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Abstract

This paper examines the Gaussian maximum likelihood estimator (GMLE) in the context
of a general form of spatial ARMA processes with finite second moment. The ARMA processes
are supposed to be causal and invertible under the half-plane unilateral order (Whittle 1954),
but not necessarily Gaussian. We show that the GMLE is consistent. Subject to a modification
to confine the edge effect, it is also asymptotically distribution-free in the sense that the limit
distribution is normal, unbiased and with a variance depending on the autocorrelation function
only. This is an analogue of Hannan’s classic result for time series in the context of spatial
processes; see Theorem 10.8.2 of Brockwell and Davis (1991). We also point out that the
computation of the GMLE can be easily implemented on an average PC via the prewhitening
based on the innovation algorithm, which in fact is widely applicable to any lattice or non-

lattice processes.

Key words and phrases: ARMA spatial process, asymptotic normality, consistency, edge effect,
Gaussian maximum likelihood estimator, innovation algorithm, martingale-difference, prewhiten-

ing.

Running title: Gaussian MLE for spatial ARMA processes



1 Introduction

Since Whittle’s pioneer work (Whittle 1954) on stationary spatial processes, the frequency-domain
methods which approximate a Gaussian likelihood by a function of a spectral density became
popular, while the Gaussian likelihood function itself was regarded intractable in both theoretical
exploration and practical implementation. Guyon (1982) and Dahlhaus and Kinsch (1987) es-
tablished the asymptotic normality for the modified Whittle’s maximum likelihood estimators for
stationary spatial processes which are not necessarily Gaussian; the modifications were adopted
to control the edge effect. On the other hand, the development of time-domain methods was
predominated by the seminar work Besag (1974) who put forward an ingenious auto-normal spec-
ification based on a conditional probability argument. Besag’s proposal effectively specifies the
inverse of covariance matrix in a Gaussian likelihood function, within which the parameters bear
direct interpretation of the dependence in terms of conditional expectations. However, to avoid
the calculation of the determinant of the covariance matrix, approximation methods such as the
coding and the pseudo-likelihood were used in place of the true likelihood to derive the estimators
(Besag 1975). Attempts to calculating Gaussian likelihood functions directly have also been made,
including, among others, Ord (1975), Mardia and Marshall (1984). Typically those methods are
practically feasible with moderate sample sizes. See §7.2 of Cressie (1993) for a survey on the
estimation for spatial models.

In this paper we examine the estimator derived from maximising the Gaussian likelihood
function for spatial processes, which we refer as Gaussian maximum likelihood estimator (GMLE).
We point out that the computation of this estimator can be easily implemented on an average PC
if we prewhiten the data in terms of the innovation algorithm which is one of the most frequently
used algorithms in estimation for time series. In fact the algorithm is applicable to any lattice or
non-lattice, stationary or non-stationary process (§2.3 below).

To study the asymptotic properties of the GMLE, we assume that the data are generated from
a spatial ARMA model defined on a lattice. Under the condition that the process is causal and
invertible according to the half-plane unilateral order (Whittle 1954), the GMLE is consistent
(Theorem 1 in §3 below). Subject to a modification to confine the edge effect, it is also asymptot-
ically normal and unbiased with a variance depending on the autocorrelation function only. Thus

our modified GMLE is asymptotically distribution-free. The asymptotic normality presented in



Theorem 2 below may be viewed as an analogue of Hannan’s (1973) classic result for time series
in the context of spatial processes, which shows that the limit distribution of the estimator for
an ARMA process is determined by two AR models defined by the AR and MA forms in the
original model; see Theorem 2 in §4 below and also §8.8 of Brockwell and Davis (1991). Hannan’s
proof was based on a frequency-domain argument. He proved the equivalence of a Gaussian MLE
and a Whittle’s estimator and established the asymptotic normality for the latter; see also §10.8
of Brockwell and Davis (1991). Our proof largely follows the time-domain approach of Yao and
Brockwell (2001), although the proposed modified GMLE shares the same asymptotic distribution
as the modified Whittle’s estimator proposed by Guyon (1982) (see Remark 3 below), which is
also the asymptotic distribution of the modified Whittle’s estimator proposed by Dahlhaus and
Kiinsch (1986) if the underlying process is Gaussian. For purely autoregressive processes, our
asymptotic results are the same as those derived by Tjgstheim (1978, 1983).

For a sample from a spatial model, the number of boundary points typically increases to
infinite as the sample size goes to infinite. Therefore the edge effect causes problems. Various
modifications to reduce the edge effect have been proposed; see Guyon (1982), Dahlhaus and
Kiinsch (1987) and §2.4 below. Both Guyon (1982) and Dahlhaus and Kiinsch (1987) adopted
a frequency-domain approach, dealing with Whittle’s estimators for stationary processes defined
on a lattice. Our approach is within the time-domain, dealing with GMLEs for the coefficients of
ARMA models. Our edge effect modification can be readily performed along with the prewhiten-
ing. By exploring the explicit form of models, we are able to establish a central limit theorem
(Lemma 9 in §4 below) based on an innate martingale structure. Therefore the regular conditions
imposed in Theorem 2 are considerably weaker than those in Guyon (1982) and Dahlhaus and
Kiinsch (1987). For example, we only require the process having finite second (instead of fourth
or more) moment, and we do not impose any explicit assumptions on ergodicity and mixing.
However it remains as an open problem whether the edge effect modification is essential (rather
than for technical convenience) for the asymptotic normality or not.

For the sake of simplicity, we only present the results for spatial processes with two-dimensional
indices, although the approach may be readily extended to higher-dimensional cases.

The rest of paper is organised as follows. In §2 we introduce spatial ARMA models and
the conditions for causality and invertibility. The consistency and asymptotic normality will be

established respectively in §3 and §4. We conclude with a remark on some open problems related



to edge-effect-correction.

