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Executive Summary

This report describes our studies of how software components may flow through a static net-
work, and how such a flow may influence the progress of evolution of higher-level software.
It comprises two main contributions. The first is a mathematical framework for analysing how
effectively information can flow stochastically through a network. An important point is that in-
formation is actually copied from site to site, rather than moved. Starting with some information
at an initial site, we seek the expected time until the whole network has received the information.
There is an analogy with the spread of infection through a network of acquaintances in epidemi-
ology. We are able to analyse some network topologies, and provide empirical results for others.
The mathematical analysis is continuing research. The second contribution is an empirical study
of how effectively evolution can be used to solve the set-cover problem (an abstraction of the
problem faced by the DBE). We look at how different topologies affect the time taken to solve
the problem and, importantly, the effects on the diversity maintained within each habitat.

Work planned for the second phase of the project includes:

� completing the theoretical analysis of propagation time for different network topologies,

� studying the effects of hierarchical structuring in networks on propagation dynamics,

� using clustering algorithms to examine this kind structure.

The “customers” of this report are primarily the Science partners, and those Computing part-
ners interested in the impact of network topologies on system performance. In particular:

� ICL — the effects of changing network topology on efficiency

� SUN — implications for the growth of the DBE networks

� LSE — implications for the growth of social networks amongst DBE users.
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Chapter 1

Introduction

Despite being the ”backbone” of the European economy, most Small-to-Medium Enterprises
(SMEs) have failed to take full advantage of the technology resources available to them [31].
In particular, most are not ready to use the Internet (or other technology) as a business tool.
The reasons are widely understood: lack of resources, few skilled employees, technology poorly
adapted to SMEs, and especially a lack of awareness of the potential benefits [31]. In addition,
there are regional differences in technology adoption, with SMEs in Nordic and some western
European areas being much more likely to take up new technologies than SMEs in eastern or
southern Europe.

1.1 The Digital Business Ecosystems Project

To address this problem, the European Commission has funded several projects designed to en-
courage cooperation and technology adoption by SMEs. One such project, the Digital Business
Ecoystem (DBE), aims to develop paradigms and technologies that will allow businesses to work
together in a nature-inspired, organic fashion. This will hopefully allow SMEs to adopt new tech-
nologies faster and more successfully.

Although the concept of businesses working together like an ecosystem is not a new one
([35], [34], [38]), the DBE project focuses on the digital aspect of business cooperation, in
particular software components, services, applications, and business models. The goal is to
provide a digital framework for these components to act as ”digital species” that will interact,
reproduce, and evolve based on market forces. This evolution in particular is of interest, since it
should encourage the growth of new and unforeseen components that are inherently adapted to
the surrounding environment.
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Figure 1.1: DBE Framework.

Software Specifications

For most SMEs today, choosing the right software to use for its business processes can be a
daunting task. With a huge number of choices for most applications, a typical SME usually
does not have the competency or experience to choose the software that is right for them. When
software is chosen, it is rarely tailor-made for the SME, and requires significant investment of
time and money (either in house or through expensive outside contractors) to custom-fit it to the
SME’s business process.

To cope with this problem, the DBE proposes to create a ”Business Modelling Language”
(BML), which will allow SMEs to detail their software needs in the form of a software require-
ment. In the functioning ecosystem, software producers will create modular pieces of software
and release them into the framework; intelligent search agents (ISAs) will use the software re-
quirements as a blueprint and interact with the software modules in the ecosystem to assemble a
collection of modules that together meets the needs of the SME.

For instance, an SME wanting to offer holiday travel packages would probably need software
that enables on-line air ticketing, hotel reservations, car rentals, travel insurance, etc. Instead of
having to create all of these features themselves, the SME could simply create a BML script that
details all of these components as a requirement, and hand it to an ISA. Each of these modules
might be produced by a different software provider; the ISA will find the optimal combination
to give the maximum cost benefit to SME (see Figure 1.1). In Chapter 5 we give a formal de-
scription of a simplification of this problem, which is a slight modification of the Set Covering
Problem.

One of the important research areas in the DBE project is to determine the ideal way for all of
these SMEs to interact. In particular, since computer networks (and the Internet especially) are
the standard paradigm for computing in the present, it seems likely that some sort of distributed
approach will be used for the DBE. However, there is a very wide range of possible topologies in
which this network might be formed, and thus it is very important to understand the effects that
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different network topologies may have on the evolution and growth of the DBE.

The first part of the research presented here is a mathematical and empirical study of a basic
question: if some information (or software service) is created at one node of a network, and is
transmitted along connections (with a certain probability of success), how long will it take be-
fore all nodes in the network have received a copy? The answer clearly depends on the number
of nodes, the transmission probability and the network topology. Such a natural question turns
out to be rather difficult to analyse in practice. We give a range of asymptotic results and show
the results of some empirical experiments. This work can be applied directly to the question
of network structure in the DBE, since there are a number of possible ways in which it might
grow. For example, nodes may be allowed to connect randomly, or may be required to connect
to a hub. Or there may be a stricter distribution structure (a grid or tree structure) imposed by
the centre. Different topologies have different associated propagation times, which will become
significant as the DBE network gains more and more nodes. It is imperative that this relationship
is understood and taken into account in the DBE network design (e.g. by SUN).

Such results also have implications at the “social” level, which is also of interest to DBE
researchers (e.g. LSE) as they consider how effectively users share information through their
connections within the DBE and outside of it. Here the qualitative nature of the results will be
more significant than concrete figures, and it will prove interesting to relate this technical piece
of mathematics to a social modelling problem.

In the second part of the research, we developed a genetic algorithm model of an ISA, since
not only are genetic algorithms nature-inspired (which fits with the aims of the DBE project),
but they also have been shown to be successful at search tasks such as this [7]. One approach
that has been tried with GAs is to parallelise them in an attempt to reduce the time it takes to
find good solutions. Because of its use of multiple populations and similarity to a possible model
of the DBE, we have also developed a parallel genetic algorithm model with arbitrary topology
in order to examine the effects of changing topology on the flow of genetic information. We
also present here NetEvo, a software simulation package that implements this parallel genetic
algorithm model.

