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It is known that semiparametric regression is often used without checking its suitability and compact-
ness. In theory, this may result in dealing with an unnecessarily complicated model. In practice, one may
encounter the computational difficulty caused by the spareness of the data. This is partly because the curse
of dimensionality problem may still arise from using a semiparametric regression model. This paper suggests
that in order to provide more precise predictions we need to choose the most significant regressors for both
the parametric and nonparametric components. We develop a novel cross-validation based model selection
procedure for the choice of both the parametric and nonparametric regressors in semiparametric regression,
and then suggest using a combination of the cross-validation based model selection and residual diagnostics
in the selection of completely linear, partially linear and fully nonparametric regression models. We illustrate
the cross-validation selection procedure through simulated and real data. Our small sample studies show

that the proposed cross-validation selection procedure works well numerically.

1. Introduction. In multivariate regression problems one of the tasks is to study the structural

relationship between the response variable Y and the vector of covariates X = (Xy,..., X,)” via
m(z) = E(Y|X = o),

where z = (21,...,24)7 and m(z) = m(zy,...,2,). The problem then is to fit a ¢—dimensional
surface to the observed data {(Xy,..., Xty Ys) @ ¢ > 1}, In practice, there is a growing number of
enormous (in millions) data sets in finance, business, economics, etc., that allow us to implement
multivariate surface smoothing techniques for exploring fine structural architecture, even when
there are several covariates. Although surface smoothing techniques appear to be feasible, there is
a serious problem: the so-called curse of dimensionality. This problem has been discussed and illus-
trated in many monographs, among which are Eubank (1988), Hardle (1990), Hastie and Tibshirani
(1990), Wahba (1990), Green and Silverman (1994), Fan and Gijbels (1996), and Hérdle, Liang and
Gao (2000). Recently, several nonparametric and semiparametric approaches have been proposed
to deal with the curse of dimensionality problem as well as some related problems. These include
additive partially linear regression modelling and nonparametric regression variable selection. For
additive partially linear regression modelling, interests focus on the construction of efficient estima-
tion procedures for both the parametric and nonparametric components. For example, Stone (1985,
1986), Heckman (1986), Rice (1986), Robinson (1988), Speckman (1988), Bhattacharya and Zhao
(1997), Fan and Gijbels (1996), Carroll, Fan, Gijbels and Wand (1997), Gao and Liang (1997),
Gao and Shi (1997), Mammen and van de Geer (1997), Fan, Hirdle and Mammem (1998), Shi
and Tsai (1999), Liang, Hérdle and Carroll (1999), Hirdle, Liang and Gao (2000), and others have
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constructed estimation procedures based on either the kernel method, the local linear method,
the orthogonal series approach or the spline approximation technique for additive partially lin-
ear models with independent and identically distributed (i.i.d.) observations; Robinson (1988),
Terdsvirta, Tjsstheim and Granger (1994), Gao and Liang (1995), Gao and Tong (1999), Gao and
Anh (1999), Gao and Yee (2000), Hardle, Liang and Gao (2000), Gao, Tong and Wolff (2001a,
2001b), and others have applied either the kernel approach or the orthogonal series approximation
method to estimate additive semiparametric time series regression. For the choice of regressors in
nonparametric regression, several papers have investigated the use of cross-validation (CV), gener-
alized cross-validation (GCV) and some other methods to construct consistent order selections for
nonparametric regression models under i.i.d. observations or dependent processes. For example,
Zhang (1991), Cheng and Tong (1992, 1993), Tjsstheim and Auestad (1994a, 1994b), Vieu (1994,
1995), Yao and Tong (1994), Tjgstheim (1999), and Gao, Wolff and Anh (2001) have considered
the selection of optimum regression variables for the i.i.d. case and the selection of significant lags
for the time series case by employing kernel-based determination criteria.

Recently, Fan, Hardle and Mammen (1998) have provided an efficient and direct way to deal
with the dimensionality reduction problem. In practice, however, before applying the additive
nonparametric regression technique to model real data, a crucial problem is whether an additive
nonparametric regression model is appropriate for a given set of data. In other words, we should
test for nonparametric additivity before using additive nonparametric regression to model a given
set of data. When an additive nonparametric regression model is not appropriate for a given set
of data, we need to find alternative methods to solve the dimensionality reduction problem. As
an alternative, this paper suggests combining the additive partially linear regression modelling
and nonparametric regression variable selection together to deal with the dimensionality reduction
problem. In theory, we can assume that the process (Y, Uy, X¢) satisfies the following model

Yi=UB+o(X0) + e (1.1)

where Uy = (Uy, ..., Uy)7 and Xy = (X4, ..., Xyy)7 are both time series, 8 = (f1,...,5,)7 is a
vector of unknown parameters, ¢ is an unknown function defined over R?, and the error process
e, satisfies Fle;] = 0 and 0 < F[e?] < oo. In practice, a crucial problem is how to identify U
and X, before applying model (1.1). For some cases, the identification problem can be solved
easily by using empirical studies. For example, when modelling electricity sales, it is natural to
assume the impact of temperature on electricity consumption to be nonlinear, as both high and
low temperatures lead to increased consumption, whereas a linear relationship may be assumed
for other regressors. See Engle, Granger, Rice and Weiss (1986). Similarly, when modelling the
dependence of earnings on qualification and labour market experience, our research [see Hardle,
Liang and Gao (2000)] shows that the impact of qualification on earnings to be linear, while the
dependence of earnings on labour market experience appears to be nonlinear. For many other cases,
the identification problem should be solved theoretically before using model (1.1). More recently,
Hérdle, Liang and Gao (2000, §6.2) have extended the discussion of Chen and Chen (1991) for the
i.i.d. case to the time series case.

Model (1.1) covers some existing cases. See for example, Robinson (1988), Speckman (1988),
Terdsvirta, Tjgstheim and Granger (1994), Gao and Liang (1995), Gao (1998), Gao and Yee (2000),
and others. In theory, model (1.1) can be used to overcome the dimensionality problem. In prac-
tice, however, model (1.1) itself may still suffer from the ”curse of dimensionality”. Thus, before
using model (1.1) one needs to consider a model selection problem. In other words, we need to de-



termine whether both the linear component and the nonparametric component are of the smallest
possible dimensions. For the partially linear model case, the conventional nonparametric cross-
validation model selection function simply cannot take the given linear component into account
but treats each linear regressor as a nonparametric regressor. As a result, the conventional non-
parametric cross-validation model selection function could neglect existing information about the
linear component and therefore cause model misspecification problem. Hence, we need to consider
an extension of existing parametric and nonparametric cross-validation model selection criteria
to the semiparametric setting. This paper proposes a novel model selection procedure combining
the leave—one—out cross-validation function for the choice of the nonparametric regressors and the
leave—T,—out cross-validation function for the choice of parametric regressors, where T, > 1 is
a positive interger satisfying T, — oo as the number of observations, T, converges to co. Our
proposed semiparametric cross-validation (CV) based model selection procedure has the following
features:

(i) It provides a general model selection procedure in determining asymptotically whether both
the linear component and the nonparametric component are of the smallest possible dimensions.
The procedure can select the true form of the linear component. Moreover, it could overcome
the difficulty known as the ”curse of dimensionality” arising from estimating the nonparametric

component in (1.1).

(ii) It extends the leave-T,~out cross-validation (CV) selection criterion for classical linear re-
gression (see Shao 1993, 1997; Zhang 1993) and the leave-one-out cross-validation selection criterion
(see Zhang 1991) for purely nonparametric regression to the semiparametric setting.

(iii) It is applicable to a wide variety of models, which include additive partially linear models
for both the i.i.d. case and the time series case. Both the methodology and theoretical techniques
developed in this paper can be used to improve statistical model building and forecasting.

In this paper, we propose the combined cross-validation (CV) based nonparametric and para-
metric regression model selection procedure and develop the related theory. Moreover, we illustrate
the CV criterion with simulated and real data sets. The organization of this paper is as follows.
Section 2 proposes two CV based selection criteria. Applications and illustrations of the criteria
are given in Section 3. The paper concludes with a discussion in Section 4. Assumptions and
mathematical proofs are given in Appendices A-C.

2. CV criteria for semiparametric regression. Although concepts like the Akaike’s infor-
mation criterion (AIC) and maximum likelihood do not carry over to the nonparametric situation
in a straightforward fashion, it makes sense to talk about prediction error and cross-validation in
the general framework. The equivalence of AIC and CV criterion for the parametric autoregres-
sive model selection was alluded by Tong (1976) and established by Stone (1977). Zhang (1991),
Bickel and Zhang (1992), Cheng and Tong (1992, 1993), Vieu (1994), and Yao and Tong (1994)
have studied the behavior of the CV criterion in nonparametric regression. In the following, we
construct a leave—one—out cross-validation criterion for the selection of nonparametric regressors in
Section 2.1 and then use a leave—T,—out cross-validation criterion for the selection of parametric
regressors in Section 2.2.

2.1. C'V criterion for nonparametric regressors. Although the linear regression normally fails to
fit nonlinear phenomena, the linear regression has still a useful role as a starting model. We therefore



suggest using a partially linear model of the form (1.1) to model nonlinear phenomena. On the
one hand, we need to take all possible factors into consideration when selecting the parametric and
nonparametric regressors. On the other hand, in order to avoid the computational difficulty caused
by the spareness of the data and to provide more precise prediction, we need only to choose the
most significant factors. For example, in searching for important factors which cause air pollution,
in principle we can assume that air pollution could be caused by high wind speed, extremely high
temperature and many other factors. In practice, however, only a small number of factors are often
selected as the true regressors.

Assume that the data {(Y;, Uy, Xy) : ¢ > 1} satisfy model (1.1). In this section, we assume that
the linear component is already compact in the selection of nonparametric regressors.

Let D denote all nonempty subsets of {1,2,...,q}. For any subset D € D, X;p is defined
as a column vector consisting of {Xy;,7 € D}. We use dp = |D| to denote the cardinality of D.
Throughout this paper, A C {1,2,...,q} means that A can be the maximum subset {1,2,...,q},
and B C {1,2,...,q} means that B cannot attain the maximum subset {1,2,...,¢}.

