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Abstract

This paper investigates the (conditional) likelihood ratio test for the thresh-
old in MA models. Under the hypothesis of no threshold, it is shown that the
test statistic converges weakly to a function of the centred Gaussian process.
Under local alternatives, it is shown that this test has nontrivial asymptotic
power. The results are based on a new weak convergence of a linear marked
empirical process, which is independently of interest. Other new results in
this paper include an invertible expansion of the threshold MA (TMA) mod-
els, consistency and asymptotic normality of the estimated parameters in the
TMA model with a known threshold, and the local asymptotic normality of
the log-likelihood ratio of the TMA model.
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1 Introduction

Since Tong (1978), threshold autoregressive (AR) models have become a standard
class of nonlinear time series models. Some fundamental results on the probabilistic
structure of this class were given by Chan, Petruccelli, Tong and Woolford (1985),
Chan and Tong (1985) and Tong (1990). The 1990s saw many more contributions
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including, for example, Chen and Tsay (1991), Brockwell, Liu and Tweedie (1992),
Liu and Susko (1992), An and Huang (1996), An and Chen (1997), Liu, Li and Li
(1997), Ling (1999) and others.

The likelihood ratio (LR) test for the threshold in AR models was investigated
by Chan (1990, 1991) and Chan and Tong (1990). Tsay (1989, 1998) proposed
some methods for testing the threshold in AR models and multivariate models,
respectively. Lagrange multiplier tests were proposed by Wong and Li (1997, 2002)
for TAR-ARCH and double TAR-ARCH models. The Wald test was studied by
Hansen (2000) for TAR models. Testing threshold in nonstationary AR models was
investigated by Caner and Hansen (2001). The asymptotic theory on the estimated
threshold parameter in TAR models was established by Chan (1993) and Chan
and Tsay (1998). Recently, Chan’s result was extended to non-Gaussian errors
TAR models by Qian (1998); see also Koul, Qian and Surgailis (2003) for threshold
regression models. Hansen (2000) obtained a new limiting distribution for TAR
models with changing threshold parameters; see also Koul (2000).

However, up to now, almost all the research in this area has been limited to the
AR or AR-type models. Except for Brockwell, Liu and Tweedie (1992) and Ling
(1999), it seems that threshold moving average (TMA) models have not attracted
much attention in the literature. It is well known that in the linear case, moving
average models are as important as the AR models. Now, the concept of threshold
has been recognised as important for time series modeling. Therefore, the TMA
models deserve fuller attention.

This paper investigates the LR test for threshold in MA models. Under the
hypothesis of no threshold, it is shown that the test statistic converges weakly to
a function of a centred Gaussian process. Under local alternatives, it is shown
that this test has nontrivial asymptotic power. The results are based on a new
weak convergence of a linear marked empirical process, which is independently of
interest. Other new results in this paper include an invertible expansion of the TMA

models, consistency and asymptotic normality of the estimated parameters in the



TMA model with a known threshold, and the local asymptotic normality (LAN) of
the log-likelihood ratio of the TMA model.

This paper proceeds as follows. Section 2 gives the LR test and its null asymp-
totic distribution. Section 3 studies the asymptotic power under local alternatives.

Sections 4-5 present the proofs of the results stated in Section 2.

2 LR Test and Its Null Limiting Distribution

The time series {y; : t = 0, £1,---} is said to follow a TMA model if it satisfied the

following equation:

P q
(2.1) Yo =D Gice—i+ y_Yieril(ya < 7) + &1,
i=1 =1

where ¢, is a sequence of independent and identically distributed (i.i.d.) random
variables, with mean zero and variance 0 < 02 < oo, and d is an integer. Assume
that p = q. When p # ¢, we can add some terms with zero coefficients such that
p = q. Denote ¢ = (¢1,---,¢,) and ¢ = (¢1,---,1,). Here, A = (¢',¢') is the
unknown parameter (vector) and its true value is A\g = (¢, ¢;)’. Let © and ©, be
compact subsets of P and ©; = © x O, be the parameter space. Assume that ),
is an interior point in ©;.

Given observations ¥, - - -, y,, we are interested in the following hypotheses:
Hy : 1y =0 wversus Hy : ¢y # 0.

Under Hy, the true model (2.1) reduces to the usual linear MA model and {y;} is
always strictly stationary and ergodic. In this case, its unknown parameter model

can be written as follows.

P
(2.2) Yt = Z Gi€t—i + &
i=1

Note that the parameter r is absent under H,, which renders the problem non-
standard. Under Hy, Ling (1999) showed that there is always a strictly stationary

solution {y;} to model (2.1) without any restriction on Ag.
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Under Hy and Hy, the corresponding quasi-log-likelihood functions based on
models (2.1) and (2.2) are respectively
Lon(¢) = Y &{(¢) and Lin(A,1) = el(N),
t=1 t=1
where
p p
el(P) =y — Z bici—i(9) and ,(N) =y, — Z {@ + il (Ys—a < T)}Et—i()\)-
i=1 i=1
Here, £,(A) is the residual from the TMA model. To make it meaningful, we need
to study the invertibility of this model, which is given in Section 4. Assumption 2.1
below is the condition for this.

Assumption 2.1. E|| [T_o[® + VI (y_; < )]||> = O(p?) uniformly in t, where

b1 ) ) (% V) )
o= Pl U= P,
(Ip—l Op-1)x1 Op—1)xp

Iy, is the k x k identity matriz, Oy is the k X s zero matriz, and p € (0,1).
This assumption is somewhat complicated. However, it is satisfied if >°7_; max

{|il, |#:i + ¥i|} < 1. In fact, let

@_<nwﬂwmwy+mu - rmﬂmew+%H>
I,y Op—1)x1 '

Then E||[T_o[® + ¥I(y,—; < r)]||> < E||®||> = O(p/) by Lemma 2.3 in Ling
(1999). If all the roots of 22 — >-F | ¢;2P~* = 0 lie inside the unit circle and {y,} is
strictly stationary, then there exists a § > 0 such that Assumption 2.1 holds when

P |¢i| < 4. This means that we can take © as large as that for the invertibility
of the MA model under H, with a small ©, such that Assumption 2.1 holds.

