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Abstract

In an earlier work, it was shown that the combination of the leave
one out Cross Validation criterion introduced for nonparametric mod-
els and the leave-n,-out Cross Validation criterion used for linear re-
gressors selection has successfully identified the nonlinear and the lin-
ear variables of a partially linear model. This technical report deals
with the mathematical issues of the proposed two step procedure. Un-
der certain regularity conditions we prove analytically the consistency

of the regressors estimators.
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1 Introduction

We begin with the introduction of the partially linear model. Let (Y;, W) be
a strictly stationary process with a scalar Y; and a vector of predictors W;.
In a partially linear model the regression function is of the form E(Y;|W;) =
X0+ g(Z,) where X, = (W, )T i € P, Z, = (Wy;)T i € Q the linear and

the nonlinear regressors. We begin with the enlarged regression model
Y = E(Yi| X, Zy) + & = X[ 0+ g(Zy) + € (1)

where g : R? — R an unknown function, § = (0y,...,0p)7 the vector of
the parameters and ¢, = Y; — E(Y;|Xy,Z) an error term. Then, it fol-
lows that F(e|X;,Z;) = 0. Call Uy = Y; — X760 then equation (1) yields
E(Ui|Z:) = g(Z:). The proposed selection procedure is using the leave-one-
out cross validation criterion to select the nonlinear regressors, while the
linear regressors are identified using a Monte Carlo estimate of the leave-
n,-out cross validation criterion. Under mild regularity conditions, it was
argued that the two regressors subset estimators will converge in probabil-
ity to the true regressors subsets i.e. the estimators are consistent. One of
the most important condition is the existence and identifiability of the true

underlying model implied from assumption Al,

A1l We assume that the true model is the model with the optimal non-
parametric Z{ = {Z;1, ..., Z,} and parametric X} = {X;1,...,X;,}

components

where definition of the optimal nonparametric and parametric components
can be found in Yao and Tong (1994). In this report, we are presenting
the technical arguments used for the derivation of the asymptotic properties
of the regressors subset estimators as shown in an earlier work (Avramidis
2003). In particular, the calculations reveal that after removing the linear
effect, application of the leave-one-out cross validation criterion yields similar
results to a fully nonparametric model as shown by Yao and Tong (1994).

In other words, the linear term does not affect the asymptotic behavior of



the nonparametric subset estimator. An equivalent observation holds for
the parametric selection criterion MCCV for a specific range of nonpara-
metric bandwidths. This observation is more surprising as we expect that
the estimator of the nonparametric component will converge slower that the
parametric estimator. However, similar observations have been made by
Speckman (1988) and Hérdle, Liang, and Gao (2000).

The following sections involve the mathematical results for the lemmas
and theorems that appear in the earlier discussion paper. Details for the
overall evaluation of the selection procedure, the intuitive arguments and for

numerical results see Avramidis (2003).

2 Consistency of the nonparametric regres-

sors estimator

We now focus on the selection of the nonparametric component. Call 6
the parameter estimator calculated by regressing Y; against X;;,...,X;p
and U, = Y, — X740 the residuals. For any {iy,....ix} C {1,...,Q} let
Z¥ = (Zi4y,...,Zii,)". The standard Nadaraya-Watson estimation for g(.)
is gu(z) = Y wik(z) (Y — X' 0) and if we replace 6 by its estimator 0 we
have §,(z) = S0, wyx(2)(Y; — XT0) with w, : R¥ — R, a weight function
wyp(z) = Kp(Zy—z)/ > Ki(ZF—z) and Kp,(.) = 1/hW*K(./h), K : RF - R
a k-dimensional kernel function. The leave-one-out estimators are g,(fs) (z) =
S g Wi (@) (Y = XT0) and i) (2) = S0, L, wiy" (2) (Vi — XT0) ve-
spectively, where w&s)(z) = Kn(Z} —2)/ 320 2y Kn(Z} — 2). The cross
validation function is defined:

. Ly s . .
CV(Zla R 7Zk) - EZ{US - gﬁz )<Zs,i17 . '7Zs,ik>}2 for all {217 s JZIC}' (2)
s=1

The estimator for the optimal regression subset of the nonparametric com-

ponent is defined as

Jo = ar min CV (i, ... ). 3
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The following assumptions are necessary for the derivation of the asymp-

totic

results. Let ¢ > 0 be a constant that can take different values in

different places.

