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Abstract

Moustaki (2000a) discusses a general class of latent variable models
for analyzing ordinal manifest variables. This work is extended here
to allow for covariate effects on the manifest ordinal variables and the
latent variables.

A full maximum likelihood estimation method is used for estimating
simultaneously all the model parameters. Goodness-of-fit statistics are
discussed.

Two examples from the 1996 British Social Attitudes Survey are

used to illustrate the methodology .
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1 Introduction

McCullagh (1980) shows how to fit regression models where there is a single
dependent observed ordinal variable and a set of observed explanatory vari-
ables. That class of models without covariates was used in Moustaki (2000a)
to construct latent variable models where a number of latent (unobserved)
variables account for the interrelationships among a set of ordinal observed
variables.

In this paper we extend that work to allow for covariate effects both on
the manifest variables and on the latent variables. The part of the model
that shows the effect of the latent variables on the manifest variables is
called the measurement model and the part of the model that links the
covariates with the latent variables is called the structural part of the model.
Covariates are allowed to affect the manifest variables indirectly through the
latent variables or directly. However, there might be situations where we
would like to model the effect of a set of covariates on the latent variables and
the effect of a different set of covariates directly on the manifest variables.
In the applications section we discuss an example in which we are interested
in measuring overall satisfaction (latent variable) with the National Health
systemn in respondents’ area from five ordinal indicators controlling for the
respondents’ political affiliation (observed covariate). In addition we allow
for covariates age and gender to effect the latent construct satisfaction.

Covariate effects on the latent variables can be estimated in one stage or



two stages. In the one stage approach the parameters of the measurement
and the structural part of the model are estimated simultaneously. In the
two stage approach the measurement model is fitted first, then factor scores
(Moustaki and Knott 2000) are computed and used as dependent variables
on further analysis. Croon and Bolck (1997) mention that in the one-stage
approach it is more difficult to identify any mispecifications in either the
measurement or the structural part of the model. Also due to the higher
model complexity it might be possible that a local rather than a global
solution will be found. However, they found that the two-stage approach
based on the use of factor scores as observed variables regressed on a set of
explanatory variables leads into biased estimates.

Joreskog and Goldberger (1975) discussed a multiple indicators and mul-
tiple causes (MIMIC) model for normal manifest variables with a single la-
tent variables that allows for direct and indirect effects of covariates on the
latent and manifest variables respectively. In their results it is apparent
that parameter estimates of the measurement and the structural models
differ from the one to the two-stage method. They also found that the
one-stage method gives more efficient parameter estimates. Muthén (1989)
discusses the MIMIC model for other types of manifest variables such as
binary and ordinal for capturing heterogeneity across groups (groups are
defined through the covariates). He argues that the MIMIC model is a good

alternative to multi-group analysis when not enough data are available to



estimate a model in each group.

The MIMIC model has been developed within the structural equation
modeling framework. By that we mean that the approach used in the ordinal
case for estimating the parameters of the measurement model is based on
polychoric correlations estimated by maximum likelihood. In the structural
equation modeling framework the ordinal variables are taken to be manifes-
tations of some underlying unobserved variables. Packages such as LISREL
(Joreskog and Sérbom 1996) and Mplus (Muthén and Muthén 2000) fit the
MIMIC model to ordinal manifest variables. A comparison between the
LISREL type models for ordinal variables and the models presented here
without the covariate effects can be found in J6reskog and Moustaki (2001)
and Moustaki (2000b).

In this paper we discuss a model for ordinal manifest variables that allows
for covariate effects both on the latent and manifest variables using full
maximum likelihood. This approach is based on an extension of the models
for ordinal variables discussed by Samejima (1969), Muraki and Carlson

(1995) and Moustaki (2000a) to allow for covariate effects.

2 Model and estimation

Let y1,y2,...,Yyp be the ordinal observed variables. Small letters are used
to denote both the variables and the values that these variables take. Let

m; denote the number of categories for the ith variable.



The m; ordered categories have probabilities 7;; (z, x), mi2(2, X), - - - , Tim, (2, X),

which are functions of the vector of latent variables z and the vector of ob-
served covariates x. The vector of covariates x affects directly the manifest
ordinal variables. In addition, we allow for covariates wy, wo, ..., w; affect-

ing only the vector of latent variables z.

