lemma there exists a sequence

{σk, k ≥ 1} in Mn+1 such that

ess sup
τ≥n+1

E(Gτ | Fn+1) = lim
k→∞

E(Gσk | Fn+1)

where

E(Gσ1 | Fn+1) ≤ E(Gσ2 | Fn+1) ≤ · · · (P-a.s.).
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Since

Sn+1 = ess sup
τ≥n+1

E(Gτ | Fn+1),

by the conditional monotone convergence theorem we get

E(Sn+1 | Fn) = E
[
lim
k→∞

E(Gσk | Fn+1) | Fn
]

= lim
k→∞

E
[
E(Gσk | Fn+1) | Fn

]

= lim
k→∞

E(Gσk | Fn) ≤ Sn.

So, Sn = max{Gn, E(Sn+1 | Fn)} and the proof if I is complete.

II. The inequality Sn ≥ E(Gτ | Fn), ∀τ ∈ Mn, follows from the definition

Sn = ess supτ≥n E(Gτ | Fn).
For the proof of the equality Sn = E(Gτn | Fn) we use the fact stated

below in IV that the stopped sequence (Sk∧τn)k≥n is a martingale.
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Setting G∗
n = supk≥n |Gk| we have

|Sk| ≤ ess sup
τ≥k

E
(
|Gτ | | Fk

)
≤ E(G∗

n | Fk) (∗)

for all k ≥ n. Since G∗
n is integrable due to E supk≥n |Gk| < ∞, it

follows from (∗) that (Sk)k≥n is uniformly integrable.

Thus the optional sampling theorem can be applied to the martingale

(Mk)k≥n = (Sk∧τn)k≥n and we get

Mn = E(Mτn | Fn). (∗∗)
Since Mn = Sn and Mτn = Sτn we see that (∗∗) is the same as Sn =

E(Gτn | Fn).

III: “The stopping time τn is optimal in Vn = supτ≥n EGτ .”

The proof uses II and is similar to the corresponding proof in Theorem

1 (N < ∞).
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IV. “The sequence (Sk)k≥n is the smallest supermartingale which

dominates (Gk)k≥n” (Snell’s envelop).

We proved in I that (Sk)k≥n is a supermartingale. Moreover, from

the definition

Sn = ess sup
τ≥n

E(Gτ | Fn)

it follows that Sk ≥ Gk, k ≥ n, which means that (Sk)k≥n dominates

(Gk)k≥n. Finally, if (S̃k)k≥n is another supermartingale which dominates

(Gk)k≥n, then from Sn = E(Gτn | Fn) (Part II) we find

Sk = E(Gτk | Fk) ≤ E(S̃τk | Fk) ≤ S̃k, ∀k ≥ n.

(The last inequality follows by the optional sampling theorem being

applicable since S̃−
k ≤ G−

k ≤ G∗
n (= supk≥n |Gk|) with G∗

n integrable.)
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The statement

“The stopped sequence (Sk∧τn)k≥n is a martingale”

is proved in exactly the same way as for case N <∞.

Finally, note that the final claim

“If the condition P(τn < ∞) = 1 fails so that P(τn = ∞) >

0, then there is NO optimal stopping time in the problem

Vn = supτ≥n EGτ”

follows directly from III (“If τn is optimal stopping tome then τn ≤ τ∗
(P-a.s.) for the problem Vn = supτ≥n EGτ”).
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Remark. From the definition

Sn = ess sup
n≤τ≤N

E(Gτ | Fn)

it follows that

N 7→ SNn and N 7→ τNn

are increasing. So,

S∞
n = lim

N→∞
SNn and τ∞n = lim

N→∞
τNn

exist P-a.s. for each n ≥ 0.
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Note also that from

V Nn = sup
n≤τ≤N

EGτ

it follows that N 7→ V Nn is increasing, so that V∞
n = limN→∞ V Nn

exists for each n ≥ 0.

From SNn = ess supn≤τ≤N E(Gτ | Fn) and Sn = ess supτ≥n E(Gτ | Fn)
we see that

S∞
n ≤ Sn and τ∞n ≤ τn. (∗)

Similarly,

V∞
n ≤ Vn

(
= sup

τ≥n
EGτ

)
. (∗∗)

If condition E supn≤k<∞ |Gk| < ∞ does not hold then the inequalities

in (∗) and (∗∗) can be strict.
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Theorem 3 (From finite to infinite horizon).

If E sup0≤k<∞ |Gk| < ∞ then in S∞
n ≤ Sn, τ∞n ≤ τn and V∞

n ≤ Vn we

have equalities for all n ≥ 0.

Proof. From

SNn = max{Gn, E(SNn+1 | Fn)}, n ≥ 0,

we get

S∞
n = max{Gn, E(S∞

n+1 | Fn)}, n ≥ 0.

So, (S∞
n )n≥0 is a supermartingale.

Since S∞
n ≥ Gn we see that

(S∞
n )− ≤ G−

n ≤ sup
n≥0

G−
n , n ≥ 0.

So, ((S∞
n )−)n≥0 is uniformly integrable.
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Then by the optional sampling theorem we get

S∞
n ≥ E(S∞

τ | Fn) for all τ ∈ Mn. (∗)

Moreover, since S∞
k ≥ Gk, k ≥ n, it follows that S∞

τ ≥ Gτ for all

τ ∈ Mn, and hence

E(S∞
τ | Fn) ≥ E(Gτ | Fn) (∗∗)

for all τ ∈ Mn. From (∗), (∗∗) and

Sn = ess sup
τ≥n

E(Gτ | Fn)

we see that S∞
n ≥ Sn.

Since the reverse inequality holds in general as shown above, this

establishes that S∞
n = Sn (P-a.s.) for all n ≥ 0. From this it also

follows that τ∞n = τn (P-a.s.), n ≥ 0. Finally, the third identity

V∞
n = Vn follows by the monotone convergence theorem.
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B. Markovian approach.

We will present basic results of optimal stopping when

the time is discrete and the process is Markovian.

1. We consider a time-homogeneous Markov chain X = (Xn)n≥0

• defined on a filtered probability space (Ω,F , (Fn)n≥0,Px)

• taking values in a measurable space (E,B)
where for simplicity we will assume that

(a) E = Rd for some d ≥ 1

(b) B = B(Rd) is the Borel σ-algebra on Rd.
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It is assumed that the chain X starts at x under Px for x ∈ E.

It is also assumed that the mapping x 7→ Px(F) is measurable for

each F ∈ F.

It follows that the mapping x 7→ Ex(Z) is measurable for each random

variable Z.

Finally, without loss of generality we will assume that (Ω,F) equals

the canonical space (EN0,BN0) so that the shift operator θn : Ω → Ω

is well defined by

θn(ω)(k) = ω(n+k) for ω = (ω(k))k≥0 ∈ Ω and n, k ≥ 0.

(Recall that N0 stands for N ∪ {0}.)
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Given a measurable function G : E → R satisfying the following

condition (with G(XN) = 0 if N = ∞):

Ex

(
sup

0≤n≤N
|G(Xn)|

)
<∞

for all x ∈ E, we consider the optimal stopping problem

V N(x) = sup
0≤τ≤N

Ex G(Xτ)

where x ∈ E and the supremum is taken over all stopping times τ

of X. The latter means that τ is a stopping time w.r.t. the natural

filtration of X given by

FX
n = σ(Xk; 0 ≤ k ≤ n) for n ≥ 0.
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Since the same results remain valid if we take the supremum in

V N(x) = sup
0≤τ≤N

Ex G(Xτ) (∗)

over stopping times τ w.r.t. (Fn)n≥0, and this assumption makes

final conclusions more powerful (at least formally), we will assume

in the sequel that the supremum in (∗) is taken over this larger class

of stopping times.

Note also that in (∗) we admit that N can be +∞ as well.

In this case, however, we still assume that the supremum is taken

over stopping times τ , i.e. over Markov times τ satisfying 0 ≤ τ <∞.

In this way any specification of G(X∞) becomes irrelevant for the

problem (∗).
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To solve

V N(x) = sup
0≤τ≤N

Ex G(Xτ) (∗)

when N < ∞, we may note that by setting Gn = G(Xn) for n ≥ 0

the problem reduces to the problem

V Nn = sup
n≤τ≤N

Ex Gτ . (∗∗)

Having identified (∗) as (∗∗), we can apply the method of back-

ward induction which leads to a sequence of r.v.’s (SNn )0≤n≤N and

a stopping time τNn = inf{n ≤ k ≤ N : SNk = Gk}.

The key identity is

SNn = V N−n(Xn) for 0 ≤ n ≤ N , Px-a.s.; x ∈ E (∗∗∗)
Once (∗∗∗) is known to hold, the results of the Theorem 1 (finite

horizon) from the Martingale theory translate immediately into the

present Markovian setting and get a more transparent form.
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To get formulation, let us define

CNn = {x ∈ E : V N−n(x) > G(x) }
DN
n = {x ∈ E : V N−n(x) = G(x) }

for 0 ≤ n ≤ N . We also define stopping time

τD = inf {0 ≤ n ≤ N : Xn ∈ DN
n }.

and the transition operator T of X

TF(x) = Ex F(X1)

for x ∈ E whenever F : E → R is a measurable function so that

F(X1) is integrable w.r.t. Px for all x ∈ E.
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Theorem 4 (Finite horizon: The time-homogeneous case)

Consider the optimal stopping problems

V n(x) = sup
0≤τ≤n

Ex G(Xτ) (∗)

assuming that Ex sup
0≤k≤N

|G(Xk)| <∞. Then

I. Value functions V n satisfy the “Wald–Bellman equation”

V n(x) = max(G(x), TV n−1(x)) (x ∈ E)

for n = 1, . . . , N where V 0 = G.

II. The stopping time τD = inf {0 ≤ n ≤ N : Xn ∈ DN
n } is

optimal in (∗) for n = N .

III. If τ∗ is an optimal stopping time in (∗) then τD ≤ τ∗ (Px-a.s.)

for every x ∈ E.
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IV. The sequence (V N−n(Xn))0≤n≤N is the smallest

supermartingale which dominates (G(Xn))0≤n≤N under Px

for x ∈ E given and fixed.

V. The stopped sequence (V N−n(Xn∧τD))0≤n≤N is a

martingale under Px for every x ∈ E.

Proof. To verify the equality SNn = V N−n(Xn) recall that

SNn = Ex(G(XτNn
) | Fn) (i)

for 0 ≤ n ≤ N . Since SN−n
k ◦ θn = SNn+k we get that τNn satisfies

τNn = inf{n ≤ k ≤ N : SNk = G(Xk)} = n+ τN−n
0 ◦ θn (ii)

for 0 ≤ n ≤ N (θnω(k) = ω(k+ n)).
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Inserting (ii) into (i) and using the Markov property we obtain

SNn = Ex

[
G(X

n+τN−n
0 ◦θn) | Fn

]
= Ex

[
G(X

τN−n
0

) ◦ θn | Fn
]

= EXn G(X
τN−n
0

)
(α)
= V N−n(Xn)

(iii)

where (α) follows by (i): SNn = Ex(G(XτNn
) | Fn), which imply

Ex S
N−n
0 = Ex G(X

τN−n
0

) = sup
0≤τ≤N−n

Ex G(Xτ) = V N−n(x) (iv)

for 0 ≤ n ≤ N and x ∈ E.

Thus SNn = V N−n(Xn) holds as claimed.
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To verify the “Wald–Bellman equation”, note that the equality

SNn = max{Gn, E(SNn+1 | Fn)},
using the Markov property, reads as follows:

V N−n(Xn) = max
{
G(Xn), Ex

[
V N−n−1(Xn+1) | Fn

]}

= max
{
G(Xn), Ex

[
V N−n−1(X1) ◦ θn | Fn

]}

= max
{
G(Xn), EXn V

N−n−1(X1)
}

= max
{
G(Xn), TV

N−n−1(Xn)
}

(∗)

for all 0 ≤ n ≤ N . Letting n = 0 and using that X0 = x under Px we

see that (∗) yields V n(x) = max{G(x), TV n−1(x)}.

The remaining statements of the theorem follow directly from the

Martingale Theorem (1). The proof is complete.
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The “Wald–Bellman equation” can be written in a more compact

form as follows. Introduce the operator Q by setting

QF(x) = max(G(x), TF(x))

for x ∈ E where F : E → R is a measurable function for which

F(X1) ∈ L1(Px) for x ∈ E. Then the “Wald–Bellman equation” reads

as follows:

V n(x) = QnG(x)

for 1 ≤ n ≤ N where Qn denotes the n-th power of Q. These

recursive relations form a constructive method for finding V N when

Law(X1 |Px) is known for x ∈ E.
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TIME-INHOMOGENEOUS MARKOV CHAINS X = (Xn)n≥0

Put Zn = (n,Xn).

Z = (Zn)n≥0 is a time-homogeneous Markov chain.

Optimal stopping problem:

(∗) V N(n, x) = sup
0≤τ≤N−n

En,x G(n+τ,Xn+τ) , 0 ≤ n ≤ N.

We assume

(∗∗) En,x

(
sup

0≤k≤N−n
|G(n+ k,Xn+k)|

)
< ∞, 0 ≤ n ≤ N.
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Theorem 5 (Finite horizon: The time-inhomogeneous case)

Consider the optimal stopping problem (∗) upon assuming that the

condition (∗∗) holds. Then:

I. The function V n satisfies the “Wald–Bellman equation”

V N(n, x) = max(G(n, x), TV N(n, x))

for n = N−1, . . . ,0 where

TV N(n, x) = En,x V
N(n+1, Xn+1), n = N − 1, . . . ,0,

and

TV N(N−1, x) = EN−1,x G(N,XN);
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II. The stopping time

τND = inf{n ≤ k ≤ N : (n+ k,Xn+k) ∈ D}
with

D =
{
(n, x) ∈ {0,1, . . . , N}×E : V (n, x) = G(n, x)

}

is optimal in the problem (∗):

V N(n, x) = sup
0≤τ≤N−n

En,x G(n+τ,Xn+τ);

III. If τN∗ is an optimal stopping time in (∗) then τND ≤ τN∗
(Pn,x-a.s.) for every (n, x) ∈ {0,1, . . . , N}×E;
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IV. The value function V N is the smallest superharmonic

function which dominates the gain function G on

{0, . . . , N}×E,

TV N(n, x) ≤ V N(n, x), V N(n, x) ≥ G(n, x);

V. The stopped sequence
(
V N((n+k) ∧ τND , X(n+k)∧τND

)
)
0≤k≤N−n

is a martingale under Pn,x for every (n, x) ∈ {0,1, . . . , N}×E;

The proof is carried out in exactly the same way as the proof of

Theorem 4.
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Optimal stopping for infinite horizon (N = ∞):

V (x) = sup
τ

Ex G(Xτ)

Theorem 6

Assume Ex supn≥0 |G(Xn)| <∞, x ∈ E.

I. The value function V satisfies the “Wald–Bellman equation”

V (x) = max(G(x), TV (x)), x ∈ E.

II. Assume moreover when required below that Px(τD < ∞) = 1

for all x ∈ E, where

τD = inf{t ≥ 0 : Xt ∈ D}
with D = {x ∈ E : V (x) = G(x)}. Then the stopping time τD
is optimal.
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III. If τ∗ is an optimal stopping time then τD ≤ τ∗ (Px-a.s. for

every x ∈ E).

IV. The value function V is the smallest superharmonic function

(Dynkin’s characterization) (TV ≤ V ) which dominates the

gain function G on E, or, equivalently, (V (Xn))n≥0 is the

smallest supermartingale (under Px, x ∈ E) which dominates

(G(Xn))n≥0.

V. The stopped sequence (V (Xn∧τD))n≥0 is a martingale under

Px for every x ∈ E.

VI. If the condition Px(τD<∞) = 1 fails so that Px(τD=∞) > 0

for some x ∈ E, then there is no optimal stopping time in

the problem V (x) = supτ Ex G(Xτ) for all x ∈ E.
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Corollary (Iterative method). We have

V (x) = lim
n→∞QnG(x)

(a constructive method for finding the value function V ).

Uniqueness in the Wald–Bellman equation

F(x) = max(G(x), TF(x))

Suppose E supn≥0F(Xn) <∞.

Then F equals the value function V if and only if the following

“boundary condition at infinity ” holds:

lim sup
n→∞

F(Xn) = limsup
n→∞

G(Xn) Px-a.s. ∀x ∈ E.
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2. Given α ∈ (0,1] and bounded g : E → R and c : E → R+, consider

the optimal stopping problem

V (x) = sup
τ

Ex

(
ατg(Xτ)−

τ∑

k=1

αk−1c(Xk−1)

)
.

Let X̃ = (X̃n)n≥0 denote the Markov chain X killed at rate α. It

means that

T̃ F(x) = αTF(x).

Then

V (x) = sup
τ

Ex

(
g(X̃τ)−

τ∑

k=1

c(X̃k−1)

)
.

The “Wald–Bellman equation” takes the following form:

V (x) = max
{
g(x), αTV (x)− c(x)

}
.
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§ 4. LECTURES 4–5.

Theory of optimal stopping for continuous time

A. Martingale approach

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis (a filtered probability

space with right-continuous family (Ft)t≥0 where each Ft contains

all P-null sets from F.

Let G = (Gt)t≥0 be a gain process. (We interpret Gt as the gain if

the observation of G is stopped at time t.)

DEFINITION.

A random variable τ : Ω → [0,∞] is called a Markov time

if {τ ≤ t} ∈ Ft for all t ≥ 0.

A Markov time is called a stopping time if τ <∞ P-a.s.

II-4-1



We assume that G = (Gt)t≥0 is right-continuous and left-continuous

over stopping times (if τn ↑ τ then Gτn → Gτ P-a.s.).

We also assume that

E
(

sup
0≤t≤T

|Gt|
)
< ∞ (GT = 0 if T = ∞).

BASIC OPTIMAL STOPPING PROBLEM:

V Tt = sup
t≤τ≤T

E Gτ .

We shall admit that T = ∞. In this case the supremum is still taken

over stopping times τ , i.e. over Markov times τ satisfying t ≤ τ <∞.
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Two ways to tackle the problem V Tt = supt≤τ≤T E Gτ :

(1) Discrete time approximation

[0, T ] −→ T(n) =
{
t
(n)
0 , t

(n)
1 , . . . , t

(n)
n

}
↑ T is a dense

subset of [0, T ]

G −→ G(n) = (G
t
(n)
i

)

with applying previous discrete-time results and then

passing to the limit n→ ∞;

(2) Straightforward extension of the method of essential

supremum. This programme will now be addressed.

We denote for simplicity of the notation

Vt = V Tt (T <∞ or T = ∞).
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Consider the process S = (St)t≥0 defined as follows:

St = ess sup
τ≥t

E(Gτ |Ft).

The process S is the Snell’s envelope of G.

Introduce

τt = inf {u ≥ t |Su = Gu} where inf ∅ = ∞ by definition.

We shall see below that

St ≥ max{Gt, E(Su | Ft)} for u ≥ t.

The reverse inequality is not true generally.

However,

St = max{Gt, E(Sσ∧τt | Ft)}
for every stopping time σ ≥ t and τt given above.
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Theorem 1. Consider the optimal stopping problem

Vt = sup
τ≥t

E Gτ , t ≥ 0,

upon assuming E supt≥0 |Gt| < ∞. Assume moreover when required

below that

P(τt <∞) = 1, t ≥ 0.

(Note that this condition is automatically satisfied when the horizon

T is finite.) Then:

I. For all t ≥ 0 we have

St ≥ E(Gτ | Ft) for each τ ∈ Mt

St = E(Gτt| Ft)
where Mt = {τ : τ ≤ T} if T <∞,

Mt = {τ : τ <∞} if T = ∞.
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II. The stopping time τt = inf{u ≥ t : Su = Gu} is

optimal (for the problem Vt = supτ≥t E Gτ).

III. If τ∗t is an optimal stopping time as well then

τt ≤ τ∗t P-a.s.

IV. The process (Su)u≥t is the smallest right-

continuous supermartingale which dominates

(Gs)s≥t.

V. The stopped process (Su∧τt)u≥t is a right-

continuous martingale.

VI. If the condition P(τt < ∞) = 1 fails so that

P(τt = ∞) > 0, then there is no optimal stopping

time.
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Proof. 1◦. Let us first prove that S = (St)t≥0 defined by

St = ess sup
τ≥t

E(Gτ | Ft)

is a supermartingale.

Show that the family {E(Gτ | Ft) : τ ∈ Mt} is upwards directed in the

sense that if σ1 and σ2 are from Mt then there exists σ3 ∈ Mt such

that

E(Gσ1| Ft) ∨ E(Gσ2| Ft) ≤ E(Gσ3| Ft).
Put σ3 = σ1IA+ σ2IĀ where

A = {E(Gσ1|Ft) ≥ E(Gσ2| Ft)}.
Then σ3 ∈ Mt and

E(Gσ3| Ft) = E(Gσ1IA+Gσ2IĀ | Ft) = IA E(Gσ1| Ft) + IĀ E(Gσ2| Ft)
= E(Gσ1| Ft) ∨ E(Gσ2| Ft).
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Hence there exists a sequence {σk; k ≥ 1} in Mt such that

(∗) ess sup
τ∈Mt

E(Gτ | Ft) = lim
k→∞

E(Gσk | Ft)

where

E(Gσ1| Ft) ≤ E(Gσ2| Ft) ≤ · · · P-a.s.

From (∗) and the conditional monotone convergence theorem (using

E supt≥0 |Gt| <∞) we find that for 0 ≤ s < t

E(St | Fs) = E
(

lim
k→∞

E(Gσk| Ft) | Fs
)

= lim
k→∞

E[E(Gσk| Ft) | Fs]

= lim
k→∞

E(Gσk| Fs) ≤ Ss
(
= ess sup

τ≥s
E(Gτ | Fs)

)
.

Thus (St)t≥0 is a supermartingale as claimed.
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Note that from E supt≥0 |Gt| <∞ and

St = ess sup
τ≥t

E(Gτ | Ft),

ess sup
τ≥t

E(Gτ | Ft) = lim
k→∞

E(Gσk| Ft)

it follows that

E St = sup
τ≥t

E Gτ .

2◦. Let us next show that the supermartingale S admits a right-

continuous modification S̃ = (S̃t)t≥0.

From the general martingale theory it follows that it suffices to

check that

t E St is right-continuous on R+.
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By the supermartingale property of S

E St ≥ · · · ≥ ESt2 ≥ ESt1, tn ↑ t.
So, L := limn→∞ E Stn exists and

E St ≥ L.

To prove the reverse inequality, fix ε > 0 and by means of E St =

supτ≥t E Gτ choose σ ∈ Mt such that

E Gσ ≥ E St − ε.

Fix δ > 0 and note that there is no restriction to assume that

tn ∈ [t, t+ δ] for all n ≥ 1. Define

σn =




σ if σ > tn,

t+ σ if σ ≤ tn.
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Then for all n ≥ 1 we have

(∗) E Gσn = E GσI(σ > tn) + E Gt+δI(σ ≤ tn) ≤ E Stn

since σn ∈ Mtn and E St = supτ≥t E Gτ . Letting n → ∞ in (∗) and

assuming that E sup0≤t≤T |Gt| <∞ we get

E GσI(σ > t) + E Gt+δI(σ = t) ≤ L (= lim
n

E Stn).

Letting now δ ↓ 0 and using that G is right-continuous we obtain

E GσI(σ > t) + E GtI(σ = t) = E Gσ ≤ L.

From here and E Gσ ≥ E St− ε we see that L ≥ E St− ε for all ε > 0.

Hence L ≥ E St and thus

lim
n→∞E Stn = L = E St, tn ↑ t,

showing that S admits a right-continuous modification S̃ = (S̃t)t≥0

which we also denote by S throughout.
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Let us prove property IV:

The process (Su)u≥t is the smallest right-continuous

supermartingale which dominates (Gs)s≥t.

For this, let Ŝ = (Ŝu)u≥t be another right-continuous supermartingale

which dominates G = (Gu)u≥t. Then by the optional sampling theorem

(using E supt≥0 |Gt| < ∞) we have

Ŝu ≥ E(Ŝτ | Fu) ≥ E(Gτ | Fu)
for all τ ∈ Mu when u ≥ t. Hence by the definition Su = ess sup

τ≥u
E(Gτ | Fu)

we find that Su ≤ Ŝu (P-a.s.) for all u ≥ t. By the right-continuity of

S and Ŝ this further implies that

P(Su ≤ Ŝu for all u ≥ t) = 1

as claimed.
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Property I: for all t ≥ 0

(∗) St ≥ E(Gτ | Ft) for each τ ∈ Mt,

(∗∗) St = E(Gτt| Ft).

The inequality (∗) follows from the definition St = ess supτ≥t E(Gτ | Ft).
The proof of (∗∗) is the most difficult part of the proof of the

Theorem.

The sketch of the proof is as follows.
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Assume that Gt ≥ 0 for all t ≥ 0.

(α) Introduce, for λ ∈ (0,1), the stopping time

τλt = inf{s ≥ t : λSs ≤ Gs}
(Then λS

τλt
≤ G

τλt
, τλt+ = τt.)

(β) We show that

St = E(S
τλt

| Ft) for all λ ∈ (0,1).

So St ≤ (1/λ) E(G
τλt

| Ft) and letting λ ↑ 1 we get

St ≤ E(Gτ1t
| Ft)

where τ1t = limλ↑1 τλt (τλt ↑ when λ ↑).

(γ) Verify that τ1t = τt. Then St ≤ E(Gτt| Ft) and evidently

St ≥ E(Gτt| Ft). Thus St = E(Gτt| Ft).
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For the proof of property V:

The stopped process (Su∧τt)u≥t is a right-

continuous martingale

it is enough to prove that

E Sσ∧τt = E St

for all bounded stopping times σ ≥ t.

The optional sampling theorem implies

E Sσ∧τt ≤ E St. (57)

On the other hand, from St = E(Gτt | Ft) and Sτt = Gτt we see that

E St = E Gτt = E Sτt ≤ E Sσ∧τt.

Thus, E Sσ∧τt = E St and (Su∧τt)u≥t is a martingale.
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B. Markovian approach

Let X = (Xt)t≥0 be a strong Markov process defined on a filtered

probability space

(Ω,F , (Ft)t≥0,Px)

where x ∈ E (= Rd), Px(X0 = x) = 1,

x→ Px(A) is measurable for each A ∈ F.

Without loss of generality we will assume that

(Ω,F) = (E[0,∞),B[0,∞)) (canonical space)

Shift operator θt = θt(ω): Ω → Ω is well defined by

θt(ω)(s) = ω(t+ s) for ω = (ω(s))s≥0 ∈ Ω and t, s ≥ 0.

II-4-16



We consider the optimal stopping problem

V (x) = sup
0≤τ≤T

Ex G(Xτ)

G(XT ) = 0 if T <∞; Ex sup
0≤t≤T

|G(Xt)| <∞.

Here τ = τ(ω) is a stopping time w.r.t.

(Ft)t≥0 (FX
t ⊆ Ft, FX

t = σ(Xs; 0 ≤ s ≤ t)).

G is called the gain function,

V is called the value function.
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CASE T = ∞:
V (x) = sup

τ
Ex G(Xτ)

Px(X0 = x) = 1

Introduce

the continuation set C = {x ∈ E : V (x) > G(x)} and

the stopping set D = {x ∈ E : V (x) = G(x)}

NOTICE! If

V is lsc (lower semicontinuous)

g
w

&

G is usc (upper semicontinuous)

w

e
e

then

C is open and D is closed
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The first entry time

τD = inf{t ≥ 0 : Xt ∈ D}
for closed D is a stopping time since both X and (Ft)t≥0 are right-

continuous.

DEFINITION. A measurable function F = F(x) is said to be

superharmonic (for X) if

Ex F(Xσ) ≤ F(x)

for all stopping times σ and all x ∈ E. (It is assumed that F(Xσ) ∈
L1(Px) for all x ∈ E whenever σ is a stopping time.)

We have:

F is superharmonic iff
(F(Xt))t≥0 is a supermartingale

under Px for every x ∈ E.
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The following theorem presents

NECESSARY CONDITIONS

for the existence of an optimal stopping time.

Theorem. Let us assume that there exists an optimal stopping time

τ∗ in the problem

V (x) = sup
τ

Ex G(Xτ)

i.e. V (x) = Ex F(Xτ∗). Then

(I) The value function V is the smallest superharmonic

function (Dynkin’s characterization) which dominates

the gain function G on E.

II-4-20



Let us in addition to “V (x) = Ex F(Xτ∗)” assume that

V is lsc and G is usc.

Then

(II) The stopping time τD = inf{t ≥ 0 : Xt ∈ D} satisfies

τD ≤ τ∗ (Px-a.s., x ∈ E)

and is optimal;

(III) The stopped process (V (Xt∧τD))t≥0 is a right-continuous

martingale under Px for every x ∈ E.
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Now we formulate

SUFFICIENT CONDITIONS

for the existence of an optimal stopping time.

Theorem. Consider the optimal stopping problem

V (x) = sup
τ

Ex G(Xτ)

upon assuming that the condition

Ex sup
t≥0

|G(Xt)| <∞, x ∈ E,

is satisfied.
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Let us assume that there exists the smallest superharmonic function

V̂ which dominates the gain function G on E.

Let us in addition assume that

V̂ is lsc and G is usc.

Set D = {x ∈ E : V̂ (x) = G(x)} and let τD = inf{t : Xt ∈ D}.

We then have:

(a) If Px(τD < ∞) = 1 for all x ∈ E, then V̂ = V and τD is

optimal in V (x) = supτ Ex G(Xτ);

(b) If Px(τD < ∞) < 1 for some x ∈ E, then there is no

optimal stopping time in V (x) = supτ Ex G(Xτ).
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Corollary (The existence of an optimal stopping time).

Infinite horizon (T = ∞). Suppose that V is lsc and G is usc. If

Px(τD <∞) = 1 for all x ∈ E, then τD is optimal. If Px(τD <∞) < 1

for some x ∈ E, then there is no optimal stopping time.

Finite horizon (T <∞). Suppose that V is lsc and G is usc. Then

τD is optimal.

