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Abstract

The class of ARCH/GARCH models is arguably the most frequently used family for mod-
elling conditional second moments, and has proved particularly valuable in modelling highly
volatile time series. These include financial data, which can be particularly heavy tailed. Hall
and Yao (2001) showed that for ARCH/GARCH models with heavy-tailed errors, the conven-
tional quasi-maximum likelihood estimator suffers from complex limit distributions and slow
convergence rates. In this paper three types of absolute deviations estimators have been ex-
amined, and the one based on logarithmic transform is particularly appealing. We have shown
that the estimator is asymptotically normal and unbiased. Further it enjoys the standard
convergence rate n'/? regardless whether the errors are heavy-tailed or not. Simulation lends

further support to our theoretical results.
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1 Introduction

Motivated by the need to explain and to forecast risk in financial time series, ARCH and GARCH
models were proposed to model explicitly the conditional second moments; see Engle (1982),

Bollerslev (1986) and Taylor (1986). Early successes of ARCH/GARCH application were confined



to the case of normal errors. On the other hand, empirical evidence suggests that financial data
may have heavy tails (Mittnik, Rachev and Paolella, 1988; Mittnik and Rachev, 2001) and the
models with heavy-tailed errors have also been adopted in practice. An excellent survey on
ARCH/GARCH modelling for financial data is available in Shephard (1996) and Rydberg (2000).
For their theoretical properties, we refer to section 4.2 of Fan and Yao (2002).

When the errors in GARCH models are normal, an explicit conditional likelihood function
is readily available to facilitate parameter estimation. In practice, the error distribution is typ-
ically unknown. Nevertheless, conditional Gaussian likelihood still motivates parameter estima-
tors, which might be called quasi-maximum likelihood estimators. The asymptotic properties
of quasi-maximum likelihood estimators are established for ARCH(p) models by Weiss (1986),
for GARCH(1,1) models by Lee and Hansen (1994) and Lumsdaine (1996), and for general
GARCH(p, ¢) models by Hall and Yao (2001). In fact Hall and Yao (2001) showed that when
the error distribution is heavy-tailed the estimators are no longer asymptotic normal, the range
of possible limit distribution is extraordinarily large, and the convergence rate is slower than the
standard rate n/2. Complex asymptotic properties were also observed from a Whittle estimator
(Giraitis and Robinson 2001) for heavy tailed GARCH(1,1) models by Mikosch and Straumann
(2001).

Note that quasi-maximum likelihood estimation based on Gaussian likelihood may be viewed
as an extended version of least squares estimation which is known to be sensitive to heavy tails.
In contrast, a least absolute deviations method would be most robust. See, for example, Davis,
Knight and Liu (1992), Adler, Feldman and Gallagher (1997) and the references within. In this
paper, we explore three types of least absolute deviations estimators for ARCH and GARCH
models and advocate the one based on logarithmic transform. Our theoretical result shows that
this estimator is asymptotically normal and unbiased. Further it enjoys the nl/2 convergence
rate regardless the tail-weight of error distributions (see Remark 3 in section 4 below). This is
in marked contrast to the conventional Gaussian maximum likelihood estimator. Our simulation
lends further support to our theoretical results.

The paper is organised as follows. The three absolute deviations estimators are defined in
section 2, and their asymptotic properties are presented in section 4. We report some numerical

results in section 3. Technical proofs are relegated to the Appendix.



2 Models and estimators

A generalised autoregressive conditional heteroscedastic (GARCH) model with orders p(> 1) and
q(> 0) is defined as

P q
X; = o454, and 0'? =0,(0)> =c+ Z b,-XtQ_i + Z ajaf_j, (2.1)

where ¢ > 0, b; > 0 and a; > 0 are unknown parameters, 8 = (¢, by, -+ ,by, a1, ,a,4)7, {e1} is a
sequence of independent and identically distributed random variables with mean 0 and variance
1, and ¢; is independent of {X;_,k > 1} for all ¢. The necessary and sufficient condition for (2.1)

defining a unique strictly stationary process {X;, t = 0,+1,42,--- } with EX? < oo is

p q
Y b+ ;<L (2.2)
i=1 j=1

Further for such a stationary solution, EX; = 0 and Var(X;) = ¢/{1 — 327_, b — >_9_, a;}. See
Giraitis, Kokoszka and Leipus (2000), and also Theorem 4.4 of Fan and Yao (2002).

