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The traditional view of SDEs: Ito and Stratonovich SDEs and stochastic integrals

Classic theory of Stochastic Differential Equations

aX; = a(Xy)dt + b(X;)dW:, Xo.

@ W'’s paths have unbounded variation, and are nowhere
differentiable with probability one. So the above cannot be
interpreted as a differential equation directly.

@ Write it as
t t
X = Xo + / a(Xs)ds + / b(Xs)dWs, Xo.
0 0

@ Now the matter is defining the stochastic integral driven by dW

@ Since W has unbounded variation, we cannot define this as an
ordinary Stiltjes integral on the paths.
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The traditional view of SDEs: Ito and Stratonovich SDEs and stochastic integrals

t
® X; = Xo+ [l a(Xs)ds + /0 b(Xs)dWs 77, Xo

@ Traditionally, 2 main definitions of stochastic integrals, given here
as generalizations of Riemann-Stilties sums for convenience, with
convergence in mean square (L2(PP)): Initial point vs mid point

/ b(Xs) dWS_IlmZb () (W, — W) (1td)
i=1

T n : )
/ b(Xs)odWs = lim >~ b <x <ff +2t,+1 )> (W, — W,)(Stratonovich)
0 i—1

(more general def. has [b(X(%)) + b(X(fi;1))]/2 in front of W — W)

where it is understood that as n tends to infinity the mesh size of

the partition {[0, t), [t1, &), ..., [th_1,t, = T]} of [0, T] tends to 0.
@ Stratonovich integral looks into the future, Ito does not.
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The traditional view of SDEs: Ito and Stratonovich SDEs and stochastic integrals

Battle of the integrals: Ito or Stratonovich?

(Doeblin)-Ito integral:
@ “Does not look into the future” (good for social sciences)
@ lto integral is a martingale: many important consequences.
@ Coeff. interpretation as local mean and standard deviation:
“Be[6Xe] = a(Xp)ot’, “VAR{[6X;] =~ b?(X;)ot”
@ More generally good probabilistically
@ Does not satisfy chain rule, additional second order term

dX; = a(X;)dt + b(X;)dW,,

01(X:) = (VX)) 0 + 1(0X) (HF(X))(0X)
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The traditional view of SDEs: Ito and Stratonovich SDEs and stochastic integrals

Battle of the integrals: Ito or Stratonovich?

Fisk ([11])-Stratonovich ([27]) (-McShane [21]) Integral:
@ Satisfies chain rule

dX; = a(Xp)dt + b(X;) o dW,  df(X:) = (VH(X))T o dX;

@ Given chain rule, SDEs in Stratonovich form behave like vector
fields under changes of coordinates. Good for coordinate-free
SDEs on manifolds and Stochastic Differential Geometry.

@ Coefficient a no longer local mean, but related to “median” (later)

o If we take t-C' processes W("(t) such that W(") — W with
probability 1, uniformly in t on bounded intervals (Wong Zakai)

Sol of aX!™ = a(X{™)at+b(X)aW™ — Sol of dX = a(X)dt+b(X)odW
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The traditional view of SDEs: Ito and Stratonovich Historical notes

Battle of the integrals: Ito or Stratonovich?

@ It6 good probabilistically, Stratonovich good geometrically.

@ This talk: Can we make lto integral coordinate free and good for
geometry, so as to have good probability and geometry
together? Yes and we’ll explain how. Before that:

Historical notes and 1t0 - Stratonovich transformation

[t6 dominates among mathematicians. Mostly Stratonovich integral
managed to cut its share because of stochastic geometry. Even there,
it is often stated that under the theory it is “Ito’s calculus which does all
the work” (Rogers & Williams [25], Chapter V.30, p. 184).

