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Abstract

Departures from a fitted model can be represented by the introduction of shocks.
In this paper efficient means of modelling aberant behaviour in times series are devel-
oped. The method allows test statistics for interventions to be computed from a single
Kalman filter smoother run. New diagnostic statistics and a generalisation of jackknife
estimation are put forward. Detailed discussion of the implications for structural mod-
els, ARIMA models and models with explanatory variables is given.
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1 Introduction

Time series processes are often characterised by their autocorrelation. However, many series
are subject to external influences. These may take the form of a relationship with an ob-
servable quantity which is represented by the introduction of an explanatory variable. For
example, much of the seasonal variability in the UK domestic gas demand is explained by sea-
sonal weather patterns, particularly changes in temperature. Our interest lies with another
type of exogenous process; that of intervention. Sudden or unexpected events often influence
the values taken by a time series. These may take the form of natural disasters, strikes, wars
or the introduction of new legislation. Interventions are, by nature, hard to characterize in
terms of quantities which can be measured. They are often modeled by the introduction of
dummy regression variables which represent the influence that an unquantifiable, external
event has on the series.

The problem is conventionally viewed as one of diagnostic checking. Having specified and
fitted a model, we may want to know whether there are movements in the series which are
not adequately accounted for. Early methods to detect outliers in time series were based on
assumptions of independence. Fox (1972) points out that this is inadequate and suggests
an approach in which the structure of the series is taken into account. He develops two
parametric models for outliers; additive, representing a single spurious observation, and
innovative, in which a pulse shock to the noise sequence propagates through the observed
series. Fox uses likelihood ratio criteria as a means of judging an outlier’s significance. Box
and Tiao (1975) include the possibility of step function input as a means of generating
intervention structures.

Iterative procedures for detecting additive and innovative outliers and distinguishing between
them are proposed by Tsay (1986) and Chang, Tiao and Chen (1988). Tsay (1988) extends
his method to include level shifts and changes of variance. All of the methods described
above are based on the use of autoregressive integrated moving average (ARIMA) models.
Many authors, including Tsay (1986) and LeFrangois (1991) point out that the presense
of outliers or structural changes can introduce serious bias in the sample autocorrelation
function leading to problem with model identification. Balke (1993) establishes that, using
Tsay’s approach, level shifts may be labelled as innovative outliers. Harvey and Durbin
(1986) provide a practical example of intervention analysis using structural models. Details
of the general approach are given by Harvey (1989). The use of smoothed disturbances as a
means of diagnostic checking is put forward by Harvey and Koopman (1992).



Outlier detection in regression is often carried out using deletion diagnostics (Cook 1977,
Cook & Weisberg 1982, Atkinson 1985). This involves comparison of the estimate of the
regression parameter for the model fitted to the full data set with an estimate based on the
data with a single observation removed. Statistics, such as Cook’s distance (Cook 1977), can
be used to identify outlying points. In time series processes, aberant observations sometimes
occur in patches. In order to account for this and to detect stretches of over influential
observation, Bruce and Martin (1989) put forward leave-k-out diagnostics. The parameters
of the model fitted to the full data set are compared with those generated by fitting the
model to the data when a stretch of k points are taken to be missing. This approach is
somewhat limited. There are many types of intervention, such as level shifts and slope
changes, which do not fit into the leave-k-out approach. The method also requires a great
deal of computationally intensive parameter re-estimation. These problems are, to a certain
extent, addressed by Atkinson, Koopman and Shephard (1995) who use score statistics to
approximate the change in hyperparameters when interventions are introduced to a series.

Diagnostic checking is usually one step in the model building cycle, the other steps being
identification and estimation. Unsatisfactory diagnostics lead to changes in the null model
and re-estimation of all hyperparameters. Recently a number of methods have been proposed
(McCulloch & Tsay 1993) in which all hyperparameters, including those associated with
the location and size of shocks, are estimated simultaneously within a single framework.
The models used are state space models with the addition of indicator variables, where
the indicators flag time points with large variance parameters. Estimation is based on
Markov Chain Monte Carlo methods using Bayesian priors, an approach significantly more
complex and computation expensive than conventional parameter estimation. The method
also demands a great deal of user sophistication. The diagnostic tools described in this paper
can be used to suggest appropriate generalizations of the standard state space models. Once
the generalized models are estimated, they are, given the indicator variables, standard state
space models and can be checked using the methods described below.

Interventions which model single outlying points represent a special case. The associated
statistics can be generated by sucessively jackknifing each observation in the series. This
fact is recognized by many authors in a number of different contexts. Jacknifing results for
stationary, infinite sample time series are put forward by Whittle (1984). For finite sample
state space models De Jong (1988a, 1989) gives the relevant formulae. It is clear from this
work that the statistics associated with single outliers can be generated from one run of the
Kalman filter smoother (KFS). Harrison and West (1991) give special cases of jackknifing
results.



Diagnostic checking implicitly involves comparison of a fitted null model to an alternative.
The alternative model should reflect nature of the inadequacy which we suspect in the
null. We demonstrate that the addition of shocks can be used to model a large range of
potential structural changes. This paper establishes that all statistics associated with these
interventions can be generated from a single null model run of the KFS. The null model
can be any time series model that has a state space representation. Shocks are assumed to
enter linearly at any point along the length n of the time series. Diagnostics include the
size and variance of the shock, as well as the impact of the assumed shocks on state, signal,
disturbance, regression, error variance and other estimates. Thus, a single null model run
of the KFS is informative for an large array of alternative models, where the alternative
involves the addition of a shock at any of the n points along the time series.

The layout of this paper is as follows. The next section defines the terminology of shocks,
interventions, impulse response functions and related concepts. The estimation of shocks
is discussed in section 3 where we also introduce the key concepts of smoothations and in-
tervention contrasts. Intervention contrasts play the same role in estimating shock effects
as contrasts play in the estimation of treatment effects in the conventional design of ex-
periments. The state space model, filter and smoother are given in section 4. Section 5
establishes that intervention contrasts, relevant to the diagnosis of outliers and structural
changes, can be defined in terms of null model KFS output. New diagnostic statistics are
put forward in section 6. Measurement interventions modelling single outlying values have
particular properties. These are discussed, with reference to jackknife estimation, in section
7. This work is extended to the general shock case in section 8. Examples of the application
of our results to structural, ARIMA and periodic models are given in section 9. Models with
explanatory variables, also known as dynamic regression models, are discussed in Section
10. In section 11 the general composite intervention case is discussed. Section 12 includes a
brief discussion of further work. All proofs are given in the appendix.

2 Shocks and Interventions

Typically, time series analysis is conducted within a parametric framework of which the
model is a key component. A large number of time series models have been suggested in
the literature. This paper is not concerned with the procedures used to choose models.
Rather, it is assumed that there is a model which is thought, at least initially, to be an
appropriate representation of the process which generates the data y = (v} ---%/,)". This
model is referred to as the null model. Under the null, the data are thought of as a function
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of random disturbances or errors. Explanatory variables, such as mean effects or exogenous
observed series, may also be included. The relationship is written

y = null model.

The null model can be any one of a large class of models conventionally used in time series.
These include ARIMA, structural models and regression models with autocorrelated errors.
All such models are linear in the sense that they linearly transform disturbances and, if
present, explanatory variables, into observation y.

We want to check whether there are features in the data which are not adequately explained
by the null model. If these features take the form of sudden or unexpected movements in
the series we can model them by the addition of shocks,

y = null model + shock effects.

