
On Characterizations of Spectral Density Matrices
by Cross Validated Log Likelihood Criterion

Yasumasa Matsuda
Faculty of Economics,
Niigata University,

2-8050 Ikarahi, Niigata 950-2181, Japan
matsuda@econ.niigata-u.ac.jp

Yoshihiro Yajima
Faculty of Economics,
University of Tokyo,

7-3-1 Hongo , Bunkyo-ku, Tokyo 113-0033, Japan
yajima@e.u-tokyo.ac.jp

Howell Tong
Department of Statistics,

The London School of Economics and Political Science,
Houghton Street, London, WC2A 2AE, U.K.

and
Department of Statistics and Actual Science,

Hong Kong University
H.Tong@lse.ac.uk

Abstract

We propose the Cross Validated Log Likelihood (CVLL) criterion for selection of
models characterizing spectral density matrices in a nonparametric or semiparametric way,
which we call characterizations. Characterizations considered in this paper include many
interesting special cases such as graphical models for multivariate time series. We show
asymptotic properties of the CVLL, which derive the consistency of graphical modelling
by the CVLL criterion. We demonstrate the empirical properties of the CVLL selection
with both simulated and real data.
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1 Introduction

Let {Xt,a, a = 1, . . . , r} be an r-dimensional stationary time series and f(λ), − π ≤ λ ≤ π,
be its spectral density matrix. Linear time series models such as multivariate autoregressive
moving average (ARMA) models are included in a family, ℘1, of parametric models for the
spectral density matrix f(λ):

℘1 = {{g(θ, λ), θ ∈ Θ} : g(θ, λ) ∈ H [−π, π]} , (1)

where H [−π, π] consists of r × r positive semi-definite Hermite matrix-valued integrable func-
tions on [−π, π].

Estimation of the parameter θ has been examined by many authors. See, for example,
Dunsmuir (1979), Brockwell and Davis (1991, Section 10.8) and Hosoya (1997). Moreover,
model selection criteria such as Akaike’s Information Criterion (AIC, Akaike 1974) have been
proposed for selecting the optimal model from among several candidate parametric models.
Especially order determination for ARMA processes by AIC has been investigated extensively
in the literature. For brief discussions of linear time series model selection, see Brockwell and
Davis (1991, Section 9.3). The AIC is not a consistent order selection procedure for ARMA
models, though it is asymptotically efficient for AR models (Shibata (1980), Hurvich and Tsai
(1989)).

In this paper, we consider a family, ℘2, of characterizations for the spectral density matrix
f(λ):

℘2 = {{G (θ, vec(f(λ))) , θ ∈ Θ} : G (θ, vec(f(λ))) ∈ H [−π, π]} , (2)

where G = (Gab), a, b = 1, . . . , r is a matrix-valued function, and vec transforms an r × r
matrix into an r2-dimensional vector by stacking the column vectors. A parameter vector θ
and all the components of f(λ) are not necessarily included in the arguments of G, which
means that the corresponding characterization is not a parametric model but a nonparametric
or semiparametric constraint on the spectral density matrix. Hence we use the terminology
characterization instead of model for (2) in order to distinguish (2) from parametric models (1).
Several useful constraints on spectral density matrices such as graphical models for multivariate
time series can be described in the form of (2), which will be introduced in Section 4. The
object of this paper is to propose a method to find a suitable characterization for the spectral
density matrix f(λ).

Yajima and Matsuda (2004) proposed a method to test for one characterization G,

H0 : G (θ0, vec(f(λ))) = f(λ) vs. H1 : G (θ0, vec(f(λ))) �= f(λ),

and derived the asymptotic null distribution. However, we often encounter the case when several
alternatives are given. Graphical modelling stated in Section 5 is a typical case for which the
test is not easy to apply because of several alternatives. Hence a criterion is required to evaluate
the goodness of a characterization which would enable us to select the best characterization
from among several candidates.

The existing criteria proposed for (1), however, cannot be applied to characterization
selection in (2), since “the number of parameters” which penalizes model complexity is not
easily defined for characterizations. The Cross Validation (CV), which was originally proposed
by Stone (1974), has been used as an alternative criterion for parametric or nonparametric
model selection. See, e.g., Shao (1993) for linear model selection, Kavalieris (1989) for order
selection of AR models, Härdle et al.(1988) for a smoothing parameter determination of non-
parametric regression models. CV penalizes the complexity of a model by the leave-one-out
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approach instead of an explicit expression on model complexity, which makes it applicable to
nonparametric model selection as well as parametric model selection.

In the context of nonlinear time series modelling, Cheng and Tong (1992) used the cross
validated version of residual sum of squares as a criterion to estimate the order of nonparamet-
ric time series autoregressions, and showed the consistency of the order selection procedure.
In this paper, we adopt the cross validated log (quasi) likelihood (CVLL) as a criterion for
characterization selection. The distinctive feature is that our approach provides a consistency
to some characterizations selection, e.g. graphical modelling for multivariate time series. In
contrast to the inconsistency of CV selection for standard parametric models (Kavalieris, 1989,
Shao, 1993), it should be emphasized that CV can provide consistent selection procedures in
the nonparametric context: the order selection of nonparametric autoregressions based on the
cross validated residual sum of squares in Cheng and Tong (1992) and graphical modelling
based on the CVLL criterion in Section 5.

We introduce the CVLL criterion in Section 2, and show its asymptotic properties in
Section 3. In Section 4, we give several examples of characterizations within the framework
of (2). In Section 5, we apply the CVLL criterion to graphical modelling and prove that the
CVLL selection of graphical models is consistent. In Section 6, we use simulation and real data
to show empirical properties of the criterion. In the Appendix, we finally present proofs of
Theorems and Lemmas.

2 The CVLL criterion

Throughout this paper, Aab and Aab are generic symbols for the (a, b)th element of the ma-
trices A and A−1 respectively, and A′ is the matrix transpose of A. Let {Xt = (Xt,a, a =
1, . . . , r)′,−∞ < t < ∞} be an r-dimensional stationary time series with the spectral density
matrix f(λ),−π ≤ λ ≤ π. We define f(λ) outside the region [−π, π] to have a period of 2π.

Suppose we have observed X1,X2, . . . ,Xn, and a set, S, of candidate characterizations
in (2) for the spectral density matrix f(λ) is given. Define the discrete Fourier transformW (λ)
and the periodogram matrix I(λ) of Xt as

W (λ) =
1√
2πn

n∑
t=1

Xt exp(−iλt),

I(λ) = W (λ)W̄ (λ)′.

