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Abstract

In an earlier work, it was shown that the combination of the leave

one out Cross Validation criterion introduced for nonparametric mod-

els and the leave-nv-out Cross Validation criterion used for linear re-

gressors selection has successfully identified the nonlinear and the lin-

ear variables of a partially linear model. This technical report deals

with the mathematical issues of the proposed two step procedure. Un-

der certain regularity conditions we prove analytically the consistency

of the regressors estimators.
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theorem, absolute regular process, consistency.
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1 Introduction

We begin with the introduction of the partially linear model. Let (Yt,Wt) be

a strictly stationary process with a scalar Yt and a vector of predictors Wt.

In a partially linear model the regression function is of the form E(Yt|Wt) =

XT
t θ + g(Zt) where Xt = (Wt,i)

T i ∈ P , Zt = (Wt,i)
T i ∈ Q the linear and

the nonlinear regressors. We begin with the enlarged regression model

Yt = E(Yt|Xt,Zt) + εt = XT
t θ + g(Zt) + εt (1)

where g : RQ → R an unknown function, θ = (θ1, . . . , θP )T the vector of

the parameters and εt = Yt − E(Yt|Xt,Zt) an error term. Then, it fol-

lows that E(εt|Xt,Zt) = 0. Call Ut = Yt − XT
t θ then equation (1) yields

E(Ut|Zt) = g(Zt). The proposed selection procedure is using the leave-one-

out cross validation criterion to select the nonlinear regressors, while the

linear regressors are identified using a Monte Carlo estimate of the leave-

nv-out cross validation criterion. Under mild regularity conditions, it was

argued that the two regressors subset estimators will converge in probabil-

ity to the true regressors subsets i.e. the estimators are consistent. One of

the most important condition is the existence and identifiability of the true

underlying model implied from assumption A1,

A1 We assume that the true model is the model with the optimal non-

parametric Zq
t = {Zt,1, . . . , Zt,q} and parametric Xp

t = {Xt,1, . . . , Xt,p}
components

where definition of the optimal nonparametric and parametric components

can be found in Yao and Tong (1994). In this report, we are presenting

the technical arguments used for the derivation of the asymptotic properties

of the regressors subset estimators as shown in an earlier work (Avramidis

2003). In particular, the calculations reveal that after removing the linear

effect, application of the leave-one-out cross validation criterion yields similar

results to a fully nonparametric model as shown by Yao and Tong (1994).

In other words, the linear term does not affect the asymptotic behavior of

2



the nonparametric subset estimator. An equivalent observation holds for

the parametric selection criterion MCCV for a specific range of nonpara-

metric bandwidths. This observation is more surprising as we expect that

the estimator of the nonparametric component will converge slower that the

parametric estimator. However, similar observations have been made by

Speckman (1988) and Härdle, Liang, and Gao (2000).

The following sections involve the mathematical results for the lemmas

and theorems that appear in the earlier discussion paper. Details for the

overall evaluation of the selection procedure, the intuitive arguments and for

numerical results see Avramidis (2003).

2 Consistency of the nonparametric regres-

sors estimator

We now focus on the selection of the nonparametric component. Call θ̂

the parameter estimator calculated by regressing Yt against Xt,1, . . . , Xt,P

and Ût = Yt − XT
t θ̂ the residuals. For any {i1, . . . , ik} ⊆ {1, . . . , Q} let

Zk
t = (Zt,i1 , . . . , Zt,ik)

T . The standard Nadaraya-Watson estimation for g(.)

is gn(z) =
∑n

t=1 wt,k(z)(Yt −Xt
T θ) and if we replace θ by its estimator θ̂ we

have ĝn(z) =
∑n

t=1 wt,k(z)(Yt −XT
t θ̂) with wt,k : Rk → R, a weight function

wt,k(z) = Kh(Z
k
t−z)/

∑n
r=1 Kh(Z

k
r−z) and Kh(.) = 1/hkK(./h), K : Rk → R

a k-dimensional kernel function. The leave-one-out estimators are g
(−s)
n (z) =∑n

t=1,t6=s w
(−s)
t,k (z)(Yt −XT

t θ) and ĝ
(−s)
n (z) =

∑n
t=1,t6=s w

(−s)
t,k (z)(Yt −XT

t θ̂) re-

spectively, where w
(−s)
t,k (z) = Kh(Z

k
t − z)/

∑n
r=1,r 6=s Kh(Z

k
r − z). The cross

validation function is defined:

CV (i1, . . . , ik) =
1

n

n∑
s=1

{Ûs − ĝ(−s)
n (Zs,i1 , . . . , Zs,ik)}2 for all {i1, . . . , ik}. (2)

The estimator for the optimal regression subset of the nonparametric com-

ponent is defined as

Q̂0 = arg min
{i1,...,ik}⊆{1,...,Q},1≤k≤Q

CV (i1, . . . , ik). (3)
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The following assumptions are necessary for the derivation of the asymp-

totic results. Let C > 0 be a constant that can take different values in

different places.

A2 For the least squares estimator θ̂: E ‖ θ̂ − θ ‖2= Op(n
−1).