Proof for T = ∞. (The case T < ∞ can be proved in exactly the

same way as the case T = ∞ if the process (Xt) is replaced by the

process (t, Xt).)

The key is to show that V is SUPERHARMONIC.
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If so, then evidently V is the smallest superharmonic function

which dominates G on E. Then the claims of the corollary follow

directly from the Theorem (on sufficient conditions) above.

For this, note that V is measurable (since it is lsc) and thus so is

the mapping

(∗) V (Xσ) = sup
τ

EXσ G(Xτ)

for any stopping time σ which is given and fixed.

On the other hand, by the strong Markov property we have

(∗∗) EXσ G(Xτ) = Ex [G(Xσ+τ◦θσ) | Fσ]
for every stopping time τ and x ∈ E. From (∗) and (∗∗) we see that

V (xσ) = ess sup
τ

Ex [G(Xσ+τ◦θσ) | Fσ]

under Px where x ∈ E is given and fixed.
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We can show that the family

{
E[Xσ+τ◦θσ | Fσ] : τ is a stopping time

}

is upwards directed: if ρ1 = σ+τ1 ◦θσ and ρ2 = σ+τ2◦θσ then there

is ρ = σ+ τ ◦ θσ such that

E[G(Xρ) | Fσ] = E[G(Xρ1) | Fσ] ∨ E[G(Xρ2) | Fσ].

From here we can conclude that there exists a sequence of stopping

times {τn;n ≥ 1} such that

V (Xσ) = lim
n

Ex [G(Xσ+τn◦θσ) | Fn]

where the sequence {Ex [G(Xσ+τn◦θσ) | Fn]} is increasing Px-a.s.
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By the monotone convergence theorem using E supt≥0 |Gt| < ∞ we

can conclude

Ex V (Xσ) = lim
n

Ex G(Xσ+τn◦θσ) ≤ V (x)

for all stopping times σ and all x ∈ E. This proves that V is

superharmonic.

REMARK 1. If the function

x 7→ Ex G(Xτ)

is continuous (or lsc) for every stopping time τ , then x 7→ V (x) is lsc

and the results of the Corollary are applicable. This yields a powerful

existence result by simple means.
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REMARK 2. The above results have shown that the optimal stopping

problem

V (x) = sup
τ

Ex G(Xτ)

is equivalent to the problem of finding the smallest superharmonic

function V̂ which dominates G on E. Once V̂ is found it follows

that V = V̂ and τD = inf{t : G(Xt) = V̂ (Xt)} is optimal.

There are two traditional ways for finding V̂ :

(i) Iterative procedure (constructive but non-explicit)

(ii) Free-boundary problem (explicit or non-explicit).
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For (i), e.g., it is known that if G is lsc and

Ex inf
t≥0

G(Xt) > −∞ for all x ∈ E,

then V̂ can be computed as follows:

V̂ (x) = lim
n→∞ lim

N→∞
QNn G(x)

where

QnG(x) := G(x) ∨ ExG(X1/2n)

and QNn is the N-th power of Qn.
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The basic idea (ii) is that

V̂ and C (or D)

should solve the free-boundary problem:

(∗) LXV̂ ≤ 0

(∗∗) V̂ ≥ G (V̂ > G on C & V̂ = G on D)

where LX is the characteristic (infinitesimal) operator of X.

Assuming that G is smooth in a neighborhood of ∂C the following

“rule of thumb” is valid.
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If X after starting at ∂C enters immediately into int(D) (e.g. when X

is a diffusion process and ∂C is sufficiently nice) then the condition

LXV̂ ≤ 0 under (∗∗) splits into the two conditions:

LX V̂ = 0 in C

∂V̂

∂x

∣∣∣∣
∂C

=
∂G

∂x

∣∣∣∣
∂C

(smooth fit).

On the other hand, if X after starting at ∂C does not enter immediately

into int(D) (e.g. when X has jumps and no diffusion component

while ∂C may still be sufficiently nice) then the condition LX V̂ ≤ 0

(i.e. (∗)) under (∗∗) splits into the two conditions:

LXV̂ = 0 in C

V̂
∣∣∣
∂C

= G
∣∣∣
∂C

(continuous fit).
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Proof of the Theorem on NECESSARY conditions

Basic lines

(I) The value function V is the smallest superharmonic

function which dominated the gain function G on E.

We have by the strong Markov property:

Ex V (Xσ) = Ex EXσ G(Xτ∗) = Ex Ex[G(Xτ∗) ◦ θσ | Fσ]
= Ex G(Xσ+τ∗◦θσ) ≤ sup

τ
Ex G(Xτ) = V (x)

for each stopping time σ and all x ∈ E.

Thus V is superharmonic.
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Let F be a superharmonic function which dominates G on E. Then

Ex G(Xτ) ≤ Ex F(Xτ) ≤ F(x)

for each stopping time τ and all x ∈ E. Taking the supremum over all

τ we find that V (x) ≤ F(x) for all x ∈ E. Since V is superharmonic

itself, this proves that V is the smallest superharmonic function

which dominated G.

(II) Let us show that the stopping time

τD = inf{t : V (Xt) = G(Xt)}
is optimal (if V is lsc and G is usc).

We assume that there exists an optimal stopping time τ∗:

V (x) = Ex G(Xτ∗), x ∈ E.
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We claim that V (Xτ∗) = G(Xτ∗) Px-a.s. for all x ∈ E.

Indeed, if Px{V (Xτ∗) > G(Xτ∗)} > 0 for some x ∈ E, then

Ex G(Xτ∗) < Ex V (Xτ∗) ≤ V (x)

since V is superharmonic, leading to a contradiction with the fact

that τ∗ is optimal. From the identity just verified it follows that

τD ≤ τ∗ Px-a.s. for all x ∈ E.
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By (I) the value function V is the superharmonic (Ex V (Xσ) ≤ V (X)

for all stopping time σ and x ∈ E). Setting σ ≡ s and using the

Markov property we get for all t, s ≥ 0 and all x ∈ E

V (Xt) ≥ EXt V (Xs) = Ex [V (Xt+s) | Ft].
This shows that

The process (V (Xt))t≥0 is a supermartingale

under Px for each x ∈ E.

Suppose for the moment that V is continuous. Then obviously it

follows that (V (Xt))t≥0 is right-continuous. Thus, by the optional

sampling theorem (using E supt≥0 |G(Xt)| <∞), we see that

Ex V (Xτ) ≤ Ex V (Xσ) for σ ≤ τ .
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In particular, since τD ≤ τ∗ we get

V (x) = Ex G(Xτ∗) = Ex V (Xτ∗)

≤ Ex V (XτD) = Ex G(XτD) ≤ V (x),

where we used that

V (XτD) = G(XτD)

Now it is easy to show that τD is optimal if V is continuous.
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If V is only lsc, then again (see the lemma below) the process

(V (Xt))t≥0 is right-continuous (Px-a.s. for each x ∈ E), and the

proof can be completed as above.

This shows that τD is optimal if V is lsc as claimed.

Lemma. If a superharmonic function F : E → R is lsc, then

the supermartingale (F(Xt))t≥0 is right-continuous

(Px-a.s. for each x ∈ E).

We omit the proof.
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(III) The stopped process (V (Xt∧τD))t≥0 is a right-continuous

martingale under Px for every x ∈ E.

PROOF. By the strong Markov property we have

Ex [V (Xt∧τD) | Fs∧τD] = Ex

[
EXt∧τD

G(XτD) | Fs∧τD
]

= Ex

(
Ex [G(XτD) ◦ θt∧τD | Ft∧τD] | Fs∧τD

)

= Ex

(
Ex [G(XτD) | Ft∧τD] | Fs∧τD

)
= Ex [G(XτD) | Fs∧τD]

= EXs∧τD
G(XτD) = V (Xs∧τD)

for all 0 ≤ s ≤ t and all x ∈ E proving the martingale property. The

right-continuity of
(
V (Xt∧τD)

)
t≥0

follows from the right-continuity

of (V (Xt))t≥0 that we proved above.

The proof of the theorem on necessary conditions is complete.
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REMARK. The result and proof of the Theorem extend in exactly

the same form (by slightly changing the notation only) to the finite

horizon problem

VT(X) = sup
0≤τ≤T

Ex G(Xτ).

Now we formulate the theorem which provides

sufficient condition

for the existence of an optimal stopping time.
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THEOREM. Consider the optimal stopping problem

V (x) = sup
τ

Ex G(Xτ)

upon assuming that Ex supt≥0 |G(Xt)| < ∞, x ∈ E. Let us assume

that

(a) there exists the smallest superharmonic function V̂ which

dominates the gain function G on E;

(b) V̂ is lsc and G is usc.

Set D = {x ∈ E : V̂ (x) = G(x)} and τD = inf{t : Xt ∈ D}.

We then have:

(I) If Px(τD < ∞) = 1 for all x ∈ E, then V̂ = V and τD is

optimal;

(II) If Px(τD < ∞) < 1 for some x ∈ E, then there is no

optimal stopping time.
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SKETCH OF THE PROOF.

(I) Since V̂ is superharmonic majorant for G, we have

Ex G(Xτ) ≤ Ex V̂ (Xτ) ≤ V (x)

for all stopping times τ and all x ∈ E. So

G(x) ≤ V (x) = sup
τ

Ex G(Xτ) ≤ V̂ (x)

for all x ∈ E.

Next step (difficult!): assuming that Px(τD <∞) = 1 for all x ∈ E,

we prove the inequality

V̂ (x) ≤ V (x)

and optimality of time τD.
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(II) If Px(τD < ∞) < 1 for some x ∈ E then there is no optimal

stopping time.

Indeed, by “necessary-condition theorem” if there exists optimal

optimal τ∗ then τD ≤ τ∗.

But τD takes value ∞ with positive probability for some x ∈ E.

So, for this state x we have Px(τ∗ = ∞) > 0 and τ∗ cannot be

optimal (in the class M = {τ : τ <∞}).
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TOPIC III: Quickest detection problems

§ 1. W. Shewhart and E. Page’s works

1. Let us describe the (chronologically) first approaches to the

Quickest Detection (QD) problems initiated in the 1920-30s by

W. Shewhart who proposed – to control industrial products – the

so-called control charts (which are used till now). The next step

in this direction was made in the 1950s by E. Page who invented

the so-called CUSUM method, which became very popular in the

statistical practice. None of these approaches was underlain by any

deep stochastic analysis.
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In the late 1950s A. N. Kolmogorov and the author gave precise

mathematical formulation of two QD-problems. The basic problem

was a multistage problem of quickest detection of the random

target which appears in the steady stationary regime under assump-

tion that the mean time between false alarms is large (see Topic V).

The second problem was a Bayesian problem whose solution became

a crucial step in solving the first problem.
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2. W.Shewart approach ∗ supposes that x1, x2, . . . are observations

on the random variables X1, X2, . . . and θ is an unknown parameter

(“hidden parameter”) which takes values in the set {1,2, . . . ,∞}.

The case θ = ∞ is interpreted as a “normal” run of the inspected

industrial process. In this case X1, X2, . . . are i.i.d. random variables

with the density f∞(x).

If θ = 0 or θ = 1, then X1, X2, . . . are again i.i.d. with density f0(x).

If 1 < θ < ∞, then X1, . . . , Xθ−1 are i.i.d. with the density f∞(x)

and Xθ, Xθ+1, . . . run with the density f0(x):
f∞(x)

θ−→ f0(x).

∗
W. A. Shewhart, “The application of statistics as an aid in maintaining qual-
ity of manufactured product”, J. Amer. Statist. Assoc., 138 (1925), 546–548.

W. A. Shewhart, Economic Control of Manufactured Product, Van Nostrand Rain-
hold, N.Y., 1931. (Republished in 1981 by the Amer. Soc. for Quality
Control, Milwaukee.) III-1-3



Alarm signal is a random stopping time τ = τ(x), x = (x1, x2, . . .)

such that τ(x) = inf{n ≥ 1: xn ∈ D}, where D is some set in the

space of states x.

For f0(x) ∼ N (µ0, σ), f
∞(x) ∼ N (µ∞, σ) Shewart proposes to take

τ(x) = inf{n ≥ 1: |xn − µ∞| ≥ 3σ}.
It is easy to find the probability of false alarm (on each step)

α ≡ P(µ∞,σ){|X1 − µ∞| ≥ 3σ} ≈ 0.0027.

For E(µ∞,σ)τ we find

E(µ∞,σ)τ =
∞∑

k=1

kα(1− α)k−1 =
1

α
≈ 370.

Similarly we can find the probability of the correct alarm β =

P(µ0,σ)
{|X1 − µ∞| ≥ 3σ} and E(µ0,σ)

τ .
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W.Shewhart did not formulated optimization problems.

A possible approach can be as follows.

Let MT = {τ : E∞τ ≥ T}, where T is a fixed constant.

The stopping time τ∗T is called a minimax if

sup
θ

Eθ
(
τ∗T − θ | τ∗T ≥ θ

)
= inf

τ∈MT

sup
θ

Eθ(τ − θ | τ ≥ θ)

(here Pθ is the distribution on (R∞,B) generated by

X1, . . . , Xθ−1, Xθ, Xθ+1, . . .).

Another possible formulation is the following:

θ is a random variable and τ∗α,h is optimal if

inf
τ∈M(α)

P
(
(τ − θ)+ ≥ h

)
= P

(
(τ∗α,h − θ)+ ≥ h

)

where M(α) = {τ : P(τ ≤ θ) ≤ α}. III-1-5



By Chebyshev’s equality P
(
(τ − θ)+ ≥ h

)
≤ 1

hE(τ − θ)+ and

P
(
(τ − θ)+ ≥ h

)
= P(ek(τ−θ)

+ ≥ ekh) ≤ Eek(τ−θ)+

ekh
.

So, P
(
(τ − θ)+ ≥ h

)
≤ inf
k>0

Eek(τ−θ)+

ekh
and we have the problems:

inf
τ∈M(α)

E(τ − θ)+ = E(τ∗ − θ)+, inf
τ∈M(α)

Eek(τ−θ)
+

= Eek(τ
∗−θ)+ .

It is interesting to solve the problems

inf E|τ − θ|, inf Eek|τ−θ|

where inf is taken over the class M of all stoping times τ .

Solutions of these problems will be discussed later.

Now only note that for all Bayesian problems we need to

know the distributions of θ.
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For the problem

sup
τ

P(|τ − θ| ≥ h) = P(|τ∗j − θ| ≤ h)

with h = 0, i.e., for the problem

sup
τ

P(τ = θ) = P(τ∗0 = θ),

under the assumption that θ has the geometric distribution, the

optimal time τ∗0 has the following simple structure:

τ∗0 = inf

{
n ≥ 1:

f0(xn)

f∞(xn)
∈ D∗

0

}
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◮ For Gaussian distributions f0(x) ∼ N (µ0, σ) and f∞(x) ∼
N (µ∞, σ) we find that

τ∗0 = inf{n ≥ 1: xn ∈ A∗
0}.

◮ If f0(x) = 1
2λ0e

−λ0|x| and f∞(x) = 1
2λ∞e

−λ∞|x|, then

τ∗0 = inf{n ≥ 1: xn ∈ B∗
0}.

Generally, if f0 and f∞ belong to the exponential family:

fa(x) = c̃ag(x) exp{caϕa(x)}, where c̃a, ca, g(x) ≥ 0,

then
f0(x)

f∞(x)
=

c̃0
c̃∞

exp
{
c0ϕ0(x)− c∞ϕ∞(x)

}
, thus

τ∗0 = inf{n ≥ 1: c0ϕ0(xn) − c∞ϕ∞(xn) ∈ C∗
0}.
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3. E. Page’s approach. ∗ Below we will consider in details the

CUSUM method initiated by E. Page. Now we give only definition

of this procedure.

The SHEWHART method is based on the statistics Sn = f0(xn)
f∞(xn)

,

which for Gaussian densities f0(x) ∼ N (µ0,1) and f∞(x) ∼ N (0,1)

takes the form

Sn = exp{µ0(xn − µ0
2 )} = exp{∆Zn}, where Zn =

n∑

k=1

µ0(xk−µ0
2 ).

The CUSUM method is based on the statistics (see details in § 5)

γn = max
1≤k≤n

exp

{ n∑

i=n−k+1

µ0(xi −
µ0
2 )
}

= max
1≤k≤n

exp{Zn − Zn−k+1}.

∗
E.S.Page, “Continuous inspection schemes”, Biometrika, 41 (1954), 100–114.

E.S.Page, “Control charts with warning lines”, Biometrika, 42
(1955), 243–257. III-1-9



The CUSUM stopping time is τ∗ = inf{n ≥ 1: γn ≥ d}.

It is important to emphasize that to construct the CUSUM statistics γn

we must know the densities f∞(x) and f0(x). Instead of Zn =
∑n
k=1 µ0(xk−

µ0
2 ) we can use the following interesting statistics. Define

Z̃n =
n∑

k=1

|xk|(xk − |xk|
2 ) and T̃n = Z̃n − min

1≤k≤n
Z̃k.

Note that

|xk|(xk − |xk|
2 ) =





x2/2, x ≥ 0,

−3x2/2, x < 0.

So, for negative xk, k ≤ n, the statistics T̃ is close to 0. But if xk
become positive, then the values T̃n will increase. Thus, the statistics

T̃n help us to discover the appearing of the positive values xk.
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§ 2. Definition of the θ-model and Bayesian G-model in the

quickest detection

1. We consider now the case of discrete time n = 0,1, . . . and assume

that (Ω,F , (F)n≥0,P
0,P∞) is the binary statistical experiments. The

measure P∞ corresponds to the situation θ = ∞, the measure P0

corresponds to the situation θ = 0.

Assume first that Ω = R∞ = {x : (x1, x2, . . .), xi ∈ R}.
Let f0n(x1, . . . , xn) and f∞n (x1, . . . , xn) be the densities of P0n and P∞n
(w.r.t. the measure Pn = 1

2(P
0
n+ P∞n )).

We denote by f0n(xn |x1, . . . , xn−1) and f∞n (xn |x1, . . . , xn−1) the cor-

responding conditional densities.

How to define the conditional density fθn(xn |x1, . . . , xn−1) for the

value 0 < θ < ∞?
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The meaning of the value θ as a change-point (disorder, disruption,

in Russian “razladka”) suggests that it is reasonable to define

fθn(xn |x1, . . . , xn−1) =




f∞n (xn |x1, . . . , xn−1), n < θ,

f0n (xn |x1, . . . , xn−1), n ≥ θ,

or
fθn(xn | x1, . . . , xn−1) = I(n < θ)f∞n (xn |x1, . . . , xn−1)

+ I(n ≥ θ)f0n(xn |x1, . . . , xn−1)
(∗)

Since it should be

fθn(x1, . . . , xn−1) = fθn−1(x1, . . . , xn−1)f
θ
n(xn |x1, . . . , xn−1),

we find that

fθn(x1, . . . , xn−1) = I(n < θ)f∞n (x1, . . . , xn−1)

+ I(n ≥ θ)f∞θ−1(x1, . . . , xθ−1)
f0n(x1, . . . , xn−1)

f0θ−1(x1, . . . , xθ−1)

(∗∗)
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The formula (∗∗) can be taken as a definition of the density

fθn(x1, . . . , xn−1).

It should be emphasized that, vice versa, from (∗∗) we obtain (∗).

Note that from (∗) we get the formula

fθn(xn |x1, . . . , xn−1)− 1 = I(n < θ)[f∞n (xn | x1, . . . , xn−1)− 1]

+ I(n ≥ θ)[f0n(xn |x1, . . . , xθ−1)− 1]

which explains the following general definition of the measures Pθn

which is based on some martingale reasoning.
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2. General stochastic θ-model. The previous considerations show

how to define measures Pθ for case of general binary statistical

experiment (Ω,F , (Fn)n≥0,P
0,P∞), F0 = {∅,Ω}.

Introduce the notation:

P =
1

2
(P0 + P∞), P0n = P0|Fn, P∞n = P∞|Fn, Pn =

1

2
(P0n+ P∞n ),

L0 =
dP0

dP
, L∞ =

dP∞

dP
, L0

n =
dP0n
dPn

, L∞
n =

dP∞n
dPn

(
dQ

dP
is the Radon–Nikodým derivative ).
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Since for A ∈ Fn
∫

A
E(L0 | Fn) dP =

∫

A
L0 dP = P0(A) = P0n(A) =

∫

A

dP0n
dPn

dPn =

∫

A
L0
n dP,

we have the martingale property

L0
n = E(L0 | Fn) and similarly L∞

n = E(L∞ | Fn).
Note that P(L0

n = 0) = P(L∞
n = 0) = 0.

Associate with the martingales L0 = (L0
n)n≥0 and L∞ = (L∞

n )n≥0

their stochastic logarithms

M0
n =

n∑

k=1

∆L0
k

L0
k−1

I(L0
k−1 > 0), M∞

n =
n∑

k=1

∆L∞
k

L∞
k−1

I(L∞
k−1 > 0),

where ∆L0
k = L0

k − L0
k−1 and ∆L∞

k = L∞
k − L∞

k−1.
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The processes (M0
n ,Fn,P)n≥0, (M

∞
n ,Fn,P)n≥0 are P-local martingales

and

∆L0
n = L0

n−1∆M0
n , ∆L∞

n = L∞
n−1∆M∞

n .

In case of the coordinate space Ω = R∞, we find that (P-a.s.)

∆M0
n =

∆L0
n

L0
n−1

=
L0
n

L0
n−1

− 1 =
f0n(x1, . . . , xn)

f0n−1(x1, . . . , xn)
− 1

= f0n(xn | x1, . . . , xn−1)− 1

and similarly

∆M∞
n = f∞n (xn |x1, . . . , xn−1)− 1. (•)
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Above we defined fθn(xn |x1, . . . , xn−1) as

fθn(xn |x1, . . . , xn−1) = I(n < θ)f∞n (xn |x1, . . . , xn−1)

+ I(n ≥ θ)f0n(xn |x1, . . . , xn−1).

Thus, if we take into account (•), then for general case it is reasonable

to define ∆Mθ
n as

∆Mθ
n = I(n < θ)∆M∞

n + I(n ≥ θ)∆M0
n . (••)

We have

L0
n = E(M0)n, L∞

n = E(M∞)n,

where E is the stochastic exponential:

E(M)n =
n∏

k=1

(1 +∆Mk) (• • •)

with ∆Mk =Mk −Mk−1. Thus it is reasonable to define Lθn by

Lθn = E(Mθ)n.
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From formulas (••) and (• • •) it follows that

E(Mθ)n = E(M∞)n, n < θ,

E(Mθ)n = E(M∞)θ−1
E(M0)n

E(M0)θ−1
, 1 ≤ θ ≤ n.

So, for Lθn we find that (P-a.s.)

Lθn = I(n < θ)L∞
n + I(n ≥ θ)L∞

θ−1 · L0
n

L0
θ−1

,

or Lθn = I(n < θ)L∞
n + I(n ≥ θ)L0

n ·
L∞
θ−1

L0
θ−1

,

or Lθn = L∞
(θ−1)∧n · L0

n

L0
(θ−1)∧n

.

So, we have Lθn =





L∞
n , θ > n

L∞
θ−1 · L0

n

L0
θ−1

, θ ≤ n
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Define now for A ∈ Fn

Pθn(A) = E[I(A)E(Mθ)n], or Pθn(A) = E[I(A)Lθn].

The family of measures {Pθn}n≥1 is consistent and we can expect

that there exists a measure Pθ on F∞ =
∨Fn such that

Pθ|Fn = Pθn.

Without special assumptions on Lθn, n ≥ 1, we cannot guarantee

existence of such a measure ∗. It will be so, if, for example, the

martingale (Lθn)n≥0 is uniformly integrable. In this case there exists

an F∞-measurable random variable Lθ such that

Lθn = E(Lθ | Fn) and Pθ(A) = E[I(A)Lθ].

∗
See, e.g., the corresponding example in: A.N.Shiryaev, Probability,
Chapter II, § 3.
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Another way to construct the measure Pθ is based on the famous

Kolmogorov theorem on the extension of measures on (R∞,B(R∞)).

This theorem states that

if Pθ1,P
θ
2, . . . is a sequence of probability measures on

(R∞,B(R∞)) which have the consistency property

Pθn+1(B × R) = Pn(B), B ∈ B(Rn),
then there is a unique probability measure Pθ on (R∞,B(R∞))

such that

Pθ(Jn(B)) = Pn(B)

for B ∈ B(Rn), where Jn(B) is the cylinder in R∞ with base

B ∈ B(Rn).
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Note that, for the case of continuous time, the measures Pθ based

on the measures Pθt , t ≥ 0, can be constructed in a similar way.

The measures Pθ constructed for all 0 ≤ θ ≤ ∞ from the measures

P0 and P∞ have the following characteristic properties:

Pθ(A) = P∞(A), if n < θ .

The constructed filtered statistical experiment

(Ω,F , (Fn)n≥0;P
θ,0 ≤ θ ≤ ∞)

will be called a θ-model constructed via measures P0 (“change-

point”, “disorder” time θ equals 0) and P∞ (“change-point”, “disorder”

time θ equals ∞).
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3. General stochastic G-models. Let

(Ω,F , (Fn)n≥0;P
θ,0 ≤ θ ≤ ∞)

be the θ-model. Now we shall consider θ as a random variable (given

on some probability space (Ω′,F ′,P′)) with the distribution function

G = G(h), h ≥ 0. Define

Ω = Ω×Ω′, F = F∞ ⊗ F ′

and put for A ∈ F∞ and B′ ∈ F ′

PG(A×B′) =
∑

θ∈B′
Pθ(A)∆G(θ),

where ∆G(θ) = G(θ)−G(θ − 1), ∆G(0) = G(0).

The extension of this function of sets A×B′ onto F = F∞⊗F ′ will

be denoted by PG.
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It is clear that for PG(A) = PG(A × N ′) with A ∈ Fn, where N ′ =
{0,1, . . . ,∞}, we get

PG(A) =
n∑

θ=0

Pθn(A)∆G(θ) + (1−G(n))P∞n (A),

where we have used that Pθn(A) = P∞n (A) for A ∈ Fn and θ > n.

Denote

PGn = PG|Fn and LGn =
dPGn
dPn

.

Then we see that

LGn =
∞∑

θ=0

Lθn∆G(θ).
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Taking into account that

Lθn =





L∞
n , θ > n

L∞
θ−1 · L0

n

L0
θ−1

, θ ≤ n,
with L0

−1 = L∞
−1 = 1,

we find the following representation:

LGn =
n∑

θ=0

L∞
θ−1

L0
n

L0
θ−1

∆G(θ) + L∞
n (1−G(n)),

where L∞
−1 = L0

−1 = 1.
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EXAMPLE. Geometrical distribution:

G(0) = π, ∆G(n) = (1− π)qn−1p, n ≥ 1.

Here

LGn = πL0
n+ (1− π)L0

n

n−1∑

k=0

pqk
L∞
k

L0
k

+ (1− π)qnL∞
n .

If f0n = f0n(x1, . . . , xn) and f∞n = f∞n (x1, . . . , xn) are densities of P0n

and P∞n w.r.t. the Lebesgue measure, then we find

fGn (x1, . . . , xn) = πf0n(x1, . . . , xn)

+ (1− π)f0n(x1, . . . , xn)
n−1∑

k=0

pqk
f∞k (x1, . . . , xk)

f0k (x1, . . . , xk)

+ (1− π)qnf∞n (x1, . . . , xn).
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Thus

fGn (x1, . . . , xn) = πf0n(x1, . . . , xn)

+ (1− π)
n−1∑

k=0

pqkf∞k (x1, . . . , xk)f
0
n,k(xk+1, . . . , xn |x1, . . . , xk)

+ (1− π)qnf∞n (x1, . . . , xn),

where

f0n,k(xk+1, . . . , xn |x1, . . . , xk) =
f0n(x1, . . . , xn)

f0k (x1, . . . , xk)
.
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§ 3. Four basic formulations (VARIANTS A, B, C, D)

of the quickest detection problems for the

Brownian case

1. VARIANT A. We assume that G-model is given and

Mα = {τ : PG(τ < θ) ≤ α}, where α ∈ (0,1),

M is the class of all finite stoping times.

• Conditionally extremal formulation:

To find an optimal stopping time τ∗α ∈ Mα for which

EG(τ∗α − θ)+ = inf
τ∈Mα

EG(τ − θ)+ .

• Bayesian formulation: To find an optimal stopping time

τ∗
(c)

∈ M for which

PG(τ∗(c) < θ) + c EG(τ∗(c) − θ)+ = inf
τ∈M

[
P(τ < θ) + cE(τ − θ)+

]
.
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2. VARIANT B (Generalized Bayesian formulation). We assume

that θ-model is given an:

MT = {τ ∈ M : E∞τ ≥ T} [the class of stopping times τ for which the
mean time E∞τ of τ , under assumption that
there was no change point (disorder) at all,
equals a given a priori constant T > 0].

The problem is to find the value

B(T) = inf
τ∈MT

∑

θ≥1

Eθ(τ − θ)+

and the optimal stopping time τ∗T for which

∑

θ≥1

Eθ(τ − θ)+ = B(T) .
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3. VARIANT C (the first minimax formulation).

The problem is to find the value

C(T) = inf
τ∈MT

sup
θ≥1

Eθ(τ − θ | τ ≥ θ)

and the optimal stopping time τ̃T for which

sup
θ≥1

Eθ(τ̃T − θ | τ̃T ≥ θ) = C(T)
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VARIANT D (the second minimax formulation).

The problem is to find the value

D(T) = inf
τ∈MT

sup
θ≥1

ess sup
ω

Eθ((τ − θ)+ | Fθ−1)

and the optimal stopping time τT for which

sup
θ≥1

ess sup
ω

Eθ((τT − θ)+ | Fθ−1)(ω) = D(T)




Essential supremum w.r.t. the measure P of the nonnegative
function f(ω) (notation: ess sup f , or ‖f‖∞, or vraisup f) is defined
as follows:

ess sup
ω

f(ω) = inf{0 ≤ c ≤ ∞ : P(|f | > c) = 0}.



