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High-dimensional functional data analysis

Functional data analysis – Suppose we observe n independent samples

Xi p¨q “ tXi1p¨q, . . . ,Xipp¨qu
T defined on a compact interval U .

Recent advances in technology have made multivariate or even

high-dimensional functional datasets increasingly common in various

applications.
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A motivating example - Functional MRI
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Figure 1: HCP dataset: the smoothed BOLD signals at the first 5 ROIs of one
subject. The 14.40-minute interval with 1200 scanning points is rescaled to r0, 1s.
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A fundamental task: Large covariance function estimation

Large covariance function estimation

Σpu, vq “ tΣjkpu, vqupˆp “ covtXi puq,Xi pvqu

for u, v P U .

Extensive work on estimating high-dimensional sparse covariance matrices

(Bickel and Levina, 2008; Rothman et al., 2009; Cai and Liu, 2011; Chen

and Leng, 2016; Avella-Medina et al., 2018; Wang et al., 2021).

Yet research on sparse covariance function estimation in high dimensions

remains largely unaddressed in the literature.
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Overview

Define the sample covariance function

pΣpu, vq “ tpΣjkpu, vqupˆp “
1

n ´ 1

n
ÿ

i“1

tXi puq´sXpuqutXi pvq´sXpvqu
T , u, v P U ,

where sXp¨q “ n´1 řn
i“1 Xi p¨q.

Challenges:

High-dimensionlity of p relative to n in high-dimensional statistics.

Infinite-dimensionality of random functions in functional data analysis.

Contributions:

Functional thresholding operators – functional sparsity;

Adaptive thresholding idea;

Partially observed functional data.
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Generalized functional thresholding operators

Let L2pUq denotes a Hilbert space of square integrable functions defined on U
and S “ L2pUq b L2pUq, where b is the Kronecker product. For any K P S, we
denote its Hilbert–Schmidt norm by }K}S “ t

ş ş

Kpu, vq
2dudvu

1{2.

With the aid of Hilbert–Schmidt norm, for any regularization parameter

λ ě 0, we first define a class of functional thresholding operators

sλ : S Ñ S that satisfy the following conditions:

(i) }sλpZq}S ď c}Y }S for all Z and Y P S that satisfy }Z ´ Y }S ď λ

and some c ą 0;

(ii) }sλpZq}S “ 0 for }Z}S ď λ;

(iii) }sλpZq ´ Z}S ď λ for all Z P S.

Conditions (i)–(iii) are satisfied by functional versions of some commonly

adopted thresholding rules: soft, SCAD and adaptive lasso functional

thresholding.
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Adaptive functional thresholding estimator

Define the variance factors

Θjkpu, vq “ var
`

rXijpuq ´ EtXijpuqusrXikpvq ´ EtXikpvqus
˘

with corresponding estimators

pΘjkpu, vq “
1

n

n
ÿ

i“1

”

␣

Xijpuq ´ sXjpuq
(␣

Xikpvq ´ sXkpvq
(

´ pΣjkpu, vq

ı2

.

Adaptive functional thresholding estimator pΣA “ tpΣA
jkp¨, ¨qupˆp:

pΣA
jk “ pΘ1{2

jk ˆ sλ

˜

pΣjk

pΘ1{2
jk

¸

. (1)

An alternative approach to estimate Σ is the universal functional thresholding

estimator
pΣU “ tpΣU

jk p¨, ¨qupˆp with pΣU
jk “ sλ

`

pΣjk

˘

,

where a universal threshold level is used for all entries.
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Theory – Empirical process