2 Models and estimators

2.1 Stationary spatial ARMA processes

Let Z,R,C be the integer, the real number and the complex number spaces respectively. We
always write s = (u,v) € 2% and i = (j, k) € Z?. We define s > 0 if either v > 0 or u = 0 and
v > 0, and s = 0 if and only if both u and v are 0. A unilateral order on a two-dimensional
plane is defined as s > (or >) i if and only if s —i > (or >) 0; see Whittle (1954). This order is
often refereed as half plane order, or lexicographic order. Another popular unilateral ordering on
a two-dimensional plane is the quarter plane order. Under the quarter plane order, s > 0 if and
only if both u and v are non-negative; see Guyon (1995). Although we do not discuss explicitly
the models defined in terms of the quarter plane order in this paper, we will comment on its
properties when appropriate.
We define a spatial ARMA model as
X(s) =) biX(s—i)+e(s)+ > ae(s — i), (2.1)
i€Zy i€eZs

where {e(s)} is a white noise process in the sense that they are uncorrelated with constant first
two moments 0 and o2 respectively, {b;} and {a;} are AR and MA coefficients, and both index sets
7, and 7, are contained in the set {s > 0}. In this paper, we consider the real-valued processes
only. Since we only require index sets Z; and 7y to be subsets of {s > 0}, specification (2.1)
includes both half-plane and quarter-plane ARMA models (Tjgstheim, 1978, 1983) as its special
cases.

We introduce the back shift operator B = (B, Bz) as follows:
BiX(s) = BIBEX (u,v) = X(u—j,v — k) = X(s —1), i=(j,k)e2’
For z = (21, 22), write z! = z{zé“ We define

b(z) =1- Z biz' and a(z) =1+ Z a;iz'. (2.2)

ieZ, icZ,

Then model (2.1) can be written as

b(B)X (s) = a(B)e(s). (2.3)



It is well known that a bivariable polynomial can be factored into irreducible factors which
are themselves bivariable polynomials but which cannot be further factored, and these irreducible
polynomials are unique up to multiplicative constants. To avoid the ambiguity on the form of the
model, we always assume that b(z) and a(z) are mutually prime in the sense that they do not
have common irreducible factors although they may still have common roots (Goodman 1977,
Huang and Anh 1992).

The process {X(s)} defined in (2.1) is causal if it admits a purely MA representation

00 )
s) + Zzpis(s —1i) =e(s) + Z¢0ks(u,v —k)+ Z Z Yike(u —j,v—k), (2.4)
i>0 k=1 j=1k=—o0
where ) ;.o [%i| < oo. It is easy to see that a causal {X;} is always weakly stationary with mean

0 and the autocovariance function

[c o lEENNe o)

() = E{X(s+1)X }_022 Z YimYitjm+k

=0 m=—o0

= o {yjk + Z YomPjm+k + Z Z VimPitjmtk} (2.5)

=1 m=—00
for i = (j,k) with 7 > 1, and y(—i) = (i). In the above expression, 9o = 1 and g, = 0 for all

m < 0. The lemma below presents a sufficient condition for the causality.

Lemma 1. The process {X;} is causal if
b(z) #0forall |z1] <land |ze] =1, and 1-— Z bow 2y # 0 for all |zo| < 1, (2.6)
(0,k)ET
where 21,22 € C. Furthermore, condition (2.6) implies that the coefficients {15} defined in (2.4)

decay at an exponential rate, and in particular
1] < Ca?tE for all j > 0 and k, (2.7)

where a € (0,1), C > 0 are constants.

The proof for the validity of (2.4) under condition (2.6) was given in Huang and Anh (1992); see
also Justice and Shanks (1973), Strintzis(1977) and the references within. The rate of convergence
follows from the simple argument as follows. Let 9(z) = 1+ > ;. viz!, where 9!s are given in
(2.4). Then 9(z) = a(z)/b(z). Due to the continuity of b(-), b(z) # 0 for all z € A, = {(21, 22) :

1 —€ < |zj| < 1+4+¢€j = 1,2} under condition (2.6), where € > 0 is a constant. Thus (-) is



bounded on A, ie. | ;. %iz!| < oo for any z € A.. Thus 9, o *l — 0 as at least one of j

and |k| — oo.

Remark 1. (i) Under condition (2.6), inequality (2.7) also holds if we replace 9, by its derivative
with respect to b; or a;. This can be justified via taking derivative on both sides of equation
¥(z) = a(z)/b(z), followed by the same argument as above.

(ii) Condition (2.6) also ensures that the autocovariance function 7(-) decays at an exponential
rate, i.e. 7(j, k) = O(all*1¥) as at least one of |j| and |k| — oo, where a € (0,1) is a constant.
To show this, note that for (j, k) with both j and k non-negative (other cases are similar), (2.5)

can be written as

G, k) /0% = i+ D YomPimir

m=1
00 00 [e%s) k—1
+ YD Cimrsimik + Y Yl—bemWitg—m + Y Yl—mWitp—m}-
=1 m=0 m=0 m=1

By (2.7), all the sums on the RHS of the above expression is of the order o/,

(iii) A partial derivative of y(-) with respect to b; or a; also decays at an exponentially rate.
This may be seen through combining (i) and the argument in (ii) together.

(iv) Condition (2.6) is not necessary for the causality, which is characteristically different from
the case for one-dimensional time series; see Goodman (1977). On the other hand, a spatial
ARMA process defined in term of the quarter plane order is causal if b(s) # 0 for all |z;] < 1
and |z2| < 1 (Justice and Shanks 1973). Under this condition, the autocovariance function, the
coefficients in an MA(oc0) representation, and their derivatives decay exponentially fast.

(v) The process {X;} is invertible if it admits a purely AR representation

00 0o 00
X(s)=e(s)+ ) @iX(s—i)=c(s)+ > puaX(w,v—k)+ > Y @ppX(u—jv—k), (28)
i>0 k=1 j=1 k=—o00
where ) .o |pi| < oo. It is easy to see from Lemma 1 that the invertibility is implied by the

condition
a(z) #0forall |z1] <land |z =1, and 1+ Z aopzy # 0 for all | 2| < 1. (2.9)
(Oﬂk)EIQ
Furthermore, under this condition the coefficients {¢;;} and their partial derivatives (with respect

to b; or a;) decay at an exponential rate.