A3 Let f(.) and p(.) the density functions of the random processes Zt and

Xt, f , p are Lipschitz function and the sets B1 = {z : f(z) > 0},
B2 = {z : p(z) > 0} are compact subsets of RQ and RP respectively.

A4 For the strictly stationary process {(Yt,Xt,Zt) : t = 1, 2, . . .} let

β(n) = supk≥1 E{supA∈=∞k+n
|P (A|=k

1) − P (A)|} where =n
k the sigma-

field generated by {(Yt,Xt,Zt) : k ≤ t ≤ n}. Then β(n) = O(n−(2+δ)/δ)

where 0 ≤ δ ≤ 2/5. In addition, there are positive integers mn and

ln = [n/(2mn)] such as lim supn→∞(1 + 6
√

eβ(mn)1/(1+ln))ln < ∞.

A5 For 1 ≤ k ≤ Q the kernel function Kh = K(./h) where K : Rk →
R a symmetric density function with bounded support satisfying the

Lipschitz condition. Further, for the bandwidth h = n−λ(k) it holds

that 0 < kλ(k) < 1/2 for 1 ≤ k ≤ Q.

A6 For mn defined in A4, lim supn→∞ lnn
−λ(k) < ∞ for all 1 ≤ k ≤ Q.

A7 E|Yt|6 < ∞, E ‖ Xt ‖6< ∞ and E(Yt|Xt, . . . ,X1,Zt, . . . ,Z1) =

E(Yt|Xt,Zt) for Xt = (Xt,1, . . . , Xt,P )T and Zt = (Zt,1, . . . , Zt,Q)T .

A8 For the g(z) = E(Ut|Zk
t = z),1 ≤ k ≤ Q it holds that |g(z1)− g(z2)| ≤

C ‖ z1 − z2 ‖γ where γ > 0 constant.

A9 For γ in A8, (k+γ)λ(k) > 1/2 for all 1 ≤ k ≤ Q and kλ(k) is a strictly

increasing function of k.

Lemma 1 Under assumptions A2-A9 it holds that

(a) For any {i1, . . . , ik}, 1 ≤ k ≤ q: CV (i1, . . . , ik)
P→ σ2(i1, . . . , ik) where

σ2(i1, . . . , ik) = E[Ut − E(Ut|Zt,i1 , . . . , Zt,ik)]
2.
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(b) If for some {i1, . . . , ik} holds that E(Ut|Zi1 , . . . , Zik) = E(Ut|Z1, . . . , Zq)

a.s. then

CV (i1, . . . , ik) =
1

n

n∑
s=1

ε2
s +

1

nhk
E(ε2

t /f(Zk
t ))

∫
K2(u)du + op(n

−1h−k).

Proof of lemma 1 Note that: CV (i1, . . . , ik) = 1
n

∑n
s=1{Ûs − Us}2 +

1
n

∑n
s=1{Us− ĝ

(−s)
n (Zk

s)}2 + 2
n

∑n
s=1{Ûs−Us}{Us− ĝ

(−s)
n (Zs

k)} = I1 + I2 + I3.

Assumptions A2-A4 along with Slutsky’s theorem yield

I1 =
1

n

n∑
s=1

{XT
t (θ̂ − θ)}2 =

1

n
(θ̂ − θ)T

n∑
s=1

XT
t Xt(θ̂ − θ) = op(n

−1)

Call ε
(i1,...,ik)
s = Us−g(Zk

s), then I2 =
∑3

j=1 I2,j with I2,1 = 1/n
∑n

s=1(ε
(i1,...,ik)
s )2,

I2,2 = 1/n
∑n

s=1{g(Zk
s)−ĝ

(−s)
n (Zk

s)}2 I2,3 = 2/n
∑n

s=1 ε
(i1,...,ik)
s {g(Zk

s)−ĝ
(−s)
n (Zk

s)}.
Using the ergodic theorem, (see Fan and Yao (2003), chap.2 prop 2.8) we have

that

I2,1
P→ E[Ut − E(Ut|Zt,i1 , . . . , Zt,ik)]

2 = σ2(i1, . . . , ik) (4)

For the remaining two terms, lemma 2 below shows that they converge in

probability to 0. Hence, we proved (a). Further, note that if

E(Ut|Zt,i1 , . . . , Zt,ik) = E(Ut|Zt,1, . . . , Zt,q) a.s. then ε(i1,...,ik)
s = εs

so I2,1 = 1
n

∑n
s=1 ε2

s. This along with the results in lemma 3 yields (b) and

the proof of lemma 1 is complete.