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4. There are many works, where, instead of the described penalty

functions, the following functions are investigated:

W (θ, τ) =




W1(τ), τ < θ,

W2(τ − θ), τ ≥ θ,
,

W (θ, τ) = W1((τ − θ)+) +W2((τ − θ)+),

in particular, W (θ, τ) = E|τ − θ|

W (θ, τ) = P(|τ − θ| ≥ h), etc.
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§ 4. The reduction of VARIANTS A and B to the

standard form

1. Denote

A1(c) = inf
τ∈M

[
PG(τ < θ) + cEG(τ − θ)+

]
,

A2(c) = inf
τ∈M

[
PG(τ < θ) + cEG(τ − θ+1)+

]
.

THEOREM 1. Let πn = PG(θ ≤ n | Fn). Then

A1(c) = inf
τ∈M

EG
[
(1− πτ) + c

τ−1∑

k=0

πk

]
,

A2(c) = inf
τ∈M

EG
[
(1− πτ) + c

τ∑

k=0

πk

]
.
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PROOF follows from the formulae PG(τ < θ) = EG(1− πτ) and

(τ − θ)+ =
τ−1∑

k=0

I(θ ≤ k),

︸ ︷︷ ︸
This follows from the
property ξ+ =

∑
k≥1 I(ξ≥k):

(τ − θ)+ =
∑

k≥1

I(τ − θ ≥ k)

=
∑

k≥1

I(θ ≤ τ − k)

=
τ−1∑

l=0

I(θ ≤ l)

(τ − θ+1)+ =
τ∑

k=0

I(θ ≤ k). (•)

Representations (•) imply

EG(τ−θ+1)+ = EG
τ∑

k=0

πk,

E
G(τ − θ)+ = EG

τ−1∑

k=0

I(θ ≤ k)

= EG
∞∑

k=0

I(k ≤ τ − 1)I(θ ≤ k)

= EG
∞∑

k=0

EG
[
I(k ≤ τ − 1)I(θ ≤ k) | Fk

]

= EG
∞∑

k=0

EG
[
I(τ ≥ k+ 1)I(θ ≤ k) | Fk

]

= EG
∞∑

k=0

I(k ≤ τ − 1)EG
[
I(θ ≤ k) | Fk

]
= E

G
τ−1∑

k=0

πk.

︷ ︸︸ ︷

EG(τ − θ)+ = EG
τ−1∑

k=0

πk III-4-2



THEOREM 2. Define

A3 = inf
τ

EG|τ − θ|, A4 = inf
τ

EG|τ − θ+1|.
Then

A3 = inf
τ

EG
[
θ+

τ−1∑

k=0

(2πk − 1)

]
, A4 = inf

τ
EG
[
θ+

τ∑

k=0

(2πk − 1)

]
.

PROOF is based on the formulae

|τ − θ| = θ+
τ−1∑

k=0

(2I(θ ≤ k)− 1),

|τ − θ+1| = θ+
τ∑

k=0

(2I(θ ≤ k)− 1).
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THEOREM 3. Let G = G(n), n ≥ 0, be the geometrical

distribution:

∆G(n) = pqn−1, n ≥, G(0) = 0.

Then for A3 = A3(p) we have

A3(p) = 1
pA1(p),

i.e.,

inf
τ

EG|τ − θ| = 1

p
inf
τ

[
PG(τ < θ) + pEG(τ − θ)+

]
.
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2. Consider now the criterion

A(W ) = inf
τ

EGW (θ, τ) with W (θ, τ) =




W1(τ), τ < θ,

W2((τ−θ)+), τ ≥ θ,

where W2(n) =
n∑

k=1

f(k), W2(0) = 0. Then

EGW (θ, τ) = EG

[
(1− πτ)

(
W1(τ)+

Lτ

1−G(τ)

τ−1∑

k=0

W2(τ − k)
∆G(k)

Lk−1

)]
.

For example, for W1(n) ≡ 1, W2(n) = cn2 we get

EGW (θ, τ) = EG

[
(1− πτ)

(
1 +

τ−1∑

k=0

(τ − k)2
Lτ

Lk−1

)]
.
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3. In Variant B: B(T) = inf
τ∈MT

∑

θ≥1

Eθ(τ − θ)+.

THEOREM 4. For any finite stopping time τ we have

∞∑

θ=1

Eθ(τ − θ)+ = E∞
τ−1∑

n=1

ψn, (∗)

where ψn =
n∑

θ=1

Ln

Lθ−1
, Ln =

L0
n

L∞
n
, L0

n =
dP0n
dPn

, L∞
n =

dP∞n
dPn

.

Therefore,

BT = inf
τ∈MT

E∞
τ−1∑

k=1

ψn, where MT = {τ ∈ M : E∞τ ≥ T}.

Some generalization:

BF (T) = inf
τ∈MT

∑

θ≥1

EθF((τ − θ)+), where F(n) =
∑n
k=1 f(k),

F(0) = 0,

f(k) ≥ 0
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PROOF of (∗). Since (τ − θ)+ =
∞∑

k=1

I(τ − θ ≥ k) =
∑

k≥θ+1

I(τ ≥ k)

and Pk(A) = P∞(A) for A ≡ {τ ≥ k} ∈ Fk−1, we find that

Eθ(τ − θ)+ =
∑

k≥θ+1

EθI(τ ≥ k)

=
∑

k≥θ+1

Ek

[
I(τ ≥ k)

d(Pθ|Fk−1)

d(Pk|Fk−1)

]

=
∑

k≥θ+1

Ek

[
I(τ ≥ k)

Lθk−1

L∞
k−1

]

=
∑

k≥θ+1

Ek

[
I(τ ≥ k)

Lθk−1

L∞
k−1

]

=
∑

k≥θ+1

Ek

[
I(τ ≥ k)

L0
k−1L

∞
θ−1

L0
θ−1L

∞
k−1

]

=
∑

k≥θ+1

Ek

[
I(τ ≥ k)

Lk−1

Lθ−1

]
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Therefore,
∞∑

θ=1

Eθ(τ − θ)+ = E∞
∞∑

θ=1

[ ∞∑

k=θ+1

I(τ ≥ k)
Lk−1

Lθ−1

]

= E∞
∞∑

θ=1

∞∑

k=2

I(θ+1 ≤ k ≤ τ)
Lk−1

Lθ−1

= E∞
∞∑

k=2

[k−1∑

θ=1

Lk−1

Lθ−1

]

= E∞
τ∑

k=2

ψk = E∞
τ−1∑

k=1

ψk.

We find here that

BF (T) = inf
τ∈MT

E∞
τ−1∑

n=0

Ψn(f),

where

Ψn(f) =
n∑

θ=0

f(n+1− θ)
Ln

Lθ−1
.
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§ 5. VARIANT C and D:

lower estimates for the risk functions

1. In Variant C the risk function is

C(T) = inf
τ∈MT

sup
θ≥1

Eθ(τ − θ | τ ≥ θ).

THEOREM 5. For any stopping time τ with E∞τ <∞,

sup
θ≥1

Eθ(τ − θ | τ ≥ θ) ≥ 1

E∞τ
E∞

τ−1∑

n=1

ψn where ψn =
n∑

θ=1

Ln

Lθ−1
.

Thus, in the class M̂T = {τ ∈ MT : E∞τ = T},

Ĉ(T) = inf
τ∈M̂T

sup
θ≥1

Eθ(τ − θ | τ ≥ θ) ≥ 1

T
B̂(T),

where B̂(T) = inf
τ∈M̂T

∑

θ≥1

Eθ(τ − θ)+ = inf
τ∈M̂T

E∞
τ−1∑

k=1

ψk.
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PROOF. We have

∑

θ≥1

Eθ(τ − θ)+ =
∑

θ≥1

Eθ(τ − θ | τ ≥ θ)Pθ(τ ≥ θ)

≤ sup
θ≥1

Eθ(τ − θ | τ ≥ θ)
∑

θ≥1

Pθ(τ ≥ θ)
︸ ︷︷ ︸

by definition of the θ-model,
since {τ ≥ θ} ∈ Fθ−1

‖
= sup

θ≥1
Eθ(τ − θ | τ ≥ θ)

∑

θ≥1

︷ ︸︸ ︷
P∞(τ ≥ θ)

︸ ︷︷ ︸
=E∞τ

.

Thus,

sup
θ≥1

Eθ(τ − θ | τ ≥ θ) ≥ 1

E∞τ
∑

θ≥1

Eθ(τ − θ)+ =
1

E∞τ
E∞

τ−1∑

n=1

ψn.
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2. Now we consider Variant D, where

D(T) = inf
τ∈MT

sup
θ≥1

ess sup
ω

Eθ
[
(τ − (θ − 1))+ | Fθ−1

]
.

THEOREM 6. For any stopping time τ with E∞τ <∞,

sup
θ≥1

ess sup
ω

Eθ
[
(τ − (θ − 1))+ | Fθ−1

]
≥ E∞

∑τ−1
k=0 γk

E∞
∑τ−1
k=0(1− γk)

+
, (∗)

where (γk)k≥0 is the CUSUM-statistics:

γk = max
1≤θ≤n

Lθn
L∞
n

(Lθn =
dPθn
dPn

, L∞
n =

dP∞n
dPn

).

Thus,

D(T) ≥ inf
τ∈MT

E∞
∑τ−1
k=0 γk

E∞
∑τ−1
k=0(1− γk)

+
.
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Recall, first of all, some useful facts about CUSUM-statistics (γn)n≥0:

γn = max
1≤θ≤n

Ln

Lθ−1
= max

1≤k≤n
Ln

Ln−k
;

γn =
Ln

Ln−1
max(1, γn−1)︸ ︷︷ ︸

=

n∑

θ=1

(1−γθ−1)
+Ln−1

Lθ−1

by induction

=
n∑

θ=1

(1− γθ−1)
+ Ln

Lθ−1
⇒

⇒ γn=
Ln

Ln−1

[
(1 − γn−1)

+ + γn−1
]
=

Ln

Ln−1




1, γn−1 < 1,

γn−1, γn−1 ≥ 1

(cf. ψn =
n∑

θ=1

Ln

Ln−1
=

Ln

Ln−1
[1 + ψn−1]).
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PROOF of the basic inequality (∗):

sup
θ≥1

ess sup
ω

Eθ
[
(τ − (θ − 1))+ | Fθ−1

]
≥ E∞

∑τ−1
k=0 γk

E∞
∑τ−1
k=0(1− γk)

+
. (∗)

For τ ∈ MT

dθ(τ)
def
= Eθ

[
(τ − (θ − 1))+
︸ ︷︷ ︸

=
∑

k≥1

I(τ − (θ−1) ≥ k) =
∑

k≥1

I(τ ≥ k + (θ−1)) =
∑

k≥θ

I(τ ≥ k),

| Fθ−1

]
(ω)

=
∑

k≥θ
Eθ[I(τ≥k) | Fθ−1] =

∑

k≥θ
Eθ
[
I(τ≥k)Lk−1

θ−1

∣∣∣ Fθ−1

]
(P∞-a.s.).




Here we used the fact that if r.v. ξ is ≥ 0 and Fk−1-measurable, then

Eθ(ξ | Fθ−1) = E∞
[
ξ
Lk−1

Lθ−1

∣∣ Fθ−1

]
, Ln =

L0
n

L∞
n

.



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Denote d(τ) = supθ≥1 ess supω d
θ(τ). For each τ and each θ ≥ 1

d(τ) ≥ dθ(τ) (Pθ-a.s.)

and for any nonnegative Fθ-measurable function f = fθ(ω) (all r.v.’s

here are Fθ-measurable)

fθ−1I(τ ≥ θ)d(τ) ≥ fθ−1I(τ ≥ θ)dθ(τ) (Pθ-a.s. and P∞-a.s.
︸ ︷︷ ︸

since Pθ(A) = P∞(A)
for every A ∈ Fθ−1

by definition of the θ-model

) (∗∗)

Taking into account (∗∗), we get

E∞
{
fθ−1I(τ≥θ)

}
d(τ) = E∞

{
fθ−1I(τ≥θ)d(τ)

}
≥ E∞

{
fθ−1I(τ≥θ)dθ(τ)

}

= E∞
{
fθ−1I(τ ≥ θ)

∑

k≥θ
E∞

(
I(τ ≥ k)

Lk−1

Lθ−1

∣∣∣ Fθ−1

)}

= E∞
{
I(τ ≥ θ)

∑

k≥θ
fθ−1

Lk−1

Lθ−1
I(τ ≥ θ)

}

= E∞
{
I(τ ≥ θ)

τ∑

k=θ

fθ−1
Lk−1

Lθ−1

}
.
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Taking summation over θ we find that

d(τ)
∞∑

θ=1

E∞fθ−1I(τ ≥ θ) ≥ E∞
τ∑

θ=1

τ∑

k=θ

fθ−1
Lk−1

Lθ−1

= E∞
τ∑

k=1

τ∑

θ=1

fθ−1
Lk−1

Lθ−1
.

From this we get d(τ) ≥
E∞

∑τ
k=1

∑τ
θ=1 fθ−1

Lk−1
Lθ−1

E∞
∑τ
θ=1 fθ−1

.

Take fθ = (1− γθ)
+. Then

k∑

θ=1

(1− γθ−1)
+Lk−1

Lθ−1
=
Lk−1

Lk

k∑

θ=1

(1− γθ−1)
+ Lk
Lθ−1

=
Lk−1

Lk
γk.

Since γk =
Lk
Lk−1

max{1, γk−1}, we have

E∞
τ∑

k=1

τ∑

θ=1

fθ−1
Lk−1

Lθ−1
=

τ∑

k=1

max{1, γk−1} =
τ−1∑

k=1

max{1, γk}.

Thus, inequality (∗) of Theorem 6 is proved.
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§ 6. Recurrent equations for statistics πn, ϕn, ψn, γn

1. We know from § 4 that in Variant A the value

A1(c) = inf
τ∈M

[
PG(τ < θ) + cEG(τ − θ)+

]

can be represented in the form

A1(c) = inf
τ∈M

EG
[
(1− πτ) + c

τ−1∑

k=0

πk

]
,

where πn = PG(θ ≤ n | Fn), n ≥ 1, π0 = π ≡ G(0) . (If we have

observations X0, X1, . . ., then Fn = FX
n = σ(X0, . . . , Xn).) Using the

Bayes formula, we find

πn =

∑
θ≤nLθn∆G(θ)

LGn
, where Lθn =

dPθn
dPn

, LGn =
dPGn
dPn

.

III-6-1



Introduce ϕn = πn/(1− πn). For the statistics ϕn one find that

ϕn =

∑
θ≤nLθn∆G(θ)

∑
θ>nL

θ
n∆G(θ)

=

L0
n
∑
θ≤n

L∞
θ−1

L0
θ−1

∆G(θ)

(1−G(n))L∞
n

.

Since πn = ϕn/(1 + ϕn), we get

πn =

∑
θ≤n Ln

Lθ−1
∆G(θ)

Ln
Lθ−1

∆G(θ) + (1−G(n))
,

and therefore

πn =

Ln
Ln−1

{
(1− πn)

∆G(n)
1−G(n−1)

+ πn+1

}

Ln
Ln−1

{
(1− πn)

∆G(n)
1−G(n−1)

+ πn+1

}
+ (1− πn−1)

1−G(n)
1−G(n−1)

,

1− πn =
(1− πn−1)

1−G(n)
1−G(n−1)

Ln
Ln−1

{
(1− πn)

∆G(n)
1−G(n−1)

+ πn+1

}
+ (1− πn−1)

1−G(n)
1−G(n−1)

.
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Thus,

ϕn =
πn

1− πn
=

Ln
Ln−1

{
(1− πn)

∆G(n)
1−G(n−1)

+ πn+1

}

(1− πn−1)
1−G(n)

1−G(n−1)

.

Finally,

ϕn =
Ln

Ln−1

{
∆G(n)

1−G(n)
+ ϕn−1

1−G(n− 1)

1−G(n)

}
.

From the formulas πn =

∑
θ≤nLθn∆G(θ)

LGn
and ϕn =

πn

1− πn
we find

also that

ϕn =
1

G(n)

∑

θ≤n

Ln

Lθ−1
∆G(θ) .
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EXAMPLE. If G is geometrical distribution: ∆G(0) = G(0) = π,

∆G(n) = (1− π)qn−1p, then

∆G(n)

1−G(n)
=
p

q
,

∆G(n− 1)

1−G(n)
=

1

q
, and ϕn =

Ln

qLn−1
(p+ ϕn−1).

For ψ̂n(p) :=
ϕn

p
, p > 0: ψ̂n(p) =

Ln

qLn−1
(1 + ψ̂n−1(p));

For ψ̂n := lim
p↓0

ψ̂n(p): ψ̂n =
Ln

Ln−1
(1 + ψ̂n−1) .

If ϕ0 = 0, then ψ̂0 = 0 and ψ̂n =
n∑

θ=1

Ln

Ln−1
.
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We see that ψ̂n = ψn (=
∑n
θ=1

Ln
Lθ−1

), where the statistics has

appeared in Variant B:

∞∑

θ=1

Eθ(τ − θ)+ = E∞
τ−1∑

n=1

ψn.

So, we conclude that statistics ψn (in Variant B) can be obtained

from the statistic ϕn(p) (which appeared in Variant A).
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2. Consider the term Ln/Ln−1 in the above formulas. Let σ-algebras

Fn be generated by the independent (w.r.t. both P0 and P∞)

observations x0, x1, . . . with densities f0(x) and f∞(x) for xn, n ≥ 1.

Then

Ln

Ln−1
=

f0(xn)

f∞(xn)
.

So, in this case

ϕn =
f0(xn)

f∞(xn)

{
∆G(n)

1−G(n)
+ ϕn−1

1−G(n− 1)

1−G(n)

}
.
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If x0, . . . , xn has the densities f0(x0, . . . , xn) and f∞(x0, . . . , xn), then

Ln

Ln−1
=

f0(xn|x0, . . . , xn)
f∞(xn|x0, . . . , xn)

and

ϕn =
f0(xn|x0, . . . , xn−1)

f∞(xn|x0, . . . , xn−1)

{
∆G(n)

1−G(n)
+ ϕn−1

1−G(n− 1)

1−G(n)

}
.

In the case of Markov observations

ϕn =
f0(xn|xn−1)

f∞(xn|xn−1)

{
∆G(n)

1−G(n)
+ ϕn−1

1−G(n− 1)

1−G(n)

}
.
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From the above representations we see that

◮ in the case of independent observations x0, x1, . . . (w.r.t.

P0 and P∞) the statistics ϕn and πn form a Markov

sequences (w.r.t. PG);

◮ in the case of Markov sequences x0, x1, . . . (w.r.t. P0

and P∞) the PAIRS (ϕn, xn) and (πn, xn) form Markov

sequences (w.r.t. PG).
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§ 7. VARIANTS A and B:

Solving the optimal stopping problem

1. We know that A1(c) = inf
τ∈M

[
PG(τ < θ) + cEG(τ − θ)+

]
can be

represented in the form

A1(c) = inf
τ∈M

Eπ

[
(1− πτ) + c

τ−1∑

n=0

πn

]
,

here Eπ is the expectation EG under assumption G(0) = π (∈ [0,1]).

Denote V ∗(π) = inf
τ∈M

Eπ

[
(1− πτ) + c

τ−1∑

n=0

πn

]
, for fixed c > 0,

T g(π) = Eπg(π1) for any nonnegative (or bounded)
function g = g(π), π ∈ [0,1],

Qg(π) = min{g(π), T g(π)}.
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We assume that in our G-model

G(0) = π, ∆G(n) = (1− π)qn−1p, 0 ≤ π < 1, 0 < p < 1.

In this case for ϕn = πn/(1− πn) we have

ϕn =
Ln

qLn−1
(p+ ϕn−1).

In case of the P0- and P∞-i.i.d. observations x1, x2, . . . with the

densities f0(x) and f∞(x) we have

ϕn =
f0(xn)

qf∞(xn)
(p+ ϕn−1).

From here it follows that (ϕn) is an homogeneous Markov sequence

(w.r.t. PG). Since πn = ϕn/(1 + ϕn), we see that (πn) is also PG-

Markov sequence. So, to solve the optimal stopping problem V ∗(π)
one can use the General Markovian Optimal Stopping Theory.
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From this theory it follows that

a) V ∗(π) = limQng(π), where g(π) = 1− π,

b) optimal stopping time has the form τ∗ = inf{n≥0: V ∗(π) = 1−π}.

Note that τ∗ <∞ (Pπ-a.s.) and V ∗(π) is a concave function. So,

τ∗ = inf{n : πn ≥ π∗} where π∗ is a (unique) root of the

equation V ∗(π) = 1− π.

We have

V ∗(π) = lim
n
Qn(1−π) with Q(1−π) = min

{
(1−π), cπ+ Eπ(1−π1)︸ ︷︷ ︸

=(1−π)(1−p)

}
.

Since V ∗(π) = limnQn(1− π) ≤ Q(1− π) ≤ 1− π, we find that

Q(1− π∗) ≤ 1− π∗, or min
{
(1−π∗), cπ∗+(1−π∗)(1−p)

}
≤ 1− π∗.

From here we obtain

the LOWER ESTIMATE for π∗:
π∗ ≥

p

c+ p
. III-7-3



In Topic IV (§ 3) we shall consider Variant A for the continuous

(diffusion) case. In this case for π∗ we shall obtain the explicit

formula for π∗.

2. In Variant B

B(T) = inf
τ∈MT

∑

θ≥1

E
θ(τ − θ)+, where MT = {τ : E∞τ≥T}, T > 0.

We know that
∑

θ≥1

E
θ(τ − θ)+ = E∞

τ−1∑

n=1

ψn, where ψn =
n∑

θ=1

Ln

Lθ−1
.

From here

ψn =
Ln

Ln−1
︸ ︷︷ ︸

=
f0(xn)

f∞(xn)
in the case of (P0- and P∞-) i.i.d.
observations

(1 + ψn−1), ψ−1 = 0.
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For the more general case

BF (T) = inf
τ∈MT

∑

θ≥1

E
θF
(
(τ − θ)+

)
with F(n) =

n∑

k=1

f(k),

F(0) = 0, f(k) ≥ 0

we find that

∑

θ≥1

E
θF
(
(τ − θ)+

)
= E∞

τ−1∑

n=0

Ψn(f),

where

Ψn(f) =
n∑

θ=0

f(n+1− θ)
Ln

Lθ−1
.
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◮ If f(t) =
M∑

m=0

cm0e
λmt, then Ψn(f) = c00ψn+

M∑

m=1

cm0ψ
(m,0)
n

with





ψn =
Ln

Ln−1
(1 + ψn−1), ψ−1 = 0,

ψ
(m,0)
n = eλm

Ln

Ln−1
(1 + ψ

(m,0)
n−1 ), ψ

(m,0)
−1 = 0.

◮ If f(t) =
K∑

k=0

c0kt
k, then Ψn(f) = c00ψn+

K∑

k=1

c0kψ
(0,k)
n

with





ψn =
Ln

Ln−1
(1 + ψn−1), ψ−1 = 0,

ψ
(0,k)
n =

Ln

Ln−1

(
1+

k∑

i=0

cinψ
(0,i)
n−1

)
, ψ

(0,k)
−1 = 0.
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◮ For the general case f(t) =
M∑

m=0

K∑

k=0

cmke
λmttk, λ0 = 0, we have

Ψn(f) =
M∑

m=0

K∑

k=0

cmkψ
(m,k)
n

with ψ
(m,k)
n =

n∑

θ=0

eλm(n+1−θ)(n+1− θ)k
Ln

Lθ−1
.

The statistics ψ
(m,k)
n satisfy the system

ψ
(m,k)
n = eλm

Ln

Ln−1

( K∑

i=0

cikψ
(m,i)
n−1 +1

)
,

0 ≤ m ≤M,

0 ≤ k ≤ K.
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EXAMPLE 1. If F(n) = n, then

f(n) ≡ 1, Ψn(f) = ψn, where ψn =
Ln

Ln−1
(1 + ψn), ψ−1 = 0.

EXAMPLE 2. If F(n) = n2 + n, then

f(n) = 2n.

In this case

Ψn(f) = 2ψ
(0,1)
n with ψ

(0,1)
n =

Ln

Ln−1
(1 + ψn−1 + ψ

(0,1)
n−1 ).

Thus

Ψn(f) = Ψn−1(f) + 2ψn.
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3. We know that

B(T) = inf
τ∈MT

∑

θ≥1

Eθ(τ − θ)+ = inf
τ∈MT

E∞
τ−1∑

n=1

Ψn , Ψn =
n∑

θ=1

Ln

Lθ−1
.

By the Lagrange method, to find inf
τ∈MT

E∞
τ−1∑

n=1

ψn we need to solve

the problem

inf
τ∈M

E∞
τ−1∑

n=1

(ψn+ c) (c is a Lagrange multiplier). (∗)

For i.i.d. case and geometric distribution the statistics (ψn) form a

homogeneous Markov chain.

By the Markovian optimal stopping theory, the optimal stopping

time τ∗ = τ∗(c) for the problem (∗) has the form

τ∗(c) = inf{n : ψn ≥ b∗(c)} III-7-9



Suppose that for given T > 0 we can find c= c(T) such that

E∞τ∗(c(T)) = T.

Then the stopping time

τ∗(c(T)) = inf{n : ψn ≥ b∗(c(T))}
will be optimal stopping time in the problem

B(T) = inf
τ∈MT

∑

θ≥1

E∞(τ − θ)+
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§ 8. VARIANTS C and D: around the optimal stopping times

1. In Variant C the risk function is

C(T) = inf
τ∈MT

sup
θ≥1

Eθ(τ − θ | τ ≥ θ)

︸ ︷︷ ︸

≥ 1

E∞τ
E∞

τ−1∑

n=1

ψn

︸ ︷︷ ︸

=
∞∑

θ=1

Eθ(τ − θ)+ (Thm. 4)

, where ψn =
n∑

θ=1

Ln

Lθ−1
(§ 6, Thm. 5)

So, in the class M̂T = {τ ∈ MT : E∞τ = T} we have C(T) ≥ 1

T
B(T) .

For any stopping time τ0 ∈ M̂T

sup
θ≥1

Eθ(τ − θ | τ ≥ θ) ≥ C(T) ≥ 1

T
B(T).

Thus, if we take a “good” time τ0 and find B(T), then we can obtain

a “good” estimate for C(T). In Topic IV (§ 6) we consider this

procedure for the case of continuous time (Brownian model).
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2. Finally, in § 5 (Theorem 6) it was demonstrated that for any

stopping time τ with E∞τ <∞

sup
θ≥1

ess sup
ω

Eθ
[
(τ − (θ − 1))+ | Fθ−1

]
≥

E∞
τ−1∑

k=0

γk

E∞
τ−1∑

k=0

(1− γk)
+

.

So

D(T) ≥ inf
τ∈MT

E∞
τ−1∑

k=0

γk

E∞
τ−1∑

k=0

(1− γk)
+

≥
inf
τ∈MT

E∞
τ−1∑

k=0

γk

sup
τ∈MT

E∞
τ−1∑

k=0

(1− γk)
+

.
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G. Lorden ∗ proved that CUSUM stopping time

σ∗(T) = inf{n ≥ 0: γn ≥ d∗(T)}
is asymptotically optimal as T → ∞ (for i.i.d. model).

In 1986 G.V.Moustakides ∗∗ proved that CUSUM statistics (γn) is

optimal for all T < ∞. We consider these problems in § 6 of Topic IV

for the case of continuous time (Brownian model).

∗
“Procedures for reacting to a change in distribution”, Ann. Math. Statist.,
42:6 (1971), 1897–1908.

∗∗
“Optimal stopping times for detecting changes in distributions”, Ann.
Statist., 14:4 (1986), 1379–1387.
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TOPIC IV: Quickest detection problems: Continuous time

(Brownian model)

§ 1. Introduction

1.1. In the talk we intend to present the basic—from our point of

view—aspects of the problems of the quickest detection of disorders

in the observed data, with accent on

the MINIMAX approaches.

As a model of the observed process X = (Xt)t≥0 with a disorder, we

consider the scheme of the Brownian motion with changing drift.

More exactly, we assume that

Xt = µ(t− θ)+ + σBt, or dXt =




σdBt, t < θ,

µ dt+ σdBt, t ≥ θ,

where θ is a hidden parameter which can be a random

variable or some parameter with values in R+ = [0,∞]. IV-1-1



1.2. A discrete-time analogue of the process X = (Xt)t≥0 is a model

X = (X1, X2, . . . , Xθ−1, Xθ, Xθ+1, . . .),

where, for a given θ,

X1, X2, . . . , Xθ−1 are i.i.d. with the distribution F∞ and

Xθ, Xθ+1, . . . are i.i.d. with the distribution F0.

Walter A. Shewart was the first to use—in 1920–30s—this model

for the description of the quality of manufactured product. The

so-called ‘control charts’, proposed by him, are widely used in the

industry until now.
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The idea of his method of control can be illustrated by his own

EXAMPLE: Suppose that

for n < θ the r.v.’s Xn are N (µ∞, σ2) and

for n ≥ θ the r.v.’s Xn are N (µ0, σ
2), where µ0 > µ∞.

Shewart proposed to declare alarm about appearing of a disorder

(‘change-point’) at a time which is

τ = inf{n ≥ 1: Xn − µ0 ≥ 3σ}.
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He did not give explanations whether this (stopping, Markov) time

is optimal, and much later it was shown that:

If θ has geometric distribution:

P(θ = 0) = π, P(θ = k | θ > 0) = qk−1p,

then in the problem

τ  inf
τ

P(τ = θ) (∗)

the time τ∗ = inf
{
n ≥ 1: Xn ≥ c∗(µ0, µ∞, σ2, p)

}
, where

c∗ = c∗(µ0, µ∞, σ2, p) = const, is optimal for criterion (∗).

Here the optimal decision about declaring of alarm at time n depends

only on Xn. However, for the more complicated models the optimal

stopping time will depend not only on the last observation Xn but

on the whole past history (X1, . . . , Xn).
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1.3. This remark was used in the 1950s by E. S. Page who proposed

new control charts, well known now as a CUSUM (CUmulative

SUMs) method. In view of a great importance of this method, we

recall its construction (for the discrete-time case).