For a random variable W , define }W }ψ “ inf
␣

c ą 0 : E rψp|W |{cqs ď 1
(

,

where ψ : r0,8q Ñ r0,8q is a nondecreasing, nonzero convex function with

ψp0q “ 0 and the norm takes the value 8 if no finite c exists for which

E rψp|W |{cqs ď 1. Denote ψkpxq “ exppxk
q ´ 1 for k ě 1. Let the packing

number Dpϵ, dq be the maximal number of points that can fit in the compact

interval U while maintaining a distance greater than ϵ between all points with

respect to the semimetric d . For tXijpuq : u P U , i “ 1, . . . , n, j “ 1, . . . , pu,

define the standardized processes by Yijpuq “ rXijpuq ´ EtXijpuqus{σjpuq
1{2,

where σjpuq “ Σjjpu, uq.
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Theory – Conditions

Condition 1

(i) For each i and j , Yijp¨q is a separable stochastic process with the semimetric

djpu, vq “ }Y1jpuq ´ Y1jpvq}ψ2 for u, v P U ; (ii) For some u0 P U ,
max1ďjďp }Y1jpu0q}ψ2 is bounded.

Condition 2

The packing numbers Dpϵ, djq’s satisfy max1ďjďpDpϵ, djq ď Cϵ´r for some

constants C , r ą 0 and ϵ P p0, 1s.

Condition 3

There exists some constant τ ą 0 s.t. minj,k infu,vPU var
␣

Y1jpuqY1kpvq
(

ě τ.

Condition 4

The pair pn, pq satisfies log p{n1{4
Ñ 0 as n and p Ñ 8.
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“Approximately sparse” covariance functions

We establish the convergence rate of the adaptive functional thresholding

estimator pΣA over a large class of “approximately sparse” covariance functions

defined by

Cpq, s0ppq, ϵ0;Uq “

!

Σ : Σ ľ 0, max
1ďjďp

p
ÿ

k“1

}σj}
p1´qq{2
8 }σk}

p1´qq{2
8 }Σjk}

q
S ď s0ppq,

max
j

}σ´1
j }8}σj}8 ď ϵ´1

0 ă 8

)

.

for some 0 ď q ă 1, where }σj}8 “ supuPU σjpuq and Σ ľ 0 means that

Σ “ tΣjkp¨, ¨qupˆp is positive semidefinite, that is
ř

j,k

ş ş

Σjkpu, vqajpuqakpvqdudv ě 0 for any ajp¨q P L2
pUq and j “ 1, . . . , p.
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Theoretical results

Theorem 1 (Convergence)

Suppose that Conditions 1-4 hold. Then there exists some constant δ ą 0 such that,

uniformly on Cpq, s0ppq, ϵ0;Uq, if λ “ δplog p{nq1{2,

}pΣA ´ Σ}1 “ max
1ďkďp

p
ÿ

j“1

}pΣA
jk ´ Σjk}S “ OP

"

s0ppq

´ log p

n

˙

1´q
2 )

.

Theorem 2 (Support recovery)

Suppose that Conditions 1-4 hold and
›

›Σjk{Θ
1{2
jk

›

›

S ą p2δ ` γqplog p{nq1{2 for all

pj , kq P supppΣq and some γ ą 0, where δ is stated in Theorem 1. Then we have that

inf
ΣPC0

pr
␣

suppppΣAq “ supppΣq
(

Ñ 1 as n Ñ 8,

where

C0ps0ppq;Uq “

!

Σ : Σ ľ 0, max
1ďjďp

p
ÿ

k“1

I p}Σjk}S ‰ 0q ď s0ppq

)

.
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Partially observed functional data

Consider a practical scenario where each Xijp¨q is partially observed, with errors,

at random measurement locations Uij1, . . . ,UijLij P U . Let Zijl be the observed

value of XijpUijlq. Then

Zijl “ XijpUijlq ` εijl , l “ 1, . . . , Lij , (2)

where εijl ’s are i.i.d. errors with Epεijlq “ 0 and varpεijlq “ σ2, independent of

Xijp¨q.
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Estimation procedure: A local linear surface smoother (LLS)

A unified estimation procedure that handles both densely and sparsely

sampled functional data.