A2

A3

A4

A5

A6

A7

A8

A9

For the least squares estimator 6: E || § — 0 ||2= O,(n").

Let f(.) and p(.) the density functions of the random processes Z; and
X;, f, p are Lipschitz function and the sets B; = {z : f(z) > 0},
By = {z : p(z) > 0} are compact subsets of R? and R” respectively.

For the strictly stationary process {(V;, X;,Z;) : t = 1,2,...} let
B(n) = supys E{SupAESZ‘jrn |P(A|S%) — P(A)|} where 7 the sigma-
field generated by {(V;, Xy, Z;) : k <t < n}. Then B(n) = O(n~(3+9)/%)
where 0 < § < 2/5. In addition, there are positive integers m,, and
l, = [n/(2m,)] such as limsup,,_. (1 + 6y/eB(m,)" 1+ < oo

For 1 < k < Q the kernel function K, = K(./h) where K : RF —
R a symmetric density function with bounded support satisfying the
Lipschitz condition. Further, for the bandwidth A = n=*®) it holds
that 0 < kA(k) < 1/2for 1 <k < Q.

For m,, defined in A4, limsup,, . l,n** < oo forall 1 <k < Q.

EVi[f < o0, E || X, |°< oo and E(YiXy,. .. X1, Ze,..., Z1) =
E(}/”Xt, Zt) for Xt = (Xt,h Ce 7Xt7P)T and Zt = (Zt,17 ey Zt,Q)T.

For the g(z) = E(Uy|ZF = z),1 < k < Q it holds that |g(z;) — g(z2)| <

C' || z1 — z2 ||” where v > 0 constant.

For v in A8, (k+~)A(k) > 1/2 for all 1 < k < @ and kA(k) is a strictly

increasing function of k.

Lemma 1 Under assumptions A2-A9 it holds that

(a)

Forany {iy,..., i}, 1 <k <q: CV(iy,... i) EiR o2(iy, ..., 1) where
02(i1, e ,Zk) = E[Ut — E(Ut‘Zt,ila ceey Zt,ik>]2'



(b) If for some {i1, ..., i} holds that E(Uy|Z;,, ..., Z;) = E(U|Zy, ..., Z,)
a.s. then

n

1
CV(il,...,z’k):nZe—i——E (€2/f(ZF)) /K2 )du 4 0,(n"th7F).
s=1

Proof of lemma 1 Note that:  CV(iy,... i) = Z?Zl{f]s — Uk +
LU G 42 S0 U Ui (B} = o B+ Iy

Assumptions A2—A4 along with Slutsky’s theorem yield

n

= DS XT@ -0 = (06 S XIX(0—0) = o,(n )

s=1 s=1

Call el = Us—g(ZF), then I, = Z (Lywith Iy =1/n>"0 1(681 """ ik))Q,
La = 1/n Y20 {9(Z8)~gn " (ZY Ty = 2/n 00, e {g(2h) g " (Z4)).
Using the ergodic theorem, (see Fan and Yao (2003), chap.2 prop 2.8) we have
that

Ly 5 BlU, — EU| Zesy, - ., Zuiy) )2 = 02(in, ... i) (4)

For the remaining two terms, lemma 2 below shows that they converge in

probability to 0. Hence, we proved (a). Further, note that if
E(U\Ziys - Zuiy) = E(Ui| Ziss ..., Ziy)  a.s. then efti0) = ¢

so Iy = 13" €2 This along with the results in lemma 3 yields (b) and

s

the proof of lemma 1 is complete.

