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Abstract

Three straightforward methods using truncated simple samples are de-
scribed for approximating the pointwise distribution of the test statistic for
multiple outliers in regression. The simulations also proved a powerful
method of calibrating pointwise inferences for simultaneous tests for an un-
known number of outliers. Analysis of data on fidelity cards reveals an
unexpected group of outliers.

Keywords: Bonferroni inequality; fast methods; forward search; efficient
simulation; pointwise bounds; robust methods; simultaneous inference

1 Introduction

We provide distributional results for testing multiple outliers in regression. The
test is based on the deletion residual and so is that used, for example, by Hadi and
Simonoff (1993). We use distributional arguments for trimmed samples, together
with simple and quick simulations to provide very good approximations to the
pointwise distribution of the series of tests that occur when multiple outliers are
present. We then use our simulations to derive the simultaneous properties of the
series of tests.

There is of course a vast literature on the detection of multiple outliers in
regression. See, for example, Beckman and Cook (1983) or Barnett and Lewis
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(1994). A serious problem is that of “masking”: if there are several outliers, least
squares estimation of the parameters of the model may lead to small residuals for
the outlying observations. Single deletion methods (for example, Cook and Weis-
berg 1982, Atkinson 1985) may fail and the outliers will go undetected. Hawkins
(1983) argues for exclusion of all possibly outlying observations, which are then
tested sequentially for reinclusion.

The drawback to this procedure is that it is unclear how many observations
should be deleted, and, because of masking, which ones, before reinclusion and
testing begin. However, the forward search is an objective procedure of this type:
it starts from a small, robustly chosen, subset of the data and fits subsets of in-
creasing size. Each newly introduced observation can be tested for outlyingness
before it is included in the fitted subset.

The use of the forward search in regression is described in Atkinson and Riani
(2000) where, as in Atkinson (1994), the emphasis is on informative plots and
their interpretation. Although the forward search is a powerful general method for
the detection of multiple outliers and unidentified clusters and of their influential
effects, our interest here is in the information it provides about the adequacy of
our simple approximation to the distribution of the test statistic. Similar methods
could be used to investigate the properties of robust estimators where observations
are either downweighted or trimmed.

The paper is organised as follows. In �2 we briefly review the forward search
and robust estimation; both depend on estimators from trimmed samples. We then
write the outlier test explicitly in terms of such samples and show how simulations
using samples from trimmed distributions with no regression structure can be used
to provide good approximations to the pointwise distribution of the statistic. In
�4 we introduce a correction for the effect of regression. We then show that the
Bonferroni bound is irrelevant except for testing for a single outlier. In �6 we use
an efficient simulation method to find the simultaneous content of our pointwise
bounds: the pointwise significance may be as much as ten times too large. A
regression example containing over 500 units is in �7 and we conclude with a few
comments on further work. Mathematical details are relegated to the Appendix.

2 Theory

2.1 Least Squares

We start with standard results from least squares. In the regression model

� � �� � ��
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� is the � � � vector of responses, � is an � � � full-rank matrix of known
constants, with �th row 	�

� , and � is a vector of � unknown parameters. The
normal theory assumptions are that the errors �� are i.i.d. 
��� ���.

With �� the least squares estimator of � the vector of least squares residuals is

� � � � �� � � �� �� � �
 ����� (1)

where � � ���������� is the ‘hat’ matrix, with diagonal elements �� and
off-diagonal elements ��� . The mean square estimator of �� can be written

�� � �� ����� �� �
��
���

��� ���� ���

The likelihood ratio test for the agreement of observation �� with the remaining
�� � observations under the normal theory assumptions is the deletion residual

��� �
�� � 	�

�
���

�������� ���
�

���
�������� ���

� (2)

where ����� is the estimate of �� with observation � deleted. When the observation ��
comes from the same population as the other observations, ��� has a � distribution
on � � � � � degrees of freedom. See, for example, Atkinson and Riani (2000,
p.24). However, if �� is chosen to be tested because it has the most extreme value
of ��� , the observed value needs to be compared with the extreme order statistics
from the � distribution. Grubbs (1950) gives the theory for a simple sample. There
is, in addition, an effect due to the slight under-estimation of �� from deletion of
the largest value of ���� � (see Figure 4).