The organisation of this report is as follows. The second chapter will discuss several differ-
ent background areas that are applicable to the project. Chapter 3 will present a mathematical
analysis of how software (or information) can propagate through a static network. The emphasis
is on asymptotic bounds as the size of the network grows. Chapter 4 presents empirical studies
of the same phenomena. The fifth and sixth chapters will introduce NetEvo, our simulation tool,
and the seventh will detail our experiments and results.
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Chapter 2

Background

This chapter will introduce some of the concepts necessary to understand this project, as well
as some closely related research areas that are of interest. The first section gives a brief intro-
duction to graph theory, while the second and third introduce Genetic Algorithms and Parallel
Genetic Algorithms respectively. The fourth section describes the Set Covering Problem. The
fifth section discusses the field of epidemiology and the final section describes the theory of
metapopulations.

2.1 Graphs

In order to formally analyse the properties of networks, it is necessary to define a type of object
called a graph. This section follows Watts’ [40] overview of Wilson and Watkins’ work on graph
theory [41].

Formally, a graph consists of a non-empty set of items called vertices, and an unordered list
of pairs of vertices called edges. If an edge contains vertices � and �, those vertices are said to
be connected [41]. Sometimes vertices are informally called nodes, and the two words will be
interchangeable here. Although there are other types of graphs that put a weighting on edges or
where the direction of the edge matters (called weighted and directed graphs, respectively), this
paper will focus on undirected, unweighted graphs. If it is possible to move from one vertex in
a graph to any other vertex in a finite number of edge moves, that graph is said to be connected
[40]. A fully connected graph is one in which every vertex is connected to every other vertex. It
should follow that for an undirected graph of size �, a fully connected graph will contain ������

�

edges. A sparse graph is one in which the number of edges is significantly less than this maxi-
mum.
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Degree

The number of edges that are connected to a given vertex is said to be the degree of that vertex.
One important characteristic of a graph is the average degree, since this gives a relationship be-
tween the size of the graph and its sparseness [40]. The real-world ramification of a graph with
a high average degree is that individual vertices will have a very large number of neighbours,
which would place a higher burden on communication.

Characteristic Path Length

Perhaps the most important statistic of graphs in terms of this project is the characteristic path
length, which is the average distance between any two vertices. Distance is measured by the
smallest number of steps across edges from the first vertex to the second. This statistic is im-
portant because it will determine how long on average information will take to diffuse across the
network.

Clustering

When there is a subset of vertices in a graph that are fully connected to each other, this is called a
cluster. The clustering coefficient of a graph is the probability that the neighbours of a particular
vertex will also be connected to each other [40]. A graph with a high clustering coefficient im-
plies a large number of clusters, while a low clustering coefficient implies disconnected vertices.

2.2 Genetic Algorithms

Genetic algorithms (GAs), originally formulated by Holland ([23], [24]), are probabilistic opti-
misation techniques inspired by evolution. In nature, organisms that are more adapted to their
environment will survive longer, giving them a higher chance of propagating their genetic mate-
rial which in turn will create new organisms with a higher chance of survival. This concept of
natural selection, discovered by Charles Darwin [12], ensures that over successive generations
organisms will become more and more adapted to their environment, i.e., more ”fit”.

GAs harness this power by simulating the process of natural selection. Potential solutions
to the optimisation problem are encoded into a special form (which is called a genome); a pop-
ulation of these genomes is then initialised randomly. Each generation, a sequence of genetic
operators are applied, creating a new generation which is (hopefully) better than its parents.
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Representation

The genetic representation of the potential solutions is important since this determines the space
in which the GA will be able to search. Additionally, some representations will be easier to work
with than others. In addition to the encoding, it is important to have a logical mapping from the
genomes back to the potential solutions, since the GA actually functions only on the encoded
genomes. The process of mapping a genome back to a potential solution is called expression.

Bit string encodings are a popular choice for GAs since they are very easy to work with
and often have a very intuitive mapping to the potential solution. With this encoding, each
chromosome is a bit string, and each bit corresponds to a gene.

Fitness

Standard GAs are ”black box” algorithms; in other words, the algorithm only requires an objec-
tive function to give a relative fitness value to the expressed genome [15]. The actual problem
being solved could literally be anything; the GA does not care. Depending on the genetic op-
erators used, typically each generation each genome is expressed into the potential solution and
then a fitness value is assigned to the genome based on how good the solution is.

Occasionally, due to genetic operations, an infeasible individual can be created. There are
several ways of dealing with this: the infeasible individual can simply be ignored or regenerated;
the GA can attempt to repair the individual to make it feasible; or a penalty to the fitness can be
applied. Each of these approaches has benefits and drawbacks.

Genetic Operators

The two most common genetic operators are crossover and mutation. Crossover models sexual
reproduction by taking multiple (usually two) individuals as parents and creating a number of
new individuals as offspring [29]. With a bit string representation, this usually involves creating
a new bit string that is made up of bits from the parents. Two popular methods are single point
and uniform crossover. Single point crossover randomly selects a position in the bit strings and
selects the bits up until that position from the first parent and then the rest of the bits after that
position from the second parent, creating two new offspring (see Figure 2.1).

Uniform crossover iterates through all bit positions and randomly decides to select the bit
from the first parent or the second parent; this can allow a bias towards one parent or the other,
perhaps based on relative fitness [28].

There are many different ways of selecting which individuals will be crossed over; two pop-
ular methods are roulette wheel selection and tournament selection. Roulette wheel selection
gives a relative probability to each individual based on its fitness, and selects parents based on
those probabilities. While this ensures that more fit genomes have a higher chance of mating, this
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O1 = 0 0 0 1 1 1 1 1 O2 = 1 1 1 0 0 0 1 0

P1 = 0 0 0 1 1   0 1 0 P2 = 1 1 1 0 0   1 1 1

Figure 2.1: Single point crossover. Position 5 is selected as the crossover point and two offspring
bit strings are generated from the parent bitstrings.

also requires absolute fitness values [15]. Tournament selection, on the other hand, only requires
a relative measure between two individuals; two (or more) individuals are selected at random,
and the individual with the highest fitness is selected [28]. When two individuals are selected,
this is called binary tournament selection, and is a popular choice.