2.1 Measurement model

The general form given in Moustaki (2000a) for the latent variable model

with ordinal variables is extended here to allow for covariate effects:

q r
link[y;s(2z, x)] = @5 — Z 25 + Z Bazi,
j=1 =1

i=1,...,p;8=1,....,my (1)

where 7;4(2z,x) is the cumulative probability of a response in category s or

lower of item y;, written as:
Yis(2,x) = mi1 (2, X) + mi2(2, %) + - - + 7 5(2, %)

The 7;4(2z,x) is a function of the latent variables z and the observed covari-
ates x. To simplify notation we just write ;5.
The link function can be the logit, the complementary log-log function,

the inverse normal function, the inverse Cauchy, or the log-log function.



All those link functions are monotonically increasing functions that map
(0,1) onto (—o0, 0). The parameters «;, are referred as ‘cut-points’ on the
logistic, probit or other scale where o1 < ajp < -+ < @ m; = +00. The
oj; parameters can be considered as factor loadings since they measure the
effect of the latent variables z on some function of the cumulative probability
of responding up to a category of the ith item. In the one latent variable
case the negative sign in front of the slope parameter is used to indicate that
as z increases the response on the observed item y; is more likely to fall at
the high end of the scale. The §;; are regression coefficients.

If we put the model into the generalized linear model framework then
the p random response variables, y1,...,y, have a distribution from the
exponential family. The systematic component is the one in which the la-
tent variables z and the set of covariates x produce a linear predictor 7);

corresponding to each y;:
q T
M= is — Y iz + Y Bati i=1,...,p.

And finally the link between the systematic component and the conditional
means of the random component distributions: n; = v;(u;) where u; = E(y; |
z,x) and v;(.) is the link function which can be any monotonic differentiable
function.

Let y = (y1,¥2,---,Yp) represent the whole response pattern for a ran-



domly selected individual. The density function f(y) of the manifest vari-

ables y is:

) = [ [ gty | axnta N ©)

where g(y | z,x) is the conditional density function of y given z and x
and h(z,A) is the density function of z conditional on a vector of covari-
ates w. The latent variables are assumed to be independent with normal
distributions.

Under the assumption of conditional independence the vector of latent
variables and the vector of observed covariates x account for the interre-
lationships among the observed ordinal variables so that when the latent
variables are held fixed the responses to the p observed variables are inde-

pendent:
P

9(y | z,x) = [] 9(vi | %) (3)
i=1

For a manifest item y; the conditional probability of (y; | z,x) is given

by:

m;
9(i | z,x) = [ mis(a %)%
s=1
m;
= H(’Yz‘,s = Yis—1)¥* (4)
s=1



where y; ; = 1 if the response y; is in category s and y; , = 0 otherwise.

Equation (4) can be also written in the following form:

m;—1 7i Yis i — i Yisr1Yis
9(yilzx) = ] (A> (M) 5)

a1 \isstl Yi,s+1

where y;'; = 1 if a randomly selected individual responds into category s or

a lower one of the ith item and y;, = 0 otherwise. If we take the log of (5)

we have:
m;—1 i - L
logg(y; | z2,x) = yr log —° — —of logL
( [ | ) sgl [ 9,8 Yis+1 — Vis 3,5+1 Yis+1 — Vis
m;—1
= D [w5s0is(2,%) — yi 11605 5(2,%))] (6)
s=1

From (6) we see that each component is in the form of the general expression

of the exponential family distribution. More specifically:

Vi,s

0; s(z,x) =log ———=——, s=1,....,m; —1 7
bo(2: ) & Yiss+1 — Viys ' @
and
b(0; 4(2,%)) = log — 12t —log{1 + exp(6;4(2, %))}, s=1,...,mi—1 (8)
Yi,s+1 — Viys

To simplify the notation we write ;s and b(6; s). The canonical parameter

0; s is not a linear function of the latent variable. Expression (6) brings our



model to generalized linear models form and so this will be used to derive

the maximum likelihood results.

2.2 Structural model

Let us now assume that the latent variables z;, are related to a set of observed

covariates wy, in a simple linear form:

zp, = Awp + 0p, h=1,...,n (9)

where zj, is ¢ X 1 vector, A is a ¢ X k matrix of regression coeflicients

and the é;, is a ¢ x 1 vector of independent standard normal variables.

