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Abstract

We investigate by new direct methods the structure of maximal monotone
and maximal cyclic monotone relations. We obtain some new results for the
case when cycle properties are limited to cycles of length no greater than m.
We show that our approach gives easily several well known but deep results
for maximal cyclic monotone relations. Our proofs are based on a geometric
lemma of independent interest.
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1 Introduction

An early paper by G. J. Minty [3] states his belief that ‘some problems
of mathematical physics that involve monotone operators could be better
reformulated in terms of the graphs of the operators’. We have used this
idea for the more restrictive cyclic monotone operators in a series of papers
[8], [9], [2]. The importance of maximal cyclic monotone relations lies in their
application to the Monge-Kantorovich problem. This seeks a distribution for
(X,Y) € R* x R* with given marginal distributions on R* which minimises
E| X —Y |?. A joint distribution concentrated on a maximal cyclic monotone
relation will provide a solution to this problem.

In this paper we show how to use some of the ideas of Minty in [3] (also in
[4], [5]) to obtain a useful simplifying property of maximal cyclic monotone
relations (MCMR). The very simple underlying idea is that a MCMR T" on
RF x R* produces a one-to-one mapping if one rotates the corresponding pairs
of axes from the two R¥ through 45 degrees. This device was used by Minty
to study maximal monotone relations, but surprisingly, when Rockafellar
introduced the notion of cyclic monotonicity, he did not continue with it.

Section 2 gives the definition of MCMR and some background informa-
tion. In Section 3 we give an intuitive result on the intersection of spheres in
RF. Section 3 contains the geometric result at the basis of the later work; in
Section 4 writes the cycle property of a cyclic monotone relation in a form
suitable application of the geometry. In Section 5 the geometry is applied to
obtain some new results on cycle properties. The derivation of Rockafellar’s
representation of MCMR from ours is in Section 6. The last Section 7 quickly
shows how to use our parametrisation to produce known results for radial
transformations.

2 Cyclic Monotonicity

Throughout this paper, all the relations we consider are defined on R* x R*,
but we shall not in every case make this explicit.

A relation T on R¥ x RF_ ie a set of ordered pairs {(z,y), * € R*, y € R*}
is a cyclic monotone relation of order n (CMR|n]) if and only if for every

sequence of pairs (z;,y;) €T, i=1,...,n,
> @i(yi = yirr) 2 0, (1)
i=1

where y,11 = y1.



Notice that by choosing some of the pairs (x;, ;) the same it is easy to
see that if I" is a CMR[n] it is also a CMR[m] for positive integers m < n. A
CMR|[n] is a maximal monotone cyclic relation of order n (MCMRIn]) if no
CMR|[n] strictly includes it.

As a special case, a CMR[2] is known as a Monotone Relation (MR). A
MCMR|2] is called a Mazimal Monotone Relation (MMR).

Following Rockafellar [7], we define a cyclic monotone relation (CMR) as
follows:

A relation T" is a cyclic monotone relation (CMR) if and only if for every
integer n > 1 I" is a CMR/[n].

A CMR is a mazimal cyclic monotone relation (MCMR) if there is no
CMR that strictly includes it.

Rockafellar characterises MCMR as the graphs of gradient functions of
closed convex functions on RF. His approach draws heavily on convex func-
tion theory. We prefer to investigate the MCMR more directly, and using
geometrically intuitive methods to arrive at some of the deepest consequences
of Rockafellar’s characterisation, and at that characterisation itself. We have
already given [2] an example of new results following from this approach in
a slightly different area of application.

The next section gives an intuitive result which is the base for our later
proofs and is of independent interest.

3 A geometric theorem

This result is a generalisation of a result first given by Kirzbraun referred to
in [3].

Theorem 1 Suppose that the set of closed spheres {T;} in RF with square
radii {r?} and centres {t;} have a non-empty intersection. A sufficient condi-
tion that a second set of closed spheres {U;} in R* with square radii {r? +a?}
and centres {u;} have also a non-empty intersection is that for all i, j

| ug —uy P<| t; =t |* +a; + a3, (2)

The proof follows the approach of Valentine [10], who proved Kirzbraun’s
original result which took a; = 0 for all 7. The result is plausible because all
pairs of spheres in the set {U;} have an intersection which is larger than that
of the corresponding pair from the set {T;}.

