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Risk Measures

Risk measures
A (regulatory) risk measure calculates the amount of regulatory

capital of a financial institution taking a risk (random loss) X in a

fixed period.

A risk measure is a functional p: X — [—o0, o0].

@ X: a convex cone of random variables, e.g. X = L> or L! in
an atomless probability space (2, F,P)

e X € X: loss/profit

@ Fx: cdf of X
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Risk Measures

What is a good risk measure to use?

@ Regulator's and firms’ perspectives can be different or even
conflicting
e taxpayers versus shareholders
e systemic risk in an economy versus risk of a single firm
e firm: manages its risk to reduce regulatory capital

e regulator: maintain enough capital for the whole economy
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Value-at-Risk and Expected Shortfall

Value-at-Risk (VaR) at level « € [0, 1)

VaR,, : L9 — (=00, 0],

VaRo(X) = Fx'(1 —a) =infix e R: P(X < x) > 1—a}.

Expected Shortfall (ES/TVaR/CVaR/AVaR) at level 8 € [0, 1]

ESg : L' — (—o0, 0],

1 (B
ESg(X) = 5/0 VaR,(X)da, 5 € (0,1).

ESo(X) = VaRo(X); ES:(X) = E[X].

Remark: small o« convention in this talk ...
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Risk Sharing

General setup
@ n agents sharing a total risk (or asset) X € X
@ p1,...,pn: underlying risk measures

Target: for X € X,
minimize Zp;(X,-) subject to X1 +---+ X, =X, (1)
i=1

and find an optimal allocation of X: a solution to (1) (if it exists)

@ For monetary risk measures:

optimal allocations < Pareto-optimal allocations
@ We consider arbitrary allocations
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Risk Sharing

Some interpretations
@ Regulatory capital reduction within a single firm
@ Regulatory capital reduction for a group of firms
@ Insurance-reinsurance contracts and risk-transfer

@ Risk redistribution among agents
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Allocations and Inf-convolution

The set of allocations of X € X:

A,,(X)—{(Xl,..., GX”-ZX X}

The inf-convolution of n risk measures is a risk measure (17 ; p;

mapping X to [—o0, oo]:

0 p; f (G) T (XL, Xn) € An(X) b
£ pi(X) =i {Zp (X Xa) € A )}
An optimal allocation (X;,..., X}) of X:

n

n
> pi(X) = n) pi(X).
i=1 =
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Risk Sharing

Some classic references in the mathematical finance literature

(mainly focusing on convex risk measures)
e Barrieu-El Karoui (2005)
@ Jouini-Schachermayer-Touzi (2008)
Filipovic-Svindland (2008)
Delbaen (2012)
Riischendorf (2013)
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Some questions

Some questions on risk sharing:
@ Explicit forms of optimal risk allocation?

e What property does an optimal allocation have (such as

comonotonicity)?

@ Is an optimal allocation robust? How does it react to model

uncertainty?

More importantly, how do the answers to the above questions vary

with respect to different underlying risk measures?

@ In particular, implications for regulation, VaR and ES?
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Progress of the Talk

© Quantile inequalities and optimal allocations
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Range-Value-at-Risk (RVaR)

Extended range for the parameter in VaR: oo € R, = [0, 00),
VaRq(X) =inf{x e R:P(X < x) >1—a}, X € [°.

That is to add VaR,(X) = —oo for a > 1, X € LO.

Two-parameter family of risk measures, RVaR: o, 5 € R,

L [2VaR,(X)dy 8 >0,

07

VaRa(X) 6 =0,

RVaR, 5(X) = { X e L

Practical values of (o, 3) are a, 5 >0 and o + 3 < 1.
e RVaR, g(X) = —co fora+ 3 >1, X € L1,

Paul Embrechts Quantile-based Risk Sharing 12/34



Quantile-based risk sharing
0®0000000

Range-Value-at-Risk (RVaR)