2.3 Model estimation

The parameters to be estimated are A, a and 3. If z was directly observable

we could maximize the complete data likelihood:

1 p

Ing(y,Z | X, W) = Z Zlogg(yzh | Zaxh) + IOgh(Z, A) (10)
h=1 Li=1

Because z is unknown log f(y, z | x, w) is maximized using an EM algo-
rithm that computes the expected score function of the model parameters
where the expectation is with respect to the posterior distribution of z given

the observations.

10



2.3.1 Estimation of A

From (10) we see that the estimation of the parameters contained in matrix
A does not depend on the first component of the complete loglikelihood.
Therefore its estimation can be done separately from the rest of the pa-
rameters (a and 3). In addition the latent variables are assumed to be
independent so that h(z, A) = h(z1, A1) X -+ X h(zg, Ag)

The expected score function with respect to the parameter vector Aj; j =

1...,q takes the form:

BS) = [ [ S50k ] yn,x0)da (11)

where
0 log h(z]', Aj)
) — . -1
Sh (A]) 8)\] 3 J 3 »q
Equation (11) becomes:
ESu) = [+ [ wales — whA)h(a |y, xn)ds (12

Solving >3 _; ESp(Aj) = 0 and approximating the integral with Gauss-
Hermite quadrature points we get an explicit solution for the maximum

likelihood estimator of A;:

[%
~ ZZ:I Wh Ztyllzl Tt Zt::l thh(Ztl, Tt Ry | Yh, Xh)
Aj = n ]

(13)
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where

9(yn | 2ty - 2855, Xn)R(2, 5, A1) - - - B2, Ag)

h(zt1 3" Rt | Yh; Xh) = f(yh Xh)

This equation is updated at each step of the EM algorithm described in

section 2.3.3.

2.3.2 Estimation of the model parameters o and 8

The estimation of the parameters e and 3 depends on the first component

of (10).

I _ ) .
Let denote a'; = (aila s aai,mi—laaia/ﬁila s a/BZT‘)a i=1,.

cesD-

The expected score function of the parameter vector a; where the expec-

tation is taken with respect to h(z | y,x) is:

ESh(ay) :/---/Sh(ai)h(z | ynoxn)dz,  h—1,...

where

_ Ologg(yn | %%n)

Sh(ai) da. 3
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Now,

m;—1

dlog g(yn | z,%n)
Bai Z [yzsh i,8,h

y;,s+1,hb,(9i,5,h)] (15)

Replace (15) into (14):

m;—1
BSp(a) = [+ [ 30 WiapBhon = viss1 Gronhla | Yo xa)dz (16)
s=1

Solving 35— ESp(a;) = 0 and approximating the integral with Gauss-
Hermite quadrature points we get non-explicit solutions for the parameter

vector a;:

Vg mz_l n 80Zsh sth)
35 52 S [ a2 = St P o [y
(] (]

t1=1 ty=1 s=1 Lh=1

(17)

Equation (17) is written as:

Vg m;—1

Z Z Z LETER ST Ti,s+1,t1,...,tq:| (18)

ti=1  tg=1 s=1

where

13



n

00; 5.1,

T4,8,81,0tqg — Z h(zty,--- s Rtg | )’h;xh)yzs,hW (19)
h=1 t
< 9b(i,5,n)
738+ 1t ety — Z h(zt,, - - -3 2t | }’haxh)yzsﬂ,h% (20)
h=1 a

From the above results we can see that to compute the derivatives with
respect to the model parameters for any link function we need to find the
first derivatives of the functions 6; , 5, and b(6; , 5) with respect to the model
parameters. The maximization of the loglikelihood is done by an E-M algo-
rithm. The model without covariate effects has 6; , 5 and b(0; ;) functions

not depending on the individual A.

2.3.3 E-M algorithm

The steps of the E-M algorithm are defined as follows:

stepl Choose initial estimates for the model parameters «;,, o, By and Aj,
where 1 = 1,...,p; s = 1L,....m;— 1 Il =1,...,rm; 5 = 1,...,q;

v=1,...,k.

step2 Compute the values 7, .1, and risy14,..t, (E-step).

stepd Obtain improved estimates for the parameters by solving the non-

14



linear maximum likelihood equations for the parameters o, «;, 8;; and

explicit solutions for the parameters \;,, of the latent distribution. (M-

step)

step4 Return to step 2 and continue until convergence is attained.

