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1. Introduction

The distributional form of returns on financial assets has important impli-
cations for theoretical analysis in economics and finance. Earlier theories were
based on normal distribution, while the excess kurtosis found in Fama (1965)
and others led to the rejection of the normal assumption and adoption of the
stable Paretian distribution as a statistical model for asset returns. Since then,
there has been a proliferation of distributions to describle the law of asset re-
turns. Distributions such as Student-¢, mixtures of normals and the Weibull
provide in many instances models with better statistical fit than the stable

Paretian law; see Mittnik and Rachev (1993), and other references therein.

On the other hand, aspects of conditional distributions are the focus of the
class of autoregressive conditionally heteroscedastic models which were intro-
duced by Engle (1982) and extended by Bollerslev (1986), and are widely used
in financial modeling. These of ARCH/GARCH models have attracted sub-
stantial attention in the literature. However, it seems that few papers have

discussed both the distributions and conditional heteroscedasticity together.

In this paper, we consider the following process

X, = Z\/B+AX2,, teN (1.1)

where the noise {Z;} is a sequence of independent and identically distributed
random variables with a common mixture of normal distributions and with zero
mean and unit variance. Here, 8 > 0 and A > 0 are two constants. We will call
model (1.1) an ARCH(1) process driven by a mixture of normals, and denote

it by ARCH-MN(1).

When Z; has a standard normal distribution instead of a mixture of normals,

we have the classical ARCH(1) process, which we also call the normal ARCH(1)



and denote by {X } Thus,
xO = 70+ ax2)2,  teN, (1.2)

where the noise {Zt(o)} is a sequence of independent and identically distributed
standard normal random random variables. This normal ARCH(1) process was
studied in Embrechts et al. (1997), including the stationarity region, some
properties on moments, the tail behaviour and extremes. We summarize some

of their results in the following theorem.

Theorem 1.1. (Embrechts et al. (1997)) Let {X } be a normal ARCH(1)

process defined by (1.2).

(a) When A € (0,2€¢7), where v = 0.5772 is Euler’s constant, there exists
some random variable X(©) such that Xt(o) 0) (« 7 means convergence
in distribution). Moreover, if X(U) 4 x(0) (“A 4 B” stands for that A and B
have the same distribution), then the process {X } is strictly stationary.

(b) For A € (0,1), {X } is stationary with finite variance E[(X(O))Q] =
B/(1 = X), and when 1 < X < 2e7 = 3.5621, {X } is stationary with infinite

variance.

(c) When {X } is strictly stationary, there exist two positive constants

co = co(B,\) >0 and kg = Ko(A) > 0 such that
(|X | > 1) ~ cox 2RO, T — 00. (1.3)

(d) Let MmO = max(|X | |X |) When {X } is strictly stationary,

there exists a third positive constant 6y = 0y(8, A) such that

lim P(n=1/2%0MO) < 1) = exp{—colpz =2 0}, x>0, (1.4)

n—o0

where ¢y and ko are the same as in (c).

Compared with the normal ARCH(1) process {X } the ARCH-MN(1)

process {X;} has the following properties.



(A) stationarity region. The stationarity region for {X;} is A € (0,2e71?),
where d > 0 is a positive constant. The stationarity region becomes wider. In
this case, there also exists some random variable X such that X, 4 x , and
when X 4x , { X} is strictly stationary.

(B) Variance. For A € (0,1), {X;} is stationary with finite variance
E(X?) = /(1 = A), and when 1 < X < 2¢7"9, {X,} is stationary with infinite
variance.

(C) Tail behaviour. When {X,} is strictly stationary, there exist two

positive constants ¢ = ¢(3,A) > 0 and k = k(\) > 0 such that
P(|Xy| > z) ~ cx 2", x — 00. (1.5)

When X € (0,1), k < Ko, that’s to say, {X;} has heavier tail than {Xt(o)} in
this sense; while when A > 1, k > kg, {X;} has lighter tail.
(D) Extremes. Let M, = max(|Xi|,---,|Xn|). When {X;} is strictly

stationary, there exists a positive constant 8 = (5, \) such that

lim P(n~'?*M, < z) = exp{—chz 2"}, z >0, (1.6)

n— 00

where ¢ and k are the same as in (C).