(vi) The spectral density function of {X(s)} is of the form

, w€[-m 7, (2.10)

where i = v/—1, w = (wi,ws) and ¥ = (e™1,¢™2). Under conditions (2.6) and (2.9), g(w) is
bounded away from both 0 and oo, which is condition set in Guyon (1982). Note the condition
that g(w) is bounded away from both 0 and oo is equivalent to the condition that a(z)b(z) # 0
for all |z1| = |22| = 1 and (21, 22) € C2. Under this condition equation (2.1) defines a stationary
process which, however, is not necessarily causal or invertible (Justics and Shanks 1973). Helson
and Lowdenslager (1958) shows that the necessary and sufficient condition for a weakly stationary
(but not necessarily ARMA) process { X (s)} admitting the MA representation (2.4) with squared-

summable coefficients ¢, is that its spectral density g(-) fulfils the condition

/[ . log g(w)dw > —oc. (2.11)

Note that for ARMA processes, (2.11) is implied by (2.6).

2.2 Gaussian MLEs
We denote the elements of 7; and Z, in the ascending order respectively as
J1<je<--<jp and i <ip<--- <.

Let @ = (01, ,0p4q) = (b5, ;5,5 04,,°++ ,05,)7. We assume 6 € O, where © C RPY is the
parameter space. To avoid some delicate technical argument (see Yao and Brockwell 2001), we

assume the condition below holds.

(C1) The parameter space © is a compact set containing the true value 8y as an

inner point. Further, for any @ € ©, conditions (2.6) and (2.9) holds.

Given observations {X (u,v),u = 1,--- ,Nj,v = 1,--- , No} from model (2.1), the Gaussian

likelihood function is of the form
1
L(0,0%) x o NV|2(0)| /2 exp{—2—2XTE(0)_1X}, (2.12)
o

where N = N1 Ny, X is a N x 1 vector consisting of the NV observations in the ascending order,

and



which is independent of o2. The estimators which maximise (2.12) can be expressed as
0 = arg min [log{X"=(0)'X/N} + N 'log|=(0)|], &%=X"2()"'X/N. (2.13)
€

Since we do not assume the form of distribution of £(s) and the Gaussian likelihood is used

only as a vehicle, the derived estimators could be referred to as quasi-MLEs.

2.3 Prewhitening and the innovation algorithm

For long time, the Gaussian maximum likelihood estimation is hampered by the computational
burden in calculating the inverse and the determinant of N x N covariance matrix X(0). We
argue that with modern computers coupled with efficient algorithms, it is now entirely feasible to
compute the genuine Gaussian likelihood functions. We state below how this can be done with
prewhitening via the innovation algorithm. Note that the innovation algorithm can be applied to
facilitate the prewhitening for any non-stationary series; see Proposition 5.2.2 of Brockwell and
Davis (1991).

Write X (s1),---, X (sy) the N observations with the indices s/s in the ascending order. (In
fact the order is not important as far as the algorithm presented below is concerned.) Let X (s1) =

0. For k > 1, let

~

X(sk11) = o X(sk) + -+ + preX(s1) (2.14)
be the best linear predictor for X (s;1) based on X (sg),---,X(s1) in the sense that
B{X(sps1) — X (sp1)} = Elpu}l E{X (sg+1) Z% (sp—jr1)}>. (2.15)

It can be shown that the coefficients ¢}, ;S are the solutions of equations

k
Sl):ZQij’)’(Sl—S]'), l:]-a 7k7
and further
_ _ 1 > 2 1
(Sk+1) = r(sk+1,0) = ;E{X(Skﬂ) — X(sg+1)}" = 9{7(0) - Z@kﬂ(sj)}- (2.16)

In the above expressions, (i) = y(i;0) = E{X (s +i)X(s)}, and 0 = (0,0). It can also be shown

that the least square property (2.15) implies that

Cov[{X (sp+1) — X (sk41)}X(s))] =0, 1<j<k.

7



Note that X (k1) — X (Sg41) is a linear combination of X (s), - , X(s1). Thus X(s;) — X (s1),
., X(sy) — X(sy) are N uncorrelated random variables. Further it is easy to see from (2.14)
that X (sj,) can be written as a linear combination of X (s) — X (sg), -+ , X (s1) — X (s1). We write
X (sk41) Zﬂlm{X (Sk41-5) — X (Sk41-)}, k=1, ,N—1. (2.17)

j=1

Let X = (X(s1),-+- , X (sy))". Then X = A(X — X), where

[ 0 0 0 0 0\
P11 0 0 0 0
A=| By Bo1 0 e 0 0
: : 0 0
BN-1,N-1 PBN-1N-2 BN-1N3 - Byo11 O

We write X = C(X — )/i), where C = A + 1y is a lower-triangular matrix with all main diagonal

elements 1, and Iy is the N x N identity matrix. Let D = diag{r(s1), -+ ,r(sy—1)}. Then

N
%(8) = —Var(X) = CDC, and [(8)| = D| = [[ r(s)- (2.18)
o
j=1
Hence the likelihood function defined in (2.12) can be written as
1(8,0%) o M {r(s1) - r(sn)} 2 expl— Z{X 5) - X)) (219)

The calculation of inverse and determinant of X(0) is reduced to the calculation of ;8 and 's
defined in (2.16) and (2.17) respectively, which can be easily done recursively in terms of the
innovation algorithm below; see Proposition 5.2.2 of Brockwell and Davis (1991). We present the
algorithm in the form applicable to any (non-stationary) series {X(s;)} with common mean 0
and auto-covariance 7y(sg,s;) = E{X(s;)X(s;)}, which reduces to y(s; —s;; ) for the stationary
spatial ARMA process concerned in this paper.

Innovation algorithm: Set 7(s1) = y(s1,s1). Based on the cross-recursion equations

j—1
Brk—j = {v(Sk41,8511) = D Bjj—iBrk—ir(sir1)}/r(sj11),
i=0

r(se41) = Y(Sk+1,8k41) Zﬂl%,lc iT(8541);

compute the values of {3;;} and {r(s;)} in the order 511, r(s2), B2, P21, 7(83), £33, P32, B31,7(84), - - -

BN-1,N—1,BN-1,N=2," , BN=1,1,7(SN)-



2.4 A modified estimator

In order to establish the asymptotic normality, we propose a modified maximum likelihood esti-
mator which may be viewed as a counterpart of conditional maximum likelihood estimators for
(one-dimensional) time series processes. Our edge correction scheme depends on the way in which
the sample size tends to infinity. To this end, we introduce a condition which lists N = N1 Ny — o0

in three different manners.

(C2) One of the following three conditions holds,

(i) N; — oo, and the limit of N;/Nj is bounded away from both 0 and
m’
(ii) Ny — o0 and Nl/NQ — 00,

(iii) N1 — oo and N; /Ny — 0.