Based on the observed data tpUijl ,Zijlqu1ďiďn,1ďjďp,1ďlďLij , we estimate

cross-covariance functions Σjkpu, vq (j ‰ k) by minimizing

n
ÿ

i“1

Lij
ÿ

l“1

Lik
ÿ

m“1

!

ZijlZikm´α0´α1pUijl´uq´α2pUikm´vq

)2

KhC pUijl ´ uqKhC pUikm ´ vq,

(3)

with respect to pα0, α1, α2q, where Khp¨q “ h´1Kp¨{hq denotes a univariate

kernel function K with a bandwidth h ą 0.

Let the minimizer of (3) be pα̂0, α̂1, α̂2q. Thus we obtain the resulting

estimator rΣjkpu, vq “ α̂0.
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Solution of LLS

Minimizing (3) yields the resulting estimator

rΣjk “

n
ÿ

i“1

`

W1,jkT00,ijk ` W2,jkT10,ijk ` W3,jkT01,ijk

˘

. (4)

W1,jk ,W2,jk ,W3,jk can be represented in terms of

Sab,jk pu, vq “

n
ÿ

i“1

Lij
ÿ

l“1

Lik
ÿ

m“1

gab
␣

hC , pu, vq, pUijl ,Uikmq
(

.

Tab,ijk pu, vq takes the form of

Tab,ijk pu, vq “

Lij
ÿ

l“1

Lik
ÿ

m“1

gabthC , pu, vq, pUijl ,UikmquZijlZikm.

gab
␣

h, pu, vq, pUijl ,Uikmq
(

“ KhpUijl ´ uqKhpUikm ´ vqpUijl ´ uqapUikm ´ vqb for

a, b “ 0, 1, 2.
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Challenges for partially observed functional data

How to characterize the variability of rΣjkpu, vq?

How to accelerate the computation under a high-dimensional regime?



Introduction Methodology Theory Partially observed scenario Simulation References

Challenge 1: Variance estimation

Recall that our focus is on characterizing the variability of rΣjkpu, vq rather

than estimating the asymptotic variance of rΣjkpu, vq precisely.

(4) implies that the estimator rΣjk is expressed as the summation of n

independent terms:

rΣjk “

n
ÿ

i“1

`

W1,jkT00,ijk ` W2,jkT10,ijk ` W3,jkT01,ijk

˘

.

We propose a surrogate of the asymptotic variance of rΣjk by

rΨjk “ ñjkh
2
C

n
ÿ

i“1

`

W1,jkV00,ijk ` W2,jkV10,ijk ` W3,jkV01,ijk

˘2
,

with Vab,ijk pu, vq “
řLij

l“1

řLik
m“1 gab

␣

hC , pu, vq, pUijl ,Uikmq
(␣

ZijlZikm ´ rΣjk pu, vq
(

and ñjk “
řn

i“1 LijLik .



Introduction Methodology Theory Partially observed scenario Simulation References

Challenge 1: Variance estimation

Recall that our focus is on characterizing the variability of rΣjkpu, vq rather

than estimating the asymptotic variance of rΣjkpu, vq precisely.

(4) implies that the estimator rΣjk is expressed as the summation of n

independent terms:

rΣjk “

n
ÿ

i“1

`

W1,jkT00,ijk ` W2,jkT10,ijk ` W3,jkT01,ijk

˘

.

We propose a surrogate of the asymptotic variance of rΣjk by

rΨjk “ ñjkh
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Smoothed adaptive functional thresholding estimator

Smoothed adaptive functional thresholding estimator

rΣA “ prΣA
jkqpˆp with rΣA

jk “ rΨ1{2
jk ˆ sλ

˜

rΣjk

rΨ1{2
jk

¸

.