Stratonovich fared better with physicists & engineers, due to Wong
Zakai & symmetry (see for example Van Kampen’s “It6 vs
Stratonovich” [28], where it is argued that for Langevin equations with
external noise the Stratonovich version can be preferable, while for the
case of internal noise any of the versions would work).
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The traditional view of SDEs: Ito and Stratonovich Historical notes

Battle of the integrals: Historical notes

Donald Fisk paper, first proposing the symmetric integral, rejected by
top probability journal in mid 60’s. In 1967, famous probabilist Anatoliy
Skorokhod (1930-2011) reviewed [26] Stratonovich’s 1966 book:

“ The second part, which is the
most interesting and the most
rigorously treated one, could have .... CHAINSAW!!
been shortened by one-half, if the
author had used, instead of his
own integral, the It6 integral. [...]
Searching out the drops of truth
from this material is a thankless
task, which only the rare reader
would undertake. [...]"

Drop the chain rule, start the...
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1t6-Stratonovich transformation
Does It6-Stratonovich transform solve all problems?

There is a simple rule to re-write an 1td6 SDE into a Stratonovich SDE
admitting the same solution (and vice versa).

This is known as Itd - Stratonovich transformation. We will give a
coordinate-free interpretation of this at the end of the talk.
dX; = a(Xy)dt + b(X;)dW: — dX; = a(X;)dt + b(X;) o dW;
dim W dim X
o 1 8b,7k
=ai- E Z Z axk

k=1 h=1

So if we need geometry and Ito, why not do the following:

@ Given the initial Ito SDE, transform it in Stratonovich form with the
rule above. The solution will be the same.

@ Work with geometry using the Stratonovich SDE
@ Once you are done, convert the equation back into Ito form
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The traditional view of SDEs: Ito and Stratonovich 1t6-Stratonovich transformation

Does It6-Stratonovich transform solve all problems?

However, the Ité6 Stratonovich transformation does not commute with
operations related to methods for projection on submanifolds.

See for example the exponential-families assumed-density-filters
(equivalent to Hellinger metric projection for Stratonovich) in stochastic
filtering, B. et al [6]. In that case

@ Transform full 1t6 SPDE for optimal filter in Stratonovich form;

@ Apply the assumed density/“expected sufficient statistics
matching” approximation to obtain a finite dimensional
approximating Stratonovich SDE in the chosen exponential family;

@ Convert the approximating Stratonovich SDE into 1t6 form;
VS

@ Apply assumed density approximation directly to the 1t6 full SPDE
produce two different [t6 SDEs.
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Drawing and simulating SDEs as “fields of curves”
Geometry & Probability: Ito calculus on manifolds

In some optimal approximation and dimensionality reduction problems
it will therefore be important to be able to work directly with 1t6 calculus
in Geometry (eg. Armstrong & B. [2]).
We now come to the main contribution of this talk: define 1t6 SDEs on
manifolds without moving to Stratonovich.
This will be done
via the notion of jets

What are jets?

Not these!l —
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Drawing and simulating SDEs as “fields of curves”
Jets and SDEs

For all x € R" consider smooth curve v, : R — R", ~,(0) = x

NSNS

Example: v£ on R? as follows | NN
(zero 3d-on derivatives): PN SN
P R RN

Vo) (D) = (X1, X2)+  H(—x2, X1) )P IP P I S O
circular counterclock Ui) ) a © < <

YIYYY s (

3t2(x1, x INRRAREEEA N
+_(1._/2) W\\T’\A/‘fﬁf(

radially outward 2\\“\’\/\/\/\/"ﬁ e (

N N NN
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Drawing and simulating SDEs as “fields of curves”
Jets and SDEs

Given such a v, a starting X
(Xo = 0in our example), a W; &
time step Jt define discrete time
stochastic process:

\ \
NN

/’/

// e N \\ \\

— . ~E . ) / A A NG \\ N
Xo := X0, Xtyot .= vx,(Wirst — Wh) 000N
We have connected the points F N N
using the curves in v . Notice that Py €A
given W, law we can interpret the R g
trajectories as being randomly 1 l 1 l S ; ; é ‘/
generated trajectories that move ~ \\\«Aﬁ/ /’/ e
from X; to X4 by following the e S

curve s — yx,(s) from s =0 to
s = /ot where the ¢'s are
independent std normals
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1t6 SDEs on manifolds: 2-Jets

Jets and SDEs

Drawing and simulating SDEs as “fields of curves”
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Coordinate-free converging difference scheme as SDE
Jets and SDEs

Xirst == vx,(0Wr)  reads:

“Follow the curve ~ starting from X for a parameter increment of
oW := Wiist — WL, In this description,

Not using the R" vector space structure. Coordinate Free.

