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Abstract

Estimation of the variance function has become increasingly pop-

ular mainly due to applications in financial risk management. In non-

parametric context, local polynomial fitting using kernel function has

been widely used. In this work, we introduce local-Linear Maximum

Likelihood Estimation (LMLE) which makes use of the error density

function. We derive the bias and asymptotic variance and establish

asymptotic normality. Comparison with existing methods shows that

when the error distribution departures from Gaussian, LMLE has a

smaller asymptotic mean square error. Further, conditions for adap-

tiveness of the mean function are identified. Two simulation examples

are presented.
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1 Introduction

The term volatility refers to the characteristic of the non-constant vari-

ation, also called conditional heteroskedasticity, observed in many finan-

cial data sets. In non-parametric theory various methods of estimation of

the volatility function have appeared. Härdle and Tsybakov (1997) pro-

pose an estimator based on the simple decomposition σ2(x) = E(Y 2|X =

x) − (E(Y |X = x))2 while Fan and Yao (1996) for time series and Ruppert

et al (1997) for iid, study a residual-based estimator in conjunction with

local kernel smoothing.

If the distribution of the error term is assumed to be known, an alterna-

tive approach is local maximum likelihood estimation. The idea is not new,

Simonoff (1996) uses local likelihood in the density estimation context while

Staniswalis (1989) derives the asymptotic properties of a kernel-based esti-

mate of a regression function based on likelihood for the i.i.d case. Further,

Linton and Xiao (2001) propose an improved local likelihood based regres-

sion estimator that adapts to the error distribution. Bandwidth selection and

confidence intervals are discussed by Fan, Farmen and Gijbels (1998). How-

ever, little appears in the literature on the use of local-likelihood estimation

for the volatility function.

In this work, we adopt a local linear approximation of the log-variance

function and use the local likelihood function to estimate the parameters. A

direct comparison of local Linear Maximum Likelihood Estimator (LMLE)

and local Linear Least Square Estimator (LLSE) is based on the compari-

son of the asymptotic mean square error (AMSE). In fact, we argue that,

although in the Gaussian case efficiency is the same for the two estimates, in

a non-Gaussian case, the difference of the two AMSE tends to be significant.

Using additional information provided from the error distribution, LMLE is

more efficient when the errors are non Gaussian. In practice, the error dis-
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tribution is unknown. Nevertheless, this does not reduce the value of the

results and they can be used as a benchmark to prove adaptiveness of the

error distribution.

Another implication is the introduction of the log transformation in the

local polynomial fitting. The variance function should be positive and log

transformation ensures this property without any restrictions. However, the

results suggest that squared bias may increase, equivalently AMSE will in-

crease, if the second derivative of the variance function is negative. Therefore,

it is likely that some gain in asymptotic variance may be overshadowed by an

increase of the squared bias. However, this is solely due to the introduction

of the transformation and not because of the likelihood function.

The paper is organized as follows. In section 2 we introduce the model

and discuss the linear fitting of the log standard deviation. In section 3

and 4 we study the asymptotic properties of the local maximum likelihood

estimator for variance when the mean function is assumed to be known and

unknown. Moreover, in section 4 we derive a sufficient condition under which

local maximum likelihood estimator is asymptotically adaptive to unknown

mean function m(.). In this sense, we can estimate the variance function as

well as if m(.) was known. Further, the gain in efficiency using LMLE is

illustrated with examples in section 5. Regularity conditions and proofs are

included in the Appendix.

2 The model and the local likelihood function

The model that we consider is a non-parametric autoregressive conditional

heteroscedastic time series model. Let {Yt} be a strictly stationary process

and let m(y) = E(Yt|Yt−1 = y) and σ2(y) = Var(Yt|Yt−1 = y) �= 0 the

conditional mean and variance which are known as the mean and the variance
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function. Let

Yt = m(Yt−1) + σ(Yt−1)εt (1)

then E(εt|Yt−1) = 0 and Var(εt|Yt−1) = 1. Assume εt are i.i.d. with the

common known density function f(.). We will estimate the variance function

both where the mean function is known and for the unknown mean case.

The conditional distribution can be expressed as

ln =
n∑

t=1

log f

(
Yt − m(Yt−1)

σ(Yt−1)

)
−

n∑
t=1

log σ(Yt−1) (2)

For the local polynomial fitting a minimum degree of smoothness is required

in order to apply Taylor expansion, thus suppose that σ(y) has at least a

continuous third derivative. Without any loss of generality, we look at the

log of standard deviation function, s(y) = log σ(y). The first order Taylor

expansion in a small neighborhood around y gives

s(y) = α + β(Yt − y)

from which we get,

σ(Yt) = eα+β(Yt−y) (3)

where α = s(y) and β = s′(y).

