Experimental design for time-dependent models with

correlated observations
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1 Introduction

This paper makes a start on the design of optimum experiments for the parameters in
a regression model when the errors have a correlation structure. We motivate our work
in the next section by an example drawn from chemical kinetics, stressing the difference
between chemical models and statistical models; the latter including the errors of ob-
servation, which are crucial to the design of an informative scheme of observations. In
§3 we summarise the theory of optimum experimental design for parameter estimation.
The overwhelming majority of the work has assumed independent errors. Although it is
straightforward to write down the extension of the design criteria to correlated errors, it is
difficult to build an efficient algorithm for finding designs. We develop such an algorithm
in §4, giving numerical results in §5.

The paper concludes in §6 with discussion of outstanding issues. Our algorithm allows
us to find “exact” designs, that is designs for a specified number of observations, in
which the response is defined by a system of differential equations requiring numerical
solution. It also covers the simpler case of linear models, such as polynomials, but again
with correlated errors. We stress the contrast with earlier theoretical work, which was

concerned with the asymptotic properties of designs, but did not lead to an algorithm
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for constructing exact designs. In §6 we also consider a variety of design problems with

correlated errors. Variants of our algorithm should lead to the solution of many of them.

2 Model of a general consecutive reaction

2.1 The chemical model

Our example is of a simple chemical reaction which is, however, sufficiently rich to illus-

trate all required points. In the model for two consecutive reactions
0 0
A3 BB (1)

we start, at ¢ = 0, with known concentrations [A], [B] and [C] of the three reactants. The

change over time of these concentrations is governed by the kinetic differential equations

d[A] A

dt —0AI

d[B] A o
—?t] = 6, [A]M — 6, B]*, (2)
d[C N

4 =B

where 6; and 6, are the rates of reaction and A\; and )\, are the orders of the reactions. The
purpose of the experiment is to obtain good estimates of the parameters  and perhaps
also A from measurements of some or all of the concentrations at a variety of time points.
If we assume that conditions, such as temperature, remain constant then designing an
experiment reduces to the choice of times at which measurements of the concentrations
are to be taken. We discuss extensions to optimally varying conditions in §6.

In general the values of the concentrations of B and C' as functions of time are found
by numerical solution of the set of differential equations (2), with an analytical expression
for [A]. If, however, we take both reactions as first order, that is \; = Ay = 1, an explicit
algebraic solution can be found for the concentrations as a function of time, given the
initial concentrations of A, B and C. If the initial concentration of A is one and that of

B and C' are zero, the concentration of B is given by

n(t, %) = O

= e e, 3)

where, in the more general model (2), §* is an unknown vector of parameters including

and \. Initially n(t, 3*) is zero, rising to a maximum value and then smoothly declining.



Although, in our numerical example in §5, we take both reactions as first order, we
have programmed the procedure to work directly on the differential equations (2) and so
to be unrestricted to specific values of \. We do however restrict ourselves to experiments

in which just one concentration, that of B, is measured.

2.2 The statistical model

To design experiments we need a statistical model of the process, that is one including

error. Consider the model in the form

y(t) =0, 5%) +e(t), teT =101l (4)

where ¢ is a fixed finite time horizon, 5* € R™ signifies an unknown constant parameter
vector, n(t, %) is a known (possibly non-linear) real-valued regression function. It is the
error process £(t) that is the crucial difference between our work and the large statistical
literature on optimum experimental design.

The nonlinear model (3) was introduced into the statistical literature by Box and
Lucas (1959) who assumed that the errors of observation were independent and of constant
variance o2, i.e.

o? if s =t,

Ele(t)z(s)] = (5)

0  otherwise.

The experiment consists in running the chemical reaction once from ¢t = 0 and measuring

the response y(t) at time moments t1,...,t, for a given n, , i.e.

y(t;)) =n(t, /) +e(t;), i=1,...,n. (6)

The parameter 3* is estimated by nonlinear least squares.