Lemma 2 Suppose A2-A8 hold. Then for any {i1,...,it}, 1 <k <gq
(a) & oy e g(Z8) — 3 (Z8)) 0
(b) 3300 {9(2Zh) — g (Zh)) = 0

Proof of lemma 2 (a): Note that n—lz it W{g(zk) g<*s>(zk)} —
nT (S eI g(ZE) — v (ZE) ) + ST e g (2E) - g (20))) =
Ji+Jz. Concentrate on Ji: n~ [ 370, Kp(ZE—ZF) =" | Kn(ZF-7F)| =
0p(nT MK = 0,(1) and sup,.;, (450 |= oy Kn(z — ZF) — fi(z)| — 0. The
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latter is implied from assumption A3-A6 and theorem 3.1 Roussas (1988).
See also Yao and Tong (1994) or Cheng and Tong (1992). Hence it follows
that g(Z¥) — gt (Z%) =

(0025 — o7 2D) (=32 KulZh —2) ((Z5) (1 + 0p(1)

=1,r#s

almost surely. Note that (g(ZF) — g\~ (ZE)L S| Ku(ZE — ZF) =

ST Kz - Zh0(Zh) - U} = 5 ST KalZh - Z){g(2) - o(2k)

t=1,t#s
1 R
+5Kh(0)g(zls€) - Z Kn(ZE = Z9){U, — g(Z})} =
t=1,t#s
1 a a 21 5eeeyl
= (Yo Cu— Y A+ K(0)9(2h)
t=1 t=1,t#s

where dg; = K((Z¥ —ZF)/h) and Cy; = ds {g(Z¥) — g(ZF)}. Hence, we write
9(Zh) — gi77(Zk) =

From the ergodic theorem nthl 2 i E(es (s fk_1 (Z¥)g(Z*)) and using con-
ditional argument and the fact that nh* — oo from A5, we prove J; 5 o,
For J; ; we follow Yao and Tong (1994) and apply the decomposition of U-
statistics as proposed by Yoshihara (1976). Particularly, under certain con-
ditions, Yoshihara showed that a U-statistics U,, = 2!(n—2)!/n! >"" 9(&;,, &)
which is an estimator of a functional form 9(F) = [ ree 9(T1, 22)dF (21)dF (22),

can be decomposed as

> ol &) [ ol )P~ [ ol 6)dF(E) +O(F).

1<i1<2<n



Call 1, = (ZF, el i’“))T and define H(n;,n;) =

and H(n:) = [ H(m,ns)dP(ns) = el 2"“)f,;l(Zf) [ CysdP(ZF) then we can

write

n—1w
n2hk ElH(T]t)
t=

1 n
Jii= 2Rk ;{H(nms) — H(ns) — H(ne) +
Note also that H(ns, ;) is symmetric and 7, is a strictly stationary absolutely
regular process. Hence, applying the above results for ¢(&;,,&:,) = H(ns, m:)
and noting that [ H(n;)dP(n;) = 0 = 9(F) = 0 we have that the first term
of Ji, is equal to the remainder in Hoeffding’s projection decomposition of

the U-statistics. Further, assumption A3 yields
|H(7]t7775)| < O(ngzl ..... ik)| + |€§i1 ..... Zk)|> +C|6g1 ..... ik)||€§i1 ..... ik)| a.s.

and with assumption A7 [ |H (n, ns)|*dP(n:)dP(ns) < oo we have that lemma
1 of Yoshihara (1976) yields sup,., E|H (n:,ns)|> < oo. The latter along
with lemma 2 of Yoshihara (1976) implies E(n > Z;s{H(nt, ns) — H(ns) —
H(m)})? = o(n™) thus n-2h* S0, {H (o n,)— H(n.)—H (1)} = op(nh®).
For the second term note that A3, A8 yield |H(n;)| < C’h’”ﬂeiil """ | s,

verges a.s. to zero by the ergodic theorem. Thus, we have shown that
Ji1 L 0 which completes the proof of J; Zo.