A shock is an event which takes place at a particular point in the series. Its defining
characteristics are location and magnitude. In time series the effect of a shock is not confined
to the point at which it occurs. It is useful to distinguish between the shock impact, which
is a shock’s instantenous effect, and the subsequent effects, called the after shock. The after
shock is determined by the form of the null model since it is the dynamics of the null model
which determines how the shock transmits or manifests itself in subsequent observations.

Departures from the null are modeled by the addition of shocks. The intervention model
describes how these shocks manifest themselves in the observations. An intervention is char-
acterised by its origin, which is the location of the first shock, its shape and its magnitude.
This can be represented by

y = null model + D(i)d.

The origin of the intervention is ¢ and the magnitude is §. D(7) is the intervention signature
which defines the intervention’s shape. An intervention has no impact prior to its origin,
so Dy(i) = 0 for t < i. Here D,(i) is the row, or in the case of vector time series, row
block, of D(i) corresponding to y;. The shock impact and after shocks are then D;(i)d
and D;1(1)d, D;12(i)0, . .. respectively. In the Econometrics literature these are called the
impact and delay multipliers. This paper deals with methods for identifying the origin ¢ and
estimating the magnitude § and shock effects.

Figure 2 illustrates the shape of four common interventions signatures. The simplest type of
intervention models a single outlying value. These measurement interventions take the form
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Figure 1: The signature for measurement, level and switch interventions

of a single shock. The effect of this shock is all instantaneous, there is no after shock. The
shock signature is given by
. 1, t=1,
Dt(z)_{ 0, 1.
Series A of Box, Jenkins and Reinsel (1994) and the Latin American exports data from
Atkinson, Koopman and Shephard (1995) are examples of series with measurement outliers.

Another common intervention is a level shift. This is characterised by a permanent shift in
the mean of the series and is modeled using the signature

0, t<i,
. t> .

Di(i) = {

Series with possible level shifts include the seat belt data in Harvey and Durbin (1986) and
Nile data, see for example Balke (1993). The third intervention displayed in figure 2 is a
switch intervention. This is characterised by consecutive extreme values either side of the
mean of the series. They may arise from an increase in production after a strike or a collapse



in stock values after a sudden rise. The signature is

0, t=1,...,i—1,
1, t=i

—1, t=1i+1,

0, t=i+2,...,n

Dt(i) =

Many practical departures from a null model can be represented by a single shock. We distin-
guish these cases by saying that they can be modeled using a simple intervention. Situations
in which several shocks with different origins are required to generate the appropriate signa-
ture are referred to as composite interventions. In this case interventions are the cummulative
effect of several shocks. The number of shocks required to represent a given intervention is
model dependent. For example, a level intervention can be introduced into a structural, local
linear trend model by a single shock. However, for a stationary ARMA model a composite
intervention is required. Simple shock structures are desirable for economy of representation
and ease of computation. More general null models allow interventions to be represented
with fewer shocks. In some cases it is beneficial to use models which incorporate features
such as non-stationarity or seasonality rather than trying to impose interventions with these
properties via a large number of shocks.

Another useful distinction is between interventions which only affect a fixed set of points
and those whose after shocks manifest themselves in all of the observations subsequent to
their introduction. A transient intervention is characterised by a signature matrix whose
entries D, (i) tend to zero as t increases. An intervention which does not have this property
is persistent. Clearly, measurement and switch interventions are transient, whereas a level
shift is persistent. However, a temporary level shift can be defined using the framework
above. Further examples are given in sections 5, 9, 10 and 11.

3 Estimating and Testing Intervention Effects

In section 2 we described the representation of interventions via D(7) and its associated scale
parameter 0. The generalised least squares (GLS) estimate of the intervention parameter
&; can be used to devise statistics to measure the significance of an intervention at ¢ = .
The null model described in section 2 defines the covariance matrix 0% = cov(y). Standard
GLS arguments yield

0; = {DGE)S™ D)} 'D@E)S Yy, cov(é;) = o { D)D)} (1)
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By noting that 02D(i)’S71D(i) = cov{D(i)'S "'y} equation (1) simplifies to
o =S ts;,  cov(s;) = oS, (2)

where

s; = D)2y, Sy =D@E)Y'D(i) = 0 2cov(sy). (3)

The s; are referred to as the intervention contrasts. They are sufficient statistics for esti-
mating the intervention effects. The intervention contrasts are the analogue of treatment
contrasts for estimating treatment effect in the standard design of experiments. If the data
is uncorrelated, Y is a diagonal matrix, allowing ¥~! and thus 5 to be calculated directly
from (2). This is equivalent to the usual approach, regressing the data y on the intervention
effect D(7). In the extreme case, where 3 = [ and D(i) is 0 everywhere except in a single
position where it is one, the estimate of § is the observation y;.

The hypothesis of no shock, § = 0, is tested with the usual statistic,
Sg{cov(&)}_lgi =0 %55 s, (4)

In practice, o2

is replaced by the normal based maximum likelihood estimate (MLE). The
MLE of 02 assuming § = 0 is given by 62 = (y'X71y)/n. This estimate is adjusted to give
the MLE under the hypothesis that § # 0, assuming that all other hyperparameter estimates

2

remain fixed; 62 = 62 — n~'s,S; 's;. Substituting this adjusted estimate into (4) yields the

test statistic

2 =628 sy = {6%(s,S s) T = (5)
which has an approximate X;Q) distribution where p is the rank of S;. The estimate of the
standard error of each component of §; is given by the square root of the appropriate diagonal
entry in 0~25; . Dividing each component by its estimated standard error gives a statistic
which is analogous to the regression t-statistic.

Practical implementation of the methods requires specification of cov(y) = %% and the
intervention signature D(i). These are modeled using a state space description of the data
y. An efficient method for computing the statistic 772 or the ¢-statistic is also crucial. Defining
the smoothation vector u = ¥~ 1y, equation (3) yields

s; = D(i)u. (6)

In section 5 we establish that the smoothations wu;, all intervention contrasts s; and cov(s;) =
028S; corresponding to a wide class of shock signatures can be generated with a single pass
of the Kalman filter smoother. Thus, all of the interventions statistics 77 can be computed
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S; = D(Z),E_ly

Data
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Figure 2: The relationship between observations, innovations and smoothations

from smoother output. Our method is direct, transparent and, in addition to computational
benefits, provides insights into the nature of the detection process. It allows the simultaneous
testing of a wide variety of shock effects.

Established approaches (Tsay 1986, Atkinson, Koopman & Shephard 1997) to computing
(3) and estimating § involve transforming the observations and the signature matrix. By
applying the appropriate linear operations, the data can be transformed to the innovations,
which are uncorrelated. Applying the same transformation to the regression variables D(7)
allows us to generate s; and S; and thus calculate the estimate 52 and its covariance matrix.
Think about this procedure in the context of Kalman filtering. Using the lower triangular

matrix L to denote the filtering transformation, write v = Ly, where v = (v} --- o)

is the vector of Kalman filter innovations. It is well known that ¥=! = L'F~'L so s; =
(LD(i))F~'v where F = o7 %cov(v) = diag{Fy,...,F,}. The entries in LD(i) can be
calculated by applying the filter to the columns of the regression variable D(i). Using this
approach, for each origin ¢ and each type of intervention, the columns of D(i) must be

filtered.



4 Observations, Innovations and Smoothations

The implementation of the methods outlined above exploits the recursive definition of the
observations, innovations and smoothations. For the observations y the recursive definition
is the state space model. This a flexible representation encompassing all linear time series

models used in practice. The null state space model for the series {y; :t =1,...,n} is
y = Zioy+ Gy, (7)
apr = T+ Higy, t=1,...,n, (8)

where g; ~ (0,0%I), a; ~ (a1,0?P;) and the &; and a; are mutually uncorrelated. The system
matrices Z;, T;, Gy and H; are deterministic quantities which, as the notation indicates, may
vary over time. Equations (7) and (8) serve to define cov(y) = o%%.