The customary design criterion for this and other nonlinear models is D-optimality,
which we discuss in more detail in §3. This criterion maximises the determinant of the
information matrix of the parameter estimates. Examples for several nonlinear models
are in Chapter 18 of Atkinson and Donev (1992). All use the assumption of independent
errors. This assumption is appropriate if each experiment results in a single observation
at a time ¢;. The next observation then comes from restarting the reaction and again

taking a single observation. In this way a sample of n observations is built up from n runs



of the experiment. For the two parameter nonlinear model (3) this leads, if n is even, to a
design in which n/2 observations are taken at one time and the remaining n/2 at another
time, the values of the two time points depending upon the values of the parameters 6
and 6. If n is odd, one condition is repeated once more than the other — it does not
matter which.

In contrast to this standard formulation, we suppose that the experiment is run only
once, and that all n observations come from the same run. We then have to allow for
the correlation between the observations, one effect of which is that replicate observations
at a time point provide no more information than a single observation. The design for
independent observations is therefore inappropriate. Accordingly, in the next section we
write down the standard expression for the covariance matrix of a stochastic process with
mean function zero and known covariance kernel, and use this in the calculation of D-
optimum designs. We find that, the higher the correlation between adjacent observations,
the more are the observations spread over the experimental region. Conversely, a low
correlation leads to designs with two clusters of points, of course without replication;

sometimes the clusters of observations are not of quite equal sizes.

3 Experimental design problem for correlated obser-
vations

We continue to write the regression model in the form (4), but now the error term e(¢) is

a stochastic process with zero mean and known continuous covariance kernel
Ele(t)e(s)] = k(t,s) on T (7)

The generalized least-squares estimate of the unknown parameter § from the n exper-

imental observations (6) is given by

B = argmin > > wyly(t) — n(ti, Ay (t;) — n(t;, 0] ®)
i=1 j=1
The weights w;; above constitute the elements of the matrix
-1
wyy - W1in k(tl,tl) k(tlatn)
W=1|: . i|=| i " : - ®)

4



Clearly, the accuracy of the estimates will depend on the choice of moments ¢;, i =
1,...,n, as some points of the time interval 7" may give more information about $* than
others. A crucial question is then how to select time moments which will guarantee the
best accuracy of (8). From a statistical point of view, the parameter estimation accuracy
is quantified by some scalar measure of performance ¥ defined on the Fisher Information
Matriz (FIM)

M = F'"WF, (10)

where

vgn(tla 50)

an(tza 50)/aﬁ1
F= .

. Ven(t, 8°) = : , i=1,...,n, (11)

Vin(tn, 5°) on(ti, 5°)/0Bm
(% being a prior estimate of the unknown parameter vector 5. The elements of the
matrix F' are usually called the sensitivity coefficients. Such a formulation is generally
accepted in optimum experimental design, since the inverse of the FIM constitutes, up
to a constant multiplier, the Cramér-Rao lower bound on the covariance matrix of any
unbiased estimator of 3. When the time horizon is large, the nonlinearity of the model
with respect to its parameters is mild and the measurement errors have small magnitudes,
it is legitimate to assume that the estimator § is efficient (minimum-variance) in the
sense that the parameter covariance matrix achieves the lower bound. This leads to a
great simplification since the minimum variance given by the Cramér-Rao lower bound
can be relatively easily computed, even though the exact covariance matrix of a particular
estimator is very difficult to obtain.

Various choices exist for W(M), but the determinant of the FIM, i.e.
U(M) = det(M), (12)

is the most widely criterion in the statistical literature. Its maximization leads to the
so-called D-optimum solutions (designs). They minimize the volume of the uncertainty
ellipsoid for the estimates.

For notational convenience, in what follows, we shall use the following compact nota-

tion to denote a solution to our problem:

E={ti,....t,}. (13)
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Each £ will then be called a discrete (or exact) design and its elements support points.
Since all measurements are to be taken on one run of the process (4), so that replications
are not allowed, the admissible designs must satisfy the condition ¢; # ¢; fori,7 =1,...,n
and 7 # j. Thus, from among all discrete designs we wish to select the one which
maximizes the determinant of the information matrix M(£). We call such a design a
D-optimum design.