Lemma 2 Suppose A2-A8 hold. Then for any {i1, . . . , ik}, 1 ≤ k ≤ q

(a) 1
n

∑n
s=1 ε

(i1,...,ik)
s {g(Zk

s)− ĝ
(−s)
n (Zk

s)} P→ 0

(b) 1
n

∑n
s=1{g(Zk

s)− ĝ
(−s)
n (Zk

s)}2 P→ 0

Proof of lemma 2 (a): Note that n−1
∑n

s ε
(i1,...,ik)
s {g(Zk

s) − ĝ
(−s)
n (Zk

s)} =

n−1(
∑n

s ε
(i1,...,ik)
s {g(Zk

s)− g
(−s)
n (Zk

s)}+
∑n

s ε
(i1,...,ik)
s {g(−s)

n (Zk
s)− ĝ

(−s)
n (Zk

s)}) =

J1+J2. Concentrate on J1: n−1|∑n
r=1,r 6=s Kh(Z

k
s−Zk

r)−
∑n

r=1 Kh(Z
k
s−Zk

r)| =
op(n

−1+kλ(k)) = op(1) and supz:fk(z)>0 | 1n
∑n

r=1 Kh(z− Zk
r)− fk(z)| → 0. The
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latter is implied from assumption A3-A6 and theorem 3.1 Roussas (1988).

See also Yao and Tong (1994) or Cheng and Tong (1992). Hence it follows

that g(Zk
s)− g

(−s)
n (Zk

s) =

(
g(Zk

s)− g(−s)
n (Zk

s)
)( 1

n

n∑

r=1,r 6=s

Kh(Z
k
s − Zk

r)
)
(fk(Z

k
s))

−1(1 + op(1))

almost surely. Note that (g(Zk
s)− g

(−s)
n (Zk

s))
1
n

∑n
r=1,r 6=s Kh(Z

k
s − Zk

r) =

1

n

n∑

t=1,t6=s

Kh(Z
k
s − Zk

t ){g(Zk
s)− Ut} =

1

n

n∑
t=1

Kh(Z
k
s − Zk

t ){g(Zk
s)− g(Zk

t )}

+
1

n
Kh(0)g(Zk

s)−
1

n

n∑

t=1,t6=s

Kh(Z
k
s − Zk

t ){Ut − g(Zk
t )} =

=
1

nhk

( n∑
t=1

Cs,t −
n∑

t=1,t6=s

ε
(i1,...,ik)
t ds,t + K(0)g(Zk

s)
)

where ds,t = K((Zk
s−Zk

t )/h) and Cs,t = ds,t{g(Zk
s)−g(Zk

t )}. Hence, we write

g(Zk
s)− g

(−s)
n (Zk

s) =

(fk(Z
k
s))

−1

nhk

( n∑
t=1

Cs,t −
n∑

t=1,t6=s

ε
(i1,...,ik)
t ds,t + K(0)g(Zk

s)
)
(1 + op(1))

and therefore J1 = n−2h−k
( ∑n

s=1

∑n
t=1,t6=s ε

(i1,...,ik)
s {Cs,t−ε

(i1,...,ik)
t ds,t}f−1

k (Zk
s)

+K(0)
∑n

s=1 ε
(i1,...,ik)
s f−1

k (Zk
s)g(Zk

s)
)
(1 + op(1)) = J1,1 + J1,2 + op(J1,1 + J1,2).

From the ergodic theorem nhkJ1,2
P→ E(ε

(i1,...,ik)
s f−1

k (Zk
s)g(Zk

s)) and using con-

ditional argument and the fact that nhk → ∞ from A5, we prove J1,2
P→ 0.

For J1,1 we follow Yao and Tong (1994) and apply the decomposition of U-

statistics as proposed by Yoshihara (1976). Particularly, under certain con-

ditions, Yoshihara showed that a U-statistics Un = 2!(n−2)!/n!
∑n

i g(ξi1 , ξi2)

which is an estimator of a functional form ϑ(F ) =
∫

R2p g(x1, x2)dF (x1)dF (x2),

can be decomposed as

ϑ(F )+
∑

1≤i1<i2≤n

{g(ξi1 , ξi2)−
∫

g(ξi1 , ξi2)dF (ξi2)−
∫

g(ξi1 , ξi2)dF (ξi1)+ϑ(F )}.
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Call ηt = (Zk
t , ε

(i1,...,ik)
s )T and define H(ηt, ηs) =

ε(i1,...,ik)
s

(
Cs,t − ε

(i1,...,ik)
t ds,t

)
f−1

k (Zk
s) + ε

(i1,...,ik)
t

(
Ct,s − ε(i1,...,ik)

s dt,s

)
f−1

k (Zk
t )

and H(ηt) =
∫

H(ηt, ηs)dP (ηs) = ε
(i1,...,ik)
t f−1

k (Zk
t )

∫
Ct,sdP (Zk

s) then we can

write

J1,1 =
1

2n2hk

n∑

t6=s

{H(ηt, ηs)−H(ηs)−H(ηt)}+
n− 1

n2hk

n∑
t=1

H(ηt).