2.2 The Forward Search

Let � be the set of all subsets of size � of the � observations. The forward
search fits subsets of observations of size � to the data, with �� � � � �� We
discuss the starting point of the search in �2.3.

Let ����
� � � be the optimum subset of size �. Least squares applied to this

subset yields parameter estimates ������ and ������, the mean square estimate of
�� on �� � degrees of freedom. Residuals can be calculated for all observations
including those not in �

���
� . The � resulting least squares residuals can from (1)

be written as
����

�� � �� � 	�
�
������� (3)

The search moves forward with the subset � �����
� consisting of the observations

with the �� � smallest absolute values of ����
��. When � � � the estimates of

the parameters are based on only those observations giving the central � residuals:
������ and ������ are calculated from truncated samples.
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2.3 Robust Estimation and the Start of the Search

The search starts from a subset of � observations � ���
� that is chosen to provide a

very robust estimator of the regression parameters. For example, if Least Median
of Squares (LMS, Rousseeuw 1984) is used, the subset of � observations is found
minimizing the scale estimate

����� � ����	����

where ����	��� is the �th ordered squared residual for some subset � ��� and � is
the integer part of �� � � � ����, corresponding to ‘half’ the observations when
allowance is made for fitting. Provided any masking of outliers is broken, the
search is insensitive to the starting method. What is important for our present
purpose is that the search again uses parameter estimates based on a central part
of the sample.

2.4 Testing for Outliers

To test for outliers the deletion residual is calculated for the � �� observations
not in �

���
� . Analogously to (2) we obtain

��� ��
�� �

�� � 	�
�
�������

�������� � ������	 �
����

���
�������� � ������	 � (4)

The notation ����
�� serves as a reminder that the leverage of each observation

depends on �
���
� . Let the observation nearest to those constituting �

���
� be �min

where
�min � 	
��
� ���� ����� for � �� ����

�
�

the observation with the minimum absolute deletion residual among those not in
�
���
� . If observation �min is an outlier, so will be all other observations not in �

���
� .

To test whether observation �min is an outlier we use the absolute value of the
minimum deletion residual

��imin��
�� �

�imin��
���

�������� � �imin��
��	 � (5)

The distribution of this statistic is the subject of this paper.

3 Simulating the Distribution

The null distribution of (5) can be found by simulating numerous forward searches.
However, if a single search, with the starting procedure described in �2.3, takes
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Figure 1: Empirical percentage points of the test for outliers for different levels of
trimming: 10,000 forward searches, � � ���, � � �

one minute, 10,000 searches take almost exactly one week. Our three alternatives
rely on simple, and much faster, ways of simulating variables with approximately
the same distribution as the ����

��. When � � � these residuals are distributed

��� �� � ����

�	. But with � � � the estimates of the parameters come from
truncated samples. We use methods based on truncated simple samples, when
all ����

�� � ���, prove results about the equivalence of the distribution to the
required one and introduce a small sample correction factor that allows for the
effect of �. We thus require only one set of simulations for any �, regardless of
the dimension of the fitted linear model.

3.1 The Empirical Distribution

Figure 1 shows the distribution of the outlier test, the absolute minimum deletion
residual ���imin��

���, from 10,000 simulations when � � ��� and � � �. The
curves in the figure are the 1, 2.5, 5, 50, 95, 97.5 and 99% points of the empirical
distribution. This shape is characteristic of all those we shall see: initially the
bands are wide where the variance is estimated on a few degrees of freedom. The
central part of the simulation is very stable, trending up only slightly. At the end
of the search the observations with large residuals enter the search and both lower
and upper bands increase rapidly. As we shall see the values for � � � � � can
be approximated by the Bonferroni inequality.
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3.2 Method 1: Truncated Samples

The statistic is a function of the � residuals ����
�� � ����

� and of �imin��
��. In

the absence of outliers, these will be the observations with the ��� smallest val-
ues of �������� (see Appendix A.1). As the ����

�� are residuals, their distribution
does not depend on the parameters � of the linear model. Since all observations
in the simple sample have the same leverage, all residuals have the same variance,
which is to be estimated. To find the required distribution we therefore simu-
late from a truncated normal distribution and repeatedly calculate the value of the
outlier test for such samples. The steps are:

Step 1. Obtain a random sample of � � � observations �� from the uniform
distribution on ����� ��� ������ ��� � �� � ������.

