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Abstract

The paper introduces DT optimum designs that provide a specified
balance between model discrimination and parameter estimation. An
equivalence theorem is proved for the case of two models and extended
to an arbitrary number of models and of combinations of parame-
ters. A numerical example shows the power of the procedure. The
relationship with designs for choosing the degree of a polynomial is
established.
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1 Introduction

Optimum designs for discrimination between models often have very poor
properties for estimation of the parameters in the chosen model. For exam-
ple, Atkinson and Fedorov (1975) consider discrimination between two linear
polynomial regression models, a constant and a quadratic. The T-optimum
design for discrimination between these two models puts points at the mini-
mum and maximum of the quadratic over the design region. This two-point
design is totally uninformative for estimation of the three parameters of the
quadratic model, should this be the true model. There is a long history of
papers that seek to find a balance between model discrimination and param-
eter estimation, at least from Hill, Hunter, and Wichern (1968) to Biswas
and Chaudhuri (2002) and Waterhouse, Eccleston, and Duffull (2004). Here
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we use optimum design theory to provide designs of known properties with
a specified balance between estimation and discrimination. An equivalence
theorem is stated, which makes available the standard algorithms for the
construction and checking of optimum designs.

T-optimum designs for discrimination between two models are recalled
in §2. The better-known D-optimum designs for parameter estimation are
very briefly described in §3. The main theoretical results for two models are
in §4, with a numerical example in §5. The generalisation to any number
of models and subsets of parameters is in §6. Linear models are specifically
considered in §7 and a link made to work on determining the order of a
one-factor polynomial.

2 T-optimum Designs

Atkinson and Fedorov (1975) consider designs for discrimination between two
rival regression models 7, (z,6;) and ny(x,02). The models may be linear or
nonlinear in the parameters which are estimated by least squares. Suppose
that the first model is true, so that the observations

v = n(x) + € = m(x,01) + €. (1)

For a design £ that puts weights w; at k support points x; € X, the lack of
fit sum of squares for model 2 is made as large as possible by maximising

A(€) =) wilm(w) — ma(wi, 00)}, (2)

=1

where

k
2
;wz{m(% — (@i, 02) }* = zlggz sz{m xi) — (i, 02) 1. (3)
Let & be the design maximising (2). Under some regularity conditions,
Atkinson and Fedorov (1975) prove the following theorem about T-optimum
designs.

THEOREM 1.

(i) a necessary and sufficient condition for a design & to be T-optimum
is fulfilment of the inequality

iz, &) < Aulér) @ e X,



where R
Ui, 8) = {m(z) — (2, 02) };
(ii) the upper bound of ¢, (z, &5) is achieved at the points of the optimum
design;
(iii) for any nonoptimum design &, that is a design for which A;(§) <
A1 (&7),
sup 1 (z,§) > A1 (7).

zeX

The conditions include the continuity and differentiability with respect
to 0; of the models n;. More importantly, when the design is singular for 6,
in (3), it is necessary to extend (i) by introduction of a measure on 6. This
measure is not needed in the example of §5.

Nesting makes it impossible to discriminate between all models. If model
1 is a special case of model 2, then A(£) = 0 since, if model 1 is, as assumed,
true, then model 2 must also be true. Partially nested linear models are
considered in §7. In general the parameter estimate of the false model, Oy
will, as (3) and (1) show, depend on the design £ and on ;. Thus T-optimum
designs are often locally optimum.

3 D-optimum Designs

Suppose for the moment that the models are linear in the parameters, so that
in (1) ny(z,0,) = fL(x)0;, where 6, is p; x 1. In matrix form this becomes
EY = Fi0; where F; is k X p. The information matrix of the least squares
estimates 6, from the design £ is

M, (&) = F'WF,,

where W = diag {w;}. D-optimum designs maximise log |M;(£)|. For non-
linear models the parameter sensitivities Fy(x,0) = {0 (x,6,)/06:;} and
the locally D-optimum designs, introduced by Box and Lucas (1959), max-
imise log |M;(&,0,)| = log |Fi(z,0,)" W Fy(x,6,)| for some point prior value
f,. The original equivalence theorem for D-optimum designs is due to Kiefer
and Wolfowitz (1960).

THEOREM 2.