I(λ) is defined periodically with the period 2π for λ /∈ [−π, π]. Let λj =
2πj
n
, j = 1, . . . , [n/2]

be the jth Fourier frequency.
We shall introduce the CVLL of a candidate G in S. The matrix defined by

g(λ) := G(θ0, vec(f(λ))),−π ≤ λ ≤ π, (3)

is called the characterized density matrix in the following. Then the CVLL for the G is defined
by

CVLL(G) =
[n/2]∑
j=1

log det (ĝ−j(λj)) + tr
(
I(λj)ĝ

−1
−j (λj)

)
, (4)

where

ĝ−j(λj) = G
(
θ̂, vec(f̂−j(λj))

)
,

f̂−j(λj) =
1

m

m/2∑
k=−m/2,k �=0

I(λj+k), (5)
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and θ̂ is an estimator for θ0. The ĝ−j(λj) and f̂−j(λj) are the leave-one-out (or cross-validated)

versions of ĝ(λj) and f̂(λj), which include the term k = 0 and in which the divisor is replaced by
m+1. Hurvich (1985) and Beltrao and Bloomfield (1987) used the CVLL criterion to determine
the optimal bandwidth for univariate kernel spectrum estimates. The Hurvich’s definition may
be viewed as a special case of the CVLL but for a very different purpose of ours.

For the given set of candidate characterizations, we evaluate the CVLL of each candidate
and minimize CVLL(G) over the set of candidates. We propose to choose the minimizer Ĝ as
an estimator of the best characterization for f(λ) among the candidates.

3 Asymptotic properties of the CVLL criterion

We shall show which candidate the CVLL criterion selects from the given set of candidates S
asymptotically. Following the notation of Shao (1993), we classify S into two categories:

• Category I: {G ∈ S|G(θ0, vec(f(λ))) �= f(λ) for some λ ∈ [−π, π]}.
• Category II: {G ∈ S|G(θ0, vec(f(λ))) = f(λ) for all λ ∈ [−π, π]}.

We shall prove two Theorems: Theorem 1 shows that the CVLL criterion selects a candidate
in Category II from among S asymptotically, and Theorem 2 specifies the characterization in
Category II which the CVLL criterion selects asymptotically.

These assumptions are required to prove the Theorems.

A1 {Xt} is an r-dimensional Gaussian stationary process.

A2 f(λ) is positive definite for −π ≤ λ < π.

A3 fab(λ), a, b = 1, . . . , r,−π ≤ λ < π is twice continuously differentiable.

A4 m = O(nβ), 1/2 < β < 2/3.

A5 θ̂ − θ0 = Op

(
n−1/2

)
.

Theorem 1 Under A1-A5, if Gab(θ, y), which may be in either Category I or II, is
continuously differentiable with respect to θ and y,

CVLL(G) =
[n/2]∑
j=1

(log det f(λj) + r) +
n

2π
KL(f, g) + op (n) , (6)

where KL(f, g) is the Kullback-Leibler distance between the two matrix functions f and g given
by

KL(f, g) =
∫ π

0

[
tr
(
f(λ)g(λ)−1

)
− log det

(
f(λ)g(λ)−1

)
− r
]
dλ.

See Appendix for the proof of Theorem 1. Corollary I follows immediately from Theorem
1.

Corollary 1. If G1 is in Category I and G2 is in Category II , then under the conditions
in Theorem 1,

lim
n→∞P (CVLL(G1) > CVLL(G2)) = 1.
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Corollary I assures us that the CVLL criterion always chooses a characterization in Cat-
egory II asymptotically among S. Theorem 1, however, cannot specify which candidate in
Category II the CVLL criterion selects asymptotically, since KL(f, g) = 0 for all the char-
acterizations in Category II. Before introducing Theorem 2, a criterion to distinguish among
candidates in Category II is defined.

Definition 1(Asymptotic Mean Integrated Squared Error). For a candidate char-
acterization G in Category II, the asymptotic mean integrated squared estimation error of G
(AMISE(G)) is defined by

AMISE(G) := E∞


m
n

[n/2]∑
j=1

tr
{
(ĝ−j(λj)− f(λj)) f

−1(λj)
}2


 ,

where E∞ is the expectation with respect to the asymptotic distribution.
Theorem 2. Suppose that a characterization G is in Category II and that Gab(θ, y) is

three times continuously differentiable with respect to θ and y. Then under A1-A5,

CVLL(G) =
[n/2]∑
j=1

[
log det f(λj) + tr

(
I(λj)f(λj)

−1
)]

+
n

m

1

2
AMISE(G) + op

(
n

m

)
.

Moreover, AMISE(G) is evaluated as

AMISE(G) =
1

2π

∫ π

0

r∑
α,β,γ,ν=1

µαβγν(λ)fαν(λ)fγβ(λ)dλ, (7)

where

µαβγν(λ) =
r∑

a,b=1

r∑
e1,e2=1

hae1,αβ(λ)hbe2,γν(λ)f
e1b(λ)f e2a(λ),

hae1,αβ(λ) =
∂Gae1(θ0, y)

∂yαβ

∣∣∣∣∣
y=vec(f(λ))

.

The proof of Theorem 2 is shown in Appendix. Corollary 2 is a direct consequence of
Theorem 2.

Corollary 2. If both G1 and G2 are in Category II and AMISE(G1) > AMISE(G2), then
under the conditions in Theorem 2,

lim
n→∞P (CVLL(G1) > CVLL(G2)) = 1.

Corollaries 1 and 2 establish that it is the characterization which has the smallest AMISE
in Category II that the CVLL criterion selects among S asymptotically.
Remark. In choosing the bandwidth m for the nonparametric spectral estimator (5), any
bandwidth satisfying Assumption A4 can be used theoretically. In practice, it seems natural
to adopt the m(G) minimizing CVLL(G) for a characterization G.

4 Examples of characterizations

In this section, we show some typical examples of characterizations G for an r-dimensional
time series {Xt,a, a = 1, . . . , r}. Moreover the values of AMISE(G) are derived according to
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(7), which can be used to show an asymptotic comparison among characterizations in Category
II by Corollary 2. In the following, for a condition C, let IC take 1 if C is satisfied and 0
otherwise.
Example 1.(no constraint) This is the case when no constraints on a spectral density matrix
are imposed.

Gab(vec(f(λ))) := fab(λ), a, b = 1, . . . , r. (8)

This is the nonparametric case when no parameter vectors are included in the variables of
G. We consider no constraint as the kind of characterization which is always in Category II.
Let us derive the value of AMISE(G). Since hae1,αβ(λ) = I(a,e1)=(α,β), we have µαβγν(λ) =
fβγ(λ)f να(λ). Hence

AMISE(G) =
1

2π

∫ π

0

r∑
α,β,γ,ν=1

fβγ(λ)f να(λ)fαν(λ)fγβ(λ)dλ

=
1

2

r∑
α=1

1
r∑

β=1

1 = r2/2.