It remains to prove Jo £ 0 in order to complete the proof of (a). From
assumption A3 it follows that X; is bounded process i.e. || X; ||< M < o0

a.s. Consequently, from

1 i ) - —s N ) 1 - i )
IS el (O3 Wl D@XI O 0) <M G- 6] = 3|l
s=1

s=1 t=1,t#s

ergodic theorem and A2 yield J, - 0. The proof of (b) contains similar

technical details with the proof of (a) so omitted and lemma 2 is complete.



Lemma 3 Suppose A2-A9 hold and that for some {iy, ... it} and1 <k <gq
E(YXy. Zi, .. Z) = EYVi X, Z1, ... Z))  as. (5)

(a) n 0 e g(ZE) — g5 (ZR)) = o, (nTThF)

(b) nt 2 {9 (ZE) — g Y (2Zh))? —n—lh—ku+op<n—1h—k>
with u = E(e /ka ) [ K?(u)

Proof of lemma 3 (a): From lemma 2, J;» = o,(n 'h™%) while for J;;
we have that n=>h™" 37", {H(n,ns) — H(ns) — H(m)} = op(n~'h™*). Note
that under (5) we have that E(H(n,)H(ns)) = 0 for s < t the latter from
the fact that E(H(n)|Xu, ..., X1, Zu, ..., Z1) = C(Z)E(e|X, Zy) = 0. It
follows that E(n~t>"1" | H(n))? = n*EH?*(n,) < Ch**t*'n~! which along
with A9 yields

n 1 h2+ 1/2 v, —1/2 —1p—k
WZ (1) = Op(" o () 2) = Oy (7 72) = o, (07 ).

We conclude that J; = 0,(n"'h™*). Similarly, note that assumption A7 im-
plies E(ee,) = 0 so we can write E|Jy2 < n 'M2E || 0 — 0) ||> E(&) =
E|Jo|* = o(n™?) the latter from A2. Therefore, J, = O (E|J 2)1/2 =
O,(n™) = 0,(h"*n=") and conclude. For (b): n=2 3" {g(Z5)—g5 > (2F)}?

S o(zh) — o2y + Z{g< I(2h) - 492

3

+= Z{g (Z2) — 95 N ZOHgN(Z8) — 972} = YR,

j=1

First, concentrate on R;. Recall lemma 2, then we can easily see that

Rim b3 (Coad Az

s=1 t=1,t#s

1 n n B
Tk Z Z (Cotr = €1dsi)(Caty — €1,dss,) [2(ZE)

s=1 ty,to=1,t1#ta#s



n3h2k Z Z st — €rds )f_Q(Zf)

s=1 t=1,t#s

K zg (Z8)F2(25) + op(Ry) ZR” 4 o1

The process 7, defined in lemma 2 can be written as 7, = (ZF, ¢;)” under (5)

and hence define
Hy(ne,ms) = (Cg,t_208,t€td8,t+€?d§,t)f_2(Zl:)_’_(CtQ,s_ZCt,sesdhs_’_Eidis)f_Q(Zz]tC)

and H1 ’rh f Zk dP(Zk — 2€thS tds tf (Zf)dP(Zl;)
vt [ g r@har@t) e [ Caph) + 1k [ e ar)

1 n
thus Rus = 5 S {Hnn) — Hiln) = i) = [ HidP()
t#s

+ th/Hl 1e)dP (1) 3h2k ZHl (1)

Note that like in lemma 2 the first term can be interpreted as the remain-
der in Hoeffding’s projection decomposition of the U-statistics generated by

Hi(n¢,ms) and using similar arguments we show that

ﬁ Z{Hl(nbns) - Hl(nt) - Hl(ﬁs) - /Hl(nt)dp(m)} — Op(nflhfk)'
s (6)