Innovations {v; : t = 1,...,n} are defined recursively in terms of the observations y via the
usual Kalman filter. For ¢t =1,....n,

Uy = Yy — Ly, F, = ZthZt/ + GtGQa
K, = (LRZ{ + H,G)F; !,
a1 = Tyay + Ky, Py =T,PL, + HJ}, 9)

where L, =T, — K;Z; and J, = H; — K;G;. The innovations v; are orthogonal and

v =Y — EWlyi-1, -, 0n),  0°F, = cov(ye|yi—1,. -, Y1)

Here conditional expectation is defined in the linear predictor sense. Conditional covariance
denotes the covariance of the prediction error. Non-stationary models require diffuse initial
conditions. These can be handled using adaptations to the recursion (Ansley & Kohn 1985,
Ansley & Kohn 1990, De Jong 1988b, De Jong 1991). The normal based MLE of o2 is given
by 62 = n~! " v/ F, ', which is conveniently accumulated in parallel with (9).

De Jong (1988a) and Kohn and Ansley (1989) put forward a set of efficient recursions which
can be used to calculate all of the quantities normally associated with smoothing. The
recursions are initialised with r,, = 0 and N,, = 0 and then, for t =n,... 1,

Tt—1 = ZéFt_l/Ut + L;T’t, Nt—l = Zt,Ft_IZt + L;NtLt (10)

The combination of the filtering forward pass and smoothing back pass is referred to as
the Kalman filter smoother (KFS). The smoothing recursions (10) are used to generate the
smoothations u; and associated covariances matrices o?M,.
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Theorem 4.1 The smoothations u; and cov(u;) = o> M satisfy

Ut = F;lvt — K;T’t, Mt = thl + Kt/Nth,
re = Zug+ Tlry,  Nyy=ZF7 ' Zy+ LN, Ly, t=mn,... 1, (11)

where 1, = 0 and N, = 0. Further uy = M{y; — FE(y|y")} and M; = {o*cov(y|y")} 1,
where y' is y excluding y;.

5 Key Results for Simple Interventions

Section 2 shows how interventions can be represented by the introduction of shocks. In a
state space model these shocks may affect both measurement and transition equations. This
leads to the general specification

Yy = Xi0+ Zyoy + Giey, (12)
Qi1 = Wt(s + T‘tOét + HtEt, (13)

where X; and W, model the shock at time ¢ and are referred to as the shock design. We
state a key result which allows us to generate the GLS estimate of § using a single run of the
KFS. In this section the result is stated for simple interventions. These can be generated
by the introduction of a single shock. To emphasis this point, the intervention contrasts s;
are refered to as shock contrasts. For a simple intervention X; = 0 and W, = 0 for ¢ # 4.
By substituting recursively in the equations for the model (12) and (13), we see that the
signature corresponding to a single shock is

0, t=1,...i—1,
Di(i) ={ X; t =1, (14)
ZiT 1 iaWs, t=1i+1,...,n.

where, T}, =T, ... Ty for j > t, T,_1, = I and Tj; = 0 for j <t — 1. The general, composite

intervention case is dealt with in section 11.

Theorem 5.1 For a simple intervention with origin v, the shock contrast s; and associated
covariance matriz 0*S; are such that, fori=1,...,n,

s; = Xju; + Wiry, S;=X/F ' X; + Q\N;Q;, (15)

where Q; = W; — K; X; and the quantities u;, r;, F; and N; are generated by the KFS applied
to the null model.
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Using the framework which we have developed, the expression for the shock contrasts is fairly
easy to derive. From the recursive representation of r; given in theorem 4.1, it is immediately

apparent that, r, can be written in terms of the smoothations. For t =0,...,n — 1,
n
Tt = Z TJ{—LtHZJ,‘Ujv (16)
J=t+1

From (6), s; = D(i)'u, so (16) yields
n
si = Xjui + Wi Y T ;1 Zju; = Xjug + Wr;,
j=i+1

as required. The proof of expression (15) for S; is given in the appendix.

For any simple intervention, theorem 5.1 can be used to generate the GLS estimate of
and the test statistic 72 for origins ¢ from 1 to n. No assumptions about the nature of
the intervention are made in filtering and smoothing process. This allows us to generate

intervention statistics for any number of different types of simple intervention without doing
any additional KFS runs.

The following corollary of theorem 5.1 provides concrete interpretation of the quantities
involved in the smoothing recursions.

Corollary 5.1 For a measurement intervention, where X; = I and W; =0,

Si = Ui, S = M;,
(Si = M[lui COV(&') = O'QMiil.

For a state intervention in which each component of the state is shocked independently, that
18 X; =0 and W; =1,

Si =Ti, S; = N,
(Si = N[ln COV(&Z') = O'2N;l.

For an intervention in which every component in the measurement and transition equation
of the state space representation is shocked independently, that is (X, W!) =1,

() s ()
’ ri)’ ' —NiK; N; ’
O (PN BC R (P
T\ K+ N7 ) VOO =\ K, F, KFK +N7')

where K; is the null model Kalman gain matrix.
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Proof: The results for pure measurement and pure state shocks are immediate consequences
of theorem 5.1 and equation (2) for the GLS estimate of §. The final result for a combined
shock follows from theorem 5.1 and the applyication of standard partioned matrix inverse
results. O

Corollary 5.1 stresses that, in common with regression, shock estimates depend on which
shocks are present. For example, in the absence of other shocks, the estimate of a measure-
ment shock is the standardized smoothation. If a state shock is present, the estimate of the
measurement component of the shock is the innovation.

The mechanism by which interventions are generated can be viewed in several different ways.
The model defined by (12) and (13) encompasses these alternative perspectives. In certain
instances, it may be desirable to think of data nonconformities being caused by aberant state
vectors. This leads to a model of the form

Y, = Zl(OéZ + 5) + Gi&',
Qi1 = E(O&Z + 5) + Hzez

In this situation X; = Z; and W; = T; so Q; = T; — K;Z; = L;. Applying theorem 5.1 yields
s; = 11 and S; = N;_;. This is equivalent to taking X; ; = 0 and W;_; = I, that is, a
state shock at ¢t =7 — 1.

An alternative to measurement or state shocks is to model the intervention as an aberant
disturbance,

Y, = ZZ'OéZ' + Gz(&fz + 5),
a1 = Ty + Hi(e; +9).

It is useful to have an interpretation for the shock contrast s; and associated covariance
matrix S;. This is provided by the following theorem.

Corollary 5.2 For a disturbance intervention, where X; = G; and W; = H;,
s;i = Gl + Hir; = Egily), Si=GF'Gi+ JN;J; = {I — 0 *cov(si|y)},

where E(g;|y) and cov(g;|y) are calculated under the null model.

Harvey and Koopman (1992) refer to the scaled, smoothed disturbances as auxiliary resid-
uals. De Jong (1988a) indicates that the smoothed measurement disturbance can be com-
puted using (11). Koopman (1993) makes a similar observation about the smoothed state
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disturbances. Harvey and Koopman use auxiliary residuals to detect aberant behaviour in
time series. For structural component models, the auxiliary residuals have an appealing
interpretation. However, thinking of diagnostics in terms of smoothed disturbances can be
misleading. The coefficients of the shocks are constrained to be multiples of GG; and H;. If a
component has zero variance, useful diagnostic information which is available at the end of
a smoothing run would be disregarded using the auxiliary residual approach.