For o, >0 and o+ 3 < 1,

e RVaR, g is a distortion risk measure (monetary, comonotonic
additive, positive homogeneous, ...)
e RVaR,, 3 is robust (continuous wrt weak convergence)

e VaR, and ESg are not continuous wrt weak convergence
(VaR, is “almost continuous”)

e See Cont-Deguest-Scandolo (2010), Kratschmer-Schied-Z3hle
(2014) and Embrechts-Wang-Wang (2015) on robustness

issues for risk measures
RVaR bridges the gap between VaR and ES: For X € LI,
e VaR,(X) = RVaR, o(X) = limg_,o+ RVaR, 3(X), a € Ry.
e ESg(X) = RVaRg g(X) = lim,_0+ RVaR, g(X), S € [0,1).
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Range-Value-at-Risk (RVaR)

@ RVaR is an average quantile
o Take X = L! (the common domain) in this talk

@ The set of risk measures
g = {RVaRaﬁ a,f) € R? }

can be arranged into three categories:
e ES:a=0
e true VaR: =0, a>0
e true RVaR: >0, a>0

Paul Embrechts Quantile-based Risk Sharing 14/34



Quantile-based risk sharing
[eIeeY Tolelelele)

Quantile inequalities

Forany Xi,..., X, € X and a1, ...,an, B1,-.., 80 € Ry, we have

RVaRs~r o\ g, (Zx,-) < > RVaRq, (X))

i=1 i=1

o \/1 Bi = max{Bi,...,Bn}.

@ RVaR satisfies a special form of subadditivity (+ and V can

both be viewed as additive operations on R).
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Quantile inequalities

Corollary: taking f1 =---=,=0,
VaRsw g, (Z X;) <) VaRg, (X)),
i=1 i=1

(Actually valid for X = L9)
Corollary: taking g =---=ap,=0and 1 =--- =5, =0,

n n

ESs <Z x,-) < Z ES3(X;).
i=1 i=1

(Classic subadditivity of ES)
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Solution to the Risk Sharing Problem

Foraag,...,an,B1,...,0n € Ry and X € X, we have

,ﬁlRVaRa,,g,(X) — RVaRyr a2 5,(X).

Proof of Theorem:
e “<": by construction
@ “>": by the previous RVaR inequality
Remark:
e (G,0) is a commutative monoid (semi-group), isomorphic to

the monoid (R2, (+, V)).
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Solution to the Risk Sharing Problem

Ux € L*®: Ux ~ U[0,1] such that Fi*(Ux) = X.

Optimal allocation
In the previous theorem, if p:= 3" ; a; +\//_; 8i <1 and
B1 < P2 < --- < By, an optimal allocation (X7, ..., X)) of X is

given by
Xi* = (X — m) 1{1721‘(:1 Uék<UX§1*ZL_:11 ax}? i = ].7 600 gl = 1,
2, =< m) I{Uxél—EZ;ll oy T M

where m € (—oo, VaR,(X)] is a constant.

(2)
(3)
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Solution to the Risk Sharing Problem

1-— Z o — ﬁn ﬁn 67 (6] (651
= ; = / W—/
362 X; X7
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Case of VaR

Corollary 3

For a1,...,a, >0 and X € X, we have

0 VaRa,(X) = VaRsy o,(X).

Moreover, if p:= "7, a; < 1, an optimal allocation of X is given
by (2)-(3) where m € (—oo, VaRp(X)].

@ The case of ES: trivial optimal allocation (all risk allocated to

one with the largest ;) since ES is subadditive
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Progress of the Talk

© Properties of optimal allocations
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Properties of Optimal Allocations

In the following:

@ Underlying risk measures are RVaR,, g,,...,RVaR,, 3.,
where a1,...,an,f1,...,00 €[0,1), 0 < o; + 3; < 1,
i=1,...,n (practical values).

e Assume .7 ; a; + \/{_; Bi < 1 so that an optimal allocation
exists.

@ X € X is doubly continuous if both its cdf and inverse cdf are

continuous.
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Extra Sources of Randomness

For continuously distributed X, Ux and (X{,..., X)) are adapted
to o(X) (functions of X).