Example 2.(mutual independence among sub-series) Suppose an r-dimensional time
series is grouped into p independent sub-series, namely Xt = (Xt,M1, . . . , Xt,Mp)

′ for p disjoint
sets M1 ⊕ . . .⊕Mp = {1, 2, . . . , r} such that {Xt,Mi

} and {Xt,Mj
} are mutually independent for

i �= j. The characterization for the case is described as

Gab(vec(f(λ))) :=

{
fab(λ), if a ∈Mi and b ∈Mi for some i,
0, otherwise.

(9)

Put E := {(a, b), a ∈Mi and b ∈Mi for some i}. Since

hae1,αβ(λ)f
e1b(λ) = I(α,β)∈EIa=αIe1=βf

e1b(λ),

we have µαβγν(λ) = I(α,β)∈EI(γ,ν)∈Efβγ(λ)f να(λ). By noting that the spectral density matrix is
block diagonal,

AMISE(G) =
1

2π

∫ π

0

∑
(α,β)∈E

∑
(γ,ν)∈E

fβγ(λ)f να(λ)fαν(λ)fγβ(λ)dλ

= ){E}/2
=

){M1}2 + . . .+ ){Mp}2

2
,

where ) means the cardinality of a set. In the special case when Mi = {i}, i = 1, . . . , r, which
means that the r components are mutually independent, AMISE(G) = r/2, since ){Mi} = 1
for i = 1, . . . , r.

These results establish the consistency of independent sub-series selection. Suppose that
we have a set of candidate characterizations in the form of (9), which is classified into Categories
I and II as in Section 3. Then it is easily seen by Corollaries 1 and 2 that the CVLL selects
the characterization whose number of the independent components is the largest in Category
II asymptotically.
Example 3. (separable correlations) A separable correlation is characterized by

cov(Xt,a, Xs,b) = σabρ(t− s), (10)
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where (σab), a, b = 1, . . . , r is an r×r positive definite matrix and ρ is a positive definite function
on integers (Haslett and Raftery (1989), Martin (1990) and Matsuda and Yajima (2004)).
Applying an inverse Fourier transform to the separable correlation, the spectral density matrix
is

fab(λ) = σabf̃(λ), (11)

where f̃(λ) is a scalar-valued nonnegative integrable function on [−π, π]. Hence the character-
ization is described as

Gab(σ, vec(f(λ))) :=
σab
r

r∑
i=1

fii(λ)

σii
, a, b = 1, . . . , r. (12)

This is the semiparametric case when the parameter vector σ = (σab, a, b = 1, . . . , r) is included
in the variables of G. Noting that

hae1,αβ(λ)f
e1b(λ) = Iα=β

σae1f
e1b(λ)

rσαα
,

from (11) we have

µαβγν(λ) = Iα=βIγ=ν
1

rσαασγγ f̃(λ)2
.

Hence

AMISE(G) =
1

2r

r∑
α,γ=1

σ2
αγ

σαασγγ
. (13)

The interesting special case when σαγ = 0 for α �= γ, which means that the components series
are mutually independent with an identical autocorrelation, has AMISE(G) reducing to 1/2.
Example 4. (graphical models) Originally, graphical modelling was developed for indepen-
dent multivariate series. See Lauritzen (1996) for basic notations and definitions of graphical
models. Recently, Dahlhaus (2000) extended the concept of undirected conditional indepen-
dence graphs to multivariate time series. Since a graphical model is described by a kind of
spectral constraint, the CVLL criterion can be applied to graphical modelling. In the next
section, we discuss this application specifically.
Remark 1. The CVLL criterion can be applied to the following testing problem for a given
characterization G:

H0 : G(θ0, vec(f(λ))) = f(λ) vs. H1 : G(θ0, vec(f(λ))) �= f(λ).

Adopt H0 if the CVLL of the G is smaller than that of no constraint (8), and adopt H1 other-
wise. Then the testing procedure is asymptotically consistent: when H0 is true and AMISE(G)
is smaller than r2/2, the CVLL of the G is asymptotically smaller than that of no constraint
by Theorem 2, and when H1 is true, the CVLL of the G is larger than that of no constraint
asymptotically by Theorem 1.
Remark 2. The expression for a characterization is sometimes not unique. When a character-
ization G is not expressed uniquely, the expression having the smallest AMISE(G) should be
adopted. If an inefficient expression for the G was adopted, it could happen that the CVLL was
not able to distinguish between the G and another characterization more inefficient than the
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G. Let us give an example. A characterization for a separable correlation is expressed either
as (12) or as

Gab(σ, vec(f(λ))) := σab
f11(λ)

σ11

, a, b = 1, . . . , r, (14)

and AMISE(G) of (14) is r/2. The expression (12) is better than (14) for discriminating a
case where a separable correlation is embedded within other characterizations in Category II.
Suppose that the characterizations (12), (14) and (9) with Mi = {i}, i = 1, . . . , r are all in
Category II, where the AMISE(G)s are 1/2, r/2 and r/2, respectively. Then the CVLLs of
(14) and (9) are asymptotically equivalent, while the CVLL of (12) is smaller than that of (9)
asymptotically if r > 1. Though (12) and (14) are both expressions for a separable correlation,
the latter is powerless to distinguish mutual independence with identical autocorrelations from
mutual independence.

5 Application to graphical models

We will show in this section that the CVLL criterion is an effective tool for identifying the
undirected graphical models for multivariate time series. First we define the conditional inde-
pendence Xt,a and Xt,b given the rest of components. Let Yt,ab = {Xt,j, j �= a, b}.

Xa⊥Xb|Yab ⇐⇒ cov(εa|{a,b}c(s), εb|{a,b}c(t)) = 0 for all s, t ∈ Z,

where

εa|{a,b}c(t) = Xt,a − µa −
∑
u

da(t− u)Yab(u),

which minimizes

E

(
Xt,a − µa −

∞∑
u=−∞

da(t− u)Yab(u)

)2

.

Now let us recall the definition of an undirected graph (V,E) due to Dahlhaus (2000).
Definition 2(partial correlation graph, Dahlhaus, 2000). Let Xt = (Xt,1, . . . , Xt,r)

′ be
a multivariate stationary time series and V = {1, . . . , r} be the corresponding set of vertices.
Let (a, b) /∈ E if and only if Xa⊥Xb|Yab. Then G = (V,E) is called a partial correlation graph
for time series.

Dahlhaus(2000, Theorem 2.4) proved the following simple criterion for building graphical
models. Let f(λ),−π ≤ λ ≤ π be the spectral density matrix of Xt.