Using equations (2) and (3) the conditional local log-likelihood function is

given by

ln(α, β) =
n∑

t=1

(
log f

(Yt − m(Yt−1)

eα+β(Yt−1−y)

)
−

(
α+β(Yt−1−y)

))
Kh(Yt−1−y) (4)

where m(.) is the mean function, Kh(u) is the kernel function that assigns

weights to the data points Yt according to their distance from y and h is

the bandwidth which defines the size of the neighborhood. We usually write

Kh(u) = K(u
h
) 1

h
where K(.) is a density function. Having defined the like-

lihood function, the local maximum likelihood estimate, θ̂ = (α̂, β̂), is the

solution of the likelihood equation ∇ln(θ) = 0.

4



3 Asymptotic Properties when mean func-

tion is known

First concentrate on the case of known mean function. Knowing m(.) we can

assume that E(Yt|Yt−1) = 0 ⇒ m(Yt−1) = 0 without loss of generality. We

introduce the notation. Define,

g̃(t) =
f ′(t)
f(t)

t + 1, s̃(t) =
t2f ′′(t)f(t) + tf ′(t)f(t) − t2f ′(t)2

(f(t))2

We use p(.) to denote the marginal density function of Yt. Let S∗ = [νj+l]0≤j, l≤2

with νj =
∫

ujK2(u)du, S = [µj+l]0≤j, l≤2 with µj =
∫

ujK(u)du and Xt =

(1, Yt−1 − y∗)T . We can now state the first theorem in which we present the

bias and asymptotic variance of the estimator.

Theorem 1 Suppose that conditions C1-C4 in Appendix hold. Then for the

local maximum likelihood estimator θ̂ = (α̂, β̂)T it holds that

⎛
⎝

√
nh(α̂ − α − h2b1)√
nh3(β̂ − β − h2b2)

⎞
⎠ D→ N(0, Σ)

where

Σ =
1

p(y)

∫
g̃2(y) f(y) dy( ∫
s̃(y) f(y) dy

)2 S−1 S∗ S−1

and

b1 =
1

2
s′′(y)

µ2

µ0

, b2 =
1

6
s′′′(y)

µ4

µ2

where s′′(y) = { ∂2

∂x2 log σ(x)}|x=y and s′′′(y) = { ∂3

∂x3 log σ(x)}|x=y

The above results are for estimating α̂ = ŝ(y) and β̂ = ŝ′(y) of the log-

standard deviation. Simple algebra calculation and using Taylor expansion

yields the following results for the estimator σ̂2(y),
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Corollary 1 Under conditions C1-C4 in Appendix, the estimate of the log-

standard deviation function α̂ = log σ̂(y) is asymptotically normally dis-

tributed i.e. √
nh(α̂ − α − h2b1) → N(0, v2)

Therefore, the local maximum likelihood estimate of the variance function is

asymptotically normally distributed with

√
nh(σ̂2(y) − σ2(y) − h2b′1) → N(0, 4σ4(y)v2)

where

b′1 =
1

2
µ2(σ

2′′(y) − (σ2′(y))2

σ2(y)
) and v2 =

ν0

µ0
2

1

p(y)

∫
g̃2(y) f(y) dy( ∫
s̃(y) f(y) dy

)2

Note, we see that the error density appears in the formula for the asymp-

totic variance but not in the bias. In fact, the bias term involves the kernel,

the estimated function and its derivatives. This is reasonable because bias is

based on the properties of the estimated function rather than on the stochas-

tic properties of the data. Nevertheless the log-transformation has affected

the bias and the gain or loss in efficiency depends on the second derivative

of variance function.

To calculate the asymptotic variance for the case of normally distributed

errors is of interest. Suppose ε ∼ N(0, 1) so f(y) = 1√
2π

e−
y2

2 . To calculate

4σ4v2 = 4σ4ν0
1

p(y)

∫
g̃2(y) f(y) dy( ∫
s̃(y) f(y) dy

)2

we first note that∫
s̃(y)f(y)dy =

∫
y2f ′′(y)dy +

∫
yf ′(y)dy −

∫
y2 (f ′(y))2

f(y)
dy = I1 + I2 − I3

while the numerator can be written,∫
g̃2(y)f(y)dy =

∫
y2 (f ′(y))2

f(y)
dy +

∫
2yf ′(y)dy +

∫
f(y)dy = I3 + 2I2 + 1
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Simple calculation lead to I1 = 2, I2 = −1, I3 = 3. Hence,∫
g̃2(y)f(y)dy( ∫
s̃(y)f(y)dy

)2 =
1

2

Consequently, under the assumption of normally distributed errors the bias

and asymptotic variance of the estimate σ̂2 are

BLMLE =
h2

2
µ2(σ

2′′(y) − (σ2′(y))2

σ2(y)
) AVLMLE = 2ν0

σ4(y)

p(y)
.