Since there are only n observations, we need the initial values y, when s < 0
to calculate €,(¢) and £;(\). For simplicity, we assume ys; = 0 for s < 0. Denote
e:(¢) and g4(A) calculated with these initial values by &(¢) and &;()\). Similarly, we
modify the corresponding quasi-log-likelihood functions, respectively, to

Lon(®) = S 2(6) and Lin(A,7) = 32N,

t=1 t=1



Let ¢En = argmin@z(m(@ and )\, = argminelzln()\). We call ¢En and )\, the
conditional least squares estimators (LSE) of ¢y and Ay, respectively. The LR test

for a given r is defined as
E\Rn(r) = _Q[Z/ln(s‘n) - [N/On(in)]

Since the threshold parameter r is unknown, we consider the maximum of ﬁn(r)

on the finite interval [a, b]:

LR, = max LR, (r)/5>

ré&(a,b| n

where 62 = min, e[, L1 (An, 7)/n. Denote Upy(\) = 0ey(N) /00, Uni(X) = Ber(N) /0,
U(N) = [U;,(N), U, (N)], and Dy(A) = Upe(N)er(A), Dar(A) = Ux(N)er(N), and
Dy(\) = [D},(\), Dy, (N)]'. Let P,(N) = Uy (NUIN) + [0%€,(\)/ONON]e4(N).  Fur-
thermore, let ¥, = E[Us(Ao)Ub(No)], ¥ = Yo, X1 = E[U1(Xo)Uj(No)] and
P, = EP;()\). Here and in sequel, 0,(1) denotes converging to zero in probabil-
ity as n — oo. We first give the following theorem.

Theorem 2.1. If Assumption 2.1 holds and €; has a positive and bounded density
on R with E|e;,|*™ < oo for some v > 0, then under Hy, it follows that

(@) Au= Ao+ 0p(1),

-1 n

) Vi — ) = ]}ZDt Ao) + 0p(1),

(c) E\Rn =T,(r)[Z, - X,2° 1217‘]_1Tn(7') + 0p(1),

where 0,(1) holds uniformly in [a.b], and
Z [ Dai(Xo) = T4, = 7 Duy(o) |-

Furthermore, (a) and (b) hold under Hy if {y;} is strictly stationary and ergodic.
We note that (a) gives the uniform consistency of A, when r € [a,b]. Under
Hy, Di(X\o) is a martingale difference if » = ry, the true value of the threshold

parameter. Thus, (b) implies that A\, with r = ry is asymptotically normal. It is



not clear whether or not the method in Chan (1993) and Qian (1998) can be used
to obtain the limiting distribution of the estimated 7.
Under Hy, D11(No) = €:0et(¢o)/0¢ and, by Lemma 4.1 in Section 4, Dy (Ag) has

the following expansion

o0

Doy (o) = {Z(—@)iZt_i_ll(yt_d_i < T)}Et a.s. and in L?,

=0

where Z; = (4, ,€t—pt1)’- {Dat(Xo) : 7 € R} is a marked empirical process. We
call I(y;_4 < r) a marker. This type of empirical process has been found to be very
useful and were investigated by Chan (1993), Stute (1997), Koul and Stute (1999),
Hansen (2000) and Ling (2003) for various purposes. However, all the processes
in these papers have only one marker. The process {Da:(Ng) : 7 € R} is a linear
marked empirical process and includes infinitely many markers. To the best of our
knowledge, it has never appeared in the statistical literature before.

Let D?[R,] = D[R,] x --- x D|R,] (p factors) which is equipped with the cor-
responding product Skorohod topology, where R, = [—v,7]. Weak convergence on
DP[R], denoted by =, is defined as weak convergence on DP[R,] for each v € (0, 00).
We now state another assumption and give the weak convergence of {T),(r):r € R}.

Assumption 2.2. ¢; has a continuous and positive density on R and Fe} < oo.

Theorem 2.2. If Assumption 2.2 holds and all the roots of 2P —>F_; 2P~ =0

lie inside the unit circle, then under Hy, it follows that
T,(r) = 0G,(r) in DP[R],

where {G,(r):r € R} is a p x 1 vector Gaussian process with mean zero and co-
variance kernel K., = Y.ps — X1, X715,, and almost all the paths of G,(r) are
continuous in r.

We should mention that the covariance kernel in Theorem 2.2 is essentially dif-
ferent from those of the empirical processes with one marker. Thus, it is a new weak
convergence result. By (4.12) in Section 4, we can see that 62 = % + 0,(1). Fur-
thermore, by Theorem 2.1(c), Theorem 2.2 and the continuous mapping theorem,

we obtain the main results as follows.



Theorem 2.3. If Assumptions 2.1-2.2 hold, then under Hy,

LR, — max |G,(r)K,'G,(r)],

ré€(a,b|
where —, stands for convergence in distribution as n — co.
When d > p, we have ¥, = ¥F,(r) since Z;_; and y;_q are independent, where

F,(r) = P(y: <r). Thus, the limiting distribution is the same as that of

Jmax [1B,(5)[/(s — ),

where ) = Fy(a) and By = F,(b), and B,(s) is a p x 1 vector Gaussian process with
mean zero and covariance kernel » A s —rs. It is interesting that this distribution is
the same as that of test statistics for change-points in Andrews (1993). Its critical
values can be found in this paper. For other cases, the critical values of LR,, can be
obtained via a simulation method which is simple in practice. Finally, we note that
the test for TAR models in Chan and Tong (1990) and Chan (1991) cannot be used

even when p = 1 since K,, involves infinitely many markers.

3 Asymptotic Power Under Local Alternatives

This section investigates the asymptotically local power of LR, by considering the

local alternative hypothesis,

for a constant vector v € R.