Conventionally, interventions are represented by adding the signature and magnitude param-
eter to the measurement equation directly (Harvey & Durbin 1986, Harvey 1989, Atkinson
et al. 1997). This leads to models of the form

v = D0+ Zioy + Giey,
a1 = Ty + Higy.

It is clear that the model given by equations (12) and (13), is more general.

Outliers and structural changes can be detected by running an intervention along the series,
that is, taking the starting point i between 1 and n (Tsay 1988, Atkinson et al. 1997).
Statistics based on moving the origin of the intervention can be used to locate structural
changes in the data. Running different type of interventions along the series allows different
kinds of structural change to be distinguished. For state space models, Atkinson et al. argue
that this requires the computation of LD(i), the filtered columns of the D(7) matrix. This
is achieved by augmenting Kalman filter equations (9) with the additional recursions

W(Z) = Xt(i) - ZtAt(i)a At+1(i) - _Wt(i) + Kt‘/t(i) + TtAt(i)a

where V(i) is row block t of LD(7). For each intervention type and for each origin ¢ from 1 to
n, the augmented filter is run, initialised with A;(i) = 0. Using our approach only requires
a single run of the KFS.

6 Test Statistics

The shock design matrices X; and W; determine the type of intervention resulting from a
shock §. One approach to detecting structural changes is to compute the statistics {77 : i =
1,...,n} for specified shock designs. A significant values of 77 suggest the location of a shock
corresponding to a shock signature determined by the X; and W;. This diagnostic assumes
that X; and W; are given, that is, the appropriate intervention type is known. Suppose,
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for example, we suspect the presence of outliers and level shifts in data modelled by a local
linear trend (see section 9). The statistic 72 would be generated for all values of i, first using
X; =1, W; =0, to look for outliers, and then using X; =0, W; = (1 0)’, to look for level
shifts.

As an initial diagnostic procedure we can allow the data to determine the shock design X,
W; and the corresponding test statisic 72.

Theorem 6.1 For given i, the mazimum of p? = s,S; 's; over all matrices (X|, W) of fived

column dimension is

P2 = Ui o+ TN (17)
where v;, F;, r; and N; are computed with the KF'S applied to the null model. The mazximum
18 attained when 0 is scalar, X; = v; and W; = K;v; + Ni_lr,-.

This result can be viewed from two different perspectives. If (X! W/) is a row vec-
tor, a given scalar shock is distributed across the components of (y; of.;)". The opti-
mal distribution, in the sense of maximising the statistic p?, is attained at (X! W/) =
(v, VK!+7IN;Y). If (X, W!)is of full column rank, the shock design is equivalent to
imposing independent scalar shocks on each of the components of (y, «f,;). Thus, the
GLS estimate of the shock d; in the full column rank case is equivalent to the optimal shock

design (X; W/)' for the rank 1 case.

The statistic p;? has useful interpretations. It is made up of two components v/F; 'v; and
7'N;*r;. Under normality, these components are independent x? random variables. From
corollary 5.1, the term 7/ N; 'r; is the y? statistic for testing a state shock in the absence of any
other shock. Thus, v/F; v; is the x? statistic for testing a measurement shock conditional
on the presence of a state shock. In fact, the estimate of the measurement shock in this
case is v;. We can also consider p:? as the sum of u/M; 'u;, the y? statistic for testing a
measurement shock in the absence of any other shock, and v}F, ‘v; + riN; 'r; — w,M;  u;
which represents the x? statistic for testing a state shock given a measurement shock.

The statistic p;? can be scaled by dividing by 62 or the adjusted estimate 6. Notice that
the test statistic 77 given by equation (5) has maximum value 72 = {62p; 2 —n~'}71. A
plot of 7}% against 7 is an informative diagnostic tool. For each 4, the plot shows the value
of the test statistic under the shock design which has the greatest possible impact at that
point. Large values of 72 indicate the location of potential shocks while the design matrices
X, = v; and W, = Kv; + N[lri suggest the most plausible way that a shock enters the

system.
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Estimates for shock effects at different time points are correlated. The exact form of this
correlation is given by the following theorem.

Theorem 6.2 If 0; is the estimate of a shock at i and 5j 1s the estimate of a shock at j, for
1<J

cov(dy,0;) = 0 S QiLy 411 (ZF X + LiN;Q;) S5 (18)
where, Lj; = L;... Ly forj>1t, Ly_1, =1 and Lj; =0 for j <t—1.

Theorem 6.2 can be used to adjust levels of signficance when many tests are performed
simultaneously.

7 Measurement Shocks

A measurement intervention is the addition of a shock to the measurement equation and
models a single outlying value. It is represented in equation (12) and (13) by taking X; = I
and W; = 0. From corollary 5.1, 52 = Mi_lui and so cov(&-) = 02M[1. Using the expressions
in theorem 4.1 yields

5= v~ Bl cov(s) = coo(uly) (19)

Thus the estimate of the shock is the jackknife residual at ¢ = i, while the variance of the
shock is estimated by the jackknife residual variance. The result is intuitively appealing since
it states that the estimate 0, is the difference between the observation y; and the estimate of
y; based on all the other data points. In Pena (1990) this is stated, in a less general context,
as a well known result.

The measurement shock illustrates an important aspect of the method. The GLS approach
to estimating 0 is formally equivalent to treating d as a random vector with infinitely large
covariance matrix and constructing the linear predictor of ¢ given the data y. Thus E(d|y) =
S;ts; and cov(S|y) = 02S; ' where the expectation and covariance are now computed with
respect to the model which includes ¢ as diffuse random effect, that is, y = D(i)d + w where
cov(w) = cov(y|d) = 0?3. The expectation E(y;|y’) and covariance cov(y;|y®) in (19) are
computed with respect to the null model, that is, the model which does not contain any
shocks. Using the framework in which ¢ is thought of as diffuse, (19) is equivalent to

Eo(0ly) = yi — Eo(yily'),  cova(dly) = covo(yily"), (20)
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where the subscripts indicate the model under which the expectation and covariance are
computed: ‘o’ for null model and ‘a’ for alternative. Result of this type hold for general
state space random vectors 7.

Theorem 7.1 Suppose that the alternative model differs from the null by imposition of a
measurement shock at t =i. Further let F,(vy]|0) = T and put A; = o=2cov,(v,u;). Then

Eo(vly) = Eo(yly') + DM i = Eo(yly) + (I — M) M,
cova(Yly) = covo(Y]y’) + o’ T M T = cove(v]y) + o*(T — A)M; (T — A, (21)

where w; and M; are given by the smoothing recursion (11).

The proof of this theorem follows from a more general result discussed in section 8. The role
of the matrix I' is as follows. Any state space quantity of practical interest can be written
as a linear function of § and the ;5. The matrix I' indicates the manner in which + depends
ond. If y =46, then ' = I, E,(v|y") = 0 and cov(y|y’) = 0 so equations (21) reduce to (20).
For state or disturbance estimation I' = 0 and theorem 7.1 then implies

Ed(Wly) = Es(ly') = Bo(vly) — MM s,
cova(Yly) = covo(Y]y") = cove(yly) + oA M; A (22)

Thus when I' = 0, the smoothed estimate of 7 under the alternative is equal to the jackknife
estimate. Equation (22) also gives the adjustments to null model smoothed estimates needed
to yield smoothed estimates under the alternative.

Specific cases of interest are v equal to the state ay, the signal Z,a; or the disturbance g4, in
particular for ¢ near ¢. The following proposition specifies the form of A; if t = i. The case
t # 1 is dealt with in section 8.

Proposition 7.1 When v = «;, Z;a; or €,
P’L'Z{Fiia 7= Qy,
A = 07 %cov,(v,u;) = GIF, v =&,
I —GGF, v = Z,

where the matrices are defined as in the Kalman filter smoother (9) and (11).