The positive constant § in (A) depends on the mixing structure. The con-
stants ¢ and k depend on the mixing structure as well as the parameters 8 and
A. We will discuss this in detail in section 2. Two examples, {Z;} in the form
of a discrete mixture of normals and the other a continuous mixture, are given

in section 3. Some numerical results are also given in this section.

2. Properties of ARCH(1) process with mixing normal noise

Mixtures of measures or distributions occur frequently in the theory and

applications of probability and statistics. It has drawn a lot of attentions from



both statisticians and economitrians for more than half a century; an early

reference is Robbins (1948).

Firstly, we describe the mixing structure considered in this paper. Let
F =A{p(z,y),y € H} be a family of probability density functions, where H is

some index set, and for each y € H,
¢(x,y) = (V2ro(y) " exp{—a*/20°(y)}, =z €R

is the probability density function of a normal distribution with zero mean and
variance o2(y) > 0. Moreover, let G(-) be a probability measure (or, distribu-

tion) on H. We define a new probability density function f(z) as follows:

flz) = ¢(z,y)dG(y), zeR (2.1)
yeH

Then, f(z) is a mixing normal probability density function, or, a mixture of
normal distributions. Obviously, such a probability density function f(z) has
zero mean, and the corresponding variance is
O'JZc = / 2 f(z)de = / o?(y)dG(y).
z€R yeH
Furthermore, for convenience of comparison, we assume that f(z) has unit

variance and finite moments of all orders, that is,

| otwact) =1 (2.2)
ye

/ o2 (y)dG(y) < oo, keN (2.3)
yeH

Throughout this section, we assume that {X;} is an ARCH-MN(1) pro-
cess defined by (1.1), where the noise {Z;} is a sequence of independent and

identically distributed random variables having a common probability density

function f(z) defined by (2.1).



We have the following Lemma.

Lemma 2.1. Let Z be a mizture of normal random variables which has a
probability density function f(x) defined by (2.1). Assume that condition (2.2)

holds. Then,
E[In(AZ%)] <0 (2.4)
for any X € (0,2e719), where v ~ 0.5772 is Euler’s constant, and

5= — / In02(y)dG (y) > 0 (2.5)
yeH

is a constant. § =0 if and only if G is a trivial (singular) measure.

Proof. Notice that for the standard normal random variable Z(©)
E[n(Z®)?] = —y —In2 < 0,
where -y is Euler’s constant. And if Z ~ N(0,0?), then,
E(InZ?) =Ino? —y —In2.
So, by the definition of f(z), we have
E[ln(AZ?%)] = In)\ +/ Inz?f(z)dz
zeR
= In\+ / / In 22 (x, y)dzdG (y)
yeH JzeR
= ln)\—i—/ [Ino?(y) — v — In2)dG(y)
yeH

= ln)\—'y—ln2—i—/ Ino?(y)dG(y)
yeH

= InA—y—1n2-4,
where, by Jensen’s inequality and equation (2.2),

d = —/yEH Ino?(y)dG(y) > —1In [/yeH 02(y)dG(y)] =0,

and the equation holds if and only if G is a trivial measure. Therefore,

E[In(AZ?)] < 0 for any A € (0,2¢?*?). The proof is completed. [ ]



Now, we have the following theorem on the stationarity of the ARCH-MN(1)

model (1.1). The probability measure G(+) is assumed to be nontrivial.