This design problem differs from the much studied classical design problem because
the matrix W may here be non-diagonal, due to the correlations between different obser-
vations. This constitutes a major obstacle when trying directly to apply the numerical
algorithms already existing in the optimum experimental design literature, which were
constructed for experiments with uncorrelated observations. The technical point is that
the algorithms make explicit use of the fact that, for uncorrelated observations, the FIM
can be expressed as the sum of the FIMs of the individual points forming the design. This

is no longer true when the observations are correlated.

4 Exchange-type algorithm for computation of D-

optimum designs

4.1 Scheme of the algorithm

There are extremely few results regarding practical determination of D-optimum designs in
the context of correlated observations. Most authors assume a correlation-free framework
and then apply well-developed sequential algorithms to generate designs claimed to be
acceptable. Such an assumption can sometimes hardly be justified as far as dynamic
processes over time are considered where correlations between observations are rather
natural.

In order to calculate exact designs, we adapt the numerical algorithm presented by
Brimkulov, Krug, and Savanov (1986) for determining the D-optimum sampling points
for estimation of the parameters in linear models for expectations of random fields. It
is an exchange-type algorithm that starts from an arbitrary initial n-point design £();

at each iteration one support point is deleted from the current design and a new point



from the domain 7T is included in its place in such a way as to maximize the resulting
increase in the determinant of the FIM. Since the results from Brimkulov et al. (1986)
are not widely known, as they were published in Russian, we restate them, in some detail
if necessary.

The general scheme of the algorithm is outlined below. For iteration ¢, we use the
following notation: F'¥) is the current matrix of sensitivity coefficients in (11), W stands
for the current weighting matrix (9), M® means the resulting FIM and D = {M® }71.
Moreover, I = {1,...,n} and fg):t denotes the design in which the support point ¢; is
replaced by t.

Algorithm

Step 1. Select an initial design £© = {tgo), e ,t%o)} such that tZ(O) #* tgo) fori,5 € I and
i # j. Calculate the matrices F(©, W(© and M©® and then the value of det M%),

If det M©) =0, select a new initial design and repeat this step.
Step 2. Calculate D©®. Set ¢ = 0.

Step 3. Determine

) = Alt;. t
(i*,t%) arg  max (ti, 1),

where A(t;,t) = {det M(£\'L,) — det M (@)} / det M(£9).

Step 4. If A(tf,t*) < §, where 0 is some given positive tolerance, then STOP. Otherwise,
set £+ = ft(f*):t* and determine FHD WD - ArEHD and DEHY corresponding

to £+, Set £+ £+ 1 and go to Step 3.

Remark 1. From the point of view of non-linear programming, if we treat the design prob-
lem as an optimization problem with decision variables ¢, ...,¢, and performance index
det M, the algorithm outlined above constitutes a Gauss-Seidel-like algorithm. In the
classical Gauss-Seidel relaxation scheme (also called the block coordinate ascent method,
cf. Bertsekas 1999), each iteration consists of n one-dimensional search steps with respect
to variables t1,...,t, taken in cyclic order. If an increase in det M is attained for some
1 after performing the search, then the corresponding variable ¢; is immediately updated.

The design algorithm outlined above differs from the Gauss-Seidel scheme in the update,



which takes place only for the coordinate ¢; for which the resulting increase in det M is
the largest. As a result, the delineated design algorithm possesses convergence properties
similar to those of the Gauss-Seidel scheme, in particular only convergence to a local max-
imum can be guaranteed. This implies that several restarts must often be performed from
different initial designs so as to obtain an approximation to a global maximum. Owing to
optimized updates of the matrices in Steps 3 and 4 through elimination of matrix inverses

(see the next section), the algorithm is fast enough in spite of this inconvenience.