@ [F,: the set of sharing principles (fi, ..., f,) where each
f; : R — R has at most finitely many discontinuous points,
filX)e X forXe X, i=1,...,n, and
f(x)+ -+ fa(x) = x for all x € R.
e Example as in (2)-(3):
X =hX) = (X=mLpaa s anexsh 03 an)
fori=1,...,n—1, and

Xo = fh(X) = (X =m) Ly piaosotagy +m
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Extra Sources of Randomness

For true VaR and true RVaR: an optimal allocation of
non-continuously distributed X may not be determined by the total

loss X (e.g. gambling behaviour).

@ Example: to share a constant 0 using two VaRs with
a1 +as > 1, some X7 = —X5 lead to
VaR,, (Xl) + VaR,, (Xg) < 0.

Paul Embrechts Quantile-based Risk Sharing 24/34



Properties
[eleleY Yolele}

Comonotonicity

Theorem 4

For a continuously distributed X € X, there exists a comonotonic

optimal allocation of X if and only if there exists i = 1,...,n, such
that forall j =1,...,n, j# i, aj =0 and §; > j3;.

Remarks:
@ To have a comonotonic optimal allocation, at most one true
RVaR or true VaR (the one with the largest ;) is allowed.
@ The comonotonic optimal allocation can be chosen as
Xf=Xand X* =0,j=1,...,n, j#1I.
e lfay=---=a,=0and 1 =--- = 3, (case of ES), any

comonotonic allocation is optimal.
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Robustness

How does one know about a risk?

e Typically through a model/distribution: simulation,

parametric models, expert opinion, ...

@ Information asymmetry, model misspecification, data sparsity,
random errors ...

@ Model uncertainty!
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Robustness

Definition 5
For given n risk measures p1,...,ppon X and X € X, an
allocation (f1(X), ..., (X)) € Ap(X) with (f,...,f,) € Fyis

[*-robust if >°7_;(pi o f;) is continuous with respect to L!-norm.

@ Robustness = small model misspecification does not ruin the

optimality of a sharing principle

o L' can be replaced by other metrics
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Robustness

Theorem 6

For a doubly continuous X € X, there exists an L -robust optimal
allocation of X if and only if B1,...,08, > 0.

Remarks:
@ To have an Ll-robust optimal allocation, no true VaR is
allowed.
o (X{,....,X¥)in (2)-(3) is
o Ll-robust if B1,..., 3, > 0 (true RVaR and ES),
o Lévy-metric-robust if ay,...,an, B1,..., B, > 0 (true RVaR),

e not L*-robust if §; = 0 for some i (at least one true VaR).
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Progress of the Talk

@ Implications for regulatory capital
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Implications for Regulatory Capital

Some issues with VaR as the regulatory risk measure, assuming

arbitrary risk sharing is allowed in the market:
@ A firm has incentives to split its risk: regulatory arbitrage
@ Sharing among firms is not comonotonic: moral hazard

@ Sharing among firms may be reliant on an extra source of

randomness outside the market: gambling behaviour
@ Sharing is not robust: insolvency under model uncertainty

o Total regulatory capital after sharing is much smaller than

VaRq(X): insufficient capital for the whole economy
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Implications for Regulatory Capital

Some partial solutions
@ Regulate against (particular forms of) risk sharing

e risk sharing does not reduce the total risk in the economy, but

reduces the total regulatory capital
@ Introduce costs for splitting the business of a firm

@ Use ES
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Conclusions

Mathematical results
@ Optimal risk sharing problem for RVaRs
@ RVaR inequalities
@ Inf-convolution of VaRs/RVaRs
@ Robustness of optimal allocations
VaR should taken with extra caution as a regulatory risk measure

@ Discussion paper: Embrechts-Puccetti-... (2014 Risks)
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Thank You

Thanks you for your kind attendance

The manuscript can be downloaded at

http://ssrn.com/abstract=2744142
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