At the M-step a one-step Fisher scoring algorithm, is used to solve the non-

linear maximum likelihood equations.

2.4 Proportional Odds Models

The proportional odds model is a special case of model 1 with the logit as

a link function.

. g r
log [7%,5(@::) )l = ais— Y ijzi+y Bum, s=1,....mi—Ll=1...r
j=1 =1

1 - fYZ.,S (Z’ X
(21)
From (21) we get that:
Yis = Plyi < s | 2z,x) = exp(ais — Xjo1 2z + i Baz)
- T ’ 1 + exp(oys — 231'21 ;525 + Zle Bixy) ’ P
(22)
Let us denote with aj = (a1, ..., t%g, Bit, - -, Bir) and v/ = (z,x) then

for two individuals with values v; and vo the difference between two cor-
responding logits is a’(ve — v1) and it does not depend on the category

involved.
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The derivatives required in (17) for the proportional odds model are:

80i757h _ (]‘ - 'Yi,s,h)')/i,s—i—l,h

= s=1,....,m; — 1,
Oauj (Yi,s+1,h — Vi,s,n) ’
80@5_17}1 __ (1- 7i,s,h)7i,s,h . s=2,...,mi—1,
Oais (Yi,s,h — Vi,s—1,0)
OOis) _ Vg =Yisp) g
Oais (Yi,s+1,h — Yi,s,n)
8b(0z7s_17h) — _fYZ,S—lyh(]' _ in7s7h) ;S = 2; “ee ;mZ - ]_
Do (Yi,s,n — Yiys—1,)
Bion -
Wi]’ = —Z%i,s+1,h J=454..-,4
ab(0; s, .
7((902’.5.’ ) —Z%ish  J=L....q
ij
80i,5,h _ l _ 1
W = TilYi,s+1,h » =L...,7
(]
ab(0; s,
759;’; ) _ TitYVis,h L =1,...,7
2

2.5 Proportional Hazards Model

The proportional hazards model is used in the analysis of survival data and
it is also a special case of the general framework presented above. The
hazard function or risk function is defined to be the failure probability at
time ¢ conditional on survival up to time t and it is denoted by A;(¢; z, x).

The proportional hazards model is written (see Cox 1972):

q T
Xi(t;2,x) = Nio(t) exp(—cis — Y cvijz; + Y Bumr),
=1 =1

16



The function Aj(t) changes with time and it is the value of the risk
function at z = 0 and x = 0. The part in the exponent shows how the
risk changes as a function of the latent variable and the set of observed
covariates. In that model as well the ratio of two hazard functions for two
individuals is independent of the category involved.

For discrete data the proportional hazards model is written as:

—log[1 — is(z,x)] = exp(ais — Z 25 + Z Buz)

where (1 — ~y;5(z, x)) is the survival probability beyond category s.

The model is written in its linear form as:

log[—log[1l — v;s(z, x)]] = s — Zamz] + Zﬁzm

This is called the log-log transformation. For that model also the differ-
ence between two log-logs is constant and does not depend on the category
involved.

The derivatives required in (17) for the proportional hazards model are:

ish _ Vigr1n(1 = Yisn) 10g(1 — is,n)
O Yi,s,h (Vi s+1,0 — Yi,s,h)

bl
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90i,s—1,h (L= Yis41,1) 10g(1 — Yips41,0)
Oaus (Yi,s+1,h — Yi,s,0)

Ob(0isn) (1 —isn)log(l — Yisn)
Oa; 5 (Yi,s+1,h — Vi,s,n) ’

8b(ei,s—l,h) _ 7i,s—1,h(1 - in,s,h) log(l - in,s,h)
O s (Yi,s . — Yi,s—1,n)

80i,s,h . Zj

'Yz',s—i—l,h _(
Oo;j (Vi s-+1,n = Yiys,h

%,8,h

] [(1—7s,6,n) log(1—i s ,n) 1= s41,8) 10g(1=Yi,s41,1)]

8b(0l757h) _ z] fYZ.,S,h (
davij (Yi,s+1,8 = Yijs,n) Vijs+ Lk

1—7;,541,0) 10g(1=i,s41,0) — (1=7i,5,n) log(1—"i,s,n)]