Step 2. Use the inversion method to obtain a sample of � � � from the trun-
cated normal distribution:

�� � ��������

where � is the standard normal c.d.f.
Step 3. Find the most outlying observation:

�imin � �	� ���� � � �� � � � � �� ��

Then �
���
	 � ���	� � 
� �min � �� � � � � �� �.

Step 4. Estimate the parameters. Let ����� be the mean of the � observations
in �

���
	 and ��	��� be the mean square estimate of the variance.
Step 5. Calculate the simulated value of the outlier test in (5):

�	imin��� �
�imin � �����

�	���
����� ����	 �

�	imin���

�	���
����� ����	 � (6)

where �	� ��� � �� � �����.
Remark 1. The simulation of the truncated normal distribution using the in-

version method in Steps 1 and 2 is straightforward in S-Plus or R.
Remark 2. In (6) we have estimated the sample mean, rather than a regression

model, so �imin��� � ���.
Remark 3. In (5) �	imin is based on a random sample, rather than the regression

residuals in (4). We have the following:
Theorem 1. The distributions of the outlier tests �	imin��� (5) and ��imin (4)

tend at the same rate to the same limit as ��� with ��� fixed.
The Theorem is proved in Appendix A.1.

3.3 Method 2: Ordered Observations

In the forward search the � observations are ordered for each value of �. In the
absence of outliers this ordering does not change much during the search. As
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a second method of approximating the distribution of the statistics, we simulate
sets of � observations from the normal distribution, correct for the mean to give
residuals �	��� and order the absolute values of the residuals just once, before
calculations begin. For each value of � we use the � smallest values of the
��	���� to estimate the parameters: in the outlier test (5) �min � �����	. The
procedure, which avoids a forward search for each simulation, is repeated many
times to give the empirical distribution of the outlier test.

3.4 Method 3: Order Statistics

Since (6) is a function of order statistics, we can use expected values of normal
order statistics to approximate the confidence intervals found by simulation.

Theorem 2. Approximate ����� � ��� confidence intervals for the outlier
test from (6) are given by

����
� 
 ���
�������

��
����� ����	 � (7)

where

����
� � ���

�
��� ��� �

����� ��

�
�

��
� �

���� ������ ��� ��

������ �����
�
���

�

���

�������

�	 and

��
� � �� ��

�
���



���

��

�
�

�
���



� ��

��

��
�

The proof is in Appendix A.2.

4 Adjustment for Regression

In the three methods of �3 we estimate the sample mean, rather than a regression
model so �imin��� � ���. Simulations show that the shapes of the sets of
curves are similar to those in Figure 1, but that the variance is too small when
we are analysing regression data, for which the average value of the �� is ���.
Multiplication of (6) by

�
������� results in a slight overcorrection. Empirically

we find good agreement for the upper percentage points of the distribution by
using the adjusted statistic

�
adj
imin��� �

�
�� ��

�

�imin � �����

�	���
�
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Figure 2: Percentage points of the test for outliers for different levels of trimming:
10,000 forward searches, � � ���. Dotted lines, Method 1, adjusted for regres-
sion. Continuous lines, empirical curves as in Figure 1. The adjustment works
well for the upper percentage points

with � � ���. The lower percentage points are not improved by this correction.
However, our interest is in detecting outliers, which give large values of the statis-
tic. As � increases, the effect of the correction decreases.