17



8 Generalized Jackknifing

Many of the established methods for dealing with outliers are based on statistics derived
from jackknife residuals. In section 7 we establish that this approach is equivalent to the
addition of a measurement shock and derive expressions for adjusting smoothed estimates.
This technique is effective for individual outlying points. When dealing with more complex
structural changes, simple jackknifing of the sample will not excise the aberant behaviour.
In this section we establish that, for any shock, expectations and covariances under the
alternative model can be computed from null model KFS output. Motivation is provided by
the following example.

Consider the local linear trend model given by equations (24). The state vector at time ¢
is given by a; = (p;  3;), the stack of the level and slope components. Suppose that the
diagnostic statistics described in section 6 suggest the presence of a level shift at t = 7. We
want a quick means of judging how the introduction of a variable to model this structural
change would affect our smoothed estimate of the level component. Thus, quantities such as
E.(a;1|y), Euo(ai|y) and E,(ii1|y) are of interest. The computation of various alternative
model smoothed estimates is described below.

Theorem 8.1 Suppose that s; and o; are defined with respect to shock design X;, W;. Further
suppose that E,(v]0) = T'6 and A; = 0~2cov(v, s;) then

A

Eu(1y) = Eo(1]y) + (T = Ai)di,  cova(ly) = covo(vly) + (T = Ai)eovy(d:) (I — Ai)'. (23)
where &; is the GLS estimate of 6.

Note that equations (23) coincide with those in (21) if 6; = M; ‘u; and cov(d;) = o2M; !,
that is, if the shock is a measurement shock. Thus theorem 8.1 extends theorem 7.1 to more
general shock designs.

The form of A; depends on . Noteworthy cases include v as the state vector «;, the signal
Ziay or the disturbance ;. Values around ¢t = i are of interest since this is typically where
the shock has most impact. The next result specifies the form of A; in terms of null model
KFS quantities. The proposition implies that all adjustments associated with introducing a
shock to the system can be computed from the output of a null model run.

Proposition 8.1 Define
C; = G;‘Fz‘_lXi + Jz‘/NiQia R; = Zz{Fi_lXi + L;NiQh
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then

covo(an, 5) = o?P L Ry, t=1,...,i—1,
VolQi, i) = O'QPZ'Ri, tIi,
_O—QGt‘]éL{i—lt-i,-lRi) t: 1,...,2._ 17
covalin ) = { X - GC), =i,
and
0-2JtLg_17t+1Ri, t = 1,...,i— 1,
covy(es, 8i) = 02C;, t =1,

o (GIE Z 4+ TNy L) Ly 1,31Qi t=1d+1,...,n.

The case t > i is distinct since, provided W; # 0, the state oy, carries the shock. In this
case I'iy1 = T}, W; = T;T',—1 defines the shock signature on the state vector. Defining

) _ 2
o “cov(ay, 8i) = Nipr1 = TiNiy + Hio “cov(ey, i),

it is clear that
(Ft+l — Ai,t—i—l) = Tt(Ft — Ai,t) + HtO'_zCOV<€t, Si).

This defines a recursion for computing the adjustment to any future smoothed state, relative
to ¢, initialised at t = ¢ 4+ 1 using

i1 = Nij1 = Wi — (TP R + HiCi) = Wi — K X — P NiQi = (I — PNy ) Qs

In turn cov(Zsay, ;) = Zycov(ay, s;) for t > i. The input into the recursion is o~ 2cov(ey, ;).
Note that &; does not involve §.

9 Simple Interventions in Practical Models

Many different interventions can be represented by a single shock to the transition and mea-
surement equations. The precise effect of a shock is model dependent. We will consider
examples drawn from two classes frequently used in practice, namely structural compo-
nents (Harvey 1989) and autoregressive integrated moving average (ARIMA) models. The
processes which we consider in this section can be given a time-invariant state space repre-
sentation. For all ¢, we can write T; = T" where T is constant over time. For an intervention
with origin ¢, substituting 7; = 7" into equation (14) yields the signature D(3).
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9.1 Local linear trend model

The local linear trend model is

Y = (1 O)O[t+<]. 0 O)St,

/11 0 h 0
A+t = (0 1)O‘t+<o 0 h2>5t (24)

Here the first component of the state is interpreted as the level of the series and the second
as the slope. Three types of shocks are immediately of interest: measurement shocks, dealt
with in section 7, level shocks and slope shocks.

A level intervention corresponds to a sudden change in the level of the series. This can be
modeled by the addition to the measurement equation of a step function with a single step
at t = i. Alternatively, taking X; = 0 and W; = (1 0)' generates the appropriate shock
signature. In this case s; and S; correspond to the first element of r; and the first diagonal
entry of NNV; respectively. Changes in the slope of the series can be modeled using a slope
intervention. Take X; =0, W; = (0 1) and substitute in equation (14) to yield the shock

signature
. 0, t=1,...,14,
Dt(l)‘{ (t—i—1), t=i+1,...,n

From theorem 5.1, s; is now the second element of the vector r; and .S; is the second diagonal

entry in V.

Taking X; = 0 and W; = I, corollary 5.1 states that the estimate of the shock is N[ln-. This
estimate is different from that given by separate level and slope shocks. If (X; W;) = I the
estimates of the measurement and state components of the shock are v; and K;v; + N[lri
respectively. For the local linear trend model, a combined measurement and state shock
is effectively equivalent to a disturbance shock. Thus, from corollary 5.2, an alternative
expression for the estimate is {I — o~ 2cov(g;|y)} ' E(e:]y).

9.2 Autoregressive integrated moving average models

An autoregressive integrated moving average (ARIMA (p, d, ¢)) model can be written as
¢(B)(1 — B)'y, = 6(B)e,

where B is the back-shift operator, ¢(B) = 1 — ¥, ¢;B%, (B) = 1+ 31 ,6;B° and
{e;} is a sequence of independent (0,0?) random variables. Consider the stationary case
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when d = 0. The model can be given a time-invariant state space representation in which
Z=(110 -+ 0),G=0,

¢pr 1.0 -0 1

qbg 0 01
T=1: + . . ol and H= : )

0 - 001 :

Gy O o oo 0 (—

where m = max(p,q + 1). An ARMA model in state space form immediately suggests two
types of intervention which are of interest, namely measurement interventions and inter-
ventions corresponding to a shock to the state disturbance. Measurement interventions are
described in section 7 above. A shock to the state disturbances can be modeled by taking
X; =0 and W; = H. Substituting in equation (14) yields

q
D,(i) = ZT""H = > mij;. (25)
7=0

where, for k > 0, m;, is the coefficient of B* in the expansion of 1/¢(B), and 1, = 0 for k < 0.
The properties of interventions generated by shocks to the state disturbance are described
in section 5. For both measurement and disturbance interventions we can apply theorem 5.1
and calculate estimates of §, for i = 1,...,n, using a single run of the KFS. Note that the
final sum in (25) defines the coefficients in the polynomial expansion of 8(B)/¢(B), that is,
the coefficients in the infinite MA representation of the model.

We can relate our approach to that described in Tsay (1988). Using the back shift operator
notation, Tsay considers models of the form
0(B)

Y = m& + dw(B)& (i),

where & (i) is an indicator function which takes the value 1 when ¢t = i and is 0 otherwise.
The ratio 6(B)/¢(B) defines the null model, while w(B)& (i) defines the signature and ¢
is the scale parameter. Different types of interventions can be represented by appropriate
choice of the polynomial w(B). Tsay defines additive outliers, for which w(B) = 1, and
innovative outliers, for which w(B) = 6(B)/¢(B). These are equivalent to our measurement
and state disturbance shocks respectively.