For comparison, we also define the smoothed universal functional thresholding

estimator as rΣU “ prΣU
jkqpˆp with rΣU

jk “ sλ
`

rΣjk

˘

.
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Challenge 2: Computational cost

Consider a common situation in practice, where, for each i “ 1, . . . , n, we

observe the noisy versions of Xi1p¨q, . . . ,Xipp¨q at the same set of points,

Ui1, . . . ,UiLi P U . Then the original model in (2) can be simplified to

Zijl “ XijpUilq ` εijl , l “ 1, . . . , Li , (5)

Suppose that the estimated covariance function is evaluated at a grid of

R ˆ R locations, tpur1 , ur2q P U2 : r1, r2 “ 1, . . . ,Ru.

To serve the estimation of ppp ` 1q{2 marginal- and cross-covariance

functions and the corresponding variance factors, LLSs under the

simplified model in (5) reduce the number of kernel evaluations from

Op
řn

i“1

řp
j“1 LijRq to Op

řn
i“1 LiRq.
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Fast computation - Linear binning

Figure 2: Linear binning

Denote by wr pUilq “ maxp1 ´ ∆´1
|Uil ´ ur |, 0q the linear weight that Uil

assigns to the grid point ur for r “ 1, . . . ,R.
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Fast computation - Linear binning (BinLLS)

For the i-th sample, we define its ‘binned weighted counts’ and ‘binned

weighted averages’ as

ϖr,i “

Li
ÿ

l“1

wr pUilq and Dr,ij “

Li
ÿ

l“1

wr pUilqZijl ,

respectively.

The binned implementation of smoothed adaptive functional thresholding can

then be done using this modified dataset tpϖr,i ,Dr,ijqu1ďiďn,1ďjďp,1ďrďR and

related kernel functions gabth, pu, vq, pur1 , ur2qu for r1, r2 “ 1, . . . ,R.
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Fast computation - Linear binning

Table 1: The computational complexity analysis of LLS and BinLLS under Models (2)
and (5) when evaluating the corresponding smoothed covariance function estimates at
a grid of R ˆ R points.

Method Model
Number of

kernel evaluations

Number of operations

(additions and multiplications)

LLS (2) Op
řn

i“1

řp
j“1 LijRq OpR2 řn

i“1

řp
j,k“1 LijLikq

LLS (5) Op
řn

i“1 LiRq Opp2R2 řn
i“1 L

2
i q

BinLLS (5) OpRq Opnp2R2
` p2R4

` p
řn

i“1 Li q

Finally, we obtain the binned adaptive functional thresholding estimator
qΣA “ pqΣA

jkqpˆp with qΣA
jk “ qΨ1{2

jk ˆ sλ
`

qΣjk{qΨ1{2
jk

˘

and the corresponding universal

thresholding estimator qΣU “ pqΣU
jkqpˆp with qΣU

jk “ sλ
`

qΣjk

˘

.
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Fast computation - Linear binning

Table 2: The average (standard error) functional matrix losses and average CPU time
for p “ 6 over 100 simulation runs.

Li Method
Functional

Frobenius norm

Functional

matrix ℓ1 norm

Elapsed time

(sec)
Method

Functional

Frobenius norm

Functional

matrix ℓ1 norm

Elapsed time

(sec)

11
BinLLS 1.57(0.02) 1.72(0.03) 2.06 BinLLS-P 4.14(0.03) 4.36(0.04) 0.18

LLS 1.62(0.02) 1.76(0.03) 50.52 LLS-P 4.23(0.04) 4.47(0.05) 0.22

21
BinLLS 1.28(0.02) 1.42(0.03) 2.07 BinLLS-P 2.66(0.02) 2.80(0.02) 0.19

LLS 1.28(0.02) 1.42(0.03) 136.88 LLS-P 2.67(0.02) 2.82(0.03) 0.29

51
BinLLS 1.06(0.02) 1.20(0.03) 2.21 BinLLS-P 1.12(0.03) 1.26(0.03) 0.20

LLS 1.04(0.02) 1.18(0.03) 967.75 LLS-P 1.12(0.03) 1.26(0.03) 0.39

101
BinLLS 1.00(0.02) 1.14(0.03) 2.23 BinLLS-P 0.99(0.02) 1.13(0.03) 0.21

LLS - - - LLS-P 0.97(0.02) 1.11(0.03) 0.64

pΣS

Functional Frobenius norm Functional matrix ℓ1 norm Elapsed time (sec)