Theorem 2.1. (Stationarity) Let {X;} be the ARCH-MN(1) process
defined by (1.1) and the noise {Z;} be a sequence of independent and identically
distributed random variables with a common distribution f(x) defined by (2.1).
Assume that conditions (2.2) and (2.3) hold. Then, when X € (0,2e719), where
v is Euler’s constant and § is a positive constant defined by (2.5), there exists

some random variable X such that
X — X, t — oo. (2.6)

Moreover, if we choose Xy 2 X and be independent of {Z}, then {X;} is
strictly stationary.
Proof. Notice that the squared process { X7} satisfies the following stochas-

tic recurrence equation,
2 _ 2 g2 2 2
Xy =A+ B X[ | =PZ; +\Z; X;_q, teN, (2.7)

where (A, B;) = (BZ2,\Z?) is a sequence of independent and identically dis-

tributed random vectors. Furthermore, by Lemma, 2.1, when A € (0,2e717),
Elln*(8Z})]| <In" B+ E(Z}) <o  and  E[In(AZ})] <O0. (2.8)

Therefore, by Proposition 8.4.3 in Embrechts et al. (1997), the proof is com-

pleted. |

Remark 2.1. It’s well known that the mixture of normal distribution has
a kurtosis greater than 3, in which sense, it has a heavier (fatter) tail than the
normal distribution. At first sight, it might be felt that the ARCH(1) process
with a noise having heavier tail would diverge more readily than that with a
lighter tail noise, thereby leading to a narrower stationarity region. However,

comparing Theorem 2.1 with Theorem 1.1, we can see that the ARCH-MN(1)



process {X;} defined by (1.1) has a wider stationarity region than the normal

ARCH(1) process {Xt(o)}.

Before considering the tail behaviour of {X;}, we give another lemma on

some properties of the mixture of normal distribution.

Lemma 2.2. Let Z be a mizture of normal random wvariable which has a
probability density function f(z) defined by (2.1). Assume that conditions (2.2)
and (2.3) hold. For X € (0,2¢7T%), where the constants vy and & are defined as

in Lemma 2.1, define
h(u) = E(A\Z?)", u > 0.

Then,

) / (W) dG) (29)

The function h is strictly convex in u, and there exists a unique solution Kk =

k(A) to the equation h(u) = 1. Moreover,

> 1, if A € (0,1),
k(A =1, ifx=1, (2.10)
<1, if A € (1,2e779),

and

E[(AZ%)" In(AZ?)] > 0. (2.11)

Proof. By symmetry of the mixture of normal density f(z) and integration

by parts, we have
hiu) = E(Az%“:A“E[(Z?)“]
_ m /H / )T @) exp{—a? (20 (1)} d G )
_ \2/’;;/%}[/ “(22) 26 % d2dG (y)

- (ﬁ r(u+§)/y€H< (4))"dG ),

8




which giving (2.9), By (2.3), h(u) is finite.

Notice that ~(0) =1 for all \. Furthermore, h has derivatives of all orders.

In particular,

K(u) = E[AZ%)“In(AZ?)], (2.12)

R'(u) = E[(AZ%)“(In(AZ?))?] > 0. (2.13)

Equation (2.13) implies that A is strictly convex on R. By Lemma 2.1, A/(0) =
E[In(AZ?)] < 0 for A\ € (0,2¢7?9). Moreover, it’s obvious that h(u) — oo as
u — o0; see Figure 2.1. Therefore, there exists a unique x > 0 such that
h(k) =1, and h'(k) > 0, which, together with (2.12), gives (2.11).

Finally, since h(1) = A, (2.10) follows by a monotonicity argument. The

proof is thus completed. |

Now, we are well prepared to give the following theorem on the tail be-
haviour of {X,}.

Theorem 2.2. (Tail behaviour) Let {X;} be an ARCH-MN(1) process
defined by (1.1) with parameters B > 0 and A € (0,2¢7T9), where constants v
and § are defined as in Lemma 2.1, and let the noise {Z;} be a sequence of
independent and identically distributed random variables with a common dis-
tribution f(x) defined by (2.1). Assume that conditions (2.2) and (2.3) hold.

Then,
P(|Xy| > z) ~ cx™2", T — 00, (2.14)

where

- E[((B 4+ AX?)" — (AX?)")(Z?)"]
KE[(AZ2)r In(AZ2)]

e (0, 00) (2.15)

for a mizture of normal random variable Z with density f(z), and be indepen-

dent of X 4 Xp.