Pipo = \/7—1
For this, we need some basic concepts as follows. Let P, s be a probability measure
on (R?,F%), where FZ is the Borel o—field on R? with Z = {0,+1,+2,---}, and
let P} be the restriction of Py ¢ on F,, the o—field generated by {Yo,y1,---,yn},
where Yy = {yo,y-1,--}. Suppose the errors {e1(A), e2(N), - - -} under P} are i.i.d.
with density f and are independent of Y. From model (2.1), the distribution of
initial value Yy is the same under both P{ and Py . Thus, the log-likelihood ratio
An (A1, Ag) of PP to Py is

Ap(A, Xg) =2 " [log sy(A2) — log sy(A1)]
t=1
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where s;(A) = 1/ f(m:(X)); see Koul and Schick (1997) and Ling and McAleer (2002)
for details. We first introduce the following assumption.

Assumption 3.1. The density f of ; is absolutely continuous with a.e.-derivative
and the finite Fisher information

e}

f'(x)y2
(f(:c)) f(z)dx < oo.

The following theorem gives the LAN of A,, (A1, Ag) for the TMA model and the

0<1(f)= |

—O00

contiguity of Py and Py N where u,, is a bounded constant sequence in R?P.

Theorem 3.1. If Assumptions 2.1-2.2 and 3.1 hold, then under Hy,

(a) under P}, Ap(Xo, Ao + \/—ﬁ) = \/—ﬁ t; Ui(Xo)&: — Tu;PTun +0,(1);

(b) Py and P}

No-tun /i ATE contiguous,

where & = f'(e:(Xo))/f(ee(No)) and P, is defined as in Theorem 2.1. Furthermore,
(a) and (b) hold under Hy with r = ro if {y,} is strictly stationary and ergodic.
Proof. By Lemmas 4.2(b)-(c) and 4.3 in Section 4, P, is finite and positive
definite. Under Hy, U;(Ag)&: is a martingale difference in terms of F;. By the
central limit theorem, we can show that >3 ; U;(Xg)&/+/n — 2 N(0,I(f)P,.). Thus,
by Theorem 2.1 and Remark 2.1 in Ling and McAleer (2003), for (a) and (b) it

suffices to verify the following conditions under Py :

!/

(3.) > e+ 22— ci00) = 2200|000

32) = sup [0:00)F = (1),
(33 L3I0 = 0,(0)

2

(3.4) % 3 — o,(1).

U, (Ao + %) — Ui(\o)]

By Taylor’s expansion, the left-hand-side of (3.1) is bounded by

2

O(1) & Pei(N)
oz 25 |

A =




By Lemma 4.2 (c) and the ergodic theorem, we readily see that A; = 0,(1). Similarly,
we can show that (3.4) holds. Since {U;(\g)} is a strictly stationary sequence with
E||U:(M)||? < 00, it follows that sup; <, [|Us(Ao)||* /0 < [supr<een |Us(Xo)|| /v/R)? =
0p(1), that is, (3.2) holds. Also (3.3) holds by the ergodic theorem. Under H; with
r = 1o, U(No)& is also a martingale difference in terms of F; and (3.1)-(3.4) holds.
So, (a)-(b) holds under H;. This completes the proof. O

The following theorem shows that LR, has non-trivial local power under Hy,.

Theorem 3.2. If Assumptions 2.1-2.2 and 3.1 hold, then, under Hi,,

(@)  Tu(r) = p(r) + oGy(r) in D"[R],

() LRy — max {0 u(r) + Gy(r)] K, o7 p(r) + Gy(r)]}

refa,b]

where p(r) = K,y and G,(r) is a Gaussian process defined as in Theorem 2.1.
Proof. Under P}, by Theorem 3.1 (a) with u,, = u = (0,---,0,7)', we have

1)

An(Xo, Ao + — \/ﬁ ZU% (Mo)& = —=7"%ry + 0p(1).

Under Hy and Hi,, the probability measures of {Yy, y1, - -+, ¥, } are P{, and P/\ b

respectively. By Theorem 2.1, {T},(r) :» € R,} is tight under P}.. By the continuity

of P\, and Py ., =, we know that {T,(r):r € R,} is tight under Py -

the central limit theorem, we can show that the finite dimensional distributions

By

of [T)(r), An(Xo, Ao + u/+4/n)]’ converge weakly to those of G;(r) in DP[R,] x R,
where G () is a Gaussian process, the mean and the covariance kernel of which are
respectively
[ 0
=57 S I (f)y

By LeCam’s third lemma in Van der Vaart and Wellner (1996), we can show that

02Krs _Kr87
o /K/ /E T }
Y s Y Zras (f)7

} and {
the finite dimensional distributions of {7},(r) :r € R,} converge weakly to those of
{u(r)+0Gy(r):r € R,} under P} ., ~. Thus, (a) holds. Note that & = 2 +0,(1)
holds under Hj, since it holds under Hy. Thus, (b) holds by (a) and the continuous

mapping theorem. This completes the proof. O
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4 Proof of Theorem 2.1

We first give one lemma, which is on the invertibility of TMA models. As far as we

know, the expansions in this lemma has never appeared in the literature before.
Lemma 4.1. Let Z;(\) = [et(A), -+, et—pr1(N)]', Z1e(N) = ZL (NI (Y—a1 < 1)

and uw = (1,0,---, 0)'. If Assumption 2.1 holds, then model (2.1) is invertible and

the following expansions hold a.s. and in L?:

J

(a) —yt+2 H{ O —UI(yeas <7)|uge i1,

(b) ai;ig\)_—Zt1 —|—i]{ d— \Iffytd,<r)}Zt]2()\)
7=01i=0

(c) 3fg$)__2”1 +i1‘[[ P — ‘IfIytdlgr)}thJQ()\)
7=01i=0

Proof. Let A, = ® + VI(y;_4 <r) and Y; = uy;. By the definition of £,()), we

can rewrite it in the vector form:
(41) Zt()\) - }/% - AtZt—l()\)'
We iterate model (4.1) J steps:

(4.2) Y%"‘ZH AtzKﬁgl"‘H — A ) Zi— g1 (N).
7=01i=0 =0

Let S; = Y}—FZj;()l LO(—At_,-)Y}_j_l. Since we always have that max ., «t<oo Fy? <
oo for TMA models, by Assumption 2.1, it is not hard to see that, for any J; < Js,

”SJ1 _SJZH = Z H At i Y;f Jj— 1”
j=J1+1i=0
Jo
(4.3) < o[ X (& H =)V = 0 R,
j=J1+1 =0

By (4.3), we know that S; — S, a.s. and in L?. It is readily seen that S, is a
solution of (4.1). When Z;(\) = S, we can show that the second term in (4.2)
converges to zero a.s. and in L?. To see the uniqueness, suppose that there is

another solution Z;(\) a.s. and in L? for model (4.1). Let V;(A\) = Z,(\) — ZF (N).