Note also that H(ηs, ηt) is symmetric and ηt is a strictly stationary absolutely

regular process. Hence, applying the above results for g(ξi1 , ξi2) = H(ηs, ηt)

and noting that
∫

H(ηt)dP (ηt) = 0 ⇒ ϑ(F ) = 0 we have that the first term

of J1,1 is equal to the remainder in Hoeffding’s projection decomposition of

the U-statistics. Further, assumption A3 yields

|H(ηt, ηs)| ≤ C
(
|ε(i1,...,ik)

s |+ |ε(i1,...,ik)
t |

)
+ C|ε(i1,...,ik)

s ||ε(i1,...,ik)
t | a.s.

and with assumption A7
∫ |H(ηt, ηs)|3dP (ηt)dP (ηs) < ∞ we have that lemma

1 of Yoshihara (1976) yields sups<t E|H(ηt, ηs)|3 < ∞. The latter along

with lemma 2 of Yoshihara (1976) implies E(n−2
∑n

t 6=s{H(ηt, ηs) −H(ηs) −
H(ηt)})2 = o(n−2) thus n−2h−k

∑n
t 6=s{H(ηt, ηs)−H(ηs)−H(ηt)} = op(n

−1h−k).

For the second term note that A3, A8 yield |H(ηt)| ≤ Chk+γ|ε(i1,...,ik)
t | a.s.

so (n− 1)/(n2hk)|∑n
t=1 H(ηt)| ≤ Chγn−1

∑n
t=1 |ε(i1,...,ik)

t | and the latter con-

verges a.s. to zero by the ergodic theorem. Thus, we have shown that

J1,1
P→ 0 which completes the proof of J1

P→ 0.

It remains to prove J2
P→ 0 in order to complete the proof of (a). From

assumption A3 it follows that Xt is bounded process i.e. ‖ Xt ‖≤ M < ∞
a.s. Consequently, from

1

n
|

n∑
s=1

ε(i1,...,ik)
s

( n∑

t=1,t6=s

w
(−s)
t,k (Zk

s)X
T
t (θ̂ − θ)

)
| ≤ M ‖ θ̂ − θ ‖ 1

n

n∑
s=1

|ε(i1,...,ik)
s |

ergodic theorem and A2 yield J2
P→ 0. The proof of (b) contains similar

technical details with the proof of (a) so omitted and lemma 2 is complete.
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Lemma 3 Suppose A2-A9 hold and that for some {i1, . . . , ik} and 1 ≤ k ≤ q

E(Yt|Xt, Zi1 , . . . , Zik) = E(Yt|Xt, Z1, . . . , Zq) a.s. (5)

(a) n−1
∑n

s=1 ε
(i1,...,ik)
s {g(Zk

s)− ĝ
(−s)
n (Zk

s)} = op(n
−1h−k)

(b) n−1
∑n

s=1{g(Zk
s)− ĝ

(−s)
n (Zk

s)}2 = n−1h−kµ + op(n
−1h−k)

with µ = E(ε2
t /f(Zk

t ))
∫

K2(u)du.

Proof of lemma 3 (a): From lemma 2, J1,2 = op(n
−1h−k) while for J1,1

we have that n−2h−k
∑n

t 6=s{H(ηt, ηs) −H(ηs) −H(ηt)} = op(n
−1h−k). Note

that under (5) we have that E(H(ηt)H(ηs)) = 0 for s < t the latter from

the fact that E(H(ηt)|Xt, . . . ,X1,Zt, . . . ,Z1) = C(Zt)E(εt|Xt,Zt) = 0. It

follows that E(n−1
∑n

t=1 H(ηt))
2 = n−1EH2(ηt) ≤ Ch2k+2γn−1 which along

with A9 yields

n− 1

n2hk

n∑
t=1

H(ηt) = Op(
n− 1

nhk
(
h2k+2γ

n
)1/2) = Op(h

γn−1/2) = op(n
−1h−k).

We conclude that J1 = op(n
−1h−k). Similarly, note that assumption A7 im-

plies E(εtεs) = 0 so we can write E|J2|2 ≤ n−1M2E ‖ θ̂ − θ) ‖2 E(ε2
t ) ⇒

E|J2|2 = o(n−2) the latter from A2. Therefore, J2 = Op(E|J2|2)1/2 =

Op(n
−1) = op(h

−kn−1) and conclude. For (b): n−1
∑n

s=1{g(Zk
s)−ĝ

(−s)
n (Zk

s)}2 =

1

n

n∑
s=1

{g(Zk
s)− g(−s)

n (Zk
s)}2 +

1

n

n∑
s=1

{g(−s)
n (Zk

s)− ĝ(−s)
n (Zk

s)}2

+
2

n

n∑
s=1

{g(Zk
s)− g(−s)

n (Zk
s)}{g(−s)

n (Zk
s)− ĝ(−s)

n (Zk
s)} =

3∑
j=1

Rj

First, concentrate on R1. Recall lemma 2, then we can easily see that

R1 =
1

n3h2k

n∑
s=1

n∑

t=1,t6=s

(Cs,t − εtds,t)
2f−2(Zk

s)+

+
1

n3h2k

n∑
s=1

n∑

t1,t2=1,t1 6=t2 6=s

(Cs,t1 − εt1ds,t1)(Cs,t2 − εt2ds,t2)f
−2(Zk

s)
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+
2

n3h2k
K2(0)

n∑
s=1

n∑

t=1,t6=s

g(Zk
s)(Cs,t − εtds,t)f

−2(Zk
s)

+
1

n3h2k
K2(0)

n∑
s=1

g2(Zk
s)f

−2(Zk
s) + op(R1) =

4∑
j=1

R1,j(1 + op(1))