Assume that the data {(Y;, Uy, Xyp) : t > 1} satisfy
Y: =U{B(D) + ¢p(Xip) + e, (2.1)

where e;p is an error process, (D) = (51(D),...,5,(D))7 is a vector of unknown parameters

defined by
B(D) = {E (U, = EIU|X.p]) (Us = E[UJXp)"} " E (Us = E[UIX:p)) (Y: — EIYi|Xip])  (2:2)
under Assumption 2.1(i) below, and ¢p is an unknown function over R defined by
¢p(Xip) = ép(Xep, B(D)) = E{(Y: = U/ 5(D))[Xip} - (2.3)
For any D € D, define
¢p (U, Xep) = U7 3(D) + ¢p(Xip), W (U, Xy) = E[Y|Uy, Xi],

e:p =Y, — U B(D) — ¢p(Xip), 0ip = E{elp} and o7y = E{Y; — E[Y;|U;, X/]}*.

The following assumption imposes some existence and uniqueness conditions on the true version

of D.
AssuMPTION 2.1. (i) For every D € D, Ayp = E{U; — E[U|X:p]} {Us — F[U| X:p]} is a

positive definite matrix with order dp X dp.
(ii) Let Dy = {D € D, such that ¢»p = U} and Dy = {Dy € Dy, such that |Dg| = minpep, |D|}.
Assume that Dy is the unique element of Dy.

REMARK 2.1. (i) We should point out that when U; and X; have common components, As-
sumption 2.1 is not satisfied. The obvious remedy for this case is to put §;(D) = 0 when Uy; is
equal to a component of X;p.

(ii) From now on, we always assume both the existence and uniqueness of a true model. It
might be possible that there exists another subset Dy # Dy such that |Dy| = |Dg|. This makes
our discussion more complicated. Since it is not a likely case in practice, we agree to discard this
case. In order to avoid this case, Assumption 2.1(ii) requires that if there is another Dy # Dy,



D, € D such that waw = waoa then |Dg| > |Dg|. This defines the uniqueness of the true regression
function and furthermore requires that the true nonparametric regression function is of the smallest
possible dimension. For example, for the case where p =4 and Q = {1,2,3,4} if both

4 4
MQ&E: + 91(X41, Xy2) and MQ&EE + 92( X1, X2, Xva)

=1 =1
satisfy

2 2

4 4
EY; - MQ&E: - Sﬁbrubwv =LKqY; — MU UsiBai — ,Qwﬁm:aub?um&v = qw?

then only MUwHH UiiB1i + 91 (X1, Xi2) is defined as the true regression function.
(iii) Assumption 2.1 also implies that if there is another pair (5'(Do), ¢ ) such that

U{B(Do) + ¢, (Xip,) = U{ 8'(Do) + ¢p, (Xip,) almost surely,

then 8(Do) = §'(Do) and ¢p, = ¢ . Thus Assumption 2.1 guarantees that the true regression
function U7 3(Do) + ¢p, (Xip,) is identifiable, i.e., 3(Dg) and ¢p, are uniquely determined up to
a set of measure zero.

It follows from (2.1)—(2.3) and Assumption 2.1 that we may define the true model as

Y, = QMEAUOV + @Uo ANWUOV + €tDg > Aw%v

where ep, = Y; — E[Y;|Us, Xi].
For the given Dy, we define the least squares estimator, mﬁu? h), of B(Dy) as the solution of
[see §1.2 of Hardle, Liang and Gao (2000)]

T
3 ? — U7 B(Do, h) — ¢ ABUOQEU? Sv% — min!, (2.5)
t=1
where
. = e __ Kp((Xip — Xsp)/h)
(Xip, ) = M Wp(t, s)(Ys = U7 B), in which Wp(t,s) = L, Kp((Xip — Xip)/h)

T is the number of observations, Kp is a multivariate kernel function, and h is a bandwidth
parameter satisfying h = hy — 0 as T' — oo.
It follows from (2.5) that

T
BD.h) = (S(D. W)Y TD, ) (Vi — b1 (Xep, b)), (2.6)

where ()1 denotes the Moore-Penrose inverse,

T
Muﬂua\@v — MUQMAUa\@v@wAUa\@Vﬂa @wﬂua\@v - N\w - ﬁmwﬂkwba\@va
t=1

T T
é1(Xip, h) = > Wp(t,s)Y, and ba(Xip, h) = > Wplt,s)Us.

s=1 s=1



In order to select both h and Dy, we introduce several leave—one—out estimates. For any D € D,
equations (2.3)—(2.4) suggest the leave-one-out estimator

$(Xip, B) = b11(Xip, h) — ¢2u(Xep, B)7 3,
where
; SR——, ; SR——,
@:Akwba \@v = MU ﬁ\ﬂ\v Aﬁ mvu\m and @wwﬁksﬁba \@v = MU g@ Aﬁ MVN\«%
s=1,s#t s=1,s#t

in which

NA‘UAANS,U — Nmbv\bv
Yozt Kp(Xep = Xip)/h)

Then, we define the leave-one—out least squares (LS) estimator 3(D, h) of 3(D) as the solution

w5t s) =

of
T 2
S {Vi - U7B(D, 1) - d(Xip B 1))

For any given D € D, the leave—one—out LS estimator is
~ ~ NJ ~ ~
BD,R) = (S(D, )+ 30D, B (Vi = due(Xem, 1), 2.1)
=1

where Uy(D,h) = U; — ¢or(Xip, h), S(D,h) = L, U(D, h)U(D, h)™. Tt is noted that the LS
estimator QAU?S of (2.6) is asymptotically equivalent to the leave-one-out least squares (LS)
estimator 3(Dg, ) of (2.7). In defining the following leave-one-out cross-validation, we use the
latter.

We now introduce a version of the leave—one-out cross-validation, abbreviated as CV1. For any
D € D, we define

1

T 2
72 (Y= U7 W, ) = bi(Xip, DR} w(X), (28)

t=1

CVL(D, h) =

where w(+) is a weight function defined on R?.
Let Do and h denote the estimators of Dy and h, respectively, which are obtained by minimising
the CV1(D, h) function over D € D and h € Hrp, and written as

(Do, h) = argmingpep, herry,}CVU(D, h), (2.9)

where
1 1

_ - —cp - +cp
Hrp = |apT™ #1010 Q@UH 4+[D] ,

in which the constants ap, bp and c¢p satisfy 0 < ap < bp < oo and 0 < ¢cp < %.

REMARK 2.2. The cross-validation function CV1 of (2.8) generalises the conventional CV1
cross-validation function for purely nonparametric regression to the semiparametric setting. When
B(D) = 0, the CV1 function reduces to the conventional leave-one-out cross-validation for purely
nonparametric regression model selection. Similar to (3.1) of Vieu (1994), we integrate the weight
function w not depending on D into CV1. Under an additional condition similar to condition (G)

of Zhang (1991), however, we can integrate a weight function wp depending on D into the CV1



function. Cheng and Tong (1993) also considered a special weight function. Yao and Tong (1994)
avoided using such a weight function by assuming that the marginal density of X; has a compact

support.

Before proposing the first theorem of this section, we state the main lemmas of this section.

Their proofs are relegated to Appendix B below.
LEMMA 2.1. Assume that Assumptions 2.1 and A.1-A.4 listed in Appendiz A hold. Then

CV1(D, h) Mumso (X¢) + V(D,h) + 0, (V(D, b)),

where for every D € Dy and h € Hrp

V(D,h) = a1 (D, h) ==+ az(D, h)h* + 0,(V (D, h)),

Hb_u_

in which ay(D,h) and az(D,h) are positive constants depending only on (D,h), and for every
D eD, Umﬁf and h € Hrp

V(D,h) = MﬁQMAEUV — B(Do)) + ¢p(X1p) — ¢, (Xip,)]” SC?L +0,(1

LEMMA 2.2. Assume that the conditions of Lemma 2.1 hold. Then for every D € Dy, h € Hrp
and T — oo

VTAp(B(D, h) = E[B(D, h)]) = N(0, E[e{p&n&ip))

and

E[3(D, h)] - B(D) = O(h*) + O(h*(ThIP1)=1/2),
where &p = Uy — E[Ud Xyp] and Ayp = E[&p&]] as defined in Assumption 2.1.

REMARK 2.3. Lemma 2.2 shows that the rate of the parametric convergence is much faster
than that of the nonparametric convergence. See Theorems 2 and 4 of Speckman (1988) for similar
results in the i.i.d. case. Because the rate of the parametric convergence is asymptotically negligible
compared with the rate of the nonparametric convergence, the proposed selection function CV1
cannot be directly applied to select parametric regressors. The discussion of selecting parametric

regressors is given in Section 2.2 below.

THEOREM 2.1. Assume that the conditions of Lemma 2.1 hold. Then

h
lim P(Do= Dy)=1 and

—, 1
T—o0 \@o P

as T'— oo, where hg is the minimizer of the mean average squared error (MASE) given by

T
MASE(Do, h) = WMU B{U7B(Do, h) + & (Xipy, B(Do, h)) = U7 B(Do) = 6, QBOLN :
=1

It can be shown that hg = Cp, T i_wo_ and Cp, > 0 is a constant independent of 7". Due to this
property, instead of defining hg as the minimizer of certain MASE we shall use this explicit form
for hg throughout the rest of the paper.

Theorem 2.1 shows that the true and unique subset Dy can be identified asymptotically. More-
over, the criterion can also determine the bandwidth asymptotically.



When the assumption about the existence and uniqueness is not satisfied, we have the following
corollary. The practical importance of the corollary is that the selection criterion can be extended
to the case where a ’true’ model does not necessarily exist.

COROLLARY 2.1. Assume that Assumptions 2.1(i) and A.1-A.J hold. Then

lim NUAUO S \Uov =1,

T—o0

where Dy is as defined in Assumption 2.1. Moreover, as T — oo

h —, 1
ho 7

When §(D) = 01in (2.1), we have the following result for purely nonparametric regression model
selection. This result extends some existing results for nonparametric regression model selection
for both the i.i.d. case and the S—mixing time series case to the a—mixing time series case.