Proof. The proof is complicated but similar to the proofs of Lemma 8.4.13,
Lemma 8.4.14 and Theorem 8.4.12 in Embrechts et al. (1997), and is thus

omitted. [ |

Finally, we proceed to compare the tail behaviour of the ARCH-MN(1)
process (1.1) with that of the normal ARCH(1) process (1.2). That is, we
compare the x in Theorem 2.1 with the ¢ in Theorem 1.1. Such a s or k¢ may
be called the tail probability exponent.

Theorem 2.3. (Comparison) (i) When A € (0,1), both processes are
stationary and the tail probability exponents k and kg exist. Moreover, 1 < k <
KQ-

(ii) When X € (1,2€7), both processes are stationary and the tail probability
exponents Kk and ko exist. Moreover, 0 < kg < k < 1.

(iii) When \ € [2¢7,2¢7T9), process (1.1) is stationary and the tail proba-
bility exponent k exists, and 0 < k < 1; process (1.2) is non-stationary.

Proof. Define ho(u) = E]X(Z()?]%, where Z() is a standard normal ran-

dom variable. The unique positive solution for hg(u) = 1 is denoted by k. By

Lemma 8.4.6 of Embrechts et al. (1997),

F(u—l— —). (2.16)
Comparing h(u) with ho(u), we have

h(u) = ho(u) / (o) da(),
Yy

By Jensen’s inequality and condition (2.2), the multiplier is

/yEH(UQ(y))udG(y) > (/yeH UZ(y)dG(y))u =1, when u > 1,

/yeH(UQ(y))“dG(y) < (/yeH 02(y)da(y))“ =1, whenu<L.

10
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Figure 2.1: The tail probability exponents k and kg for different parameter
values A = 0.5 (a) and A = 1.5 (b).

Therefore, h(u) < ho(u) when u < 1 and h(u) > ho(u) when u > 1, see Figure
2.1. Notice that k(A) > 1 for A < 1 and x(A\) < 1 for A > 1, then, the proof can

be completed by a monotonicity argument. |

Remark 2.2. We add the univariance condition (2.2) to the mixture of
normal distribution f(x) just for convenience of comparison. Actually, if this

condition fails to hold, that is, oj% # 1, we may define
Zt :O';IZt, EZ O'JZcIB, X:UJZ(A
and the model (1.1) can be rewrite as

X, = ZiJB+AX2,, teN, (2.17)

where {Zt} has zero mean and unit variance. Since AZ? = XZQ, all results in

this section still hold for model (2.17) with & changed by 0 = § + In (TJ%.

Remark 2.3. The comparison result (1.6) in (D) on extremes is actually
an analogue to (1.4) in (d), the normal ARCH case, and is thus omitted in this

paper. One can also see Hann et al. (1989) for a detailed proof.

11



3. Examples

In this section, we give some examples of the ARCH-MN(1) process (1.1) in

which the noise are dicrete, and respectively, continuous mixtures of normals.
3.1. Examples for discrete mixture

Firstly, we consider the ARCH(1) process (1.1) with a discrete mixture of
normal noise. For simplicity, we let f(z) be a mixture of two different normal
distributions. The mixing structure, including the index set H, the probability
measure G(y) on H and corresponding o2(y) (or, o(y)), is defined as follows.

H=1{1,2},
1G(1) =p=1-dG({2}), 0<p<l, (3.1)
0<o(l) <1<o(2).

In this setting, condition (2.3) automatically holds. In order that condition

(2.2) holds, we choose

32 -1
P= 520y —o2(1)

For such a mixture of normals distribution, we can immediately find that

the constant 0 in (2.5) is

(02(2) — 1) Ino?(1) + (1 — 0?(1)) In 0?(2)

0=- 2(2) — o?(1) ’ (32)
and the fundction h(u) is
20)4 1\ (0%(2) — 1)o?4(1 1—0%(1))o?%(2
h(u) = (\/% F<u+§)( (2) -1 0252;:(12(1) (1)o™(2) (3.3)