VilA) = AViei(N) == ﬁAt_iV;_J_l()\).

=0
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Since max_q<¢<o0 E||V;(A)||* < 00, by the preceding equation and (4.2), we can see

that E||[Vi(\)||? = 0 and hence Z,(\) = Z#(\) a.s. and in L2. Thus, (a) holds.
t

agatig\) = —Z1(N) - Atasgi;()\),
= Oeg—1(A
i?fb ) = —Z (NI (yp—a <1) — Atgw()'

Similar to (a), we can show that (b) and (c) hold. This completes the proof. O
Lemma 4.2. If Assumption 2.1 holds with E|e;|*™* < oo for some > 0, then

under Hy or under Hy with {y;} being strictly stationary and ergodic, it follows that

(@)  Esup sup |e(N)[*"

O1 r€(a,b)]

< 00,

(b)  Esup sup Hagt HHL
O1 r€(a,b)]

’

(9 Et )\)
E
@ o s [Fp5a)

HH—L

Proof. From the proof of Lemma 4.1, we know that

(4.4 supleV < O ol
where p € (0,1). Since E|g/|*™ < oo, it is readily shown that E|y|*™ < oo.
By Minkowskii’s inequality, we can show that Esupg, |e:(A)*™ < co. Thus, (a)
holds. Similarly, we can show that (b) holds. As for (a), we can show that
Esupg, [0%:(A)/ONON|*T* < oo. Furthermore, by (a) and Cauchy-Schwarz inequal-
ity, we can show that (c) holds. This completes the proof. O

Lemma 4.3. If the assumption of Lemma 4.2 holds and €; has a positive density
on R, then for each \ € ©1, E{[0c:(\)/0N]|[0e:(N)/ON]} > 0.

Proof. Suppose that there are two p x 1 constant vectors ¢; and ¢y such that
3€t()\) (9€t()\)
/
Bl "o
where ¢ = (¢}, c4)". Then, ¢|0e;(\)/0¢p + ch0e(X)/09 = 0 a.s.. This results in

p

Z[Cu + coil (yr—a < 1)]er—i(N)

=1

=0,

]i{ 65+ il (ya < 7)]|¢; agt{;;()\) +4 agg;()\)” =0 as,
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where ¢;; is the jth element of ¢; for ¢ = 1,2. Thus,

[icust_i()\)}l(yt_d >7r) 4 [i C1i + C24)Er— ,(A)}I(yt_d <r)=0 a.s.

From this equation, we have that

(4.5) {iclift i } (Yt—qa > 1) =0 a.s.,
(4.6) [i (c1i + c21)Er ,(A)}I(yt_d <r)=0 as..

=1

If ¢1; # 0, for simplicity, let ¢;; = 1. Denote the event A = {37, c1;6,4(\) = 0}.
Then A = {e,-1(N) = XV scueis(N)}. Let g1 (A) = X015 + Vil (hr—a—1 <
r)ei—i—1(A) and g2 = gu—1(A) — gu—1(Xo) + Xh—s cricr—i(A). Then A = {11 =

gi—2}. Since ;1 and ¢;_o are independent, we have that
P(A) = E[I{e;_1 € A} = E[I{e;_1 € A}I{g;_» € A}]
— Ell{er1 € AY)ElH{gi 2 € AY] = {El[{z, 1 € AY]}* = P*(A).
Thus, P(A) =0or 1. If P(A) =1, then Ee? | = E[e? I{e;-1 € A} = Elet-191—2

I{g;—2 € A} = Ec;_1Eg;_5 = 0. This is a contradiction. So, we can claim P(A) = 0.
Using this, it follows that

w: {icust_i()\)}l(yt_d >7r)= O})

p

{Zchst i }I Y d>r):O}ﬂAC)

PH{w: I(;t a>7)=0}NA%)
Pw: I(ys—a>1) = O})

— P({w ea ST —gu-aa(M)}) = B{ [

—Oo0

r—g1¢—d—1( o)

f(:c)d:c} > 0,

since f is positive, where f is the density of €;. This contradicts (4.5). So, ¢1; = 0.
Similarly, we can show that c¢jy = --- = ¢, = 0. Similarly, we can show that
Co1 = - -+ = Cgp using (4.6). This completes the proof. O

Lemma 4.4. If the assumption of Lemma 4.3 holds, then, for any n > 0,

inf  inf E[e?()\) —2(X\o)] > 0.

IA=Aol|=n refa,b]
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Proof. Let V,_1(A) = &,(\) — &4(Xg). Then

Viai(A) = i[(@ — i) + (Vi — Yio) I (Ye—a < 7)|er—i(N)
(4.7) + i {(@0 + i0) I (Y4—a < T)}W—i()‘)-

=1

Since €4(\g) = &; is independent of V;_;(\) and €;(\) = &,(Ag) + V;_1()\), we have
Eei(\) = Eei(Xo) + EVZ,(N).