Xa⊥Xb|Yab ⇐⇒ cov(εa|{a,b}c(s), εb|{a,b}c(t)) = 0 for all s, t ∈ Z

⇐⇒ fab(λ)√
faa(λ)f bb(λ)

≡ 0 for − π ≤ λ ≤ π. (15)

By this result, the missing edges in the partial correlation graph can uniquely be identified
from the zeros in the rescaled inverse of the spectral matrix. The spectral matrix is, however,
unknown in practice and should be replaced with some suitable estimator f̂(λ). Dahlhaus
(2000) proposed the test statistic

max
1≤j≤[n/2]

∣∣∣∣∣∣
f̂ab(λj)√

f̂aa(λj)f̂ bb(λj)

∣∣∣∣∣∣
2
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to detect the zeros. As he mentioned, it is very difficult to determine the null distribution under
the conditional independence, which is required to test whether (15) is true or not.

Instead we apply the CVLL criterion to this problem. Let (V,E) be a partial correlation
graph of {Xt,a, a = 1, . . . , r}. Since the graph is equivalent to the spectral constraint (15) for
(a, b) /∈ E, the characterized density g(λ) by the graph (V,E) should satisfy

gab(λ) = 0, for (a, b) /∈ E,
gab(λ) = fab(λ), for (a, b) ∈ E.

(16)

The characterization G satisfying (16) cannot be expressed explicitly as a function of f(λ).
Wermuth and Scheidt (1977) introduced the following recursion. Speed and Kiiveri (1986)
showed that the recursion was a special case of the First Cyclic Algorithm and proved that g(λ)
was the limit of the recursion. Suppose that the graph misses M edges Fi, i = 0, . . . ,M − 1,
i.e. Ec = F0 ⊕ · · · ⊕ FM−1. Let gn,ab,λ and gabn,λ be the abth element of gn(λ) and g

−1
n (λ) of the

nth recursion, respectively. Set g0,ab,λ = fab(λ), a, b = 1, . . . , r, and n′ = n(mod M). Then

gn,ab,λ = gn−1,ab,λ +
gab

n−1,λ

gaa
n−1,λ

gbb
n−1,λ

−gab
n−1,λ

gba
n−1,λ

, for (a, b) ∈ Fn′ ,

gn,ab,λ = gn−1,ab,λ, for (a, b) /∈ Fn′ ,
(17)

for n = 1, 2, . . ..
Suppose that we have a set of candidate graphs for a spectral density matrix f(λ) of an

r-dimensional time series, which is classified into Categories I and II in the same way as in
Section 3. Let us evaluate AMISE(G) for a candidate graph G in Category II.

Theorem 3. If a characterization G for a partial correlation graph (V,E) of the r-
dimensional time series is in Category II, CVLL(G) is evaluated as in Theorem 2 under A1-A5
and

AMISE(G) =
r2 − 2){Ec}

2
,

where ){Ec} means the number of missing edges of the graph (V,E).
As a result of Theorems 1 and 3, Corollary 3 follows immediately.
Corollary 3. Let (Vi, Ei), i = 1, 2 be two partial correlation graphs whose characteriza-

tions are Gi,, i = 1, 2. Under A1-A5,

1. if G1 is in Category I and G2 is in Category II, then

lim
n→∞P (CVLL(G1) > CVLL(G2)) = 1;

2. if the two characterizations are in category II and E1 ⊃ E2, then

lim
n→∞P (CVLL(G1) > CVLL(G2)) = 1.

Corollary 3 establishes the consistency of the CVLL selection for graphical modelling: it
is the optimal graph having the smallest ){E} in Category II that the CVLL criterion selects
asymptotically. In practice, either a backward or a forward elimination by the CVLL criterion
can detect the optimal graph asymptotically. The backward elimination is, however, introduced
for use in the next section, since it is easily seen that the backward one is more effective and
accurate in the recursion (17) than the forward one.

Step 0. Put k = 0 , set G0 as the no constraint given in (8) and calculate CVLL(G0).

9



Step 1. Calculate the CVLLs of candidates Gi
k+1, i = 1, . . . ,

(
r
2

)
− k, each of which misses one

edge from the existing edges of the model Gk.

Step 2. Select the best model Gk+1 minimizing the CVLL from among the candidates.

Step 3. If CVLL(Gk+1) < CVLL(Gk), set k = k + 1 and return to Step 1. Otherwise, stop the
procedure and Gk is our detected model.

Remark 1. In the First Cyclic Algorithm(FCA), Speed and Kiiveri (1986) set Fi, i = 0, . . . ,M−
1 as the off-diagonal elements of cliques of the complimentary graph Ec instead of the missing
edges. The algorithm (17) by Wermuth and Scheidt (1977) is a special case of the FCA (Speed
and Kiiveri, 1986, 146-147). The FCA is more effective and accurate than (17), since M , which
is the number of the cycle, can be made smaller in the FCA. Equation (17) is, however, more
suited to the backward elimination mentioned above than the FCA, since a clique is difficult to
find because of its geometrical property. This is the reason why we adopt the algorithm (17)
instead of the FCA.
Remark 2. The CVLL criterion can also be applied to the graphical modelling for independent
series in exactly the same way, since an independent series is considered to be a time series
with a constant spectral density matrix.

6 Empirical studies

In this section, our interest is focused on the empirical properties of the CVLL criterion for
spectral characterizations. We will use simulation, and the gold price series in five countries,
to examine the properties.

First we apply the CVLL criterion to the characterization for independence of component
series (9). Consider a three dimensional multivariate time series generated by



Xt,1

Xt,2

Xt,3


 =




0.2 x 0.0
x −0.2 0.0

0.0 0.0 0.3





Xt−1,1

Xt−1,2

Xt−1,3


+



εt,1
εt,2
εt,3


 , (18)

where {εt,a, a = 1, . . . , 3} is a sequence of normally distributed random vectors with mean 0
and variance matrix E3. Note that {Xt,1, Xt,2} and {Xt,3} are independent for x �= 0, and
{Xt,1},{Xt,2} and {Xt,3} are mutually independent for x = 0. We consider the following four
characterization as candidates:

Case I: no constraint (8).
Case II : M1 = {1},M2 = {2, 3} in (9).
Case III: M1 = {1, 2},M2 = {3} in (9).
Case IV: M1 = {1},M2 = {2},M3 = {3} in (9).

All the cases except for Case II are in Category II for x �= 0, and all the cases are in Category
II for x = 0.

