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Frictionless Market: FTAP and NFLVR

I Market: One riskless asset (numeraire) and d risky assets S which is a
d-dimensional semimartingale.

I Definition: The semimartingale S satisfies the condition of

(i) No Arbitrage (NA) if C ∩ L∞+ = {0}.

(ii) No Free Lunch with Vanishing Risk (NFLVR) if C̄ ∩ L∞+ = {0}.

Here, we define

K0 = {(H · S)T : H is admissible},

and C0 = K0 − L0
+, i.e., the cone of random variables dominated by

elements of K0. C = C0 ∩ L∞ and C̄ is the closure of C w.r.t. the norm
topology of L∞.



Frictionless Market: FTAP and NFLVR

I Definition: An Equivalent Local Martingale Measure (ELMM) is a
probability measure Q ∼ P, such that S is a Q-local martingale.

I FTAP: Delbaen and Schachermayer (1994), (1998)

(NFLVR) ⇔ Existence of (ELMM).



Frictionless Market: Market Viability and NUPBR

I Market Viability: The utility maximization problem on the terminal wealth
admits the optimal solution in the given market.

I Observations: Some financial problems are well-defined and solvable even
if (NFLVR) or (NA) are not satisfied.

I Definition:The semimartingale S satisfies No Unbounded Profit with
Bounded Risk if the set

K = {XT : Xt = 1 + (H · S)t ≥ 0, H is 1-admissible},

is bounded in probability.



Frictionless Market: Market Viability and NUPBR

I Definition : The nonnegative process Y is called a local martingale
deflator (LMD) of S , if SY is a P-local martingale.

I Karatzas and Kardaras (2007), Kardaras (2011), (2012)

(NUPBR) ⇔ existence of (LMD).

Recall that
(NA) + (NUPBR) ≡ (NFLVR).
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Markets with Transaction costs

I Market: one risk-free bond B, normalized to be 1, and one risky asset S .

I Probability space (Ω,F , (Ft)0≤t≤T ,P) that satisfies the usual conditions
of right continuity and completeness.

I Bid-ask spread: [(1− λ)S , (1 + λ)S ].

I Assumption 1:
(St)t∈[0,T ] is adapted to (Ft)t∈[0,T ] with strictly positive and locally
bounded càdlàg paths. The transaction cost process (λt)t∈[0,T ] is adapted
to (Ft)t∈[0,T ] with càdlàg paths such that λt ∈ (0, 1) a.s. for all t ∈ [0,T ].

I S may not be a semimartingale. For e.g. fractional Brownian motion is
kosher.
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Consistent Price System

I Definition: Given the stock price (St)t∈[0,T ] with transaction cost

(λt)t∈[0,T ] such that 0 < λt < 1 a.s. for all t ∈ [0,T ]. The pair (S̃ ,Q) is
called a CPS if

(1− λt)St ≤ S̃t ≤ (1 + λt)St , a.s. ∀t ∈ [0,T ],

where (S̃t)t∈[0,T ] is a local martingale under Q and Q ∼ P. Moreover, if we
have

inf
t∈[0,T ]

(
λtSt − |St − S̃t |

)
> 0, a.s.,

the pair (S̃ ,Q) is said to be a strictly consistent price system (SCPS).

I With transaction costs, CPS plays the same role as ELMM as the dual
element to option pricing and optimal investment problems.
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FTAP in Continuous Time Models

FTAP: Guasoni, Lepinette and Rasonyi (2012)

(RNFLVR) ⇔ (SCPS).



Our Motivation

I Frictionless Market: (NFLVR) ⇔ (ELMM) −→

Market with Frictions: (NA) for any λ > 0 ⇔ (CPS) for any λ > 0.
or (RNFLVR) ⇔ (SCPS) for simple strategies.

I Frictionless Market: (NFLVR) ⇔ (ELMM) −→

Frictionless Market: (NUPBR) ⇔ (LMD)

I Question: What can we say about the Market Viability with proportional
transaction costs ?



A new definition

Extend the definition of CPS to local martingales:

Definition: Given the stock price (St)t∈[0,T ] with transaction cost λt such that

0 < λt < 1 a.s. for all t ∈ [0,T ]. The pair (S̃ ,Z) is called a consistent local
martingale system (CLMS) if S̃ is a semimartingale satisfying

(1− λt)St ≤ S̃t ≤ (1 + λt)St , a.s., ∀t ∈ [0,T ],

and there exists a strictly positive local martingale Zt with Z0 = 1 such that
S̃tZt is a local martingale. We shall denote Zloc(λ) the set of all CLMS with
the transaction cost (λt)t∈[0,T ].