NOTATION:

P
0
n and P

∞
n are the distributions of the sequences (X1, . . . , Xn), n≥1,

under assumptions that θ = 0 and θ = ∞, resp.; Pn = 1
2(P

0
n+ P∞n );

L0
n =

dP0n
dPn

, L∞
n =

dP∞n
dPn

, Ln =
L0
n

L∞
n

(the likelihood ratios);

Lθn = I(n < θ)L∞
n + I(n ≥ θ)L0

n

L∞
θ−1

L0
θ−1

(L0
−1 = L∞

−1 = 1, L0
0 = L∞

0 = 1).
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For the GENERAL DISCRETE-TIME SCHEMES:

the Shewart method of control

charts is based on the statistics

Sn =
Lnn
L∞
n

, n ≥ 0

the CUSUM method is

based on the statistics

γn = max
θ≥0

Lθn
L∞
n

, n ≥ 0

It is easy to find that since Lθn = L∞
n for θ > n, we have

γn = max

(
1, max

0≤θ≤n
Lθn
L∞
n

)
,

or

γn = max

(
1, max

0≤θ≤n

(
L0
n

L∞
n

L∞
θ−1

L0
θ−1

))
= max

(
1, max

0≤θ≤n
Ln

Lθ−1

)
,

where L−1 = 1.
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Let Zn = logLn and Tn = log γn. Then we see that

Tn = max

(
0, Zn − min

0≤θ≤n−1
Zθ

)
,

whence we find that

Tn = Zn − min
0≤θ≤n

Zθ and Tn = max(0, Tn−1 +∆Zn) ,

where T0 = 0, ∆Zn = Zn − Zn−1 = log(Ln/Ln−1).

(In § 6, we shall discuss the corresponding formulas for the continuous-

time Brownian model. In § 6, the question about optimality of the

CUSUM method will also be considered.)
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§ 2. Four basic formulations (VARIANTS A, B, C, D)

of the quickest detection problems for the

Brownian case

Recall our basic model

dXt =




σ dBt, t < θ,

µ dt+ σ dBt, t ≥ θ,

where • µ 6= 0, σ > 0,

• B = (Bt)t≥0 is a standard (EBt = 0, EB2
t = t)

Brownian motion, and

• θ is a time of appearing of a disorder.
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VARIANT A. Here

θ = θ(ω) is a random variable with the values from R+ = [0,∞] and

τ = τ(ω) are stopping (Markov) times (w.r.t. the filtration (Ft)t≥0,

where Ft = σ(Xs, s ≤ t).

• Conditionally variational formulation:

In the class Mα = {τ : P(τ ≤ θ) ≤ α}, where α is a given number

from (0,1), to find an optimal stopping time τ∗α for which

E(τ∗α − θ | τ∗α ≥ θ) = inf
τ∈Mα

E(τ − θ | τ ≥ θ) .

• Bayesian formulation: To find

A
∗(c) = inf

τ

[
P(τ < θ) + cE(τ − θ)+

]

and an optimal stopping time τ∗
(c)

(if it exists) for which

P(τ∗(c) < θ) + cE(τ∗(c) − θ)+ = A
∗(c) . IV-1-9



VARIANT B (Generalized Bayesian). Notation:

MT = {τ : E∞τ = T} [the class of stopping times τ for which the
mean time E∞τ of τ , under assumption that
there was no change point (disorder) at all,
equals a given constant T ].

The problem is to find a stopping time τ∗T in the class MT for

which

inf
τ∈MT

1

T

∫ ∞

0
Eθ(τ − θ)+ dθ =

1

T

∫ ∞

0
Eθ(τ

∗
T − θ)+ dθ .

We call this variant of the quickest detection problem

generalized Bayesian

because the integration w.r.t. dθ can be considered as the integration

w.r.t. the “generalized uniform” distribution on R+.
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In § 4 we describe the structure of the optimal stopping time τ∗T and

calculate the value

B(T) =
1

T

∫ T
0

Eθ(τ
∗
T − θ)+ dθ.

These results will be very useful for the description of the asympto-

tically (T → ∞) optimal method for the minimax

VARIANT C. To find

C(T) = inf
τ∈MT

sup
θ≥0

E(τ − θ | τ ≥ θ)

and an optimal stopping time τT if it exists.

Notice that the problem of finding C(T) and τT is not solved yet.

We do not even know whether τT exists. However, for large T it

is possible to find an asymptotically optimal stopping time and an

asymptotic expansion of C(T) up to terms which vanish as T → ∞.
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The following minimax criterion is well known as a Lorden criterion.

VARIANT D. To find

D(T) = inf
τ∈MT

sup
θ≥0

ess sup
ω

Eθ
(
(τ − θ)+ | Fθ

)
(ω) .

︸ ︷︷ ︸
this value can be interpreted
as the “worst-case” mean
detection delay

Below we give the sketch of the proof that the optimal stopping

time is of the form

τ̂T = inf{t ≥ 0: γt ≥ d(T)},
where (γt)t≥0 is the corresponding CUSUM statistics.
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§ 3. VARIANT A

3.1. Under assumption that θ = θ(ω) is a random variable with

exponential distribution,

P(θ = 0) = π, P(θ > t | θ > 0) = e−λt

(π ∈ [0,1) and λ > 0 is known),

the problems of finding both the optimal stopping times τ∗
(c)

, τ∗α and

the values

A
∗(c) = P

(
τ∗(c) < θ

)
+ cE

(
τ∗(c) − θ

)+
, A

∗(α) = E(τ∗α − θ | τ∗α ≥ θ)

were solved by the author a long time ago.

We recall here the main points, since they will be useful for solving

the problem of Variant B.
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Introducing the a posteriori probability

πt = P(θ ≤ t | Ft), π0 = π,

we find that for any stopping time τ

P(τ ≤ θ) + cE(τ − θ)+ = Eπ

[
(1− πτ) + c

∫ τ
0
πt dt

]
,

where Eπ stands for the expectation w.r.t. the distribution Pπ of

the process X with π0 = π. The process (πt)t≥0 has the stochastic

differential

dπt =

(
λ− µ2

σ2
π2t

)
(1− πt) dt+

µ

σ2
πt(1− πt) dXt.
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The process X = (Xt)t≥0 admits the innovation representation

Xt = r
∫ t
0
πs ds+ σBt, i.e., dXt = rπt dt+ σ dBt,

where

Bt = Bt+
µ

σ

∫ t
0
(θs − πs) ds

is a Brownian motion w.r.t. (FX
t )t≥0. So, one can find that

dπt = λ(1− πt) dt+
r

σ
πt(1− πt) dBt.

Consequently, the process (πt,FX
t )t≥0 is a diffusion Markov process

and the problem

τ ∈ MT  inf
τ

[
P(τ < θ) + cE(τ − θ)+

]

= inf
τ

Eπ

[
(1− πτ) + c

∫ τ
0
πt dt

]
(≡ V ∗(π))

is a problem of optimal stopping for a diffusion Markov

process (πt,Ft)t≥0.
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To solve this problem, we consider the corresponding

STEFAN (free-boundary) PROBLEM :

V (π) = 1− π, π ≥ A,

AV (π) = −cπ, π < A,

where A is the infinitesimal operator of the process (πt,Ft)t≥0:

A = λ(1− π)
d

dπ
+

1

2

(
µ

σ

)2
π2(1− π)2

d

dπ2
,
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The general solution of the equation

AV (π) = −cπ
for π < A contains two undetermined constants (say, C1 and C2). So,

we have three unknown constants A,C1, C2 and only one additional

condition:

1 V (π) = 1− π for π ≥ A.

It turned out that two other conditions are:

2 (smooth-fit):
dV (π)

dπ

∣∣∣∣
π↑A

=
dV0(π)

dπ

∣∣∣∣
π↓A

with V0(π) = 1− π,

3
dV

dπ

∣∣∣∣
π↑0

= 0.

These three conditions allow us to find a unique solution V (π) of

the free-boundary problem.
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After that we prove that V (π) = V ∗(π). Thus, we find

V (π) =




(1− A)− ∫A

π y(x) dx, π ∈ [0, A),

1− π, π ∈ [A,1],

where

y(x) = −C
∫ x
0
eΛ[G(x)−G(u)] du

u(1− u)2
, G(u) = log

u

1− u
− 1

u
,

Λ =
λ

ρ
, C =

c

ρ
, ρ =

µ2

2σ2
.

The optimal boundary point A∗ = A∗(c) can be found from the

equation

C
∫ A∗

0
eΛ[G(A∗)−G(u)] du

u(1− u)2
= 1.
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The optimal stopping time is

τ∗(c) = inf{t ≥ 0: πt ≥ A∗(c)}
For the conditionally extremal problem

τ  inf
τ∈Mα

Eπ(τ − θ | τ ≥ θ)

the optimal stopping time τ∗α has a very simple structure:

τ∗α = inf{t : πt ≥ 1− α}.
Indeed, Pπ(τ < θ) = Eπ(1− πτ) if π ≤ 1− α. So, from the continuity

of the process (πt)t≥0 it follows that we must have 1− πτ∗α = α, or

πτ∗α = 1 − α. This proves optimality of the stopping time τ∗α. (Note

that if π ≥ 1− α, then τ∗α = 0.)
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The corresponding value A∗(α) = E(τ∗α − θ | τ∗α ≥ θ) can be found,

say, for π = 0, from the previous expression for

V ∗(0) = P(τ∗(c) < θ) + cE(τ∗(c)− θ)+.

Indeed, in the expression

τ∗(c) = inf{t ≥ 0: πt ≥ A∗(c)}
the threshold A∗(c) depends continuously on c, and we can find

c = cα such that A∗(cα) = 1− α. So

V ∗(0) = P(τ∗α < θ) + cαE(τ
∗(cα)− θ)+

= α+ cαE
(
τ∗(cα)− θ | τ∗(cα) ≥ θ

)
(1− α).

From here it follows that

A
∗(α) = E

(
τ∗(cα)− θ | τ∗(cα) ≥ θ

)
=
V ∗(0)− α

(1− α)cα

with cα such that A∗(α) = 1− α.
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3.2. Let us turn again to the process (πt)t≥0 which plays a role

of a sufficient statistics for the problems in Variant A. Put ϕt =

πt/(1− πt). Then we can find that

ϕt = ϕ0e
λtLt+ λeλt

∫ t
0
e−λs

Lt

Ls
ds, (58)

where

Lt =
dP0
dP∞

(t, X) is the Radon–Nykodým derivative of

the measure P0(t, A) = Law[(Xs, s ≤ t) ∈ A | θ = 0] w.r.t.

the measure P∞(t, A) = Law[(Xs, s ≤ t) ∈ A | θ = ∞].

For Lt we have the representation

Lt = eHt, where Ht =
µ

σ2
Xt −

µ2

2σ2
t.

From here by the Itô formula we find that dLt =
µ
σ2
Lt dXt, which,

together with (58) and after using the Itô formula again, gives

dϕt = λ(1 + ϕt) dt+
µ

σ2
ϕt dXt. IV-1-21



The process (ϕt)t≥0 depends on λ, of course.

Consider ψt = limλ↓0(ϕt/λ).
If λ→ 0 and π0 → 0 in such a way that π0/λ→ m, then the formula

for ϕt yields the following representation for ψt:

ψt = mLt+
∫ t
0

Lt

Ls
ds .

From here or from the equation for ϕt we find that

dψt = dt+
µ

σ2
ψt dXt, ψ0 = m .

In the next section we will see that the process (ψt)t≥0 plays a crucial

role in solving the optimization problem in Variant B.
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§ 4. VARIANT B

4.1. We want to solve the following optimal stopping problem: To

find

B(T) = inf
τ∈MT

1

T

∫ ∞

0
Eθ(τ − θ)+ dθ,

where θ is a parameter with values in R+ and Mt = {τ : E∞τ = T}.
The key point is the following representation:

∫ ∞

0
Eθ(τ − θ)+ dθ = E∞

∫ τ
0
ψu du , (59)

where dψu = du+ µσ−2ψu dXu.
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To prove representation (59), we note first of all that (τ − θ)+ =∫∞
θ I(u ≤ τ) du. Using change of measure, we get

Eθ(τ−θ)+ =

∫ ∞

θ
EθI(u ≤ τ) du =

∫ ∞

θ
E∞

Lu

Lθ
I(u ≤ τ) du = E∞

∫ τ
0

Lu

Lθ
du

and
∫ ∞

0
Eθ(τ − θ)+ dθ = E∞

∫ ∞

0

[∫ τ
0

Lu

Lθ
du

]
dθ

= E∞
∫ τ
0

[∫ ∞

0

Lu

Lθ
du

]
dθ

= E∞
∫ τ
0
ψu du.

The process (ψt)t≥0 is a P∞-diffusion Markov process with the

differential dψt = dt+ µ
σ ψt dBt, ψ0 = m. We see that

inf
τ∈MT

∫ τ
0

Eθ(τ − θ)+ dθ = inf
τ∈MT

E∞
∫ τ
0
ψu dθ.
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From the general theory of optimal stopping for Markov processes

it follows that an optimal stopping time in the problem

τ  inf
τ∈MT

E∞
∫ τ
0
ψu du

has the following form:

τ∗T = inf{t ≥ 0: ψt ≥ b(T)},
where b(T) is such that E∞τ∗T = T . Since ψt = t+ (µ/σ)

∫ t
0ψu dBu,

we find that

E∞ψτ∗T = E∞τ∗T .

But ψτ∗T
= b(T), so that b(T) = E∞τ∗T = T . We have got, for optimal

stopping time τ∗T in Variant B, the very simple formula:

τ∗T = inf{t ≥ 0: ψt ≥ T}.
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4.2. For this stopping time τ∗T , the quantity E∞
∫ τ∗T
0 ψu du is easy to

find. Indeed, consider the process (ψt)t≥0 with ψ0 = x ≥ 0. The

corresponding function

U(x) = E
(x)
∞

∫ τ∗T
0 ψu du

[
E
(x)
∞ stands for averaging w.r.t. the

P∞-distribution of (ψt)t≥0 when ψ0 = x

]

satisfies the backward equation

L∞U(x) = −x, where L∞ ≡ ∂

∂x
+ ρx2

∂2

∂x2
= −x, ρ =

µ2

2σ2
.

Put for simplicity ρ = 1, then it is easy to find that

U(x) = G

(
1

T

)
−G

(
1

x

)
, where G(x) =

∫ ∞

x
F (u)u−2 du,

F (u) = eu(−Ei(−u)),

−Ei(−u) ≡
∫ ∞

u

e−t

t
dt.
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These formulae imply that

B(T ) = inf
τ∈MT

1

T

∫ ∞

0
Eθ(τ − θ)+ dθ = inf

τ∈MT

1

T
E∞

∫ τ
0
ψu du

=
1

T
E∞

∫ τ∗T
0

ψu du =
1

T
U(0) =

1

T
G

(
1

T

) straightforward
calculations

=

= F
( 1
T

)
− ∆

( 1
T

)
, where ∆(b) = 1−b

∫ ∞

0
e−bu

log(1+u)

u
du .

Thus, B(T) =
1

T
G

(
1

T

)
= F

(
1

T

)
−∆

(
1

T

)
and we have the following

asymptotics for small and large T :

B(T) =




T
2 +O(T2), T → 0,

logT − (1 +C) +O(T−1 log2 T), T → ∞,

where C = 0.577 . . . is the Euler constant.
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§ 5. VARIANT C

5.1. It is clear that

1

T

∫ ∞

0
E∞(τ−θ)+ dθ =

=
1

T

∫ ∞

0
Eθ(τ−θ | τ ≥ θ)Pθ(τ≥θ) dθ [

since {τ ≥ θ} ∈ Fθ and

Pθ(A) = P∞(A) for A ∈ Fθ

]

=
1

T

∫ ∞

0
Eθ(τ−θ | τ≥θ)P∞(τ≥θ) dθ

≤
1

T

∫ ∞

0
sup
θ

Eθ(τ−θ | τ≥θ)P∞(τ≥θ) dθ 


because
1
T

∫∞
0

P∞(τ≥θ) dθ = 1
T
E∞τ = 1

for τ ∈ MT = {τ : E∞τ = T}




= sup
θ

Eθ(τ − θ | τ ≥ θ),

As a result, we find that

B(T) ≤ C(T)
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It is clear that

C(T) = inf
τ∈MT

sup
θ≥0

Eθ(τ − θ | τ ≥ θ) ≤ sup
θ≥0

Eθ(τ
∗
T − θ | τ∗T ≥ θ) = E0τ

∗
T .

The value E0τ
∗
T is easy to find from the backward equation for E

(x)
0 τ∗T :

E0τ
∗
T = F(1/T) . Taking into account the lower estimate for C(T),

we obtain the following result:

F

(
1

T

)
−∆

(
1

T

)
≤ C(T) ≤ F

(
1

T

)
,

which implies that for large T

logT − (1+C) +O

(
log2 T

T

)
≤ C(T) ≤ logT −C+O

(
log2 T

T

)

For small T we have T/2+O(T2) ≤ C(T) ≤ T +O(T2) .
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5.2. From the last three inequalities it follows that there exists a

GAP between the left-hand and right-hand sides. One possibility to

eliminate this gap consists in

considering a WIDER class of stopping times.

This idea, launched by M. Pollak in the discrete-time case, leads us

To consider a class of RANDOMIZED stopping times

τ = τ(ω, ω), where randomization is defined by the

randomness ω in the initial value of the process (ψt)t≥0:

dψt(ω, ω) = dt+ ρψt(ω, ω) dXt(ω)

with ψ0(ω, ω) = ξ(ω), where a random variable ξ(ω) does

not depend on the Brownian motion (Bt(ω))t≥0.

IV-1-30



Denote by B(T) and C(T) the corresponding analogues of B(T) and

C(T) when the class MT = {τ = τ(ω): E∞τ = T} is replaced by the

wider class MT = {τ = τ(ω, ω): E∞τ = T}. We have

B(T) = B(T) ≤ C(T)

and to get the estimate from above

C(T) ≤ E0τ(ω, ω)

we construct the special stopping time τ(ω, ω) in the following

way. We take a random variable ξ(ω) with a special density gA(y)

concentrated on [0, A], where A will be defined later.
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This density is defined from the ideas of the quasi-stationary distribu-

tion. More specifically, we take gA(y) as a solution of the forward

equation

(y2gA(y))
′′ − g′A(y) = 0 with gA(A) = 0,

∫ A
0
gA(y) dy = 1.

Solving this equation we get

gA(y) = f(y)
h(A)− h(y)

A
,

where

f(y) =
1

y
e−1/y, h(y) = ye1/y −Ei

(
1

y

)

with

−Ei(z) =





∫ ∞

−z
e−t

t
dt, z < 0,

lim
ε→0

[∫ −ε

−z
e−t

t
dt+

∫ ∞

ε

e−t

t
dt

]
, z > 0.
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Let

τ
y
A = inf{t : ψt(ω, ω) = A with ψ0(ω, ω) = y},

τ∗gA = τ
ξ(ω)
A .

Then

E∞τ∗gA =
∫ A
0

(
E∞τyA

)
gA(y) dy = A−

[
F

(
1

A

)
−∆

(
1

A

)]

=




A/2+O(A2), A → 0,

A− logA+ (1+ C) +O(A−1 log2A), A → ∞.

Take A = A(T) such that A − [F(1/A) − ∆(1/A)] = T . For such a

choice we have (for ρ= 1)

A(T) =




2T +O(T2), T → 0,

T + logT − (1 + C) +O(T−1 log2 T), T → ∞.
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We find that E0τ
∗
gA

= F(1/A) − ∆(1/A). Taking A = A(T), we see

that since F(1/T) − ∆(1/T) = B(T) = B(T) ≤ C(T) ≤ E0τ
∗
gA(T )

, the

following inequality hold:

F

(
1

T

)
−∆

(
1

T

)
≤ C(T) ≤ F

(
1

A(T)

)
−∆

(
1

A(T)

)
.

Then

for small T : T/2+O(T2) ≤ C(T) ≤ T +O(T2),

for large T : C(T) = logT − (1 + C) +O(T−1 log2 T).

The existence of the optimal stopping times belonging to the classes

MT and MT for Variant C and Variant C is still an open problem.
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§ 6. VARIANT D

6.1. In this variant we are interested to find

D(T) = inf
τ∈MT

sup
θ≥0

ess sup
ω

Eθ

(
(τ − θ)+ | FX

θ

)
(ω).

We had already mentioned that here an optimal stopping exists and

has the form

τ̂T = inf{t ≥ 0: γt ≥ d(T)},

where (γt)t≥0 is the CUSUM-process: γt = sup
θ≤t

Lt

Lθ
with

Lt =
dP0
dP∞

(t, X) =
dP0
dPt

(t, X) = exp

{
µ

σ2
Xt −

µ2

2σ2
t

}

and

dLt =
µ

σ2
Lt dXt.
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As in the discrete-time case, γt can be defined also by

γt = sup
θ≤t

dPθ
dP∞

(t, X),

since Pθ(·) = Law(X | θ) and

dPθ
dP∞

(t, X) =
dPθ
dPt

(t,X) =
dP0
dPt

(t, X) · 1

dP0
dPθ

(t, X)

=
Lt

Lθ
.
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Consider in more details the structure of (γt)t≥0. We have

γt =
Lt

infθ≤tLθ
≡ Lt

Nt
.

By the Itô formula,

dγt = d

(
Lt

Nt

)
=
dLt

Nt
− Lt dNt

(Nt)2
=

µ

σ2
γt dXt − γt

dNt

Nt
.

Note that γt ≥ 1 and (Nt) changes values on the set {γt = 1}. It

leads to the representation

dγt =
µ

σ2
γt dXt − γt I(γt = 1)

dNt

Nt
.

Put Ht = − ∫ t
0 γs I(γs = 1)dNsNs

. Then

dγt = dHt+
µ

σ2
γt dXt, γ0 = 1.
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Therefore,

γt = 1+Ht+
∫ t
0

µ

σ2
γs dXs,

which is the non-homogeneous Doléans-Dade equation whose solution

can be written in the form

γt = Lt+
∫ t
0

Lt

Ls
dHs. (∗)

Recall that the process (ψt)t≥0 satisfies the equation

dψt = dt+
µ

σ2
ψt dXt.

A solution of this equation with ψ0 = 1 is given by

ψt = Lt+
∫ t
0

Lt

Ls
dHs. (∗∗)

Comparing (*) and (**) reveals the similarity of the equations for

(ψt)t≥0 and (γt)t≥0. The both processes are Markov processes.
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Define for τ ∈ MT

Dθ(τ ;ω) = Eθ

(
(τ − θ)+ | Fθ

)
(ω).

Since (τ − θ)+ =
∫∞
0 I(u ≤ τ) du, we have

Dθ(τ ;ω) =
∫ ∞

0
Eθ

{
I(u ≤ τ) | Fθ

}
du.

The random variable ξ = I(u ≤ τ) is Fu-measurable, therefore, by

change of measures in conditional expectations,

Eθ(ξ | Fθ) = E∞
(
ξ
Lu

Lθ

∣∣∣∣Fθ
)

and

Dθ(τ ;ω) =
∫ ∞

0
E∞

(
Lu

Lθ
I(u ≤ τ)

∣∣∣∣Fθ
)
du

= E∞

[∫ ∞

0

Lu

Lθ
I(u ≤ τ) du

∣∣∣∣Fθ
]
= E∞

[∫ τ
0

Lu

Lθ
du

∣∣∣∣Fθ
]
.

IV-1-39



Define D(τ) = sup
θ≥0

ess sup
ω

Eθ

(
(τ−θ)+ | Fθ

)
(ω) = sup

θ≥0
ess sup

ω
Dθ(τ ;ω) .

This definition and the previous formulae imply that

D(τ) E∞Hτ = E∞(D(τ)Hτ) = E∞
∫ ∞

0
D(τ)I(θ ≤ τ) dHθ

≥ E∞
∫ ∞

0
Dθ(τ ;ω)I(θ ≤ τ) dHθ

= E∞
∫ ∞

0
I(θ ≤ τ)E∞

[∫ τ
0

Lu

Lθ
du

∣∣∣∣Fθ
]
dHθ

= E∞
∫ τ
0

E∞

[∫ τ
0

Lu

Lθ
du

∣∣∣∣Fθ
]
dHθ.

This inequality, together with the property E∞γτ = 1+ E∞Hτ , leads

(after some transformations) to the following important estimate:

D(τ) ≥ E∞
∫ τ
0 γt dt

E∞γτ
.

Therefore, D(T) = inf
τ∈MT

D(τ) ≥
infτ∈MT

E∞
∫ τ
0 γt dt

supτ∈MT
E∞γτ

.
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Define τ(d) = inf{t : γt = d} and find E∞τ (d) and E0τ (d).

With respect to the measure P∞ the process (γt)t≥0 is a diffusion

process with values in [1,∞), where the point {1} is a reflection

boundary (with f ′(1+) = 0). If V (x) = E∞(τ(d) | γ0 = x), then,

taking into account that dγt = (µ/σ)γt dBt + dHt, we find (for ρ ≡
µ2/(2σ2) = 1) that

x2V ′′(x) = −1, x > 0, V ′(1+) = 0, V (d) = 0.

So, V (x) = d− x+ log(x/d) and

E∞(τ (d) | γ0 = 1) = V (1) = d−1− log d .
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Similarly, for U(x) = E0(τ(d) | γ0 = x) we have dγt = (µ/σ)γt dBt +

dHt and we find (for ρ = 1) that

µ2

σ2
xU ′(x) +

µ2

2σ2
x2U ′′(x) = −1 with U ′(1+) = 0, U(d) = 0.

It gives U(x) =
1

d
− 1

x
− log

d

x
. So,

E0(τ (d) | γ0 = 1) = U(1) = 1
d + log d− 1 .

Define

τ(d(T)) = inf{t ≥ 0: γt = d(T)}.
Then we get the following formula for d(T):

E∞
(
τ(d(T)) | γ0 = 1

)
= d(T)− 1− log d(T) = T.
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Solving the optimal stopping problems

τ  sup
τ∈MT

E∞γτ and τ  inf
τ∈MT

E

∫ τ
0
γt dt,

we find that for both of them the optimal stopping time in the
class MT is τ∗T = τ(d(T)). Hence

E0τ
∗
T = E0τ(d(T)) ≥ D(T) ≥ E∞

∫ τ∗T
0 γt dt

E∞γτ∗T
=

1

d(T)
E∞

∫ τ∗T
0

γt dt. (***)

The calculations give that E∞
∫ τ∗T
0 γt dt = d(T) log d(T)+1−d(T). So,

from (***), taking into account that E0τ
∗
T = 1/d(T) + log d(T)− 1,

we find

1

d(T)
+ log d(T)− 1 ≥ D(T) ≥ d(T) log d(T) + 1− d(T)

d(T)
.

Here left-hand and right-hand sides coincide. Therefore,

D(T) = log d(T)− 1+
1

d(T)
.
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Since d(T)− 1− log d(T) = T , we find the following asymptotics:

D(T) =




T +O(T2), T → 0,

logT − 1+O(T−1), T → ∞.

Recall that

B(T) =




T/2+O(T2), T → 0,

logT − 1− C+O(T−1 logT), T → ∞,

and

T/2+O(T2) ≤ C(T ) ≤ T +O(T2), T → 0,

logT−(1+C)+O

(
log2 T

T

)
≤ C(T ) ≤ logT−C+O

(
log2 T

T

)
, T → ∞.

For C(T) we have got (C = 0.577 . . . is the Euler constant)

T/2+O(T2) ≤ C(T ) ≤ T +O(T2), T → 0,

C(T ) = logT − (1 +C) +O(T−1 log2 T), T → ∞.
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TOPIC V: Applications-1: Detection of spontaneously

appearing effects

§ 1. INTRODUCTION

1.1. Fifty years ago, near the end of 1958, Andrei Nikolaevich Kol-

mogorov held several conversations with Yurii Borisovich Kobzarev,

an expert in statistical radio engineering and the founder of the

Soviet school of radiolocation. One of the prime interest of Kobzarev

was related to

the correct formulation of the problem of quickest detect-

ion of the reflected signal arriving from a target appearing

at a RANDOM time which is not known in advance.

He said that in real systems one often uses detection methods based

on the

Neyman–Pearson criterion and Wald criterion. V-1-1



However, these methods are optimal only in problems of distinguishing

the following TWO hypotheses:

H∞ : the target appears at time θ = ∞,

i.e., there is no target during the whole period

of observation;

H0 : the target is present from the very beginning

of observation,

i.e., from the time θ = 0.

At that it is assumed that the observed process X = (Xt)t≥0 is of

the form

Xt =




Nt, i.e., only “noise”, under hypothesis H∞,

Nt+ St, i.e., “noise+signal”, under hypothesis H0.

V-1-2



From the point of view of statistics, the key role in distinguishing

these two hypotheses is played by the likelihood ratio

Lt =
dP0
dP∞

(t, X) which is the Radon–Nykodým derivative of

the measure P0 = Law(X |H0) w.r.t.

the measure P∞ = Law(X |H∞), t ≥ 0.

For example, the Neyman–Pearson method states that the optimal

procedure of distinguishing the hypotheses H0 and H∞ by the crite-

rion inf(α+ β), where α and β are the first and second kind errors,

under assumption that we know (Xt)t≤T , is the following one:

we accept
H0, if LT ≥ K,

H∞, if LT < K,
where K is a certain constant.

At that inf(α+ β) = 1
2(1− ‖P0 − P∞‖) , where ‖P0 − P∞‖ is the

distance in variation between the measures P0 = Law(Xs, s ≤ T |H0)

and P∞ = Law(Xs, s ≤ T |H∞).
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Kobzarev emphasized that in reality

a target (signal) can appear not only

at time 0 or ∞ but at any time θ.

Thus, we actually have not TWO

hypotheses H0 and H∞ but

CONTINUUM of hypotheses Hθ
if θ ∈ [0,∞], at that the observed

process is Xt =




Nt, t < θ,

Nt+ St−θ, t ≥ θ.