We selected the case which has the smallest CVLL for the simulated series by (18) 500
times. We show the empirical frequencies of the CVLL selection in Table 1 for x = 0.0, 0.1 and
0.2 when the sample sizes are 101, 201 and 401. Table 1 shows the consistency of the CVLL
selection clearly. The CVLL tends to select the efficient characterizations: Case III for x �= 0
and Case IV for x = 0 as the sample sizes get larger.
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sample size x Case I Case II Case III Case IV
0.0 0.018 0.176 0.178 0.628

101 0.1 0.034 0.138 0.302 0.526
0.2 0.090 0.074 0.682 0.154
0.0 0.022 0.156 0.138 0.684

201 0.1 0.048 0.082 0.416 0.454
0.2 0.086 0.006 0.858 0.050
0.0 0.016 0.106 0.118 0.760

401 0.1 0.036 0.044 0.590 0.330
0.2 0.044 0.000 0.952 0.004

Table 1: The empirical frequencies of selection by the CVLL criterion based on 500 replications.
The Case which had the smallest CVLL was selected among Cases I-IV for time series (18).

Next we apply the CVLL criterion to graphical modelling using simulated series. Let us
consider the following vector autoregressive model:




Xt,1

Xt,2

Xt,3

Xt,4

Xt,5




=




0.2 0.0 0.3 0.0 0.3
0.3 −0.2 x 0.0 0.0
0.2 x 0.3 0.0 0.0
0.2 0.3 0.0 0.3 0.0
0.3 0.0 0.0 0.2 0.3







Xt−1,1

Xt−1,2

Xt−1,3

Xt−1,4

Xt−1,5



+




εt,1
εt,2
εt,3
εt,4
εt,5



, (19)

where {εt,a, a = 1, . . . , 5} is a sequence of normally distributed random vectors with mean 0
and variance matrix E5. By Dahlhaus (2000, page 164), this process provides an example of a
graph (V,E) such that

Ec =

{ {(2, 5), (3, 4)}, if x �= 0,
{(2, 5), (3, 4), (2, 3)}, if x = 0.

We consider the following four candidate graphs (V,Ei), i = 1, . . . , 4:

Graph I: Ec
1 = φ, which is equivalent to no constraint.

Graph II: Ec
2 = {(2, 5)}.

Graph III: Ec
3 = {(2, 5), (3, 4)}.

Graph IV: Ec
4 = {(2, 5), (3, 4), (2, 3)}.

Note that all the graphs except for Graph IV are in Category II for x �= 0, and all the graphs
are in Category II for x = 0.

We selected the graph which has the smallest CVLL from Graphs I-IV for simulated
time series by the autoregressive model (19) 500 times. We show the frequencies of the CVLL
selection in Table 2 when x = 0.0, 0.1 and 0.2 and sample sizes are 101,201 and 401. Table 2
supports the consistency of the CVLL selection for graphical modelling. The CVLL tends to
select the efficient graphs: Graph III for x �= 0 and Graph IV for x = 0, as the sample sizes
increase.

Finally, we consider a seven-dimensional multivariate time series of pollutants, weather
and daily hospital admissions of patients suffering from circulatory and respiratory prob-
lems. The pollutant and weather data are the daily average levels of sulphur dioxide (SO2,
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sample size x Graph I Graph II Graph III Graph IV
0.0 0.020 0.050 0.134 0.796

101 0.1 0.018 0.064 0.244 0.674
0.2 0.022 0.074 0.602 0.302
0.0 0.010 0.056 0.122 0.812

201 0.1 0.026 0.062 0.342 0.570
0.2 0.058 0.076 0.786 0.080
0.0 0.006 0.016 0.078 0.900

401 0.1 0.026 0.054 0.492 0.428
0.2 0.018 0.070 0.912 0.000

Table 2: The empirical frequencies of selection by the CVLL criterion based on 500 replications.
The Graph which had the smallest CVLL was selected among Graphs I-IV for time series (19).

µg m−3), nitrogen dioxide (NO2, µg m
−3), respirable suspended particulates (µg m−3), ozone

(O3, µg m
−3), temperature (Celsius) and relative humidity (%), which were collected daily

in Hong Kong from January 1st, 1994, to December 31st, 1995, and are shown in Figure 1.
Taking the admissions series as the response variable and the other series as the explanatory
variables, Xia et al. (2002) analyzed the data by a semiparametric regression model. Their
method is motivated by the non-linearity expected to exist in some parts of the very complex
weather-pollutant interaction.

Here , we explore the extent to which our simple linear-based technique can yield useful
results even in a complex situation. We applied graphical models to the data. All the series were
detrended by extracting the 15 days moving averages. For the hospital admissions series, the
trend component caused by the day of the week effect (Xia et al., 2002, page 378) was removed
by a simple regression method using dummy variables. For the seven-dimensional detrended

time series, we estimated the spectral coherency |fab(λj)|/
√
faa(λj)fbb(λj), a, b = 1, . . . , 7, and

the spectral partial coherency |fab(λj)|/
√
faa(λj)f bb(λj), a, b = 1, . . . , 7, which are shown in

Figure 2. The alignment technique for the coherency estimation (e.g., Priestley (1981, Section
9.5.4)) was used to increase the estimation accuracy, though it was not used for the partial
coherency estimation, since the technique does not preserve the positive semi-definiteness of
the estimated density matrix required for the matrix inversion. In Figure 3, we show the partial
correlation graph estimated with the backward elimination mentioned at the end of Section 5.

Figures 2 and 3 suggest the following features.

1. The number of the hospital admissions (HA) is conditionally independent of SO2, hu-
midity and particulates, while it is conditionally dependent on NO2, O3 and temperature
especially at low frequencies, which suggests a long range dependence between HA and the
latter pollutant variables. Xia and Tong (2004) used a weighted average of the past levels
of the pollutant variables up to time period L(they took L = 365) for the explanatory
variables. Our observation supports the validity of their cumulative model.

2. Temperature is the most influential among the three variables dependent conditionally on
HA, which reinforces the observation of Xia et al. (2002) that weather has an important
role to play for HA.

3. Humidity is conditionally dependent strongly on NO2, O3 and particulates. Humidity has
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something to do with the process of boosting the impact of the above pollutants under
certain conditions, and is therefore considered to be an indirect but principal factor for
HA.

4. Figure 3 supports the fact that NO2 plays an important role in the process of O3 generation
(Dahlhaus, 2000,page 168).

Discussion

This paper proposes a procedure for characterization selection by the CVLL criterion. Consid-
ering undirected graphs to be an example of characterizations, we provide a consistent method
for graphical modelling of multivariate time series. Interesting extensions of graphical modelling
are to the following two cases. One is directed graphs which can detect causal relationships
among variables. Undirected graphs only describe mutual relations which cannot make clear
which variables are the cause and which the effect. The extension to directed graphical mod-
elling is a challenging problem. The other is nonlinear undirected graphical modelling. Our
approach considers only linear relationships among variables, and is powerless to detect non-
linear relationships, e.g., the nonlinear dependency between the hospital admissions and the
pollutant variables identified by Xia et al.(2002). We leave the interesting extensions of the
graphical modelling to future studies.
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APPENDIX
Proofs

Proof of Theorem 1. For notational simplicity, put Wj = W (λj), Ij = I(λj), fj = f(λj), gj =
g(λj), f̂−j,j = f̂−j(λj), ĝ−j,j = ĝ−j(λj).