4.2 Implementation details

The speed of the algorithm can be greatly improved by elimination of time-consuming
operations, such as inversions of matrices and the calculation of determinants in Step 3.
We here give some details, based on derivations from Brimkulov et al. (1986). Without
loss of generality, we assume that we are always to replace point ¢, by a point t € T.
Indeed, deletion of a point ¢; for ¢ < n can be converted to this situation by interchanging
positions of ¢; and t, in £©, which then should be followed by swapping the i-th and
n-th rows in F¥, as well as interchanging the i-th and n-th rows and the i-th and n-th
columns in W®_ Such a replacement greatly simplifies the resulting formulae and makes
the implementation easier.

Assume that we are to pass from £© to §§f):t. This task requires two stages: the
removal of ¢, from £ and the augmentation of the resulting design by t. Clearly, both
stages imply changes in all the matrices corresponding to the current design. Applying
the matrix-inversion theorem, we can derive the forms of the necessary updates which

guarantee the extreme efficiency of the calculations.

Stage 1: Deletion of ¢, from ¢®). Write F© as

KA
o — [ ..... ok (14)
i
where F, € R®~D*" and f, € R*. Deletion of ¢, from £ implies removing f from F©,

so that we then have F, instead of F(). But some changes are also necessary in matrices



W® and M©®. Namely, decomposing the symmetric matrix W into

o [ Vob ] 5
by
where V, € R(»~1)x , by e R*L 4, € R, we set
Vr (16)
and then calculate respectively the following counterparts of W and A
W, =V, - ﬁbrb;f, M, = MY — g.g. (17)

Stage 2: Inclusion of ¢ into the design resulting from Stage 1. We construct

]
R , (18)
| 7 |
where f,(t) = Vgn(t,3°). Such an extension of the matrix of sensitivity coefficients

influences the form of matrices W, and M, obtained at Stage 1. In order to determine

their respective updated versions W, (t) and M,(t), we define

va(t) = [k(t,tr), ..., k(t,t)]", Ya(t) = 1/[k(t,t) = vg (OWiva(B)],  (19)
= V% — FIW,u, (1)), ba(t) = —7a(t)Wrva(2). (20)
Then we have
W+ b OB1(0) 1)
Wiy(t) = |- SO S . M, (t) = M, + g.(t)gT (2) (21)
ba (t) Ya(?)

It can be proven that, once the point ¢, has been replaced by ¢ in the above two-stage

procedure, the ratio A(t,,t) in Step 3 of the Algorithm can be calculated as
A(tna t) = da(t) —d, — drda(t) + dm(t)a (22)

where

d. =g, DYg,, d, =gl (t)DYg,(t), dra=g DYg,(t). (23)



Completion of Step 3 means that points ¢;- € £ (identified with ¢,) and t* € T which
guarantee the largest increase in the D-optimality criterion for the current iteration have

been found. At this juncture, we may update the matrices as follows:

F(l+1) — Fa(t*), W(l+1) — Wa(t*), M(l+1) — Ma(t*), (24)
1
DU+ — plo) _ _Dw{ 1—dy)ge(t)gr ("
T AL ( )9a(t*)g, (%)
o) 997 () + 00(6)07] — (14 da()gra? } DO (25)
What is more, we get
det MY = det MO[1 + A(t,, t%)]. (26)

The relatively simple form of the above formulae guarantees the efficiency of the algorithm
which becomes thus very similar to Fedorov’s exchange algorithm for determining exact

designs (Fedorov 1972a).

Remark 2. Tt can easily be easily verified that g,(¢;) =0 for i = 1,...,n — 1. This means
from (21) that inclusion of a point coinciding with a point which already exists in the
design does not alter the information matrix. In other words, an additional observation
at the same point does not provide more information about the estimated parameters.

This implies that the optimal design will automatically be replication-free.

5 Numerical example

To illustrate the ideas presented in the paper, consider the reaction described by

(A o Al = 1,
W — o4 - 018l 1Bl =0, o7
ac) B
L W = 92[3], [C]tZO =0,

which is (2) when both reactions are first order. We assume that the observed response
is the reactant concentration [B], the expected value of which is given by (3). The
parameters #; and fy are to be estimated based on measurements made at n different
time moments. The measurements are assumed to be corrupted by zero-mean correlated

noise with covariance kernel
k(t,s) = exp(—plt — s|). (28)
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The nominal parameter values ¢ = 0.7 and 69 = 0.2 were used. For independent er-
rors, Box and Lucas (1959) show that the optimum design then puts equal numbers of
observations at ¢ = 1.23 and 6.86.