These discrete time stochastic processes converge in some sense to a
limit as the time step tends to zero for v such as ~£ with sufficiently
good regularity. Write the limit equation as

Coordinate free SDE: X; > yx,(dW;), Xo = Xo. (1)

Now we answer the question: How can the scheme limit be made
precise and how does it relate to classic stochastic calculus?
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Coordinate-free converging difference scheme as SDE
Jets and SDEs

In a coordinate system, consider the Taylor expansion of ~y.

1
() = X+ 7% (0)t + 59X(0) + Rel®, R = 67&”(5) ¢ €10, 1],

where Ryt is the remainder term in Lagrange form. Substituting this
Taylor expansion in our scheme Xi;s5: = vx,( Wits5t — Wt) we obtain

1
0t = 75 (0)5Ws + 575, (0)(OWA) + Ry, (W%, Xo=x0. (2

Properties of Brownian motion such as “(dW)>? = dt” and “(dW)3 = 0”
suggest we replace (5 W;)? with §t and (6 W;)® with 0. We obtain:

— 1 —
5Xt = ’73—(t(0) 5Wt + 5’73—%(0) 5t, Xo = Xp.-
S~—~— —_——
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Coordinate free It6 SDE as 2-jet scheme limit
Jets and SDEs

5Xt = a(Xy)dt + b(X;)s W (3)

This is the Euler scheme & under suitable assumptions converges in
L?(PP) to the solution to the It6 stochastic differential equation:

d)N(t = a()N(f) dt + b(j(t)th, )N(o = Xp- (4)

More precisely, assume in the given coordinate system ~(t) is
smoothly varying in x with first & second t derivatives at 0 satisfying
Lipschitz conditions in x. Assume that the third ¢-derivative at t = 0 is
uniformly bounded in x. Theorem: (Armstrong & B. 2016). The
following 3 schemes have as same L2(P) limit the classic Ito SDE X.

@ Coordinate free vx scheme: Xi 15t := vx,(Wiist — Wi), Xo

@ 2-jet scheme: 6X; = 73( (0)sW; + %73’( (0)(OW)?, Xo

t t
@ The classic Euler scheme: §X; = 73-([(0)6 W: + %’y;—’(t(O)dt, Xo
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Coordinate free It6 SDE as 2-jet scheme limit
Jets and SDEs

Our earlier example 3, ,,)(t) = (X1, %2) + (=X, X1) + 33(x1, X2)

X1 ] Xi - X5
corresponds then to the SDE d[ X ] =3 [ X ] at + [ X, ] dw;.

At this point, given that Taylor expansions occurred in a specific
coordinate system, one may wonder in which sense the 2-jet scheme

6X: = b(X))oW; + a(X) (SWh)?, Xo

& its limit are coordinate free. It is important to note that coefficients
of It SDE a & b only depend upon the first two derivatives of ~.

We say that two smooth curves v : R — R” have the same k-jet

(k € N, k > 0) if their Taylor expansions are equal up to order O(t¥) in
one (and hence all) coordinate system.
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Coordinate free It6 SDE as 2-jet scheme limit
Jets and SDEs

The k-jet can then be defined for example as the equivalence class of
all curves that are equal up to order O(tX) in one and hence all
coordinate systems, similarly to what is done to define tangent vectors,
leading to a coordinate free definition.