EV?Z,(\) =0 if and only if V;_1(\) = 0 a.s.. By (4.7), this occurs if and only if
p
;;k@—¢m+«m—¢mﬂwhdswkpmn—Oa&.
From the proof of Lemma 4.3, we know that the preceding equation holds if and
only if X = Xg for each r € [a,b]. Let ¢ = infy_xo >mxjas EViZ1(A). Note that
EV?2 () is a continuous function of A and r, and ©; x [a, b] is compact. If ¢ = 0,
then there exist a A and an r in ©; x [a,b] such that EV2,(\) = 0. But this is
impossible since it has only one zero point at A = A\g. Thus, we can claim that ¢ > 0.
This completes the proof. |
Lemma 4.5. If the assumption of Lemma 4.3 holds and the density of €; is
bounded, then it follows that
Jim, P s sup | SR — BE(A)]] > €) = 0.
Proof. To emphasize that £,(\) depends on r, we denote €;(\) by €;(\, 7). Since
© is bounded and compact, we can choose a collection of balls of radius § > 0
covering © and the number of such balls is a finite integer K;. We take a point \;
in the ith ball and denote this ball by V),. Similarly, we divide [a,b] into K, parts
such that a =r; <7y <--+ <rg,y1 = b with |r; — ;1] < J. For any € > 0,

P(=sup sup | YA 1) — B )] > )

T 1 refab] t=1

K1 Ko 1 n e
< P(= 2O\, ) — Ee2(\, )| >
< Y PG ONr) — B Oun) > )

13



5

+P( sup sup sup sup |Ele](N\i,r5) —ei(A )] > o)
1<i<Ky 1<j<Kp AeVy, 15 <r<r; 1 4
1 n

+P(— sup sup sup sup \Zst (A7) )\,,r])]\ > )
M 1<i<K1 1<j<Ka AeVy, rj<r<rji1 11 4

= Bln + B?n + B3n-

We first consider Bs,.

1
Bs, < P(— sup sup sup \Zst (A7) —eX(\,7)]| > %)

N 1<i<K1 AeVy, refab] =1
1
+P(—sup su su e2(\, 1) —e2(\ry)]| >
(TL Aeg 1<]<I;(2 7']<7"<I;')]+1 ‘ tzl ! ])” 8)

O()E sup sup sup |ef(\,7) —ef (N, 7)|

1<i<K) A€Vy, r€[a,b]

IA

+Esup sup  sup [ (A1) — /(A 15)].

A€01 1<j<Ko 1j<r<rjt1
By Taylor’s expansion and Lemma 4.2(b), we have

Des(\,
E sup sup sup |e;(\,7) —e(Ni,7)]> < 6°Esup sup HMH2
1sisky )\EVM rE[a,b] 01 rE[a,b] a)\

= 0(6?).
Furthermore, by Lemma 4.2 (a) and Cauchy-Schwarz inequality, we can show that
E sup sup sup |e2(\,r) —ei(Ni,7)]

1<i< K1 AEV), T€(a,b]

(4.8) < {Esup sup e2(\,7)E sup sup sup |g,(\, 1) — e\, 7)|2}/? = O(6).

A€EO refa,b] 1<i<K1 A€Vy, r€[a,b]
For any ' < r,let Xy 1 = =30 0 I(r < yma < 7)e—i(A,77). As for Lemma

4.1, we can show that

p

el(Ar) —e(N ') = = [ + il (Y—a < 7)[emi(N 1) — s (N, 7)) + Xy

=1

= X, 1—|—UZH —Ai)uXi_j1 a.s. and in L2

7=01i=0

Since the density of &, is bounded, we can show that EI(r' < y;_q <1’ +§) = O(9)

uniformly in ¢. Furthermore, by Lemma 4.2(a) and Hélder’s inequality, we have

Esup sup sup |X; 4|
A€O1 r'€la,b] r'<r<r'44§

<O)EI(r' <yp_a <7+ 6)( Z sup sup [e;—i(X,7)|)?]
i=1 A\€EO1 r€[a,b]
OMW{E[I(r' <yqg<r'+ 5)]}2“1 [E sup sup \st()\,r)\H”]zf” = O(5L1/4)>
A€O1 r€[a,b]
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for some ¢; € (0,2), which holds uniformly in ¢. By the preceding two equations and
Minkowskii’s inequality, it follows that
E/\Ség)l 1;1;[;(2 rjgb;«igm led(A, 1) — e (A, rj)\Q < O(l)((S“/8 + ;iopié“/s)Q = 0(5”/4).
By this equation, Lemma 4.2(a) and Cauchy-Schwarz inequality,
(4.9) Esup sup sup |e2(\,r) — X\, 7)) = O(6“/%).

AEO 1<Ky 1y <r<rji
By (4.8) and (4.9), we can take ¢ small enough such that B;, < /3.

Again, by (4.8) and (4.9), we know that Bs, < /3. For this 6, K; and K, are
fixed. By the ergodic theorem, By, < €/3 for n large enough. Thus, we can claim
that the conclusion holds. This completes the proof. O

Lemma 4.6. If the assumption of Lemma 4.5 holds, then for any e > 0, there

s an n > 0 such that

PE sup sup [SIBO) - Bl > e) <.

T |IA=Xoll<nrefab] =1
Proof. Denote P;(\) by Py(A,r). Since Py(A,r) is continuous in A, by Lemma
4.2(c) and the dominated convergence theorem, E'Sup,c(q s SUP|r—xo <y [IF2(A,7) —

P,(Xo,7)|| = 0 as n — 0. Thus, there exists an n > 0 such that

1 n €
P(= sup sup || Y [P\ r) — P(Xo, 1) > 3)
T IA=Xoll<nrefad] =1

2
< —FE sup sup |[|[P(\r)— PN, 7| < E.
€ |A—ol<n refad] 2

By the preceding equation, it is sufficient for the conclusion to show that

(4.10) P(> sup | S[P(0,r) — P > =

)< -
Norefad] =1 2 2

Using Lemma 4.2(b)-(c) and the notation as for Lemma 4.5, we can show that similar
to (4.9)
9ei(No, 1) Oe4(Xo, )  Dey(No, 1) O2i(Mos 1)

E = O(6n/®
1§Sju§%(2 TjSSTI;IT)j+1 H oA oN o\ O\ H ( );
82575()\0 T) 82575()\0 ’I"‘)
E A AN U AATS VIP T I AN LA VA | e YO VALY
S s e TG o, m) g = 06
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Thus, we can take § small enough such that E'sup;;<y, sup,,<,<,,., [[F:(Xo,7) —

Pi(Xo,7)|| < min{e?/32,¢/8}. Thus,

PG sup  sup || SI[R(r) ~ EROw )| > )