90, s b Ty Yiys+1,h
= 1=%i5,0) 108(1 =i 5,0) ———=—(1=Yi,s41,0) 108(1—Vi s+ 1,1
OBy (Yis+1,n — Viss,n) [1=%0) 108 {1 ~%5,00) 8,0 (U Yis41,0) 1081 is1.)]
0b(0s,5,1) il Yish
s = 1—%i,s4+1,0) 10g(1=7i,s41,0) ——=——(1=%i,5,n) 108 (1 —7i,s.h
8B (Vistih — Yisn) [(1=7i,s41,0) log(1—7i,s41, )7i75+17h (1—%i,5,n) 10g (1 —7i,5,0)]
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The proportional hazards model is suggested here as an alternative link
function for the ordinal manifest variables rather than a way of modeling
manifest variables that measure survival time (duration of an event). Man-
ifest variables that measure duration of time can be easily accommodated
into the framework presented in this paper but we think it is outside of the
scope of this paper.

All models under the framework presented are affected by an arbitrary
permutation of the response categories. The proportional odds model is
unaffected when only a reversal of category order occurs. Under those cir-
cumstances there is only a change in the sign of the regression and latent
coefficients and a change in sign and order for the threshold parameters.
This invariance does not hold in the proportional hazards model (log-log

link function).

Standard errors

Asymptotically the standard errors of the maximum likelihood estimates
are given by the diagonal elements of the inverse of the information matrix
evaluated at the maximum likelihood solution. In the program LATENT
the standard errors of the maximum likelihood estimates are based on an

approximation of the information matrix given by :

o x~ 1 Of(yn) 0f(yn)
160)= 2 gy a0, o,
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where @ is the vector with the model parameters.

2.6 Goodness-of-Fit

The goodness-of-fit of the model can be theoretically checked by computing
a Pearson chi-square or a likelihood ratio statistic. When the number of
manifest ordinal variables is large it is expected that many response patterns
will have expected frequency less than 5 and many will be so small that they
will not occur at all. So from the practical point of view these tests cannot
be used.

Alternatively we can compute the Pearson chi-square statistic or likeli-
hood ratio statistic only for pairs and triplets of responses. Those values can
be called residuals and provide information on how well the model predicts
the two- and three-way margins. A detailed discussion on the use of those
goodness-of-fit measures for ordinal variables can be found in Jéreskog and
Moustaki (2001). However, for the model with covariate effects the Pear-
son chi-square statistic or likelihood ratio statistic for pairs and triplets of
responses have to be computed for different values of the explanatory vari-
ables. That will eventually make the use of those residuals less informative
with respect to goodness-of-fit.

Alternatively, instead of testing the goodness-of-fit of a specified model
we could use a criterion for selecting among a set of different models. This

procedure gives information about the goodness-of-fit for each model in com-

20



parison with other models. This can be useful for the determination of the
number of factors required or for comparing the model with latent variables
and covariate effects with the model with only latent variables. Sclove (1987)
gives a review of some of the model selection criteria used in multivariate
analysis such as those due to Akaike, Schwarz and Kashap. These criteria
take into account the value of the likelihood at the maximum likelihood
solution and the number of parameters estimated.

Akaike’s criterion for the determination of the order of an autoregressive
model in time series has also been used for the determination of the number

of factors in factor analysis, see Akaike (1987).
AIC = —2[max L] + 2m (23)

where m is the number of model parameters. The model with the smallest
ATC value is taken to be the best one.
In this paper we also use an information complexity criterion proposed

by Bozdogan (2000). The criterion is defined as
3 1
ICOMP = —2[max L] + 212—) log[m] —5 logdet ¥ (24)
p

where X is the covariance matrix of the parameter estimates and p is the

number of parameters estimated.
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3 Factor Scores

The effect of the covariates w on the vector of latent variables z can be also
estimated in two stages. First the measurement model is fitted and latent
scores are computed from the measurement model. Then the latent scores
can be used as dependent variables on further analysis with the vector of
covariates w.