In order to find optimal points for taking measurements in the interval 7" = [0, 30], a
program was written in Matlab v.6.5 Release 13 and run on a Pentium IV PC equipped
with Windows 2000. The set of ordinary differential equations (27) along with the cor-
responding sensitivity coefficients were solved using the built-in subroutine ode45 (an
integrator based on an explicit Runge-Kutta formula). The one-dimensional search for a
point to be included in the design was performed using the procedure fminbnd from the
Optimization toolbox (an implementation based on Golden Section search and parabolic
interpolation). We thus chose not to use the analytical form of the sensitivities found by
differentiation of (3).

The results obtained for various numbers of measurements n are presented in Fig. 1.
For each n, the program was restarted several times from randomly generated initial
conditions in order to avoid getting stuck in a local maximum. The time of each run did
not exceed twenty seconds.

The influence of the correlation between observations was tested by varying the coef-
ficient p in (28). In particular, the p values of 1, 5 and 50 were chosen as representative
ones for considerable, medium and small correlations, respectively (as a justification for
this terminology, note that the model (28) implies that, in practice, statistical interactions
between different points are certainly negligible at distances of 5, 1 and 0.1, respectively).

Two main conclusions can be drawn from our results. First, the greater the correlation,
the more the optimal observations are spread over the domain where measurements can
be taken. If the correlation is less significant, observations tend to form two clusters with
approximately equal numbers of elements. From Panel (c¢) of the figure it is clear that
the design points are clustering around the times 1.23 and 6.86. The second conclusion
is that extrema of the sensitivity coefficients (denoted by dotted and dash-dotted lines)
turn out to be close to the best points for taking measurements in this case. Box and
Lucas (1959) discuss the geometry of optimum designs for independent observations, as do
Atkinson and Donev (1992); the points of the optimum design for n = 2 form, together

with the origin, the triangle of maximum area in the space of the sensitivities. This
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Figure 1: Time evolution of the reactant concentration [B] (solid line) and its sensitivities
to parameters #; and 6. Circles, pentagons, diamonds and hexagons denote D-optimum

measurement moments for n = 5,10, 15 and 20, respectively.
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confirms the intuition that times with high values of the parameter sensitivities will yield
informative readings. Note that the higher the correlation, the lower is the value of
the D-optimality criterion. This phenomenon occurs because higher correlations impose
stronger relationships between noise realizations at different points; this “structural” noise
interferes with estimation of the parameters 6, so that the information in the experiment

is reduced.

6 Discussion

6.1 Literature

There is a large statistical literature on the design of experiments. A survey of the work
of the last 100 years is given by Atkinson and Bailey (2001). Our paper builds on several
strands in this work.

One is optimum design, first given its modern formulation by Kiefer (1959). Book
length treatments include Fedorov (1972b), Pazman (1986), Atkinson and Donev (1992),
Pukelsheim (1993) and, briefly, Fedorov and Hackl (1997a). Despite this list, only Brimkulov
et al. (1986) consider correlated errors in any detail. Their examples however are for sim-
ple linear models. Optimum designs for the four-parameter nonlinear model (2), but with
independent errors, are found by Atkinson and Bogacka (2002).

There is also some work on optimum design in the control theory literature, but the
relevant works consider optimal input design for discrete-time linear dynamic systems.
Surveys are given by Mehra (1974), Goodwin and Payne (1977) and Titterington (1980),
as well as more recently by Walter and Pronzato (1997). The design procedures can be
divided into the categories of time-domain methods and frequency-domain methods, with
the former being more general, but also more consuming of computational time. These
methods cannot, however, be directly applied to the problem considered in the present
paper.