For the second term note n~th~2* f Hy(ne)dP(n,) =

1
nh?k

[ @ar@iap@ « o [ ad g zhirehiee))

h2k
but from A3 and A8-A9 the first part is O(h?'*2n"1h=2k) = o(n=th=*) while
the second part is

;2k/efd§tf 2HZMAP(ZM)dP(ZY) ~ n 'h ™ E(2 ) f(ZF)) /K2
" :




where with ~ we imply that they are asymptotically equivalent. Thus

ﬁ / Hy(n))dP(n) = n~"h™"E(e} | f(ZY)) / K*(u)du+ op(n~"h7*). (7)

For the third term of R;; note that

,_.

n—

B 3o mon)’ = (3 miw) + £ 0 o mon.)

t=1

1

(1= S)Hy () Hi (1)) = O()

=1
the latter from A8 and A9. Hence

n

= B(H} () + B

S|

it th 1) = 0pn™) = oy (™). (5)

(6),(7) and (8) yield Ry =n*h ™ E(e}/f(Z})) [ K*(u)du + 0,(n" h™*),
Using similar arguments based on the decomposition of U-statistics we can
show that Ry ; = o,(n"'h™%) for j = 2,3 while the standard ergodic theorem
yields Ry 4 = 0,(n"'h™"). Therefore we proved

Ry = n-'h*E(2) £(Z1)) / K2(u)du + op(n~'h"). ()

For Ry note that Ry =n~" 370 (001, ., wi NZMXT(6 — 0))? thus |Ry| <

C IO =6 |2 n™ S, |0 s wi(ZE)P and since S, wiy ) (2E) =
O,(1) assumption A2 yields E|Rs| = O(n™!) =

Ry = O,(n~") = 0,(n"'h7F). (10)

Note that Cauchy-Schwartz inequality yields E|R3| < (E(R,))Y?(E(Ry))Y?
= E|R3| = O(h 2= o(h=+2n=1/2) = o(n~'h™F) so

Ry = Oy(E|Rs]) = op(n™'h™") (11)

and the proof of (b) concludes from (9),(10) and (11).
We now state the main theorem that proves the consistency of the pro-

posed leave-one-out cross validation criterion.

10



Theorem 1 Under assumptions A1-A9, it holds that
Jim P(Qo = {1....q}) =1

Proof of theorem 1 For any {i,..., i} subset of {1,...,Q} and 1 <
k< Q, if o%(iy,...,ix) > 0%(1,...,Q) = o*(1,...,q) then from lemma
1(a) it follows that P(C’V(l, ey q) < CV (i, ... ,zk)> — 1. Alternatively,
if 02(iy,...,ix) = 0%(1,...,Q) = 0*(1,...,q) then condition (5) in lemma 3
holds. Note also that by definition £ > ¢. Hence, from assumption A9,

h/hF = pFAR)=aAD) _, 56 asn — oo (12)

thus lemma 1 (b) along with (12): P(CV(z’l, i) —COV(L,.. ) > o) -

P<nhq(CV(i1, i) —CV(L,. ) > o)

B P(%/KQ(“M“{E(@U(Z?)) — B(&/F(Z))} + 0p(hT™") > 0) —1

= P(QO ={1,...,q}) — 1 asn — oo and theorem’s proof is complete.
Note here that the main terms of the decomposition of the CV-function
are the same with those derived in Yao and Tong (1994) for a fully nonpara-

metric model.