Further, n1,no — oo and n1/Ny,n2/Ny — 0.

Define
{(u,v): ny <u< N,nyg<v< Ny—no} if Ny/Ny — d € (0,00),
T =94 {(u,v): 1<u< Ny, ng<v<Ny—mny} if N1/Ny — oo,
{(u,v) : n1 <u< N, 1<v< Ny} if Ny/Ny — 0.

Write Z* = {t1,--- ,ty+} with t; < --- < ty«. Then N*/N — 1 under (C2). Based on (2.19),

the modified likelihood function is defined as
1 & -
L2(8,0%) o oM {r(ba) (b)) expl- gy DX () = K6 r(e)]. (220
j=1

The modified estimators, obtained from maximizing the above, are denoted as 0 and 2.

3 Consistency

Theorem 1. Let {(s)} ~ IID(0,0?) and condition (C1) hold. Then as both Ny and Ny — oo,
600,000,525 02and 2 P, 2
Proof. We only prove the consistency for 8 and 52 below. The proof for the consistency of 0

and 52 ig gimilar and therefore omitted.



Note that 6 does not depend on o2; see (2.13). It follows from (2.12) and Lemma 2 below
that

1 ~ 1 2
—XT8(0) X < =X"%(0,) X + UN log |(80)|-

N =N
By Lemmas 2 & 3 below, it holds that

lim sup %sz(ﬁ)*lx < lim %sz(oo)*lx =2 (3.1)

N—o0 N—o00

For any € > 0, define By, n, = {|0 — 00| > €} and B = Uy, >1 k,>1{\N, >k, No>ko BNy N, }- For
any w € B, there exists subsequence of { N7, N2}, which we still denote as { N7, N2}, for which

a(w) = b\Nl,NZ (w) — 0 € © and 6 # 6y. By Lemma 4 below, we have for any € > 0,
1 ~
XS0} X - XT(0)7X| < 0,
where 7(0) = N1 Ejvzl X?2. Thus
. 1 T ) -1 : 1 T -1
limsup —=X"3{f(w)}” " X =limsup =X"2(0)" X

provided one of the above two limits exist. Now Lemma 3 and (3.1) imply P(B) = 0. Thus
6 - ). By Lemma 4 and (3.1) again, 52 = X"2(0)"1X/N -2 o2, u

In this paper, we assume that the observations were taken from a rectangule. Theorem 1
requires that the two sides of the rectangule increase to infinity. In fact this assumption can
be relaxed. Theorem 1 still holds if the observations were taken over a connected region in 22,
and both minimal length of side of the squares containing the region N; and the maximal length
of side of the squares contained in the region Ny converge to oco. For general discussion on the
condition of sampling sets, we refer to Perera (2001).

We denote by(-) and ag(-) the polynomials defined as in (2.2) with the coefficients to be the
true values 6y, and b(-) and a(-) the polynomials corresponding to 6. For s = (u,v) with u > 1

and 1 < v < Ny, define

As = {(0,k): k>v} U {(,k): j = u, —00o <k < oo} (3:2)

U {(Gk): 1<j<u, k>vork < —(Ny—v)},

10



and

®s = (©01,%02, " ,P0,0—1,P1,—(Na—v)s P1,—(No—v)+15" " 5 (3.3)
Plu—1; P2,—(Na—v)s """ » <Pu—1,v—1)T,
ps = ((pgiv)’(pg«;v)’_ a‘Péu )1,<P§ _()N2 v)"p§u—v()N2 —o)+1 (3.4)
w%uuv)p(ﬂé ()NQ,U) a‘Pgu Ti)v )7
We use C,C1,C5,--+ to denote positive generic constants, which may be different at different

places. In the sequel of this section, we always assume that the condition of Theorem 1 holds.

Lemma 2. For any 6 € ©, log|2(8)| > 0 and 4 log |(8)| — 0.

For its proof, see Lemma 1 of Yao and Brockwell (2001).
Lemma 3. For any 6 € ©,
X2(0)1X/N L5 Var{a(B)'b(B)X(s)} > Var{e(s)} = o2,

and the equality holds if and only if 8 = 6.
Proof. Let {Y(s)} be the process defined by b(B)Y (s) = a(B)e(s) with {e(s)} ~ IID(0,1). Let
Y = {Y(s1), -+ ,Y(sny)}". Then Var(Y) = 2(6). Let ¥, =0, and for (u,v) > (1,1)

v—1
P(u,0) =Y @lY (w0 — k) + Z Z PY (u — v — k) (3.5)
k=1 j=1 k=—(Ny—v)

be the best linear predictor for Y (u,v) based on its lagged values occurring on the RHS of the
above equation. Then it may be shown that the coefficients {(p%’v)} are determined by the
equations

u—1 v—1

Zwoﬂiv)v Gm-k)+> > Gy~ jm k), (3.6)
Jj=1 k=—(N2—v)
leand1§m<v, orl <l<wand — (Ny—v) <m <.

Let Y = {Y(s1), -+ ,Y(sn)}". It follows the same argument as in §2.3 that Y = C(Y—?) where
Cis a N x N lower-triangular matrix with all the main diagonal elements 1, and X(8) = CDC"
and |X(0)| = |D|, where D = diag{r(s1),--- ,7(sn)}, and

r(s) = r(s,0) = E{?(u v) =Y (u,v)}? (3.7)
u—1 v—1
_ ng;;% K= > @Gk

j=1 k=—(Na—v)

11



Since {Y'(s)} is invertible, i.e.