The most popular method for estimating GARCH models is arguably the quasi-maximum
likelihood estimation based on a (conditional) Gaussian likelihood. It can be motivated by tem-

porarily assuming that e, ~ N(0,1). Given {(Xy,0%),1 < k < v} with v > max(p,q), the

conditional density function of X, ,---, X, is then proportional to
n *1/2 n
1 X?
2 Z i
t=v+1 t=v+1

Under condition (2.2), o7 may be expressed as
01(0)? = T~ -t Zb XP i+ Zb Z Z Z aj, @ XE iy s
i=1 i=1 k=1j1=1 jp=1
where the multiple sums vanishes if ¢ = 0; see Hall and Yao (2001). This leads to the following
approximation for o2 based on Xi,--- , X;
min(p,t—1)

p o q q
54(0)° = 1_2 + Z DXT D b Y Y Yy ay, (2.4)
k=1

1=1 =lj1=1 jr=1
X Xt—i—jl—---jkI(t_Z - == Jk 2> 1)'

Maximising (2.3) with o? replaced by 57, we obtain the quasi-maximum likelihood estimator

B = arg min Z { 5 +log{5:(6) }},



where the minimisation is taken over all the non-negative values of parameters. The asymptotic
properties of the estimator 0, were derived in Hall and Yao (2001). In particular, when the
distribution of &; is heavy tailed in the sense that E(|e;|?) = oo for some 2 < d < 4, the
convergence rate of /éml is slower than the standard rate n'/2.

If we reparametrise the model (2.1) in such a way that Ee; = 0 and the median of €? is equal
to 1, the parameters ¢, b;’s and a;’s differ from those in the old setting by a common positive
constant factor. Further, E|X? /o7 — 1| obtains the minimum value at the new true values of the
parameters. This leads to an absolute deviation estimator

n
0, = arg Hgnggl |X?2/5,(0)? —1]. (2.5)
Although the idea behind the above estimation is simple, the estimator 51 is, unfortunately,
asymptotically biased; see Remark 4 in section 4 below.

To overcome this shortcoming, we define a modified form of least absolute deviations estimator

as follows

n
0, = arg min > |log(X?) — log{5:(8)?}I- (2.6)
t=v+1

Note that the distribution of X? is confined to the non-negative half axis and is typically skewed.
Intuitively the log-transform will make the distribution less skewed. Theorem 1 below shows that
the estimator 52 is in fact asymptotically normal and unbiased under very mild conditions. The

estimator 52 is motivated by the regression relationship
log(X7) = log{04(0)}* + log(e7), (2.7)

in which the median of log(e?) is equal to 0 under the reparametrisation.
It we write

Xt2 = Ut2 + ey, (28)

where e; = 02(e? — 1) (for all t) form a sequence of martingale differences; see (2.1). Again under
the new parametrisation, the median of e; is 0. This leads to our third least absolute deviations

estimator

n
0; — i X2 _5,(0)2. 2.9
3 argrrgnz;rl\ 2 5,(0)? (2.9)

Intuitively we prefer the estimator 85 to 83 since the error terms log(£?) in regression model (2.7)

are independent and identically distributed while the errors e; in model (2.8) are not independent.
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Therefore ideally the sum on the RHS of (2.9) should be replaced by a weighted sum with weights
reflecting the dependence, which is typically intractable. In fact the asymptotic normality of 53

requires more conditions; see Remark 5 in section 4.

Remark 1. The minimisation in (2.5), (2.6) and (2.9) should be taken over all ¢ > 0 and all
nonnegative b;’s and a;’s. For a pure ARCH process (i.e. ¢ =0), it is easy to see from (2.4) that

2 2

o; = oy for all ¢ > p. Thus we may let v = p in the definitions of the above estimators.