The mutation operator is used to create diversity in the population. Although there are also
many different ways of doing this, a popular method is to randomly select individuals from the
population and then flip each bit with a certain probability. Another method swaps two (or more)
bits with each other. It is tricky to know how high to set the mutation rate; if it is too high, it
can create many bad solutions in the population, but if it is too low then it is ineffectual. For this
reason, some GAs use an adaptive mutation rate which changes over time based on the current
diversity of the population [29].

2.3 Parallel Genetic Algorithms

Parallel GAs attempt to increase the speed of a standard GA by dividing the task into parts and
evaluating these parts simultaneously [8]. Especially when using multiple processors, this can
decrease the time required to find a good solution dramatically. This section will give a brief
overview of PGAs, following closely Cantu-Paz’s excellent survey of the topic [8], and the inter-
ested reader is encouraged to look there for a more thorough review.

Cantu-paz classifies PGAs into three main types: a) global single population master-slave
GAs, b) single population fine-grained GAs, and c) multiple population coarse grained GAs.

Master-Slave PGAs

Master-slave PGAs are characterised by having a single population, as in a simple GA, but the
fitness evaluation is run in parallel across multiple processors. Typically, the ”master” processor
stores the population and when it is time for the fitness evaluation it dynamically assigns each
individual to a ”slave” processor (see Figure 2.2). Since only the fitness evaluation is run in
parallel, in other respects typical master-slave PGAs function identically to regular GAs. This
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slave slave

master

slave

Figure 2.2: Master-slave PGA. The master processor sends individuals to slave processors to be
evaluated for fitness.

Figure 2.3: Fine-grained PGA. This population is structured into a 2D grid, and genetic operators
are only applied to a spatial neighbourhood.

type of PGA is especially suited to situations in which the fitness evaluation time dominates the
algorithm; another advantage is that since they are algorithmically identical to regular GAs, all
the existing theory is directly applicable [8].

Fine-grained PGAs

Fine-grained PGAs use a spatially-structured population, where the genetic operators are con-
fined to a small spatial area [8]. These ”neighbourhoods” are connected, allowing good solutions
to propagate throughout the population. Typically, fine-grained PGAs are implemented on mas-
sively parallel computers, and the population is structured into a 2D mesh where each individual
is controlled by a single processor (see Figure 2.3).

Multiple-population Coarse-grained PGAs

Multiple-population (also called ”multiple-deme”) PGAs contain multiple populations that occa-
sionally communicate with each other by migrating individuals back and forth. Inside of a single
population, the algorithm essentially functions as a standard GA, although the overall algorithm
behaviour can be quite different [8].
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Figure 2.4: Multiple-population PGA. Multiple populations are connected into a network, and
individuals occasionally migrate between the populations.

This type of PGA presents many interesting questions, such as the exact effect that migration
and topology have on the overall performance. At a high enough migration rate, a multiple-
population PGA can begin to perform the same as a single large population GA [8]. While
most researchers study PGAs in order to find faster optimization algorithms, multiple-population
PGAs do provide some interest since they much more closely model natural migration in ecosys-
tems.

Due to its similarity with the proposed DBE framework, this is the type of model that we
have developed (see Chapter 5).

2.4 Set Covering Problem

As mentioned in the introduction, the problem of matching software specifications with require-
ments is a slight modification of the Set Covering Problem. Before detailing the modified version,
it is important to first describe the classic problem.

The Set Covering Problem (SCP) is an NP-Complete problem of finding the minimal cost
subset of columns in a binary matrix in which each row in the matrix is covered by at least one
column in the set, and each column has an associated cost [14]. Beasley and Chu formally define
it as,

Minimise

��
���

���� (2.1)

subject to

��
���

����� � �� � � ����� (2.2)

�� � ��� ��� 	 � ����� (2.3)
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where ��� is zero-one matrix with � rows and � columns, �� is the cost vector, and �� � � if
column 	 is included in the solution or �� � � if not [7]. If all the costs are the same, it is called
a unicost SCP.

Beasley and Chu [7] develop a GA to solve the set covering problem. They use the obvi-
ous representation for individuals, a bit string, where each position represents a column and a 1
represents that column being in the set and 0 otherwise. The fitness of an individual is simply

� �

��
��� ����� where � is the bit string. One ramification of using a bit string representation is

that as a result of genetic operations the solutions may not be a cover (i.e. infeasible). Beasley and
Chu choose to use the repair method since they have trouble determining a good penalty function
[7]. They use binary tournament selection and create their own specialised crossover operator
which they call fusion. Their GA is able to find the proven optimal solution to smaller-sized
problems (which presumably were solved first by a deterministic algorithm) and high quality
solutions to larger problems.

Solar, Parada, and Urrutia [37] present a master-slave PGA for solving the SCP that appears
to outperform a standard GA. They also use a bit string representation and standard genetic op-
erators. They first try to enforce a penalty function on infeasible solutions by adding a penalty
based on the number of uncovered rows; however, despite getting some good results they too
decide to use a repair method [37]. Multiple populations each function as a normal GA, but after
each generation they transmit their best individual to the master node, which then chooses the
best and replaces the worst individual in each population with the global best. They find that
when a population size is divided into � populations of 
� � ��

�
each, the parallel search takes

fewer generations than the corresponding search through
� individuals to arrive at an equivalent
fitness [37].

2.5 Epidemiology

As individuals in a PGA interact and share information, this information propagates throughout
the population very similarly to the way in which diseases spread through human populations.
The study of the dynamics of disease spread, called epidemiology, may be useful in the DBE
project to understand the propagation of information in the framework.

Epidemiology as a discipline is only about a century old. Along with the discoveries of bac-
teriology and dramatic increases in sanitation in the 19th century came the biological and social
groundwork for a more theoretical study of diseases, and in the late 19th/early 20th century the
first mathematical formulations of epidemiology appeared [3].