1.04(0.03) 1.20(0.03) 0.11

Table 2 reports numerical summaries of estimation errors evaluated at R “ 21 equally-spaced

points in r0, 1s and the corresponding CPU time on the processor Intel(R) Xeon(R) CPU E5-2690

v3 @ 2.60GHz. The results for the sample covariance function pΣS based on fully observed

X1p¨q, . . . ,Xnp¨q are also provided as the baseline for comparison.
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Sparsity structure of true covariance matrix functions

(a) Model 1 (b) Model 2

Figure 3: Sparsity structure of true covariance matrix functions (when p=50).
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The selection of λ̂

We implement a cross-validation approach (Bickel and Levina, 2008) for

choosing the optimal thresholding parameter λ̂ in pΣA.

Divide the sample tXi : i “ 1, . . . , nu into two subsamples of size n1 and

n2, where n1 “ np1 ´ 1{ log nq and n2 “ n{ log n and repeat this N times;

Let pΣ
pνq

A,1 pλq and pΣ
pνq

S,2 be the adaptive functional thresholding estimator as

a function of λ and the sample covariance function based on n1 and n2

observations, respectively, from the νth split;

Select the optimal λ̂ by minimizing

xerrpλq “ N´1
N
ÿ

ν“1

}pΣ
pνq

A,1 pλq ´ pΣ
pνq

S,2 }
2
F,

where } ¨ }F denotes the functional version of Frobenius norm, that is for

any K “ tKjkp¨, ¨qupˆp with each Kjk P S, }K}F “ p
ř

j,k }Kjk}
2
Sq

1{2.
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Simulation results - Estimation errors (fully observed)

Table 3: The average (standard error) functional matrix losses over 100 simulation
runs.

p “ 50 p “ 100 p “ 150

Model Method pΣA
pΣU

pΣA
pΣU

pΣA
pΣU

1

Functional Frobenius norm

Hard 5.40(0.04) 11.90(0.02) 7.91(0.03) 17.27(0.01) 9.94(0.04) 21.36(0.01)

Soft 6.28(0.05) 10.40(0.08) 9.41(0.05) 16.53(0.07) 11.85(0.06) 21.16(0.04)

SCAD 5.68(0.05) 10.56(0.08) 8.53(0.05) 16.59(0.07) 10.80(0.06) 21.19(0.04)

Adap. lasso 5.28(0.04) 11.42(0.07) 7.76(0.04) 17.26(0.01) 9.72(0.04) 21.36(0.01)

Sample 19.82(0.04) 39.54(0.05) 59.28(0.06)

Functional matrix ℓ1 norm

Hard 3.96(0.06) 9.23(0.01) 4.49(0.05) 9.31(0.01) 4.78(0.05) 9.34(0.01)

Soft 5.04(0.07) 8.14(0.08) 5.88(0.05) 9.15(0.02) 6.21(0.04) 9.31(0.01)

SCAD 4.40(0.08) 8.32(0.07) 5.35(0.06) 9.18(0.02) 5.75(0.05) 9.31(0.01)

Adap.lasso 3.85(0.06) 8.91(0.07) 4.52(0.05) 9.30(0.01) 4.83(0.06) 9.34(0.01)

Sample 26.60(0.13) 52.65(0.18) 78.69(0.22)
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Simulation results - Support recovery (fully observed)

Table 4: The average TPRs/ FPRs over 100 simulation runs.