COROLLARY 2.2. For the nonparamelric regression case, the conclusion of Theorem 2.1 holds.
The proofs of Theorem 2.1 and Corollaries 2.1-2.2 are relegated to Appendix B.

Based on Dy and h of (2.9), we define the following prediction equation
3@@0 AQ? Nw@ov = Q«NWAU? N@v + ﬁm ANWUOQWAU? N@vv . AMHOV
We now have the following corollary and its proof is given in Appendix B.

COROLLARY 2.3. Under the conditions of Theorem 2.1, we have as T — oo
1 d ~ 2 2 T 2
ﬂ MU AM\W - 3@@0 AQ?NS,UOVW —p 01Dy = mﬁc\w - Qw EAUQV - %Uo AMQUOVH* .
t=1

Corollary 2.3 shows that the corresponding semiparametric estimator of (2.10) is asymptotically
close to the true regression function.

In Section 2.1, we assume that the linear component is already compact and then propose
the leave-one—out cross-validation for the selection of nonparametric regressors. In both theory
and practice, we need to consider selecting parametric regressors as well when the parametric
component is not compact. In Section 2.2 below, we consider the selection of both parametric and
nonparametric regressors. Since for the selection of parametric regressors the leave-one—out cross-
validation is asymptotically inconsistent (e.g. Zhang 1993, Shao 1993), we need to consider using
the leave—T,—out cross-validation for the selection of parametric regressors. Moreover, because the
theory of the leave—T,—out cross-validation is different to that of the leave—one—out cross-validation
and much more complicated, we consider selecting parametric regressors separately.

2.2. CV criterion for the selection of parametric regressors. This section considers using a
cross-validation function to choose an optimum linear component for model (2.1).

As can be seen in Section 2.1, the selected Dy and h depend on Ag = {1,2,...,p}. Thus we can
rewrite Dy = UoT»ov and h = E\»ov. Let A denote all nonempty subsets of 49 ={1,2,...,p}. For
A € A, let Usy be a column vector consisting of {Uy; : i € A} and 54 be a column vector consisting

of {#; 11 € A}. Denote U4 with A = Ag by Uy and 84 with A= Ay by 8= (41,...,5,)".



Following Assumption 2.1, for each A € A we can define the unique Dg(A). Theorem 2.1 then

shows that

: S _ h(A)
Jim P (Do(A) = Do(4)) =1 and Foa] 7 L

as T — o0, where hg(A) = Cpy )T~ 0T,
For simplicity and convenience, we introduce the following notation.
) ) ) T
Pt A) = 01 (X, 4y DAY ) = 3o Wp 4 (1 9)Ys,

s=1

T
@wﬂﬁ \RC = ¢ Avﬁ\,@oﬁpvd \@A\mwvv = MU S\UoAvaﬁ .vaw\T
s=1

iea = Ua = ElUtal Xipy(a), 814 = E[Ual Xipy(a)] — $2(t, A),
Via =1ma+0a = U — 2t A), Va= (Via,..., Vra),
Di(t) = U (t, Ao), alt) = balt, Ao), me = Us — E[Uy| Xip,], & = E[Us| Xep,] — ¥2(t),
Vi= i+ 8= U= 0o(t),V = Vi, VE)T, Zo=Y, — (1), and Z = (Zy,..., Z7)7,  (2.11)
where Dy = Dg(Ao) is as defined in Assumption 2.1.

Because some of the components of 3 may be zero, the following model

Yi = U484 + &py(a)(Xipy(a)) + €a, (2.12)

where €4 is an error process, might be more compact than model (2.4) given by
Yi= Q«MEAUQV + %Uo AMQUOV + €Dy Dy € Dy.

Note that §(D) signifies that 3(D) may depend on D while the notation of 54 means that 54 is a
subset of .

As mentioned earlier, for each A € A it is natural to estimate each Dy(A) by Do(A). The
definition of ¢(X;p, 3) of (2.5) then suggests estimating

DDy (4) ANEOEVV = &po(4)(Xipy(a), Ba) by &Akwuoiimb = 1 (t, A) — Pa(t, A)"Ba.
This suggests using a linear model of the form
Yy = di(t, A) = ViBa + éa (2.13)

to approximate model (2.12) in the selection of A. Obviously, there are 2? — 1 possible models of
the form (2.13), each of which corresponds to a subset A and is defined by M 4. The dimension of
M 4 is defined to be d4, the number of predictors in M 4. If we know whether each component of
[ is zero or not, then the models M 4 can be classified into two categories:

e Category I: At least one nonzero component of 3 is not in 34.

e Category II: B4 contains all nonzero components of 3.



Clearly, the models in Category I are incorrect models, and the models in Category Il may be
inefficient because of their unnecessarily large sizes. The optimum model, denoted by M,, is the
model in Category Il with the smallest dimension.

Now the selection of A is carried out by using the data {(Z;, V) : t = 1,2,..., T} satisfying

Zy = Vi B+ e,
where ¢; is an error process. Under model M 4, the least squares estimator of G4 is
Ba=(ViVa)tViz,

where Z and V4 are as defined in (2.11).
Using model M4 fitted based on the data {(Z;,V;) : t = 1,2,...,T}, the average squared

prediction error is

T
Lr(A) = %MU ﬁNﬁ - bm\;w = % AN - S_mqu AN - S%Mv
t=1
S G D 2
= € €~ e A€+ WQ\E RA(VD)+ 7€ RA(V D), (2.14)

where € = (€1,...,e7)7, P4 = V4 G\xﬁ\bﬁ Vi, R4 = It — P4, and I7 is the identity matrix of
order T.
It follows from (2.14) that because of Assumption A.1, the conditionally expected average

squared error is
1

Ro(AV) = E[La(A)WV] = B V= EE Pac VI EI(VE) Ra(VA) V14 5B € Ra(VA) V]

1
e W&bqw + A7 4, with probability one, (2.15)

where 02 = E[e"¢] and Ar 4 = +(V3) Ra(V ).
When M 4 is in Category I, we assume that

:HB inf A7 4 > 0 in probability. (2.16)
—+00
When M4 is in Category 11, it follows from (2.14) and (2.15) that

Lr(A) = ~c— 2 Pyct ZTRA(VE) and Rp(A,V) = =(T — du)o?

T(A) = Ze = mT Pact e Ry and Rr(A, V) = = 4)oZ,

because V3= V4/4.

We now have the following remark.

REMARK 2.4. As argued in Shao (1993), condition (2.16) is a type of asymptotic model identi-
fiability condition and is very minimal for asymptotic analysis. It can be shown that for (2.16) to

hold, it suffices to assume that for M4 in Category I
1
lim inf (1) (r — na(wina)* n3)nd > 0 in probability, (2.17)
|voo

where n = (n1,...,n1)7, na = (Mma, ..., nra)7, 1 = U= E[Ui| Xip,] and s = Qilmﬁgb_ubbog:
are as defined in (2.11). It follows that when U; and X; are independent, we have

T = N\w — m:\«L NSQ A — N\«w\» — m:\w\L
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Thus, condition (2.17) imposes only an asymptotic model identifiability condition on the linear
component and is a natural extension of condition (2.5) of Shao (1993) to the semiparametric
setting.

We now propose our cross-validation criterion for the selection of A € A. Suppose that we
split the data set into two parts: {(Z;, V) : t € S} and {(Z;, Vi) : t € S°}, where S is a subset of
{1,2,...,T} containing T, integers and S° is its complement containing 7, integers, T, + T. = T
The model My is fitted using the construction data {(Z, Vi) : ¢t € S} and the prediction error
is assessed using the validation data {(Z;, V) : t € S}, treated as if they were future values. The
average squared prediction error is

. 21 A2
CV(Ty) = CVas(T) = Tm —Zase|| = 75 —Qas)"(Zs - Sr%\;: a
where ||z|| = Va7a for a vector @, Zg is the column vector containing the components of z indexed

by t € S, Vas is the T}, X d4 matrix containing the rows of V4 indexed by t € 5, ermn is the
prediction of Zg using the construction data and the least squares method under model My,
Qas = a\bamﬁ\xﬁﬁﬁa\%ma and (34 is as defined before.

The CV 4 s(T),) function is called the leave-T,~out cross-validation, abbreviated as CV(7,) =
CVT,. From the computational point of view, the simplest CVT, is the one with T, = 1 and
S = {t}; that is, the CV1. As the CV1 is asymptotically inconsistent, we adopt the following
Monte Carlo CVT, in the selection of A.

Randomly draw a collection R of b subsets of {1,2,..., T} that have size T, and select a model
by minimizing

MCCV(A,T,) MU CVas(T,) = % > ||%s = Zase (2.18)

mmﬁ Y SeR
This method is called the Monte Carlo CVT,, abbreviated as MCCVT,, as (2.18) is obtained by
randomly splitting the data b times and averaging the squared prediction errors over the splits.

We now have the following result.

THEOREM 2.2. Assume that the conditions of Theorem 2.1 hold. In addition, Assumption A.5
holds. Then we have the following conclusions:

(i) If My is in Category I, then there exists Ry > 0 such that

ZQQ/\TQ MJ MU m%mm |_|>ﬂ> ATQ@A vn_v Rr,

@ SER

where es = Vs — Zgf and Ar 4 = +(nB3)" (It — na(mina) T ni)ns.
(ii) If My is in Category II, then

1
MCCV(A,T,) MU €5€s + |Q + o0, Aﬂov .
%qu
(iii) Consequently,
lim P(the selected model is M,) = 1.

T—o0

Let A and A, correspond to the selected model and M, respectively. Then following Theorems
2.1 and 2.2, we have the following main result.
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THEOREM 2.3. Assume that the conditions of Theorem 2.2 hold. Then

. L A B h(A)
ﬂ_wﬁoo wﬁkmw = \ri UOA\C = Uoﬂ\w%vv =1 and g —p 1

1
as T' — oo, where ho(Ax) = Cp,(a,)T +1PoAn1.
The proofs of Theorems 2.2 and 2.3 are relegated to Appendices B and C.