This section will present several important concepts in epidemiology, beginning with some
of the fundamental deterministic equations that many epidemic models use. Then we will look
at some of the differences between deterministic and stochastic equations and how each has its
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advantages and disadvantages.

Directly Transmitted Diseases

At the beginning of the 20th century, W.H. Hamer [16] formulated a mathematical model for epi-
demics that became the base for most deterministic epidemic models since. Even though simple,
it was still able to predict phenomena such as periodic epidemic cycles [3].

Conceptually, this basic model considers an epidemic as a population ecology problem,
where uninfected individuals make up potential hosts and infected individuals are the popula-
tion in question. With some assumptions, the behaviour over time is very similar. Specifically,
for this first model we assume that the disease is directly transmitted from individual to indi-
vidual and that the number of individuals in the population remains constant (which is a valid
assumption in western societies [2]).

We divide the population into two categories: susceptibles, those that are normal and have
not contracted the disease, and infectives, which are not only infected but are also contagious to
those around them. Thus in our model, � � � � � , where � is the total size of the population
and � and � are the corresponding size of the two categories.

The sizes of these two groups vary over time very much like the logistic curve, a recurring
shape in population ecology, although the shape of one group’s curve is the inverse of the other.
If we assume that the rate at which susceptibles become infected is proportional to the number
of contact pairs (the mass action principle [16]), we then arrive at,

��

��
� ��� (2.4)

where � is called the transmission coefficient. This transmission coefficient is roughly the prob-
ability of infection. Since we know that� � � � � , we can rewrite � as � � � � � and replace
in the previous equation to produce,

��

��
� ���� � �� (2.5)

If we think of � as a proportion of � (i.e., set � � �), we then arrive at the logistic equation,

��

��
� ����� �� (2.6)

with a carrying capacity equal to 1.
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We can continue to add complexity to our model by creating a new category for people, those
that have recovered and are immune. With these three categories, we now have a model which is
generally referred to as an SIR model [39]. We now note a new equation for ��,

��

��
� �� ��� � �� (2.7)

where � is the natural birth rate and� is the death rate. If we set � to be the rate at which infecteds
recover, the new equation for �� is now,

��

��
� ��� � �� � ��� (2.8)

The equation for �� is simply,

��

��
� �� � �� (2.9)

These three equations are usually called an SIR system of directly transmitted diseases; occa-
sionally a fourth state, ’E’, is introduced to simulate individuals who have been exposed but are
not yet infective [39]. For a more thorough discussion of these topics, the reader is encouraged
to consult [2], [3], or [1].

Basic Reproductive Rate

From analysis of these equations, we can find a quantity called the basic reproductive rate, which
is the expected number of secondary infections caused by an infected individual. This quantity
is of great importance in epidemiology since it represents a threshold above which a disease
will become epidemic, yet below which will eventually die off [2]. In the case of our system of
equations,

�� �
�

�������
(2.10)

where �� is the basic reproductive rate. If �� is greater than 1, then the disease will persist;
otherwise it will eventually die out. Conceptually, this is the point at which the number of new
infectives is greater than the number of recovering or dying infectives. It is interesting to note
that since �� depends on the population size, there is a value for � below which an otherwise
highly virulent disease will die out. This suggests that epidemics might sometimes have less to
do with an actual disease than with current demographic trends.
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Population Structure

The epidemiological formulations above assumed a population without spatial structure. How-
ever, it is important to consider the spatial distribution in order to truly understand the situation
[33]. On the other end of the spectrum, some models assume a completely structured population
in which each individual is treated as a vertex in a graph.

Kuperman and Abramson [26] study the dynamics of an epidemic in a population structured
into a small-world graph (see Section 5.4). Using an SIRS model on the graph, they find that as
the network transitions from order to disorder, there is a finite point at which an infection which
had remained relatively endemic ”breaks out” and spreads in oscillations quickly throughout the
network. The interested reader is referred also to the related paper by Zanette [42].

In between completely structured and completely unstructured lies another model which
combines some elements of both; this is the topic of the next section.

2.6 Metapopulations

The migratory aspect of individuals amongst populations in a PGA bears a strong similarity to a
research area in population ecology called metapopulations. Metapopulation models break up a
population into a collection of subpopulations, where each subpopulation behaves as a separate
population, and observe the growth and/or extinction of the collection as a whole.

Levins [27] is generally credited with coining the term metapopulation, although there is
some evidence that ecologists had used the concept before [19]. In any case, Levins did explic-
itly formulate the dynamics of a collection of populations as a whole, and his early model is the
base of many of the dynamic metapopulation models in use today.

In the Levins model, as related by Hanski [17], we assume that each subpopulation (or patch)
is either extinct or at its carrying capacity (i.e., cannot support any more individuals), and we
otherwise ignore individual patch behaviour. We also assume that there is no spatial ordering of
the patches, so there is an equal probability of migration to all other patches. If we denote the
migration rate � (which is the same for all patches) and the patch extinction probabability � (also
the same for all patches), we arrive at,

�


��
� �
 ��� 
 �� �
 (2.11)

which also bears a strong resemblance to the logistic curve. From this equation, it follows that
the equilibrium value of 
 is

�
 � �� �
�

(2.12)

D11.1: Report on The Flow of Software Components in a Static Network Page 18 of 75



DBE Project (Contract no. 507953)

The main ramification of this equation is that for a metapopulation to survive, then for a given
extinction rate the migration rate must exceed a certain threshold. Hanski goes on to modify this
model without the assumptions of homogenous migration and extinction rates [17].

Harrison [21] identifies several different kinds of metapopulations: 1) ”classic”, 2) mainland-
island, 3) non-equilibrium, and 4) patchy (see Figure 2.5). ”Classic” metapopulations are those
described by the standard metapopulation models such as Levins. The mainland-island metapop-
ulation consists of a very large patch with guaranteed population persistence surrounded by a
number of smaller patches on which populations are likely to die out. This type of metapopula-
tion (also called ”source-sink”) describes a situation where individuals are frequently migrating
away from a large population and will establish colonies that will eventually die out. Non-
equilibrium metapopulations are made up of subpopulations that are so isolated from each other
that inter-patch migration is unable to overcome the effect of extinction. Patchy metapopulations
are such that the migration between patches is so high that effectively the metapopulation can be
considered to be one population, with little chance of becoming extinct.