Following Valentine, it is sufficient to prove that every (k + 1) subset
of the spheres {U;}, say Ui,...,Ugy1 covers the simplex A generated by
Uy, ..., Ugr1. The proof is by contradiction.



If Ufill U; does not cover A\, then choose t € ﬂf;LfTi and u € A — UfIfUi.
Then for all ¢
| u—w; |*>]t —t; |* +a2. (3)

From equation (2), for all 4, j
(=) = (=) P (E— 1) — (= ) P +a? + 2
which implies using equation (3) that
(= ) (0= w3) > (— 1) (E — ;).

Now we can follow Valentine’s proof, because this is his equation (8). The
contradiction follows from the assumption that u € A.

Corollary 2 Given {u;, t;} € R x R* such that for all i,j equation (2)
holds, it is possible for each given t € R* to find u € RF satisfying

|u—u; P<|t =t |* +af. (4)

This follows from Theorem 1. Construct spheres {7;} with centres ¢; and
radii | ¢ —¢; |. These spheres clearly have point ¢ in common. Construct
spheres {U;} with centres u; and square radii | t — t; | +a?. It follows from
Theorem 1 that the spheres {U;} have a point in common which can be taken
as u.

4 Merging Two Cycles

Let us first write (1) for a sequence of (m + n) pairs (Z1,71);- -, (Zm, Im),
(x1,41)s -+, (Tn,yn). Simple algebra will show that for these pairs (1) may
be written:

| (Em = 51) = (@n =) P < | @+ 01) = (@0 + 1) [P
+4Y (G — Gir) + 4D 2y — yig1),(5)
=1 =1

where ,,41 = 1 and yp41 = y1.
In the special case m = 1, (5) simplifies to

| (F1— 1) — (20 — 1) P<| (@1 4+ 1) — (20 +31) |2 +4Z$;(yi — Yit1). (6)
i=1
There is a marked similarity between (5) and (2), and between (6) and (4).

We use this in the next section to prove some fundamental properties of
CMR|n] and CMR.



5 Parametrisation of CMR[m]

In this section we show that maximality of a relation I' is, in some cases,
closely linked to the existence of (z,y) € I' giving every possible value for
x 4+ y. The relation is more like a function if pairs of corresponding axes for
x and y are rotated through 45 degrees.

Remark 3 If T is a CMR[m] for a given m > 2, then for a given t € RF
there is at most one (xz,y) € I' with x +y =t.

This is because if t = v +y = T + g for (x,y),(Z,7) € I, (6) applied to the
sequence of pairs (Z,7), (z,y) gives | (T —7g) — (zr —y) |[< 0.

Theorem 4 If for a given integer m > 2 I' is a MCMR/[ m] and also a
CMR[2(m — 1)/, then for each t € R one can find a unique (z,y) € T such
thatt = x +y.

The uniqueness follows from remark 3 above.

The proof, by contradiction, that each t is represented in I" uses Corollary
2. Suppose that for £ € R¥ there is no (z,y) € I such that = x+y. We may
consider whether it is possible to augment I' with an additional ordered pair
(Z,7) with £ = ¥ + ¢ in such a way that the CMR[m] property is preserved.
To preserve this property, for every collection (z1,y1), ..., (Zm, Ym) of points
in the augmented I', it is sufficient that (1) must be satisfied with n = m.
If (Z,7) appears in the collection r times, the sufficient condition is satisfied
if r =0. If r > 1, after simplifying to retain just one (Z,y) and relabelling,
the sufficient condition (1) becomes like (6) with n = m — r, the sum being
interpreted as empty if m = r:

|G 9) — (=) P<| G4 ) — (nt9) P +4”§::x;<yi ). (D)

which can be written

| @ —u; P<|E—t; * +af, (8)
where & = & — ), w; = 2, — ¥1, ti = (2, + 1) and af = 43 iy —
Yi+1). The last quantity is non-negative because I' is a CMR[m — r|. It
can be seen that (8) is of the same form as (4). The CMR[m] property will
be preserved when I' is augmented by (Z,y) if (8) holds for all choices of
(x1,41)s -y (Tm, Ym). This will be true if we can find @ satisfying all the
restrictions (8). That this is so follows from Corollary 2, because since I' is
a CMR|[2n], (7) guarantees that condition (2) holds.
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Since I' may be augmented by (Z,7) with ¢ = & + 7 while remaining a
CMR[m] it is not a MCMR|[m], which contradiction completes the proof.
Immediate conclusions from Theorem 4 are:

Corollary 5 If for a given integer m > 2 I' is a MCMR[ m] and also a
CMR[2(m — 1)/, then T is MCMR[ n] forn=2,...,m.