Fan and Yao (1996) showed using local Linear Least Square Estimation

(LLSE) the bias and asymptotic variance of the estimate are given by

BLLSE =
h2

2
µ2σ

2′′(y) AVLLSE = ν0
σ4(y)

p(y)
(E(ε4

t ) − 1) = 2ν0
σ4(y)

p(y)

with the latter equality holding when Gaussian errors are assumed. Further

Ziegelmann (2001) has shown that using local LLS-estimation together with

the exponential transformation (called here ELLSE) would give bias and

asymptotic variance:

BELLSE =
h2

2
µ2(σ

2′′(y) − (σ2′(y))2

σ2(y)
) AVELLSE = 2ν0

σ4(y)

p(y)
.

again assuming Gaussian errors. Apparently AVLMLE = AVLLSE = AVELLSE

i.e. all estimates share the same asymptotic variance for the case of Gaussian

error term. The bias is the same for the LLME and ELLSE. This is because

the log transformation is used in both cases while in LLSE it is not. Note

that any comparison is made under the assumption that we have same kernel

function and bandwidth for both LMLE and LLSE. In summary, for Gaussian

errors, local linear maximum likelihood is equally asymptotically efficient

with the local linear least squares and this is not surprising, since the two

methods are known to be asymptotically equivalent.

A discussion of the effeciency of the LMLE and ELLSE for non-normal

errors follows. Let errors follow a t-distribution with k-degrees of free-

dom, namely that εt ∼ f(y) where f(y) = C(1 + y2

k−2
)−

k+1
2 with C =
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(k − 2)−
1
2 (B(1

2
, k

2
))−1. Note that we have standardized the distribution to

ensure that the variance of the εt is one. Similarly to the previous example,

we write

∫
s̃(y)f(y)dy = I1 + I2 − I3

∫
g̃2(y)f(y)dy = I3 + 2I2 + 1

and from I1 = 2, I2 = −1, I3 = 3(k+1)
k+3

we end up with

∫
g̃2(y)f(y)dy( ∫
s̃(y)f(y)dy

)2 =
k + 3

2k
.

Consequently, the asymptotic variance of the LML-estimate is now given by

AVLMLE = 4σ4
0ν0

1

p(y)

k + 3

2k
.

Compare the result again with the common asymptotic variance of LLSE

and ELLSE which is

AVLLSE = σ4
0(E(ε4

t ) − 1)ν0
1

p(y)
with E(ε4

t ) = (k − 2)2 B(5
2
, k−4

2
)

B(1
2
, k

2
)

.

In order that forth moments exist we require k > 4. In table 1 we summarize

the results taking as degrees of freedom k=6 and k=8. The ratio of the

asymptotic variances

Eff ≡ AVLMLE

AVLLSE

is 0.6 for 6 degrees of freedom and 0.78 for 8 degrees of freedom and it can

be viewed as a measure of the efficiency parallel to the asymptotic efficiency

in the parametric theory. This indicates that local maximum likelihood esti-

mator is asymptotically more efficient than the estimator using local linear

least square estimation when the error distribution departure from Gaussian.

Using additional information provided from the error distribution, we

obtain a more accurate estimate comparing to that of the ELLSE that uses no

information from the error distribution. Particularly, when the distribution
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λ E(ε4
t ) Eff

k=6 0.75 6 0.6

k=8 0.69 3.5 0.78

Table 1: Efficiency for different degrees of freedom

is heavy tailed (like the t-distribution with small degrees of freedom) the

reduction in asymptotic variance is even more significant.

For the bandwidth selection, we know from the theory that there is a

trade off between bias and variance in the choice of h. A natural data driven

optimal bandwidth selection would be the value of h that minimizes the

variance and the squared bias of the estimator. We choose hopt as the value

in which the asymptotic mean square error AMSE attains its minimum. From

AMSE(y, h) = B2(y, h) + AV (y, h), we find hopt by minimizing the function

of h:

AMSE(y, h) = h4(b
′
1)

2 + 4σ4
0v

2 = h4(b
′
1)

2 + 4σ4
0

1

nh

ν0

µ2
0

1

p(y)

∫
g̃2(y)f(y)dy( ∫
s̃(y)f(y)dy

)2 .