Using this terminology, we say that the coefficients of the Ito SDE
d)N(t = a()~(t) dt + b(j(t) dW;, )~(0 = Xp
~——

~——

%'ys.ét(O) 7%, 0)

are determined by the 2-jet of a curve v : R — R” in a specific
coordinate system.
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Coordinate free It6 SDE as 2-jet scheme limit
Jets and SDEs

Jets are defined more generally on manifolds (eg equivalence classes
of maps with the same Taylor expansion up to a given order in given —
and hence all — charts).

Jets and the related notions of obstruction and symbol are powerful
tools in the analysis of differential equations in a geometric setting.

In the light of the above convergence result, we can say that in our
earlier pictures one should avoid interpreting any details other than the
first two derivatives of the curve. One way of doing this is by insisting
that we draw the quadratic curves that best fit the curves ~ rather than
the actual curve 7 itself.
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Coordinate free It6 SDE as 2-jet scheme limit
Jets and SDEs

Given a curve ~x, we will write j>(vx) for the two jet associated with .
This is formally defined to be the equivalence class of all curves which
are equal to v, up to O(t?) included.

Given our convergence results, showing that the limit of our scheme
depends only on the two-jet, we may rewrite X; ~— vx,(dW;), Xp as:

Coordinate-free 2-jet SDE: Xi~~ fo(vx,)(dWs), Xo = Xo. (5)

All the theory so far extends straightforwardly to n-dimensional
finite dimensional manifolds M.
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1t6 SDEs on manifolds: 2-Jets Coordinate-free I1t6 formula

It6’s formula via 2-jets

Suppose that f is a smooth mapping from R” to itself and suppose that
X satisfies Xiist := vx, (0 W). It follows that f(X) satisfies:

(F(X))t+st = (f o yx ) (Wh).
Taking the limit as §t tends to zero we have:

Lemma (It6’s lemma — coordinate free formulation)
If the process X; satisfies

Xt~ fo(7x, ) (dWh)
then f(X;) satisfies
f(X)e = jo(f o vx ) (dWh).

Ité’s lemma: the transformation rule for jets under a change of
coordinates is given by composition of functions.
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It6’s formula via 2-jets

If one prefers the more traditional coordinates SDE given in (4) we
simply need to calculate the derivatives of f o y. In a chosen coordinate
system, let us write ) for the /-th component of vx with respect to the

coordinates xq, Xo, . .. X, for R". Two applications of the chain rule give
us:

d
fO ’)/X Z 8)( ’YX
]
n i i
82f d’y’ dv,
(f — XX
°1x) Z Z 8x,8xj dt dt

’YX
+ Z 8x, (ux(t dz‘2

We conclude that our lemma is equivalent to the classical 1t6’s lemma.
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1t6 SDEs on manifolds: 2-Jets Commutative diagrams and rubber sheets

It6’s formula via 2-jets

We have illustrated a way of drawing an SDE on a rubber sheet such
that if sheet is stretched, diagram transforms as per Ité’s lemma.

In other words given an SDE in R"” we have given a method of drawing
SDEs such that for all f : R" — R" the following diagram commutes:

SDE for X [L0s lemma SDE for f(X)

Dran/ DraWJ(

Picture of SDE for X in R* —— f(Picture of SDE for X)
= Picture of SDE for f (X)
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1t6 SDEs on manifolds: 2-Jets Commutative diagrams and rubber sheets

It6’s formula via 2-jets

Since we now understand the geometric content of It6’s lemma, we
can draw a picture to illustrate it. Consider the transformation

(0,8) = ¢(x1, %) = (arctan(xz/x1) log(y/x2 + x22))

applied to our example process ~E.
This can be viewed as a
transformation of the complex
plane ¢(z) = ilog(z). We use ¢ to
transform our earlier picture on the
left hand side in 2 ways. 1st we
apply directly ¢ to each point of the
left picture to obtain a new point for
a new figure. This is done with
image manipulation software: we
stretch the image & don’t use its

mathematical structure.
J. Armstrong & D. Brigo (KCL & ICL) Coordinate Free SDEs as 2-Jets LSE Risk & Stochastics Conf. 27 /54
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1t6 SDEs on manifolds: 2-Jets Commutative diagrams and rubber sheets

It6’s formula via 2-jets

A e N\
N
S

VAV RN
D
Poror oo ¢
YY Y e o
3NN~ s
NN
N OANTNTNTN e T
R

N NN

ST

R o ///,.» -

A}

As an alternative approach, we
transform our equation using Ité’s
lemma applied to the function ¢.
This results in the equation for 6
and s:

7

d(6, s) = (o,2> dt + (1,0) dW,.