(i) a necessary and sufficient condition for a design £}, to be D-optimum
is fulfilment of the inequality

d1($a§E)§P1 :L‘E/Ya

where

dy(z,€5) = f (@) M (ED) fr();
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(ii) the upper bound of d, (z, £},) is achieved at the points of the optimum
design;

(iii) for any nonoptimum design &, that is a design for which log |M; (§)] <
log | M1 (£5)1,

sup di(z,&) > pr.
zeX

4 DT-optimum Designs

The two theorems have the common structure of equivalence theorems for
convex design problems (Fedorov 1972, Pukelsheim 1993, Fedorov and Hackl
1997). However, the two design criteria are very different in behaviour. The
T-optimum criterion A(&) has the physical dimensions of a sum of squares
of observations, whereas the D-optimum criterion |M(£)| is a function solely
of the regressor variables. Rescaling the y; causes a change in the relative
magnitudes of A;(§) and log|M;(€)|. To combine the two criteria requires a
common scale of comparison for which we use efficiencies. The T-efficiency
of any design ¢ relative to the T-optimum design &7 is

Ef(€) = Au(6)/A1(&7), (4)
whereas, the D-efficiency is
E7 (&) = {IMy(&)]/ M (&) [}/ (5)

The T-efficiency (4) does not depend on the scaling of the y;.
To obtain designs for both discrimination and parameter estimation we
maximise a weighted product of the efficiencies

{BFOYEF (O} = {A1©)/ A€ T {IMiE/IMi(ER)}*/7 (0 < s < 1),

(6)
When x = 0 we obtain T-optimality, with D-optimality for k = 1. We
investigate the properties of designs as k varies. To clarify the structure of
the design criterion, take logs in (6), when the right-hand side becomes

(1 =) log Av(&) +(r/p1) log [ Mi ()| = (1= k) log A1(&7) — (#/p1) log [ M (€D

(7)
The terms involving {7 and £}, are constants when a maximum is found over
&, so that the criterion to be maximized is

o1 (€) = (1 — k) log Ay (€) + (1/p1) log | My (€)]. (8)

Designs maximizing (8) are called DT-optimum and are denoted &}y,
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THEOREM 3.
(i) a necessary and sufficient condition for a design &}, to be DT-optimum
is fulfilment of the inequality

WP (2,65,) <1 zeX,

where

P (,6) = (1 — K)o (2, €) JAL(E) + (k/pr1)d (x,€)
= (1 — &) {m(2) — ma(@, 02) Y/ AL(E) + (w/p1) 1 () My H(E) fi ().

(ii) the upper bound of ¢§DT) (x,&5p) is achieved at the points of the
optimum design;
(iii) for any nonoptimum design &, that is a design for which @gDT) (€) <

" (1),

sup 17 (&, €5p) > 1.
rzeX

PRrROOF

Since 0 < k < 1, &7 (&) (8) is a convex combination of two design
criteria, the second of which is D-optimality. The first criterion is log Ay (€),
the logarithm of that for T-optimality. As A;(§) > 0, log A;(£) is a concave
function of a concave design criterion. Therefore the DT-criterion satisfies
the conditions of convex optimum design theory and an equivalence theorem
applies similar to Theorems 1 and 2.

To find the derivative function v, (z,§) for T-optimality Atkinson and
Fedorov (1975) calculate the directional derivative {0A;(§)/0a}a=, with
£ =(1—a&)+ a&. Since

OlogAi(§) 1 0A(&)
O A(§) da

we obtain the first term in ¢§DT) (x,€). The second term is that from D-
optimality and the theorem is proved.

5 A Numerical Example

To illustrate these results we return to Example 1 from Atkinson and Fedorov
(1975) mentioned in §1. There are two models, a quadratic and a constant.

ne(x) =m(x) =610 + 6110+ 91,2$2; na2(7,0) = 05. (9)

The simpler model 2 is thus nested within the quadratic. The T-optimum
design provides maximum power for testing that ¢, ; and 6, » are both zero.
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Figure 1: Structure of designs as x varies. Left-hand panel, support points z;;
right-hand panel design weights w;. Except for k = 0, the T-optimum design,
there are three points of support at —1, 1 and an intermediate value. For
k =1 the D-optimum design with equal support at —1, 0 and 1 is obtained.
The same plotting symbol is used in the two panels for the same value of ¢

For the parameter values 6,9 = 1, 6,1 = 0.5 and 0, = 0.8660, with X =
[-1, 1] the two component optimum designs are

5;;:{ 0.3887 1}7%:{ l1 (;) 1} (10)
2 2 3 3 3

The two-point T-optimum design depends solely on the ratio 6, /6,1, here
V3. It has zero efficiency for estimating the parameters of the model. On
the other hand, the efficiency of the D-optimum design for testing, E7 (£},),
is a respectable 64.46%.

To explore the properties of the proposed designs, DT-optimum designs
were found for a series of values of k between zero and one. The resulting
designs are plotted in Figure 1. All designs were checked for optimality using
the equivalence condition from Theorem 3. The left-hand panel shows the
design points; for £ > 0 there are three at —1, 1 and an intermediate value
which tends to 0 as k — 1. The weights in the right-hand panel change in
a similarly smooth way from 0, 0.5 and 0.5 to one third at all design points
when k = 1.