REMARK 2.5. Sections 2.1 and 2.2 show that if a given data set (Y}, Uy, X;) satisfies a partially
linear model of the form (1.1), the proposed nonparametric CV1 and parametric CVT, selection
procedure suggests that we need only to consider the selection of (27 —1) x (2P — 1) possible models
of the form (1.1). If we choose to use either the purely nonparametric CV1 selection procedure or
the completely parametric CVT), selection procedure for the selection of an optimum set of (U, X),
we need to consider the selection of 2°7¢ — 1 possible models. Consequently, in theory a completely
linear model or a purely nonparametric regression model may be either too simple or too general for
a given data. In practice, the computation of selecting 2°t¢ — 1 possible models is more expensive
than that of selecting (27 — 1) x (27 — 1) possible models when p and ¢ are large.

REMARK 2.6. It should be noted that the multifold cross-validation (MCV) criterion proposed
by Zhang (1993) can also be employed to select the parametric regressors. The detailed employment
of the MCYV is very similar to that of the CVT,. Another related criterion is the modified final
prediction error (MFPE) criterion proposed by Zheng and Loh (1997). We should point out that
when p, the number of the parametric regressors in model (1.1), depends on 7" and increases as T’
increases, the parametric leave—one—out cross-validation is consistent and asymptotically optimal
in some sense. See for example, Li (1987), Shao (1997), and Gao, Tong and Wolff (2001a). The
discussion for this case is quite different and the detailed discussion is similar to Gao, Tong and

Wolff (2001a).

In summary, Theorems 2.1-2.3 not only provide the asymptotic consistency of the combined
nonparametric CV1 and parametric CVT, selection procedure, but also show that if a partially
linear model of the form (1.1) within the context tried is the truth, then the combined selection
procedure will find it asymptotically. In Section 3 below, we will show how to implement the
proposed selection procedure in practice.

3. Examples and applications. In this section, we apply Theorems 2.1-2.3 to determine
simulated models and to fit a set of real data.
ExaMPLE 3.1. Consider a nonlinear time series model of the form
X

Y, =0.35Y,_1 — 0.15Y;_ 05—
t t—1 t—2 H._lumm + €4,

Nw = O.WN&IH + O.MN&IM + €1, t= wa mr ..J\\Nﬁ

where e; and ¢ are mutually independent and identically distributed over uniform distributions
(—0.25,0.25) and (—0.5,0.5) respectively, X1, Xz, Y1, Y3 are i.i.d. over uniform distribution (-1, 1),
and the processes {(¢,e;) :t > 3} are independent of both (X7, X3) and (Y7, Y?).

It follows from the definition of Y; that Assumption 2.1(i) holds. For Example 3.1, the strict
stationarity and mixing condition can be justified by using Assumption 3.3 and Lemma 3.1 of
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Masry and Tjgstheim (1997). Thus, Assumption A.1 holds. For an application of Theorem 2.1,

denote
X

1+ X2
Throughout Example 3.1, we consider using h € Hypy = [0.37-7/39,2 . T=1/6] and the following

weight function

Up = (Yie1,Yic2)™, B=(01,52)" = (0.35,-0.15)", ¢(X;) = 0.5

1if Jul <1

wlu) = 0 otherwise.

For the multivariate kernel function K (-) involved in S\Ml,v (t,s) and Wp(t,s), define K(uq,uz) =
T2, k(u;), where

k(u) = exp L

V2T 2
It follows that Assumptions A.1-A.4 are all satisfied.
In this example, we consider the case where X; and X;_; are selected as the candidates of

nonparametric regressors and use the CV1 function of (2.8) to determine whether X; is the optimum
nonparametric regressor. We then further use the MCCV (7)) function of (2.18) to check if Y;_; and
Yi_o are the true parametric regressors. Let D ={{0,1},{0},{1}}, Xup, = X, Xip, = Xi—1, and
Xip, = (Xe, Xom1)7, A = {{1,2}, {1},{2}}, Usa, = (Yeo1,Ys—2)", Usa, = Yioq and Ups, = Yioo.
Then | D3| = |Ao| = 2 and | Dy| = |D1] = |A1] = |A2] = 1. In the detailed calculation of MCCV(T}),
we choose b=T, T, =T — T. and T. = [T3/4], the largest integer part of T/4,

Now Dy in Assumption 2.1(ii) has the unique element Dy = {0}. Assumption A.5(ii) follows
immediately from the choice of b =T and 7). Before justifying Assumption A.5(i), we introduce
the following notation.

N = Y1 — NG\TH_N? Ny = Yi_9 — MFTN_N? e = 3? §wvﬁ = 3? .- .Sﬂvq

MAe = Tlts TheAy = M1y ThAy, = T2, N4, = Tﬁb? .. Jdﬂ\:vﬂa 1=1,2.

A detailed calculation yields that for ¢ = 1,2

ﬂwﬂwlﬂ w
0" (1 = a3, o) () = . A i = Dotz
t=3 'ty

with probability one, because P(n41 = n:2) = 0. This shows that Assumption A.5(i) holds. There-
fore, Assumptions 2.1 and A.1-A.5 all hold.
In order to compare the semiparametric model selection function CV1 with its special case,

>0

namely the nonparametric model selection function, we calculate the following sample average
squared error (ASE) over 150 replications,

ASE = = > L Mﬂ [ Z1) — m(Z,)]?
150 T -2 a

150 replications t=3

éwﬁ.mSANbHo.meLIO.HmM\TMI_' o.mT_u.med 3@AN$wmmme%wSBmﬁinw@%w@w%@ﬁ@wi%ggoﬂ
a nonparametric regression estimator of m(Z;), and Z; = (Yi_1, Yi—2, Xy).

For the three sample sizes T' = 22, T = 72 and T = 152, we calculated the probabilities of
the selected parametric and nonparametric regressors in 150 replications. In addition, for each

case we calculated the sample average square error (ASE). Table 3.1 below reports the results
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of the simulation for the semiparametric leave—one-out cross-validation function CV1. Table 3.2
below reports the results of the simulation for the parametric leave—T1,—out cross-validation func-
tion MCCV (7)) and the corresponding parametric leave-one-out cross-validation function CV1 for
empirical comparison.

Table 3.1. The semiparametric CV1 based probabilities and ASEs for Example 3.1

Parametric | Nonparametric Probability ASE value

subset subset T=22|\T=72|T=152|T=22|T=72|T=152

{Vie1,Yieo} | {X, Xeo1} 0.162 0.114 0.003 0.0164 | 0.0162 | 0.0163
{Xi_1} 0.306 0.238 0.052 0.0157 | 0.0154 | 0.0153
{X¢} 0.532 0.648 0.945 0.0051 | 0.0017 | 0.0010

{Vi_1} {Xe, X1} 0.177 0.158 0.012 0.0171 | 0.0167 | 0.0168
{Xi_1} 0.324 0.215 0.104 0.0165 | 0.0159 | 0.0157
{X¢} 0.499 0.627 0.884 0.0054 | 0.0024 | 0.0018

{Vi_o} {Xe, X1} 0.214 0.131 0.076 0.0248 | 0.0251 | 0.0254
{Xi_1} 0.376 0.287 0.219 0.0197 | 0.0188 | 0.0183
{X¢} 0.410 0.582 0.705 0.0095 | 0.0061 | 0.0054

Table 3.2. The parametric MCCV(T,) and CV1 based probabilities for Example 3.1

Parametric and nonparametric MCCV(T,) CV1

subset T=22|\T=72|T=152|T=22|T=72|T=152
{Vio1, Yoo, X¢} 0.617 0.681 0.938 0.531 0.611 0.769
(Yoo1, X¢) 0.242 | 0.212 | 0.053 | 0312 | 0274 | 0.187
(Y2, X¢} 0.141 | 0.107 | 0.009 | 0.157 | 0.115 | 0.044

REMARK 3.1. (i) First, Tables 3.1 and 3.2 show that both the CV1 function and the MCCV (T})
function can be implemented in practice. Second, Table 3.1 supports the validity of our definition
of optimum subset (see Assumption 2.1). Third, the detailed simulation results show that Dy is
a reasonably good estimator of Dy even when the sample size T is as small as 22 as shown in
Table 3.1. Fourth, Table 3.2 shows that both the MCCV(T},) function and the CV1 function can
identify the optimum parametric regressor {Y;_1, Y;—2}. Finally, the performance of the MCCV (7))
is better than the CV1: this is a reflection of the fact that MCCV(T},) leads to a consistent subset
selection while CV1 does not.

(ii) In addition, the ASE values in Table 3.1 also highlight the small sample performance of the
the semiparametric CV1 function. For example, for the case where T" = 22, the ASE value for the
true model (see the fifth row and sixth column) is 0.0051 and smaller than 0.0054, the ASE for the
second best model (see the eighth row and sixth column). For the same model, the ASE decreses
when 7" increases. For example, when T' = 152, the ASE for the true model (see the fifth row and
eighth column) is already as small as 0.0010.

(iii) Before using the standard normal kernel function k(-), we also calculated the corresponding
probabilities and ASEs for a uniform kernel function. Our computation shows that the small sample
results for the standard normal kernel function are much better and more stable than those for the
uniform kernel. In the meantime, besides the bandwidth interval Hy, we also calculated the CV1
function over all possible intervals. Our computation indicates that Hy is the smallest possible
interval, on which the CV1 function for each possible model can attain the smallest value.
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(iv) Throughout Example 3.1, we point out that Assumptions 2.1 and A.1-A.5 are satisfied.
In theory, Assumption A.5(i) is a very minimal model identifiability condition. In practice, it is
not easy to justify the model identifiability condition. For Example 3.1, however, we have been
able to calculate the quadratic form explicitly and to show that the quadratic form is positive with
probability one.