In the analysis of binary, nominal categorical and metric manifest vari-
ables the posterior distribution of the latent variables conditional on the
manifest variables depend on the manifest variables through a set of ¢ com-
ponents called sufficient statistics where g is the number of latent variables
and it is much less than p. Those components are a weighted sum of the
observed responses where the weights are the coefficients of the latent vari-
ables. In contrast, in the model formulation for ordinal variables the canon-
ical parameter is not a linear function of the latent variables and the set of
observed covariates. As a result the posterior distribution of the latent vari-
ables conditional on the manifest variables does not depend on the manifest
variables through any sufficient statistics such as the component scores. To
score the individuals on the latent dimensions defined by the analysis one
can use the mean of the posterior distribution of the latent variable z; given

the individual’s response pattern E(z; | yn,xn). In the gth factor model the
Fl1Y
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posterior mean is given by:

E(zj | yn,Xn) = /R /R zjh(z | yp,xp)dz (25)
z1 zq

where R,; denotes the range of values for z;.

4 Application

In that section we analyze two data sets from the 1996 British Social Atti-
tudes Survey'.

Both data sets are analyzed using the proportional odds model(POM).
POM is a special case of the general model presented in section 1 with a

logit link function.

4.1 Example 1

The first data set consists of five ordinal manifest variables given below.
On the whole do you think it should or not be the government’s respon-

sibility to..
e provide a job for everyone who wants one [JobEvery]
e keep prices under control [PriCon]

e provide a decent standard of living for the unemployed [LivUnem]

'Social and Community Planning Research, British Social Attitudes Survey,1996, [com-
puter file] Colchester, Essex: The Data Archive [distributor], 2 December 1998. SN: 3921
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e reduce income differences between the rich and the poor [IncDiff]

e provide decent housing for those who can’t afford it [Housing]

y1 to ys are the responses to these five items. The response alterna-
tives given to the respondents are: definitely should be, probably should
be, probably not be and definitely should not be. Item nonresponse vary
between 2%-6%. After we excluded the missing values we were left with 822

respondents.

Model 1a

A covariable z that is constructed to measure left to right political identifi-
cation, is used as a continuous explanatory variable for the manifest ordinal
variables. The ML estimates of the threshold parameters are given in Ta-
ble 1 and the discrimination and regression parameters are given in Table
2. The discrimination parameters are all positive and of similar magnitude
indicating that the five ordinal items are all indicators of one latent vari-
able with more or less the same discrimination power. Their positive sign
indicate that the more an individual believes that the state should not be
responsible for its citizens the less likely it is to be on the lower categories
of the ordinal variables. The negative sign of the regression coefficients also
show that the more right wing an individual is the lower the probability of
being in the low level categories (i.e. yes) of the ordinal observed variables.

The one- two- and three-way margins show no big discrepancies between
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the observed and the expected under the model frequencies. Table 3 gives
the ATC and ICOMP criteria for the model with and without the covariate.
They both conclude that the model with the covariate effect is a better fit

than the one without the covariate effect on the manifest variables.

Table 1: Threshold estimates

Item category Qg
JobEvery 1 -1.254
2 1.178
3 2.887 Table 2: Factor loadings and
Pricon 1 -0.333 regression parameters
2 2.114
3 3.530 Item oy Bi
LivUnem 1 -1.635 JobEvery | 1.102 | -2.108
2 2.438 Pricon 0.693 | -1.425
3 4.613 LivUnem | 2.185 | -2.071
IncDiff 1 -0.950 IncDiff 1.356 | -2.632
2 1.254 Housing | 2.250 | -2.120
3 3.459
Housing 1 -0.971
2 3.678
3 6.270
Model 1b

In the above example (Model 1la) we modeled the effect of the political

identification variable on the manifest variables controlling for the latent

Table 3: Model selection criteria
Model with no covariate | Model with covariate

AIC 8636.186 8244.148
ICOMP 8607.984 8199.568
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Table 4: Factor loadings

Ttem o

JobEvery 1.466
Pricon 0.954
LivUnem 1.420
IncDiff 1.803
Housing 1.453

Structural part of the model X = 1.446

variable. Alternatively we could have modeled the effect of the political
identification variable directly on the latent variable (model (9). Table 4
gives the parameter estimates when model (9) is fitted.

4.2 Example 2

The second application is also from the 1996 British Social Attitudes Survey.
Five ordinal manifest variables were selected for the analysis. The items
measure satisfaction with the National Health Service in respondents’ area.

