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Abstract

We find a simple condition that a square matrix provides a map-
ping that has an optimal property for cyclic permutations. The max-
imum length of a cycle with the optimum property gives an index of
symmetry for the matrix.
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1 Linear Cyclic Monotone Transformations

In [2] we looked at cycle properties of transformations, and gave simple ex-
amples using linear transformations. This paper shows how to obtain the
most general possible results for the linear case, and justifies the examples
given in [2]. We use fairly well known characterisations of skew symmetric
matrices to obtain our results. The presentation of the proofs could have
been made with direct products, but the approach used here with complex
numbers is slightly less cumbersome.

Suppose that z; € R¥ for j = 1,...r. Then we can interpret x =
(x1,...,2,) as an r-cycle in RF by making a convention that z,,; = x;
producing a cycle {z1,x9, ..., &p, Tr11}.

When z is an r-cycle and C'is a k x k square matrix define
Vi(Cya) = Y 2Oz — wjp1). (1)
j=1

Following [3], we call a linear transformation

y=Cx



r-cyclic monotone if V,.(C;x) > 0 for every r-cycle x, and cyclic monotone
if it is r-cyclic monotone for all r. Since one can choose x, = z,_1, if C' is
r-cyclic monotone, it is also (r — 1)-cyclic monotone.

Let S = (C + C")/2 and A = (C — C")/2 be the symmetric and skew-
symmetric parts of C. Then V,.(C'; ) may be written as V,.(S;z) + V,.(A; x),

where
T

Vi(Si2) =D (x5 — 2j41)'S(25 — 2541) /2, (2)
j=1
and -
Vi (4; ) Ziﬂ Azjp = Z[ T Arj — 25 AT 4] (3)
Jj=1 j=1
Note that V5(A;z) = 0, so that V5(C;2z) > 0 if and only if V4(S;z) > 0. ie
if and only if S is positive semi-definite. If C' is 2-cyclic monotone, we say
that C' is monotone, and this is the same as the condition that S is positive
semi-definite.
We are interested in r-cyclic monotonicity for r» > 2, and will assume in
all that follows the rather stronger condition that S is positive definite.

N |

2 Geometry of V(I + E; x)

Using the assumption that S is semi positive-definite it is clear from (2) that
if C' is symmetric, then C'is cyclic monotone. However, if C' is not symmetric
we shall see below that there is a maximum value of r for which C' is r-cyclic
monotone. We shall call this largest r the symmetry indez of C, or SI(C).

Instead of looking at the cycle properties of C' = S 4+ A, we look equiv-
alently at cycle properties of I + E, where E retains the skew-symmetric
property, and can be written S=3AS~3

It is possible to give an intuitive interpretation of V,.(I + E;x). We work
with even k below, but small modifications cover k odd. The skew symmetric
matrix F can be written in the canonical form

E= > N(uv, —vu), (4)

i<k/2

where {u;}, {v;} are an orthonormal set of vectors, and \;’s are non-negative.
Using (2) gives

V(I Z 5 (| wiw; — wjwjsr [P+ | viw; — vizje 7). (5)



From (3)

VB = Y AN

Z T Uiy 33] 1= Tjp1) — xgvzu (CL’J 1 — %)) (6)
i<k/2 =17 j=1

[\'J|>—‘

From (4), (5) and (6) V,.(I 4+ E;x) can be written as the sum of the k/2
pieces from the first summation. The ¢’th piece can be interpreted using the
polygon in two dimensions which has vertices with coordinates (ujz;, vix;)
for j = 1,...,r. The interpretation of the i’th piece is that it is half the sum
of the squared lengths on the sides of the polygon minus a multiple \; of the
(signed) area of the polygon.

One would expect that if V,.(I + E;x) were non-negative for all x, then
each of the pieces would be non-negative. One would require that \; was
not too large. The critical case would be for the largest A; when the polygon
with vertices with coordinates (ujx;, viz;) was regular, and so had large area
compared with the lengths of its sides. We demonstrate these results in
Section 3.

This interpretation is particularly simple if £ = 2. For instance, taking
e > 0 gives an F that may be written

0 1
E—e[_l O]

and V,.(E; ) is e times the area of the polygon with vertices z1, xo, . .., Z,.

3 Extreme configurations

In all that follows, it is assumed that S is of full rank.

Writing w = cos 27 /r + i sin 27 /r where 7 is the imaginary quantity, and
N = w™DU=D [ /r it is easy to show (with the bar meaning complex con-
jugate and j = r+1, j = 0 interpreted as j = 1, j = r) that for u, v integers
in the range 1 to r,

0 l#j+1lorj—1

_izsvnvlﬁvj: 1 l:j+1 )
v=1 -1 I=5-1
and also that
r 0 l#j4, j+1orj—1
chnvlﬁvj: _% l_j+10rl:]_1 )
= 1 1=y
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2(v—1)7

where s, = sin 2(”;1)” and ¢, = 1 — cos . The skew symmetric matrix
E has a spectral decomposition which can be written see, for instance, [1]

k
S Nl (7)
u=1

where the * gives complex conjugate transpose, and A\, is real. We shall

arrange the eigenvectors so that A\,4.1 > A, for u =1,...,(k — 1), and note

that then A, is equal to —Aj_yq1 and hjp_ys1 = hy.
Using (7),

Vilw) = Zw;‘(wj_wj—&-l)

L, L, 1
= Z[ijj_gijﬂl 2 w] 1]
j:l

= Z w,; Z wy Z Cvnvlnvg
7=1 = v=
= Z Co Z Z T]ij Wit

= j=1l=1
= Z Cy 231 ; T W w; 221 huhzwmvl
J u=

Z%Zm;w h valh wq

<

e
>
u=1v

k
S | Y Hwm [
u=1v=1 7j=1

A similar approach to V,.(F;w) leads to

kK r
VT(I+ E;w) = Z Z(Cv + )‘usv) | thwjnvj |2
u=1v=1 7
kK r 1
= Y > [1+cot(v—1)m/rA] | Y hiwincd |
u=1v=2 7

So, V,.(I + E;w) is non-negative for all w if the largest A\, is no greater
than tan 7 /r. That this condition is also necessary can be seen by taking for
j=1...,r

1

wj = C;(F [hUOﬁ’Uoj + Emnvoj]



which are, as required, real vectors. For this choice, since we can also write

1
wj; = Cv02 [huoﬁvoj + hk+17u0ﬁr+27vo,j
it follows that
V(I + E;w) = 2[1 4 cot(vg — 1)7/rAy,)-
_1 _
The extreme configuration w; = W; = ¢, *[h172; + hinz;] which gives rise
to V,.(I + E;w) = 2[1 4 A; cot /7] has the regular polygonal structure antic-
ipated at the end of the Section 2. Since all the w; are linear combinations

of the real and imaginary parts of h; they lie in a 2-dimensional subspace.
These points w; form a regular polygon, since the matrix

Q= (Mcotm/rl — E)(Acotm/rl + E)™!

is orthogonal and has the property Qu; = w;; for j =1,...,r.

4 Properties of the Index of Symmetry

The index of symmetry SI(C') = S+ A is the greatest integer r for which the
largest eigenvalue of S ~3AS73 is no greater than tanm/r.

It is easily seen that if D is an orthogonal matrix, then SI(DCD') =
SI(C). Since replacing C by C” changes the sign of A and leaves S unchanged,
SI(C") = SI(C). Tt is clear from (1), on replacing x; by C~'z;, that for
invertible C, SI(C') = SI(C'~1) = SI(C™1).

The index of symmetry is therefore unchanged under the operations of
transpose, inversion, and change of basis.
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