We now compare our semiparametric model selection function CV1 with the fully nonparametric
model selection function. For the same Example 3.1, consider the case where Y;_q, Y;_9, X; and
X1 are selected as the candidates of nonparametric regressors. For an application of the CV1
function, we choose the same w, k and & defined as above, and define for j = 2,3,4

J
Kj(uy,ug, ..., u;) = z F(u;)

=1

for the multivariate kernel function involved in S\Ml,v (t,s) and Wp(t,s).

Let Xyp, = (Yie1,Yieo, Xe, Xoo1)™, Xep, = (Yie1,Yie2, Xo)™, Xup, = (Yic1, Yieo, Xi—1)7,
Xip, = Yie1, X, Xoo1)™, Xup, = (Yieo, X, Xoo1)™, Xipg = (Yie1,Yi—2)™, Xup, = (Yi1, X4)7,
Xip, = (Yie1, Xoo1)™, Xup, = (Yie2, Xo)7, Xunyy = (Yiea, Xeo1)™, Xuny, = (Xy, Xu—1)7, Xupy, =
Yic1, Xenyy = Yie2, Xupy, = Xio1, and Xyp,, = Xy. Then |Dy| =4, | D3| = |Ds| = |D4| = |Ds| = 3,
|De| = | D7| = |Dsg| = |Dg| = |D1o| = |D11| = 2, and |Dy2| = | D3| = |D14| = |Dys| = 1. For all the
subsets, we calculated all the corresponding CV1 values. For each of the three sample sizes T = 22,
72 and 152, we calculated CV1 value and the sample average squared error (ASE). Table 3.3 below
provides the CV1 values and the corresponding ASE values for the nonparametric model selection.

Table 3.3. The nonparametric CV1 based minimum CV values and ASEs for Example 3.1

Nonparametric CV value ASE value

subset T=22|T=72 |T=152|T=22|T=72|T=152
{Vio1, Yoo, X¢, X1} | 0.04702 | 0.04608 | 0.04535 | 0.02576 | 0.02471 | 0.02315
{Vio1, Yoo, X¢} 0.02445 | 0.02365 | 0.02219 | 0.00846 | 0.00578 | 0.00509
{Vio1,Yioa, Xi1} 0.03641 | 0.03406 | 0.03321 | 0.01908 | 0.01823 | 0.01793
Vi1, Xo, Xoo1} 0.02648 | 0.02569 | 0.02423 | 0.01051 | 0.00984 | 0.00715
Yio, Xo, X1} 0.03644 | 0.03506 | 0.03377 | 0.01921 | 0.01839 | 0.01794
{Vio1,Yi—o} 0.04605 | 0.04511 | 0.04435 | 0.02626 | 0.02571 | 0.02485
{Yio1, Xi} 0.04603 | 0.04505 | 0.04434 | 0.02624 | 0.02570 | 0.02486
{Yio1, Xioa} 0.04606 | 0.04507 | 0.04436 | 0.02626 | 0.02572 | 0.02487
{Yioa, Xi} 0.04604 | 0.04506 | 0.04435 | 0.02624 | 0.02571 | 0.02484
{Yico, X1} 0.04605 | 0.04508 | 0.04437 | 0.02629 | 0.02573 | 0.02488
{Xe, X1} 0.04606 | 0.04509 | 0.04439 | 0.02628 | 0.02575 | 0.02489
{Vi_1} 0.04884 | 0.04664 | 0.04571 | 0.02552 | 0.02468 | 0.02343
{Vi_o} 0.04414 | 0.03971 | 0.03874 | 0.01830 | 0.01719 | 0.01637
{Xi_1} 0.04454 | 0.04094 | 0.03967 | 0.01963 | 0.01874 | 0.01721
{X¢} 0.03128 | 0.02912 | 0.02716 | 0.01191 | 0.01011 | 0.00737

REMARK 3.2. First, Table 3.3 shows that the true subset {Y;_1,Y;_2, X;} is readily selected
using our method. Second, for each case the ASE of the true nonparametric model is always larger
than that of the corresponding semiparametric model (see the sixth—eighth columns of Table 3.1
and the fifth-seventh columns of Table 3.3). For example, for the case of T' = 22, the ASE of the
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true nonparametric model in the fifth column of Table 3.3 is 0.00846, which is larger than 0.0051 in
the sixth columin of Table 3.1, the ASE of the true semiparametric model. Moreover, by comparing
the CPU hours for Tables 3.1 and 3.3, we know that the computation of the semiparametric model
selection function CV1 is much less expensive than that of the nonparametric model selection
function. Therefore we conclude that when selecting an optimum subset of nonparametric regressors
for a partially linear model, the semiparametric model selection function CV1 is much more efficient
than the usual nonparametric model selection function.

ExaMpLE 3.2. Fisheries Western Australia (WA) manages commercial fishing in Western
Australia. Simple Catch and Effort statistics are often used in regulating the amount of fish that
can be caught and the number of boats that are licensed to catch them. The establishment of the
relationship between the Catch (in kilograms) and Effort (the number of days the fishing vessels
spent at sea) is very important both commerically and ecologically. This example considers using
the proposed model selection procedure to find a best possible model for the relationship between
catch and effort.

The historical monthly fishing data from January 1976 through to December 1999 available to
us comes from the Fisheries WA Catch and Effort Statistics (CAES) database. Existing studies
from the Fisheries suggest that the relationship between the catch and the effort does not look
like linear while the dependence of the current catch on the past catch appears to be linear. This
suggests using a partially linear model of the form

Ce=0Cio1+ . 4 8,C—p + (B, Evq, oo Er_gy1) + &,

where ¢; is a random error, C; and Fj represent the catch and the effort at time ¢, respectively. In
the detailed computation, we use the transformed data Y; = log;,(C%) and X; = log,(£}) satisfying
the following model

M\wr_.ﬁ = EHM\W._L,IH +...+ E@M\w\r_%lﬁ + @ANIL; cey Nﬁ+ﬁla+; + ex, AWHV

where r = max(p, ¢) and ¢; is a random error with zero mean and finite variance.

Before using model (3.1), we need to choose the parametric and nonparametric regressors. We
consider the case of p = 4 and ¢ = 5 and then find an optimum model. For this case, there are
21 — 1 = 15 different parametric regressors and 2° — 1 = 31 different nonparametric regressors for
model (3.1).

Similar to Example 3.1, we define the parametric candidates Us4, for 1 < ¢ < 15 and the
nonparametric candidates Xyp, for 1 < j < 31. It follows that

Yies = ULy, B4, + ¢p,(XiD,) + €15, (3.2)

where 34, and %Ub are similar to those of 34 and ¢p, and each ey; is assumed to be an i.i.d.
random error with zero mean and finite variance.

For this case, we consider using K4(uy,...,u;) = S_HH k(u;) for 7 = 1,2,---,5 for the multi-
variate kernel function involved in S\Ml,v (t,s) and Wp(t,s). We use the same w, k and Hrq as in
Example 3.1.

First, we use the first 144 observations of the data from January 1976 to December 1987 for
the selection of a best possible partially linear model. In the detailed calculation of the MCCV(T),)

function, we choose b =T = 144, T, = G&\ﬁ =4land T, = T—-T. = 103. The semiparametric CV1
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and parametric MCCV (T,) values for model (3.2) are calculated. The combined semiparametric
CV1 and parametric MCCV(T),) selection procedure then suggests using the following partially
linear prediction model

Vips = Y + 0(Xips, Xegs), 1 <t < 144, (3.3)

where m = 0.2098 and ﬁmf -) is as defined before. The optimum value for the bandwidth involved
in (3.3) is by = 0.080088.

We also consider using the nonparametric CV selection function for the same part of the data for
the case where Yy ; for 1 <7 < 4and Xy for 1 < j <5 are candidates of nonparametric regressors.

The nonparametric CV selection function suggests the following nonparametric prediction model
Yigs = m(Yiga, Xogs, Xeqa), 1 <t <144, (3.4)

where (-, -, ) is the usual nonparametric regression estimator as defined before. The optimum
value for the bandwidth involved in (3.4) is hy = 0.08011.

When we assume that the dependence of Y;45 on Yiy; for 1 < ¢ <4 and Xyq;for1 <7 <5
is linear, the conventional AIC criterion suggests the following linear prediction model for the first
part of the data

Vigs = 51Yira + B2 Xoqs + B3 Xiya, 1<t < 144, (3.5)

where 3; = 0.4944, 35, = 0.8740 and 33 = —0.1923.

We then use the second part of the data from January 1988 to December 1999 for the validation
of the selected models (3.3)—(3.5). The validation supports the use of the selected models. Moreover,
we produce the corresponding plots based on the whole data set from January 1976 to December
1999 in Figure 1. Parts (a)—(c) present time plots of the common-log-transformed catch data, the
common-log-transformed effort data, and the transformed catch data against the transformed effort
data, respectively; parts (d), (e) and (f) give plots of the fitted values (lines) and the catch data
(dots) for the partially linear model (3.3), the purely nonparametric model (3.4) and the completely
linear model (3.5), respectively.

7?%:3 1 near wﬁ,l

For the whole data set, the estimated error variances for the partially linear model (3.3), the
fully nonparametric model (3.4) and the completely linear model (3.5) were 0.00935, 0.01508 and
0.02661, respectively.

REMARK 3.4. Our experience suggests that if a partially linear model among the possible par-
tially linear models is an appropriate model for the data, then the combined semiparametric CV1
and MCCV(T),) selection procedure is capable of finding it. Furthermore, when using both the
nonparametric CV1 selection criterion and a parametric AIC selection criterion to check whether
the partially linear model (3.3) is the best possible model, both the nonparametric and parametric
selection criteria support the selection of the regressors. In addition, the estimated error variance
for the partially linear model is the smallest one among the partially linear model (3.3), the non-
parametric regression model (3.4) and the parametric linear model (3.5). Our findings in Example
3.2 are consistent with existing studies from the Fisheries in that the relationship between the catch
and the effort appears to be nonlinear while the current catch depends linearly on the past catch.
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REMARK 3.5. As expected, there is no evidence of conditional heteroscedasticity in the catch—
effort data. In both theory and practice, however, we need to consider the heteroscedastic case. As
the homoskedasticity assumption given in Assumption A.l is a convenient but not vital condition,
we can relax it and obtain similar model selection functions and the corresponding consistency
results of Theorems 2.1-2.2, but the proofs of Theorems 2.1-2.2 would be extremely technical.