To estimate §, Tsay rewrites the model as

¢(B) ¢(B)
6(B) 6(B)

Yy =0 w(B)& (1) + &4,
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where the left hand side defines ©; the infinite sample null model innovations. Defining
M(7) = {o(B)/60(B)}w(B)&(i), a quantity which corresponds to the filtered shock signature,
yields

U = OA(0) + €.

Tsay (1988) regresses the 9ys on Ay(i) for each origin i. The values of A\;(i) are determined
by the choice of w(B). In the innovational outlier case w(B) = 0(B)/¢(B) implying A\ (i) =
(7). In this instance, the estimate of § is ;. In the additive outliers case w(B) = 1 so
A(7) = ¢(B)/0(B), the coefficients of the infinite AR representation.

These two cases can be used to compare Tsay (1988) with our approach. The first clear
difference is that our approach is exact. Tsay’s defines the innovations as {¢(B)/0(B)}y;.
This infinite sample approximation will give poor results when the roots of 6(B), ¢(B)
w(B) or 1/w(B) are close to the unit disc and when the data series is short. Secondly, our
approach does not involve explicit regression for each origin ¢ but achieves this implicitly
by appropriate interpretation of the null model KSF output. The addition of shocks to the
state space representation allows for a wider class of shock designs than those considered by
Tsay. Finally, our methods apply to any model that can be cast in the state space form, not
just ARIMA models.

When d > 1 the ARIMA(p, d, q) process is non-stationary. We can derive a state space rep-
resentation for these models by augmenting the system matrices and state vector associated
with the stationary representation. One way of doing this is to treat the ARIMA(p, d, q) as
a structural model with ARMA(p, ¢) disturbances. For example, an ARIMA(p, 1, q) process
{y:} could be written as y; = p;, where ;1 = py +wy and {w,} is an ARMA(p,q). The
first block of the T" matrix associated with the state space representation for this form is
equal to the T" matrix for the structural model. Interventions, such as level shifts, can be
modeled by introducing shocks to this state space form. Tsay’s (1988) level intervention
where w(B) = (I — B)™! corresponds to a level intervention introduced using the method
described above.

9.3 Periodic models

Consider the cycle plus noise model where Z = (1 0),

cosw  sinw
—sinw cosw

T:gb( ) and Tj:qu(

coswj  sinwj
—sinwj coswj /)’
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Thus, apart from measurement noise, y; is is a cosine function with fixed frequency w but
slowly varying amplitude and phase. At time ¢ the amplitude and phase are the polar
coordinates of a;. By equation (14), the response to a state shock at i is, for t =i,...,n,

Dy(i) = ¢" {61 cosw(t — i) + dysinw(t — i)}

1/2

This is equivalent to adding a damped cycle with amplitude (6% +62)'/2, phase arctan(ds/d;)

and damping factor ¢. If ¢ = 1, the shock effect is persistent.

The polar coordinates of § measure the aberant changes in amplitude and phase. If 4 =0
then the only possible change is a plus or minus 7 radian shift in the phase, which is obviously
of limited practical relevance. If 65 = 0, there is a change in amplitude but no change in the
positioning of the peaks and troughs of the cycle. Thus, a special case of interest is where
the shock impacts only the first component of the state.

10 Intervention in Models with Explanatory Variables

Many time series are modeled as being dependent on a set of observed exogenous variables
Xs=(X{y3 -+ X,4z). For example, the monthly number of car drivers killed in road
accidents in the UK may be influenced by the price of fuel and the car traffic index, that
is, the total number of kilometres travelled by all cars each month (Harvey 1989). The null
model now includes explanatory variables

Y = Xy g0 + Zyoy + Giey.

This indicates the direct impact of explanatory variables Xz on y;. Indirect effects may
also be present. These are modeled by incorporating explanatory variables into the state
equation,
a1 = WipB + Tioy + Hiey.

The integrated regressor model is an example of a model in which observed exogenous vari-
ables have an indirect impact on the data y. A single null model run of the KF'S now includes
the additional recursions relating to the presence of the explanatory variables. These can be
run in parallel with the ordinary filter by augmenting the vectors a; and r,. The recursions
now include, in the filter

Vi=Xip— ZiAs, Appr = Wig+ KVi+TiA, t=1,...,n, (26)
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where A; = 0, and in the smoother
U =F'V,— KR, Ri1=ZU+TR;, t=mn,... 1, (27)

where R,, = 0. Notice that the recursions given by (26) and (27) are just the data dependent
part of the ordinary KF'S applied to the explanatory variables and U; contains the smootha-
tions of the columns of X 3. The combination of these additional recursions with the ordinary
KEFS is refered to as the augmented KF'S.

Shocks are included using the method described in section 5. The parameter vectors ¢ and
3 are stacked as v = (&' ). The regression matrix incorporating all external effects
is X, = (D(i) Xg). This allows us to write the GLS estimate of v when there is an
intervention with origin ¢ as
Bio= (XXX, THXIE )
B (a—%ov(D(z‘)’u) D)~ X, )‘1 (D(i)@)
XpXT'D(i) o Pcov(Xju) Xju

o SZ Si”g -1 S;
N < s S8 > (3B> ’ 28
where sz, S3 and S; 3 are defined by equation (28). Thus 4; contains the estimate of both

the shock and the regression parameters associated with the explanatory variables, adjusted
for all other effects.

All quantities in (28) are evaluated in a single run of the explanatory variable augmented
KFS. The contrast s; and .S; are calculated using theorem 5.1. The quantities associated with
the explanatory variables alone, that is s3 = Xju and Sz = 0~ *cov(sg) are not dependent
on the origin of the intervention. In fact

sg= XNy = (LXg)Flo=> V/F7 vy and Ss=> V/F/'V,,

t=1 t=1

are calculated in the forward augmented Kalman filter pass. The only remaining quantity
is S;3 = D(i)X"'X5. Note that the components of X7'Xj are the smoothations of the
columns of Xg, which coincide with the U;. Using the form of D(i) given by equation (14)
yields

Sip=XiUi+ Wi > Tj ;2 Z;U; = X{U; + WiR;,

t=i+1

where U; and R; are generated as in (27).
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When there is no shock, that is D(i) = 0, equation (28) generates the null model GLS
estimate of the parameter associated with the explanatory variables 3. When interventions
are included, (28) provides an estimate of 3 which takes into account the shock effects.
Partitioned matrix inversion results applied to (28) yield

0y = (Si — Si,pS5'Sl5) " (si — Sigh), Bi=0- 5515'5@, (29)

where B =55 ISg is the null model estimate of the parameter associated with the explana-
tory variables. Notice that, as before, GLS estimates of the parameters associated with all
regression variables are generated with a single null model KFS run.

When X = I the only meaningful signature is that corresponding to a measurement shock.
In this case, equations (29) reduce to

0i = I — Xip(XpX5) " X1 5} ys — XipB), B =B — (XpX5) " Xi 6,

where X, 3 is the row block of Xz corresponding to y;. These expressions coincide with
those given for the standard regression case, see for example Atkinson (1985). Treating
[ as diffuse, the estimate of the shock is the scaled smoothed disturbance, 5 = {I —
o~ 2cov(e;|y)} ' E(g;|ly). This is corollary 5.2 for standard regression models.