Suppose that I' can be augmented by (z,y) ¢ I'" while preserving it as a
CMR|[n], and that ¢ = x+y. Then by Theorem 4 there exists (Z,7) € I' such
that ¢ = £ 4+ . But then because the augmented I' is a CMR|[n], by remark
3, (z,y) = (z,9) € ', so no augmentation is possible.

Corollary 6 IfI' is a MMR, then for each t € R* one can find a unique
(x,y) € I such thatt =z +y.

This is an application of Theorem 4 with m = 2.

Corollary 7 IfT' is a MCMR, then for each t € R* one can find a unique
(x,y) € T such thatt =z +y.

This follows from Theorem 4 because if I' is a MCMR, then for some integer
m > 2 it must be a MCMR|[m], and it is also a CMR|[2(m — 1)].

Corollary 8 IfT" is a MCMR, then it is MCMR[m] for all m > 2.

If ' is a MCMR, then for some integer m > 2 it must be a MCMR/[m], and
it is also a CMR[2(m —1)], so by Corollary 5 it is a MCMR|p] for 2 < p < m.
It is obviously a MCMR|p] for p > m.

It is easy to construct examples of MCMR|[m]. For instance, the relations
{(x, Ax),z € R?} given by A = [ (1) Cll give a MMR which is not MCMR|[3]
for a = 2, and a MCMR|3] which is not MCMR[4] for a = 1.5, and a
MCMR[4] which is not a MCMR[5] for a = 1.25. As a gets closer to 0,
higher order cycle properties hold.

It is not clear whether Theorem 4 is the best possible result. One would
wish to prove that if m > 2 there was a unique (x,y) € I' with z+y = ¢ for T’
a MCMR[m]. This is stronger than Theorem 4,and implies that a MCMR[m)]
is also a MMR, but we do not know if it is correct.

6 Gradient Representations

In this section we show how to arrive at the known result that a MCMR is
the (one to many) gradient mapping of a closed convex function from R* to

>



R. We first show that the cycle properties (1) of a MCMR imply that a line
integral (9) has a path independence property.

Suppose that I' is a MCMR which by Theorem 4 may be written
{(z(t),y(t)),t € R¥}, where (x(t),y(t)) is the unique element of I' with
z(t) + y(t) = t. By Remark 3 z(t) is continuous in ¢. For t € R let us
define real valued functions a(t) and §(t) by the line integrals

alt) = /x(u)'du

Bt) = [y(wydu, ©)

where ¢ is a smooth path from 0 to ¢.

The function «a(t) of (9) does not depend on the particular path ¢ between
0 and ¢. One can see that a line integral of the same differential form over
a closed smooth path of finite length takes the value 0, because one can
consider it as approximated by

i$(uz),(uz — Uit1), (10)

where the u; are points on the path and u; = w,11. Since u; = x(u;) + y(u;)
the cycle property (1) implies that

Zn:x(u,)’(ul —uip1) > 0> iaz(ui_l)’(ui — Uiy1). (11)

i=1
It follows from (11) that

n n

‘ w(u) (i —uir) | < 1) (w(w) — 2(wi1)) (ui — wiga) |

i=1 =1

()
< 3 afu) = o) |l v = e |

=1

The last expression may be made as close to zero as one wants by choosing
the w; sufficiently close together to make all the | z(u;) — x(u;—1) | small,
remembering that Y7, | u; — u;41 | is bounded above by the length of the
path. It follows that (10) must tend to zero as it approximates the integral
over the closed path more closely.