N 1<G<Ky rj<r<rjy1 31—

< P(l sup  sup || i[Pt()\O,T) — By(o, )]l

N 1<j<Korj<r<rjyi —
g
+ sup - sup B[R (do,r) = Fi(Ao, )]l > 7)
1<j<Ko rj<r<rjii
1 " €
< P(— sup sup Z [Fi(Xo, ) = Fi(o, )]l > g)

N 1<j<Korj<r<rji1 31

8 £
< -FE sup sup [[P(Ao,7) — Pi(Xo,7j)|l < 1

€ 1<j<Kar<r<rjq

For this ¢, K, is fixed. Thus, by the preceding equation and using the ergodic

theorem for each P;(\o,7;),

P sup | S [R(or) ~ Bl > 5)

7"6[& bl =1

1, & €
<> Pl S PO = Pull > 47

1 - 3 €
+P(_ sup sSup ” Z[Pt()‘()ar) - Ept()‘O;T)]” > Z) < 5;

N 1<j<Ka rj<r<rji1 1=

3

for large enough n, that is, (4.10) holds. This completes the proof. O
Lemma 4.7. If the assumption of Lemma 4.2 holds, then it follows that

1 N
(@)  P(—sup sup \Z et(\) — &N > ) =0,
n 01 refab] =1

1 —
b P(—=sup sup [Di(X\) — Dy(N)]|| >¢) =0,
®) Pl Te[ab]utzl {0 =DVl > o)

() P(=sup sup | 3[R = BN > ) =0,

N ©1 refad] =1
where typically Dy(X) is Dy(X) with the initial values ys = 0 as s < 0.

Proof . By Lemma 4.1(a), we have that

sup sup [e¢(A) — &(N)] < O(1 ZP |Ys—i]
01 r€la,b]

where p is a constant in (0,1). By Lemma 4.2 (a), E'supg, Sup,c(, 4 €7(A) < 0o. It

is readily shown that Esupg, sup,cfqp £2(\) < a constant independent of ¢. Thus,

16



by Cauchy-Schwarz inequality, it follows that

P(L sup sup [SE0) — 2V > o)

N o) refab] =1

1 & » O(1)
< L3 Baup sup 200 - 200 < 2 S (Beup sup () - Z)H
t=1 01 re€lab t=1 91 r€lab]
< O g < Qs
2 B Zp |yl Z
tzl : —

as n — oo. Thus, (a) holds. Similarly, we can show that (b) and (c) hold. This
completes the proof. O

Proof of Theorem 2.1. For any n > 0, let ¢ = infj\_ >, infrenp Elef(X) —
£2(\g)]. By Lemma 4.4, ¢ > 0. Furthermore, by Lemma 4.5, we have that

n

P(inf inf  {37[2(N) — e2(M) —@} <0)

refad] IA-Xol2n =

= P( inf i {Z — Ee/(M)]

r€lab] |A— /\0H>77 -

_ ; [€2(M) — Ee2(M)| +n[E2(\) — Be2(\o)] - %} <0)

P(réﬁfb] 1({)11f{ 2‘ Z e2(\) — E¢? )\)]‘ +cn — %} < O)

< P( ik gt —‘fiﬂ )~ B <=

P( sup supq [€2(\) — Ee(\ ‘} > )

r€la,b] ©1 ‘ L

as n — oo. Furthermore, by Lemma 4.7(a), we have

P( inf (320 - 2() —%}<o)

relad] Ir- >\0H>77 —
<P(inf i S2(0) — (A
B (re[a,m HA—AOHZn;[ ¢ =)
" . cn
=2 sup sup | [eF(N) — & (M) — 7} < 0)
refa,b] [A=Xoll>n " =1
<P(inf inf SR - ()] - % <0)

rélad] I -Doll2n &
+P( sup  sup ‘Z[Ef()\) — éf()\o)]‘ > @) — 0,

rela,d] [IA-rol=n ' =1 8

17



as n — oo. Thus, for any € > 0, it follows that

lim P(sup [|[An — Aol > €)

n—00
rela,b]

= lim P{ sup [ A — ol > ¢, 1nf Z {(—:t — 5?()\0)} < O}

n—oo ré€la,b|
< lim P{ inf  inf 22(\) —&(\g)| <0} =0.
< lim {réﬁ,b] A—1§\10>6t21{€t( ) — & ()] <0}

Thus, (a) holds under Hy as well as under H; with {y;} being strictly stationary
and ergodic. Applying Taylor’s expansion to 9g,(),)/0\, we have

V(A — o) = [ Zpt (An) } 1nti15t()\o),
where \* lies between A, and \g. By Lemma 4.6 and 4.7(b)-(c), we can show that
(b) holds under H, as well as under H; with {y;} being strictly stationary and
ergodic.

We now consider (c). First, note that EP,(Ag) = E[U:(Xo)U{(Ao)] under Hy.
Denote Dy, = >0 1 D1t(Xo)/v/n and Do, = Y11 Day(No)/+/n. Tt is well known that
LOn(én) has the following expansion.

2[Lon($n) = Lon(@0)] = —(6n — 00)'E(dn — 60) + 0p(1)
(4.11) = —D}, X "Dy, + 0,(1).
By (b) of this theorem and Lemma 4.6, using Taylor’s expansion, it follows that
2ALin(An) = Lin(M)] = —=(An = X0) Pr(An = X0) + (1)
(4.12) = —D,P'D, +0,(1),
where D,, = [D},, D},]". Denote Ky, = ¥ —31,% %] . We can show that P~*D;(\o)
= {[D1:(Ao) = B0, 5" Doy(No)]' Ko, [Dar (o) — 24,57 Dyy(Xo) K, Y. Thus,
2[L1n(An) = Lia(A0)]
= —| D, Ko, Din — D}, Ko, S0, Doy
+D’2nK‘1D2n — D}, K 'S0, 57 Di | + 0,(1)
= —(Da, — C’Dln) YDy — lC’Dln)

(4.13) ~D, (K, — C” K,,'C) D1, + 0,(1),

18



where C' = 3} X711 + K, X 13 K;,!. After some algebra, we can show that C' =
2K, X1 Kyt = 2%, %7 and K, — C'"K;}C/4 = ¥. Furthermore, by (4.11)

and (4.13), the conclusion holds. This completes the proof. O

5 Proof of Theorem 2.2

To prove Theorem 2.2, we first introduce three lemmas.