Measures of influence of a shock on the parameter estimate B can be defined from the
expressions in (29). For example, a quantity analogous to Cook’s distance (Cook 1977) is
given by

(8 = Bi){o 2covo(B)} (B = ) = 01,8555 50
This statistic is typically scaled by division by pé? where p is the number of explanatory
variables and 62 = n™' (v'F~'v — s355 " s3). The estimate 62 can be replaced by

(5'22 = 6’2 — nil(si — SMB)’(SZ — Siﬁsglsl{ﬁ)il(si — Sz,ﬁé)

which takes into account the effect of the shock. Cook describes several extensions of his
method for measuring influence. In the time series case, the appropriate generalisations of
these statistics can be be computed using the framework which we have developed.

11 Composite Interventions

So far we have dealt with interventions which can be modeled by the addition of a single
shock ¢ at a specific point of time 7. The corresponding shock signatures represent many
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of the structural changes observed in practice. However, the behaviour of the signature is
constrained by the range of the Z,T;_; ;1 matrices for ¢ > 7. The null model is often time
invariant so the type of interventions which can be represented using a single state shock
are determined by the sequence {ZT* : k = 0,...,n —i — 1}. Thus, a given null model
may not be able to induce the desired shock signature in which case the simple intervention
specification is too limiting.

One way around this problem is to build in null model redundancy, that is, write the fitted
model in an overelaborate form. This can be used to introduce structure into the matrix 7’
so that the range of ZT* includes the desired shock signature. To illustrate this, suppose
that the null model is a random walk plus measurement noise so that Z = T' = 1. The shock
signatures corresponding to measurement and state shocks are (0 --- 0 1 0 --- 0)
and (0 --- 0 1 --- 1) respectively. Using the single shock methodology we can only
test for interventions which are linear combinations of these two patterns. However, the
random walk can be written in a form containing common factors, a;; 1 = 204 — a1 + 1 —
1:—1 where 7, is the random walk noise. Setting up the state space representation of this
overelaborate version of the null model yields

T:G _01> and ZTF = (2k+1 —2k).

A shock signature (0 --- 0 1 2 --- n—i) is now also in the range of ZT*. Hence,
the overelaborate representation of the null model allows for testing of slope changes. This
approach has obvious uses but is not explored further in this paper.

An alternative approach is to stack the observations yielding a vector time series where each
segment of time permits entry of a shock. The corresponding stacked version of the state
space model has increased state dimension and more intricate system matrices. The stacked
model also bars estimation of shocks whose entry points cross segment boundaries. It is
worth developing an approach which does not suffer from these limitations.

The method we adopt is to generalize the representation given by (12) and (13), allowing

non-zero X; and W, for t =1,...,1+ ¢q. If 7 is the origin of the intervention then
Yy = Xt<Z)(5 + Ztat + Gtgta
1 = Wt (2)5 + TtOét + Htéft, (30)
where X;(i) = 0 and Wy(i) = 0 for ¢ < i and t > i + ¢q. The shock signature is then
0, t=1,...,i—1,
Dy(i) =4 Xo(i) + Ze S5 Tioa i Wy(i), t=1i,...,i+q,
Zi S5 Ty W5 (), t=it+tq+1,...,n
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signature

time

1 i1 i+q
Figure 3: The signature for a temporary slope change

The case ¢ = 0 is the simple intervention case.

We illustrate the use of composite interventions by considering the local linear trend model
given by equations (24). Temporary changes in the structure of this type of series can be
represented using just two shocks; one to initiate the change and the other ¢ periods later to
turn it off. For example, we can model a slope change which only affects g periods by applying
a shock to the appropriate component of the state vector at ¢ = ¢ and then an equivalent
reverse shock at t = i + ¢q. Taking X,(i) = 0 and W,(i) = 0 except for W;(i) = (0 1) and

Wii(i) = (0 —1), we can write down the intervention signature,
0, t=1,....1i,

Dy(i) = t—i—1, t=i+1,...,i+gq,

q, t=14+q+1,...,n.

The intervention signature indicates a linear increase in the level for periods ¢ = ¢ through
to t =i+ q. After this the series reverts to its normal dynamics but starting from a level ¢é
higher than it would have been in the absence of an intervention.

The estimation and testing of shock effects under the more general model is based on the

following theorem.

Theorem 11.1 For a composite intervention the intervention contrast s; is given by

itq
si = Y {X;(0)"uj + W;(i)'r;},
j=i

where u; and r; are generated by the KFS applied to the null model. Further, S; = o~ %cov(s;)
can be generated using the following recursion. Set S; «— 0 and C — 0 and for j =i+q,...,1,
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compute recursively

Si — S+ X;(0)F7X5(0) + Qi (1) N;Q; (1) + Q;(1)'C + C'Q;(4),
C — ZiF7'X;(i) + Li{N;Q;(i) + C},

where Q;(i) = W;(i) — K; X;(3).

To illustrate the method, consider a state shock at ¢ = ¢ with an equivalent reverse shock at
t =i+ q, that is, W;(i) = I and W;,(i) = —I. Applying theorem 11.1 yields

Si = Sii t Sisitq = Ti — Titgs
and thus
_92 /
Si =07 cov(ri — ritg) = Ni+ Nirg — Liygiv1Nivg — NivgLitgit1-

Theorem 11.1 also covers the case where different components of § enter the system at
different times t = 4, ...,7+ ¢. For example, § may have four components each entering once
at successive times.

12 Conclusion

The introduction of shocks is a powerful tool for analysing departures from a fitted null
model. Many forms of aberant behaviour can be modeled efficiently by shocks to the transi-
tion equation of a state space representation. We establish that alternative model statistics
take simple forms when viewed as functions of the smoothations. Test statistics, for any
number of interventions, can be generated using the output of a single null model KFS run.
The theoretical methods in this paper can be extended to several areas some of which are
outlined briefly below.

Atkinson, Koopman and Shephard (1995) use score statistics to detect structural changes.
They use the augmented filter to generate adjustments to the smoother output. Derivatives
of the alternative model likelihood function are generated by applying the method described
by Koopman and Shephard (1992) using the adjusted smoothed disturbances and their co-
variance matrices. The approach adopted by Atkinson et al. requires running the augmented
KEFS for each intervention type and every origin. This can be avoided by applying the results
in section 8 to adjust the smoother output for the presence of a shock.
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Many authors (Harvey & Phillips 1979, Ansley & Kohn 1985, De Jong 1988b, De Jong
1991) describe the problem of filtering a series with diffuse intial conditions. They put
forward a number of related algorithms which involve elaborate adjustments to the filtering
process. Diffuse initial conditions can be modeled by the introduction of a shock at ¢ = 0.
Running the KFS, using an arbitrary initialisation, will provide an updated estimate of the
starting conditions. This step can be incorporated into the optimization algorithm. Thus,
on convergence of the maximisation process, the estimate of the initial conditions will be
computed along with the maximum likelihood estimates of the hyperparameters.

Appendix

Proof of theorem 4.1

In order to prove this theorem we need the following lemma.