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

����

��
��
��
��

��
��
��
��

����
��
��
��
��

��

����
��

��
��
��
��

�
�
�
� �
�
�
�

����

A

B

C

D

Figure 2.5: Harrison’s metapopulation types. Circles are patches; filled is occupied, unfilled
is unoccupied. Arrows show routes of migration. A, Classic. B, Mainland-island. C, Non-
equilibrium. D, Patchy

This section has just brushed the surface of metapopulation ecology; for a more thorough
review, the reader is encouraged to consult either our previous paper [4] or more foundational
works [19], [20], and [18].

The different metapopulation types are interesting because they resemble different topologies
that have been implemented in PGAs. As the migration rate in a PGA changes, the topology can
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change from resembling non-equilibrium metapopulations (when migration rate is very low),
to classic metapopulations with a middle migration rate, to patchy metapopulations when the
migration rate is very high.

D11.1: Report on The Flow of Software Components in a Static Network Page 20 of 75



DBE Project (Contract no. 507953)

Chapter 3

Mathematical analysis of information
propagation on networks

3.1 Notation and Statements of the Main Problems

Throughout the following let � denote a network (a network is just an undirected graph) and let
� denote a subset of nodes of �. Suppose every node in � is coloured red and the rest of the
nodes are green. Suppose also that in a single time step any node from � can change the colour
of any of its green neighbor into red with probability � and does not do it with probability �� �.
Once a node is red it remains red. We are interested in the expected time it takes until all nodes
in the network become red. We denote this waiting time random variable by �� . We are then
interested in computing �����.

3.2 Recursive Solution and some Simple Examples

An exact solution to the problem stated in section 3.1 can be obtained recursively using the
following general methodology:

Theorem 3.2.1 Suppose � � ��� �� 
 � is a probability space and  ��  �� � � � �  � is a se-
quence of nonnegative integer-valued random variables on � (i. e. a nonnegative integer valued
discrete stochastic process). Fix a subset � � � and let ! � �	
�� � ��"� � ��. We are
interested in computing ��!�.

Let �� � �" � ��"� � �� denote the conditional probability space with respect to  �. We
write ���
� to denote the expectation of the random variable 
 with respect to the conditional
probability space. Consider the shifted stochastic process #� �  �, #� �  � ... #� �  ��� ...
on �� Let !��"� � �	
�� �#��"� � ��. We then have:

��!� �
��
���


 � � � �� 	 ���!�� � ��
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Proof: This follows straight from the definitions:

��!� �
��
���


 �! � 	� 	 	 �

�
��
���

�
��
���


 � � � �� 	 
 �! � 	 � � � ��� 	 ��	 � �� � �� �

�
��
���


 � � � ���
��
���

	
 �! � 	 � � � �� 	 �	 � �� � ��� �

�
��
���


 � � � ���
��
���

	
 �! � 	 � � � �� 	 �	 � ��� �
��
���


 � � � �� �

�
��
���


 � � � �� 	 ���!�� � �

Notice that the problem described in section 3.1 fits naturally into the framework of theorem 3.2.1.
Indeed, the state space of our stochastic process (which is a Markov chain) consists of the set
of all subsets of nodes of the graph � and the transition probability of passing from a set � to
a set � � is the probability that the nodes in � � are coloured red and all the nodes in the comple-
ment of � � are green after a single time step provided that all the nodes in � are red and all the
nodes in the complement of � are green. There are then finitely many states and they can all be
enumerated by positive integers. The probability space consists of all sequences of states. The
random variable  � returns the number of the �th state of the argument (i. e. the state which the
system is in upon the completion of � time steps). Suppose the initial state of the system (at time
�) is ��� ��. For a given node � � ���� denote by $� the number of neighbors of � which are
the members of the set �. Since a given node � may be coloured red independently by any of
its neighbors which are in � with probability �, the probability that a given node � %� � stays
green is ��� ��	� . Hence, the probability that � is coloured red is �� ��� ��	� . A node which
is already in � stays red with probability � and so the only states which can occur after the first
time step are the supersets � � 
 �. Since every node in � � is coloured red independently, the
conditional probability


 �� ���� �
�
�
�

��������� ��� ��	��� 	��
������ ��	� if � � 
 �
� otherwise.

Applying theorem 3.2.1 to this situation we obtain the following recursive equation for the de-
sired expectation:

����� �
�
����

�
�

������

��� ��� ��	��� 	 �
�
�
���

��� ��	�� 	 ������ � ��
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Unfortunately this equation is, in general, very complicated and computationally expensive. In
some very simple cases we are able to solve this recursion though:

Example 3.2.1 Consider for example the “line segment” graph where the set of nodes is & �'� �
��� �� � � � � �� and the set of edges is ��'� � ���� � � �� � � � � � � � ��. Suppose node � is
coloured red and the rest of the nodes are green. Upon completion of the first step we obtain
an identical line segment of length � with probability � � � and, if the second node is coloured
red, the situation is equivalent to the original problem with the line segment having length �� �.
To reduce the complexity of notation, denote the desired expectation for a line segment of length
� by ����. We then obtain the following recursive equation for a line segment of length �:
���� � ��� ������� ����� ��� �. If � � � then there is only one node which is already red
and so ���� � �. The equations above then simplify to ���� � ��� � �� � �

�
with ���� � �

and we readily see that ���� � ���
�

.

Example 3.2.2 Now consider the “circle” graph: A circle on � nodes is obtained from the line
on � nodes by connecting the nodes � and � by an edge (see example 3.2.1). Again we assume
that node one is coloured red and the rest of the nodes are green. Notice that this problem is
equivalent to the one where we are given a line segment of length � � � and both ends (nodes
� and � � �) are coloured red while the rest of the nodes are green. Then with probability
�� � ��� nothing changes, with probability ���� � �� we are left with a line segment with both
ends coloured of length � and with probability �� we are left with a line segment of length �� �
(see the picture below).