Figure 2 shows forward plots of the percentage points of the distribution of the
test when � � ���. The continuous lines are from 10,000 empirical simulations
of a forward search, whereas the dotted lines uses the faster approximation of
Method 1. In the left-hand panel, � � �, and there is good agreement between the
empirical method and the approximation, except for the lower percentage points
when � is small. In the right-hand panel, for � � ��, the approximation is only
satisfactory for the upper percentage points, improving steadily with �.

A similar plot in Figure 3, using Method 3, the expected values of order statis-
tics, shows that this method also works well for the upper percentage points when
� � ��.

5 The Irrelevance of Bonferroni Bounds

The statistic (5) tests the � � �st largest residual for outlyingness. Hadi and
Simonoff (1994) use a Bonferroni bound to allow for the ordering of the resid-
uals during their forward search and compare (5) with the percentage points of
����������� ��	 using ������ to estimate the error variance.

Figure 4 shows the resulting bounds, which are unrelated to the true distribu-
tion, except for the last step of the search; due to the low correlation of the resid-
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Figure 3: Percentage points of the test for outliers for different levels of trimming:
10,000 forward searches, � � ���. Dotted lines, Method 3, adjusted for regres-
sion. Continuous lines, empirical curves as in Figure 3. The adjustment works
well for the upper percentage points when � � ��

uals the bound is almost exact when � � � � �, except for the slight effect of
underestimation of �� mentioned in �2.1. Earlier in the search the bounds are far
too large, because ������ is treated as an estimate from a full sample, rather from
the truncated sample that arises from the ordering of the residuals. The surprising
flatness of the bounds is caused by compensating changes in the percentage point
�������� and the degrees of freedom �� �. Clearly Bonferroni bounds do not
provide a useful guide for the values of the statistic during the search.

6 Simultaneous Inference

Our methods provide approximations to the point-wise confidence intervals found
in �3.1 from 10,000 simulations of the forward search. We now use and extend
an argument of Buja and Rolke (2003) to make simultaneous inference about the
significance of the values of the test statistic observed over the search, or part of
it. We find there is a surprisingly high probability that, for example, any simulated
curve is significant at the 5% point at least once.

We perform 
 forward searches on simulated data. The �th simulation yields
a curve of simulated values of the statistic (5). The pointwise bounds in, for
example, Figure 1 are found by ranking these values for each �. The ranked
results of the �th simulation are then a curve of values ���� � � ��� � � ��� � �
�� � � � � 
 . For each � we find the maximum of ��� for � � � , where � can
be only part of the forward search. We thus obtain the empirical distribution of
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Figure 4: Percentage points of the test for outliers for different levels of trimming.
Dotted lines, Bonferroni bounds; continuous lines, empirical curves as in Figure 1

Table 1: Simultaneous inference: nominal and actual significance levels for the
last half of the search when � � ���

Nominal Rank of statistic:  � Consecutive: � �
� 1 2 3 6 2 3

0.01 0.196 0.112 0.066 0.019 0.091 0.046
0.05 0.552 0.410 0.320 0.164 0.352 0.232

the maximum nominal significance level for each search. Converting both sets of
ranks into percentage points gives Figure 5 and Table 1 when � is the last half of
the search.

These results for 10,000 simulations when � � ��� and � � � show the
extremely large effect of simultaneous inference. The topmost curve in the left-
hand panel of Figure 5 shows the true significance level rapidly increasing with the
nominal level. The right-hand panel plots the same curve for the nominal values
of up to 10% that are of interest in statistical inference. The entries in Table 1
show that actual levels are at least ten times the nominal levels.

In addition to the largest value of ��� for each � we can also find the  th
largest value. In Figure 5 we plot values up to  � �. Increasing  decreases the
true probability level, but even the 1% nominal level for the sixth largest value
has a true probability that is almost twice the nominal value. The discrepancy is
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Figure 5: Nominal and simultaneous significance levels of the outlier test for a
single maximum, � � ���, � � �, � is the last half of the search. The curves,
from the top downwards, are for the  th largest value,  � �� � � � � �. The nominal
and true values would be the same on the straight line. Right-hand panel: zoom
for values useful in inference

greater for the 5% point.
In analysing forward plots we are often interested in the interpretation of broad

peaks. The method extends straightforwardly to successive �-tuples. Let �� �
��� � � � �� � � � ��. Then for each �� � � we find ��

��, the minimum value of
���. These �-tuples are overlapping. We then proceed as before, but finding the
empirical distribution of the  th largest value of ��

�� rather than of ���. We base
��

�� on the minimum value of ��� over each �� because we are interested in the
least significant member of the �-tuple.