3 Numerical properties

In this section, we compare numerically the three least absolute deviations estimators (LADE)
with the conditional Gaussian maximum likelihood estimator (MLE) for an ARCH(2) and a
GARCH(1,1) models. In both cases we took the errors e; to have either standard normal dis-
tribution or standardised Student’s ¢ distribution with d degrees of freedom with d = 4 or 3.
Note that when ; ~ t(d), E|e;|* = co. We employed ¢ = 3, by = 0.5 and by = a; = 0.4 in
the models. Setting the sample size n = 300, we drew 500 samples respectively for each set-
ting. We used v = 20 in the estimation for GARCH models. To ensure a fair comparison, we
employed exhausting search to find estimates. Note that the definition of least absolute devi-
ations estimators implies a reparametrisation. We define the average absolute error (AAE) as
([b1/2 = by /c| + [b2/E — ba/c|) /2 for ARCH(2), ([b1/¢ — b1/c| + [@1/¢ — a1 /c|)/2 for GARCH(1,1).

Figure 1 presents the boxplots for the AAEs. For models with heavy-tailed errors (i.e. e; ~ t4
with d = 3,4), the least absolute deviation estimator 52 performed best. Further the gain from
using 62 was more pronounced when the tails are very heavy (i.e. €; ~ t3). Note that when &; ~ tg4,
Gaussian MLE §ml was almost as good as 52, and was better than both 51 and 53. However
when g; ~ i3, §ml was no longer desirable. On the other hand, when the error ¢; is normal, 5ml
was of course the best. In fact the AAE of §ml is larger when the tail of the error distribution is
heavier, which reflects the fact that the heavier the tails are, the slower the convergence rate is.
(See Hall and Yao 2001.) However this is not always the case for the LADEs as they are more
robust against heavy tails.

The above pattern were also observed in the simulation with other models. In general, our
numerical results suggest that we should use the least absolute deviations estimator 52 when ¢

has heavy and especially very heavy tails (i.e. E(|e;|?) = 00), while in general the quasi-maximum



(a) AAE for ARCH(2)
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(b) AAE for GARCH(1,1)
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Figure 1: Boxplots of the average absolute errors of the maximum likelihood estimates (MLE)
and the three least absolute deviations estimates: LADE1 — 01, LADE?2 - 02 and LADE3 — 03

likelihood estimator §m, is desirable as long as that &; is not very heavy-tailed.

4 Asymptotic properties

In this section, we justify the superior performance of 52 over 51 and 63 for heavy tailed models
in terms of asymptotic theory. We establish the asymptotic normality of the estimator 52. The
properties of both 51 and 53 will be stated without proofs. To minimise the technical argument,
we prove the result for ARCH models only although similar results hold for general GARCH
models. Hence the second equation in (2.1) is of the form
P
ol =c+ Z ijtZ_j,
j=1

where ¢ >0 and b; >0 (j =1,---,p). Let 0° = (09, --- ,bg)T be the true value under which

the median of log(e?) equals 0.



Define 07, =1/(c® + > b0X2 , ;) and for 2 <4, <p+1,

i=1"“*p
2 2 2
2 _ Xp+2—i 2 _ Xp+2—z’Xp+2—j
01 = 035 =

(®+ 30 0 X )

Let ¥ be the (p+ 1) x (p + 1) symmetric matrix with E(aizj) as its (4,7)-th element. Some

Y+ L X )

regularity conditions are now in order.

A1. There exists a unique strictly stationary solution of model (2.1).
A2. There exists a positive number § such that E'(UZ?]-)H‘S <ocforalll <i,7 <p+1.
A3. ¥ is nonsingular.

A4. loge? has a unique median zero, and its density function f is continuous at zero.

Remark 2. Different conditions to ensure the existence of a strictly stationary solution of (2.1)
have been established by, for example, Kesten (1973), Bougerol and Picard (1992), and Giraitis,
Kokoszka and Leipus (2000). Note that (2.2) is not a necessary condition for Al. Further,
condition A2 is implied by the assumption that none of by, --- , b, vanishes, which, together with

condition A3, were imposed in Hall and Yao (2001).