Moreover, if we have

inf
t∈[0,T ]

(
λtSt − |St − S̃t |

)
> 0, a.s.,

we shall call the pair (S̃ ,Z) a SCLMS. And we denote Zs
loc(λ) the set of all

SCLMS.
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Admissible Strategies

Definition: A self-financing trading strategy is a pair of predictable, finite
variation processes (φ0

t , φ
1
t )0≤t≤T with

(1) φ0
0 = φ1

0 = 0,

(2) denoting by φ0
t = φ0,↑

t − φ0,↓
t and φ1

t = φ1,↑
t − φ1,↓

t such that
φ0,↑

0 = φ0,↓
0 = φ1,↑

0 = φ1,↓
0 = 0, these canonical decompositions satisfy

φ0,↑
t ≤

∫ t

0

(1− λu)Sudφ1,↓
u , φ0,↓

t ≥
∫ t

0

(1 + λu)Sudφ1,↑
u , 0 ≤ t ≤ T ,

where the two integrals above are defined as predictable Stieltjes integrals.

If S is cadlag and φ is predictable and of finite variation, the predictable
Stieltjes integral (Guasoni, Lepinette and Rasonyi (2012)) can be defined by∫ t

0

Sudφu ,
∫ t

0

Sudφu− −
∑
s≤t

(φs − φs−)(Ss − Ss−).
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Predictable Stieltjes Integrals

Some important results: (Guasoni, Lepinette and Rasonyi (2012))

I If S is a càdlàg semimartingale and φ is predictable and of finite variation.
We have integration by parts:∫ T

0

Sudφu = φTST − φ0S0 −
∫ T

0

φudSu.

I If φn → φ pointwise and supn ‖φn‖T <∞, then
∫ T

0
Sudφn

u →
∫ T

0
Sudφu

pointwise.

I If φn → φ pointwise and S ≥ 0, then lim infn
∫ T

0
Sud‖φn‖u ≥

∫ T

0
Sud‖φ‖u

pointwise.



Liquidation Value Process

I We assume that the investor starts with the initial position (x , 0) in bond
and stock assets for the given constant x ≥ 0. The trading strategy
φ = (φ0, φ1) is called x-admissible if the liquidation value V liq,x

t satisfies

V liq,x
t (φ0, φ1) , x + φ0

t + (φ1
t )+(1− λt)St − (φ1

t )−(1 + λt)St ≥ 0,

P-a.s. for t ∈ [0,T ].

I We shall denote Ax(λ) as the set of all x-admissible portfolios with
transaction cost λ. Moreover, we will also denote Vx(λ) as the set of the
terminal liquidation value V liq

T under the admissible portfolio
(φ0, φ1) ∈ Ax(λ).
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Example of CLMS which is not a CPS

Let Y be a compensated P0-Poisson process with intensity β = 1
T
≤ 1

started from one, stopped when it hits zero or when it first jumps. Denote by
τ the first hitting time of zero and by ρ the first jump time and S = Y .

Then,
we have P0(ST = 0) = e−1.
Let the initial wealth be x = 1− e−1 and define the portfolio φ∗ = (φ0,∗, φ1,∗)
by

φ1,∗
t = e−1+βt1{t≤τ∧ρ}, φ0,∗

t = −
∫ t

0

(1 + λ)Stdφ
1,∗
t .
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Example cont.

We obtain that if λ ≤ 1
4e−2

, then

V liq,x
T (φ0,∗, φ1,∗) ≥ 1{ρ≤τ} = 1{ST>0}.

Moreover, for any t < τ ∧ ρ,

V liq,x
t (φ0,∗, φ1,∗) > 0.
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Example cont.

I We define the probability P by

dP
dP0

= YT .

1
Y

is a positive P-strict local martingale with P( 1
YT

> 0) = 1. Since the

process 1
Y

is a P-local martingale and S
Y

= 1 is a P-martingale

(S̃ ,Z) = (S , 1
Y

) is an SCLMS.

I We can show that there is NO CPS by a contradiction argument. Let
(S̃ ,Q) be a CPS. For the fixed x = 1− e−1 and for any
φ = (φ0, φ1) ∈ Ax , by integration by parts,

0 ≤ V liq,x
T (φ0, φ1) ≤ x +

∫ T

0

φ1
t dS̃t .