Y(U,’U) = e(u,’u) + Z‘POkY(U,U - k) + Z Z QOJkY(Iu’ - j,’U - k)a (38)
k=1 j=1 k=—o0
it may be shown that
1 = Var{e(u,v)} < r(u,v) = 1, as min{u,v, Ny — v} — c0. (3.9)
It follows from (3.5) and (3.8) that
M = Ee(s)+ Y @Y (s—i)—Y(s) + ¥ (s)}? (3.10)

i€eAs

u—1 v—1

= E{Z (05 = poe)Y (wv = k) + > S (@85 — @)Y (u — j,v — K},

j=1 k=—(Ny—v)
where s = (u,v), i = (j, k). Let Y be defined as in (3.18) below. It is easy to see from the second

equation in (3.10) that

M = (Qos - SAOJS)TES(O)(QOS - as) > >\min||‘Ps - ¢s||2a (311)

where A\min is the minimum eigenvalue of ¥4(@) = Var(Ys). By Lemma 5 below and condition

(2.9), Amin > 0 (see also (2.10)). On the other hand, the first equation in (3.10) implies that

M < 2B{) ¢iV(s—1)} +2B{e(s) — Y(s) + Y (s)}

i€As
< 29(0) Y gf +2{r(s) — 1} < 4y(0) Y _ ¢},
icAs i€eAs

From (3.11) and Lemma 1 it holds that

_ 4~(0
llps = @all” < M/ Amin < ;(_ ) D @i <Cla" +a” + ™), (3.12)

icAs
which converges to 0 as min(u, v, No — v) — oo, where a € (0, 1) is a constant.

Now define

v—1
X (u,v) = 90832 v x X(u,v—k +Z Z gagzv)X(u—j,v—k),
k=1 j=1k=—(N2—v)

where the coefficients ¢'s are defined as in (3.5). Let X = {X(s1),---,X(sn)}", then X =

C(X — X), and
N
LXTR(0)X = (X - XD~ (X - X) = %;{X@m) — X frlem).  (313)

12



It follows from Lemma 1 that for any € > 0, we may choose K > 0 such that

2

E| ) leaX0,-B)+ > lopX(—j,-kI]| <e (3.14)

k>K Jj>K, or
<K & [k|>K

For s = (u,v) withu > K and K < v < N — K, let X(s) — X(s) = n1(s) + 12(s) + 73(s), where

K K K
m(s) = X(u,v) = Y oorX (w0 —k) =D > 0pX(u—j,v—k),
k=1 j=1k=—K
v—1 u—1 v—1
m(s) =Y (por — oy )X (o —k)+ > > (o — @)X (u—jv— k),
k=1 J=1 k=—(Na—v)

and n3(s) = — > ;e 4 ¢iX (s — i) in which

A = {(0,k): K<k<v}U{(j,k): K<j<u, —(Ny—v) <k<uv}
U{(j,k): 1<j<K,—(Ny—v)<k<—-KorK<k<uv}.
By (3.14),
E{n3(u,0)*} <E{Y_ |piX (s - )}’ <. (3.15)

icA

On the other hand, it is easy to see from (3.10) — (3.12) that

E{12(s)"} = 0% (s — $5) Es(80) (95 — $s) < 0" Amaxlleps — @slI* = 0, (3.16)

where A\ ax is the maximum eigenvalue of 34(6y), which is finite under condition (2.6); see Lemma

5 below. Based on (2.4) and the fact that {e(s)} ~ IID(0,0?), we can show that for any fixed K,

Ny

% 2 _Z_ m(u,v)” =5 E{n(s)}”. (3.17)

u=K+1 v=K+1

Note that for any fixed K, it holds almost surely that

X ) - K = S Y (K(we) - X + oM,

u=K+1 v=K+1

It follows from (3.15) — (3.17) and the Cauchy-Schwarz inequality that
1 - P
¥ 2 {X(sm) = X(sm)}* — E{m(s)}*.
m=1
From (3.14), it holds that
[E{m(s)}* — E{a(B)'b(B)X (8)}*| < e+ 2[eB{m(s)}*]"/>.

13



Now let K — oo, we have that
E{m(s)}* = E{a(B)"'b(B)X (s)}* = E{a(B) 'b(B)bo(B) 'ao(B)e(s)} > Var{e(s)}.

The required result now follows from (3.13) and (3.9). [ |

Lemma 4. Let 8, € © and 8, — 0 € © as k — 0o. Let € > 0 by any constant. Then it holds for

all N > 1 and all sufficiently large k's that
IX"2(0) 'x —x"2(0;) x| <e, x€RYand|x||=1.
Proof. Let g(w, @) the the spectral density function of {X;}, and

— T — T
X = (‘Tllaml?awl,Nzalea e 7‘TN1,N2) y Y= (yllayl2ayl,N27y2la e 7yN1,N2) -

It holds that

N1 N»

DOy = [ g,0) 0 Y ) i,
[~m,m)? ju=1kp=1
Now the proof follows the same routine as Lemma 3(i) of Yao and Brockwell (2001). [ |

Lemma 5. Let {Y(s)} be a weakly stationary spatial process with spectral density g(w). Let

Nj be a positive integer. For s = (u,v) with u > 1 and 1 < v < Ny, define

Y: = {Y(u,v—-1),Y(u,v—-2),---,Y(u,1),Y(u—1,N2),Y(u—1,Ny — 1),

L Y(uw—-1,1),Y(u—-2,Ng),--- ,Y(1,1)}7, (3.18)

and X3 = Var(Ys). It holds that for any eigenvalue A of X,

A
inf w)<— < su w). 3.19
LIS S o) (319)
Proof. Let
X = (01,02, ** ,T0w—1,T1, (Na—v)r L1, (Na—v)+1s" " " s Tlo—15 T2, (Nyv)s* " s Tu—1,0—1)"
be an eigenvector of Xy corresponding to the eigenvalue A and ||x|| = 1. Let m = inf,, g(w) and

M = sup,, g(w). Since Cov{Y (u+ j,v +k),Y (u,v)} = f[_w )2 eidwitkw2) g () o) dw dws, where

14



1 = +/—1, it holds that
2

A = xTESx:/ Zmokemz—i—z Z x-kei(j“’ﬁk‘”) g(w1, we)dwdws
[=mm)? | =1 j=1 k=—(Ny—v)
2

[m’ M] X/ Zkaezsz +Z Z zEjkei(jo.u—|—kw2) dwidws
[—m,m)

j= 1k*—(N2 ’U

= [m, M] x 47%( Zka + Z Z x?k) = [4n’m, 4w M).

§=1 k=—(Ny—v)

m

Remark 2. (i) Expression (3.19) still holds if we replace (X, g) by (), §), ¢ and 3 are derivatives
of g and X4 with respect to a parameter, and M is an eigenvalue of 3.
(ii) For an ARMA process, condition (2.6) implies sup,, g(w) < oo and sup,, ¢(w) < oo, and

condition (2.9) implies that inf,, g(w) > 0.