CVLL(G) =
[n/2]∑
j=1

[log det fj + r] +
[n/2]∑
j=1

[
tr
(
fjg

−1
j

)
− log det

(
fjg

−1
j

)
− r
]

+
[n/2]∑
j=1

[
log det

(
ĝ−j,jg

−1
j

)
+ tr

(
ĝ−1
−j,j − g−1

j

)
fj (20)

+tr (Ij − fj)
(
ĝ−1
−j,j − g−1

j

)
+ tr (Ij − fj) g−1

j

]
.

We will show that each of the last four terms is op(n). Then Theorem 1 is proved since the second
term is n

2πKL(f, g) + o(n).
Put Dj = (ĝ−j,j − gj) g−1

j . Since maxj |Dj,ab| = op(n−1/4) for a, b = 1, . . . , r by Proposition 1 of
Matsuda and Yajima (2004),∑

j

log det
(
ĝ−j,jg

−1
j

)
=

∑
j

log det(Dj + E)

= O


∑

j

|tr(Dj)|



= op(n).
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In the same way, ∑
j

tr
(
ĝ−1
−j,j − g−1

j

)
fj =

∑
j

tr
(
ĝ−1
−j,j (gj − ĝ−j,j) g−1

j fj
)

= op(n).

By Lemma 1 of Yajima and Matsuda (2004),
∑

j tr(Ij−fj)g−1
j =

∑
j tr(Ij−E(Ij))g−1

j +O(log n), and

E


∑

j

tr(Ij − E(Ij))g−1
j




2

=
∑
a,b,c,d

∑
j,k

E (Ij,ab − E(Ij,ab)) (Ik,cd − E(Ik,cd)) gbaj gdck

=
∑
a,b,c,d

∑
j

fj,adfj,cbg
ba
j gdcj + O(log n)

= O(n).

Hence
∑

j tr(Ij − fj)g−1
j = Op(n1/2). Finally, by Proposition 1 of Matsuda and Yajima (2004),

∣∣∣∣∣∣
∑
j

tr (Ij − fj)
(
ĝ−1
−j,j − g−1

j

)∣∣∣∣∣∣ ≤
∑
a,b

max
j

∣∣∣ĝba−j,j − gbaj

∣∣∣∑
j

|Ij,ab − fj,ab|

= op(n−1/4)Op(n)
= op(n).

Proof of Theorem 2. Since fj = gj for all j = 1, . . . , [n/2], the second term of (20) is 0 and we
have

CVLL(G) =
[n/2]∑
j=1

[
log det fj + r + tr (Ij − fj) f−1

j

]

+
[n/2]∑
j=1

[
log det

(
ĝ−j,jf

−1
j

)
+ tr

(
ĝ−1
−j,j − f−1

j

)
fj
]

(21)

+
[n/2]∑
j=1

tr (Ij − fj)
(
ĝ−1
−j,j − f−1

j

)
.

First we show that the third term is op(n/m). For simplicity, we give a proof for r = 1 when θ is
one dimensional, but the general case is proved essentially in the same way. By applying the Taylor’s
expansion,

ĝ−1
−j,j − f−1

j = G−1(θ̂, f̂−j,j) − G−1(θ0, fj)

=
2∑

i+k=1,i≥0,k≥0

∂i+kG−1(θ0, fj)
∂θi∂yk

(θ̂ − θ0)i(f̂−j,j − fj)k

+
∑

i+k=3,i≥0,k≥0

∂i+kG−1(θ∗, y∗)
∂θi∂yk

(θ̂ − θ0)i(f̂−j,j − fj)k,

=
2∑

i+k=1,i≥0,k≥0

Mik,j(θ̂ − θ0)i(f̂−j,j − fj)k +
∑

i+k=3,i≥0,k≥0

Nik,j(θ̂ − θ0)i(f̂−j,j − fj)k, say,

where y∗ and θ∗ are mean values of (fj, f̂−j,j) and (θ0, θ̂), respectively. Note that Nik,j is stochastic,
though Mik,j is non-random. We will show that

[n/2]∑
j=1

(Ij − fj)M10,j(θ̂ − θ0) = op(n/m),
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[n/2]∑
j=1

(Ij − fj)M01,j(f̂−j,j − fj) = op(n/m),

[n/2]∑
j=1

(Ij − fj)N03,j(f̂−j,j − fj)3 = op(n/m),

which complete the proof for the third term of (21) being op(n/m), since the three terms dominate
the others. First, ∣∣∣∣∣∣

∑
j

(Ij − fj)M10,j(θ̂ − θ0)

∣∣∣∣∣∣ =
∣∣∣θ̂ − θ0

∣∣∣
∣∣∣∣∣∣
∑
j

(Ij − fj)M10,j

∣∣∣∣∣∣
= Op

(
n−1/2

)
Op

(
n1/2

)
= Op(1).

Next, by Lemma 2 of Yajima and Matsuda(2004), we have∑
j

(Ij − fj)M01,j(f̂−j,j − fj) =
∑
j

(Ij − E(Ij))M01,j(f̂−j,j − E(f̂−j,j)) + Op(m2/n),

and by Lemma 1 of Yajima and Matsuda (2004) we have

E



∑
j

(Ij − E(Ij))L1,j(f̂−j,j −E(f̂−j,j))




2

=
1

m2

∑
j1,j2

∑
k1,k2 �=0

M01,j1M01,j2E [(Ij1 −E(Ij1))(Ij2 − E(Ij2))(Ij1+k1 −E(Ij1+k1))(Ij2+k2 − E(Ij2+k2))]

=
1

m2

∑
j1,j2

∑
k1,k2 �=0

M01,j1M01,j2 (cum(Ij1 , Ij2)cum(Ij1+k1, Ij2+k2)

+cum(Ij1 , Ij1+k1)cum(Ij2, Ij2+k2) + cum(Ij1 , Ij2+k2)cum(Ij2, Ij1+k1))

= O
(
1/m2nm

)
+ O

(
1/m2n2m2 log2 /n2

)
+ O

(
1/m2nm

)
= O (n/m) .