Lemma 5.1. If Assumption 2.2 holds, then when ' < r, it follows that
Elle—;[FI(r < yea < 7)) < C(r — 1),

where k =0,1,2,3,4, j > 1 and C is some constant independent of t and j.

Proof. By the assumption given, Ele; ;¥ < oo for k = 0,1,2,3,4. Thus, there
is a constant M such that supy, |2|* f(x) < 1. Furthermore, since f is continuous,
it follows that supy, < |z|" f(x) < co. Thus, we can claim that

sup |z|* f(z) < oo for k=0,1,2,3,4.
z€ER

Let g, = 25:1 ¢oi€t—i- When j # d,

Ellee—i | I(r' < yea <7)] = Elles—|* I(r" = gi-a < €1-a <7 — gi-a)]
T—gt—
— Elle, [ 7 f@)da] < Clr—1).
T'—yt—d
When j =d,
Ellee-al*I(r' < ye-a <7)] = Elles-a|* I(r' — gr-a < €t-a <7 — gi-a)]

_ g / T aF F()da] < O — o).

'—Gt—d
By the preceding two equations, the conclusion holds. This completes the proof. O
Lemma 5.2. Under the assumption of Theorem 2.2, when r' < r, it follows that

4 r— o 1/2
EH%; {2(—@)"&_,-_11(# <yai <7)|e|| < c{%

where C' is some constant independent of n, and r,r" € [—v,~| for any given v > 0.

n e}

+ (T - T/)}Qa
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Proof. Let L; = Y2, 19| Zs—ia [ L(r" < y4—q—i < r). By the assumption
given, ||®|| = O(p*) with p € (0,1). By Lemma 5.1,
EelL? < CO(r—1') and E(e2L? — E€2L)* < C(r —1'),

where C' is independent of ¢. Thus,

Al @(—@)izt_i_lf(r’ <ypeas <7)a]

1 n n
<52
t=1t1=

E(e L)
@

=F
1
:E{ﬁ

zstff

t=1

N (2L} — Ee2L?) + Ee Lﬂ

t=1

2

< G [E(x et - )]+ e - )

n
Since y; is only p-dependent, E[(e} L} — Ee;L})(e7 L; — Ee} L7)] = 0 when |t —t;] >
p. Thus, it follows that

BE(Y(@1 - ESLY)" = Y B}~ ESLY)
t=1 t=1

n t
+QZZE[(53L? - EE?L?)(E?—FSL?—FS EE?L?)]
t=1 s=1
= Y E(5;L} — E;L})?
t=1
n min{n—t,p}

23 > ElEL] - Eg{Ly)(er, Liy, — B/ L))

< (2p+1)Y E(/L} - Ee{L})* < (p+ )nC(r —1').

t=1

By the preceding two equations, we can claim the conclusion holds. This completes
the proof. O
Lemma 5.3. Let my = ||Z,_1||[I(r' < yi—q < r). Under the assumption of

Theorem 2.2, when v' < r, it follows that

(a) ‘Tii}”qﬂﬂ My Emt_i)élgc{T;T/Jr(r_T/)g},
) ‘T i (Il = Eledl) i 197 ||y ! < C’V - + (r — T/)Q}’

=0
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where C' is some constant independent of n, and v',r € [—v,~| for any given v > 0.
Proof. Since m; is strictly stationary, EFm; is independent of ¢. Furthermore,

we have the following inequality

t=1
n n n—t
< Z E(my_; — Emy)" + 01‘ Z Z E[(mi—i — Emy)3 (myps_i — Emyyy)]
t=1 t=1 s=1
n n—t
teo| 3N El(mui — Ema)*(muya i — Ermay)’)|
t=1 s=1

n n—t n—t—t; n—t—t1—t2

+a|>X 3 Y > Elmei— Emy)

t=1t1=1 tp=1 ta=1

(Mgt — Eme) (Mg v — Eme) (Migty peorts—i — Emt)]‘

= Ay, + 1 Aoy + 0 As, + c3Au,

where ¢y, c3 and c3 are constants independent of n and i. By Lemma 5.1, we can see
that E(m; — Em;)* < C1(r —r'). Since {m; — Em,} is a p—dependent sequence,
E[(m; — Emy)3(my, — Emy)] = 0 when |t — ¢;| > p. Thus,

n min{n—t,p}

AQ" = ‘Z Z E[(mt T Emt) (mt—i-s T Emt—i—s)]

t=1 s=1

< pnE(my_; — Em)* < npCy(r —1').

Let m; = (my_; — Emy)? — E(my_; — Emy)?. Then, by Lemma 5.1, we can show
that Em? < Cy(r —r'). Since {m;} is a p—dependent sequence, we know that

E(mymy,) = 0 when |t — t;| > p. Furthermore, since E(m; — Em;)* < Cs(r — 1),

Ay = | iiE(mtmtﬁ) - ti(n — O[E(my — Em,)?

n min{n—t,p}

< ‘Z Z E(mymiyys)

t=1 s=1

+ C3n?(r — 1')? < Copn(r — ') + Cn®(r — ')