[Change-point θ was called a time of appearing of a disorder

(disruption).] In that way we arrived at a problem of

mathematical formulation of the problem of detection of θ

taking into account the specific features of

real systems like a radiolocator. V-1-4



1.2. In January of 1959 A. N. Kolmogorov said me that we should

engage ourselves into the problems which Kobzarev was interested in.

We had many consultations with experts which gave us a lot of

useful information about properties which are demanded from “opti-

mal”, or “good”, systems of detection of spontaneously appearing

targets (signals), about statistical data on radar noise, etc.

The considered systems had the following important feature: in

contrast to both Neyman–Pearson and Wald procedures they were

multistage, i.e., after one makes a decision that a target had

appeared, the whole system does not stop working but starts anew.
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We soon understood that the

CORRECT FORMULATION of the PROBLEM

must take into account the following two requirements:

(A) if a target does not appears during a long period

of observation, then this should result in sounding

a “signal of alarm” as rarely as possible;

(B) if a target appears, then the “signal of alarm”

should follow it with minimal possible delay.
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It is natural to seek numerical characteristics of the quality of

observation systems according to requirements (A) and (B). To

this end one could—by analogy with the theory of testing two

hypotheses—consider the following quantities:

α = “probability of a false alarm”,

β = “probability of false tranquillity”.

Here we should note that introducing these quantities implies that

the whole observation process is divided into separate stages,

each one being finished with one of two decisions:

either “there is a target“ or “there is no target“ .

The first decision means sounding of alarm, the second decision

means merely passing to the next stage of observation.

V-1-7



It is clear that the

probabilities α and β

in themselves, without taking into account the duration of individual

stages of observation,

are NOT reasonable characteristics

of an observation system.

For example: in practice one often meets with the probability of

false tranquillity β which is close to 1, and this does not discredit

the system of observation provided that the duration of individual

stages is sufficiently small.
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These considerations suggested that it is reasonable to characterize

the quality of an observation system

• from the point of view of requirement (A) by the expectation

T = E∞τ

of the interval τ between two false alarms under condition that there

is no target (i.e., under hypothesis H∞);

• from the point of view of requirement (B) by

R = E∗σ ∗,

the expectation of the time σ between appearance of a target and

sounding the alarm under assumption that a target appears when

the stationary regime have been already established.

∗
E∗ stands for averaging w.r.t. the measure P∗ which corresponds to the
established stationary regime (the necessary details will be given later).
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Requirements (A) and (B) “conflict” with each other.

Notation: If the expectation E∞τ equals T , then we denote the

minimal delay time R by R(T).

The above discussion shows that to tackle the problem of finding

“optimal observation system with minimal delay time R(T )”

one should determine the exact meaning of the terms

• the observed process X = (Xt)t≥0,

• the detection system,

• the established stationary regime which is

a background for the appearing target.
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Numerous consultations with experts in radio engineering made it

clear that it is very difficult to cover all arising requirements on and

all types of the process X = (Xt)t≥0 which arrives to the entrance

of a decision device and which contains the noise component and—

possibly—a signal component.

Kolmogorov emphasized that it is very hard to embrace ALL the

requirements and we could succeed by concentrating upon

the “MOST DIFFICULT” case of

detection of a signal hidden in a noise.
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This case corresponds to the model in which

• the noise is simulated by the (Gaussian) white noise

(with zero mean) and

• the appearing signal is a constant.

Thus, if θ is a time of appearing of a signal, then the observed

process ξ = (ξt)t≥0 is

ξt =




σδt, t < θ,

r+ σδt, t ≥ θ,
(60)

where δt is white noise.

In the 1950–60s processes of type of “white noise”, “color noise”—

though without sufficiently exact mathematical definitions—were

very popular in the literature on radio engineering.
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It was quickly understood that to get an exact mathematical model

for the observed process X = (Xt)t≥0 one should “integrate” the

preceding relation (60) for (ξt)t≥0. Then for Xt =
∫ t
0 ξs ds we get the

formula

Xt = r
∫ t
0
I(s > θ) ds+ σBt , (61)

where Bt =
∫ t
0 δs ds is a Brownian motion (Wiener process).

Rewriting (61) in differentials, we find that

dXt = rI(t > θ) dt+ σ dBt . (62)

That is mainly this model that we investigate below.
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Certainly, discrete-time models are also of interest. We consider

such general models (without assumption of independency) in § 10.

In the following two sections we will discuss the special systems

of detection (W- and NP-systems) which are based on ideas of

the Wald and Neyman–Pearson methods. These cases will make

clear the meaning of the notions detection system and established

stationary regime in multistage detection problems. The main

results of these sections are formulae for the corresponding delay

times RW(T) and RNP(T).
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§ 2. Multistage cyclic-return detection W-system

2.1. From (62) it follows that if θ = 0, then

dXt = r dt+ σ dBt, X0 = 0, (63)

and if θ = ∞, then

dXt = σ dBt, X0 = 0. (64)

According to A. Wald, the sequential likelihood criterion in the

problem of distinguishing two hypotheses H0 : θ = 0 and H∞ : θ = ∞
is based on the statistics

Lt =
dP0
dP∞

(t, X) which is the Radon–Nykodým derivative of

the measure P0(·) = Law(Xs, s ≤ t | θ = 0) w.r.t.

the measure P∞(·) = Law(Xs, s ≤ t | θ = ∞).
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The logarithm

Zt = logLt (65)

is easy to find:

Zt =
r

σ2
Xt −

r2

2σ2
t. (66)

Consequently,

Zt =





r2

2σ2
t+

r

σ
Bt, if θ = 0,

− r2

2σ2
t+

r

σ
Bt, if θ = ∞.

(67)
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The Wald (one-stage) method of distinguishing between two

hypotheses consists in

choosing two constants A and B, A < 0 < B, and

observing the process Zt, t ≥ 0, up to the time

τ(A,B) = inf{t ≥ 0: Zt /∈ (A,B)};
if Zτ(A,B) = A, then we accept the hypothesis H∞, and

if Zτ(A,B) = B, then we accept the hypothesis H0:

H0 H∞
}m

}m V-2-3



−
→

−
→

−
→

0

B

A
τ1

zx

τ2

zx

τ3
zx

Zt

Zt−Zτ1

Zt−Zτ1−Zτ2

When the process Zt
reaches the level A (at

time τ1), the process

returns to zero, so that

just after the time τ1
the observed process Z∗

t

is Zt − A.

When Zt−A in turn reaches the level A (at time τ2), it drops to zero,

and we observe the process Z∗
t = Zt−2A. The times τ1, τ2 and other

times of reaching the lower bound suggest that, to all appearance,

there is only noise, and we decide that there is no disorder.

The considered multistage W(Wald)-system of observa-

tion/detection can be illustrated as follows:
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The time τ3—which is the first time when the process reaches the

level B—is identified with the time of alarm about the appearance

of a “disorder”. If in fact there was no disorder, then it is a false

alarm and E∞τ3 is the time till the first false alarm. However, in any

case, just after reaching the level B the process is shifted to zero.

Suppose that such a procedure lasts infinitely long and θ = ∞. Let

(Z∗
t )t≥0 be a cyclic-return process described above; it is generated

by the process (Zt)t≥0 and is built upon the times τ1, τ2, τ3, . . . in

such a way that, as soon as a level A or B is reached, the process

returns instantaneously to zero.
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Under the hypothesis H∞ the process (Z∗
t )t≥0 enters into a stationary

regime in a sense that the limit

q∗∞(z) dz = lim
t→∞

P∞
(
z ≤ Z∗

t < z+ dz |Z∗
0 = z0

)
, A ≤ z ≤ B,

exists for all z0 ∈ (A,B) (see, e.g., (Karlin, Taylor, 1981, p. 260–261)).

By definition, the mean time of delay in detection of a disorder is

RW(A,B) =
∫ B
A

E0(τ
∗(B) |Z∗

0 = z)q∗∞(z) dz , (68)

where τ∗(B) = inf{t : Z∗
t = B} is the first-exit time of the process

(Z∗
t )t≥0 to the level B.

The expectation T∞(z) = E∞[τ∗(B) |Z∗
0 = z] is the mean time

till the first false alarm under assumption that Z∗
0 = z and the

hypothesis H∞ is true.
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The problem of the quickest detection of a disorder, provided that

the disorder appears against a background of the established station-

ary regime and we use the cyclic-return W-procedure, consists in

finding

RW(T) = inf
{(A,B): T(A,B)=T}

RW(A,B), where T(A,B) = T∞(0) .

Since all these quantities depend on r and σ only through the ratio

signal/noise ρ = r2/(2σ2), for simplicity of notation we can take

r =
√
2, σ = 1. Then the process (Zt)t≥0 is

Zt = z − t+
√
2Wt under hypothesis H∞,

Zt = z+ t+
√
2Wt under hypothesis H0.
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LEMMA 1. The mean time between two false alarms is

T∞(0) =
ω(α, β)

α
, (69)

where ω(α, β) = (1− α) log
1− α

β
+ α log

α

1− β
and

α = P(Zτ1 = B |Z0 = 0, H∞) (probability of the false alarm),

β = P(Zτ1 = A |Z0 = 0, H0) (probability of the false tranquillity)

are given by the “Wald formulae”:

α =
1− eA

eB − eA
, β =

eA(eB − 1)

eB − eA
. (70)
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PROOF. “Wald’s formulae” (70): Let α(x) = P(Zτ1 = B |Z0 =

x,H∞) and β(x) = P(Zτ1 = A |Z0 = x,H∞). It is clear that

α(B) = 1, α(A) = 0 and β(B) = 0, β(A) = 1.

Moreover, α and β solves the (backward) Kolmogorov equations

α′′(x)− α′(x) = 0 and β′′(x) + β′(x) = 0.

It is easy to find that

α(x) =
ex − eA

eB − eA
, β(x) =

eA(eB−x − 1)

eB − eA
, (71)

which implies, in particular, the formulae (70) for α = α(0) and

β = β(0). (70) is proved

Remark. From the Wald formulae (70) if follows that

A = log
β

1− α
, B = log

1− β

α
. (72)
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Proof of (69): Introduce the expectations

M∞(x) = E∞(τ1 |Z0 = x), M0(x) = E0(τ1 |Z0 = x).

For these expectations we have the equations

M ′′
∞(x)−M ′

∞(x) = −1 with M∞(A) = M∞(B) = 0,

M ′′
0(x) + M ′

0(x) = −1 with M0(A) = M0(B) = 0,

whose solutions are given by

M∞(x) =
(eB − ex)(B − A)

eB − eA
−B+ x, (73)

M0(x) =
(eB − eA+B−x)(B − A)

eB − eA
+A− x, (74)

respectively. In particular,

M∞(0) =
B(eA − 1)−A(eB − 1)

eB − eA
( = ω(α, β)),

M0(0) =
BeB(1− eA) +AeA(eB − 1)

eB − eA
( = ω(β, α)).
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Let T∞(x) be the mean time till exit to the boundary B under

assumptions that Z0 = x and that no disorder appears during the

whole period of observation.

By the total probability formula,

T∞(x) =M∞(x) + (1− α(x))T∞(0), (75)

whence

T∞(0) =
M∞(0)

α
=
ω(α, β)

α
. (69) is proved

Lemma 1 is proved.
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2.2. Let us turn to formula (68). There is no difficulty to find

T0(z) = E0(τ
∗(B) |Z∗

0 = z). Indeed, by analogy with (75),

T0(z) =M0(z) + β(z)T0(0),

whence

T0(0) =
M0(0)

1− β
=
ω(β, α)

1− β
,

and, therefore,

T0(z) = M0(z) + β(z)
M0(0)

1− β
, (76)

where β, β(z), and M0(z) are given in (70), (71), and (74).

The limiting stationary density q∗∞(z) can be found by the methods

based on the Green function (according to the formula (81) below).
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Recall that if (Zt)t≥0 is a regular diffusion process with phase space [A,B]

and stochastic differential (in (A,B))

dZt = µ(Zt) dt+ σ(Zt) dBt, Z0 = x (x ∈ (A,B)),

then the Green function G(x, z) of this process is given by

G(x, z) =





2
(S(x)− S(A))(S(B)− S(z))

S(B)− S(A)

1

σ2(z)s(z)
, A ≤ x ≤ z ≤ B,

2
(S(B)− S(x))(S(z)− S(A))

S(B)− S(A)

1

σ2(z)s(z)
, A ≤ z ≤ x ≤ B,

(77)

where the scale function S(x) is given by

S(x) =

∫ x
c
s(z) dz with s(z) = exp

{
−
∫ z
c

2µ(y)

σ2(y)
dy

}
(78)

(c is a fixed constant).
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REMARK 1. Regularity of the process (Zt)t≥0 (on the inter-

val (A,B)) means that for all x ∈ (A,B) and y ∈ (A,B)

P(σ(y) <∞|σ(0) = x) > 0, where σ(y) = inf{t > 0: Zt = y}.

REMARK 2. The function 2/[σ2(z)s(z)] is called a density of

speed measure m(dz) given by

m(dz) =
2

σ2(z)s(z)
dz.

REMARK 3. The relations defining the Green function G(x, z) are

Ex

∫ σ(A,B)

0
IΓ(Zt) dt =

∫

Γ
G(x, z) dz, (79)

where Γ are Borel sets in [A,B] and σ(A,B) = inf{t : Zt = A or B}.
This implies that G(x, z) is the density of the mean time (up

to τ(A,B)) which the trajectory (Zt)t≥0 passes in a point z under

assumption that Z0 = x.
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In the considered case of the process (Zt)t≥0 with the differential

dZt = −dt+
√
2 dBt, we have s(z) = ez−c and S(z) = ez−c−1. Thus,

from (77) we find that

G(x, z) =





(ex − eA)(eB − ez)

(eB − eA)ez
, A ≤ x ≤ z ≤ B,

(eB − ex)(ez − eA)

(eB − eA)ez
, A ≤ z ≤ x ≤ B,

and, therefore,

G∞(0, z) = G(0, z) =





(1− eA)(eB−z − 1)

eB − eA
, 0 ≤ z ≤ B,

(eB − 1)(1− eA−z)
eB − eA

, A ≤ z ≤ 0.

This and the well-known formula (Karlin, Taylor, 1981, p. 260–261)

q∗∞(z) = G∞(0, z)

(∫ B
A
G∞(0, y) dy

)−1

gives the following result.
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LEMMA 2. The stationary density q∗∞(z) is given by

q∗(y) =





(1− eB)(eA−y − 1)

A(1− eB) +B(eA − 1)
, A ≤ y ≤ 0,

(eA − 1)(1− eB−y)
A(1− eB) +B(eA − 1)

, 0 ≤ y ≤ B.

(81)

Inserting (76) and (81) into

RW(A,B) =

∫ B
A
T0(z)q

∗
∞(z) dz

(see (68)), we find the following representation for RW(A,B):

RW(A,B) =
B − A− 2

2
− AeA−B

1− eA
− A(eB − eA)(B − 1+ e−B)

2[A(1− eB) +B(eA − 1)]
. (82)
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θ

q∗∞(z)

z

alarm delay time

}m

}m

}m
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The mean time between two false alarms equals (see (69))

T(A,B) = T∞(0) =
ω(α, β)

α
=
A(1− eB) +B(eA − 1)

1− eA
. (83)

Consider those pairs (A,B) for which

T(A,B) = T.

Among these pairs (A,B), it is natural to choose those for which

RW(A,B) attains its minimum. In other words,

we should find

RW(T) = inf RW(A,B) , (84)

where infimum is taken over the pairs (A,B) for

which T(A,B) = T .

V-2-18



THEOREM 1. Infimum in (84) is attained at the pair (A∗, B∗),
where A∗ = 0 and B∗ solves the equation

T = eB
∗ −B∗ − 1. (85)

The value RW(T) is determined by

RW(T) =
1

T

[
B∗
(
eB

∗ − e−B
∗ − B∗

2

)
− 3

2

(
eB

∗ − 2 + e−B
∗
)]

.

In particular,

RW(T) =





logT − 3
2 +O

(
T−1 log2 T

)
, T → ∞,

5
6 T +O(T2), T → 0.

The proof consists in the direct analysis of (82) and (83).
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REMARK 4. In our early works we refer to the cyclic-return W-

method with levels (A∗, B∗), where A∗ = 0 and B∗ is determined

from (85), as to

degenerated sequential analysis.

It worth noting that up to the time τ∗(B∗) = inf{t ≥ 0: Z∗
t = B∗}

the process (Z∗
t ) coincides with the CUSUM-process

γt = Zt −min
s≤t

Zs,

which is known from the papers by Page ∗. In general, the cyclic-

return process (Z∗
t )t≥0 coincides with a cyclic-return CUSUM-process

(γ∗t )t≥0, which is obtained from (γt)t≥0 by shifting it to 0 each time

that it reaches the boundary B∗. These considerations explain why—

along with RW(T)—one sometimes use the notation RCUSUM(T).

∗
E.S.Page, Continuous inspection schemes, Biometrika, 41 (1954), 100–
114; Control charts with warning lines, Biometrika, 42 (1955), 243–257.
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REMARK 5.

In the literature in English, for the quantities T∞(z), T0(z), and

RW(A,B) introduced above one often use also the following notation:

T∞(z) = ARL∞ — Average in-control Run-Length;

T0(z) = ARL0 — Average out-of-control Run-Length;

RW(A,B) = SADT(A,B) — Stationary Average Delay Time.

V-2-21



0

B∗

q∗∞(z)

REMARK 6.

For A∗ = 0 and B∗determined from (85), the stationary density is

given by

q∗∞(z) =
1

T
(eB

∗−z − 1).
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REMARK 7.

The following graphs give

an idea of behavior of the

function RW(T)

for large T :

and for small T :

RW(T)

RW(T)
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§ 3. Multistage cyclic-return detection NP-system

3.1. According to the Neyman–Pearson method, to distinguish between

two hypotheses H0 : θ = 0 and H∞ : θ = ∞ one should choose

two numbers m > 0 and h and if Zm ≥ h, then one accepts the

hypothesis H0. But if Zm < h, then one gives preference to the

hypothesis H∞.

We use these element of the Neyman–Pearson test adapting them

to the multistage cyclic-return detection problem in the following

way.
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We start observations with Z0 = 0. If Zm < h, then we decide that

there is no disorder.

At the next step we observe the process (Z̃t)m≤t<2m with Z̃t =

Zt − Zm. If Z̃2m < h, we decide again that there is no disorder.

If at a certain step (on the figure this is the third step) Z̃3m ≥ h,

then we decide that the disorder have appeared.

After that the observations do not stop but start over again.
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Consider the probabilities of errors of the first and second kind:

α = P(Zm ≥ h |H∞) ( = P∞(Zm ≥ h)),

β = P(Zm < h |H0) ( = P0(Zm < h)).

Since Zm are Gaussian, it is easy to find that

m =
1

2
(Cα+ Cβ)

2, h =
1

2
(C2

α − C2
β),

where Cα and Cβ solve

Φ(Cα) = 1− α and Φ(Cβ) = 1− β

with Φ(x) = (2π)−1/2 ∫ x−∞ e−t2/2 dt.
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Suppose that the disorder does not appear during the whole period

of observation (i.e., θ = ∞). Denote by T∞ the mean time till the

first false alarm. The signal of alarm can come at times km, k ≥ 1,

with probabilities α(1− α)k−1.

Therefore

T∞ = m/α.

Recall that in the W-method the analogous quantity T∞(0) is given

by (69):

T∞(0) = ω(α, β)/α.

To find the mean time of delay of disorder detection one should

make some suggestions about the character of appearance of a

disorder. In W-method we have assumed that the disorder occurs

against the background of established stationary regime which is

preceded by a long-lasting observation process.
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3.2. If we take the Bayesian point of view, then we could assume

that a priori distribution P(θ ≤ t) for θ is the exponential distribution

P(θ ≤ t) = 1−e−λt with Eθ = 1/λ. The assumption in the W-method

that a disorder appears at “infinity” (when the process enters into

the stationary regime) can be interpreted as the condition Eθ → ∞,

which is equivalent to λ→ 0.

For the exponential distribution P(λ) (with parameter λ) we find that

lim
λ↓0

P
(λ)
(
θ ∈ (a, b) | θ ∈ (A,B)

)
=

b− a

B − A
, (86)

if A < a < b < B.

In other words, the limit (as λ→ 0) of the exponential distribution P(λ)

is conditionally uniform (in a sense that (86) is fulfilled).
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From these considerations we assume that the probability distribution

of appearance of disorder is uniform on each interval (am, (a+1)m).

Therefore the mean time of delay RNP(m,h) is

RNP(m,h) =
1

m

∫ m
0

Rt dt , (87)

where Rt is the mean time up to detection of disorder provided that

the disorder appeared at a time t ∈ [0,m].

THEOREM 2. The mean time of delay RNP(m,h) is given by

RNP(m,h) =
m

2
+

m

1− β

{
1− 1√

2m

∫ Cα
C1−β

(1−Φ(x)) dx

}
, (89)

where Cα = (h+m)/
√
2m, C1−β = (h−m)/

√
2m.
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Proof of Theorem 2. It is clear that

Rt = E∞Rt(z) =

∫
Rt(z)p∞(0,0; t, z) dz, (90)

where Rt(z) is the mean time of detection of a disorder, which have

appeared at time t ∈ [0,m], when Zt = z, and

p∞(0,0; t, z) =
1√
2πtσ

exp

{
−(z+ t)2

2σ2t

}

is the transition density of the process (Zs)s≥0 with dZs = −ds +√
2 dBs.

We have

Rt(z) = (m− t)Pt(Zm ≥ h |Zt = z)

+ [(m− t) +R0(0)]Pt(Zm < h |Zt = z), (91)

where Pt(·) is the probability distribution provided that a disorder

have appeared at time t.

V-3-7



From (91) we find that

Rt(z) = (m− t) +R0(0)Pt(Zm < h |Zt = z),

Thus, R0(0) = m/(1− β) and

Rt(z) = (m− t) +
m

1− β
Pt(Zm < h |Zt = z)

= (m− t) +
m

1− β

∫ h
0
p0(0, z;m− t, y) dy, (92)

where p0(0, z;m − t, y) is the density of the probability that the

process (Zs)s≥0 with disorder, starting at time s = 0 from the

point y, will find itself at time m− t in a point z. It is clear that

p0(0, z;m− t, y) =
1√

2π(m− t)σ
exp

{
−[y − (z+m− t)]2

2σ∗(m− t)

}
, (93)

where σ =
√
2. Using (92), (93), (90), and (87), we get the required

formula (89) for RNP(m,h).
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Taking into account the formula T∞ = m/α, where m = (Cα +

Cβ)
2/2 = (Cα−C1−β)2/2, we come, after straighforward transform-

ations, to the following formula for RNP(m,h):

RNP(m,h) =
T∞Ψ(x)

2

{
1 +

2

Ψ(y)

[
1− 1√

2T∞Ψ(x)

×
(
xΨ(x)− yΨ(y)− ϕ(x) + ϕ(y)

)]}
,

where x = Cα, y = C1−β, Ψ(x) = 1− Φ(x). This formula turns out

to be useful for studying the asymptotic behavior of

RNP(T) = inf RNP(m,h),

where infimum is taken over all pairs (m,h) for which T∞ = T .
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THEOREM 3. For RNP(T) the following asymptotics hold:

RNP(T) ∼





3
2 logT, T → ∞,

T
2 , T → 0.

For large T the pairs (m,h) and (α, β) have the following

asymptotics:

m ∼ logT, h ∼ logT

and

α ∼ logT

T
, β ∼ 1√

2 logT · log logT
.
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Comparing the formulae

RW(T) ∼ logT, RNP(T) ∼ 3

2
logT, T → ∞, (94)

and

RW(T) ∼ 5

6
T, RNP(T) ∼ T

2
, T → 0, (95)

shows that for large T the W-method is “3/2 times” more effective

than the NP-method. But for small T the NP-method is “5/6 times”

more effective than the W-method.
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§ 4. Cyclic-return systems of observation over N directions

The quantitative analysis of the W- and NP-systems of detection

given in § 2 and § 3 was the FIRST stage of our project “The

quickest detection problems”. The main results, obtained in 1959–

60, were welcomed by the concerned experts, who were particularly

interested in the question whether the logarithmic asymptotic

logT, T → ∞,

for the delay time, obtained for the W-method, is unimprovable.

Furthermore, the question arose as whether the asymptotics

T

2
, T → 0,

found for the Neyman–Pearson method, is also unimprovable.
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All this suggested that we ought to go in for finding the optimal

method.

This became a subject of the SECOND stage of our project,

but at the first stage we considered also a more general scheme

of observations, which will be referred to as “cyclic-return system

of observations over N directions”. The core of this practically

important scheme can be described as follows.

We have one radio-locator, which is able to inspect in a cyclic way

one of N directions. It is assumed that the target—if it appears—

arises equiprobably in one of N directions. The probabilistic-statistical

characteristics of all these N directions are identical.
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W-system, adapted to the case of N directions, can be illustrated

in the following way (N = 2).

Let the observation start at the 1st

direction. If the process exits from the

interval (A,B) for the first time through the

lower level A, then we decide that there

is no target in the 1st direction,

and the radio-locator switches

over to observation in the 2nd

direction, and so on in a cyclic

way. The system signalizes the

appearance of a target if,

in one of the directions, the

process reaches the upper level.
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Let T = T(A,B) be the mean time between two false alarms. For

all N this time is the same as for N = 1:

T(A,B) =
A(1− eB) +B(eA − 1)

1− eA
.

The mean delay time R
(N)
W (A,B) can be calculated in the same way

as in the case N = 1, under assumption of established stationary

regime.

Let R
(N)
W (T) = inf R

(N)
W (A,B), where infimum is taken over all A, B

such that T(A,B) = T . It turned out that

R
(N)
W (T) = T

[
N − 5

3
+

3

2N

]
+O(T2), T → 0, (96)

and

R
(N)
W (T) = logT +

(
N − 1

N

)
− 3

2
+O

(
N log2 T

T

)
, T → ∞. (97)
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At that for N > 1 the optimal lower level A∗(T,N) is not

anymore zero, as for N = 1, and A∗(T,N) → 0 as T → ∞
which means the swift passing from one direction to another

(заведомо when there is no target).

The NP-system can be evidently adapted for the case of

N directions.
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It turned out [see (Shiryaev, 1963-II)] that the corresponding time of

delay is of the form

R
(N)
NP (T) ∼





1
2(N +2) logT, T → ∞,

1
2NT, T → 0.

(98)

Comparing R
(N)
W (T) with R

(N)
NP (T) shows that for large T the W-

method is more effective than the NP-method. For small T , to the

contrary, the NP-method is more effective than W-method.
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§ 5. Setup of the problem of optimal detection methods

5.1. The above results on behavior of mean time of delay, RW(T)

and RNP(T), for large and small T concluded, as we already mentioned,

the first stage of our work on quickest detection of randomly

appearing targets.

At the second stage the main efforts were paid to the problem

of formulation of optimization problem of quickest detection of a

target (disorder) under the following assumptions:

(a) the appearance of the target is preceded by a long period

of observation;

(b) a stationary regime of observation gets established

(in the absence of a target);

(c) the target appears against a background of the esta-

blished stationary regime.
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Notation:

R(T) is the mean time of delay in the detection of the target

under assumption that the mean time between two false

alarms equals T

(cf. RW(T) and RNP(T)).

The key result given in two works “The problem of the most rapid

detection of a disturbance of a stationary regime” (Shiryaev, 1961-5)

and “On optimal methods in quickest detection problems” (Shiryaev,

1963), is summarized in the following theorem.

(It is assumed that ρ ≡ r2/(2σ2) = 1.)
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THEOREM 4.

1) For the optimal (multistage cyclic-return) method of

observations the mean delay time is determined by

R(T) = eb(−Ei(−b))− 1+ b
∫ ∞

0
e−bx

log(1 + x)

x
dx , (99)

where b = 1/T and −Ei(−b) =
∫∞
0 t−1e−t dt.

In particular,

R(T) =




T
2 +O(T2), T → 0,

logT − (1 +C) +O(T−1), T → ∞,
(100)

where C is the Euler constant (C = 0.577 . . .).
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2) The optimal method is based on observations over the process

ψ = (ψt)t≥0 solving the stochastic differential equation

dψt = dt+
√
2ψt dXt.

Observations start with the value ψ0 = 0. When the process ψ =

(ψt)t≥0 reaches the threshold T , it falls to zero, and the observations

over this process ψ = (ψt)t≥0 starts over again from zero. (If the

initial process X = (Xt)t≥0 is such that dXt = rI(t > θ) dt+ σ dBt,

then the corresponding process ψ = (ψt)t≥0 has the stochastic

differential dψt = dt+ rσ−2ψt dXt.)

Let us trace the main steps of the proof of the theorem.
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First of all we should determine what we mean under a “multistage”

method of observations. Each method of observations of such type,

say δ, is identified with a sequence (τ1, τ2, . . .) of stopping times with

respect to the flow (FB
t )t≥0 of σ-algebras FB

t = σ(Bs, s ≤ t), which

characterize the duration of observations on the first stage, second

stage, and so on. The times τ1, τ2, . . . are assumed independent.

Under assumption that there is no disorder they have the same

distribution. Denote by

T = E∞τ1

the expectation of the time till the first false alarm.