The efficiencies in Figure 2 likewise change in a smooth manner. The T-
efficiency decreases almost linearly as k increases, whereas the D-efficiency
increases rapidly away from zero as the design weight at ©+ = —1 becomes
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Figure 2: Efficiencies of designs as x varies: O D-efficiency; X T-efficiency.
The product of the efficiencies is a maximum at x = 0.5

non-negligible. The product of these efficiencies is, as it must be from (8),
a maximum at x = 0.5. The T-efficiency for this value is 83.38%, with the
D-efficiency equal to 91.63%. We have found a single design that is highly
efficient both for parameter estimation and model testing.

6 Generalized DT-optimality

For discrimination between two separate, that is partially non-nested, mod-
els, both non-centrality parameters may be of interest as well as the two sets
of model parameters.

The criterion and proof of hte equivalence theorem for DT-optimality
extend straightforwardly to such generalized DT-optimum designs with ¢
non-centrality parameters A;(§) and m sets of model parameters py; in some
cases only some subsets of the parameters may be of interest. The criterion
(8) expands to

EP(E) = "a;log Aj(€) = D (be/si) log [Af M)A, (11)

C m

where the a; and b, are sets of non-negative coefficients reflecting the im-
portance of the parts of the design criterion. The matrices of coefficients Ay
are py X S, defining the linear combinations of the p, parameters in model &
that are of interest. For D-optimality A is the identity matrix of dimension
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pi; for Dg-optimality s, < pr and Ay is the s, X s; identity matrix adjoined
with pp — sk rows of zeroes. The negative sign for the second term on the
right-hand side of (11) arises because the covariance matrix of the estimates
is minimized.

The equivalence theorem states that

P (2, €8y <Za3+2bk r e X, where

PGP (g, 6) = Zajwj(x £)/A(& +Z be/sk)di (x,€) and
k=1

j=1
dig (,€) = fie My () Ap{ Ay M () Aw} ™ AL M (€) e

The form of di}(x,£) comes from the equivalence theorem for D 4-optimality
(Sibson 1974).

7 Linear Models

We now suppose explicitly that the two models are linear in the parameters
Model 1: EY = F191; Model 2: EY = F292.

The non-centrality parameter when the first model is true and is not a special
case of the second model is

A1(5) = 91TM1(2) (5)91; where (12)

Mi2)(&) = M1 (&) — Mia(€)Myy" (€) Mo (€),  Mij(€) = FFWE.

If the two models have terms in common, the elements of M) (&) corre-
sponding to these elements are zero. Let the combined model with duplicate
terms eliminated be

EY:F9:F191+F2§2:F19~1+F292, (13)

where FJQNJ represent the complement of model not j in the combined model
F6. Then the non-centrality parameter (12) can be replaced by

Al(f) = élTMl(g) (€)é17 where (14)

My (§) = My (€) — Mz () My, ()M (€), My(€) = F'WE;.



A more general discussion, for T-optimum designs, is in Atkinson and Fe-
dorov (1975). We now consider DT-optimality.
When the two models differ by a single term, ¢, is scalar and

log{A1 (&)} = log[01{ M1 (&) — My(&) M (&) Moy () }61]- (15)

But, from a standard result in the theory of Ds-optimum designs, for example
Atkinson and Donev (1992, p. 109),
v _ M)

[M11(€) — M1z () My (€) Mai ()| = ()]

where M(£) = FYWF. Then (15) becomes

log{A(€)} = 2log 0, + log |M(€)] — log | May(€)]
and the criterion for DT-optimality (8) is

" (€) = (1 - &) log | M(€)] — (1 — k) log | My (€)| + klog [My(€)], (16)

a form of generalized D-optimality involving three information matrices,
those of the two component models and that of the combined model with
duplicated terms eliminated. The criterion does not depend on the value of
9~1.

There is an appreciable literature on the special case of (16) in which it is
desired both to estimate the m+1 parameters of the single-factor polynomial
of order m and to test whether the term in 2™ is necessary. The D,-optimum
design for the parameter (3, is often called D; optimum. Since the second
model is a special case of the first, ' = F} in (13) and the criterion (16) can
be written

QL1 (€) = log | M ()] — (1 — k) log [ M1 (£)],

where M,, (&) is the information matrix for the polynomial of order m. When
k = 0, Dy-optimality is obtained. The problem is complicated by the desire
to find a good design for all m € [m — k,m + k|,k > 1. See, for example,
Dette and Franke (2001) or Zen and Tsai (2002).

8 Extensions

It has been assumed here that the response is univariate. The extension
of T-optimality to correlated multivariate observations is given by Ucinski
and Bogacka (2005). The combination of this criterion with the multivari-
ate D-optimality of Draper and Hunter (1966) yields DT-optimality in the
multivariate case.
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