REMARK 3.6. This paper only considers using the Nadaraya-Watson (NW) kernel based weight
function, as the corresponding weight function based on the local polynomial kernel proposed by
Fan (1992) involves multivariate polynomials, and therefore the computation of the corresponding
CV functions is more complicated than that of those based on the NW kernel. For Example
3.1, however, we made some comparisons among the NW, the Gasser-Miiller (GM) and the local
polynomial kernel (LPK) based criteria. Our studies show that both the GM and the LPK based
criteria support the true model selected by using the NW based criterion. Moreover, for each case
the estimator of the error variance of the LPK estimator is smaller than that of the GM estimator.
This is one of the properties which suggest that the LPK estimation method is superior to the GM
estimation method.

4. Discussion. In recent years, there have been growing interests in applying iterative algo-
rithms in nonparametric and semiparametric smoothing. However, such techniques cannot provide
a 'model” whose value can be calculated at a new design point with the same convenience as in
linear models. Before selecting a fully nonparametric regression model for a given set of data, our
research suggests using the computer-intensive semiparametric model selection criterion to deter-
mine whether a partially linear model is more appropriate than the fully nonparametric regression
model for the given set of data, as semiparametric methods can provide a 'model” with better
predictive power than is available from nonparametric methods (see Example 3.2).

We acknowledge the computing expenses of the CV based selection procedure. In our detailed
simulation and computing for Examples 3.1 and 3.2, we have used some optimal algorithms, such as
some vectorised algorithms in the calculation of the CV1 function and the MCCYV function of many
possible candidates. The final computing time for each example is reasonable. We haven’t tried
the backward or forward selection suggested by Shao (1993), although we think it might be less
expensive in terms of computing time. We think that further discussion of computing algorithms
is beyond the scope of this paper.

APPENDIX A

Throughout Appendices A-C, let C' (C' < co0) denote a positive constant which may have different values
at each appearance.

AssuMPTION A.l. Assume that the stochastic process (3, Uz, X¢) is strictly stationary and a-mixing
with the mixing coefficient a(T) = Cn?, where 0 < € < oo and 0 < 5 < 1 are constants. In addition,
e = Yy — E[Yi|Ui, Xi] is a stationary martingale difference with respect to Q; = o{(Vs, Us41, Xs41) 1 1 <
s <t — 1}, which is a sequence of o-fields generated by {(Vs, Us41, Xs41) : 1 < s < ¢ —1}. Suppose that
P(E[e2|Q] = d}y) = 1, where 0 < 0%, = E[e?] < oo.

AssUMPTION A.2. For every F € D, Kg is a |F|-dimensional symmetric, Lipschitz continuous prob-
ability kernel function with [ ||u||*Kg(u)du < co, and Kp has an absolutely integrable Fourier transform,
where || - || denotes the Euclidean norm.
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AssumpTION A.3. Let S, be a compact subset of R? and w be a weight function supported on Sy
and w < C for some constant C. For every E € D, let RE C RIFI = Aloo“oov_m_ be the subset such
that X;z € RZ and Sg be the projection of S, in RE. Assume that the marginal density function, fz, of
Xig, and all the first two derivatives of fg and ¢;g, ¢ = 1,2, are continuous on m%? and on Sg the density
function fg is bounded below by C'r and above by QWH for some Cg > 0, where g1p(x) = E[V:| Xig = «]
and ga2p(z) = E[U:| X = z].

AssuMPTION A.4. There exist absolute constants 0 < C'; < oo and 0 < (3 < oo such that for any
integer [ > 1

mcwmcwm_u\ﬁl QGQ_AQ?NL:N _NEH &W MQHmsamcUm:wm ﬁ__Qﬁ__N_N:m H &w MQM.
r ECR r ECR
AssuMPTION A.5. (i) For n:4 and n; defined in (2.11), let 54 = (ma,...,nra)” and 5= (91,...,97)".
Assume that when M 4 1s in Category I,

lim Emﬂgmv (It — na(nyna)tn?)nB > 0 in probability.

T—oo

(il) As T — oo,
Ty T?
ﬂlvH“ﬁnﬁlﬁelvOO@ﬁQﬂlvo.

REMARK A.l. Assumption A.1 is standard in this kind of problem. See (A.1) of Cheng and Tong (1993).
Note that we have not assumed that the marginal density of X; has a compact support. Assumptions A.2-A.4
are a set of extensions of some existing conditions. See for example, (A)—(E) of Zhang (1991), (A2)-(A5) of
Cheng and Tong (1993), and (C.2)—(C.5) of Vieu (1994). As pointed out in Remark 2.4(ii), when X; and U;
are independent, Assumption A.5(i) imposes only an asymptotic and minimal model identifiability condition
on the linear component. This means that Assumption A.5(i) is a natural extension of condition (2.5) of
Shao (1993) to the semiparametric setting. Assumption A.5(ii) corresponds to conditions (3.12) and (3.22)
of Shao (1993) for the linear model case. In addition, Assumption A.5(i) is equivalent to Assumption C of
Zhang (1993).

APPENDIX B
In this appendix, we give only a sketch proof of Theorem 2.1, because the detailed proof is very tedious.
The following lemmas are required to prove Theorem 2.1.

LEMMA B.1. Under the conditions of Theorem 2.1, we have for every D € D

CVI(D) = inf CVI(D,h) = !
€Hrp

el

> eip,w(Xe) + R(D) + 0y (1),

where e;p, is as defined in (2.4), for D € Dy

4 4

mﬁbv = CpT =BT 4+ op Qﬁ ¥ DI Y

where Cp s a positive constant depending only on D, and for D € D but D ¢ Dy,
R(D) = E{[U7 (B(D) = B(Dy)) + 6p(Xen) = by (Xen, )’ w(X0) b+ 0p(1).

The following lemmas are needed to complete the proof of Lemma B.1. The proof of Lemma 2.2 follows
from that of Lemma B.2 below.

LEMMA B.2. Under the conditions of Theorem 2.1, we have

§(D, h)(B(D, h) = B(D)) = o0(1) (B.1)
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uniformly over D € D and h € Hyp, where §(D, h) = max{(ThIPH1/2 p=2}
Proof. Tt follows from (2.7) that

T

B(D,h) = B(D) = (X(D, h)) MU (D, herp + (S MU 1) ($2(Xep, h) — ¢2(Xep)) B(D)

+(X(D, h)) (D, h)(¢1(Xep) — ¢16(Xep, b)),

IIMH

where ¢1(X:p) = E[Y:|X:p] and &MAN%V = msﬁ_umﬁb%
In order to prove (B.1), it suffices to show that as 7' — oo

VI A (A(D,h) = EH(D, W) = N (0, Elefp&en€in))

and
E[B(D, h)] = B(D) = O(h*) + O(K*(ThIP1)=1/%) = o(6(D, b)), (B.2)

where &p = U, — E[U;|Xip] as defined before.
Obviously, Lemma 2.2 follows from (B.2). In order to prove (B.2), it suffices to show that

%mﬁ MHU U(D,h)" = Aip, (B.3)

Wi Wmame = N (0, Elefptentiv). (B.4)

M (61(Xep) — d1e(Xep, 1))* = 0, (3(D, b)), (B.5)

WM@MA%& — 621(Xip, h))(2(Xip) — ¢ (Xep, b)) = 0,(8(D, b)), (B.6)
1

T

(]~ i~

Nl =

t

I
—

where r.p = e;p or &], and Aqp is as defined in Assumption 2.1(i).

Aﬁmﬁxﬁwv |&MWANWU“\~VV3® = Q@A%Ab“\svlpv“ Am.d

(61(Xep) — 616(Xep, h))éep = 0p(8(D, h)™Y), (B.8)

The proofs of (B.5)—(B.8) are standard. The details are similar to Lemma A.2(ii) of Gao and Yee
(2000). In the proof of (B.5)-(B.8), Proposition 14.1 of Cheng and Tong (1993) is used repeatedly. Using
Assumptions A.1 and A.4 and applying the fact that E[¢:pe:p] = E{&p Ele:p|(Ur, Xep)]} = 0, we can prove
(B.4) by applying the classical martingale limit theorem [see Lemma 3.3 of Gao and Liang (1995)]. The

proof of (B.3) follows from Assumption A.4, (B.6), (B.7), the Cauchy-Schwarz inequality and
1 - - 1 < 1 < . .
- W Ue(D, W)U (D, h)" = = Wmemw + W@xﬁi = 0u(Xep, h))(@2(Xip) — 62 (Xip, b))

1
+—

T
7 2 (62(0Xe0) = o (Xi, )T + wmme@%oz — du(Xep, )

]~

LEMMA B.3. (i) Under the conditions of Theorem 2.1, we have for every given D € Dy and h € Hyp

Ebén %MU ??3 l?@n? sﬁ s@ﬁnﬁb sﬂm_w_ +&€éi+§s€s?E.s
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1

VD) = 7 ??3 — 6u(Xip, 1)) (92(Xep) = 62(Xip, 1) w(X0)

agE

1
ThIDI
where {d;(D, h) : 1 <1< 2} are positive constants and {d;(D, h) : 3 < j <4} are positive definite matrices.

= ds(D, h) == + da(D, h)h* 4 0, {Va(D, h)}, (B.10)

(i1) Under the conditions of Theorem 2.1, we have for every given D € D, D ¢ Dy and h € Hrp

Vi(D,h) = E{[61(Xip) = 61(Xep,)I* w(X0) | + 0, (1), (B.11)

Va(D, h) = E{(¢2(Xep) — 62(Xip,)) (62(Xep) — 62(Xep, )" w(Xe)} + 0p(1). (B.12)
Proof. We prove only (B.9) and (B.11) and the others follow similarly. In order to prove (B.9) and
(B.11), it suffices to show that for D € Dy and h € Hrp

1
%

Vi(D, h) = ?;x&é é;ﬁiﬁs@; = dy(D, h) ME_ + do(D, BYR* + 0, (Vi(D, ), (B.13)

agE

and for D € Dy and h € Hrp
(D, h) = B {[61(Xep) = 61(Xen, )T w(X0) | +0,(1) (B.14)

and

[Vi(D, h) = Vi(D, h)]
sup sup _
DED heHrp Vi(D, h)
where ¢1(Xip,h) = So1—, Wep(Xip, h)Y,.
Similar to the proofs of Lemmas 14.7 and 14.4 of Cheng and Tong (1993), equations (B.13)-(B.15) can

be proved. Similar lemmas for the i.i.d. case and the time series case can be found in equations (5.3) and
(5.4) of Vieu (1994), and Lemmas 2 and 8 of Hardle and Vieu (1992), respectively.