The process ηt defined in lemma 2 can be written as ηt = (Zk
t , εt)

T under (5)

and hence define

H1(ηt, ηs) = (C2
s,t−2Cs,tεtds,t+ε2

t d
2
s,t)f

−2(Zk
s)+(C2

t,s−2Ct,sεsdt,s+εs
sd

2
t,s)f

−2(Zk
t )

and H1(ηt) =
∫

C2
s,tf

−2(Zk
s)dP (Zk

s)− 2εt

∫
Cs,tds,tf

−2(Zk
s)dP (Zk

s)

+ε2
t

∫
d2

s,tf
−2(Zk

s)dP (Zk
s) + f−2(Zk

t )

∫
C2

t,sdP (Zk
s) + f−2(Zk

t )

∫
ε2
sd

2
t,sdP (Zk

s)

thus R1,1 =
1

2n3h2k

n∑

t 6=s

{H1(ηt, ηs)−H1(ηt)−H1(ηs)−
∫

H1(ηt)dP (ηt)}

+
1

2nh2k

∫
H1(ηt)dP (ηt) +

n− 1

n3h2k

n∑
t=1

H1(ηt)

Note that like in lemma 2 the first term can be interpreted as the remain-

der in Hoeffding’s projection decomposition of the U -statistics generated by

H1(ηt, ηs) and using similar arguments we show that

1

2n3h2k

n∑

t 6=s

{H1(ηt, ηs)−H1(ηt)−H1(ηs)−
∫

H1(ηt)dP (ηt)} = op(n
−1h−k).

(6)

For the second term note n−1h−2k
∫

H1(ηt)dP (ηt) =

1

nh2k

∫
C2

s,tf
−2(Zk

t )dP (Zk
s)dP (Zk

t ) +
1

nh2k

∫
ε2
t d

2
s,tf

−2(Zk
s )dP (Zk

s)dP (Zk
t )

but from A3 and A8-A9 the first part is O(h2γ+2kn−1h−2k) = o(n−1h−k) while

the second part is

1

nh2k

∫
ε2
t d

2
s,tf

−2(Zk
s)dP (Zk

s)dP (Zk
t ) ∼ n−1h−kE(ε2

t /f(Zk
t ))

∫
K2(u)du
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where with ∼ we imply that they are asymptotically equivalent. Thus

1

2nh2k

∫
H1(ηt)dP (ηt) = n−1h−kE(ε2

t /f(Zk
t ))

∫
K2(u)du+ op(n

−1h−k). (7)

For the third term of R1,1 note that

E
( 1

n

n∑
t=1

H1(ηt)
)2

= E
( 1

n2

n∑
t=1

H2
1 (ηt)

)
+ E

( 2

n

n−1∑
t=1

(1− t

n
)H1(η1)H1(ηt+1)

)

=
1

n
E(H2

1 (ηt)) + E(
2

n

n−1∑
t=1

(1− t

n
)H1(η1)H1(ηt+1)) = O(h4k)

the latter from A8 and A9. Hence

n− 1

n3h2k

n∑
t=1

H1(ηt) = Op(n
−1) = op(n

−1h−k). (8)

(6),(7) and (8) yield R1,1 = n−1h−kE(ε2
t /f(Zk

t ))
∫

K2(u)du + op(n
−1h−k),

Using similar arguments based on the decomposition of U -statistics we can

show that R1,j = op(n
−1h−k) for j = 2, 3 while the standard ergodic theorem

yields R1,4 = op(n
−1h−k). Therefore we proved

R1 = n−1h−kE(ε2
t /f(Zk

t ))

∫
K2(u)du + op(n

−1h−k). (9)

For R2 note that R2 = n−1
∑n

s=1(
∑n

t=1,t6=s w
(−s)
t,k (Zk

s)X
T
t (θ̂− θ))2 thus |R2| ≤

C ‖ θ̂ − θ ‖2 n−1
∑n

s=1 |
∑n

t=1,t6=s w
(−s)
t,k (Zk

s)|2 and since
∑n

t=1,t6=s w
(−s)
t,k (Zk

s) =

Op(1) assumption A2 yields E|R2| = O(n−1) ⇒

R2 = Op(n
−1) = op(n

−1h−k). (10)

Note that Cauchy-Schwartz inequality yields E|R3| ≤ (E(R1))
1/2(E(R2))

1/2

⇒ E|R3| = O(h−k/2n−1/2)o(h−k/2n−1/2) = o(n−1h−k) so

R3 = Op(E|R3|) = op(n
−1h−k) (11)

and the proof of (b) concludes from (9),(10) and (11).

We now state the main theorem that proves the consistency of the pro-

posed leave-one-out cross validation criterion.