Following simple derivative calculations we obtain

hopt =
( 4

p(y)

ν0

µ2
2

1

(σ2′′(y) − (σ2′(y))2

σ2(y)
)2

∫
g̃2(y)f(y)dy( ∫
s̃(y)f(y)dy

)2

) 1
5
n− 1

5

as the optimal bandwidth.

4 Asymptotic Properties when mean func-

tion unknown

Throughout the previous sections we assume that the mean function m(y)

is known. In practice m(y) is unknown and it has to be estimated. We now
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use the local linear maximum likelihood approach, not only for the variance

function, but also for the mean function. Recall, the approximation of the

variance function in (3). In the same way, we assume that the mean function

is locally linear. Of course, some minimum degree of smoothness is required

for both the mean and the variance function. We assume that both have at

least third continuous derivatives on an open set containing y. In a small

neighborhood of y we can write

σ(Yt) = eα+β(Yt−y), m(Yt) = γ + ζ(Yt − y)

The conditional local log-likelihood function is now,

ln(α, β, γ, ζ) =
n∑

t=1

(
logf

(yt − γ − ζ(Yt−1 − y)

eα+β(Yt−1−y)

)
−α−β(Yt−1−y)

)
Kh(Yt−1−y)

(5)

Call θ = (α, β, γ, ζ)T the parameter vector. As before, we first introduce

some notation. In addition to g̃, and s̃ introduced in the previous section,

define

q̃(t) = f ′(t)(f(t))−1 z̃(t) =
f ′′(t)f(t) − (f ′(t))2

f 2(t)

and ṽ(t) =
tf ′′(t)f(t) + f ′(t)f(t) − t(f ′(t))2

f 2(t)

Call

X1,t = (1, Yt−1 − y, 0, 0)T , X2,t = (0, 0, 1, Yt−1 − y)T .

Moreover let

H =

⎛
⎝ 1 0

0 h

⎞
⎠ , G =

⎛
⎝ H 0

0 H

⎞
⎠

a 2x2 and a 4x4 diagonal matrix respectively. Let

λ1 =

∫
s̃(y)f(y)dy, λ2 =

1

σ(y)

∫
ṽ(y)f(y)dy, λ3 =

1

σ2(y)

∫
z̃(y)f(y)dy

and

ω1 =

∫
g̃2(y)f(y)dy, ω2 =

1

σ(y)

∫
g̃(y) q̃(y)f(y)dy, ω3 =

1

σ2(y)

∫
q̃2(y)f(y)dy.
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We can now establish the asymptotic properties of the joint mean and vari-

ance estimator. It holds that

Theorem 2 Suppose conditions C1-C4 in Appendix hold. The vector of the

joint estimator of the mean and variance function converges in distribution

to a normal distribution. Particularly,

⎛
⎜⎜⎜⎜⎜⎝

√
nh(α̂ − α − h2b1)√
nh3(β̂ − β − h2b2)√
nh(γ̂ − γ − h2b3)√
nh3(ζ̂ − ζ − h2b4)

⎞
⎟⎟⎟⎟⎟⎠

D→ N(0, Σ)

where

Σ =
1

p(y)

1

(λ1λ3 − λ2
2)2

⎛
⎝ Σ1,1 Σ1,2

ΣT
1,2 Σ2,2

⎞
⎠

with

Σ1,1 = (λ3
2ω1 − 2λ3λ2ω2 + λ2

2ω3)S
−1S∗S−1

Σ1,2 = (−λ2λ3ω1 + λ2
2ω2 + λ1λ3ω2 − λ1λ2ω3)S

−1S∗S−1

Σ2,2 = (λ2
2ω1 − 2λ1λ2ω2 + λ2

1ω3)S
−1S∗S−1

and

b1 =
1

2
µ2s

′′(y), b2 =
1

6

µ4

µ2

s′′′(y), b3 =
1

2
µ2m

′′(y), b4 =
1

6

µ4

µ2

m′′′(y).

Apart from deriving the asymptotic results for the local maximum likelihood

estimate, our aim is to check whether our estimate is fully regression adaptive.

In a regression adaptive model, without knowing the mean function m(.) we

can estimate the conditional variance σ2(.) asymptotically as well as if m(.)

was known.