= op(1), (B.15)

LEMMA B.4. Under the conditions of Theorem 2.1, we have

V(D, MU: D, h) + ¢ (Xep, B(D, h))] — Eﬁ@g+§D§95M§§

1

— &wﬁb“ \@v NJNS_U_

+ds(D, h)h* + 0,(V (D, R)) (B.16)
for every D € Dy and h € Hrp, and
V(D,h) = E{[U7(B(D) = B(D0)) + 60 (Xn) = o, (Xen, ) w(Xe) } + 0, (1) (B.17)

for every D € D, D €Dy and h € Hrp, where ds(D, h) and dg(D, h) are positive constants only depending
on (D, h).
Proof. Obviously,

=~

V(D,h) = ﬁQﬂ Am h) IEUDVV wm w(Xe) + %Mﬁiﬁ@b?mﬁb“iv I@?Cm%ov% w(Xy)

+2 M {7 (8D,m) = B(D0)) } {1(Xip, BD, ) = 6, (Xip,) } w(X0)

= V(D, h)1 + V(D,h)y + V(D, h)s, (B.18)
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”

where the symbol ” = 7 indicates that the terms of the left-hand side are represented by those of the
right-hand side correspondingly.

Similar to the proof of Lemmas B.2 and B.3, we have for every D € Dy and h € Hrp
V(D,h)s = Vi(D, k) + 8(D)" Va(D, h)3(D) + 0,(V (D, h)2), (B.19)

and
b su E|QE o sap VDM
pepnetny VDR P DR wenhy VD, h)s

On the other hand, using Lemmas B.2 and B.3 again, we have for every D € D, D € Dy and h € Hrp

= op(1). (B.20)

V(D,h)=F ﬁQm (B(D) — B(Do)) + ¢p(Xen) — dpo(Xep, )] SC?L + 0, (1). (B.21)

Therefore, equations (B.18)—(B.21) complete the proof of (B.16) and (B.17).
Proof of Lemmas 2.1 and B.1. Tt follows from the definition of CV1(D, h) that

CVI(D, h) = ﬁMU? U7 B(D, h) — ﬁﬁ?m%&z%g@:

=_ MU w(Xy) + V (D, k) + R(D, h), (B.22)

where
R(D,h) = w MW ?m QE& — 3(D, sv + épy(Xipy) — de(Xep, (D, sL erpyw(Xe).

Analogous to the proof of (14.25) of Cheng and Tong (1993) (see also (A.25) of Gao and Yee 2000), w

have
sup sup ‘_mﬁb“s_
DeD hetrn V (D, h)

Thus, equations (B.22) and (B.23) imply for every D € D and h € Hrp

= 0,(1). (B.23)

CV1(D, h) w(X:) 4+ V(D, h) + 0, (V(D, h)). (B.24)

IIMH

Therefore, Lemma B.4 and equation (B.24) imply Lemmas 2.1 and B.1.

Proof of Theorem 2.1. Since equation (B.24) holds for every D € D, we have that there exists hp € Hrp
such that

CV1(D, hp) = @%m CV1(D, k)

and

CV1(D) = CVL(D,hp) = inf CVL(D,h)=

T
T I T \_b I
heHrp MIU »X«wv +CpT T 4 r ANJ +U v Amwwv

% |

for every D € Dy, where Cp is a positive constant.
Using the fact that Assumption 2.1 implies |D| > |Dyl, by (B.25) we have as T' — o0

P (CVL(D) > CV1(Dy)) = P (T (CVI(D) — CV1(Dy)) > 0)
4(1D|—1Dgl) 4(|D|=1Dgl)
=P AQMGNJ:ib_xi_UD: — Cap, + Op A%Ai_b::ibo:v > ov — 1. Am.w@
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On the other hand, for every D € D but D ¢ Dy, we obtain by (B.24) and (B.17) that there exists a
positive constant m(D, Dy) depending only on (D, Dg) such that

CV1(D) — CV1(Dg) = (D, Dg) > 0 (B.27)

in probability as T" — oo.
Each of (B.26) and (B.27) implies
lim P(Dy = D) = 1. (B.28)
T—o0
Furthermore, similar to the proof of (2.3) of Hardle, Hall and Marron (1988), using equations (B.25) and
(B.28) we can show that as 7' — o
h
— 1
ho 7
éw@dm” mbo msa\@oHQbouﬂ »+_Hbo_ .

The proof of Theorem 2.1 is finally completed.

Proof of Corollary 2.1. The proof is similar to the proof of Theorem 3.2 of Vieu (1994) and Theorem
2.1 above.

Proof of Corollary 2.2. 1t 1s a special case of Theorem 2.1.
Proof of Corollary 2.3. The proof is similar to the proofs of Lemmas B.1 and B.4.

Proof of Theorem 2.2. As the proof of Theorem 2.2 is based on those of Theorems 1 and 2 of Shao
(1993), we give only an outline. Tt suffices to show that conditions (3.3) and (3.4) of Shao (1993) hold in
probability with respect to the probability measure of (Y;, Uy, X3) and and condition (3.21) of Shao (1993)
holds in probability with respect to both the probability measure of (V3, Uz, X3) and the random selection
of R. Condition (2.5) of Shao (1993) can be replaced by condition (2.16). In other words, we need to prove
(2.16) and the following conditions:

1 .1 .,

max|| 7= > ViV =7 3 V|| = op(1), (B.29)
tes teSe

VIV =0,(T) and (V7V)™h=0,(T71), (B.30)

%_wwo w:mmm%i =0 for any A € A, (B.31)

where pt 4 is the tth diagonal element of the projection matrix P4 defined in (2.14).

The proofs of (2.16) and (B.29)—(B.31) are relegated to Appendix C below. In view of the conditions of
Theorem 2.2, we modify some parts of the proofs of Theorems 1 and 2 of Shao (1993). For example, n, n,,
n and the term o Aﬁkv involved in the proofs of Theorems 1 and 2 of Shao (1993) need to be replaced by
Te, Ty, T and op AWV respectively. Some notational changes are incurred. Note also that under Assumption

T
Al,
E[€Pyel = E{E[¢" Pac|V]} = dao?

1s used in the proof of Theorem 2.2.
In view of (A.13)-(A.15) of Shao (1993), we need to show that as T'— oo

T
Muﬁimw = 0,(1) and MU Pstacser = Op(1), (B.32)

t=1 s, tES s#£t

where p;i4 is the (s,¢)th element of P4 of (2.14). The proof of (B.32) is relegated to Appendix C. Now the
outline proof is completed.

Proof of Theorem 2.3. The proof follows from those of Theorems 2.1 and 2.2.
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APPENDIX C

This appendix supplements the proofs of (2.16) and (B.29)-(B.32).
Proof of (2.16). Tt follows from (2.11) that

Va=na+dqg and V =10+,

where 4 = (d14,...,074)7 and § = (1,...,07)".
To prove (2.16), it now suffices to show that as T — >

%&,f —p E[nanal, %:5 —p En"n], (C.1)

T (ma)t = (E[na)®, Torn* =, (Elm)*, (C.2)
FVAVA =y Bliinal, 2V = Bl (©3)
TVt = (Bt TV =, (Bl (C.4)
(507 (69) =, 0 ()

The detailed proofs of (C.1)-(C.5) are similar to that of Lemma B.2.
Proof of (B.29). Observe that

A ST

Y tes ¢ tege
H T T H T T
< ﬂW&i — EWiV)|| + ﬂwzi VAN

Let ¢ = WV, — E[ViV7]. To prove (B.29), it suffices to show that as T — oo

Wﬂmwwﬁ WWQ HQ@ AHL QEQ H%mmwwm memUn QH 0@ AMMV.

We prove only the first one, as the proof of the other follows similarly.
Let ¢ = GI|IG]| < ﬁm\ﬁ and ¢ = GI[||G|| > ﬂm\m% For any given constant £ > 0, applying Lemma

3.1 of Boente and Fraiman (1988) one can have

P\ || max >0 - B > €7 | < maxP |30 - BIGD|| > €7, | < Crbexp (~Cog/ 1%

tes tes
(C.6)
For any given constant & > 0, we have
P ||lmax ) (¢ — FC/D|| > €T, ) < max P MUA Y — BN > €Ty

SER — SeR
tes tesS

@
A NJIH m \\ A NJIH m __Auw__ N NJH\M
< OTE g PR < 0T g gl > 7

M QNJGIH HMWWWA m%__Aw__ﬁﬁdclw\m M Q@%@Iw\m“ AQNV
teS

using Assumption A.4.
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Equations (C.6) and (C.7) imply

MU w WS%WMUQ Vmﬁero. AQ.@
T,=1 tes

Equation (C.8) implies that as T, — oo

Famx MUQ -0

tes

holds with probability one. Thus, equation (B.29) holds in probability. Note that we have actually shown
that (B.29) holds with probability one. Thus we may conclude that if 1,..., 2, are random, (3.11) of Shao
(1993) holds with probability one.