We use the value T to guarantee that the requirement (A) in § 1,

which demands that false alarms should occur “rarely”, is fulfilled.
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5.2. Let us discuss how to understand what is ‘mean time of delay’

under the assumption that the process have already entered the

stationary regime. Assume that the disorder appears at time t. (In

what follows we let t → ∞.) We shall use the notation

κt = max{k : τ1 + · · ·+ τk < t}.
Then we shall understand the time of delay (when using the method δ)

as the following quantity:

Rδt = Et

[κ(t)+1∑

i=1

τi − t

]
, (101)

where Et(·) is averaging w.r.t. the measure Pt which corresponds to

the case that the disorder appears at time t.
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Let

Pδt(u) = P∞
{
t−

κ(t)∑

i=1

τi ≤ u

}
(102)

be the probability distribution of duration of time interval between

t and
∑κ(t)
i=1 τi. Then

Rδt =
∫ t
0
Et

[ κ(t)+1∑

i=1

τi − t

∣∣∣∣ t−
κ(t)∑

i=1

τi = u

]
Pδt(du)

=

∫ t
0
Et

[
τκ(t)+1 − u

∣∣∣∣
κ(t)∑

i=1

τi = t− u, τκ(t)+1 > u

]
Pδt(du)

=

∫ t
0
Eu(τ − u | τ > u)Pδt(du), (103)

where for simplicity of writing we denoted τ1 by τ .
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If we restrict ourselves to the detection methods for which the

distribution F∞(x) = P∞(τ ≤ x) is non-lattice, then, by the well-

known renewal theorem, we find that

lim
t→∞

Pδt(u) = lim
t→∞

P∞

{
t−

κ(t)∑

i=1

τi ≤ u

}
=

∫ u
0
(1− F∞(x))

dx

E∞τ
. (104)

Therefore (103) implies that if E∞τ = T , then

lim
t→∞

Rδt =
∫ ∞

0
Eu(τ − u | τ > u)

P∞{τ > u}
T

du

=
∫ ∞

0
Eu(τ − u | τ > u)

Pu{τ > u}
T

du

=
1

T

∫ ∞

0
Eu(τ − u)+ du. (105)

V-5-9



For the δ-method, the quantity

Rδ(T) = lim
t→∞

Rδt (106)

is called its mean time of delay in detection of disorder, which occurs

against a background of established stationary regime.

From (105) we see that, in the scheme of multistage observations

of the process

X = (Xt)t≥0,

where dXt = σ dBt if there is no disorder, and

where dXt = r dt + σ dBt if the

disorder have been occurred,

finding the optimal detection method reduces to the

following variant of the optimal stopping problem.
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VARIANT B. To find, in the class MT = {τ : E∞τ = T}, a

time τ∗T such that

inf
τ∈MT

∫ ∞

0
Eu(τ − u)+ du =

∫ ∞

0
Eu(τ

∗
T − u)+ du. (108)

Variant B is also called a generalized Bayesian problem.

This terminology will be clear from Variant A which we will consider

later and which is a Bayesian problem of optimal stopping.
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Now we will describe TWO METHODS of solving problem (108):

inf
τ∈MT

∫ ∞

0
Eu(τ − u)+ du =

∫ ∞

0
Eu(τ

∗
T − u)+ du .

The first one (§ 6), developed in our works of 1959–60, is based

on considering a (one-stage) Bayesian quickest detection problem—

which is constructed in a special way—by passing to the limit [as

λ → 0 in exponential distribution for the time of appearing of the

target (disorder)].

The second—direct—method will be discussed in § 7.
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§ 6. BAYESIAN FORMULATION OF THE QUICKEST

DETECTION PROBLEM

6.1. Let θ = θ(ω) be a random variable with exponential distribution

P(θ > t) = e−λt. (109)

We consider the model

dXt = rI(t ≥ θ) dt+ σ dBt, (110)

where the time θ and the Brownian motion B = (Bt)t≥0 are assumed

to be independent.

Notation:

• Pu(·) is the probability distribution of the process

X = (Xt) with dXt = rI(t ≥ u) dt+ σ dBt;

• P
(λ)(·) = λ

∫ ∞

0
e−λu Pu(·) du;

• E
(λ) and Eu are the averaging w.r.t. P

(λ) and Pu.
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We find that

E
(λ)(τ − θ)+ = λ

∫ ∞

0
e−λu Eu(τ − u)+ du. (111)

Consider the quantities κ(t) = max{k : τ1 + · · ·+ τk < t} introduced

above. Let T = E∞τ1 and α = P(λ)(τ1 ≤ θ), where θ = θ(ω) has

exponential distribution (P(θ > t) = e−λt).

As λ→ 0

TE(λ)
κ(θ) ∼ E

(λ)θ ( = λ−1).

Since θ = θ(ω) is exponentially distributed, we have the equality

E(λ)κ(θ) = α/(1− α). Thus, α = P(λ)(τ1 ≤ θ) → 1 as λ→ 0 and

1− α

αλ
∼ T, λ→ 0.
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Let us turn to representation (105):

lim
t→∞

Rδt =
1

T

∫ ∞

0
Eu(τ1 − u)+ du.

Let us transform the right-hand side:

1

T

∫ ∞

0
Eu(τ1 − u)+ du = lim

λ→0,α→1: 1−α
αλ =T

∫∞
0 e−λuEu(τ1 − u)+ du

(1− α)/(αλ)

= lim
λ→0,α→1: 1−α

αλ =T

λ
∫∞
0 e−λuEu(τ1 − u)+ du

1− α

= lim
λ→0,α→1: 1−α

αλ =T

E(λ)(τ1 − θ)+

1− α

= lim
λ→0,α→1: 1−α

αλ =T
E
(λ)(τ1 − θ | τ1 ≥ θ). (112)
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Thus, the problem of finding

inf
1

T

∫ ∞

0
Eu(τ1 − u)+ du,

where infimum is taken over the times τ1 such that

E∞τ1 = T , is closely related with finding of conditional

times of delay E(λ)(τ1 − θ | τ1 ≥ θ) in the following

Bayesian problem of quickest detection.
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VARIANT A. Let a random variable θ be exponentially distributed

with mass at zero:

P(θ=0) = π, P(θ>t | θ>0) = e−λt. (113)

Let the observed process X = (Xt)t≥0 have the differential

dXt =




σ dBt, t < θ,

r dt+ σ dBt, t ≥ θ.
(114)

Bayesian problem: To find the optimal time τ∗ = τ∗(c, λ) such that

inf
τ
[P(τ ≤ θ) + cE(τ − θ)+] = P(τ∗ ≤ θ) + cE(τ∗ − θ)+. (115)

Conditionally extremal problem: Given α ∈ (0,1), to find in the

class Mα = {τ : P(τ ≤ θ) ≤ α} the time τ∗α such that

inf
τ∈Mα

E(τ − θ | τ ≥ θ) = E(τ∗α − θ | τ∗α ≥ θ). (116)
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The Bayesian problem (115) was solved in the following way.

(a) We first show that for any τ with Eτ <∞

P(τ ≤ θ) + cE(τ − θ)+ = E

[
(1− πτ) + c

∫ τ
0
πt dt

]
, (117)

where

πt = P(θ ≤ t | FX
t )

is the a posteriori probability of appearing of disorder on the time

interval [0, t] under assumption that the observed data are

(Xs, s ≤ t), π0 = π. (As usual, FX
t = σ(Xs, s ≤ t).)

(b) We derive, for process (πt)t≥0, the following stochastic differential

equation:

dπt =

(
λ− r2

σ2
π2t

)
(1− πt) dt+

r

σ2
πt(1− πt) dXt. (118)
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(c) We show that the process X = (Xt)t≥0 with

Xt = r
∫ t
0
θs ds+ σBt, θs = I(s ≥ θ),

admits the “innovation” representation

Xt = r
∫ t
0
πs ds+ σBt, i.e., dXt = rπt dt+ σ dBt, (119)

where

Bt = Bt+
r

σ

∫ t
0
(θs − πs) ds

is a Brownian motion with respect to the filtration (FX
t )t≥0.

From (118) and (119) it follows that

dπt = λ(1− πt) dt+
r

σ
πt(1− πt) dBt. (120)

Consequently, the process (πt,FX
t )t≥0 is a diffusion Markov process.
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(d) The process ϕt = πt/(1− πt) admits the representation

ϕt = ϕ0e
λtLt+ λeλt

∫ t
0
e−λs

Lt

Ls
ds, (121)

where

Lt =
dP0
dP∞

(t, X) is the Radon–Nykodým derivative of

the measure P0(·) = Law(Xs, s ≤ t | θ = 0) w.r.t.

the measure P∞(·) = Law(Xs, s ≤ t | θ = ∞).

For Lt we have the representation

Lt = eHt, where Ht =
r

σ2
Xt −

r2

2σ2
t. (122)

By the Itô formula,

dLt =
r

σ2
Lt dXt. (123)
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The simplest way to derive equation (118) for πt is to get first the

equation for ϕt =
πt

1− πt
and then to derive from it (by the Itô

formula) the equation for πt =
ϕt

1+ ϕt
.

By the Bayes formula,

πt = P(θ ≤ t | FX
t ) =

∫ t
0

dµs

dµ
(t, X)pθ(s) ds

=

∫ t
0

dµs

dµt
(t, X)pθ(s) ds ·

dµt

dµ
(t, X), (124)

where µs is the measure of the process (Xt)t≥0 with

dXt = rI(t ≥ s) dt+ σ dBt,

µ is the measure of the process (Xt)t≥0 with

dXt = rI(t ≥ θ) dt+ σ dBt

and pθ(s) = λe−λs. (Now we assume for simplicity that π0 = 0.)
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In an analogous way, we find that

1− πt = P(θ > t | FX
t ) =

∫ ∞

t

dµs

dµ
(t, X)pθ(s) ds

=

∫ ∞

t

dµt

dµ
(t,X)pθ(s) ds = e−λt

dµt

dµ
(t,X). (125)

From (124) and (125) it follows that

ϕt =
πt

1− πt
= λeλt

∫ t
0
e−λs

dPs

dPt
(t, X) ds = λeλt

∫ t
0
e−λs

Lt

Ls
ds.

If π0 6= 0, then we deduce in an analogous way that

ϕt = ϕ0e
λtLt+ λeλt

∫ t
0
e−λs

Lt

Ls
ds, (126)

which yields

dϕt = λ(1 + ϕt) dt+
r

σ2
ϕt dXt

with ϕ0 = π0
1−π0.
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(e) If λ → 0 and π0 → 0 in such a way that π0/λ → m, then (126)

implies that ψt = limλ↓0(ϕt/λ) obeys the relation

ψt = mLt+
∫ t
0

Lt

Ls
ds, (127)

which implies that

dψt = dt+
r

σ2
ψt dXt, ψ0 = m. (128)

This process, introduced in 1959–60 in (Shiryaev, 1961-5, 1963), plays

a key role in solving the problem in Variant B. We shall discuss it a

little bit late. Now we continue the description of the next steps of

solving the Bayesian problem in Variant A.
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6.2. (f) Let

V ∗(π) = inf
τ

Eπ

(
(1− πτ) + c

∫ τ
0
πt dt

)
, (129)

where the upper index π of expectation means that π0 = π.

With respect to the corresponding measure Pπ, the process (πt)t≥0

with dπt = λ(1 − πt) dt + πt(1 − πt) dBt is a diffusion process with

infinitesimal operator

A = a(π)
d

dπ
+

1

2
b2(π)

d2

dπ2
, (130)

where the local drift a(π) local variance b2(π) are determined by

a(π) = λ(1− π), (131)

b2(π) =

(
r

σ

)2(
π(1− π)

)2
, (132)

respectively. To find the function V (π) we reduced the optimal

stopping problem (129) to a Stefan problem

(free-boundary problem).
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To this end let us consider two domain

C∗ = {π : V ∗(π) < 1− π} and D∗ = {π : V ∗(π) ≥ 1− π};
V ∗
0 (π) ≡ 1−π is the risk from the instantaneous stopping at state π.

Since the function V ∗(π) is concave, there exists a point A∗ such

that

C∗ = {π : π < A∗} and D∗ = {π : π ≥ A∗}.
The Stefan problem mentioned above consists in finding a function

V = V (π), π ∈ [0,1], and a boundary point A such that

V (π) = 1− π, π ≥ A, (133)

AV (π) = −cπ, π < A. (134)

Equation (134) имеет вид

λ(1− π)V ′(π) +
1

2

(
r

σ

)2
π2(1− π)2V ′′(π) = −cπ. (135)
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The general solution of this equation contains two undetermined

constants C1 and C2. Together with unknown constant A, we have

three constants which are to be determined, so we need THREE

conditions to determine A, C1, and C2.

One condition ia very natural, this is condition (133).

From a priori analysis of the properties of the function V ∗(π) if

follows that other two conditions are the smooth-fit condition

dV

dπ

∣∣∣∣
π↑A

=
dV0
dπ

∣∣∣∣
π↓A

, i.e., the condition V ′(A−) = −1, (136)

and the condition

dV

dπ

∣∣∣∣
π↑0

= 0 , (137)

which marks out that solution of equation (135) which does not

go away to +∞ or −∞ as π ↑ 0.
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Having solved equation (135) with conditions (133), (136), and (137),

we obtain that

V (π) =




(1− A)− ∫A

π y(x) dx, π ∈ [0, A),

1− π, π ∈ [A,1],
(138)

where

y(x) = −C
∫ x
0
eΛ[G(x)−G(u)] du

u(1− u)2
, (u) = log

u

1− u
− 1

u
,

Λ =
λ

r2/(2σ2)
, C =

c

r2/(2σ2)
.

The constant A can be found from the equation

C
∫ A
0
eΛ[G(A)−G(u)] du

u(1− u)2
= 1 . (139)
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Application of the “verification theorem” allows us to prove (see

(Shiryaev, 1976) that solutions (V (π), A) of the Stefan problem found

above give the solution (V ∗(π), A∗) of the initial optimal stopping

problem (129). At that the optimal stopping time τ∗ does exists and

is given by

τ∗ = inf{t ≥ 0: πt ≥ A∗}.
(The threshold A∗ is determined as a unique root A of equation (139).)

Having the solution of the Bayesian problem we can find the solution

in conditionally extremal setup:

To find—within the class Mα = {τ : Pπ(τ < 0) ≤ α}—a time τ∗α
such that

inf
τ∈Mα

Eπ(τ − θ | τ ≥ θ) = Eπ(τ
∗
α − θ | τ∗α ≥ θ)
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We claim that if, e.g., π = 0, then the optimal time τ∗α is of the

form

τ∗α = inf{t : πt ≥ A∗
α},

where A∗
α = 1− α.

For the proof it suffices to observe that Pπ(τ < θ) = Eπ(1− πτ) and

for τ∗α

Eπ(1− πτ∗α) = 1− A∗
α.
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(g) Let us turn to the formula

V ∗(0) = inf
τ

{
P0(τ < θ) + cE0(τ − θ)+

}
. (140)

The optimal stopping time τ∗ = τ∗(c) is of the form

τ∗(c) = inf{t ≥ 0: πt ≥ A∗(c)}.
The threshold A∗(c) depends continuously on c and, for 0 < α < 1

given, one can choose c = cα such that A∗(cα) = A∗
α, where A∗

α =

1− α. Let us use the notation τ∗α = τ∗(cα). Then

V ∗(0) = P0(τ
∗
α < θ) + cαE0(τ

∗
α − θ | τ∗α ≥ θ)

= α+ cαE0
(
τ∗α − θ | τ∗α ≥ θ

)
(1− α). (141)
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On the other hand, we already know from (138) that

V ∗(0) = (1−A∗
α)+

cα

ρ

∫ A∗
α

0

[∫ x
0
e−(λ/ρ)[G(x)−G(u)] du

u(1− u)2

]
dx. (142)

Comparing (141) and (142) (with A∗
α = 1 − α) for the conditional

mean time of delay

R(α, λ) = E0(τ
∗
α − θ | τ∗α > θ) (143)

under assumption that P0(τ
∗
α > θ) = 1− α, the following formula:

R(α, λ) =
1

(1− α)ρ

∫ 1−α

0

[∫ x
0
e−(λ/ρ)[G(x)−G(u)] du

u(1− u)2

]
dx.
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If λ → 0 and α → 1 in such a way that (1 − α)/λ → T , then the

limiting risk

R(T) ≡ limR(α, λ) (144)

is given by

R(T) =
1

ρ

{
eb
(
−Ei(−b)

)
− 1 + b

∫ ∞

0
e−bu

log(1 + a)

u
du

}
, (145)

where −Ei(−b) =
∫∞
b e−tt−1 dt and b = (ρT)−1. Letting for simplicity

ρ = 1, we find from (144) that

R(T) =




T
2 +O(T2), T → 0,

logT − (1 +C) +O(T−1), T → ∞,
(146)

where C if the Euler constant (C = 0.577 . . .).
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REMARK. Let

V (τ ; c) = Eπ

(
(1− πτ) + c

∫ τ
0
πt dt

)

and

R(τ) = Eπ|τ − θ|.
In (Shiryaev, 2004) it was shown that the criterion R(τ) is a particular

case of the criterion V (τ ; c). Moreover,

R(τ) =
1

λ
V (τ ;λ).
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6.3. (h) As we have already seen, in conditionally extremal problem

of finding

inf
τ∈Mα

E
(λ)(τ − θ | τ ≥ θ)

where Mα = {τ : P(λ)(τ ≤ θ) ≤ α} (с P(λ)(θ = 0) = 0), the optimal

rule τ∗α is of the form

τ∗α = inf{t : πt = 1− α},
or, equivalently,

τ∗α = inf

{
t : ϕt =

1− α

α

}
, (147)

where

ϕt = λ
∫ t
0
e−λs

Lt

Ls
ds (148)

with Lt = exp{(r/σ2)Xt − (r2/2σ2)t}. By the Itô formula,

dϕt = λ(a− ϕt) dt+
r

σ2
ϕt dXt. (149)
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Letting ψt = ϕt/λ and passing in (148), (149) to the limit, we find

ψt =
∫ t
0

Lt

Ls
ds (150)

and

dψt = dt+
r

σ2
ψt dXt. (151)

This process ψ = (ψt)t≥0, introduced in (Shiryaev, 1961-5, 1963), is

a key to solving the problem

inf
τ : E∞τ=T

1

T

∫ ∞

0
Eu(τ − u)+ du (Variant B). (152)

According to (147), we have

τ∗α = inf

{
t : ϕt =

1− α

α

}
= inf

{
t :
ϕt

λ
=

1− α

αλ

}

−→ τ∗ = inf{t : ψt = T},
(153)

if λ→ 0 and α→ 1 in such a way that (1− α)/(αλ) → T .

V-6-25



From (113) and (153) we obtain following result: the quantity

R(T) = inf
τ : E∞τ=T

1

T

∫ ∞

0
Eu(τ − u)+ du, (154)

which is the minimal mean time of delay in multistage return-cyclic

system of observation, under the stationary regime, is given by (99).

In particular,

R(T) =




T
2 +O(T2), T → 0,

logT − (1 +C) +O(T−1 log2 T), T → ∞.
(155)

The optimal detection method is based on observation of the process

ψ = (ψt)t≥0, ψ0 = 0 (which returns back to zero after reaching the

level T).
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6.4. From what we have said above, we see that the sufficient

statistics for the problem (152) is the process (ψt)t≥0 controlled

by the stochastic differential equation (151). In (Shiryaev, 2008b)

we considered a more general case, with some nonlinear function

EuG((τ − u)+) instead of the linear function of delay, Eu(τ − u)+.

Under some special assumptions on the functions G(t), t ≥ 0, we

show that for any stopping time τ
∫ ∞

0
EuG

(
(τ − u)+

)
du = E∞

∫ τ
0

Ψu(G) du,

where Ψu(G) is a diffusion process which can be represented as

a linear combination of diffusion process which form the Markov

family of sufficient statistics (see Theorem 1 in (Shiryaev, 2008b)).

In the discrete-time case the question about Markov family of suf-

ficient statistics in nonadditive Bayesian and generalized Bayesian

disorder problems was studied in (Shiryaev, 1964TVP), (Shiryaev, Zryu-

mov, 2010). V-6-27



§ 7. Direct method of finding the optimal stopping time

in VARIANT B

Let us consider now the direct method of solving the problem

inf
τ∈MT

∫ ∞

0
Eu(τ − u)+ du,

where MT = {τ : E∞τ = T}.

The key point in this method is the following relation established in

(Feinberg, Shiryaev, 2006):

∫ ∞

0
Eu(τ − u)+ du = E∞

∫ τ
0
ψu du ,

where

dψu = du+
r

σ2
ψu dXu.
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Thus,

R(T) = inf
τ∈MT

1

T

∫ ∞

0
Eu(τ − u)+ du = inf

τ∈MT

1

T
E∞

∫ τ
0
ψu du.

According to the general theory of stopping rules [see (Shiryaev,

1976), (Peskir, Shiryaev, 2005), the time

τ∗T = inf{t : ψt = T}
is optimal in the problem

τ ∈ MT  inf
τ

1

T
E∞

∫ τ
0
ψu du.

To find R(T) =
1

T
E∞

∫ τ∗T
0

ψu du we have to find U(x) = E
(x)
∞

∫ τ∗T
0

ψu du ,

where (ψu)u≥0 is a diffusion Markov process with dψu = du+ r
σ ψu dBu

and ψ0 = x ≥ 0.
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Solving the equation

U ′(x) + ρx2U ′′(x) = −x, where ρ =
r2

2σ2
,

we find that

U(x) = G

(
1

T

)
−G

(
1

x

)
,

where

G(x) =

∫ ∞

x

F(u)

u2
du, F(x) = ex(−Ei(−x))

(−Ei(−x) =

∫ ∞

x

e−u

u
du).
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Straightforward calculations show that

R(T) =
1

T
E
(0)
∞

∫ τ∗T
0

ψu du =
1

T
U(0) =

1

T
G

(
1

T

)

= F

(
1

T

)
−
[
1− 1

T

∫ ∞

1/T
e−u/T

log(1 + u)

u
du

]
,

which coincides with (145).

In particular (as was already obtained in (146)),

R(T) =




T
2 +O(T2), T → 0,

logT − (1 +C) +O(T−1 log2 T), T → ∞,

where C = 0.577 . . . is the Euler constant.
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§ 8. Minimax problems of quickest detection (Variants C and D)

8.1. For the scheme

dXt =




σ dBt, t < θ,

r dt+ σ dBt, t ≥ θ,

where θ ∈ [0,∞] is a parameter, the following two Variants (C and D)
of minimax problems—proposed by M. Pollak and G. Lorden,
respectively—are of a great interest.

VARIANT C. In the class MT = {τ : E∞τ = T}, to find

C(T) = inf
τ∈MT

sup
θ≥0

Eθ(τ − θ | τ ≥ θ) . (156)

VARIANT D. In the class MT = {τ : E∞τ = T}, to find

D(T) = inf
τ∈MT

sup
θ≥0

ess sup
ω

Eθ(τ − θ | FX
θ ) . (157)
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In (Feinberg, Shiryaev, 2006) it is shown that

B(T) ≤ C(T) ≤ C
∗(T) , (158)

where

C
∗(T) = E0τ

∗
T and τ∗T = inf{t ≥ 0: ψt ≥ T}.

Since C∗(T) = E0τ
∗
T = F(b), b = 1/T , we have

F(b)−∆(b) ≤ C(T) ≤ F(b), (159)

where ∆(b) = 1− b
∫∞
0 u−1F(u) du, F(b) = −Ei(−b).
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From (159) we deduce that for large T

logT − (1+C) +O(T−1 log2 T) ≤ C(T) ≤ logT −C+O(T−1 log2 T) .

(160)

For small T
T

2
+O(T2) ≤ C(T) ≤ T +O(T2).

The “gap” in second-order terms in (160) (−(1+C) on the left-hand

side and −C on the right-hand side) can be eliminated, if one turns

to RANDOMIZED rules proposed by M. Pollak.

Let ψ = (ψt)t≥0 be a process with

dψt = dt+
r

σ2
ψt dXt

and a “random” initial state ψ0 whose probability density g = g(y),

y ≥ 0, is chosen in a special way.
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The results of (Burnaev, Feinberg, Shiryaev,2008) imply that, in the

class MT of randomized stopping times τ with E∞τ = T , the following

estimates hold for C(T) = infτ∈MT
supθ≥0 Eθ(τ − θ | τ ≥ θ):

B(T) ≤ C(T) ≤ C
∗
(T) = E0τ

∗
g∗(A) , (161)

where g∗(A) is the initial density which is chosen in a special way

(on [0, A]) for ψ0 with a certain threshold A.
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Calculation of E0τ
∗
g∗(A)

in (161) shows that for large T

logT − (1 +C) +O(T−1 log2 T) ≤
≤ C(T) ≤

≤ logT − (1 +C) +O(T−1 log2 T).

This implies that the suggested randomized method, which is based

on observation upon the process (ψt)t≥0 with certain special initial

distribution for ψ0, is asymptotically optimal (T → ∞) with the first

two terms of asymptotics equal to logT − (1+C) and higher terms

of order O(T−1 log2 T).

The question about optimal (non-asymptotical) method in Variants C

and C is still open.
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8.2. In the discrete-time case G. Lorden, who introduced the minimax

criterion D, established [see (Lorden, 1971)] that the CUSUM-method

is asymptotically optimal (as E∞τ ≥ T → ∞).

The optimality of this method was established in (Moustakides, 1986).

In the continuous-time case, for the scheme dXt = rI(t > θ) dt +

σ dBt, the optimality of the CUSUM-method was established in

(Beibel, 1996), (Shiryaev, 1996). See also (Moustakides, 2004).
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CUSUM method

discrete-time case continuous-time case

asymptotical optimality

(as E∞τ ≥ T → ∞) is

proved in (Lorden, 1971)

optimality is proved in

(Moustakides, 1986)

for the scheme

dXt = rI(t > θ) dt+σ dBt,

optimality is proved in

(Beibel, 1996) and

(Shiryaev, 1996)

See also (Moustakides, 2004)

The essence of this method consists in the following.
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Let Tt = sup
θ≤t

Lt

Lθ
be the CUSUM-process with Lt =

dP0
dP∞

(t, x).

In the class MT = {τ : E∞τ=T}, the optimal time for criterion D is

τ∗T = inf{t : Tt ≥ D}

where the threshold D is a root of the equation

D − 1− logD = T (in the case ρ ≡ r2/(2σ2) = 1).

For large T D(T) = logT − 1+O(T−1) .

The key to the proof of optimality of the time τ∗T is the following
inequality: for any time τ

sup
θ

ess sup
ω

Eθ

[
(τ − θ)+ | FX

θ

]
(ω) ≥ E∞

∫ τ
0 Tt dt

E∞Tτ
.
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§ 9. Summary of results in Variants A, B, C and D

The observed process X = (Xt)t≥0 satisfies

dXt =




σ dBt, t < θ,

r dt+ σ dBt, t ≥ θ.

VARIANT A. We assume that θ is a random variable with

the exponential distribution exp{λ}.
Bayesian setup: To find

V(T) = inf
τ∈M

[
Pπ(τ < θ) + cEπ(τ − θ)+

]
.

Conditionally extremal setup: To find

R(α, λ) = inf
τ∈Mα

E0(τ − θ | τ ≥ θ) .
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If α → 1 and λ → 0 in such a way that (1 − α)/λ → T , then the

limiting risk R(T) ≡ R(α, λ) is given by

R(T) =




T/2+O(T2), T → 0,

logT − (1 +C) +O(T−1), T → ∞,

where C = 0.577 . . . is the Euler constant (we put ρ ≡ r2/(2σ2) = 1).

The optimal time τ∗ in V(π)-criterion is given by

τ∗ = inf{t : πt ≥ A∗} .

The optimal time τ∗α in R(α, λ)-criterion is given by

τ∗α = inf{t : πt ≥ 1− α} .
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VARIANT B. Here θ is assumed to be a parameter from [0,∞].

A multistage problem reduces to generalized Bayesian setup

B(T) = inf
τ∈MT

1

T

∫ ∞

0
Eu(τ − u)+ du .

The optimal stopping time:

τ∗T = inf{t : ψt = T} .
The limiting risk:

B(T) = R(T) =




T/2+O(T2), T → 0,

logT − (1 +C) +O(T−1), T → ∞,
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VARIANT С. Here θ is a parameter from [0,∞] and the criteria

of quality of detection are given by

C(T ) = inf
τ∈MT

sup
θ≥0

Eθ(τ − θ | τ ≥ θ) (MT = {τ : E∞τ = T}),

C(T ) = inf
τ∈MT

sup
θ≥0

Eθ(τ − θ | τ ≥ θ) (MT is the class of randomized

stopping times with E∞τ = T).

As T → ∞
logT − (1 +C) +O(T−1 log2 T) ≤ C(T ) ≤ logT −C+O(T−1 log2 T),

logT − (1 +C) +O(T−1 log2 T) = C(T ).

Asymptotically optimal methods (as T → ∞) are based on

observation upon the processes (ψt)t≥0 and (ψt)t≥0 with

dψt = dt+ ψt dXt, ψ0 = 0

dψt = dt+ ψt dXt, ψ0 is a random variable with

a special distribution.
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VARIANT D. θ is a parameter from [0,∞] and the criterion of

quality of detection is

D(T) = inf
τ∈MT

sup
θ≥0

ess sup
ω

Eθ

[
(τ − θ)+ | FX

θ

]
(ω) .

The optimal stopping time is

τ∗T = inf{t ≥ 0: Tt ≥ D}

where

• Tt = sup
θ≤t

Lt

Lθ
is the CUSUM-process and,

• D solves the equation D − 1− logD = T .

As T → ∞ D(T) = logT−1+O(T−1) .
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§ 10. Some remarks about θ-models and Bayesian G-models

10.1. We focused above on continuous-time models and, what

is more, on the models of the form dXt = rI(t > θ) dt + σ dBt,

where (Bt)t≥0 is a Brownian motion. The corresponding models

with discrete time are certainly of a great interest. These models are

generally considered in asymptotic variants. The ideas of invariance

principle suggest that a great part of results for the discrete-time

disorder problem (at least in asymptotical aspects) can be obtained

from the above-exposed results for the model dXt = rI(t > θ) dt+

σ dBt. For more details see (Shiryaev, 1963-I).

In the discrete-time case one considers, as a rule, models with

independent observations. Let formulate now the general model

[proposed in (Shiryaev, 2008a)] for disorder problems in the discrete-

time case without independency assumption.
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We start with a binary filtered probability-statistical experiment

(Ω,F , (Fn)n≥0;P
0,P∞),

where (Fn)n≥0 is a filtration, F0 = {∅,Ω} ⊆ F1 ⊆ F2 ⊆ · · · ⊆ F,
F∞ = σ(

⋃Fn) = F.