For either a standard normal noise or a mixture of normal noise, the equation
h(u) = 1 cannot be solved explicitly, but numerical solutions can be found as
shown in Table 3.1 for several different cases. In Table 3.1, when o2(1) =
02(2) = 1, the noise is standard normal; we include the normal case into this

table for the purpose of comparison. The symbol “NS” in the table means that

12



the process is non-stationary and therefore the tail probability exponent x does
not exist. The stationarity regions are also given in the table in the form of the

upper bound 2e719.

a?(1) 1 0.5 0.25 0.1
a2(2) 1 2 4 10
2¢710 | 3.562145 | 4.487951 | 8.183531 | 23.436172
A K(A) K(A) K(A) K(A)
0.1 13.247 7.516 4.506 2.825
0.3 4.181 2.913 2.084 1.623
0.5 2.366 1.903 1.526 1.309
0.7 1.587 1.415 1.247 1.147
0.9 1.153 1.113 1.069 1.041
1.0 1.000 1.000 1.000 1.000
1.5 0.542 0.627 0.758 0.855
2.0 0.311 0.414 0.604 0.761
2.5 0.170 0.275 0.491 0.692
3.0 0.076 0.176 0.404 0.637
3.5 0.008 0.103 0.333 0.591
4.0 NS 0.045 0.274 0.551
5.0 NS NS 0.180 0.485
6.0 NS NS 0.109 0.430
7.0 NS NS 0.053 0.383
8.0 NS NS 0.008 0.342
10.0 NS NS NS 0.271
12.0 NS NS NS 0.213
14.0 NS NS NS 0.163
16.0 NS NS NS 0.120
18.0 NS NS NS 0.082
20.0 NS NS NS 0.049
23.0 NS NS NS 0.006
Table 3.1  Tail probability exponents for some ARCH(1) processes with

discrete mizture of normal noises.

We can clearly see from Table 3.1 that the ARCH-MN(1) process (1.1) has
a wider stationarity region than the normal ARCH(1) process (1.2). The larger
is the variance ratio 02(2)/0%(1), the wider is the stationarity region. The tail

probability shrinks faster for A > 1 but more slowly for A € (0, 1).
3.2. Examples for continuous mixture

In this subsection, we consider two different cases of mixture.

13



The first one we want to study is a uniform mixture in which we let the
variances of the normal distributions for the mixture be uniformally distributed
in some interval H = (0,b), where b > 0 is a constant. In other words, we let
o?(y) =y for y € (0,b), and the mixture measure G(-) has a density g(y) = b *
for y € (0,b). In order that condition (2.2) holds, we choose b = 2, and condition

(2.3) automatically holds in this case.

We can readily find that
1 /2
5:——/ Inydy =1—1n2 > 0.
2 Jo

So, the stationarity region is A € (0,2e71%) ~ (0,4.8415). Moreover, the func-
tion h(u) is
2,0

hw) = ho(w) | %dy

L OOV 1
= ho(u) = WF(H 5).

The numerical solution for the tail probability exponent x can be found in Table

3.2 for several different parameter values.

A 0.5 1.0 1.5 2.0 3.0 4.0 8.0

normal case | 2.366 | 1.000 | 0.542 | 0.311 | 0.076 NS NS
uniform mixture | 2.000 | 1.000 | 0.623 | 0.417 | 0.192 | 0.069 NS
normal mixture | 1.566 | 1.000 | 0.748 | 0.597 | 0.418 | 0.310 | 0.104

Table 3.2  Tail probability exponents for some ARCH(1) processes with
continuous mizture of normal noises.

Another mixture case is the following normal mixture. The mixing structure

is defined as

In this case, the constant § is

5= / In(y2)dG(y) = —En(Z)2] = v + n2 > 0,
yeR

14



where Z(0) ~ N(0,1) and ~ is Euler’s constant. So, the stationarity region is

A € (0,2e719) =~ (0,12.6889). Moreover, the function h(u) is

) = ho(w) | (2)"d6() = haBl(ZO PP = B2 (u ).
ye

Some numerical results are also included in Table 3.2.
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