In the same way, the function §(¢) of (9) does not depend on the par-
ticular path ¢ between 0 and ¢. The functions a(t) and [((t) are therefore
differentiable, with da(t)/dt = x(t) and dB(t)/dt = y(t). It is clear also that
they are they are convex, because an approximation for a(t) can be written

JZ(UZ),<UZ — ui—l), (12)

n
=2



where the wu; are points on the path from u; = 0 to w, = t. Any such
approximation is > x(u1)'(u, — u1) by (1), which shows convexity of «(t).
Similarly for 3(t).

It follows from (9) that

a(t) + A1) = [ (w(w) + y(u))du

c

= / u'du

= |t]* /2. (13)

The representation of a MCMR TI' in the form {di‘l—f), %(tt) |t € R} is,

we believe, superior to the Rockafellar representation of I' as a one-many
function based on the subgradients of a convex function, say A. We can get

Rockafellar’s convex function \ by using conjugate functions

af(x) = sgp(w’t—a(t))
Fly) = sup(y't = B(1)). (14)

Note that if (Z,4) € I and & + § = £, then because z't — a(t) and y't — 3(t)
are concave differentiable functions of ¢, from (14)
o*(3) = 't alt)
By = gt-p).
and so
(@) + () =l z+71” (15
If x does not appear in any (x,y) € I', then a*(z) = oo, and similarly 5*(y)

oo if y does not appear in any (z,y) € I'. Directly from the definitions (14),
for all t,

~—

. . 1 1
(@) + 5 ) 2 =5 [t=(e+y) P57z +y [, (16)
and taking t = x + v,
* * 1
o (@) + 8w =5 le+y (17)
From (15), (17) and the remark just before (16) it follows that for all x and
for (z,9) € T
af(z) — =a® — (a*(Z) — =2°) > (x — 2)'3. (18)

It follows immediately from (18) that A\(z) = o*(z) — 3% is a closed convex
function with subgradient ¢ at Z, and so gives the Rockafellar representation
of I.



7 Radial Relations

It is easy to apply the methods of this paper to obtain the results on cyclic
monotonicity of radial transformations due to Cuesta, Riischendorf and
Tuero-Diaz [1]. Suppose that a(s) and b(s) are two differentiable non-decreas-
ing convex functions on RT (with derivatives a;(s), and b;(s)) such that

a(s) +bls) = 5 | 5 7. (19)

a1(0) = by(0) = 0. Then if t € R*, we have differentiable convex functions
(| t]), and B(t) = b(| t |) that give a MCMR

r_ {da(t) dj(t) e Rk}‘

dt ~ dt
It follows immediately that
D= {(a(lt ]t/ [t ]0u(t Dt/ | t]):t € RF}, (20)

where t = 0 is taken as giving the pair (0,0).
The form (20) can be written

D= {@@.abb(t)/m(t)):te R (1)
= @@,z t| ~ar(| t /ar( 1)) : t € B}

Defining an inverse function a; ' on R* by aj'(s) = inf,{w | a1(w) > s}, we
can construct a function 6 : R — R by

0(s) = ay'(s) — s,
with 6(0) taken as 0.

Then
= {(x(t),0( =(t) Dx(t)/ | x(t) |) : t € RF}, (22)

This gives Proposition 3.1 of [1], because one can obtain any monotonically
non-decreasing function # by a suitable choice of the functions a and b. In
fact, if 0 is non-decreasing on R with 6(0) = 0, then one can define

o(t) =inf{s]|s+0(s) >t} (23)

Then ¢(t) and ¢t — ¢(t) are both non-decreasing functions on ¢t € R™, and
one may take

a) = [ " () du (24)
o) = [t ow)du
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Conclusions

In [6] the author discusses the theorem about the maximal monotonicity of
subdifferentiable mappings, and remarks:

Most books which use this theorem avoid giving a proof (referring
the reader to the second of Rockafellar’s three proofs) ...; at least
one book reproduces Rockafellar’s flawed second proof. (This
fundamental theorem still awaits a really simple proof.)

Perhaps our approach provides such a simple proof.

The extension of our results to Hilbert Space is straightforward, though

it would need care to set them in a Banach space.

Two lines of further work are now under way. We are looking more

carefully at the cycle properties of linear operators, and we are trying to
extend the ideas in this paper to relations between more than two sets of
vectors as in [2].
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