3 Consistency of the parametric regressors

estimator

For any M C {1,..., P} we write Y; = (XM)T0y + g(Z]) + €, where
XM = (X i€ M) and €, = Y, — E(Y,|XM,Z]). Substituting ¢(.) with
the nonparametric estimator g, (Z{) = > " w, 4(Z7)(Yy — X16) yields that
the least squares estimator of 6, is

O = (X2 X)) ' XT Y. (13)
where V; = Y, — 327w, (Z1)Y, and XM = XM — 3" ap, (ZHXM . Let

My denote the true underlying regressors subset. The conditional expected

11



2

€_

02 = LP(E7¢) and Q,, s = 2107XTH,, X0. Details can be found in Avramidis

T n

mean square error is found to be EMSE, (M) = 02 — 202 + Q,, » where
(2003). The important observation is that the parametric estimator is not
affected by the slower rate of convergence of the nonparametric estimator, a
result already stated in earlier works by Speckman (1988) and Hérdle, Liang,
and Gao (2000). In addition to A1-A9, we impose the following assuption

A10 For every M C {1,...,P} E(X%,X,,) is a positive definite matrix
with order m x m. Further, for all M such that My € M it holds that
liminf,,_ o €2, s > 0 in probability.

Note that for every M C {1,..., P} with My € M EMSE,(M) = +(n —
m)o? from X0 = X0y Further let d;(z) = E(X;,|Z! = z) and define
w; = Xi; —dj(Z}) for j = 1,...,P and w; = (ug1,...,u.p)’. The leave-
n,-out cross validation function is defined by CV(M,n,) = n;' || Yy —
XN,MHAN(;’M | where the data is split to {(Y/%,Xt) : t € N} the validation
data used for the calculation of the cross validation function and {(Y;, X,) :
t € N°}, the construction data used for fitting the model. Note here that N°¢
is the compliment of N C {t : t = 1,...,n} and n, is the dimensionality of
N. To calculate the leave-n,-out CV function we employ the Monte Carlo
technique. We randomly draw a collection B of b subsets of {1,...,n} each
one with size n, then the estimator for the optimal regression subset of the

linear component is defined as

~

M =arg min MCCV(M,n,). (14)

where MCCV (M, n,) = ﬁ > ves |l Yy — XN,MéNC,M 2.

Theorem 2 Assume that A1-A10 hold and that n,/n — 1, n. =n —n, —

oo and n?/n?b — 0 as n — oo, then we have

(1) If My & M, then there exists R, > 0 such that

1
MCCV(M, ) = 5 D ENEN + Qs + Ry + 0p(1)

NeB

where €y = ffN — )N(NH.

12



(2) If My C M, then MCCOV (M, ny) = § Y- yep Enen + 202 + op(n; ).
(3) Combining (1) and (2) we conclude lim,_.. P(M = M,) = 1.

Proof of theorem 2 The proof is based on the proof of theorem 2 in Shao
(1993). Also, similar result for the partial linear model can be found in
theorem 2.2 Gao and Tong (2002). Hence we only present an outline of the
proof and particularly we show that conditions in theorem 2 Shao (1993)
hold. Indeed condition 2.5 3.12 and 3.22 have been introduced in directly in

the theorem. Hence, it remains to show

max || — ZXtXT Z X, XTI ||=0,(1) (15)

NeB
€ teNe
XX = 0,(n), (XT'X)™' =0,(n7!) and (16)
lim max p; = 0 for all M (17)

n—oo

where p; s is the t-th diagonal element of Pj;. Lemma 5 establishes the
above conditions so the outline of the proof of theorem 2 is complete. The
proof of theorem 2 is based on the following lemma which is an extension of
lemma A.3 in Hérdle, Liang and Gao (2000) for a-mixing processes. Proofs

are postponed to Appendix A.

Lemma 4 Let Xy,..., X, be zero mean, strictly stationary, a-mixing, real
valued r.v. Let the mizing coefficients follow t°a(t) — 0. Suppose that
for some r > 2, sup;;,, E|X;|" < C < oo and denote with a;; with
i,j = 1,...,n a sequence of positive numbers such that sup;<; ;<, |l ;| <
n? for some 0 < p < 1. Then it holds that maxi<j<n |Y i i ;jX;| =

o(n=PH/3+ " logn).