Letting

P0n = P0|Fn, P∞n = P∞|Fn, P = 1
2(P

0 + P∞), Pn = P|Fn,
introduce

L0
n =

dP0n
dPn

, L∞
n =

dP∞n
dPn

, (162)

M0
n =

n∑

k=1

∆L0
k

L0
k−1

, M∞
n =

n∑

k=1

∆L∞
k

L∞
k−1

. (163)

Then, if E(M)n =
∏
(1+∆Mk), then L0

n and L∞
n admit the following

representations:

L0
n = E(M0)n, L∞

n = E(M∞)n. (164)
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For independent observations with densities f∞(x), f0(x) we have

L0
n = f0(x1) · · · f0(xn), L∞

n = f∞(x1) · · · f∞(xn). In this case

∆M0
n =

∆L0
n

L0
n−1

=
L0
n

L0
n−1

− 1 = f0(xn)− 1

and, evidently,

E(M0)n =
n∏

k=1

(1 +∆M0
k ) =

n∏

k=1

f0(xk) = L0
n.

Analogously, E(M∞)n = L∞
n .

If disorder occurs at time θ < n, then the density of random variables

x1, . . . , xn is given by f∞(x1) · · · f∞(xθ−1)f
0(xθ) · · · f0(xn), which can

be rewritten in the form

Lθn = E(Mθ)n if ∆Mθ
k = I(k < θ)∆M∞

k + I(k ≥ θ)∆M0
k . (165)

V-10-3



The above considerations show how to determine—for a given θ ∈
{0,1, . . . ,∞}—the corresponding measure Pθ: one should let

Pθ(A) = E[I(A)E(Mθ)∞], A ∈ F , (166)

where

E(Mθ)∞ = lim
n→∞ E(Mθ)n, E(Mθ)n =

n∏

k=1

(1 +∆Mθ
k)

(∆Mθ
k is given in (165)).
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10.2. If θ is a r.v. with distribution function G = G(n), n ≥ 0, then

the corresponding probability distribution PG(A), A ∈ Fn, is given by

PG(A) =
n∑

θ=0

Pθn(A)∆G(θ) + (1−G(n))P∞n (A). (167)

Let PGn = PG|Fn and LGn =
dPGn
dPn

. Then LGn =
∞∑

θ=0

Lθn∆G(θ). Taking

into account the representation

Lθn = I(n < θ)L∞
n + I(n ≥ θ)L0

n

L∞
θ−1

L0
θ−1

, (168)

we find that

LGn = L0
n

n∑

θ=0

L∞
θ−1

L0
θ−1

∆G(θ) + L∞
n (1−G(n)) (169)

(with L∞
−1 = L0

−1 = 1).
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EXAMPLE. Let θ have the geometric distribution G with G(0) = π,

∆G(n) = (1− π)qn−1p, n ≥ 1. In this case

LGn = πL0
n+ (1− π)

n−1∑

k=0

pqk
L∞
k

L0
k

+ (1− π)qnL∞
n .

If there exists the densities fG∞(x1, . . . , xk) and f0k (x1, . . . , kn), then

we find that

fGn (x1, . . . , xn) = πf0n(x1, . . . , xn)

+ (1− π)
n−1∑

k=0

pqkf∞k (x1, . . . , xk)f
0
n,k(xk+1, . . . , xn |x1, . . . , xk)

+ (1− π)qnf∞n (x1, . . . , xn),

where f0n,k(xk+1, . . . , xn |x1, . . . , xk) are conditional densities.
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Let us describe—for θ-models and G-models—some

BASIC STATISTICS which are used in disorder problems.

θ-MODELS: one of the more important and frequently used is the

CUSUM-statistics

Tn = max
θ≥0

Lθn
L∞
n
.

Let Ln :=
L0
n

L∞
n

. Since Lθn = L∞
θ−1

L0
n

L0
(θ−1)∧n

, we find that

Tn = max

(
1, max

0≤θ≤n
Ln

Lθ−1

)
. (170)

Let γn := logTn and Zn := logLn, then

γn = Zn − min
0≤θ≤n

Zθ, γn = max(0, γn−1 +∆Zn).
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G-MODELS: the following statistics prove to be important:

πn = PG(θ ≤ n | Fn), ϕn =
πn

1− πn
and

ψn =
Ln

Ln−1
[1 + ψn−1]. (171)

From the Bayes formula,

πn =

∑
θ≤nLθn∆G(θ)

LGn
. (172)

For ϕn with Ln = L0
n/L

∞
n we find that

ϕn =
1

1−G(n)

∑

θ≤n

Ln

Lθ−1
∆G(θ) , (173)

whence we deduce that

ϕn =
Ln

Ln−1

[
∆G(n)

1−G(n)
+

1−G(n− 1)

1−G(n)
ϕn−1

]
, ϕ0 =

π

1− π
. (174)
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If G is a geometric distribution with ∆G(0) = G(0) = π and

∆G(n) = (1− π)qn−1p, n ≥ 1,

then it follows from (174) that

ϕn =
Ln

qLn−1
[p+ ϕn−1], ϕ0 =

π

1− π
. (175)

If p→ 0, π → 0 in such a way that π/p→ m ≥ 0, then (175) implies

that ψn = limp↓0(ϕn/p) obeys the recurrent relations

ψn =
Ln

Ln−1
[1 + ψn−1], n ≥ 1, ψ0 = m. (176)

From (176) or (173) we find the following representation:

ψn =
n∑

θ=1

Ln

Lθ−1
, n ≥ 1.

(This statistics underlies the “Shiryaev–Roberts procedure” in

disorder problems in the discrete-time case.)
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10.3. The four variants (A, B, C, D) of disorder problems considered

above play a dominating role also in the discrete-time case different

assumptions on probabilistic character of observed data (see, e.g.,

(Pollak, 1985), (Roberts, 1966), (Wetherill, 1977),

(Hawkins, Olwell, 1998), (Frisén, 2007), (Sequential Analysis, 2007),

(Tartakovsky, 2008), (Tartakovsky, Veeravalli, 2005)

and bibliography therein).
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Birkhäuser, Basel, 2006.

Pollak M. Optimal detection of a change in distribution, Ann. Statist., 13:1
(1985), 206–227.

Pollak M., Siegmund D. A diffusion process and its application to detecting
a change in the drift of Brownian motion, Biometrika, 72:2 (1985),
267–280.

Roberts S. W. Control charts based on geometric moving average,
Technometrics, 1 (1959), 239–250.

V-Refs-2



Roberts S. W. A comparison of some control chart procedures, Technometrics,
8 (1966), 411–430.

Sequential Analysis. Design Methods and Applications, 26 : 2, 3 (2007).
Celebrating eighty years of control charts. Walter A. Shewhart’s Legacy.
Taylor and Francis.

Shiryaev A. N. Обнаружение спонтанно возникающих эффектов, Докл.
АН СССР, 138:4 (1961), 799–801.

Shiryaev A. N. The problem of the most rapid detection of a disturbance of
a stationary regime. (Russian) Dokl. Akad. Nauk SSSR, 138:5 (1961),
1039–1042; Engl. transl. in Soviet Math. Dokl., 2 (1961), 795–799.

Shiryaev A. N. On optimal methods in quickest detection problems. (Russian)
Teor. Veroyatnost. i Primenen., 8:1 (1963), 26–51; Engl. transl. in
Theory Probab. Appl., 8:1 (1963), 22–46.

Shiryaev A. N. On detecting of disorders in industrial processes. I. (Russian)
Teor. Veroyatnost. i Primenen., 8:3 (1963), 264–281; Engl. transl. in
Theory Probab. Appl., 8:3 (1963).

V-Refs-3



Shiryaev A. N. On detecting of disorders in industrial processes. II. (Russian)
Teor. Veroyatnost. i Primenen., 8:4 (1963), 431–443; Engl. transl. in
Theory Probab. Appl., 8:4 (1963).

Shiryaev A. N. Detection of randomly appearing target in a multichannel
system. (Russian) Trudy Mat. Inst. Steklova, 71 (1964), 113–117.

Shiryaev A. N. On Markov sufficient statistics in nonadditive Bayes problems
of sequential analysis. (Russian) Teor. Veroyatnost. i Primenen., 9:4
(1964), 670–686; Engl. transl. in Theory Probab. Appl., 9:4 (1964),
604–618.

Shiryaev A. N. Two problems of sequential analysis. (Russian) Kibernetika
(Kiev) no. 2 (1967), 79–86; Engl. transl. in Cybernetics, 3:2 (1967),
63–69.

Shiryaev A. N. Statistical sequential analysis. 2nd edn. (Russian) Nauka,
Moscow, 1976; English transl.: Optimal Stopping Rules. Appl. Math.,
8, Springer-Verlag, New York–Heidelberg, 1978.

Shiryaev A. N. Минимаксная optimalость methodа кумулятивных сумм
(CUSUM) в случае continuousого времени — Успехи матем. наук,
1996, т. 51, № 4, с. 173–174. English transl. in Russian Math. Surveys,
51:4 (1996), 750–751.

V-Refs-4



Shiryaev A. N. Quickest detection problems in the technical analysis of the
financial data, Mathematical Finance — Bachelier Congress 2000:
Selected papers from the First World Congress of the Bachelier Finance
Society (Paris, 2000). Ed. by H. Geman et al. Springer-Verlag, Springer
Finance, Berlin, 2002, 487–521.

Shiryaev A. N. A remark on the quickest detection problems, Statist.
Decisions, 22 (2004), 79–82.

Shiryaev A. N. On stochastic models and optimal methods in the quickest
detection problems, Theory Probab. Appl., 53:3 (2008), 417–436.

Shiryaev A. N. Generalized Bayesian nonlinear quickest detection problems:
On Markov family of sufficient statistics, Mathematical Control Theory
and Finance, Springer, 2008, 377–386.

Shiryaev A. N., Zryumov P. Y. On the linear and nonlinear generalized
Bayesian disorder problem (discrete-time case), Optimality and Risk
— Modern Trends in Mathematical Finance, Springer, Berlin, 2010,
227–236.

V-Refs-5



Tartakovsky A. G. Asymptotic optimality in the Bayesian problems of the
quickest detection under restriction on the global probability of false
alarm, Theory Probab. Appl., 53:3 (2008), 472–499.

Tartakovsky A. G., Veeravalli V. General asymptotic Bayesian theory of
quickest change detection, Theory Probab. Appl., 49 (2005), 458–497.

Wetherill G. B. Sampling Inspection and Quality Control. London/New York:
Chapman & Hall / Halsted Press, 1977, 146 p.

V-Refs-6



TOPIC VI. Applications-2: Testing two and three hypotheses

for Brownian motion with drift

1◦. On a filtered probability space (Ω,F , (Ft)t≥0,P) we observe a

process

Xt = µt+Bt, t ≥ 0,

where B = (Bt)t≥0 is a Brownian motion and µ takes one of the

three values:

µ = µ1,

µ = µ0,

µ = µ2,

with µ1 < µ0 < µ2
(hypothesis H1),

(hypothesis H0),

(hypothesis H2).

VI-1



Some notation:

FX
t = σ(ω : Xs, s ≤ t), Pi = Law(X |µ = µi),

Pit = Pi|FX
t , Lit =

dPit
dP0t

, πit = P(µ = µi | FX
t ), ϕit =

πit
π0t
.

Known formulas:

Lit = exp

{
(µi − µ0)Xt −

1

2

[
(µi)2 − (µ0)2

]
t

}
,

dLit = Lit(µ
i − µ0)(dXt − µ0 dt), Li0 = 1,

dϕit = ϕit(µ
i − µ0)(dXt − µ0 dt) (by Bayes’ formula),

π1t =
ϕ1t

1 + ϕ1t + ϕ2t
, π2t =

ϕ2t
1+ ϕ1t + ϕ2t

, π0t =
1

1+ ϕ1t + ϕ2t
.
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The innovation representation of X:

dXt = E(µ | FX
t ) dt+ dBt,

where B = (Bt,FX
t ) is an innovation Brownian motion,

E(µ | FX
t ) = µ1π1t + µ0π0t + µ2π2t .

Thus,

dXt =
µ0 + µ1ϕ1t + µ2ϕ2t

1+ ϕ1t + ϕ2t
dt+ dBt,

dϕit = (µi − µ0)ϕit

(
(µ1 − µ0)ϕ1t + (µ2 − µ0)ϕ2t

1 + ϕ1t + ϕ2t
dt+ dBt

)
.
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Testing of 3 statistical hypotheses H1, H0, H2:

BAYESIAN FORMULATION.

Terminal risk:

w(µi, di) = 0,

w(µi, dj) = aij, i 6= j
(di = accept Hi).

Risk of the sequential decision δ = (τ, d), where

◮ τ = τ(ω) is a (FX
t )-stopping time: {τ ≤ t} ∈ FX

t , t ≥ 0;

◮ d is FX
τ -measurable (d = d1, d0, d2):

Rδ(π) = Eπ(cπ+ w(µ, d)), where Pπ = π1P1 + π0P0 + π2P2.
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It is easy to see that

Rδ(π) ≥ Eπ

(
cτ + min

{
a10π

1
τ+a20π

2
τ , a01π

0
τ+a21π

2
τ , a02π

0
τ+a12π

1
τ

}

︸ ︷︷ ︸

=: G(π1
τ , π

0
τ , π

2
τ )

)
.

Then

inf
δ=(τ,d)

Rδ(π) = inf
τ
R(τ,d∗)(π) = inf

τ
Eπ(cτ +G(π1τ , π

0
τ , π

2
τ )),

where d∗ (= d1, d0, d2) is determined from the relationship

I{d0}(d
∗)[a10π1 + a20π

2] + I{d1}(d
∗)[a01π0 + a21π

2]

+ I{d2}(d
∗)[a02π0 + a12π

1] = G(π1, π0, π2).
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From general theory of optimal

stopping it follows that the set

Π = {0 ≤ π1, π0, π2 ≤ 1: π1+π0+π2 = 1}
is such that Π = C∗ + D∗, where

C∗ is the set of continuation of

observations and

D∗ = D1 +D0 +D2.

If πτ∗ ≡ (π1τ∗, π
0
τ∗, π

2
τ∗) ∈ Di, then

we make decision d∗i , i.e., we

accept hypothesis Hi.

π
0

π
2

π
1

0

H
0

H
2

H
1
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For simplicity, assume that

π1 = π0 = π2 = 1/3,

aij = 1, i 6= j; aii = 0,

µ1 = −1, µ0 = 0, µ2 = 1

(symmetrical case).

In this case G(π1, π0, π2) = min{π1+π2, π0+π2, π0+π1}, or, in

terms of (ϕ1, ϕ2),

G(ϕ1, ϕ2) =
min{ϕ1+ϕ2, 1+ϕ2, 1+ϕ1}

1+ ϕ1 + ϕ2
.

By symmetry, dϕ1t = −ϕ1t dXt and dϕ2t = ϕ2t dXt. So, ϕ1t = e−Xt−t/2,
ϕ2t = eXt+t/2, and in terms of (t, x) the terminal risk function is

G(t, x) =
min{1+e−x−t/2, 1+ex−t/2, e−x−t/2+ex−t/2}

1 + e−t/2(e−x+ ex)
.
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Our basic Bayesian problem of sequential testing of

three hypotheses H1 (µ = −1), H0 (µ = 0), H2 (µ = 1)

IS REDUCED TO

the optimal stopping problem: to find a stopping

time τ∗ such that

Rτ∗ ≡ Rτ∗(1/3,1/3,1/3) = inf
τ

E(cτ +G(τ,Xτ)),

where

G(t, x) =
min{1+ e−x−t/2,1 + ex−t/2, e−x−t/2 + ex−t/2}

1 + e−t/2(e−x+ ex)
.

.
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The infinitesimal operator of (t, Xt) is

L(t,x) =
∂

∂t
+A(t, x)

∂

∂x
+

1

2

∂2

∂x2
,

where

A(t, x) =
ex−t/2 − e−x−t/2

1+ ex−t/2 + e−x−t/2
=

e−t/2(ex − e−x)
1 + e−t/2(ex+ e−x)

.
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It is interesting to compare these formulas with the corresponding

formulas for problem of testing TWO hypotheses, say

H0 : µ = µ0 = 0 and H1 : µ = µ2 = 1

For this case, denoting

Rδ(π) = Eπ(cτ +W (µ, d)), δ = (τ, d),

with π = (π0, π2), π0 = P(µ = 0) = 1/2, π2 = P(µ = 1) = 1/2,

π0 + π2 = 1, and W (µi, di) = 0 and W (µi, dj) = 1, i 6= j, we find

that

Rδ(π) = Eπ

(
cτ +G(π0τ , π

2
τ )
)

where

π0t = P(µ = µ0 | FX
t ), π2t = P(µ = µ2 | FX

t ).
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Introduce ϕ2t = π2t /π
0
t . Then

ϕ2t = eXt−t/2, G(π1τ , π
2
τ ) = G(t, Xt) =

min(1, eXt−t/2)
1 + eXt−t/2

.

Innovation representation for X = (Xt)t≥0 is

dXt = A(t,Xt) dt+ dBt, where A(t, x) ==
ex−t/2

1+ ex−t/2
.

For G(t, x) we have

G(t, x) =





1

1 + ex−t/2
, x ≥ t

2
,

ex−t/2

1 + ex−t/2
, x ≤ t

2
.
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If x 6= t/2, then we directly find that

G(t, x) ∈ C1,2 and L(t,x)G(t, x) = 0,

where L(t,x) is the infinitesimal operator of X:

L(t,x) =
∂

∂t
+A(t, x)

∂

∂x
+

1

2

∂2

∂x2
.

Applying the generalized Itô formula, we get

G(t,Xt) = G(0, X0) +

∫ t
0
L(s,x)G(s,Xs)I

(
Xs 6=

s

2

)
ds

+

∫ t
0

∂G

∂x
(s,Xs)I

(
Xs 6=

s

2

)
dBs

+
1

2

∫ t
0

[
∂G

∂x
(s,Xs+)− ∂G

∂x
(s,Xs−)

]
I

(
Xs 6=

s

2

)
dL+

s

where L+
s is a local time of X on the ray x = t/2, t ≤ s.
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For x > t/2:
∂G

∂x
= − ex−t/2

(1 + ex−t/2)2
and

∂G

∂x

∣∣∣∣
x↓t/2

= −1

4
.

For x < t/2:
∂G

∂x
=

ex−t/2

(1 + ex−t/2)2
and

∂G

∂x

∣∣∣∣
x↑t/2

=
1

4
.

Thus,

[
∂G

∂x
(s,Xs+)−∂G

∂x
(s,Xs−)

]∣∣∣∣
Xs=s/2

= −1

2
, and (with E = E(1/2,1/2))

we have

EG(τ,Xτ) = G(0, X0)−
1

4
EL+

τ ,

inf
τ

E
[
cτ +G(τ,Xτ)

]
= G(0, X0) + inf

τ
E
[
cτ − 1

4
L+
τ

]
,

where L+
s is a local time on x = t/2, t ≤ s. From here we find that

the set {(t, x): x = t/2, t ≥ 0, −∞ < x < ∞} belongs to the set C

of continuation of observations.
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Note that L+
t =

∣∣∣∣Xt −
t

2

∣∣∣∣−
∫ t
0
sgn

(
Xs −

s

2

)
dXs. Thus,

EL+
τ = E

∣∣∣∣Xτ −
τ

2

∣∣∣∣− E

∫ τ
0

sgn

(
Xs −

s

2

)
eXs−s/2

1+ eXs−s/2
ds

so that the problem of testing two hypotheses

H0 : µ = 0 and H2 : µ = 1

is reduced to the following optimal stopping problem:

inf
τ

E
[
cτ−1

4
EL+

τ

]
= inf

τ
E

[
cτ−

∣∣∣∣Xτ−
τ

2

∣∣∣∣+E

∫ τ
0

sgn

(
Xs−

s

2

)
eXs−s/2

1+ eXs−s/2
ds

]

for the process X = (Xt)t≥0 with

dXt =
eXt−t/2

1 + eXt−t/2
ds+ dBt.
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If Xt = Xt − t/2, then this stopping problem is reduced to the optimal

stopping problem

Vx = sup
τ

Ex

(
|Xτ | − cτ −

∫ τ
0

sgnXs ·
eXs−s/2

1 + eXs−s/2
ds

)

where

dXs =
eXs − 1

2(eXs +1)
ds+ dBs, X0 = x.
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Similarly, for the problem of testing two hypotheses

H1 : µ = −1 and H2 : µ = 1

we find that the problem infδRδ(π) for case π1 = π2 = 1/2 is

reduced to the problem

inf
τ

E

[
cτ − 1

2
L0
τ

]
,

where L0
t is a local time in zero of the process X = (Xs)s≥0 with

dXs =
eXs−s/2 − e−Xs−s/2

eXs−s/2 + e−Xs−s/2
ds+ dBs.

Note that

Xt = log
π2t

1− π2t
, where π2t = P

(
µ = µ2 | FX

t

)
.

Let us now return to the problem of testing THREE hypotheses.
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2◦. Properties of G(t, x). For x > t/2 we have

G(t, x) =
1+ e−x−t/2

1+ e−t/2(ex + e−x)
.

So,

∂G

∂t
=

ex−t/2/2
[1 + e−t/2(ex+ e−x)]2

,
∂G

∂x
=

2e−t+ ex−t/2

[1 + e−t/2(ex+ e−x)]2
,

∂2G

∂x2
=

−ex−t/2[(1+e−t/2)(ex+e−x) + (2e−t+ex−t/2)e−t/2(ex+e−x)]
[1 + e−t/2(ex+ e−x)]4

.

From these formulas we find that (for x > t/2)

L(t,x)G(t, x) = 0 .

In a similar way, we get the same relationship for x < −t/2 and for

|x| < t/2.
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Applying the generalized Itô formula to G = G(t, x), we find that

G(t,Xt) = G(0, X0) +

∫ t
0
L(s,x)G(s,Xs)I

(
Xs 6= ±s

2

)
ds

+

∫ t
0

∂G

∂x
(s,Xs) I

(
Xs 6= ±s

2

)
dBs

+
1

2

∫ t
0

[
∂G

∂x
(s,Xs+)− ∂G

∂x
(s,Xs−)

]
I

(
Xs =

s

2

)
dL+

s

+
1

2

∫ t
0

[
∂G

∂x
(s,Xs+)− ∂G

∂x
(s,Xs−)

]
I

(
Xs = −s

2

)
dL−

s ,

where L+, L− are local times of X on the rays x = s/2, x= −s/2.

Straightforward calculations show that

∂G

∂x
(s,Xs+)− ∂G

∂x
(s,Xs−)

∣∣∣∣
Xs=s/2

= − 1

2+ e−s
,

∂G

∂x
(s,Xs+)− ∂G

∂x
(s,Xs−)

∣∣∣∣
Xs=−s/2

= − 1

2+ e−s
.
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So, if Ls = L+
s +L−

s , then for any stopping time τ such that Eτ < ∞
we find that

EG(τ,Xτ) = G(0, X0)−
1

2
E

∫ τ
0

dLs

2+ e−s
.

If X0 = 0, then G(0,0) = 2/3. Since 1/3 ≤ 1/(2 + e−s) ≤ 1/2, we

have
1

4
E(4cτ − Lτ) ≤ E(cτ +G(τ,Xτ)) ≤ 1

6
E(6cτ − Lτ).

From here we conclude that solution of the problems

inf
τ

E(cτ − Lτ)

for different values of c > 0 will give a quite good approximation for

our problem of finding

inf
τ

E

(
cτ − 1

2

∫ τ
0

dLs

2+ e−s

)
.
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REMARK. The solutions of the problems

inf
τ≥t

E

(
c(τ − t)− 1

2

∫ τ
0

dLs

2+ e−s

)

and

inf
τ≥t

E

(
c(τ − t)− 1

4
Lτ

)

are asymptotically (t → ∞) indistinguishable.
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3◦. The problem infτ E(cτ −Lτ) . Here Lt = L+
t +L−

t , where L±

0
t

Xt

x = t/2

x = � t/2

g(t)

f(t)

g(t)

f(t)

H0

H2

H1

T0

wT0

are local times on the rays

x = ±t/2. The presence

of local times suggest

the following picture (D1,

D0, and D2 are sets of

stopping with accepting the

hypotheses H1, H0, and H2).

The local times L+ and L−

are local times accumulated

along the rays x = ±t/2.
So, these rays and areas near

these rays should belong to

the set of continuation of

observations. VI-21



THEOREM 1. Let f = f(t) and g = g(t) be upper

and lower optimal stopping boundaries in the half-plane of

positive x and t > 0. Then for large t

f(t) =
t

2
+A+O(e−t), g(t) =

t

2
− A+O(e−t) ,

where constant A is a unique solution of the equation

eA − e−A+2A = 2c−1.

(So, A ∼ (2c)−1 for small c.)

For x < 0 and t > 0, the upper and lower functions are

−g(t) and −f(t).

VI-22



0
t

Xt

x = t/2

x = � t/2

g(t)

f(t)

g(t)

f(t)

H0

H2

H1

T0

w
T0

This result says that if

we did not stop before

time T0, then the problem of

testing of three hypotheses

is split into two problems

of testing of two statistical

hypotheses

H2 and H0 (if XT0 > 0)

and

H1 and H0 (if XT0 < 0).
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The following important result gives integral equations for optimal

boundaries f(t) and (g(t).

THEOREM 2. There exists T0 > 0 such that for all t > T0

f(t) =
t

2
+ f̂(t), g(t) =

t

2
+ ĝ(t),

where f̂(t) and ĝ(t) satisfy the following integral equations:

c
∫ ∞

t
G1

(
t, f̂(t); s, ĝ(s), f̂(s)

)
ds = G2(t, f̂(t)),

c
∫ ∞

t
G1

(
t, ĝ(t); s, ĝ(s), f̂(s)

)
ds = G2(t, ĝ(t))

with

lim
t→∞

f̂(t) = A, lim
t→∞

ĝ(t) = −A, eA − e−A+2A =
2

c
.
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The functions G1 and G2 are given by

G1(t, x; s, a, b) =

[ 2∑

i=0

exp

{
xθi−(θi)2t

2

}]−1 2∑

i=0

exp

{
xθi−(θi)2t

2

}

× [Φs−t(b− x− θi(s−t))−Φs−t(a− x− θi(s−t))],

G2(t, x) =

[ 2∑

i=0

exp

{
xθi−(θi)2t

2

}]−1 2∑

i=0

exp

{
xθi−(θi)2t

2

}
G3(x, θ

i),

where

G3(x, θ) = θ
∫ ∞

0

(
θ
√
r − x√

r

)
ϕ

(
θ
√
r+

x√
r

)
dr −




|x| − x, θ > 0

|x|+ x, θ < 0
,

θi =
1

2
,−1

2
,−3

2
.

The critical point T0 is determined from the equation g(T0) = 0,

i.e., T0 = sup{t : ĝ(t) + t/2 = θ}.
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PROOF of Theorem 1: We have to prove that

f(t) =
t

2
+A+O(e−t), g(t) =

t

2
− A+O(e−t), (177)

where eA − e−A+2A = 2/c. Consider a new problem:

S+(x) = sup
τ

Ex(L
+
τ − cτ),

where L+ = (L+
t )t≥0 is a local time along the ray x = t/2 of the

process X = (Xt)t≥0 with

dXt =
e−t/2(ex − e−x)

1 + e−t/2(ex+ e−x)
dt+ dBt. (178)

We also introduce

S+(t, x) = sup
τ∈Mt

Et,x

[
L+
τ (t, X)− c(τ − t)

]
,

where Mt = {τ : τ is a stopping time w.r.t. X, τ ≥ t}, L+
τ (t,X) is a

local time of X on the ray x= t/2 on [t, τ ]. VI-26



By the Itô–Tanaka formula,

L+
s (t, X) =

∣∣∣∣Xs −
s

2

∣∣∣∣− |Xt| −
∫ s
t
sgn

(
Xu − u

2

)
dXu, s > t. (179)

Transform our process Xt into the process X̃t = Xt− t/2, for which

dX̃t =

(
eX̃t − e−X̃t−t

1+ eX̃t + e−X̃t−t
− 1

2

)
dt+ dBt. (180)

The problem S+(t, X) for X is transformed into the problem

S̃◦(t, x) = sup
τ∈Mt

Et,x

[
L◦
τ(t, X̃)− c(τ − t)

]
,

where L◦
τ(t, X̃) is a local time of X̃ in zero on [t, τ ]. It is clear that

S+(t, x) = S̃◦(t, x− t/2). Let us show that for this new problem the

set C̃ of continuation of observations has the form

C̃ = {(t, x): g̃(t) < x < f̃(t)} ,

where g̃ = g̃(t) and f̃ = f̃(t) are unknown functions. VI-27



To prove this, note that points (t,0) belong to the set C̃ by the

following “
√
∆-property” of a Brownian motion.

Indeed, for a Brownian motion B we have

Law(L◦
t+∆(t, B)) = Law(|B∆|).

Thus, Et,0L
◦
t+∆(t, X̃) has order

√
∆ for small ∆, moreover, for such

small ∆

Et,0[L
◦
t+∆(t, X̃)− c∆] > 0.

So, (t,0) ∈ C̃ (if we stop immediately, then our gain equals zero).

Define

f̃(t) = inf{x > 0: (t, x) 6∈ C̃}, g̃(t) = sup{x < 0: (t, x) 6∈ C̃}.
Since C̃ is open (it follows from the general theory of optimal

stopping for Markov processes), we have

f̃(t) > 0, g̃(t) < 0 for all t > 0.
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One can prove that (t, x) 6∈ C̃ for all x ≥ f̃(t) and x ≤ g̃. From this

it follows that C̃ = {(t, x): g̃(t) < x < f̃(t)}.

Let us study the behavior of boundaries f̃(t) and g̃(t) as t→ ∞. For

this purpose we approximate the process X̃ with differential (180):

dX̃t =

(
eX̃t − e−X̃t−t

1+ eX̃t + e−X̃t−t
− 1

2

)
dt+ dBt,

by the process X̃ε with differential

dX̃ε
t =

(
eX̃

ε
t

1+ eX̃
ε
t

− 1

2
− ε sgn X̃ε

t

)
dt+ dBt.

Fix (large) T > 0 and put ε1 = eT . Note that
(

ex

1 + ex
− 1

2
− ε1 sgn x

)
sgn x ≤

(
ex − e−x−t

1+ ex+ e−x−t
− 1

2

)
sgn x. (181)
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For the process X̃ε1 consider the problem

S̃◦
ε1
(t, x) = sup

τ∈Mt

Et,x

[
L◦
τ(t, X̃

ε1)− c(τ − t)
]
.