The results for � � � are in Figure 6 and Table 1. Comparison of the left-hand
panels of the two plots shows that the true significance for triples increases appre-
ciably more slowly with the nominal level than it does for single values, although
the numbers are still large. The right-hand panel indicates that the nominal 1%
level for the fourth largest triple is close to the true level: however, at the 5% level,
the sixth largest triple is closest to correct.

7 Loyalty Cards

As an example to show the use of our simulation envelopes we take 509 observa-
tions on the behaviour of customers with loyalty cards from a supermarket chain in
Northern Italy. The data are themselves a random sample from a larger database.
The sample of 509 observations is available at ����������������		
�. The

11



Nominal percentage

T
ru

e 
pe

rc
en

ta
ge

0 5 10 15 20 25 30

0
20

40
60

80
3 consecutive outliers

Nominal percentage
T

ru
e 

pe
rc

en
ta

ge

0 2 4 6 8 10

0
5

10
15

20

Zoom of first part

Figure 6: Nominal and simultaneous significance levels of the outlier test for
peaks of three observations, � � ���, � � �, � is the last half of the search. The
curves, from the top downwards, are for the  th largest value,  � �� � � � � �. The
nominal and true values would be the same on the straight line. Right-hand panel:
zoom for values useful in inference

response is the amount, in euros, spent at the shop over six months and the ex-
planatory variables are: 	�, the number of visits to the supermarket in the six
month period; 	�, the age of the customer and, 	
, the number of members of the
customer’s family.

The data need transformation to achieve constant variance. We use the Box-
Cox power transformation. The indication is that the 1/3 power transformation is
needed, and we work with this transformation for the rest of our analysis. How-
ever, the forward plot of the asymptotically standard normal test for this trans-
formation shows that this value would be rejected for � around � � ��. For a
description of the plot (called a “fan” plot) see Atkinson and Riani (2000), �4.3,
with distributional results in Atkinson and Riani (2002).

We now see whether all observations agree with this model. Figure 7 is the
forward plot of the test for outliers. Because of the large number of observations
we need to use one of our approximate methods. Here we show results for Method
2 in which simulated samples are ordered only once. Use of Method 1 gives
plots that seem to us indistinguishable from these. It is clear that, at the end
of the search, there are several outliers, even when allowing for the results of
�6 on simultaneous inference for �-tuples. The outliers consist of the last 31
observations to enter the search, which lie above the 99% simulation envelope.
What is interesting in the right-hand panel is that the final value of the statistic
when � � � � � lies inside the envelope, so that the outliers are masked. The
left-hand panel shows that for the second half of the search, apart from the end,
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Figure 7: Loyalty cards, transformed data. The test for outliers with envelopes
constructed with Method 2. The zoom in the right-hand panel shows the effect of
the cluster of outliers which are masked when � � �

the outlier statistics wanders around in a way that the results of �6 indicate are not
significant.

The observations we have found are outlying in an interesting way. The left-
hand panel of Figure 8 is a scatterplot of � against 	�. There is both some evi-
dence of a relationship between the variables and evidence of heteroscedasticity.
The right-hand panel of the figure is the scatterplot of the transformed response
���
 against 	� (frequency) with the last 26 units to enter the forward search high-
lighted. We have identified a subset of individuals, most of whom are behaving in
a strikingly different way from the majority of the population. The existence of
such a group, who are spending less than would be expected, will be important in
any further modelling of the data.