Proof of lemma 4 Define X; = X;I(|X;| < n'/") and X, = X; — X.
Note that sup,<;<, |a;;X;| < CnPn'/" = M. Then the exponential-type
inequality in theorem 1.3 in Bosq (1998) with ¢ = n™?=2/3*/"logn and
q = n?/? yields:

P<112?<§L|Za”X EX,) |>n5> ZPOZO"JX — E( ;))|>n5>

13



2

€ 4M
< 4nexp <_8v?(qq)> 22014231 4 ?)1/204([”1/3/2])

where a(k) we denote the mixing coefficient and

[n2/3]4+1
Me
2 2 2
v™(q) < n2/3{(g13<>;E(04w(X EX;))* +8M ; a(k)} + =

Note that v?(q) < CM?*n~%3 4+ 1 Me < Cn=2*2/7=%/3 thus, we have that

Cn72p72+4/3+2/1“ 10g2 TL)

22X n—2p—2/3+2/r

P( max |Zai,j(X; - EX})| > na) < 4nexp ( —
=1

AC'n—P+1/r
n—p—2/3+1/r IOg n

+22n%(n~%3 + 4Clog ' n)2a([n*/?/2]) < n'718" 4 Cyna(n'/?) — 0

+22n°/3(1 +

)2a([n*/2)) < 4nexp (—log*n)

for the mixing coefficients holds that t5a(t) — 0 when ¢t — oo. Thus, Borel-

Cantelli lemma yields

max | Z i j(X; — EX;)| = o(n P13 10g ) (18)

1<j<n

For the second process X, , note that Holder’s inequality with m,l such as

)

1/m<1/3and 1/m+ 1/l =1 yields

L n
m 1 //l
ﬁsﬁzzli% |- BX) |<fga<>;(2|%|> (X - exl)

1

T
T

< C’n_p“/m(Z?:l X, — EX£/|Z> . Ergodic theorem yields

1 - " " " " a.s
= <]XZ- ~ EX!|'- E|X! - EX] |l) 5 ), (19)
n 4=

Note that X, = X; — X, = X; — X;I(|X;| < n'/") = X;1(|X;| > n'/") and
" lr 1-1/r
EIX/| = BOX (X = nt7) < (BIXF) T (BI(1X)] = 017)

lr 1-1/r lr EXZT 1-1/r
= () (prz ) < (mx) (R

n

14



the latter from Markov inequality, thus we have E|X;|' < FE|X;|"n!/"1.
Hence, from E|X, — EX,|' < CE|X,|' < CE|X;|'"n'/"=' < Cn!/"' along
with (19) we prove that 37 |X; — EX;|' < Cn!/" a.s. hence

max |Za” " EX )| < Cp~pri/m+l/r _ o(n~ p+1/3+1/r logn)  (20)

1<j<n
and lemma concludes from (18) and (20).
Lemma 5 Under assumptions A4-A5 and A7 it holds that
(a) X'X = 0y(n), (XTX)™ = Op(n")
(b) lim, o maxp;pr = 0 forall M C {1,..., P} and
(¢) maxyes || =X,y XeXT — =32 cne XiXT ||= 0,(1)

Proof of lemma 5 Start with (a). Note that w,; = X;; — d;(Z]) for
j=1,...,P,di(z) = E(X;,|Z] = z) is a strictly stationary a-mixing process
with mixing coeficient a(t) = of with 0 < a < 1. Call A, =n~' 37 X, X7
then we prove that for¢,5 =1,..., P

I~ -
Anij = n ZXt,iXt,j — Aij
-1
such as A = [A,; ;] is a positive definite matrix (see A10). Indeed, note that

th—utj Zws Z})us ; + D, ; with D, ; = d;(Z]) — Zws (Z})d

s=1

nl]: Zutzut]_l_ ZDtJth+ Z(Zws ZqUSJZwk ukz)
__ZD”ZUJ’“ um——ZD“Zwkzquw ZUtJZwk Ukz
t=1
——Zu“Zwk s+ — ZDWU’”+ Zthutj Z‘]m-
5= m=0
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Jo converges from A4, A7 and ergodic theorem n™ ' "1 g juy LN E(uy ju1 ;).
Lipschitz kernel and maxi<;<n, Yooy ws(ZH (|| Z{ =24 ||> n=Y?) = O,(n"1/?)
yield

max |d;(Z7) — Zws (Z9)d,;(Z1)] = O, (n~1/?) (21)