Proposition 1 The local maximum likelihood estimator of the variance func-

tion is adaptive with respect to the mean function, if the Hessian matrix is

11



diagonal or equivalently λ2 = 0. A sufficient condition would be that the

error density function is symmetric.

Indeed, substituting λ2 = 0 in the asymptotic variance of the log-standard

deviation estimator (given by Σ1,1) would lead to the same asymptotic vari-

ance derived in theorem 1 where the mean function was assumed to be known.

Moreover a symmetric error density would mean that ṽ(y) is antisymmetric

in which case λ2 = 0 so adaptiveness.

5 Numerical Examples

We give two examples. We want to make a comparison of the estimators and

therefore need to know the true values of the variance function for this reason,

both examples use simulated data. In both instances we look at the variance

function while the mean function has been ignored. The reason is that since

the simulated error distributions are the normal and the t-distribution and

both are symmetric, we have adaptiveness and therefore, we can treat it as

known.

Example 1

We simulate 200 random samples of size n=200 from the model

Yt = σ(Yt−1)εt

where ε ∼ N(0, 1), assuming the standard deviation function to be

σ(x) =
1√

1 + x2
+ log(1 + x2).

The performance of the estimator is evaluated by the mean absolute deviation

error

εMAD =
1

ngrid

ngrid∑
i=1

|σ̂2(xi) − σ2(xi)|,
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where {xi, i = 1, . . . , ngrid} are grid points on [−2, 2) with ngrid = 40. More-

over, as a kernel, we have chosen the Epanechnikov kernel and the bandwidth

is selected by minimizing the asymptotic mean square error.

As expected, for Gaussian errors, there is no significant difference in the

performance of the three estimators; figure 1.1 (last page, first in the first

row). Further, figure 1.2 (last page, second in the first row) displays the

estimated curve and the true variance function and we can see from there,

the quality of the estimation.

Example 2: We simulate 250 random samples of size n=200 from the model

Yt = σ(Yt−1)εt

where ε ∼ td, with d = 6 and d = 2 degrees of freedom respectively. The

standard deviation function is of the form

σ(x) = 0.8x + 0.6e−0.8x2

.

Again we look at the mean absolute deviation error

εMAD =
1

ngrid

ngrid∑
i=1

|σ̂2(xi) − σ2(xi)|,

where {xi, i = 1, . . . , ngrid} are grid points on [−0.8, 0.7] with ngrid = 38. The

boxplot for these two cases are given in figure 1. From figure 2.1 (last page,

first in the second row) we can see all the estimators perform rather well with

a slight preference for the LMLE although the difference is not significant.

This is because we have 6 degrees of freedom and therefore the distribution is

closer to the normal case. Another explanation could be that the use of the

log-transformation may has increased the bias due to negativity of the second

derivative of the variance function at some grid points (all grid points bigger

than 0.1 have negative second derivative). We reduce the degrees of freedom

to two and re-run the simulation. The result is quite different. Figure 2.2
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(last page, second in the second row) indicates what we have already noticed

theoretically. Local LMLE outperforms both LLSE and ELLSE. Therefore,

we can claim that when the data appears to be heavy tailed, local linear

maximum likelihood estimator is more appropriate.
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Appendix

Regularity conditions

We introduce some regularity conditions and notation. We use C to denote

a generic constant that may be different at different places. Note that C1(ii)

is used in the proof of theorem 1 while C1(ii)′ is for theorem 2.

C1 (i) For fixed x, p(x) > 0 and is differentiable with continuous third

derivatives. Moreover, for the error-density function f(.) we assume

that f(y) > 0 for all y ∈ 	 and has continuous 3rd derivatives. Further,

any interchange of integral and derivative is justified for f(.).

(ii)Call

g(y1, x, θ) = g̃(
y1

eα+β(x−y)
), s(y1, x, θ) = s̃(

y1

eα+β(x−y)
)

r1(y1, x) = g(y1, x, θ)f(y1|x) and r2(y1, x) = s(y1, x, θ)f(y1|x)

and G ⊂ 	 is a compact set with y ∈ G, then we assume that there

are functions Hj(.) j = 1, 2 such that for i = 0, 1, 2, 3 and ∀x ∈ G

| ∂i

∂xi
rj(y1, x)| ≤ Hj(y1)

with

∫
Hδ

1(y1)dy1 < ∞,

∫
H2(y1)dy1 < ∞ for some δ > 2.