We can then use this equation to
plot the process (¢, s) directly by

simulating the process in discrete
time as before.

The results of these two alternative approaches are now shown in the
upper and lower parts of Figure 2:
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1t6 SDEs on manifolds: 2-Jets Commutative diagrams and rubber sheets

It6’s formula via 2-jets

e Nt S Ser S St Ner Sem Ner e Ser

T

The process j»(¢ o vF) plotted by applying 1td’s lemma

Figure: Two plots of the process j2(4 o ~F) in‘the plane (4, s).
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1t6 SDEs on manifolds: 2-Jets Commutative diagrams and rubber sheets

It6’s formula via 2-jets

As one can see the two approaches to plotting the transformed
process give essentially identical results, showing an example of our
earlier commutative diagram at work.

The differences one can still see are:

@ the lower quality in the upper image, obtained by transforming
pixels rather than using vector graphics;

@ the grid points at which the 2-jets are plotted are changed;

@ small differences in the simulated path since we have only
simulated discrete time paths.
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1t6 SDEs on manifolds: 2-Jets The case of vector Brownian motion as driver

SDEs driven by vector Brownians
Consider functions ~y : RY — R" & as before the coordinate free
Xivst == 7x, (5 w/,..., 5Wtd)

Again, the limiting behaviour will only depend upon the 2-jet jo(vx) and

2
can still be denoted by X; “~ jo(vx,)(dW;). The scheme still L*(P) to

the classical [t6 SDE (see proof in A & B [4]) in coordinates:
X: = Xo +/ a(Xs)ds + Z/ bo(Xs)dWS, te[0,T]
0 ‘= Jo

Ovx
ou® lu=0

o ba(x) :=

d
Z:: 8ua8ua
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1t6 SDEs on manifolds: 2-Jets Backward diffusion operator: Geometric interpretation

SDEs driven by vector Brownians

We can also write the SDE as
o . .
dX} = Eaaam’de“de + 0oy AW = ,3 w057 e dt + 9y AW (B)

with the convention that dWy*d Wﬁ = gEBdt where gg is a Kronecker
delta with orthonormal coordinates or in generalizations the symmetric
2-form defining the Euclidean metric on RY.

2-jet based definition of the SDE backward diffusion operator:

1 a
Lo f = -Ap(fory) = §5—9aaﬁ(fo»yx)g5ﬂ. (7)

1
2
Here Ag is the Laplacian defined on RY. L., acts on functions defined

on the state space manifold M. We define £* to be its formal adjoint
which acts on densities defined on M (Fokker Planck eq).
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Weak and Strong Equivalence of SDEs through jets

Both the It6 SDE (6) & the backward diffusion operator use only part of
the 2-jet: only the diagonal terms of 0,057' influence the SDE and
even for these terms it is only their sum that is important.

We say that two 2-jets v and ~Z are weakly equivalentif £ 1 = L .
~' and ~? are strongly equivalent if in addition j; (') = j1 (7?).

Strong equivalence means that given the same realization of the
driving Brownian motions W;* the solutions of the SDEs will be almost
surely the same (under assumptions ensuring pathwise uniqueness).