The process X̃ε1 is homogeneous (!). Thus, the set of continuation

of observations has the form

C̃ε1 = {(t, x): g̃ε1 < x < f̃ε1},
where g̃ε1 and f̃ε1 do not depend on t. From the majorization

property (181) it follows that

g̃(t) ≥ g̃ε1, f̃(t) ≤ f̃ε1. (182)

For the problem of testing of two statistical hypotheses controlled

by the processes X̃ε1, we know that

g̃ε1 = −A+O(ε1), f̃ε1 = A+O(ε1). (183)

From (182) and (183) it follows that

g̃(t) ≥ −A+O(e−T ), f̃(t) ≤ A+O(e−T ). (184)
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To obtain the inverse inequalities, we take the process X̃ε2 with

ε2 = eA−T . Then

g̃ε2 < x < f̃ε2.

Similarly to (183), we find that

g̃ε2 = −A+O(ε2), f̃ε2 = A+O(ε2).

Because
(

ex−e−x−t
1+ex+e−x−t

− 1

2

)
sgn x ≤

(
ex

1+ex
− 1

2
+ ε2 sgn x

)
sgn x,

we find that

g̃(t) ≤ g̃ε2, f̃(t) ≥ f̃ε2, t ≥ T.

So,

g̃(t) ≤ −A+O(e−t), f̃(t) ≥ A+O(e−t). (185)
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Together with (184) this gives

g̃(t) = −A+O(e−t), f̃(t) = A+O(e−t).

From these properties it follows that for the process X we have

g(t) =
t

2
−A+O(e−t), f(t) =

t

2
+A+O(e−t), t→ ∞.

The final step of the proof consists in demonstration that the “lower”

boundaries glow(t) and flow(t) are such that

glow(t) = −g(t), flow(t) = −f(t).

Theorem 1 is proved.
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PROOF of Theorem 2. First, we get integral equations for

boundaries g̃(t) and f̃(t) in case of the optimal stopping problem

S+(t, x) = sup
τ∈Mt

Et,x

[
L+
τ (t, X)− c(τ − t)

]
. (186)

Again put X̃t = Xt −
t

2
, b̃(t, x) =

ex − e−x−t

1+ ex+ e−x−t
− 1

2
. Then

dX̃t = b̃(t, X̃t) dt+ dBt.

Denote also H̃(t, x) = S̃◦(t, x), i.e.,

H̃(t, x) = sup
τ∈Mt

Et,x

[
L◦
τ(t, X̃)− c(τ − t)

]
. (187)

By the Itô–Tanaka formula,

H̃(t, x) = sup
τ∈Mt

Et,x

[
|X̃τ | − |x| −

∫ τ
t

sgn X̃s dX̃s − c(τ − t)

]

= sup
τ∈Mt

Et,x

[
|X̃τ | −

∫ τ
t
sgn X̃s b̃(t, X̃t) ds

−
∫ τ
t
sgn X̃s dBs − c(τ−t)

]
.
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We can prove that

Et,x

∫ τ
t

sgn X̃s dBs = 0 for τ ∈ Mt such that Et,xτ <∞.

Denote Ĥ(t, x) = H̃(t, x)+ |x|. Itô’s formula applied to Ĥ(t, x) ∈ C1,1

gives

Ĥ(T, X̃T ) = Ĥ(t, X̃t) +
∫ T
t

(
∂Ĥ

∂s
(s, X̃s) + L

X̃
Ĥ(s, X̃s)

)
ds+ Mart.,

where “Mart.” stands for a martingale with zero mean. Since

∂Ĥ

∂s
+ L

X̃
Ĥ =





b̃(s, x) sgn x+ c in the set C of continuation
of observations,

b̃(s, x) sgn x in the set of stopping D ∩ {x 6= 0},

we have

Ĥ(T, X̃T ) = Ĥ(t, X̃t) +
∫ T
t
b̃(s, X̃s) sgn X̃s ds

+ c
∫ T
t
I{g̃(s) < X̃s < f̃(s)} ds+ Mart. VI-34



Take H̃(t, x) = Ĥ(t, x)− |x|. Then

H̃(T, X̃T ) = |X̃t| − |X̃T |+ Ĥ(t, X̃t) +
∫ T
t
b̃(s, X̃s) sgn X̃s ds

+ c
∫ T
t
I{g̃(s) < X̃s < f̃(s)} ds+ Mart.

= Ĥ(t, X̃t)− L◦
T (t, X̃)

+ c
∫ T
t
I{g̃(s) < X̃s < f̃(s)} ds+ Mart.
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Taking Et,x for x = f̃(t) and x= g̃(t), we get

Et,f̃(t)H̃(T, X̃T ) = −Et,f̃(t)L
◦
T (t, X̃) + c

∫ T
t

Pt,f̃(t){g̃(s)<X̃s<f̃(s)} ds

Et,g̃(t)H̃(T, X̃T ) = −Et,g̃(t)L
◦
T (t, X̃) + c

∫ T
t

Pt,g̃(t){g̃(s)<X̃s<f̃(s)} ds

(188)

(we used that H̃(t, f(t)) = 0, H̃(t, g(t)) = 0, Et,x(Mart.) = 0). Since

|Et,f̃(t)H̃(T, X̃T )| =
∣∣∣Et,f̃(t)H̃(T, X̃T )I{g̃(t) ≤ X̃T ≤ f̃(t)}

∣∣∣

≤ cP{g̃(t) ≤ X̃T ≤ f̃(t)} → 0, T → ∞,

and similarly Et,g̃(t)H̃(T, X̃T ) → 0, T → ∞, we see that the left-hand

sides in (188) tend to zero as T → ∞.

Consider now other terms in (188).
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Denote G1(t, x; s, a, b) = Pt,x(a ≤ X̃s ≤ b), where X̃t = Xt − t/2 and

Xt = µt+Bt. So, X̃t = θt+Bt, where P(θ = θi) = 1/3,

θ1 = µ1 − 1
2 = 1

2, θ0 = µ0 − 1
2 = −1

2, θ2 = µ2 − 1
2 = −3

2.

Using the Gaussian property of θit+Bt and Bayes’ formula, we find

P(θ = θi |Xt = x) = exp
{
xθi− (θi)2t

2

} / 2∑
j=0

exp
{
xθj− (θj)2t

2

}
. Thus,

G1(t, x; s, a, b) =
2∑

j=0
P
(
x+Bs−t+ θj(s− t) ∈ [a, b]

)
P(θ = θj |Xt = x)

=

2∑
j=0

{
Φs−t(b−x−θj(s−t))−Φs−t(a−x−θj(s−t))

}
exp

{
xθj−(θj)2t

2

}

2∑
j=0

exp
{
xθj − (θj)2t

2

} ,

where Φ(x) =
∫ x
−∞ϕ(t) dt, ϕ(t) = (2π)−1/2e−t2/2.
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Let us calculate G2(t, x, T) := Et,xL
◦
T (t, X̃):

G2(t, x, T) =
2∑

i=0

EL◦
0(T − t, x+

:= θit+Bt
︷︸︸︷
Bθ

i

t )
︸ ︷︷ ︸

=: G3(x, θ
i, T − t)

P(θ = θi |Xt = x)

Bayes’ formula
=

2∑
i=0

G3(x, θ
i, T−t) exp

{
xθi − (θi)2t

2

}

2∑
i=0

exp
{
xθi − (θi)2t

2

} . (189)

Straightforward calculations for G3(x, µ, s) =

limε↓0 E{(2ε)−1 ∫ s
0 I(|x+B

µ
u | ≤ ε) du} leads to the formula

G3(x, µ, s) =

√
2s

π
e−(µs+x)2/(2s) +2xΦ

(
µ
√
s+

x√
s

)

− x− |x|+ µ
∫ s
0

(
µ
√
r − x√

r

)
ϕ

(
µ
√
r+

x√
r

)
dr.
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Let G3(x, µ) := lims→∞G3(x, µ, s). Then

G3(x, µ) = µ
∫ s
0

(
µ
√
r − x√

r

)
ϕ

(
µ
√
r+

x√
r

)
dr − |x|+ x sgnµ.

From existence of this limit and (189) we find that the limit G2(t, x) =

limT→∞G2(t, x, T) exists and

G2(t, x) =

2∑
i=0

G3(x, θ
i) exp

{
xθi − (θi)2t

2

}

2∑
i=0

exp
{
xθi − (θi)2t

2

} .

The integral equations

c
∫ ∞

t
G1

(
t, f̂(t); s, ĝ(s), f̂(s)

)
ds = G2(t, f̂(t))

c
∫ ∞

t
G1

(
t, ĝ(t); s, ĝ(s), f̂(s)

)
ds = G2(t, ĝ(t))

follow from (188) by passing to the limit as T → ∞ and using above

formulae.

VI-39



TOPIC VII. Applications-3: Optimal stopping in some

problems of the one-time portfolio rebalancing

In this presentation we investigate the structure of the

OPTIMAL ONE-TIME REBALANCING STRATEGY

on the (B, S)-market in the case of the possible spontaneous change

of its parameter. We begin with the (B, S)-model (Black–Scholes)

dBt = rBt dt, B0 = 1

dSt = St (µ dt+ σ dWt), S0 = 1
(190)

[W = (Wt)t≤T is a standard Wiener process (Brownian motion)].

Discounted prices Pt = St/Bt solve the equation

dPt = Pt
(
(µ− r) dt+ σ dWt

)
, P0 = 1,

and

Pt = exp{νt+ σWt}, where ν = µ− r − 1
2σ

2.
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Let U = U(x) be a utility function (e.g., U(x) = log x or U(x) = x).

In the paper:

A. Shiryaev, Z. Xu, X. Y. Zhou, Thou Shalt Buy and Hold,

presented by X. Y. Zhou at the

Conference on Quantitative Methods in Finance (Sydney, 2007)

[appeared in Quantitative Finance, December 2008],

the following problem was considered:

To find an optimal stopping time τ∗ such that

EU

(
Pτ∗

MT

)
= sup

τ∈MT

EU

(
Pτ

MT

)
,

where MT is the class of all stopping times taking values in [0, T ]

and MT = supt≤T Pt.
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The main result of our paper mentioned above implies that

for the LINEAR function U(x) = x the (degenerated (!))

stopping time

τ∗ =

{
T if ν > 0,

0 if ν ≤ −σ2/2,
is optimal.

(In the case −σ2/2 < ν ≤ 0 the optimal stopping time is τ∗ = 0; this

was shown by J. du Toit, G. Peskir∗.)

∗“Selling a stock at the ultimate maximum”, Ann. Appl. Probab., 19 (2009),
983–1014.
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In the case of the logarithmic function U(x) = logx

sup
τ∈MT

E log
Pτ

MT
= sup

τ∈MT

E
[
ντ + σWτ −MT

]
= sup

τ∈MT

E[ντ + σWτ ]− EMT

= sup
τ∈MT

Eντ − EMT =




νT − EMT if ν > 0,

−EMT if ν ≤ 0.

So, in this logarithmic case an optimal stopping time is

τ∗ =




T if ν > 0,

0 if ν ≤ 0,

which is the same as for the linear utility function.

In the present talk we consider the following generalization of the

above problem using the model which has been proposed a long

time ago by the author in the papers on the “quickest detection

problem of the spontaneously appearing effects”.
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More exactly, we shall consider the following two models (I and II):

I: dS
(I)
t = S

(I)
t

(
µ(I)(t, θ) dt+ σ dWt

)
, S0 = 1,

and

II: dS
(II)
t = S

(II)
t

(
µ(II)(t, θ) dt+ σ dWt

)
, S0 = 1,

where θ = θ(ω) is a random variable which is independent of W and

assumes values in R+ = [0,∞) and

µ(I)(t, θ) =




µ1, t < θ,

µ2, t ≥ θ,
µ(II)(t, θ) =




µ2, t < θ,

µ1, t ≥ θ;

the parameters µ1 and µ2 are assumed such that µ1 > µ2 and

ν1 ≡ µ1 − r − 1
2σ

2 > 0,

ν2 ≡ µ2 − r − 1
2σ

2 < 0,
so that µ2 − 1

2σ
2 < r < µ1 − 1

2σ
2.
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Consider the MODEL (I): (B, S(I)). In this case, starting from the

initial time t = 0 the driving parameter is µ1. If this value remains

unchanged on the whole interval [0, T ] and ν1 ≡ µ1 − r − 1
2σ

2 > 0,

then by the previous result we should

hold the stock until time t = T and sell it at this time.

But in fact the model (I) admits that at a certain random time θ

the regime switches from µ1 to µ2, and if ν2 ≡ µ2 − r − 1
2σ

2 < 0,

then, again by the previous results, we should

sell the stock at this time θ.

However, this time is unobservable and so the time of selling must

depend on the “correct” estimation of the time θ.
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All these considerations lead to the following optimal problem:

To find “one-time rebalancing” stopping time τ∗T such that

V
(I)
T ≡ sup

τ∈MT

E log
P
(I)
τ

M
(I)
T

= E log
P
(I)
τ∗T

M
(I)
T

.

Since

P
(I)
t = exp

{
(=:H

(I)
t )

︷ ︸︸ ︷∫ t
0

ν(s, θ)
︸ ︷︷ ︸

:=µ(I)(s,θ)−r−
1
2σ

2

ds+ σWt

}

and EWτ = 0 for τ ∈ MT , we deduce that

V
(I)
T = sup

τ∈MT

E

∫ τ
0
ν(s, θ) ds.
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It is interesting that this “V
(I)
T -criterion” is equivalent to the following

“W
(I)
T -criterion”:

W
(I)
T = sup

τ∈MT

E log

[
S
(I)
τ

BT
Bτ

]
.

The value S
(I)
τ BT/Bτ determines the capital at time T , if at time τ

we sell the stock and put the gained value S
(I)
τ on the bank account.

Since

S
(I)
τ

BT
Bτ

=
S
(I)
τ

Bτ
BT = P

(I)
τ BT ,

we see that

W
(I)
T = sup

τ∈MT

E logP
(I)
τ + E logBT .

Hence

W
(I)
T = V

(I)
T + E logM

(I)
T + E logBT .

VII-8



Consider now the MODEL (II), where µ2 → µ1 at time θ. In this

case, our “one-time rebalancing” problem can be reformulated as

the problem of buying (after the time θ) the stock at minimal price:

V
(II)
T = inf

τ∈MT

E log
P
(II)
τ

mint∈[0,T ]P
(II)
t

.

The corresponding “W (II)-problem” is defined by the criterion:

W
(II)
T = sup

τ∈MT

E log

[
Bτ
S
(II)
T

S
(II)
τ

]
= sup

τ∈MT

E log

[
Bτ

S
(II)
τ

S
(II)
T

]

= sup
τ∈MT

E log
1

P
(II)
τ

+ E logS
(II)
T = − inf

τ∈MT

E logP
(II)
τ + E logS

(II)
T .

Hence

W
(II)
T = −V (II)

T + E logS
(II)
T − E log min

t∈[0,T ]
P
(II)
t .
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Now we give the second proof of the key representation

E logPτ = E

∫ τ
0

[
ν1 − (ν1 − ν2)πt

]
dt.

Recall that

Pt =
St

Bt
= eXt,

where

Xt =
∫ t
0
ν(s, θ) ds+ σWt, ν(s, θ) = µ(s, θ)− r − 1

2σ
2.

Notation:

VT = sup
τ∈MT

E logPτ = sup
τ∈MT

EXτ = sup
τ∈MT

E

∫ τ
0
ν(s, θ) ds.
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Fix some τ ∈ MT . Then

E

∫ τ
0
ν(s, θ) ds = E

{
I(θ > τ)

∫ τ
0
ν(s, θ) ds+ I(θ ≤ τ)

∫ τ
0
ν(s, θ) ds

}

= E
{
I(θ > τ)ν1τ + I(θ ≤ τ)

[
ν1θ+ ν2(τ − θ)

]}

= E
{
I(θ > τ)ν1τ + I(θ ≤ τ)

[
ν2τ + θ(ν1 − ν2)

]}

= E E ({. . .} | Fτ)

= E
{
ν1τ(1− πτ) + ν2τπτ + (ν1 − ν2) E

[
θI(θ ≤ τ) | Fτ

]}

= E
{
ν1τ + (ν2 − ν1)τπτ + (ν1 − ν2) E

[
θI(θ ≤ τ) | Fτ

]}
,

where πt = P(θ ≤ t | Ft) is a posteriori probability of the event {θ ≤ t}
conditioned on Ft = σ(H

(I)
s , s ≤ t); νi = µi − r − 1

2σ
2, i = 1,2;

H
(I)
s =

∫ s
0

(
µ(I)(u, θ)− r − 1

2σ
2
)
du+ σWs, µ(I)(u, θ) =




µ1, u < θ,

µ2, u ≥ θ.
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To find an optimal stopping time in the problem

sup
τ∈MT

E

∫ τ
0
ν(s, θ) ds,

we have to solve the following optimal stopping problem:

sup
τ∈MT

E

{
ν1τ + (ν2−ν1)

[
τπτ − E

(
θI(θ≤τ) | Fτ

)]}
.

Let us make the following assumption about the distribution of θ:

P(θ=0) = π, P(θ>t | θ>0) = e−λt, where λ > 0 is known .

Having this distribution it is easy to find the a posteriori probability

πτ = P(θ ≤ t | Fτ), where Ft = σ(H
(I)
s , s ≤ t).
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Indeed, introduce the processes

ϕt =
πt

1− πt
and Lt(H) =

d(Pν1 | FH
t )

d(Pν2 | FH
t )

;

Lt(H) is the likelihood process, i.e., the Radon–Nikodým derivative

of the measure Pν1|FH
t w.r.t. the measure Pν2|FH

t , where Pνi is the

distribution of the process (Hi
t)t≥0 with

dHi
t = νi dt+ σ dWt.

It is well known that for each i = 1,2

Lt(H
i) = exp

{
ν2 − ν1
σ2

Hi
t −

1

2

ν22 − ν21
σ2

t

}
(Pνi -a.s.).

By Itô’s formula, this implies that

dLt(H
i) = Lt(H

i)
ν2 − ν1
σ2

{dHi
t − ν1 dt}.
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By Bayes’ formula, taking for simplicity π = 0, we get

ϕt = λ
∫ t
0

eλtLt(H
(I))

eλuLu(H(I))
du.

From this representation, again by Itô’s formula, we find

dϕt =

[
λ(1 + ϕt)− ϕtν1

ν2 − ν1
σ2

]
dt+ ϕt

ν2 − ν1
σ2

dH
(I)
t

and

dπt = (1− πt)

[
λ− ν1

ν2 − ν1
σ2

πt −
(ν2 − ν1)

2

σ2
π2t

]
dt

+
ν2 − ν1
σ2

πt(1− πt) dH
(I)
t .
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Let W
(I)
t =

1

σ

[
H

(I)
t −νt−(ν2−ν1)

∫ t
0
πs ds

]
. This (innovation) process

is a Wiener process (w.r.t. (FH(I)

t )t≥0). Taking into account this

notation we find that

dπt = λ(1− πt) dt+
ν2 − ν1

σ
πt(1− πt) dW

(I)
t .

Return to the formula

E

∫ τ
0
ν(s, θ) ds = E

{
ν1τ + (ν2 − ν1)τπτ

+ (ν1 − ν2) E
[
θI(θ ≤ τ) | Fτ

]}
,

where Ft = σ(H
(I)
s , s ≤ t). Put

ρt = E[θI(θ ≤ t) | Ft] and pθ(s) =
∂

∂s
P(θ ≤ s | Ft), s ≤ t.

Let us find P(θ ≤ s | Ft).
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With that end in view we note that, again by Bayes’

formula,

P(θ > s | Ft)
1− πt

=
P(θ > s | Ft)
P(θ > t | Ft)

= eλt
∫ ∞

s
e−λu

dµut
dµ∞t

du

= 1+ λeλt
∫ t
s
e−λu

Lt

Lu
du,

where

• µut and µ∞t are measures on [0, t] of the process H(I)

under assumptions that θ = u and

θ = ∞, respectively, and

• Lu = Lu(H(I)).
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Hence, for s ≤ t

P(θ > s | Ft) = (1− πt)

(
1+ λeλt

∫ t
s
e−λu

Lt

Lu
du

)
,

P(θ ≤ s | Ft) = πt − (1− πt)

(
λeλt

∫ t
s
e−λu

Lt

Lu
du

)
.

From here pθ(s) :=
∂

∂s
P(θ ≤ s | Ft) = (1− πt)λe

λte−λs
Lt

Ls
, thus

ρt := E[θI(θ ≤ t) | Ft] =
∫ t
0
spθ(s) ds = (1− πt)λe

λt
∫ t
0
se−λs

Lt

Ls
ds

︸ ︷︷ ︸
=:γt

.

Then

dρt = d((1− πt)γt) = (1−πt) dγt︸︷︷︸
(∗)

− γt dπt︸︷︷︸
(∗∗)

− d[π, γ]t︸ ︷︷ ︸
(∗∗∗)

. (191)
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(∗) : dγt = λγt dt+ λeλt d

[∫ t
0
se−λs

Lt

Ls
ds

]

= λγt dt+ λeλt
[
te−λt dt+ dLt ·

∫ t
0

se−λs

Ls
ds

]

= λ(γt+ t) dt+ γt
ν2 − ν1
σ2

[
dH

(I)
t − ν1 dt︸ ︷︷ ︸

=σ dW
(I)
t +(ν2−ν2)πt dt

]

= λ(γt+ t) dt+ γt

[
πt

(
ν2 − ν1

σ

)2
dt+

ν2 − ν1
σ

dW
(I)
t

]

(∗∗) : dπt = λ(1− πt) dt+
ν2 − ν1

σ
πt(1− πt) dW

(I)
t

(∗∗∗) : d[π, γ]t =

(
ν2 − ν1

σ

)2
γtπt(1− πt) dt
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Inserting (∗)–(∗∗∗) into (191) leads to

dρt = (1−πt) dγt︸︷︷︸
(∗)

− γt dπt︸︷︷︸
(∗∗)

− d[π, γ]t︸ ︷︷ ︸
(∗∗∗)

= (1− πt)

{
λ(γt+ t) dt+ γt

[
πt

(
ν2 − ν1

σ

)2
dt+

ν2 − ν1
σ

dW
(I)
t

]

︸ ︷︷ ︸
(∗)

}

− γt

{
λ(1− πt) dt+

ν2 − ν1
σ

πt(1− πt) dW
(I)
t

︸ ︷︷ ︸
(∗∗)

}

−
(
ν2 − ν1

σ

)2
γtπt(1− πt) dt

︸ ︷︷ ︸
(∗∗∗)

= λt(1− πt) dt+
ν2 − ν1

σ
γt(1− πt)

2 dW
(I)
t . (192)
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Using (∗∗), we find that

d(tπt) = πt dt+ t dπt

= πt dt+ t

{
λ(1− πt) dt+

ν2 − ν1
σ

πt(1− πt) dW
(I)
t

}
.

This expression and (192) imply that

E

∫ τ
0
ν(s, θ) ds = E

{
ν1τ + (ν2 − ν1)τπτ + (ν1 − ν2)ρτ

}

= E

∫ τ
0

{
ν1 + (ν2−ν1)

[
πt+ tλ(1−πt)

]

− (ν2−ν1)λt(1−πt)
}
dt

= E

∫ τ
0

(
ν1 + (ν2 − ν1)πt

)
dt.
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Thus, E

∫ τ
0
ν(s, θ) ds = E

∫ τ
0

(
ν1 + (

< 0
︷ ︸︸ ︷
ν2 − ν1)πt︸ ︷︷ ︸

< 0

)
dt.

This implies that we need find a stopping time τ∗T such that

sup
τ∈MT

E

∫ τ
0
ν(s, θ) ds = sup

τ∈MT

E

∫ τ
0

[
ν1 + (ν2 − ν1)πt

]
dt

= E

∫ τ∗T
0

[
ν1 + (ν2 − ν1)πt

]
dt, . (∗)

⇓ ⇓ ⇓
since the process πt is continuous, then if π0 < ν1

ν2−ν1, one

should continue observations at least till the time

τ̃T = min

{
0 ≤ t ≤ T : πt ≥ Ã∞ :=

ν1
ν1 − ν2

}
, i.e., τ∗T ≥ τ̃T .
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Note also that

• if πt ≡ 0 (i.e., from the beginning we have parameter ν1 > 0),

then it follows from (∗) that τ∗T = T ;

• If πt ≡ 1 (i.e., from the beginning we have parameter ν2 > 0),

then evidently (∗) implies that τ∗T = 0.

These deterministic Buy & Hold rules were already described above.
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To find an optimal stopping time τ∗T , let us consider more carefully

the expression

I(t) =

∫ t
0

[
ν1 + (ν2 − ν1)πt

]
dt.

Since

dπt = λ(1− πt) dt+
ν2 − ν1

σ
πt(1− πt) dW

(I)
t ,

we see (taking π0 = 0) that

λt = πt+ λ
∫ t
0
πs ds−

∫ t
0

ν2 − ν1
σ

πs(1− πs) dW
(I)
s .

So,

t =
πt

λ
+

∫ t
0
πs ds−

∫ t
0

ν2 − ν1
λσ

πs(1− πs) dW
(I)
s

and

ν1t =
ν1
λ
πt+ ν1

∫ t
0
πs ds−

∫ t
0

(ν2 − ν1)ν1
λσ

πs(1− πs) dW
(I)
s . (193)
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Using the representation (193), we find that

EI(τ) = E

∫ τ
0

[
ν1 + (ν2 − ν1)πt

]
dt = E

{
ν1
λ
πτ + ν2

∫ τ
0
πt dt

}

=
ν1
λ

{
πτ +

ν2
ν1
λ
∫ τ
0
πt dt

}
= −ν1

λ

{
−πτ +

|ν2|
ν1

λ
∫ τ
0
πt dt

}
.

Hence, letting c= (|ν2|/ν1)λ, we get

sup
τ∈MT

EI(τ) = −ν1
λ

inf
τ∈MT

E

{
−πτ + c

∫ τ
0
πt dt

}

= −ν1
λ

{
−1+ inf

τ∈MT

E

{
(1− πτ) + c

∫ τ
0
πt dt

}}

=
ν1
λ

− ν1
λ

inf
τ∈MT

E

{
(1− πτ) + c

∫ τ
0
πt dt

}

︸ ︷︷ ︸
=: VT

.
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VT = inf
τ∈MT

E

{
(1− πτ) + c

∫ τ
0
πt dt

}

The case T = ∞ was investigated in an author’s monograph ∗, from

which it follows that an optimal stopping time is

τ∗∞ = inf{t : πt ≥ A∗
∞},

where A∗∞ is a unique root of the equation

C
∫ A∗∞

0
exp

{
−Λ[H(π)−H(y)]

} dy

y(1− y)2
= 1, (**)

where

C =
c

ρ
, Λ =

λ

ρ
, H(y) = log

y

1− y
− 1

y
, ρ =

(ν1 − ν2)
2

2σ2
[
A∗∞ can be shown to satisfy A∗∞ > Ã∞ (=

ν1
ν1 − ν2

=
ν1

ν1 + |ν2|
).
]

∗
A. N. Shiryaev. Optimal Stopping Rules, Springer, 1978, 2008;
Chap. 4, § 4.4 “The problem of disruption for a Wiener process”.
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In the case T < ∞ the optimal stopping time τ∗T has the following

form:

τ∗T = inf{0 ≤ t ≤ T : πt ≥ gT (t)},
where the optimal stopping boundary gT(t) =: g(t), 0 ≤ t ≤ T , is a

unique solution of the nonlinear integral equation (G. Peskir)∗:

Et,g(t)πT = g(t) + c
∫ T−t
0

Et,g(t)

[
πt+u I(πt+u < g(t+ u)

]
du

+ λ
∫ T−t
0

Et,g(t)

[
(1− πt+u) I(πt+u < g(t+ u)

]
du.

Note that gT(t) ↑ A∗∞ as T → ∞ for all t ≥ 0.

∗see details in: G. Peskir, A. Shiryaev. Optimal Stopping and Free-Boundary
problems, Birkhäuser, 2006; Chap. VI, Sec. 22, Fig. VI.2.
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A∗
∞ is a unique root of (**) on page 25

Ã∞ = λ
λ+c = ν1

ν1−ν2
= ν1
ν1+|ν2|

Ã∞
x x

A∗
∞ x

↑
gT(0)
(T→∞)

x
t 7→ gT(t)
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W
(I)
T = sup

τ∈MT

E log

[
S
(I)
τ
Bt

Bτ

]
: as we have seen, for this criterion the

optimal stopping time is the same as for V
(I)
T -criterion. Hence

the above stopping time τ∗T = inf{0 ≤ t ≤ T : πt ≥ g(t)} is optimal.

• Let us mention that the W
(I)
T -criterion was considered by

Ch. Blanchet-Scalliet, A. Diop, R. Gibson, D. Talay, E. Taure.∗

In particular, they proposed ad hoc to use for each T > 0 the

stopping time τ∗∞ = inf{t ≤ T : πt ≥ A∗}. From the above results

it follows that their method is only almost optimal. (The optimal

stopping time, as we have demonstrated, is the time τ∗T .)

Criteria V
(II)
T and W

(II)
T can be investigated in a similar way.

∗“Technical analysis compared to mathematical models based methods under
parameters mis-specification”, J. Banking Fin., 31 (2007), 1351–1373.
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It is interesting to note that the process (πt) proves to be optimal

in other formulations of the problem “when sell the stock”. For

example, M.Beibel and H. R. Lerche∗ showed that the stopping

time

σ∗∞ = inf{t ≥ 0: πt ≥ B∗
∞},

where B∗∞ is a certain constant, is optimal in the following problem:

sup
σ∈M∞

E
Sσ

Bσ

provided that µ2 < r < µ1 and µ1 < λ+ r.

∗“A new look at optimal stopping problems related to mathematical finance”,
Statistica Sinica, 7:1 (1997), 93–108.
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