(ii)′ Call

g(y1, x, θ) = g̃(y1−γ−ζ(x−y)

eα+β(x−y) ), q(y1, x, θ) = q̃(y1−γ−ζ(x−y)

eα+β(x−y) )

s(y1, x, θ) = s̃(y1−γ−ζ(x−y)

eα+β(x−y) ), z(y1, x, θ) = z̃(y1−γ−ζ(x−y)

eα+β(x−y) )

v(y1, x, θ) = ṽ(y1−γ−ζ(x−y)

eα+β(x−y) ) and r1(y1, x) = g(y1, x, θ)f(y1|x),

r2(y1, x) = q(y1, x, θ)f(y1|x), r3(y1, x) = s(y1, x, θ)f(y1|x),
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r4(y1, x) = z(y1, x, θ)f(y1|x), r5(y1, x) = v(y1, x, θ)f(y1|x)

and let G ⊂ 	 a compact set with y ∈ G, then there are Hj(.) j =

1, ..., 5 and some δ1 > 2 and δ2 > 2 such that for i = 0, 1, 2, 3 and

∀x ∈ G,

| ∂i

∂xi
rj(y1, x)| ≤ Hj(y1) with

∫
Hδ1

1 (y1)dy1 < ∞,

∫
Hδ2

2 (y1)dy1 < ∞ and

∫
Hj(y)dy1 < ∞ for j = 3, 4, 5.

C2 The kernel function is a continuous and symmetric density function

with a bounded support.

C3 The strictly stationary process {(Yt, Yt−1)} is strongly mixing, i.e.

α(j) ≡ sup
A∈�0

−∞,B∈�∞
j

|P (A)P (B) − P (AB)| → 0

as j → ∞ where �j
i we denote the σ-field generated by {(Yt, Yt−1) : t =

i, . . . , j}. Further, we assume that for the δ > 2 given in (ii) i.e. for

δ = min{δ1, δ2} > 2 where δ1,δ2 given in (ii)′, it holds that

∞∑
j=1

j2α(j)
1− 2

δ < ∞

C4 As n → ∞, h → 0 and lim infn→∞ nh4 > 0.

Remarks The conditions are not the weakest possible and can be altered

at the cost of lengthier proofs. In many cases where the assumption of

interchanging derivative with integral is used, symmetry of the error density

would have been sufficient. Note that C4 implies that nh → ∞. The stronger

convergence rate of h is used in the asymptotic distribution.

Proof of theorem 1: Define the processes Zt = H−1XtKh(Yt−1−y)g(Yt, Yt−1, θ0)

and Ut = h(Zt − E(Zt)) both strictly stationary as functions of the strictly
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stationary process (Yt, Yt−1). We follow a similar approach to the one of Cai,

Fan and Yao (2000) for estimating functional coefficient regression models.

First we prove two lemmas that will be used at the proof of the theorem.

Lemma 1 Under conditions C1(ii) and C2 we can show that

H−1E(− 1

n
l′n(θ0)) = (h2a1, h

3a2)
T

with

a1 =
1

2
p(y)s′′(y)µ2

∫
y g̃′(y)f(y)dy + o(1)

a2 =
1

6
p(y)s′′′(y)µ4

∫
y g̃′(y)f(y)dy + o(1)

where s′′(y) = { ∂2

∂x2 log σ(x)}|x=y and s′′′(y) = { ∂3

∂x3 log σ(x)}|x=y

Proof. H−1E(− 1
n
l′n(θ0)) = E( 1

n

∑n
t=1 Zt) where under C1-C2 E|Zt|δ < ∞.

Since, the first two moments exist, then it is weak stationary. Thus we can

write H−1E(− 1
n
l′n(θ0)) = E(Zt) where

E(Zt) =

∫ ∫
(1,

x − y

h
)T K(

x − y

h
)
1

h
g(y1, x, θ0)f(y1|x)p(x)dy1dx

But ∫
g(y1, x, θ0)f(y1|x)dy1 =

∫
g̃(

y1

eα+β(x−y)
)f(

y1

es(x)
)

1

es(x)
dy1

=

∫
y1f

′(y1)dy1 +

∫
f(y1)dy1 + (es(x)−α−β(x−y) − 1)

∫
y1g̃

′(y1)f(y1)dy1

using Taylor expansion of g̃. Note that
∫

y1f
′(y1)dy1 = −1 thus, from the

Taylor expansion

es(x)−a−β(x−y) − 1 =
s′′(y)

2
(x − y)2 + o((x − y)2)

we get

= s′′(y)
1

2
(x − y)2

∫
y1g̃

′(y1)f(y1)dy1 + o((x − y)2)

17



and therefore

h2a1 = h2 1

2
p(y)s′′(y)µ2

∫
y g̃′(y)f(y)dy + o(h2)

For the second term (the derivative) a2 = 0 since the kernel is symmetric

(µ3 = 0), thus the second order Taylor expansion is not sufficient. Extending

to include the third order we have:

∫
g(y1, x, θ0)f(y1|x)dy1 = (s′′(y)

1

2
(x−y)2+s′′′(y)

1

6
(x−y)3)

∫
y1 g̃′(y1)f(y1)dy1

from which we get

h3a2 = h3 1

6
p(y)s′′′(y)µ4

∫
y g̃′(y)f(y)dy + o(h3)

and the lemma has been proved.