I As a result
EQ[V liq,x

T (φ0, φ1)] ≤ x < 1,

for any φ ∈ Ax , which is a contradiction to the fact that
V liq,x

T (φ0,∗, φ1,∗) ≥ 1{YT>0} = 1, P-a.s. (and hence Q-a.s.).
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NUPBR

Definition: We say S admits an Unbounded Profit with Bounded Risk (UPBR)
with transaction cost λ if there exists a sequence of admissible portfolio
(φ0,n, φ1,n)n∈N in A1(λ) and the corresponding terminal liquidation value
(V liq,1

T (φ0,n, φ1,n))n∈N is unbounded in probability, i.e.,

lim
m→∞

sup
n∈N

P
(

V liq,1
T (φ0,n, φ1,n) ≥ m

)
> 0.

If no such sequence exists, the market satisfies the NUPBR condition under the
transaction cost (λt)t∈[0,T ].



A new definition

Abd
x (λ) ,{(φ0, φ1) : |φ1

t | ≤ M, P-a.s., t ∈ [0,T ]

for some M > 0 where (φ0, φ1) ∈ Ax(λ)}.

Definition
We say that S satisfies No Local Arbitrage with Bounded Portfolios (NLABP)
with the transaction cost λ if there exists a sequence of stopping times τn ↗ T
as n→∞ such that for each n ∈ N, we can not find (φ0,n, φ1,n) ∈ Abd(λ)
which satisfies

P
(

V liq,0
τn (φ0,n, φ1,n) ≥ 0

)
= 1,

and P
(

V liq,0
τn (φ0,n, φ1,n) > 0

)
> 0.

(1)

If τn = T , then this would be the usual No-Arbitrage, which implies NLABP.
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as n→∞ such that for each n ∈ N, we can not find (φ0,n, φ1,n) ∈ Abd(λ)
which satisfies

P
(

V liq,0
τn (φ0,n, φ1,n) ≥ 0

)
= 1,

and P
(

V liq,0
τn (φ0,n, φ1,n) > 0

)
> 0.

(1)

If τn = T , then this would be the usual No-Arbitrage, which implies NLABP.



Robust versions

These conditions hold in the robust sense if there exists a strictly favorable
market satisfying these conditions.



Main Result

Theorem
The following two assertions are equivalent.

(1) There exists a SCLMS (S̃ ,Z) for the market with transaction cost λ, i.e.,
Zs

loc(λ) 6= ∅.
(2) S satisfies NUPBR and NLABP conditions with the transaction cost λ in

the robust sense.



Utility maximization

Theorem
Suppose that there exists some x > 0 such that u(x) < +∞ (and hence for all
x > 0). Consider the following three assertions:

(1) S satisfies NUPBR and NLABP conditions with the transaction cost λ in
the robust sense.

(2) For any initial wealth x > 0, there exists a unique optimal portfolio
(φ0,∗, φ1,∗) ∈ Ax(λ), i.e., V ∗,xT ∈ Vx(λ) such that

u(x) = E[U(V ∗,xT )].

(3) S satisfies the NUPBR condition with the transaction cost λ.

We have the following implications: (1)⇒ (2)⇒ (3).



Sketch of the Proof (Theorem 1: (1) ⇒ (2), NUPBR)

I Define ξt = infs∈[0,t]

(
λsSs − |Ss − S̃s |

)
> 0 a.s. for all t ∈ [0,T ]. Choose

S ′t , St for all t ∈ [0,T ] and λ′t , λt − ξt λt
(1+λt )St

. This market is strictly
favorable.

I it is enough to show that the smaller spread [(1− λ′t)S ′t , (1 + λ′t)S ′t ]
satisfies NUPBR with the transaction cost λ′. Verify that

V liq,1
t (φ0, φ1) ≤ 1 +

∫ t

0

φ1
udS̃u, ∀t ∈ [0,T ]

for any admissible portfolio φ ∈ A1(S ′, λ′).

I Show that (1 +
∫ t

0
φ1
udS̃u)Zt is a supermartingale, and therefore,

E[V liq,1
T ZT ] ≤ E[XTZT ] ≤ X0Z0 = 1.
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Sketch of the Proof (Theorem 1: (1) ⇒ (2), NLABP )

I There exists a localizing sequence {τn}n∈N such that S̃t∧τnZt∧τn and Zt∧τn
are true martingales.

I Suppose that for some n ∈ N, there exists some bounded admissible
portfolio (φ0, φ1) ∈ Abd(λ) such that (1) holds for the stopping time τn.

I Define Q ∼ P by dQ
dP = Zτn . It follows that S̃t∧τn is a martingale under Q.