1<t<n

Then, using Abel’s inequality and the latter equation (21), note that J; =
O,(n~1) = o(1). Further, lemma 4 for p = 1 — kA(k), r = 6, yields

n

| max D w,(Z])us,| = O (n" =12 10g 1) (22)
s=1

which along with Abel’s inequality yields Jo, = O,(n**®)~llogn) = o0,(1)
since in A5 kA(k) < 1/2. Similarly for m = 3,4 from equation (21) and (22)
Jm < C max | D, ]\maX\Zws (ZHus ;] = O,(n™®) "1 ogn) = 0,(1)

1<t<n

while Cauchy-Swartz inequahty for m = 5,6 along with the ergodic theorem
and equation (22)
1/2

I < C'n_l/2<2u“) max |Zwk Nug ;| = Op (B2 1ogn) = 0,(1)

1<t<n
t=1

from A5. Finally Cauchy-Swartz inequality, ergodic theorem and (21) for
m = T8 Jo < Cn 20 uf )P maxicicn [Digl = Op(nV?) = 0,(1).
Hence conclude (a). It can be easily seen that the ¢-th diagonal element is
PeM =D X2, Ci; where Cy; = O,(n™!) from (a), hence under assump-
tion A4, A5 and A7 conclude (b). Concentrate on (c):

maxyes || - e XX — 5 D ene XeX{ H<

max || —Z{XtXT BE(X, X} | +max | n— S {XXT - BXXD)} |

NeB " ny £
teN¢

Call 7, = XtXtT — E(X,XT) then we prove maxyep || Yoien Tt ||= 0p(na),
maxyes || D iene Tt ||= 0p(ne) using similar arguments like in (a). Details
are omitted. The proof is now complete.

Acknowledgement The author wishes to thank Professor Q. Yao for his
helpful comments. This report was produced parallel to another work and it

provides the technical details of theoretical findings.

16



References

Avramidis, P. (2003). Selecting regressors in partially linear models:
A technical report. Technical report, London School of Economics,

www.lse.ac.uk/collections/statistics/documents/researchreport92.pdf.

Bosq, D. (1998). Nonparametric statistics for stochastic processes: estima-

tion and prediction. New York: Springer.

Cai, Z., J. Fan, and Q. Yao (2003). Adaptive varying-coefficient linear
models. To appear in J. Roy. Statist. Soc. B.

Chen, H. and K. Chen (1991). Selection of the splined variables and conver-
gence rates in a partial spline model. Canad. J. of Statist. 19, 323-339.

Fan, J. and Q. Yao (2003). Nonlinear time series: nonparametric and
parametric methods. New York: Springer Series in Contributions to

Statistics Physica-Verlag.

Hardle, W., H. Liang, and J. Gao (2000). Partially Linear Models. New
York: Springer Series in Contributions to Statistics Physica-Verlag.

Roussas, G. G. (1988). Non-parametric estimation in mixing sequencies of
random variables. J. Statist. Plann. Inference 18, 135-149.

Speckman, P. (1988). Kernel smoothing in partial linear models. J. Roy.
Statist. Soc. Ser.B 50, 413-436.

Yao, Q. and H. Tong (1994). On subset selection in non-parametric

stochastic regression. Statistica Sinica 4, 51-70.

Yoshihara, K. I. (1976). Limiting behavior of U-statistics for stationary,
absolutely regular process. Z. Wahrsch. verw. Gebiete 35, 237-252.

17