Denote p = min{n — ¢, p}. Similarly, we have that

p p—t1 p—ti—t2

A = \Zl S Y Bl — Emy)

t1=1t2=1 t3=1
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By the preceding four inequalities, we can claim that
n 4
E{Z(mt_i — Emt)} < nCs(r —7r') + Csn?(r — )2
t=1
In the preceding four equations, C;, ¢ = 1,---,5, are some constants independent

of ¢ and n. By the assumption given, [|®‘|| = O(p') with p € (0,1). Thus, by

Minkowskii’s inequality,

B[ =33 @' — B

t=1¢=0

< %E[i [t=dl i(mt—i — Emy_) }4
< [ 1 I{E] Y omes — Emeg['}
< %{[n05<r—r>+c5n R e s
where C' is some constant independent of n. Thus, (a) holds.
We now consider (b).
B = S(ed — Bled) S [
t=1 i=0
< %[Zl > (2 e mes) (3 1 me, )]
t=1t1=1 i=
< O(;)E{Z (iﬂimt 1)2}2
n t=1 " i=0
< On(al)E{Z e = Bm )] (g B )}
t=1 =0 =0
(5.1) SOn(Ql) {i{zop my_; — Emy z)} } +O((r —1')%)
t %

where 0 < p < 1 is some constant. Denote X; = Y32, p'(my—; — Em;_;). For any
s>1, let Xy = Zf;(} pi(mt—i-s—i - Emt—i—s—i) and Xo; = Zfis Pl (mt—i-s—i - Emt—i—s—i)-
By Minkowskii’s inequality and Lemma 5.1, it is not difficult to see that

EX?=0(r—1"), EX!=0(r—1'") and EX},, = O(r —1').

When s > b, 1et Xltsp - Zf;g_l pi(mt-i-s—i - Emt—i—s—i) and X?tsp Zf S— ppl

(myys—i — Emyy ;). Then, by Minkowskii’s inequality and Lemma 5.1, we have

EX? =O0(r—1r") and EX;SP O(p*(r —1")).

1tsp —

=0(r—7"), EX}

1tsp
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Xops = p° 3020 P (my—i — Emy_;) = p* X, and X, is independent of Xi,5, when s > p.

Furthermore, since X;1s = X145 + Xots and Xiis = Xiisp + Xorsp, we have that

n n—t

n 2
B(XX:)' = Y. EX!+28Y3 XiXE,
t=

t=1 s=1

n n—t
< ZEX4+4EZ (P> X!+ X2, X?)
t=1 t=1 s=1
n n—t
< O()nEX}+4> Y EX; X}
t=1 s=1
n n—t n—p—1n—t
< OMn(r—r)+4 Y. Y EX} . XP+4 > Y EX} X}
t=n—ps=1 t=1 s=1
n—p—ln t
< O(W)n(r—r1")+8 > > (EX}, EX] + EX3,,X})
t=1 s=1
(5.2) < OM)n(r —r") +O0O)n?(r —r')?,
where we used the inequality EX}, X? < (EX{,,EX})'? = O(r — ') and E(X3,,
X}?) < (BEX3,,EX!)Y? = O(p/*(r —1')). By (5.1)-(5.2), we can claim that (b)

holds. This completes the proof. O
Proof of Theorem 2.2. Let

1 00 .
= % t:Zl {izo(—q))lzt—i—lj(yt—d—i < T)}Et

We first show that {T,,(r) : r € R,} is tight for any v > 0, where R, = [, 7).
For any given n > 0, we first choose (d,n) such that 1 > § > n~! and \/n > M/n
and then choose an integer K such that dn/2 < K < nd, where M is determined

later. Let rpyq =7y + /K, where r;y = and k =1,---, K. Thus,

sup || T(r) = Tu(r)| < sup | To(ri) — Tu(r)]

r'<r<r'+44 1<k<K
(5.3) + sup  sup  [[T5(r) — Tu(re)-
1<k<K rp<r<rip+d6/K

By Lemma 5.2, for any 1 <1 < 57 < K,
~ ~ 5 \2
E|T(r) = Tu(rpl|* < Cllr = r) Wi+ (ry )P = (30 )
k=i+1
where the last equation holds because 1/y/n < /d/K and (r; — r))'/? = [(j —

i)8/K|V/? < (j — i)y/d/K. Note that T,(r;) — Tn(r:) = Sheipa[Tn(rs) — Tu(ri_1)].
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By the preceding equation and Theorem 12.2 of Billingsley (1968, p.94), there exists

a constant C independent of K, n and r’ such that

G4) P swp [Tur) - T > 1) < S 2 =

1<k<K n k=1

CC, 62
o
Let mys = || Ze-a||I(rk < y—a < 7 + §/K). By Lemma 5.1 and the definition of K

and 7, we have

2 Bl [ 19 me] < =5 < =0 <2<,

as M > 8C5, where (5 is a constant independent of k. By the preceding inequality,

Lemma 5.3 and Markov’s inequality,

P( sup sup an(r) - Tn(rk)H > Q)

1<k<K rp<r<rp+6/K 2
LS < n
< L P X (X1 lm) > 5)
k=1 = i=0
K 1 ) 00 i
< P[0l X 19me) — B L 1#1ma)] > )
4 K n e
< %ZE{%Z [E Z 1@ lmae) — E(leod Y- 12 )]}
k=1 t=1 =0
4*CK ; 6 52 29052
(5.5) < i (n—K + ﬁ) < R

since n > §/K. Given € > 0 and n > 0, let § = min{en?/(CC} + 2°C),1}. We first
select M such that M > 8C,, and then select N = max{d~*, M?/n*}. Then, for
any 7', as n > N, by (5.3)-(5.5), it follows that

~ 2906  CC,62
P( sup || Tn(r) — Tu(r )H>n) +—— =Je.

r’'<r<r'4+4§ 7]4 7]4

By Theorem 15.5 in Billingsely (1968) (also see the proof of his Theorem 16.1), we
can claim that {T,,(r) : R,} is tight.

It is well known that 7, Di;(N)/v/n —¢ N(0,0°%) and hence it is tight.
Furthermore, since X, is continuous in terms of r on R,, combining this with
the tightness of {T,(r): R,}, we have that {T,(r): R,} is tight. By the central

limit theorem [e.g. Corollary 2.1 in Hall and Heyde (1980)], we can show that

24



the finite dimensional distributions of {T,(r):x € R,} converge weakly to those of
{oG,(x):z € R,} as n — oo. By Prohorov’s theorem in Billingsley (1968, p.37),
T,(r) = oGy(x) on DP[R,] for each v € (0,00). By Theorem 15.5 in Billingsely
(1968), almost all the paths of G,(x) are continuous in terms of z. This completes
the proof. O
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