Theorem 1. Under conditions Al - A4, n!/ 2(52 — 0°) is asymptotically normal with mean 0

and variance 71 /{4f(0)%}.

Remark 3. By Theorem 1, the least absolute deviations estimator 52 is asymptotically normal
with the convergence rate n!/2 under very mild conditions. For example we only require F (e2) <
00. In contrast, the asymptotic normality for the Gaussian maximum likelihood estimator Eml is

|*=9) < oo for any § > 0, and furthermore the convergence rate n'/? is only

only possible if E(|e;
observable when E(e}) < oo. See Hall and Yao (2001).
Remark 4. The asymptotic normality stated in Theorem 1 also holds for the estimator 0, except

the limit distribution has the mean
E{e{I(e; > 1) — e/I(e; < D} Elow|, ++ , Elopr1,psal)”

instead of 0. Therefore 51 is asymptotically biased.
Remark 5. Theorem 1 would also hold for the estimator 85 if we replace o?, by 1, 0%, by Xg L9 i

and afj by X; +27Z~X§ 2~ But now condition A2 implies Fe} < oo, under which the quasi-

maximum likelihood estimator §ml is also asymptotically normal with the convergence rate n'/2.



Appendix: Proof of Theorem 1.

Put Z;(0) = log X? — log(c + e bin_Z-), and

1 Xthi

Ap(0) = Ay (0) =
tO( ) C+Ef:1 letQ_l’ tz( ) C+Ef:1 let2_l

t=1,--,p,

Su(v) = Y {1Z:(6°) =) Au(6°)n™?u)| — | Z,(68°)]},
=0

t=p+1
where v = (vg, -+ ,vp)7. It holds that for z # 0,

|z —y| — [2] = —ysgn(z) +2(y — 2){I(0 <z <y) — I(y < z < 0)}.

Hence,

Su(v) = —n VPR {0, Au(8%)ui}sgn{Z,(6°)}
+2 300 {3070 Au(8%)n Py — Z,(6°)}I{0 < Z,(6°) < 327 Au(8%)n '/}
=23 {0 Au(0%)n 2w — Zy(6°)HI{Y Dy Au(8°)n =12 < Z,(6°) < 0}.
Write the three terms on the RHS of the above expression as I, Is and I3 respectively.
Let F; = o(es,s < t). Note that [Y 7 Ay(6°)vsgn{Z,(6°)}, t > p + 1] is a martingale
difference. By condition A2 we may show that Iy 4N (0,vTXv). Let
P P
Wit = {>_ Au(8°)n 120, — Z,(0°)}1{0 < Z,(6°) < Y Au(8°)n v},
=0 =0
and F and G denote the distribution function of log(e?) and the joint distribution function of
(X7,---,X1), respectively. Put
P

2
V0 ViTpi1_;

— + .
0 7 0.2 0 7102
A+ b, SO b,y

B(J;p’ ce ,-771)

Then

lim sup,,_, ., nEW?,
= limsup, o n f5° - fo ffooo{n_lﬂB(xp,--- ,31) — 2}2
x I{0 < z < n " Y2B(zp, - ,x1)} dF (2)dG(zp,- -+ ,21)
< limsup,_, n*‘sE{B(Xp,... ,X1)2(1+5)} —0.

It is easy to check that

1 _
E(Wpi|Fi1) ~ g™ 'B(Xy—1,-+ , Xep) 2 F(O) I{B(Xy—1, -+ , X4—p) > O}



Hence

n
0
> E(WulFi1) > %E[B(Xp, o, X)) {B(Xp,- -, X1) > 0}].
t=p+1
Since
n n
Var| Z (Wt = EWne| Fie))Y = Y Var{Wyy — EWwi|Fr1)} < Y EW, — 0,
t=p+1 t=p+1 t=p+1
we have
Z Wit 5 E[B( -, X1 {B(X,, - ,X1) > 0}].
t=p+1

Therefore we could show that I + Iz 2 42f(0). Thus

Sn(v) “ £(0)(m®)2v"Bv 4 (m®) " tvre
uniformly on any compact set in RP*!. Hence the theorem follows from the same arguments as

in Davis and Dunsmuir (1997).
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