The items asked are whether the National Health Service in your area

is, on the whole, satisfactory or in need of improvement.

e GP’s appointment systems [Appointment]

e Amount of time GP gives to each patient [AmountTime]

e Being able to choose which GP to see [ChooseGP]

e Quality of medical treatment by GPs [Quality]
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e Waiting areas at GP’s surgeries [WaitingArea)

The response alternatives given to the respondents are: In need of a lot of
improvement, in need of some improvement, satisfactory, and very good.
Item nonresponse vary between 1.5%-2.5%. After we excluded the missing
values we were left with 841 respondents. In the analysis we are interested
in measuring overall satisfaction with GP’s from the five ordinal manifest
variables controlling for respondents’ political identification (measured by an
observed covariate with four categories: conservative, labour, liberal demo-
crat and other). We also want to measure the effect of gender and age on
the latent variable satisfaction. Age is given in four categories: 18-25, 26-44,
45-64, 65+.

First we fit the one factor model to the five ordinal manifest variables
without allowing for any covariate effects. Table 5 gives the factor loadings
(). The factor loadings are all positive and of similar magnitude indicating
that the five ordinal items are all indicators of one latent variable with more
or less the same discrimination power. Their positive signs indicate that the
more satisfied an individual is with the National Health Service in his area
the less likely he/she is to be in the lower categories of the ordinal variables.
The fit of the one-factor model is satisfactory judging from the one- two-
and three-way margins. Most of those margins show small discrepancies
between the observed and the expected under the model frequencies. Most

of those values are between 0-4. Table 6 gives pairs of items and categories
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Table 5: One factor model: factor loadings

Ttem o

Appointment | 1.915
AmountTime | 3.252
ChooseGP 2.292
Quality 2.309
WaitingArea | 1.443

Table 6: One factor model: (O — E)?/E for the margins

Item 2 3 4 5
1 (1,4), (3,4) | (3,4) (1,4), (2,4), (3,4)

=W N

(1,2), (1,4)
(2,4)

for which the chi-square value computed for those combinations of items and
categories is greater than four.

Then we fitted the one factor model that allows for covariate effects.
The ML estimates of the thresholds parameters are given in Table 7 and the
factor loadings and regression parameters are given in Table 8. The effect
of the covariates age and gender on the latent variables are given in Table
9.

The factor loadings («;) remain all positive and of similar magnitude.
Also the values of the factor loadings have not changed much when the co-
variates were introduced into the model indicating factorial invariance within
the groups defined by the covariates. The direct effects of the political party
covariate on the manifest ordinal variables are similar with the exception of

variable 3 [ChooseGP]. Respondents that tend to vote for the labour party
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Table 7: Threshold estimates

Item

category

Qi(s)

Appointment

AmountTime

ChooseGP

Quality

WaitingArea

1

W N WNHFHEWNFE WNHFH W

-1.254
1.178
2.887

-0.333
2.114
3.530

-1.635
2.438
4.613

-0.950
1.254
3.459

-0.971
3.678
6.270

are more likely to express dissatisfaction with each one of the five ordinal
items than those respondents that tend to vote for the conservative party.
Finally, from Table 9 we see that gender has no effect on overall satisfaction

with the National Health Service but as respondents age increases so does

Table 8: Factor loadings and direct effect pa-

rameters
Item o labour | liberal | other
Appointment | 1.786 | 0.910 | 0.703 | 0.551
AmountTime | 2.914 | 1.309 | 0.613 | 0.714
ChooseGP 2.146 | 0.568 | -0.202 | 0.313
Quality 2.129 | 0.906 | 0.613 | 1.090
WaitingArea | 1.329 | 0.533 | 0.051 | 0.690

Table 9: Structural parameters

Female

26-44

45-64

65+

-0.070

0.165

0.483

0.698

their satisfaction with the Health Service.

The AIC criterion for the model without the covariates is 7966.5 and for

the model with the covariates is 7936.9. We conclude that the model with

the covariate effects is a better fit than the one without.
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5 Conclusion

We propose a general framework for fitting latent variable models that al-
lows for covariate effects both on the manifest and on the latent variables.
The approach proposed is full maximum likelihood and it is distinct from
the approaches used by researchers such as Joreskog and Muthen. The
drawback of the approach proposed here is the computational burden of the

integrations required in the evaluation of the loglikelihood function.
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