8 Discussion

We have used three simple simulation methods to find the pointwise distribution
of the outlier test in regression and then re-used our simulations to investigate
the simultaneous properties of these intervals. The forward search provided an
insightful framework for understanding the series of tests that occur when the
number of outliers is unknown. We intend to extend the simulations to explore the
distribution of the many quantities that can usefully be monitored in the forward
search. We also see important applications in the development and study of rules
for the automatic clustering and classification of multivariate data.
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Figure 8: Loyalty cards: response against 	� (frequency). Left-hand panel, orig-
inal data; right-hand panel, transformed response, clearly showing the outliers.
The last 26 units to enter the subset are plotted with crosses

A Appendix: Proofs of Theorems

A.1 Theorem 1 - Method 1: Truncated Samples

Progression of the Search. In normal progression �
�����
� is formed by augment-

ing �
���
� with observation �min and the residuals come from the central part of a

truncated distribution. However, if, for example, the first of a group of outliers
is included in �

���
� , some other members of the outlying group �� �

���
� may have

small residuals ����
��. Due to this masking several of these observations may

be included in �
�����
� , while other observations are excluded. Such interchanges

only occur in the presence of outliers and so can be ignored when we are simulat-
ing to find the null distribution of ��� . It is therefore appropriate, as we have done,
to sample from the centre of a truncated distribution. A thorough discussion of
interchanges in the forward search is given by Atkinson, Riani, and Cerioli (2004,
p. 68–9).

Distribution of Residuals. When � � �, the residuals ����� in (3) are dis-
tributed 
��� �� � ����

�	. For � � � the least squares estimates ������ are
linear combinations of order statistics of normal random variables and are unbi-
ased estimators of �, so that !�������	 � �. We can therefore approximate the
distribution of the ����

�� by sampling from a distribution with zero mean. How-
ever, the distribution of the ������ is not exactly normal, so, although the �� are
normal, the residuals ����

�� will only be asymptotically normal. For results on
the distribution of linear combinations of order statistics see, for example, Csörgö
(1983) or Bening (2000).
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Theorem. The variance of ������ depends on the leverage ����
�� as does the

correlation of ����
�� and ����

�� on the off-diagonal element �����
�� of the hat

matrix ������ Now tr����� � �, so that ������, the average value of ����
��, is

���. Let " � ���. Then ������ � ����"�, which decreases with increasing �.
The off-diagonal elements �����

�� likewise decrease with �.
For the simulated sample ���	, ����� � ������ � ��� � ����"�, so that

the mean and variance of the �	� ��� converge at the same rate as the ����
�� to the

mean and variance of the ����
��. Both sets of variables are also asymptotically

normal as the effect of estimation of the parameters decreases with �.
Our theorem is thus proved. However, we are not directly concerned with the

distribution of these residuals themselves, but with convergence of the distribution
of the test statistic �	imin to that of �imin. Our simulated results show that this
convergence happens for relatively small sample sizes.

A.2 Theorem 2 - Method 3: Order Statistics

We use normal order statistics to approximate the individual terms of (6).
In the numerator of (6) �imin is the � � �st largest order statistic of absolute

values from a sample of size � from a standard normal distribution. Its expectation
is (Cox and Hinkley 1974, p.470) approximately

����
� � ������� � ������ �� �������� ����	�
If we let ���� � ��� �� �������� ���� and #���
� � �������, the variance of
�imin (Stuart and Ord 1987, p.331) is

��
� � ����� ���������#���
��	�

Since !���� � �, the asymptotic ��������� normal theory confidence limits for
the numerator of (6) are

����
� 
 ���
�������� (A1)

We also require !���	���	, the estimated variance of the truncated sample
containing the central ��� portion of the full distribution. Let

$� � ���������� and $� � ��� ��������

so that
�� � ����$�� and �� � ����$���

Because of symmetry �� � ���. The truncated normal distribution then has
density

�� ��� � ������$� � $�� � �������� ��� � � � ���
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The mean is zero and the variance

��
� �

�
�� �������� �������

������ �����

�
� ��� �����������	� (A2)

Asymptotically the numerator and denominator of (6) will be independent. If we
take the expectation of the ratio to be the ratio of the expectations, substitution of
(A1) and (A2) in (6) yields our required result (7).
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