Lemma 2 Under conditions C1-C4 the following propositions hold

a. h−1V ar(Ut) → p(y)
∫

g̃2(y)f(y)dy S∗

b. h−1
∑n−1

t=1 |Cov(U1, Ut+1)| = o(1)

c. nh−1V ar(Qn) → p(y)
∫

g̃2(y)f(y)dy S∗

Proof a. Since E(Ut) = 0 we have that

V ar(Ut) = E(UtU
T
t ) = h2

(
E(ZtZ

T
t ) − E(Zt)E(Zt)

T
)
.

Using Taylor expansion in conjunction with Condition C1(ii) and C2, we

have that for 0 ≤ j ≤ 2

{h2E(ZtZ
T
t )}j = h

∫ ∫
ujK2(u)g2(y1, hu + y, θ0)f(y1|hu + y)p(hu + y)dudy1

= hp(y)

∫
ujK2(u)du

∫
g̃2(y1)f(y1)dy1 + O(h2).

18



In addition, E(Zt) = O(h2) (see lemma 1), therefore E(Zt)E(Zt)
T = O(h4).

Thus,

h−1V ar(Ut) = p(y)

∫
ujK2(u)du

∫
g̃2(y)f(y)dy + O(h5)

and since h → 0 when n → ∞ we conclude a.

The result for c. follows easily from a. and b. along with

V ar(Qn) =
1

n
V ar(Ut) +

2

n

n−1∑
t=1

(1 − t

n
)Cov(U1, Ut+1)

and the fact that nh → ∞ implied from C4. So, it remains to prove part b.

Let dn → ∞ to be a sequence of positive integers such that hdn → 0. Define,

J1 =
dn∑
t=1

|Cov(U1, Ut+1)| and J2 =
n−1∑
t=dn

|Cov(U1, Ut+1)|

We should show that J1 = o(h) and J2 = o(h). We have that for all t ≥ 1

|Cov(U1, Ut+1)| = |E(U1U
T
t+1)| ≤ h2|E(Z1Z

T
t+1)| + h2|E(Z1)E(Zt+1)

T |

But using the Markovian property and C1(ii)

|E(Z1Z
T
t+1)| ≤ |C||E(H−1X1X

T
t+1H

−1Kh(Y0 − y)Kh(Yt − y))| C2
< ∞.

Substitute and also use the fact that E(Zt) = O(h2) to get, |Cov(U1, Ut+1)| ≤
h2C. It follows that h−1J1 ≤ hdn and from the choice of dn we conclude that

J1 = o(h). Next we consider the upper bound of J2. By using Davydov’s

inequality, see corollary 1.1 Bosq (1998) , for δ > 2 given in C1(ii) and C3,

we obtain

|Cov(U1, Ut+1)| ≤ C{α(t)}1− 2
δ

(
E|U1|δ

) 1
δ
(
E|Ut+1|δ

) 1
δ

where α(t) is the mixing coefficient of the process (Yt, Yt−1) given in C3. Note

that E|Ut|δ ≤ ChδE|Zt|δ and

E|Zt|δ =

∫
{1 + u2} δ

2 Kδ(u)h1−δp(hu + y)

∫
|r1(y1, hu + y)|δdy1du < Ch1−δ
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from C1(ii) and C2. Hence E|Ut|δ ≤ Ch which leads to

h−1J2 ≤ Ch
2
δ
−1

∞∑
t=dn

{α(t)}1− 2
δ ≤ Ch

2
δ
−1d−2

n

∞∑
t=dn

t2{α(t)}1− 2
δ

and by choosing dn such that dn = Ch
1
δ
−1 then the requirements dn → ∞

and hdn → 0 are met and moreover under C3 we ensure that J2 = o(h)

therefore the lemma has been proved.