4 Asymptotic normality

To state the asymptotic normality of the estimator 8, we let {W(s)} be a spatial white noise

process with mean 0 and variance 1. Define
b(B)¢(s) = W(s) and a(B)n(s) = W(s). (4.1)

Let 5 = (E(_jl)af(_jQ)a T 75(_jp)’ n(_il)"’](_iQ)a oo ’n(_iQ))T’ and

W(0) = {Var(¢)} L. (4.2)
Theorem 2. Let {e(s)} ~ IID(0, 0?) and conditions (C1) and (C2) hold. Then N/2(9 - 9,) 2,
N(0,W(8y))-

Remark 3. In the context of estimating the coefficients of ARMA models, the modified Whittle’s
estimator proposed by Guyon (1982) shares the same asymptotic distribution as the modified

GMLE 5, which may be seen via a similar argument as in p.386-7 of Brockwell and Davis (1991).

In the sequel, we always assume that the condition of Theorem 2 holds. Further, we only
consider the case of condition (C2)(i) in the derivation below. The two other cases can be dealt

with in the similar manner. We introduce some notation first. For s < (1, 1), let X(s) = Z(s) = 0.

15



For s € {(u,v) : 1 <u < Ni,1 <wv < Ny}, define

Z(s)=Z(s,0) = X(s)— > biX(s—i)— > aiZ(s—1i) (4.3)

i€z i€Z>
p q

= X(s) = D) b X(s—31) = Y i Z(s — im).
=1 m=1

Let Y = {X(t1), -, X(tn+)}" and Z = {Z(t1,00),--- ,Z(tn+,00)}. We write for 1 <[ <p
and 1 <m <gq

0Z(s)

Ui(s) = Uy(s,0) = — e
i

and Vp,(s) = Vj,(s,0) = — (4.4)

It is easy to see from (4.3) that
Ui(s) =a(B) ' X(s —j;), and Vy,(s)=a(B) 'Z(s—in) =a(B) ?b(B)X(s —iy). (4.5)

The above two equations are valid under the convention that X (s) = Z(s) = 0 for all s < (1,1).

Let X} and U; be N* x p matrices with, respectively, X (t; —jm) and Up,(t;, @9) as the (I, m)-th
element, X> and Uy be N* x ¢ matrices with, respectively, X (t; —i,,) and Vi, (t;, 00) as the (I, m)-th
element. Write X = (X1, Ay) and U = (U1, Us). Let R = diag{r(ti,0y),--- ,7(tn=,600)}", where
7(+) defined in (3.6).

Lemma 6. For k=1,--- ,p+ g,

N*
N-1/2 { % Z log 7 (tm) } 0.
k m=1 0=0

Proof. Let {Y (s)} be the same process as defined in the proof of Lemma 3. Write for s = (u,v) €

_l’_

N* ~
{X (tm) — X (tm)}? Or(tm)
mz_:l r (tm)2 6elc

T
s = ¥5(0) = {7(0,1),7(0,2),--- ,7(0,0 = 1),7(1, =(N2 = v)),7(1, = (N2 —v) + 1),
(Lo =1),79(2, (N2 —v)),-++ ,y(u —1v = 1)}".
For ¢ defined in (3.4), it follows from (3.6) that
es =317, (4.6)

where ¥g = Var(Ys) and Yy is defined as in (3.18). It follows from (3.8) that

1= (0,00 = > 0oy (0,k) =D Y @i k) (4.7)
k=1

v—1 u—1 v—1
= 7(0,0) = > eary(0,5) =D D eurlisk) — ¢s(0,0),
k=1

j=1 k=—(Ny—v)
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and for (I,m) € Bs={(0,m) : 1 <m <v}U{(,m): 1<I<u,—(Ne—v) <m < v},

y(l,m) = Zwowlm k) +Z Z eyl — jm — k) (4.8)
j=1lk=—o00

v—1

= Z@oﬂlm k+z Z @iyl — J,m — k) + Gs(l,m),

] 1 g=— N2 U)
where (s(l,m) = D ic 4, 0iY(l — j,m — k) and As is given in (3.2). By (3.7) and (4.7), r(s) =
~I(®s — ps) + 1+ (s(0,0), where @, is given in (3.3). Thus

8T(S) 8’7; ~ a((ﬁs - (Ps) aCS (07 0)
= — T } 4.
Write
Cs = CS(O) = {CS(Oa 1)aCS(Oa2)a e 7(5(07’0 - 1)7 Cs(la _(N2 - U))aCS(la _(N2 - 'U) + 1)a
' aCs(la ) Cs(2 _( Z_U)) ’CS( U_l)}
Then (4.8) implies @, = B ' (75 — ¢,). Together with (4.6), we have
a(‘:o/s - Sos) 1 82 1 82 1 aCS
73% =3 20, ( ps) — Xg a0, -3 20, (4.10)
From (4.9) and (4.6), we have that
or(s) 07 L 03 -1 ¢, 09¢s(0,0)
90, Lo, T Pgg, (P ¥~ ae T 7

Now by the Cauchy-Schwarz inequality,

< {5

) 200
o g+ 200 @

leall 12, = el + Celleall {1l + 1155

where C1,C2 € (0,00) are some constants. The existence of C; and Cj are guaranteered by
Lemma 5 and Remark 2. Note that
GEm)P <Y @l > vl —4,m— k).
icAs ic€As
Since (-) decays at an exponential rate (Remark 1(v)), it may be shown that > .vepg 54, YU —
4,m — k)% < co. Hence

1CII2 < C5 > f < Caa” + o + oM7), (4.12)
icAs
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Note Remark 1(vi). It also holds that

3C s

|| < Cs(a* + a® 4+ a27Y). (4.13)

y (3.12) and (4.11), we have that

80| < o) {a(e) + al6) +a(6)*),

where C(-) € (0,00) and a(-) € (0,1) are continuous. By Lemma 1, there exists a sub-sample

space A with P(A) > 1—e and || —8|| < € on A for all large N's. Therefore there exist constants

C1 € (0,00) and a; € (0,1) for which [Or(s,0)/00k|,_5 < Ci(af + of + a7”) on A. Since
r(s) > 1 for all @ € ©, it holds on the set A that

N*

1 0
90, mzzzl log 7(t.,)

1 2
No—v
W S N1/2 Z Z Otl + Cll =+ a 2= ) (414)

0=0 U=nN]1 V=n2

(N2of't + Niaf?),

IA

C
N1/2

which converges to 0 under condition (C2)(i). Thus N~1/2 W SN log r(tm)‘ _—0.