Correlated observations constitute a fundamental problem in spatial statistics (Fe-
dorov and Hackl 1997b; Miiller 1998). Although the framework is somewhat different, as
the main problem is to make a best spatial prediction, some interactions with this work

are to be expected.
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Correlated errors have been considered for treatment allocation designs in which ¢
treatments have to be allocated along a line or over a plane. The main requirement is that
of neighbour balance (Williams 1952). Kiefer and Wynn (1984) explore the relationship
with coding theory.

Experimental designs for regression problems with correlated errors were thoroughly
studied from the theoretical point of view in Parzen (1961), Sacks and Ylvisaker (1966),
Sacks and Ylvisaker (1968), Sacks and Ylvisaker (1970) and Wahba (1971). The problem
considered there differed from ours in that an optimal number of support points was
sought in addition to their coordinates. The main difficulty in such a formulation stems
from the fact that every new observation gives a new piece of information about the
parameters, so usually a solution with a finite number of support points does not exist.
An exception is when the basis functions multiplying the estimated parameters in the
linear regression model can be represented in the form f(t) = SN, a;k(t,t;) for some
finite N and fixed numbers a; and ¢; (more generally, they are elements of the so-called
reproducing kernel Hilbert space associated with the kernel k(t, s)). But this assumption
is too strong to be satisfied in most practical situations. Some relaxation of this condition
comes from introducing the notion of the so-called asymptotic optimality for a sequence
of designs; but this can hardly be applied in the framework of the present paper when we

are seeking designs for a specified n.

6.2 Extensions and Related Problems

The main contribution of our paper is to provide a numerical method for the construction
of optimum designs in the presence of correlation. The crucial step is the algebra of
§4.2 which leads to a rapid exchange-type algorithm. There are however a number of
extensions that require attention.

One is the extension to the measurement of multiple responses. The extension of Box
and Lucas (1959) to multiresponse design for independent error is given, for example,
by Draper and Hunter (1966). A second is the extension to multiple runs. Suppose we
can take m; observations in the kth run. Even though the errors between runs will be
independent, it is not clear whether the optimum design over all consists of the assembly

of the optimum deign for each ny. Clearly, when all n;, = 1 for our two parameter example,
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there is an effect of the designs for individual runs on each other.

We have extended optimum design from the standard error assumption of indepen-
dence to allow for correlation. However, there is evidence that, in some kinetic models, a
power transformation of the response is needed to provide homogeneity of variance. We
need to extend the procedure for design with transformations of Atkinson (2003) from
independent errors to allow for correlation.

Our motivation has come from examples in chemical kinetics in which we can expect
that the errors are correlated over time, as they would be in pharmacokinetic experiments.
However (Rocke and Lorenzato 1995) there is some evidence that there may be two error
strata, the correlated observations having independent errors added to them arising from
instrument and measurement errors. In such cases there would be some information from
replications. The structure of the resulting designs is not clear to us.

We have assumed that the spacing of the design points is solely determined by the
design algorithm responding to the sensitivities and the correlation structure. However,
there are situations in which there is physically a minimum time between observations,
for example because a sampling instrument is blocked for a fixed time period until the
sample or analysis have been transmitted. Some examples are given by Bohachevsky,
Johnson, and Stein (1986) for independent errors. Inclusion of such constraints in our
algorithm for correlated errors seems to pose difficult numerical problems unless a search
is performed on a sufficiently dense spatial grid of points.

There are also situations in which the time points are not an issue, measurements
for example being taken at regular intervals. Then the experimental variables are the
starting conditions and the profiles of other variables during the run. Fedorov and Hackl
(1997b, p. 72) give a simple example for a first-order polynomial model in the presence of
correlation. Often industrial processes are not of the batch kind described in §2, but are
continuous; there may be a stirred reactor to which components are added and from which
product is withdrawn. Then the experimental design will again consist of time profiles of,
for example, flows, temperatures and concentrations, together perhaps with time points
of observation. An example is Bauer, Bock, Korkel, and Schléder (2000) where, however,
independent errors are assumed.

Finally, we wonder whether any of the numerical methods associated with time series
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analysis can simplify the search for optimum designs. For example, can the Kalman
filter and state-space representations provide us with a more transparent derivation of

our algorithm which can be extended to the solution of the harder problems listed above?
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