Lemma Suppose cov(y) = o?X. Let Jy be any selection of the components of y with Ky
denoting the remaining components. The jackknife residual and conditional covariance are
given by

{o %cov(Jy|Ky)} " H{Jy — E(JylKy)} = JS Yy— E(y)}, (31)
{o 2cov(Jy|Ky)} ' = Jx1J. (32)

/

Proof: Put y; = Ky and y, = Jy and, without loss of generality, assume that y = (] v5)
Give X a partition conformal to the partition of y. By the inverse of a partitioned matrix

-1 < ] Z12>1 _ S+ 21_1212227}22121_1 —21_1212227}
221 22 _2;&2212;1 E;ﬁ 9

where
Yiop = Yo — Y01 X1 Si2 = 0 2cov(yalyr),

which establishes (32). By definition

E(yalin) = E(y2) + XS H{yr — E(y1) },

and hence the lower block of £y, — E(y1)} is given by
Soil{ye = E(y2)} = Zan X7y — E(yn)}] = {0 cov(yaly1)}H{yz — Eyalyn)},
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which establishes (31). O

Returning to the proof of theorem 4.1, let v be the stack of innovations, u be the stack of
smoothations and cov(y) = ¢?X. The innovations are given by v = Ly, where L is a lower
triangular matrix with identity matrices on the diagonal. Thus

cov(v) = cov(Ly) = o’ LYL = o*diag(F, ..., F,) = o°F.
The Kalman filter equations (9) for v; and a;41 can be written as
(o) = (e ) (20)

at+1 Ky Ly ag)

Similarly, combining the equations (11) for u; and r,_; yields
Go) =G ) )
Teq K, L, T4 ’

which works through the data, in reverse order, with r,, = 0 and —F, 'v; as input. If v = Ly

then
u=LF 1 v=%"y cov(u)=c’L'F'L=0c’Y"" (33)

By definition, cov(u;) = 02M; so, from (33), it follows that M; is the t** diagonal block of
¥~ The final part of the theorem follows from the lemma given above.

Proof of theorem 5.1
We establish the first part of this theorem in section 5, s; = X/u; +W/r;. From this it follows
that

si = X{(F; oy — Kir) + Wiry = X{F o+ (W — KX0)'ri = X[F o+ Qi

Now 7; is linear in the future innovations and v; and r; are uncorrelated. The covariance
matrices of v; and r; are respectively F; and N;. Thus, S; = J_2COV(SZ') is as asserted.

Proof of corollary 5.2

If X; = G, and W; = H; then

The theorem then follows directly from De Jong (1996).
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Proof of theorem 6.1

Put A= (X! W/)and x = (v, r}) then A is of fixed column dimension and

p? = (Az)' {0 2cov(Ax)} 1 (Ax).
Define A~ as a generalised inverse of A. If A has full column rank then A~A = I and

p? = 2 A{Ac2cov(z)A'} T Ax
7' (A"A)Y{o 2cov(z)} HA Az
2'{o2cov(z) }x

= (uj 1) o eov{(uj )} (i ri),

where v KN
covi{(u, )} = (_Ni}(i N’Z Z) )
Applying standard partitioned matrix inversion results yields
pi = v o+ TN,
Thus, the maximum is as stated in (17) when A has full column rank. If A has rank 1 then
pi = (Az)*/{o™* Acov(z)A'}

which attains the maximum given by (17) at

A=a{o2eov()} = (u o) o Reov () rl) TN = (o] 4N

(see for example Rao (1973)). For A with rank between 1 and full column rank the maximum
must be equal to (17) since it must lie between the rank 1 and full column rank maxima.

Proof of theorem 6.2

We can exploit the fact that the vs are uncorrelated and 7y = 320, Ly 1,1 ZpF Yo to
derive a simple expression for cov(s;, s;). For i < j,

cov(si, s;) = cov(X[F; v + Qpri, XiF; vy + Qry)
= Q'cov(r;, vj)Fj_lXj + Qicov(ri, 1;)Q;
= QL ZiF  cov(vy, ) Fy U X + QL) 4y Licov(ry, r;)Q;
UZQ;L;‘—l,Hl(ZJI‘Fj_lXj + L;‘Nij)v

Noting that COV(Si, 5]) = S, cov(s;, sj)Sj_l, yields the required result.
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Proof of theorem 8.1

First note
Ea(Yy,0) = Ea{7|6,y — Ea(y|d)} = Ea(7]0) + C{y — Ealyld)}, (34)
where, since E,(y|d) = D(i)0,
C = cove{y,y — D(i)0}cove{y — D(1)3}] ™ = cove(, y){cove(y)} ™ = 0 %covo(y, B71y).

From the form of the alternative hypotheses E,(7|0) = E,(y) + ['d and E,(y|d) = E,(y) +
D(i)é. Substituting these into equation (34) yields

E.(7]y,6) = Eo(v) + T+ Cly — Eo(y) — D(i)d}
[Eo(v) + C{y — Eo(y)}] +{I' = CD(i)d}
= E,(vly) + (' = Ay)d,

since

CD(i) = U’QCOVO(% Z’ly)D(i) = U’QCOVO(% si) = A;.
We know that Eq(v|y) = Eo{Ea(7]y,0)|y}, so

~

E.(7y) = EA{E,(vly) + (T — A)oly} = Eo(v]y) + (I — Ay)os,
and
cova (YY) = cova(V]y, 8) + cova{ Ea(V]y, 8)ly} = covo(yly) + (T' — Ai)cove(d|y) (T — As),

as required.

Proof of proposition 8.1

Basic identities used through out the proof are

si=X;F i+ Qiri,  ZiPL; = —G.Jj,
v = Zi(ai — a;) + Gigi,  qig1 — a1 = Liloy — a;) + Jigs.

These can be established by direct manipulation of filter and smoother quantities. Thus, in
general
COV(’}/’ Si) = COV(/% Ui)F;_lXi + COV(’% TZ')Q’U
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and in particular

cov(az,v;) = cov(oy, o —a;)Z = o*P,Z,
cov(es,v;) = oGl

Further

cov(ai, i) = cov{E(ay),ri} = Picov(ri_1,m;) = 0 P L;N;,
cov(es, i) = cov(E(eily),ri) = Jlcov(r;) = a*J/N;.

The expressions for cov(aqy, s;) and cov(e;, s;) follow directly from the above. Next
COV(ZiOéZ', Si) = O'2ZlP,LRZ = 02{(E - GlG;)F;ile — G,LJZN@Ql},

which simplifies to the expression given in the statement of the proposition. When t < i,

cov(ag,v;)) = cov(ay, a; —a;)Z) = cov(ay, a;1 — a;1)Li 17 = 0*PLi(Li_y ... Liyy1) Z,,
cov(e,v;)) = cov(e, o —a;)Z = 0*J(Li_1... L) Z],
and
COV(OZt, T’i) = COV(O&t, Ui—l—l)-Fi:_llZi—l-l + COV(Oét, 7"1'+1)LZ'+1 = O'QPtLQ(Li_l ce Lt+1)/Z£,
cov(ey, i) = cov(ey, viH)FijrllZHl +cov(ey, Tip1) Liv1 = 02 J(Li_y ... Lyy1) LN,

implying that cov(ay,s;) and cov(et, s;) are as asserted for ¢ < i. The expression for
cov(Ziay, s;) follows from Zicov(ay, s;) and the identity Z;P,L; = —GyJ]. Finally consider
the case t > i. We have

cov(yy1, si) = Ticov(ay, ;) + Hicov(ey, i),
which is a recursive formula with cov(e;, s;) as above. In particular
cov(aii1, 8;) = (TP R; + HiC;) = 0 (K;Xi + P NiQy).
Futher for t > 1
cov(ey, si) = cov(ey,r)Q; = cov(ey, riv1)Liv1Q; = cov(ey, r¢)(Li—1 ... Liy1)Q;

{COV(E{;, Ut)Ft_lzt + COV(Et, Tt)Lt}<Lt—1 .. Li-l—l)Qi
= 0 (GiF 2o+ JIN{ L) (Liy - Liga) Qs

as stated in the proposition.
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Proof of theorem 11.1

The expression for s; is proved by noting that the intervention signature is given by D(i) =
z;.i‘g D(i, ), where D(i, j) is the shock signature arising from the shock entry at ¢t = j, and
s; = Z;J;Z s;.; where

Sij = D(Z,j)lu = Xj(i)'uj + V[/j(i),Tj = Xj (Z')/P’j_ll)j + Qj(i)'rj.

The proof of the recursion to compute S; follows by inspection of the covariances between
the Si -
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