It follows that
∑

j(Ij − fj)L1,j(f̂−j,j − fj) = Op

(√
n
m

)
+ Op

(
m2

n

)
= op( n

m). Finally, by Proposition 1
of Matsuda and Yajima (2004), we have∣∣∣∣∣∣

∑
j

(Ij − fj)N03,j(f̂−j,j − fj)3
∣∣∣∣∣∣ ≤ max

j
|N03,j |

√∑
j

(Ij − fj)2
√∑

j

(f̂−j,j − fj)6

=
√

Op (n)
√

op
(
nn−3/2

)
= op(n1/4).

Put δj = (ĝ−j,j − fj) f−1
j . Then the second term of (21) is

∑
j

log det (δj + E) − tr
[
δj(δj + E)−1

]

=
∑
j

tr
(
δj − 1

2
δ2
j

)
− tr (δj(E − δj)) + O


∑

j

max
a,b

∣∣∣δ3
j,ab

∣∣∣



=
1
2

∑
j

tr
(
δ2
j

)
+ Op

(
n1/4

)
.

By the Taylor’s expansion, we have∑
j

tr(δ2
j )
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=
∑
j

∑
a,b

δj,abδj,ba

=
∑
j

∑
a,b

∑
e1,e2

(ĝ−j,j,ae1 − fj,ae1) (ĝ−j,j,be2 − fj,be2) f
e1b
j f e2aj

=
∑
j

∑
a,b

∑
e1,e2


∂Gae1(θ0, fj)

∂θ
(θ̂ − θ0) +

∑
α,β

∂Gae1(θ0, fj)
∂yαβ

(f̂−j,j,αβ − fj,αβ)




×
(

∂Gbe2(θ0, fj)
∂θ

(θ̂ − θ0) +
∑
γ,ν

∂Gbe2(θ0, fj)
∂yγν

(f̂−j,j,γν − fj,γν)

)
f e1bj f e2aj + O


∑

j

max
a,b

∣∣∣f̂−j,j,ab − fj
∣∣∣3



=
∑
j

∑
a,b

∑
e1,e2

∑
α,β

∑
γ,ν

hae1,αβ,jhbe2,γν,j
(
f̂−j,j,αβ − fj,αβ

) (
f̂−j,j,γν − fj,γν

)
f e1bj f e2aj + op(n1/4)

=
∑
j

∑
a,b

∑
e1,e2

∑
α,β

∑
γ,ν

hae1,αβ,jhbe2,γν,j
(
f̂−j,j,αβ −E(f̂−j,j,αβ)

) (
f̂−j,j,γν − E(f̂−j,j,γν)

)
f e1bj f e2aj

+op
(
m2n−5/4

)
+ op(n1/4),

where we have used Proposition 1 of Matsuda and Yajima (2004) for the fourth equality and Lemma
2 of Yajima and Matsuda (2004) for the fifth equality. Let us define

µαβγν,j :=
∑
a,b

∑
e1,e2

hae1,αβ,jhbe2,γν,jf
e1b
j f e2aj

yαβ,j := f̂−j,j,αβ − E(f̂−j,j,αβ).

Then it will complete the proof of Theorem 2 to prove that

E


∑

j

∑
α,β,γ,ν

µαβγν,jyαβ,jyγν,j


 =

n

m
AMISE(G) + o(n/m), (22)

var


∑

j

∑
α,β,γ,ν

µαβγν,jyαβ,jyγν,j


 = O (n/m) . (23)

By Lemma 1 of Yajima and Matsuda (2004), we have

E(yαβ,jyγν,j) =
1

m2

∑
k,l �=0

E(Iαβ,j+kIγν,j+l) − E(Iαβ,j+k)E(Iγν,j+l)

=
1

m2

∑
k,l �=0

E
(
Wα,j+kW̄β,j+kWγ,j+lW̄ν,j+l

)− E(Iαβ,j+k)E(Iγν,j+l)

=
1

m2

∑
k �=0

fαν,j+kfγβ,j+k + O (log n/n)

=
1
m

fαν,jfγβ,j + O
(
m/n2

)
+ O(log n/n).

The last equality is given by the Taylor’s expansion. It follows from Exercise 1.7.14 of Brillinger (1981)
that the left hand side of (22) is

∑
α,β,γ,ν

∑
j

µαβγν,j
1
m

fαν,jfγβ,j + O(log n)

=
n

m

1
2π

∫ π

0

∑
α,β,γ,ν

µαβγν(λ)fαν(λ)fγβ(λ)dλ + o(n/m).
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We can put µαβγν,j = 1 without loss of generality. By Lemmas 3, 4 of Yajima and Matsuda (2004),
the left hand side of (23) is evaluated as

var


∑

j

yαβ,jyγν,j


 = cov


∑

j

yαβ,jyγν,j,
∑
k

ȳαβ,kȳγν,k




=
∑
j,k

[cum(yαβ,j , yγν,j, ȳαβ,k, ȳγν,k)

+cum(yαβ,j, ȳαβ,k)cum(yγν,j, ȳγν,k) + cum(yαβ,j, yγν,k)cum(ȳαβ,k, ȳγν,j)]
= O(n2m−3) + O(nmm−2) + O(n2 log2 n/n2) = O(n/m),

which proves (23).
Proof of Theorem 3. We derive the AMISE(G) according to (7). Since

r∑
e1=1

hae1,αβ(λ)f e1b(λ) = Ia=α,(α,β)∈Efβb(λ) +
r∑

e1=1

I(a,e1)/∈Ehae1,αβ(λ)f e1b(λ),

the integrand of AMISE(G) is


∑
(α,β)∈E,(γ,ν)∈E

fβγ(λ)f να(λ) +
∑

(α,β)∈E

r∑
γ,ν=1

∑
(b,e2)/∈E

hbe2,γν(λ)fβb(λ)f e2α(λ)

+
∑

(γ,ν)∈E

r∑
α,β=1

∑
(a,e1)/∈E

hae1,αβ(λ)f e1γ(λ)f νa(λ)

+
r∑

α,β,γ,ν=1

∑
(a,e1)/∈E,(b,e2)/∈E

hae1,αβ(λ)hbe2,γν(λ)f e1b(λ)f e2a(λ)


 fαν(λ)fγβ(λ)

= η1(λ) + η2(λ) + η3(λ) + η4(λ), say.

Then

η1(λ) = r2 − 4 {Ec} +
∑

(α,β)/∈E,(γ,ν)/∈E
fβγ(λ)f να(λ)fαν(λ)fγβ(λ).

By Lemma 2(i), we have

η2(λ) =
∑

(α,β)∈E

∑
(b,e2)/∈E

fβb(λ)f e2α(λ)fαe2(λ)fbβ(λ)

= 2 {Ec} −
∑

(α,β)/∈E

∑
(b,e2)/∈E

fβb(λ)f e2α(λ)fαe2(λ)fbβ(λ).