On the other hand,

N

N* S
— {X(tm) - X(tm)}2 a"1(17m)
R o e:@fw)

N1 v

t(u,v)?

u=ni

1 2
<CN~'/? Z Z o+ + a7 = 0.

U="1 V="2

Thus the required result holds. |

Lemma 7. For k=1,--- ,p+ g,

NS {‘X(%) — X (tm) + Z(tm) X (tm) + z<tm)}‘

([ X ) = X(tm) = Z(6m) X (tm) = Z(tm)} | p,
’l"(tm) ch 0—0
Proof. We only prove that N—1/2 Z%;l X(tm)*i?(:;")Hz(tm) a{f(tmg’jz(tm)} ‘0—6 L5 0, since the

other half may be proved in a similar and simpler manner.

18



It follows from (4.3) that for s = (u,v) € Z%,

Z(s) = a(B) 'b(B)X(s)

v—1
= )= worX (u, v — k) Z Z @ipX(u—j,v — k) = X(s) — ¢i X,
k=1

j= 1k:—— N2 ’U)

where @, is given in (3.12) and Xj is defined in the same way as Yy in (3.18). Since X(s) = o7 X,

. (a{ﬂs) - Z(s)})2 _ 0o =) de B _ o e

<Ps) | |2
00y, 00y, s a0y, 00y,

Note that for any symmetric matrices Ay, Ao,
xTA1A2A1% < Amax (A2) || A1x][* < Amax (A2) Amax(A1)?||2] 1%,

where Apax(A) denotes the maximal eigenvalue of A. It follows from (4.10) that the RHS of the

above expression is not greater than

0
CSH)<C(0¢ +a¥ + a2~ ),

Clles — Bl + 1€l * + 1]

see (3.12), (4.12) and (4.13). By the same argument as in the proof of Lemma 6, we may show

that )
B <B{X(S) + Z(S)} I(A)) < C(Oéu +a® + aszv)’
00, _
0=6
where A is an event with probability close to 1. Now by the Cauchy-Schwarz inequality,
N* S - 2
e 3 ([ ltm) = X on) + 206m) 9K o) + 20} |y
_ T(tm) 916 0—0
- O{X (tm) + Z(t ’
< NS B{X () — R(bm) + Z () E ( (X ltn) + 2(En)) I(A))
= k 0-0
Ni Ny
< C Z Z(a“+a”+aN2_”) — 0.
U=nN1 VY=n2
Thus the required limit holds. |

Lemma 8. N~ U R~1U 25 02W ()~
Proof. Within this proof, all Uj(s), V;u(s), Z(s) and r(s) are defined at 8 = 6. Let ag(z)~! =

1= 04 z!, and by(z)/ag(z)? = 1 — D is0 cizi. Then the coefficients dj, and c;;, decay at an
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exponential rate (see (2.7)). It follows from (4.5) that

U(s) = ao(B) 'X(s—ji)+ 3; diX (s —j —1) (4.15)
= bo(B) 'e(s — i) e;_th (s —ji — 1) = Tils) +w(s),
Vin(s) = ao(B)bo(B)X (s — i) +l AZ e X(s — iy —1) (4.16)
= ao(B) 'e(s —im) + ZE Z;(s—im—i)zvm(s)ﬂm(s),
€A,

where Ay is defined in (3.2). Similar to (3.12) we may show that for s — j; = (u,v) and s — i, =
(4’ IB)’

E{u(s)?} < C(a* + ¥ + ™), and E{v(s)?} < C(a® + a® + o™27P),

where « € (0,1) is a constant. Consequently the (I,m)-th element of U7 R™'U;/N may be

expressed as
ZUl td td /’I‘ td Z Ul td td /’I"(td) + Ry, (4.17)

where E(R%) < € for all large N's, and € > 0 is any given constant (see (4.14)).

Let by(z) = 1+ > ;o0 hiz', t4 = (g, B4) and j; = (ug,v;). Then

Ui(ts) = e(og—u,Bfa—v)+ Y Z hjke(aq —w — j,Ba — v — k) (4.18)

=0 k=—
ni

= e(ag —u,fa— i) + Z hjke(aa —w — §, Ba — vi — k) + w(tx)
]: =—

= Ul*(S)-l-’ljl(tk), say.

In the above expressions, we assume that hoo = 1 and kg = 0 for all £ > 0. Similar to (4.17),

we may choose 11 sufﬁciently large such that
— Z Ul td td /7‘ td Z Ul td td /r(td) + RN (4.19)

with E(R%)? < ¢ for any given € > 0. Now since {(s)} are i.i.d., it holds that

N*
1 ~
N > U (ta) Uy (ta)
d=1
ni na 1 N*
= Z Z hjl;klhj2,k2ﬁzs(ad_ul — 71, Bd — vi — v1)e(ag — Um — 72, Bd — UVm — v2)
J1,52=0 ki,ke=-n1 d=1
1 1
E) 02 Z Z hjkhul—um—l—j,vl—'um—l—lca
7=0 k=—m1
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which converges to 02Cov(¢j,,&;,,) as n; — oo. Now combining this with (4.17), (4.19) and the

fact that r(s) — 1, we have

N Z Ui(ta)Unm(ta) /r(ta) > 02Cov (&, &,,)-
Similar results hold for other elements in /"R~ /N. Thus the lemma holds. |
Lemma 9. N~ Y2/"R12 25 N(0,04W(6,) ).
Proof. Within this proof, all Ui(s), Vin(s), Z(s) and r(s) are defined at 8 = 8. It follows from

(4.3) and (2.8) that Z(s) = (s) + z(s), where z(s) = > ;c 4 i X (s — 1) and As is defined in (3.2).
For k=1,--- ,N*, let

Uy = {Ti(tx), -+ Uplt), Viltr), - -, Vg(ts)},

uy = {u1(te), - s up(te), v1(te), -+ ,vg(tr)}7,

where Uj, Vi, u; and vy, are defined in (4.15) and (4.16). Now

N*
- 1 e(tr) + 2(tx)
T IZ - _ = U
UR 172 ;( K+ ug) )

The last equality may be justified using the same argument as in the proof of Lemma 8.