10



Theorem 1 Under assumptions A1-A9, it holds that

lim
n→∞

P (Q̂0 = {1, . . . , q}) = 1

Proof of theorem 1 For any {i1, . . . , ik} subset of {1, . . . , Q} and 1 ≤
k ≤ Q, if σ2(i1, . . . , ik) > σ2(1, . . . , Q) = σ2(1, . . . , q) then from lemma

1(a) it follows that P
(
CV (1, . . . , q) < CV (i1, . . . , ik)

)
→ 1. Alternatively,

if σ2(i1, . . . , ik) = σ2(1, . . . , Q) = σ2(1, . . . , q) then condition (5) in lemma 3

holds. Note also that by definition k > q. Hence, from assumption A9,

hq/hk = nkλ(k)−qλ(q) →∞ as n →∞ (12)

thus lemma 1 (b) along with (12): P
(
CV (i1, . . . , ik)− CV (1, . . . , q) > 0

)
=

P
(
nhq(CV (i1, . . . , ik)− CV (1, . . . , q)) > 0

)

= P
(hq

hk

∫
K2(u)du{E(ε2

t /f(Zk
t ))− E(ε2

t /f(Zq
t ))}+ op(h

q−k) > 0
)
→ 1

⇒ P (Q̂0 = {1, . . . , q}) → 1 as n →∞ and theorem’s proof is complete.

Note here that the main terms of the decomposition of the CV-function

are the same with those derived in Yao and Tong (1994) for a fully nonpara-

metric model.

3 Consistency of the parametric regressors

estimator

For any M ⊂ {1, . . . , P} we write Yt = (XM
t )T θM + g(Zq

t ) + εt,M where

XM
t = (Xt,i : i ∈ M)T and εt,M = Yt − E(Yt|XM

t ,Zq
t ). Substituting g(.) with

the nonparametric estimator gn(Zq
t ) =

∑n
s=1 ws,q(Z

q
t )(Ys −XT

s θ) yields that

the least squares estimator of θM is

θ̂M = (X̃T
MX̃M)−1X̃T

MỸ. (13)

where Ỹt = Yt −
∑n

s=1 ws,q(Z
q
t )Ys and X̃M

t = XM
t −∑n

s=1 ws,q(Z
q
t )X

M
s . Let

M0 denote the true underlying regressors subset. The conditional expected

11



mean square error is found to be EMSEn(M) = σ2
ε̃ − m

n
σ2

ε̃ + Ωn,M where

σ2
ε̃ = 1

n
E(ε̃T ε̃) and Ωn,M = 1

n
θT X̃THMX̃θ. Details can be found in Avramidis

(2003). The important observation is that the parametric estimator is not

affected by the slower rate of convergence of the nonparametric estimator, a

result already stated in earlier works by Speckman (1988) and Härdle, Liang,

and Gao (2000). In addition to A1-A9, we impose the following assuption

A10 For every M ⊂ {1, . . . , P} E(X̃T
MX̃M) is a positive definite matrix

with order m×m. Further, for all M such that M0 *M it holds that

lim infn→∞ Ωn,M > 0 in probability.

Note that for every M ⊂ {1, . . . , P} with M0 ⊂ M EMSEn(M) = 1
n
(n −

m)σ2
ε̃ from X̃θ = X̃MθM . Further let dj(z) = E(Xt,j|Zq

t = z) and define

ut,j = Xt,j − dj(Z
q
t ) for j = 1, . . . , P and ut = (ut,1, . . . , ut,P )T . The leave-

nv-out cross validation function is defined by CV (M,nv) = n−1
v ‖ ỸN −

X̃N,M θ̂Nc,M ‖2 where the data is split to {(Ỹt, X̃t) : t ∈ N} the validation

data used for the calculation of the cross validation function and {(Ỹt, X̃t) :

t ∈ N c}, the construction data used for fitting the model. Note here that N c

is the compliment of N ⊂ {t : t = 1, . . . , n} and nv is the dimensionality of

N . To calculate the leave-nv-out CV function we employ the Monte Carlo

technique. We randomly draw a collection B of b subsets of {1, . . . , n} each

one with size nv then the estimator for the optimal regression subset of the

linear component is defined as

M̂ = arg min
M⊂{1,...,P}

MCCV (M, nv). (14)

where MCCV (M,nv) = 1
bnv

∑
N∈B ‖ ỸN − X̃N,M θ̂Nc,M ‖2.

Theorem 2 Assume that A1-A10 hold and that nv/n → 1, nc = n− nv →
∞ and n2/n2

cb → 0 as n →∞, then we have

(1) If M0 *M , then there exists Rn ≥ 0 such that

MCCV (M, nv) =
1

b

∑
N∈B

ε̃T
N ε̃N + Ωn,M + Rn + op(1)

where ε̃N = ỸN − X̃Nθ.

12



(2) If M0 ⊂ M , then MCCV (M, nv) = 1
b

∑
N∈B ε̃T

N ε̃N + m
nc

σ2
ε̃ + op(n

−1
c ).

(3) Combining (1) and (2) we conclude limn→∞ P (M̂ = M0) = 1.