According to our recursion formula we then obtain

���� �� � ��� ������ � �� � ����� ������ � ������ �� � ��

Notice that ���� � ���� � �. The solution to this equation can be given exactly:

���� �
�

��
� ��� ��

�
��
�

�

�� �

���

or, asymptotically, ���
 � �
��

� �� �.

In the next section we apply the recursive technique to obtain a solution for a hub network.
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3.3 Hub Network

Definition 3.3.1 A hub network is a graph consisting of a central node � which is connected to
the rest of � nodes (there are totally � � � nodes), and neither of these remaining � nodes are
connected among each other. Formally the set of nodes is & ��� � ��� �� � � � � ���� and the set
of edges is ���� � ���� �� � � � � � � � ��. We assume that initially the central node (node �)
is coloured red and the rest of the nodes are green. We also denote the desired expectation for
the hub problem by ���� (the hub consists of � � � nodes).

The expected running time ���� for the hub problem satisfies the equation

���� � � �
��

	��

�
�

$

�
���	(	��$�

which we rearrange to give the recurrence relation:

��� (������ � � �
����
	��

�
�

$

�
���	(	��$�

with ���� � �. The transmission probability is � and ( � � � �. We claim that ���� �
�������� ���.

We first prove the following interesting result:

Lemma 3.3.1 If $ is distributed according to the Binomial distribution )��� (�, then the ex-
pected value of ����$ � �� is �������� ���. In particular,

����� � ��� �%( �
��

	��

�
�

$

�
���	(	 ����$ � �� � ������ ��� ���

�
�

� � (

�

(assuming natural logs — for other bases, the constant in the lower bound has to change accord-
ingly).

Proof: To prove the upper bound, first note that, for � * ( * �, and for all � � �

�( � � � ��� ���� � (�

�

Then, by concave property of logs,

��
	��

�
�

$

�
���	(	 ����$ � �� � ���

�
��

	��

�
�

$

�
���	(	�$ � ��

�

� �����( � ��

� ���

�
��� ���� � (�

�

�

� ������ ��� ���

�
�

� � (

�
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Now note that the lower bound holds, if and only if:

��
	��

�
�

$

�
���	(	 ���

�
�� �

$ � �

�
� �%(

which we prove as follows:

��
	��

�
�

$

�
���	(	 ���

�
� � �

$ � �

�
�

��
	��

�
�

$

�
���	(	 ���

�
� �

�� $
$ � �

�

�
��

	��

�
�

$

�
���	(	

�
�� $
$ � �

�

�
��

	��

�
�

$

�
���	(	

�
�

$ � �

�
�

��
	��

�
�

$

�
���	(	

�
$

$ � �

�

� �
��

	��

�
�

$

�
���	(	

�
�

$ � �

�

�
�

� � �

��
	��

�
�� �

$ � �

�
���	(	

�
�

� � �

����
	��

�
�� �

$

�
���	��(	��

� �

(
	 �

�� �

����
	��

�
� � �

$

�
�����	(	

� �

(

(where we used the fact that ����� � �� � � for all � � �).

Theorem 3.3.2 ���� � �������� ���. In particular,

( ������ �� � ���� �
�

�

��� �
���

�
������ ��

Proof: We prove, by induction, that ���� � + ������ ��, where

+ �
�

��� �
���

D11.1: Report on The Flow of Software Components in a Static Network Page 25 of 75



DBE Project (Contract no. 507953)

The case � � � is easy, since ���� � � � + ��� �. Now suppose � � � and that the
hypothesis is true for all � � $ * �. Then

��� (������ � � �
����
	��

�
�

$

�
���	(	+ ����$ � ��

� �� +(� ����� � �� � +
��

	��

�
�

$

�
���	(	 ����$ � ��

� �� +(� ����� � �� � + ������ ��� + ���

�
�

� � (

�
� +��� (�� ������ ��

and the result follows.
Secondly, we show by induction that ���� � ( ����� � ��. The case � � � is again easy.

Now suppose the hypothesis is true for all � � $ * �. Then

��� (������ � � � (
����
	��

���	(	 ����$ � ��

� �� (��� ����� � �� � (
��

	��

���	(	 ����$ � ��

� �� (��� ����� � �� � (

�
����� � ��� �

(

�
� (��� (�� ������ ��

and the result follows.

3.4 Complete, Bipartite and Multipartite Graphs

Definition 3.4.1 Suppose we are given a set & on $� elements which is partitioned into $ subsets
consisting of � elements each. Denote this partition by 
 � �,�� ,�� � � � � ,	�. A graph
� � �&��� is called a $-partite graph on $� vertices if whenever ��� �� � � with � � ,� and
� � ,� we have � � � ,� and - � ,� ��� -� � �. A multipartite graph is called complete if
� � �� 	 we have ��� -� � � whenever � � ,� and - � ,�. If every vertex of,� is connected to
every vertex of,� we say that,� is a neighbor of,� (according to our definition if at least one
vertex of,� is connected to at least some vertex of,� then all of the vertices of,� are connected
to all of the vertices of,�).

Notice that according to definition 3.4.1, every multipartite graph is completely determined by
specifying a partition 
 and specifying a set of neighbors for every element of the partition. it
makes sense, therefore, to introduce the following definition:

D11.1: Report on The Flow of Software Components in a Static Network Page 26 of 75



DBE Project (Contract no. 507953)

Definition 3.4.2 Let � denote a multipartite graph with partition 
 � �
�� 
�� � � � � 
	�. A
prototype of � is the graph �� whose set of nodes is 
 and �
�� 
�� � ����� if and only if 
� is
a member of 
� in the sense of definition 3.4.1.

Throughout the following � denotes the number of nodes inside of each element of the partition.
Below are some examples:

Example 3.4.1 If 
 � �
� is a singleton set and 
 is a member of itself then we obtain a
complete graph on � nodes (every node is connected to every other node). In other words, a
complete graph on � nodes is just a multipartite graph whose prototype graph consists of a
single node and a loop edge.