We can now conclude the theorem’s proof. From the Taylor expansion of the

derivative of the likelihood function (use the notation Sn for l′′n(θ0) )

ln
′(θ̂n) = l′n(θ0) + Sn(θ̂n − θ0) ⇒ θ̂n − θ0 = S−1

n {−l′n(θ0)} ⇒

θ̂n − θ0 = S−1
n {−l′n(θ0) − E(−l′n(θ0))} + S−1

n E(−l′n(θ0)) ⇒

θ̂n − θ0 = I1 + I2

where

I1 = H−1
(
H−1SnH−1

)−1

H−1{−l′n(θ0) − E(−l′n(θ0))}

I2 = H−1
(
H−1SnH

−1
)−1

H−1E(−l′n(θ0))

It is easy to see that the theorem follows from statements a. and b.

a. √
nhHI1

D→ N(0, Σ)

b.

I2 = h2(b1, b2)
T + op(h

2)

Let first prove a: Note

H−1{−l′n(θ0) − E(−l′n(θ0))} =
∑

Zt − nE(Zt) ⇒

√
nhHI1 =

( 1

n
H−1SnH

−1
)−1 1√

nh

n∑
t=1

Ut (6)
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Obviously E(Ut) = 0 and moreover in lemma 2 we showed E|Ut|δ < Ch

Now if we call α̃(j) the mixing coefficient of Ut then since Ut is a function of

(Yt, Yt−1) it holds from the properties of strong mixing conditions Brandley

(1985) , that α̃(j) < α(j) therefore using C3

∑
j≥1

α̃(j)1− 2
δ <

∑
j≥1

α(j)1− 2
δ < ∞

Then, from theorem 2.21 in Fan and Yao (2002) , we have that Qn =

1√
nh

∑n
t=1 Ut is asymptotically normal with mean zero and variance

σ2
n ≡ V ar(

1√
nh

n∑
t=1

Ut) = nh−1V ar(Qn).

Now, using the result of lemma 2

σ2
n → σ2 = p(y)

∫
g̃2(y)f(y)dy S∗

we conclude that
1√
nh

n∑
t=1

Ut
D→ N(0, σ2) (7)

Further note that for the hessian matrix (under C1-C2):

1

n
H−1SnH

−1 P→ R = p(y)

∫
s̃(y)f(y)dy S (8)

using the ergodic theorem for Vt,j = Kh(Yt−1 − y)(Yt−1−y
h

)js(Yt, Yt−1, θ0) and

the Taylor expansion

E(Vt,j) = p(y)

∫
ujK(u)du

∫
s(y1, y, θ0)f(y1|y)dy1 + O(h).

Combine (8) and (7) to get

√
nhHI1

D→ N(0, R−1σ2R−1) (9)

Substitute R and σ2 in (9) and we have that the asymptotic variance is

Σ ≡ R−1σ2R−1 =
1

p(y)

∫
g̃2(y)f(y)dy( ∫
s̃(y)f(y)dy

)2 S−1 S∗ S−1 (10)
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We now show b. Recall

I2 = H−1(H−1SnH−1)−1H−1E(−l′n(θ0)) ⇒ I2 = H−1(R−1+op(1))(h2a1, h
3a2)

T

substitute R−1 and a1,a2 from lemma 1 to get

I2 = h2

∫
y g̃′(y)f(y)dy∫
s̃(y)f(y)dy

(
1

2
s′′(y)

µ2

µ0

,
1

6
s′′′(y)

µ4

µ2

)T + o(h2)

but note that ∫
y g̃′(y)f(y)dy =

∫
s̃(y)f(y)dy

hence is reduced to

I2 = h2 (
1

2
s′′(y)

µ2

µ0

,
1

6
s′′′(y)

µ4

µ2

)T + o(h2) ⇒ I2 = h2(b1, b2)
T + o(h2)

and the theorem has been proved.

Proof of theorem 2 is straightforward by following the same steps as above.

In that case, derivation of the bias involves second order Taylor expansion of

the mean function too while the asymptotic normality is established using

similar arguments.
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Figure 1: Fig 1.1: Boxplot of the mean absolute deviation error εMAD for

LMLE, LLSE and ELLSE for ex1. Fig 1.2: Plot of true σ(.) (doted curve) and

estimated σ̂LMLE(.) (solid curve) for ex1. Fig 2.1: Boxplot of the mean abso-

lute deviation error εMAD of LMLE, LLSE and ELLSE for ex2, t-distribution

with d=6 degrees of freedom. Fig 2.2: Boxplot of the mean absolute devia-

tion error εMAD of LMLE,LLSE and ELLSE for ex2, t-distribution with d=2

degrees of freedom.

24



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