Proof of theorem 2 The proof is based on the proof of theorem 2 in Shao

(1993). Also, similar result for the partial linear model can be found in

theorem 2.2 Gao and Tong (2002). Hence we only present an outline of the

proof and particularly we show that conditions in theorem 2 Shao (1993)

hold. Indeed condition 2.5 3.12 and 3.22 have been introduced in directly in

the theorem. Hence, it remains to show

max
N∈B

‖ 1

nv

∑
t∈N

X̃tX̃
T
t −

1

nc

∑
t∈Nc

X̃tX̃
T
t ‖= op(1) (15)

X̃T X̃ = Op(n), (X̃T X̃)−1 = Op(n
−1) and (16)

lim
n→∞

max pt,M = 0 for all M (17)

where pt,M is the t-th diagonal element of PM . Lemma 5 establishes the

above conditions so the outline of the proof of theorem 2 is complete. The

proof of theorem 2 is based on the following lemma which is an extension of

lemma A.3 in Härdle, Liang and Gao (2000) for α-mixing processes. Proofs

are postponed to Appendix A.

Lemma 4 Let X1, . . . , Xn be zero mean, strictly stationary, α-mixing, real

valued r.v. Let the mixing coefficients follow t6α(t) → 0. Suppose that

for some r > 2, sup1≤i≤n E|Xi|r < C < ∞ and denote with αi,j with

i, j = 1, . . . , n a sequence of positive numbers such that sup1≤i,j≤n |αi,j| ≤
n−p for some 0 < p < 1. Then it holds that max1≤j≤n |

∑n
i=1 αi,jXi| =

o(n−p+1/3+1/r log n).

Proof of lemma 4 Define X
′
i = XiI(|Xi| ≤ n1/r) and X

′′
i = Xi − X

′
i .

Note that sup1≤i≤n |αi,jX
′
i | < Cn−pn1/r ≡ M . Then the exponential-type

inequality in theorem 1.3 in Bosq (1998) with ε = n−p−2/3+1/r log n and

q = n2/3 yields:

P
(

max
1≤j≤n

|
n∑

i=1

αi,j(X
′
i −EX

′
i)| > nε

)
≤

n∑
j=1

P
(
|

n∑
i=1

αi,j(X
′
i −E(X

′
i))| > nε

)

13



≤ 4n exp

(
− ε2q

8v2(q)

)
+ 22n1+2/3(1 +

4M

ε
)1/2α([n1/3/2])

where α(k) we denote the mixing coefficient and

v2(q) ≤ 8

n2/3
{max

0≤t≤n
E(αi,j(X

′
i − EX

′
i))

2 + 8M2

[n2/3]+1∑

k=1

α(k)}+
Mε

2
.

Note that v2(q) ≤ CM2n−2/3 + 1
2
Mε ≤ Cn−2p+2/r−2/3 thus, we have that

P
(

max
1≤j≤n

|
n∑

i=1

αi,j(X
′
i − EX

′
i)| > nε

)
≤ 4n exp

(
− Cn−2p−2+4/3+2/r log2 n

n−2p−2/3+2/r

)

+22n5/3(1 +
4Cn−p+1/r

n−p−2/3+1/r log n
)1/2α([n1/3/2]) ≤ 4n exp

(− log2 n
)

+22n2(n−2/3 + 4C log−1 n)1/2α([n1/3/2]) ≤ n1−log n + C2n
2α(n1/3) → 0

for the mixing coefficients holds that t6α(t) → 0 when t →∞. Thus, Borel-

Cantelli lemma yields

max
1≤j≤n

|
n∑

i=1

αi,j(X
′
i − EX

′
i)| = o(n−p+1/r+1/3 log n) (18)

For the second process X
′′
i , note that Hölder’s inequality with m,l such as

1/m ≤ 1/3 and 1/m + 1/l = 1 yields

max
1≤j≤n

|
n∑

i=1

αi,j(X
′′
i − EX

′′
i )| ≤ max

1≤j≤n

( n∑
i=1

|αi,j|m
) 1

m
( n∑

i=1

|X ′′
i − EX

′′
i |l

) 1
l

≤ Cn−p+1/m
( ∑n

i=1 |X
′′
i − EX

′′
i |l

) 1
l
. Ergodic theorem yields

1

n

n∑
i=1

(
|X ′′

i − EX
′′
i |l − E|X ′′

i − EX
′′
i |l

)
a.s.→ 0. (19)

Note that X
′′
i = Xi − X

′
i = Xi − XiI(|Xi| ≤ n1/r) = XiI(|Xi| ≥ n1/r) and

E|X ′′
i |l = E(|Xi|lI(|Xi| ≥ n1/r)) ≤

(
E|Xi|r

)l/r(
E(I(|Xi| ≥ n1/r))

)1−l/r

=
(
E|Xi|r

)l/r(
P (|Xi| ≥ n1/r)

)1−l/r

≤
(
E|Xi|r

)l/r(E|Xi|r
n

)1−l/r
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the latter from Markov inequality, thus we have E|X ′′
i |l ≤ E|Xi|rnl/r−1.

Hence, from E|X ′′
i − EX

′′
i |l ≤ CE|X ′′

i |l ≤ CE|Xi|rnl/r−1 ≤ Cnl/r−1 along

with (19) we prove that
∑n

i=1 |X
′′
i − EX

′′
i |l ≤ Cnl/r a.s. hence

max
1≤j≤n

|
n∑

i=1

αi,j(X
′′
i − EX

′′
i )| ≤ Cn−p+1/m+1/r = o(n−p+1/3+1/r log n) (20)

and lemma concludes from (18) and (20).