p “ 50 p “ 100 p “ 150

Model Method pΣA
pΣU

pΣA
pΣU

pΣA
pΣU

1

Hard 0.71/0.00 0.00/0.00 0.66/0.00 0.00/0.00 0.64/0.00 0.00/0.00

Soft 0.89/0.08 0.47/0.17 0.85/0.04 0.22/0.05 0.84/0.03 0.06/0.01

SCAD 0.89/0.07 0.42/0.13 0.85/0.04 0.20/0.04 0.84/0.03 0.05/0.01

Adap. lasso 0.78/0.00 0.11/0.02 0.74/0.00 0.00/0.00 0.73/0.00 0.00/0.00
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Simulation results - Estimation errors (partially observed)

Table 5: The average (standard error) functional matrix losses for partially observed
functional scenarios and p “ 50 over 100 simulation runs.

Li “ 11 Li “ 21 Li “ 51 Li “ 101

Model Method qΣA
qΣU

qΣA
qΣU

qΣA
qΣU

qΣA
qΣU

1

Functional Frobenius norm

Hard 7.78(0.03) 12.65(0.01) 6.61(0.04) 12.26(0.01) 5.83(0.04) 12.04(0.02) 5.57(0.04) 11.89(0.04)

Soft 8.69(0.04) 12.63(0.01) 7.64(0.05) 11.75(0.06) 6.94(0.05) 10.51(0.07) 6.71(0.05) 10.05(0.07)

SCAD 8.36(0.05) 12.63(0.01) 7.13(0.05) 11.80(0.06) 6.28(0.05) 10.67(0.07) 5.99(0.05) 10.27(0.07)

Adap. lasso 7.69(0.04) 12.64(0.01) 6.57(0.04) 12.21(0.02) 5.83(0.04) 11.54(0.08) 5.57(0.04) 11.05(0.10)

Functional matrix ℓ1 norm

Hard 5.35(0.05) 9.36(0.01) 4.68(0.06) 9.30(0.01) 4.09(0.06) 9.24(0.02) 3.87(0.06) 9.13(0.05)

Soft 6.38(0.06) 9.35(0.01) 5.86(0.07) 8.94(0.05) 5.43(0.07) 8.13(0.08) 5.29(0.07) 7.84(0.08)

SCAD 6.12(0.07) 9.35(0.01) 5.40(0.08) 8.99(0.05) 4.78(0.08) 8.32(0.07) 4.56(0.08) 8.09(0.07)

Adap.lasso 5.31(0.07) 9.36(0.01) 4.71(0.07) 9.28(0.02) 4.15(0.07) 8.89(0.07) 3.98(0.07) 8.59(0.09)

We use the Gaussian kernel with the optimal bandwidth proportional to n´1{6, pnL2
i q

´1{6

and n´1{4, respectively, as suggested in Zhang and Wang (2016) and Qiao et al. (2020), so

for the empirical work in this paper we choose the proportionality constants in the range

p0, 1s, which gives good results in all the settings we consider.
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Simulation results - Support recovery (partially observed)

Table 6: The average TPRs/ FPRs for partially observed functional scenarios and
p “ 50 over 100 simulation runs.

Li “ 11 Li “ 21 Li “ 51 Li “ 101

Model Method qΣA
qΣU

qΣA
qΣU

qΣA
qΣU

qΣA
qΣU

1

Hard 0.63/0.00 0.00/0.00 0.66/0.00 0.00/0.00 0.69/0.00 0.01/0.00 0.71/0.00 0.03/0.00

Soft 0.85/0.05 0.01/0.00 0.87/0.07 0.22/0.09 0.89/0.08 0.5/0.17 0.89/0.08 0.57/0.18

SCAD 0.86/0.06 0.01/0.00 0.87/0.07 0.2/0.07 0.88/0.07 0.45/0.14 0.89/0.07 0.51/0.14

Adap. lasso 0.72/0.00 0.00/0.00 0.75/0.00 0.01/0.00 0.77/0.00 0.12/0.02 0.78/0.00 0.20/0.03
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