Example 3.4.2 Suppose 
 � �
� .�� .�� � � � � .	� and suppose 
 is connected to every.� but
.�’s are not connected to each other. We call such a graph a multipartite hub. In other words, a
multipartite hub is just a multipartite graph whose prototype is a hub.

Example 3.4.3 A complete multi-graph is a multipartite graph whose prototype graph is a com-
plete graph (not to be confused with the notion of a complete graph).

In this section we investigate the asymptotic propagation times as ��� for multipartite graphs
where the network topology as well as the number of elements in the partition 
 stay fixed (i. e.
the prototype graph stays fixed). We always assume that one of the nodes inside of one of the
elements of the partition is coloured red.

The results of the current section are based on the following facts known as Chernoff bounds
(see, for instance, section 4.1 of [30]):

Theorem 3.4.1 (Multiplicative Chernoff Bound) Let ��  �� � � � �  � be independent Poisson
trials with 
�� � � �� � �� and 
�� � � �� � �� ��. Then if �

��
��� � and if / is �� �,

for any Æ � ��� �
 we have


�� * ��� Æ�/� * 0��Æ
�

� �

The following fact has been obtained in [10] and in [22].

Theorem 3.4.2 (Additive Chernoff Bound) Let ��  �� � � � �  � be independent Poisson trials
with 
�� � � �� � �� and 
�� � � �� � �� ��. Then if  �

��
��� � and if / is �� �, for

any � with � � � * �� / we have


�� � /� �� � �����1������ �� �
�
��

where � � �
�

and 1���� � � �
�
�


� � ��� �� �
� ���

��

� is the relative entropy of � with respect to

�.

By letting �� � � � � in the statement of theorems 3.4.1 and 3.4.2 and observing that the sum
of independent and identically distributed Poisson trials with probability � each is distributed
binomially (with probability of success �, probability of failure ( and mean ��), we immediately
deduce the following:
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Corollary 3.4.3 let  denote a binomially distributed random variable with probability of suc-
cess � and probability of failure ( � �� �. Then


�� * ��� Æ���� * 0���Æ�

�

and


�� � ��� �� � �����1������ �� �
�
���

We now proceed applying corollary 3.4.3 to the case of complete and multipartite graphs. The
main results then are the following:

Proposition 3.4.4 Given a $-partite graph on $� vertices with partition
 � �
�� 
�� � � � � 
	�,
suppose .�, .� � � � .� are the neighbors of a member 
 of the partition. Suppose exactly one
node in 
 is coloured red. Then, upon completion of a single time step, Pr(that number of nodes
inside of every .� which are not coloured red is smaller than � �

�
) � 2�0���. Therefore Pr(that

number of nodes inside of every .� which are coloured red is at least � �
�
) � � � 2�0������.

Moreover, Pr(that the number of green nodes remaining inside of every .� is at least � �
�
) �

�� 2�0������.

Proof: The first assertions follow immediately from corollary 3.4.3 with Æ � �
�

when we
observe that the number of red colour nodes inside of every .� after a single time step is dis-
tributed binomially with probability � of success while the number of green nodes is distributed
binomially with probability of success (.

Proposition 3.4.5 Given a $-partite graph on $� vertices with partition
 � �
�� 
�� � � � � 
	�,
suppose .�, .� � � � .� are the neighbors of a member 
 of the partition. Suppose at least � �

�

nodes in 
 is coloured red. Then all the vertices in every .� are coloured red in a single time
step with probability� �� 2�0������.

Proof: Any given node of.� is not coloured red with probability at most ������ �� � (�� with
( � � � � and � � �

�
and so every node of .� is coloured red with probability at least � � (��.

Thus, the number of nodes coloured in every .� is distributed binomially with probability of
success at least � � (��. Choose � large enough that �� 3 � we have (��� * ��� and let
� � ���. Applying corollary 3.4.3 to this distribution and observing that ��� � ( �� � � �
� � �(�� � ��� 3 � � ��� for � 3 � gives us Pr(less than � � ��� nodes are coloured red
after a single time step) * ��� �1����(

�� � �
�
�. Now lets examine the behavior of the functions

1����(
�� � �

�
� as ���: By definition we have

1����(
�� �

�

�
� � �(�� �

�

�
� �
�

(��

(�� � �
�
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� �	�
���

�(�� �
�

�
���� �
 ( � �
�(�� �

�

�
�� � �� �
 (

which is just a fixed negative number. Let 4 � �� �	 �
�

and notice that for all large enough � we
finally have Pr(less than ����� nodes are coloured red after a single time step)* ����4�� which
immediately leads to the desired inequality Pr(all nodes are coloured red after a single time step)
* �� ����4��.

Example 3.4.4 Suppose we are given a complete graph � on � vertices. Recall from exam-
ple 3.4.1 that such a graph can be regarded as a multipartite graph with partition 
 � �
�
being a singleton set and 
 being its own neighbor. Suppose one of the nodes in 
 is coloured
red. Then, according to proposition 3.4.4, after the first time step � �

�
nodes are infected with

probability� �� 2�0������. Given that this has happened, after the second time step all of the
nodes in 
 are coloured with probability� ��2�0������. Therefore the probability that every-
one is coloured after two time steps is at least ���2�0����������2�0������� � ��2�0������.

Theorem 3.4.6 Let � denote a multipartite graph without loops (meaning no element of the
partition is connected to itself). Denote by �� the prototype graph of � and suppose one of the
nodes inside a member 
 of the partition is coloured red. Suppose the eccentricity of 
 is at
least �. Then, if we let � � � (the size of every element of the partition) while keeping the
prototype graph�� fixed, the time it takes to colour all nodes red with probability ��2�0������
approaches the eccentricity of the node 
 in the prototype graph � �. If the eccentricity of the
node 
 is either � or � then it takes exactly � time steps if and only if every neighbor of 
 is a
neighbor of another neighbor of 
 . Otherwise it takes � time steps.