N*
1
N1/2 = N1/2 Z ng(tk)/r(tk) + Op(l)'
k=1

Define F to be the o-algebra generated by {e(s) : s < tyy1} fork=1,--- ,N* —1, and Fn~

generated by {e(s) : s < tn+}. Then Fy_1 C F, Uge(ty) is Fr-measurable, and
E{Uke(tk)lfk_1} = UkE{e(tk)} =0.

Therefore {Uge(ty)} are martingale differences with respect to {F;}. Note that r(s) > 1. For

«/Tk—l}

any € > 0 and a € RPHY,

N Z { (%&-))) I{|aTUk5(tk)/’f’(tk)| > N1/2€}

1
< ¥ ZEHaTUw(tk)}Zf{iaTdetk)| > N2HI(amU| > log N)+ (e U] < log M)} At
k=
o? LN
< WZ (@"Ug)?I(|a"Uyg| > log N) + = kzl(aTUk)ZE[g(tk)QIﬂe(tk)‘ > N'2¢/1og N}].

The first sum on the RHS of the above expression is, for all large N's, smaller than

o2 N*
NZ (@"UW)I(|a"Uy| > K)
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which converges in probability, via an argument as in the proof of Lemma 8, to a arbitrarily small
constant (by choosing K large enough but fixed). Therefore it converges to 0. In the same vein,

the second sum also converges to 0 in probability. Note that
U
N Z o) Z{aTUke (60} 25 BlaUre(t))? = *a™W(B0) o

It follows from Theorem 4 on p.511 of Shiryayev (1984) that

N*
N ZaTUke tr)/r(te) 2, N(0,0*a™W(8y)'a), forany o € RPTI.
k=1

This leads to the required CLT. |

Proof of Theorem 2. It follows (2.20) that

N* N*
—20%log L(8,0%) = N*o?logo® + 0% > logr(t;) + > _{X(t;) — X(t;)}*/r(t;)
=1 j=1

N* N* N* 9
Z(t X(t — Z(t;
= N*0210g02+02 E log r(t;) + E (s, -l- E { (( ))} (t;) ,
r .
=1 =C 5

M(6)

where Z(-) is defined in (4.4). Note that 8 is the solution of the equation 2 M(8)

1 <k < p, the equality %M(e)b:@ = 0 leads to

Uk (tm, 0 ! 0 (U.(t ~
o= 3 DlEm00) S5 vt —0,00) + Z tm, 00) a_( 4 m)) +O0p(N8 - 8],
— 0=06o

(4.21)
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where a3, o denotes the true value of a;,, and U(s) = {Ui(s), - ,Up(s), Vi(s), -+, Vq(s)}". Simi-
larly the equation %M(OH 5 =0 (1 <k <q)leads to
1k

0=0
N* p N ) q N . Vk(tmaeo) , N
0= {X(tm)=>_b;,X(tm—jo) =) a'igZ(tm_lla00)}W+77p+k(0_00)+5p+k1 (4.22)
m=1 =1 =1 ms
where
0?2 8 = X (tn) — X (6)}2 O7(tin)
= [ = 1 m) — =
o = (g 25 e = 3, Sl
1 [ X (k) = X (bm) + Z(tm) X (tm) + Z(tm)}
2 =~ 7(tm) dai,
L X(bm) = X(tm) = Z(bm) O{X (bm) — Z(tm)}
7(tm) daj, 025’
ul ma 0 0 ‘/k:(tm) ~
N Zau,oU ~i¢, 80) +Z tns80)36 (S ), HOPVIB=00l):
m=1 m) m =0o
(4.23)
Now it follows from (4.20) and (4.21) that
UR'XO=UR'Y+A™(0-6)+34, (4.24)

where § = (1, ,0p44)7, and A is a (p + ¢) X (p + g) matrix with i, as its k-th column. Note

that Y — X0y = Z and
Uty —ig,00)"

q
L{ =X - Zaibo
=1
U(tN* - iZaOO)T
By (4.24), (4.20) and (4.22), we have

URTUO — 0)) =UR'Z+ AT(0 — 6)) + 6,

where A is a (p + q) X (p + q¢) matrix with the sum of the last two terms on the RHS of (4.21)
as its k-th column for ¥ = 1,--- ,p, and the sum of the last two terms on the RHS of (4.23) as its
(p + k)-th column for k =1,--- ,q. Hence

N'Y2(0-6,) = {UR™'U/N-AT/N} 'N-V2URZ2—6) = URU/N} ' N~V2UR™ Z40,(1).

The last equality follows from Lemmas 6 and 7, and the fact that A;/N N 0, which follows
from Theorem 1 and a similar argument as in the proof of Lemma 8. Now the theorem follows

from Lemmas 8 and 9 immediately. |

23



5 A final remark

So far the asymptotic normality of estimators for stationary spatial processes has been established
via different edge-effect corrections; see Guyon (1982), Dahlhaus and Kiinsch (1987) and also
Theorem 2 above. Whether such a correction is essential or not for the asymptotic normality
of the GMLE remains as an open problem, although we would think that the answer should be
negative. However it seems to us that an edge-effect correction would be necessary to ensure the
GMLE to have the simple asymptotic distribution stated in Theorem 2 which is distribution-free.
Again we do not have a proof for this statement either.

For Gaussian processes, Guyon showed that his estimator is asymptotically efficient in certain
sense; see p.101 of Guyon (1982). Note that in the context of estimating coefficients of a spatial
Gaussian ARMA process, Guyon’s estimator, Dahlhaus and Kiinsch’s estimator and our modified
GMLE share the same asymptotic distribution as stated in Theorem 2. However, as far as we
can see, Guyon’s efficiency does not imply that these estimators will share the same asymptotic
distribution with the genuine (Gaussian) MLE. This requires, in addition to what has been proved

in Guyon (1982), the necessary condition

0 :
5116) = '(6)}

P
— 0,

6=0,

(N1N2)71/2

where [(-) denotes the log Gaussian likelihood function and [*(-) denotes its approximation based
on which an estimator is derived. From the derivation in §4, the above limit seems unlikely to
hold for, at least, our edge-effect-corrected likelihood. It will be interesting to see the form the
asymptotic distribution of the MLE for a spatial Gaussian ARMA process without any edge-

effect-correction, which, to our knowledge, also remains unknown so far.
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