Weak equivalence means that the transition probability distributions
are the same even though the dynamics may be different for any
specific realisation of the Brownian motions.
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1t6 SDEs on manifolds: 2-Jets SDEs driven by 2-dimensional Brownians. Heston model

Drawing SDEs driven by 2-dimensional Brownians

NN
NN ]

L
{
{
{
(/
/

N
// N

NN

\ NN

We saw previously a way to draw a
SDE in R?, j>(vF), driven by
one-dimensional Brownian motion:

X1 | Xi —Xo
o[ %] o[ f ] 5| owe

How can we draw a SDE driven by
2-dimensional Brownian motion?

Givén an SDE in local coordinates dX; = a(X;)dt + b;(X;)dW/ (Einstein
summation) with a € R? and by € R?, b, € R?, we can write down a

specific representative two jet by

’)’x(t1 ) tz) =X+ ag}/f:t"tj + b,'ti.
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SDEs driven by 2-dimensional Brownians. Heston model
Drawing SDEs driven by 2-dimensional Brownians

’)/x(t1 ) tz) =X+ ag}/r:t"tj + b,'ti.

The image of an e ball under ~x will be an ellipsoid. Moreover, if we
know that ~y is of this form, we can recover the coefficients a and b; up
to weak equivalence just from knowledge of the image of the ¢ ball.

This method of drawing an R? SDE driven by 2-dim Brownian motion in

local coordinates is to draw the image of an ¢ ball of (!, 1?) at each
point.
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Drawing SDEs driven by 2-dimensional Brownians

s
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dS; = [LStdt + \/ZS;dW{‘
dvr = k(0 — vp)dt 4 Ey/mt (pd W] 4 /1 — p2dWP)

Parametervalues { =1,0 =04,k =1, un=0.1, p = 0.5. We have

plotted the image of the balls for e = 0.05.
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LSE Risk & Stochastics Conf.

For example in this figure we show
a plot of the Heston stochastic
volatility model with drift (see [15]).
Note that as well as plotting the
ellipses, the figure indicates the
exact point that each ellipse is
associated with. The extent to
which the centre of the ellipse
differs from the associated point is
a measure of the drift.

(8)
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1t6 SDEs on manifolds: 2-Jets Fan Diagrams

The one-dimensional case: Fan Diagrams

Standard statistical properties of a distribution depend upon the
coordinate system.

For example E of a process in R" involves the vector space structure of
R". If f is a nonlinear coordinate transition map, one has

E(f(X)) # f(E(X)).

However, the definition of the a-percentile depends only upon the
ordering of R and not its vector space structure.

As a result, for continuous monotonic f and X with connected state

space, the median of f(X) is equal to f applied to the median of X. If f
is strictly increasing, the analogous result holds for the « percentile.
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1t6 SDEs on manifolds: 2-Jets Fan Diagrams

The one-dimensional case: Fan Diagrams

s

— History

- Sample

--- Percentiles at ®[+1]

This has the implication that the trajectory of the a-percentile of an R
valued stochastic process is invariant under smooth monotonic
coordinate changes of R. In other words, percentiles have a
coordinate free interpretation. How can the trajectories of
percentiles be related to the coefficients of the SDE?
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1t6 SDEs on manifolds: 2-Jets Geometric interpretation of SDE coefficients and percentiles

The one-dimensional case: Fan Diagrams

Theorem (Armstrong and B.) [4]. For sufficiently small t, the a-th
percentile of the solutions to

dX; = a(Xt, t) dt + b(Xt, t)th, Xo = Xg (9)
is given by:  xo + bov/Id~(a) + [a — Z2(1 — d~1(a)?)] t+ O(£3/2)

so long as the coefficients of (9) are smooth, the diffusion coefficient b
never vanishes, and sufficient conditions for the Lamperti transformed
SDE and for £*p = 0 to have a unique regular solution hold. In this
formula ap and by denote the values of a(xp, 0) and b(xp, 0)
respectively. In particular, the median process is a straight line up
to O(t%) with tangent given by the drift of the Stratonovich
version of the It6 SDE (9).The ¢(1) and ¢(—1) percentiles

correspond up to O(t%) to the curves v, (+\/t) where ~x, is any
representative of the 2-jet that defines the SDE in It6 form.
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1t6 SDEs on manifolds: 2-Jets 1t6 / Stratonovich as switch between 2-jets & pairs of vector fields

Jets & vector fields: Ito / Str as different coordinates

We have seen that, geometrically, a Str SDE is described by 2 vector
fields, while a Ito SDE is described by one 2-jet. We now relate the two.