In the same way,

η3(λ) = 2 {Ec} −
∑

(γ,ν)/∈E

∑
(a,e1)/∈E

f e1γ(λ)f νa(λ)faν(λ)fγe1(λ).

By Lemma 2(i) and (ii), we have

η4(λ) =
∑

(a,e1)/∈E,(b,e2)/∈E

∑
(γ,ν)∈E

hbe2,γν(λ)f e1b(λ)f e2a(λ)
r∑

α,β=1

hae1,αβ(λ)fαν(λ)fγβ(λ)

=
∑

(a,e1)/∈E,(b,e2)/∈E
f e1b(λ)f e2a(λ)

∑
(γ,ν)∈E

hbe2,γν(λ)faν(λ)fγe1(λ)

=
∑

(a,e1)/∈E,(b,e2)/∈E
f e1b(λ)f e2a(λ) (fae2(λ)fbe1(λ) + x∞(a, e1, b, e2, λ))

=
∑

(a,e1)/∈E,(b,e2)/∈E
f e1b(λ)f e2a(λ)fae2(λ)fbe1(λ) −

∑
(a,e1)/∈E

1

=
∑

(a,e1)/∈E,(b,e2)/∈E
f e1b(λ)f e2a(λ)fae2(λ)fbe1(λ) − 2 {Ec},
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which completes the proof of Theorem 3.

Lemmas

Lemma 1. For an invertible n× n matrix A, we have
∂Apq

∂Aαβ
= −ApαAβq,

for p, q, α, β = 1, . . . , n.
Proof of Lemma 1. It is derived simply by calculating componentwise the rule 9 of Lütkepohl

(1991, page 471).
Lemma 2. Let Gn be the characterization defined by Gn(vec(f(λ))) := gn(λ) in (17) and

hn,be2,γν(λ) = ∂Gn,be2
(y)

∂yγν

∣∣∣
y=vec(f(λ))

. Put

xn(α, β, b, e2, λ) :=
r∑

γ,ν=1

hn,be2,γν(λ)fαν(λ)fγβ(λ) − fαe2(λ)fbβ(λ),

for (b, e2) /∈ E, and define x∞(α, β, p, q, λ) as the limiting value of xn(α, β, p, q, λ) as n tends to ∞.

(i) If (α, β) ∈ E,

xn(α, β, b, e2, λ) = 0, n = 1, 2, . . . .

(ii) If (α, β) /∈ E, ∑
(p,q)/∈E

x∞(α, β, p, q, λ)f bp(λ)f qe2(λ) + Ib=βIα=e2 = 0,

for (b, e2) /∈ E.

Proof of (i). Let n′ = n(mod M). It is clear from (17) that for(b, e2) /∈ Fn′

xn(α, β, b, e2, λ) = xn−1(α, β, b, e2, λ), (24)

since

hn,be2,γν(λ) = hn−1,be2,γν(λ).

For (b, e2) ∈ Fn′ , by applying Lemma 1 to (17) we have

hn,be2,γν(λ) = hn−1,be2,γν(λ) −
r∑

p,q=1

f bp(λ)f qe2(λ)
f bb(λ)f e2e2(λ)

hn−1,pq,γν(λ)

= hn−1,be2,γν(λ) −
∑
p,q /∈E

f bp(λ)f qe2(λ)
f bb(λ)f e2e2(λ)

hn−1,pq,γν(λ) − f bγ(λ)f νe2(λ)
f bb(λ)f e2e2(λ)

I{(γ,ν)∈E}.(25)

Hence by putting (25) into the definition of xn, we have for (b, e2) ∈ Fn′ ,

xn(α, β, b, e2, λ)

= xn−1(α, β, b, e2, λ) −
∑

(p,q)/∈E

r∑
γ,ν=1

f bp(λ)f qe2(λ)hn−1,pq,γν(λ)
f bb(λ)f e2e2(λ)

fαν(λ)fγβ(λ)

−
∑

(γ,ν)∈E

f bγ(λ)f νe2(λ)fαν(λ)fγβ(λ)
f bb(λ)f e2e2(λ)

= xn−1(α, β, b, e2, λ) −
∑

(p,q)/∈E

f bp(λ)f qe2(λ)(fαq(λ)fpβ(λ) + xn−1(α, β, p, q, λ))
f bb(λ)f e2e2(λ)

−
∑

(γ,ν)∈E

f bγ(λ)f νe2(λ)fαν(λ)fγβ(λ)
f bb(λ)f e2e2(λ)

= xn−1(α, β, b, e2, λ) − Ib=βIα=e2

f bb(λ)f e2e2(λ)
−

∑
(p,q)/∈E

f bp(λ)f qe2(λ)
f bb(λ)f e2e2(λ)

xn−1(α, β, p, q, λ). (26)

18



We use induction to prove (i). x1(α, β, b, e2, λ) = 0 for (b, e2) /∈ E, since by Lemma 1

h1,be2,γν(λ) =

{
Ib=γIe2=ν − fbγ(λ)fνe2 (λ)

fbb(λ)fe2e2 (λ)
, if (b, e2) ∈ F1,

Ib=γIe2=ν , otherwise .
(27)

Suppose xn−1(α, β, b, e2, λ) = 0 for (b, e2) /∈ E. Then xn(α, β, b, e2 , λ) = 0 by the recursion (24) and
(26).

Proof of (ii). There exist integers k, l for n in (26) such that n = kM + l, 0 ≤ l ≤ M − 1. Then
for (b, e2) ∈ Fl we have

xkM+l(α, β, b, e2, λ) = xkM+l−1(α, β, b, e2, λ) − Ib=βIα=e2

f bb(λ)f e2e2(λ)

−
∑

(p,q)/∈E

f bp(λ)f qe2(λ)
f bb(λ)f e2e2(λ)

xkM+l−1(α, β, p, q, λ).

Letting k → ∞ for each l = 0, . . . ,M − 1, we have the result for (b, e2) /∈ E.
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Figure 1: (a) Total number of daily hospital admissions of circulatory and respiratory patients
and average levels of (b) sulphur dioxide, (c) nitrogen dioxide, (d) respirable suspended partic-
ulates, (e) ozone, (f) temperature and (g) humidity, from January 1st, 1994, to December 31st,
1995, with their trends estimated by 15 days moving averages.
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Figure 2: Spectral coherence (above diagonal) and partial spectral coherence (below diagonal)
for the detrended time series of (a) SO2, (b) NO2, (c)particulates, (d) O3, (e) temperature, (f)
humidity and (g) hospital admissions.
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Figure 3: Estimated partial correlation graph for the detrended time series of (a) SO2, (b) NO2,
(c)particulates, (d) O3, (e) temperature, (f) humidity and (g) hospital admissions.
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