I Moreover, since |φ1
t | ≤ M a.s. for some M > 0, the stochastic integral∫ t∧τn

0
φ1
udS̃u is a true martingale under Q. Therefore, we can deduce that

EQ[V liq,0
τn (φ0, φ1)] ≤ EQ

[ ∫ τn

0

φ1
udS̃u

]
= 0.

I This is a contradiction to Q(V liq,0
τn (φ0, φ1) ≥ 0) = 1 and

Q(V liq,0
τn (φ0, φ1) > 0) > 0 by the fact that Q ∼ P as well as (1).
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Sketch of the Proof (Theorem 1: (2) ⇒ (1))

I Since Vx is not convex, we can instead consider its solid hull:

C(1) = {V ∈ L0
+ : V ≤ V liq,1

T ∈ V1(λ)}. (2)

Clearly C(x) = {V ∈ L0
+ : V ≤ V liq,x

T ∈ Vx(λ)} = xC(1) and C(x) is
convex and solid.

I Prove that the set C(1) is closed under convergence in probability.
I RNUPBR => {‖φ‖1

T : (φ0, φ1) ∈ A1} is bounded in probability.
I Komlos’ Lemma and the stability properties of the predictable Stieltjes

integrals.
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Sketch of the Proof (Theorem 1: (2) ⇒ (1))

I Define

Cτ (x) , {V liq,0
τ (φ0, φ1) : for (φ0, φ1) ∈ Ax}, Cτ =

⋃
x≥0

Cτ (x).

and

CτM , {Vτ : Vτ = V liq,0
τ (φ0, φ1) ∈ Cτ and |φ1

t | ≤ M, P-a.s. for t on J0, τK}.

I Cost to enter a position (φ0, φ1) at time t

V cost,x
t (φ0, φ1) = V liq,x

t (φ0, φ1) + 2λtSt |φ1
t |, t ∈ [0,T ].

Lemma
NLABP => For M > 0 large enough, for each n ∈ N, we have that for any
x > 0 and any x-admissible portfolio (φ0, φ1) ∈ Abd

x with
V liq,0
τn (φ0, φ1) ∈ CτnM (x), we have

V liq,0
τn (φ0, φ1) ≥ −a a.s. ⇒ V cost,0

t (φ0, φ1) ≥ −a, a.s. ∀t ≤ τn,

for any 0 < a < x.
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Sketch of the Proof (Theorem 1: (2) ⇒ (1))

I Since S is locally bounded, we have a localizing sequence of stopping time
ρn. Define

τ̄n , τn ∧ ρn, for n ∈ N.

Lemma
Cτ̄nM is Fatou closed, i.e., if there exists a sequence (V m)m∈N in Cτ̄nM such that
V m converges to some Fτ̄n -measurable random variable V , P-a.s., and
V m ≥ −a for some a > 0, then we have V ∈ Cτ̄nM .



Sketch of the Proof (Theorem 1: (2) ⇒ (1))

I NLABP=> Cτ̄nM ∩ L∞+ = {0}.

I The above fact and Fatou closedness and Cτ̄nM ∩ L∞+ = {0} => using
Kreps-Yan seperation that there exists a probability measure Qn such that
for any V ∈ Cτ̄nM ∩ L∞, we have EQn

[V ] ≤ 0.

I Banach-Alaoglu theorem, Komlos Lemma, and one more localization to
paste together a local martingale Z .
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A useful Lemma

Let (Xt)t∈[0,T ] and (Yt)t∈[0,T ] be two cadlag bounded processes. The following
conditions are equivalent:

(i) There exists a cadlag martingale (Mt)t∈[0,T ] such that

X ≤ M ≤ Y , a.s..

(ii) For all stopping times σ, τ such that 0 ≤ σ ≤ τ ≤ T a.s., we have

E[Xτ |Fσ] ≤ Yσ and E[Yτ |Fσ] ≥ Xσ a.s..



Sketch of the Proof (Theorem 1: (2) ⇒ (1))

I Since V ∈ Cτ̄nM ∩ L∞, we have EQn

[V ] ≤ 0, using a judicious choice of
portfolios we obtain for η ≤ σ ≤ τ̂n

EQn

[Sσ(1 + λσ)|Fρ] ≥ Sρ(1− λρ)

and
EQn

[Sσ(1− λσ)|Fρ] ≤ Sρ(1 + λρ)

I By the previous lemma we obtain a martingale S̃n up to τ̂n

I Paste S̃n as in Guasoni-Lepinette-Rasonyi. Easy to verify that S̃Z is a
local martingale.
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Some Future Work

I Extension to multiple risky assets.

I In Theorem 2, can we show the equivalence (1)⇔ (2) ?

I No short selling constraints?