Proof of (B.30) and (B.31). The proof follows from (C.1)-(C.4) above.
Proof of (B.32). Note that

E Mu@imw = Mumwgw»mm + MU E [psapiaciel]

tes tes sALES
= Mum {E [piac/IV]} + MU E{E [peapracie;|V]}
tes sALES
< Ci(e)E MUFM» + G2 F MU psapea| < C, (C.9)
tes sALES

using Assumptions A.1 and A.4, and MUWHH pra =dy.
Equation (C.9) and the following central limit theorem

Muﬁm,w @imw - F Tgimﬁ

/\<m§ AMUﬁmm @ime

= N(O0,1)as T = >

imply the first part of (B.32).
Similar to the proof of Theorem 2.1 of Gao and Anh (2000), we have that as 7' — oo

Mmﬂwm% PsAPtAC€sCt

/\/\@H AMUmu@m% PsADtACs mwv

In the detailed proof of (C.10), the mixing condition assumed in Assumption A.1 is used. Details are similar

to (A.17) and (A.18) of Gao and Anh (2000). Thus the second part of (B.32) is proved.

— N(0,1). (C.10)

Acknowledgements. We would like to thank the Editors, the Associate Editors and the
referees for their comments and suggestions. The first author would like to thank the Australian

Research Council for its financial support. The second author acknowledges financial support from

the BBSRC/EPSRC of UK and the Hong Kong Research Grants Council.

REFERENCES

25



BHATTACHARYA, P. K. AND ZHAO, P. L. (1997). Semiparametric inference in a partial linear model. Ann. Statist.
25 244-262.

BICKEL, P. AND ZHANG, P. (1992). Variable selection in nonparametric regression with categorical covariates. J.
Amer. Statist. Assoc. 87 90-97.

BOENTE, G. AND FRAIMAN, R. (1988). Consistency of a nonparametric estimate of a density function for dependent
variables. J. Multi. Anal. 25 90-99.

CarroLL, R. J., FaN, J., GUBELs, I. AND WAND, M. P. (1997). Generalized partially linear single-index models.
J. Amer. Statist. Assoc. 92 477-489.

CHEN, H. AND CHEN, K. (1991). Selection of the splined variables and convergence rates in a partial spline model.
Canad. J. Statist. 19 323-339.

CHENG, B. AND TonNg, H. (1992). On consistent nonparametric order determination and chaos. J. Roy. Statist.
Soc. Ser. B 54 427-449.

CHENG, B. AND Tona, H. (1993). Nonparametric function estimation in noisy chaos. Developments in Time Series
Analysis (ed. T. Subba Rao), 183-206. Chapman and Hall, London.

ENGLE, R. F., GRANGER, C. W. J., RICE, J. A. AND WEIss, A. (1986). Semiparametric estimates of the relation
between weather and electricity sales. J. Amer. Statist. Assoc. 81 310-320.

EuBaNk, R. L. (1988). Spline Smoothing and Nonparametric Regression. Marcel Dekker, New York.

FanN, I. (1992). Design-adaptive nonparametric regression. J. Amer. Statist. Assoc., 87, 998-1004.

FaN, J. AND GUBELS, 1. (1996). Local Polynomial Modelling and Its Applications. Chapman and Hall, London.
Fan, J., HARDLE, W. anD MaMMEN, E. (1998). Direct estimation of low dimensional components in additive
models. Ann. Statist. 26 943-971.

Gao, J. (1998). Semiparametric regression modelling of nonlinear time series. Scand. J. Statist. 25, 521-539.
Gao, J. AND ANH, V. (1999). Semiparametric regression with long-range dependent error processes. J. Statist.
Plann. Inference 80 37-57.

Gao, J. AND ANH, V. (2000). A central limit theorem for a random quadratic form of strictly stationary processes.
Statist. € Probab. Lett. 49 69-79.

Gao, J. anD Liang, H. (1995). Asymptotic normality of pseudo-LS estimator for partially linear autoregressive
models. Statist. Probab. Lett. 23 27-34.

Gao, J. AND LiaNg, H. (1997). Statistical inference in single-index and partially linear regression models. Ann.
Inst. Statist. Math. 49 493-517.

Gao, J. AND SHI, P. (1997). M-type smoothing splines in nonparametric and semiparametric regression models.
Statistica Sintca 7 1155-1169.

Gao, J., Tona, H. AND WoLFF, R. (2001a). Adaptive series estimation in additive stochastic regression models.
Statistica Sinica 12 317-336.

Gao, J., TonNg, H. AND WoLFF, R. (2001b). Model specification tests in nonparametric stochastic regression
models. J. Multivariate. Anal. 82 251-286.

Gao, J., WoLFF, R. AND ANH, V. (2001). Semiparametric approximation methods in multivariate model selection.
J. Complexity 17 754-772.

Gao, J. AND YEE, T. (2000). Adaptive estimation in partially linear (semiparametric) autoregressive models. Canad.
J. Statist. 28 571-586.

GREEN, P. AND SILVERMAN, B. (1994). Nonparametric Regression and Generalized Linear Models: A Roughness
Penalty Approach. Chapman and Hall, London.

HARDLE, W. (1990). Applied Nonparametric Regression. Cambridge University Press, Boston.

HARDLE, W., HALL, P. AND MARRON, J. (1988). How far are automatically chosen regression smoothing parameters

from their optimum (with discussion) ? J. Amer. Statist. Assoc. 83 86-99.

26



HARDLE, W., Liang, H. AND Gao, J. (2000). Partially Linear Models. Springer Series In Contributions to Statistics.
Physica—Verlag, New York.

HARDLE, W. AND VIEU, P. (1992). Kernel regression smoothing of time series. J. Time Ser. Anal. 13 209-232.
HasTie, T. AND TIBSHIRANI, R. (1990). Generalized Additive Models. Chapman and Hall, London.

HEckMAN, N. (1986). Spline smoothing in a partly linear model. J. Roy. Statist. Soc. Ser. B 48 244-248.

L1, K. C. (1987). Asymptotic optimality for Cp, Cr, cross-validation and generalized cross-validation: discrete index
set. Ann. Statist. 15 958-975.

Liang, H., HARDLE, W. aND CARROLL, R. (1999). Estimation in a semiparametric partially linear errors-in-variables
model. Ann. Statist. 27 1519-1535.

MAMMEN, E. AND VAN DE GEER, S. (1997). Penalized quasi-likelihood estimation in partial linear models. Ann.
Statist. 25 1014-1035.

Masry, E. AND TJ@sTHEIM, D. (1997). Additive nonlinear ARX time series and projection estimates. Econometric
Theory 13 214-252.

RICE, J. (1986). Convergence rates for partially spline models. Statist. Probab. Lett. 4 203—-208.

RoBINSON, P. (1988). Root-N-consistent semiparametric regression. Econometrica 56 931-964.

SHAO, J. (1993). Linear model selection by cross—validation. J. Amer. Statist. Assoc. 422 486-494.

SHAO, J. (1997). An asymptotic theory for linear model selection (with comments). Statistica Sinica 7 221-264.
Su1, P. anp Tsar, C. L. (1999). Semiparametric regression model selections. J. Statist. Plann. & Inference T7
119-139.

SPECKMAN, P. (1988). Kernel smoothing in partial linear models. J. Roy. Statist. Soc. Ser. B 50 413-436.
SToNE, C. J. (1985). Additive regression and other nonparametric models. Ann. Statist. 13 685-705.

STONE, C. J. (1986). The dimensionality reduction principle for generalized additive models. Ann. Statist. 14
592-606.

STONE, M. (1977). An asymptotic equivalence of choice of model by cross-validation and Akaike’s criterion. J. Roy.
Statist. Soc. Ser. B 39 44-47.

TERASVIRTA, T., Ti@sTHEIM, D. AND GRANGER, C. W. J. (1994). Aspects of modelling nonlinear time series, in
R. F. Engle and D. L. McFadden (eds), Handbook of Econometrics 4 2919-2957.

TigsTHEIM, D. (1999). Nonparametric specification procedures for time series. Asymptotics, nonparametrics, and
time series 158 149-199. Statistics: Textbooks and Monographs. Dekker, New York.

Ti@STHEIM, D. AND AUESTAD, B. (1994a). Nonparametric identification of nonlinear time series: projections. J.
Amer. Statist. Assoc. 89 1398-1409.

Ti@sTHEIM, D. AND AUESTAD, B. (1994b). Nonparametric identification of nonlinear time series: selecting significant
lags. J. Amer. Statist. Assoc. 89 1410-1419.

Tona, H. (1976). Fitting a smooth moving average to noisy data. IEEE Trans. Inf. Theory I'T-26 493-496.
Tona, H. (1990). Nonlinear Time Series. Oxford University Press, Oxford.

VIEU, P. (1994). Choice of regressors in nonparametric estimation. Computat. Statist. & Data Anal. 17 575-594.
VIEU, P. (1995). Order choice in nonlinear autoregressive models. Statistics 26 307-328.

WanBA, G. (1990). Spline Models for Observational Data. SIAM, Philadelphia.

Yao, Q. aAND Tona, H. (1994). On subset selection in nonparametric stochastic regression. Statistica Sinica 4
51-70.

ZHANG, P. (1991). Variable selection in nonparametric regression with continuous covariates. Ann. Statist. 19
1869-1882.

ZHANG, P. (1993). Model selection via multifold cross—validation. Ann. Statist. 21 299-313.

ZHENG, X. AND LoH, W. Y. (1997). A consistent variable selection criterion for linear models with high—dimensional

covariates. Statistica Sinica 7 311-326.

27



3.0

25

2.0
(f): The parametric fitting

(c): The catch against the effort
50

15

(b): The effort data
0

(e): The nonparametric fitting
50

(a): The catch data
0

(d): The semiparametric fitting

50

oy g€ o€ x4 (4 g€ 0e x4

Figure 1: For the whole data set, parts (a)—(c) present time plots of the common-log-transformed
catch data, the common-log-transformed effort data, and the transformed catch data against the
transformed effort data, respectively; parts (d), (e) and (f) give plots of the fitted values (lines) and
the catch data (dots) for the partially linear model (3.3), the purely nonparametric model (3.4)
and the completely linear model (3.5), respectively.
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