An alternative way to specify the k-jet of a curve at every point is to
choose k vector fields Ay, ..., Ax on the manifold. One can then define
d>’ to be the vector flow assomated with the vector field A;. This allows
one to define curves at each point x as follows:

tk71

w(t) = O (P (... (94 (x))...)) (10)

where tX denotes the k-th power of t. We will call this the vector
representation for a family of k-jets.

Theorem (Armstrong B. (2016)). All k-jets of curves can be
represented this way via vector fields flows.
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1t6 / Stratonovich as switch between 2-jets & pairs of vector fields
Jets & vector fields: Ito / Str as different coordinates

Corollary (Ito Stratonovich transformation as correspondence between
2-jets and two vector fields.)

Suppose that a family of 2-jets of curves is given in the vector
representation as

() = O (®5(x))

for vector fields A and B. Choose a coordinate chart and let A', B' be
the components of the vector fields in this chart. Then the
corresponding standard representation for the family of 2-jets is:

(1) = x + a(x)t? + b(x)t

with ;
; . 108" _; ; ;
i _ Al i _ Bl
a_A+28X].Bf, b =8B.
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1t6 SDEs on manifolds: 2-Jets 1t6 / Stratonovich as switch between 2-jets & pairs of vector fields

Jets & vector fields: Ito / Str as different coordinates

Geometric interpretation of the lto-Stratonovich transformation:
switching between 2-jets and pairs of vector fields.

Despite 1t6’s 1950 paper [16] on SDEs on manifolds based on using
[t6’s lemma to change coordinates, a few authors have even asserted
that stochastic differential geometry requires Stratonovich calculus.

From an extrinsic perspective (i.e. manifolds embedded in R" instead
of charts) Stratonovich may appear necessary since an SDE remains
on a submanifold a.s. if Str-drift and Str-diffusion vector fields are
tangent to the manifold.

It is easy to write down the Stratonovich SDE induced on a
submanifold from a Str SDE on R". However, this is simply a
consequence of the curvature of the 2-jet following the curvature of the
manifold, so the It6/2-jet interpretation works as well.
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1t6 SDEs on manifolds: 2-Jets 1t6 & Stratonovich as different coordinates
ITO/STRATONOVICH2 WHAT IF 1 TOLD YOU..
o]

I \

..i

_ITS JUST COORDINATES?

From our point of view we consider these two calculi as different
coordinate systems for the same underlying coordinate-free SDE.

Many notions in probability are not coordinate free however (the
expected value E for example, but see also our earlier discussion on

the assumed density principle).
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Conclusions
Stratonovich SDE on manifold= 2 vector fields; 1t6 SDE = one 2-jet.

New geometric jets-based interpretation of SDE coefficients, diffusion
operator, It6-Str transformation, percentiles, & other SDE concepts.

[t6 & Stratonovich can be seen as two different coordinate systems.
One should choose the most convenient system for the problem at
hand along the properties we highlighted above (Wong Zakai
convergence, martingale, anticipative features, etc).

The most important difference between Stratonovich & It6 arises
during the modelling process. It is when choosing what equation to
write down in the first place that the choice is most telling.

The modelling process is not strictly mathematical: it relies upon
modellers intuition. “The ultimate goal of mathematics is to eliminate
all need for intelligent thought” ([20]) does not seem to apply -~
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Conclusions

KYIOSI ITO  RUSLAN EDWARD  poNALD FISK WOLFGANG  CHARLES
STRATONOVICH MCcSHANE DOEBLIN  EHRESMANN

With thanks to the organizing committee.
Thank you for your attention.

Questions and comments welcome
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