Lemma 5 Under assumptions A4-A5 and A7 it holds that

(a) X̃T X̃ = Op(n), (X̃T X̃)−1 = Op(n
−1)

(b) limn→∞ max pt,M = 0 for all M ⊂ {1, . . . , P} and

(c) maxN∈B ‖ 1
nv

∑
t∈N X̃tX̃

T
t − 1

nc

∑
t∈Nc X̃tX̃

T
t ‖= op(1)

Proof of lemma 5 Start with (a). Note that ut,j = Xt,j − dj(Z
q
t ) for

j = 1, . . . , P , dj(z) = E(Xt,j|Zq
t = z) is a strictly stationary α-mixing process

with mixing coeficient α(t) = αt with 0 < α < 1. Call An = n−1
∑n

t=1 X̃tX̃
T
t

then we prove that for i, j = 1, . . . , P

An,i,j =
1

n

n∑
t=1

X̃t,iX̃t,j → Ai,j

such as A = [Ai,j] is a positive definite matrix (see A10). Indeed, note that

X̃t,j = ut,j −
n∑

s=1

ws(Z
q
t )us,j + Dt,j with Dt,j = dj(Z

q
t )−

n∑
s=1

ws(Z
q
t )dj(Z

q
t ).

An,i,j =
1

n

n∑
t=1

ut,iut,j +
1

n

n∑
t=1

Dt,jDt,i+
1

n

n∑
t=1

(
n∑

s=1

ws(Z
q
t )us,j

n∑

k=1

wk(Z
q
t )uk,i

)

− 1

n

n∑
t=1

Dt,j

n∑

k=1

wk(Z
q
t )uk,i− 1

n

n∑
t=1

Dt,i

n∑
s=1

wk(Z
q
t )us,j− 1

n

n∑
t=1

ut,j

n∑

k=1

wk(Z
q
t )uk,i

− 1

n

n∑
t=1

ut,i

n∑
s=1

wk(Z
q
t )us,j +

1

n

n∑
t=1

Dt,jut,i +
1

n

n∑
t=1

Dt,iut,j =
8∑

m=0

Jm.
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J0 converges from A4, A7 and ergodic theorem n−1
∑n

t=1 ut,jut,i
P→ E(u1,ju1,i).

Lipschitz kernel and max1≤t≤n

∑n
s=1 ws(Z

q
t )I(‖ Zq

t−Zq
s ‖> n−1/2) = Op(n

−1/2)

yield

max
1≤t≤n

|dj(Z
q
t )−

n∑
s=1

ws(Z
q
t )dj(Z

q
t )| = Op(n

−1/2) (21)

Then, using Abel’s inequality and the latter equation (21), note that J1 =

Op(n
−1) = o(1). Further, lemma 4 for p = 1− kλ(k), r = 6, yields

| max
1≤t≤n

n∑
s=1

ws(Z
q
t )us,j| = Op(n

kλ(k)−1/2 log n) (22)

which along with Abel’s inequality yields J2 = Op(n
2kλ(k)−1 log n) = op(1)

since in A5 kλ(k) < 1/2. Similarly for m = 3, 4 from equation (21) and (22)

Jm ≤ C max
1≤t≤n

|Dt,j| max
1≤t≤n

|
n∑

s=1

ws(Z
q
t )us,i| = Op(n

kλ(k)−1 log n) = op(1)

while Cauchy-Swartz inequality for m = 5, 6 along with the ergodic theorem

and equation (22)

Jm ≤ Cn−1/2
( n∑

t=1

u2
t,i

)1/2

max
1≤t≤n

|
n∑

s=1

wk(Z
q
t )us,j| = Op(n

kλ(k)−1/2 log n) = op(1)

from A5. Finally Cauchy-Swartz inequality, ergodic theorem and (21) for

m = 7, 8 Jm ≤ Cn−1/2(
∑n

t=1 u2
t,i)

1/2 max1≤t≤n |Dt,j| = Op(n
−1/2) = op(1).

Hence conclude (a). It can be easily seen that the t-th diagonal element is

pt,M =
∑m

r,j=1 X̃2
t,irCt,j where Ct,j = Op(n

−1) from (a), hence under assump-

tion A4, A5 and A7 conclude (b). Concentrate on (c):

maxN∈B ‖ 1
nu

∑
t∈N X̃tX̃

T
t − 1

nc

∑
t∈Nc X̃tX̃

T
t ‖≤

max
N∈B

‖ 1

nu

∑
t∈N

{X̃tX̃
T
t − E(X̃tX̃

T
t )} ‖ + max

N∈B
‖ 1

nc

∑
t∈Nc

{X̃tX̃
T
t − E(X̃tX̃

T
t )} ‖

Call τt = X̃tX̃
T
t − E(X̃tX̃

T
t ) then we prove maxN∈B ‖

∑
t∈N τt ‖= op(nu),

maxN∈B ‖
∑

t∈Nc τt ‖= op(nc) using similar arguments like in (a). Details

are omitted. The proof is now complete.
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