Proof: In order to prove theorem 3.4.6 we establish the following claim by induction:
Claim: Denote by ���� the set of all nodes of �� which are at most � steps away from 


(meaning that the shortest path from 
 to every. � ���� in �� consists of at most � edges) then
as ��� the following holds:

1. If � � � or � � � it takes either � or � time steps to colour every node inside of every
. � ���� red with probability � � 2�0������. In fact, it takes � steps if and only if every
. � ���� has a neighbor in ���� Moreover, the probability that all nodes inside of every
. � ���� are coloured red after a single time step is exponentially small in �. Finally, every
node inside of . which is exactly � edges away from 
 is coloured after � time steps and every
node inside of 
 is coloured after � time steps.

2. If � � � then it takes � steps to colour every node inside of every member of � red with
probability �� 2�0������.

If � � � or �, let � be any immediate neighbor of 
 . According to proposition 3.4.4, after
the first time step at least � �

�
nodes are coloured red and at least � �

�
nodes remain green with

probability � � 2�0������. Then, upon the completion of the second time step, according to
proposition 3.4.5, all of the nodes inside of every neighbor of � (including 
 itself) are coloured
red with probability � � 2�0������. The only nodes which possibly remain green with high
probability are these which are inside of � itself. In fact, unless � is connected to another
immediate neighbor of 
 , since at least � �

�
nodes remain green with probability �� 2�0������,
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a routine application of Chernoff bound (see theorem 3.4.1) shows that still a positive fraction of
nodes remains green inside of� after the second time step. It then requires � time steps to colour
everyone red. If, on the other hand, a given node � has a neighbor � which is also an immediate
neighbor of 
 , then after the first time step, at least � �

�
of the nodes in both, � and � have been

coloured red with probability � � 2�0������. But then, after the second time step they both fill
each other and all of their neighbors with red colour with probability ��2�0������. In this case
it takes only � time steps.

Now suppose � � � and the statement holds for �� �. Let . � ���� be exactly � edges away.
Let ��.� denote the set of all neighbors of . and � �.� the set of all neighbors of . which
are exactly � � � edges away from 
 . By inductive hypothesis it takes exactly � � � time steps
to colour every node of every member of � �.� red (this is true even if � � � � �). According
to proposition 3.4.5 upon completion of the next (� th step) every node in . will be coloured red
with probability � � 2�0������. Even if � � � � � everyone of the nodes in ���� is guarantied
to be coloured red upon the completion of the �rd time step. The desired conclusion then follows
by the principle of induction.

As a special case of theorem 3.4.6 we immediately conclude that a multipartite hub (see exam-
ple 3.4.2) with any fixed member of partition 
 containing a single red node takes � time steps to
colour everyone red with probability ��2�0������. Notice that this includes the bipartite graph
as well. Likewise, another special case of theorem 3.4.6 shows that for any complete multi-graph
(see example 3.4.3) it takes exactly � time steps before everyone becomes red with probability
�� 2�0������.

3.5 Simple upper bounds

Consider a tree of depth 5 and branching factor �. An upper bound for the propagation time on
such a tree (with the information initially at the root) can be calculated by viewing it as a series
of hubs. The first hub is to the immediate neighbours of the root. Propagation to all of these
takes2���� ��. We can then view the propagation to the next level of the tree as a hub with ��

nodes. This takes 2���� ���. Continuing, we get an upper bound of

��� � � � ��� � � � ��� �� 	 	 	� 5 ��� � � 2�5� ��� ��

For example, a balanced binary tree has � � � and 5 � ����, and so would have a propagation
time bounded above by 2���������.

We can use this approach to get a quick upper bound on general graphs, by considering the
information flow along a spanning tree rooted at the initial node. For example, a random graph
of fixed-degree has a diameter 2������ and so this gives a bound on the propagation time the
same as for the binary tree. A square grid, on the other hand, has diameter

	
��� which gives

abound of 2��� on the propagation time. However, these upper bounds are not necessarily very
tight. A lower bound is, of course 5, the eccentricity of the initial node. For the grid this is

�
�

and so we see that it cannot be as efficient as a random graph.
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We are currently working on a tighter bound, in collaboration with Dr. Leslie Goldberg
(University of Warwick). This will be the subject of a future report.

3.6 A Note on Random Walks on Graphs

In this section we mention a different problem which has been well-studied in the literature.
Here we are given a graph � � �&� �� where & � ��� �� -� � � � � is a finite set of nodes and
� � �0�� 0�� � � � � is the set of edges. We assume that the graph is not directed and has no
multiple edges and no self-loops. In a weighted graph � each edge ��� �� also has a weight
���� 
� � ��
� �� 3 �, and we allow a weighted graph to have self-loops.

Given a weighted graph, there is a natural definition of a Markov chain on the nodes. Define
a discrete time random walk on a weighted graph to be the Markov chain with transition matrix

���
 �

�
���
��

if � is a neighbor of �

� otherwise

where �� �
�


 is a neighbor of ���
. Let � be the total edge weight so that each edge is counted
twice, i. e., twice in each direction. The fundamental fact is that this chain is automatically
reversible with stationary distribution 6� � ��

�
. From the general Markov chain theory we know

various identities for the mean hitting times: For example, if one starts running the chain starting
at the state � � + � & then the expectation of the mean hitting time � �

� � �	
�� � � � � � +�
for returning to + provided that the chain originated at + and the states from + are chosen
with respect to the stationary distribution, 6�, conditioned on + (6���� �

��
�
����

) is given by the

Kac’s formula: �����
�
� � � �

��
. In particular, if the chain is started at the state � � & then

����

 � �

�
��
�

.
In case every weight �
� � � and there are no loops, we have

��
 �

�
�
��

if ��� �� is an edge

� otherwise

and so 6� � ��
����

.
Now suppose a piece of information is traveling around a network and passes from one node

to another with probability proportional to �
��

where �� is the degree of the node where the infor-
mation is currently located. The results above apply immediately to conclude that the expected
return time to the original node � is ����

��
. Here is another example:

Lets say that there are 2 gossips starting to spread around from the same node, say � inde-
pendently with probabilities proportional to the corresponding degrees of the nodes they pass
through. Suppose we want to know how often on average they meet. To solve this problem we
apply Kac’s formula to the product of the weighted graph � with itself:

Definition 3.6.1 Given weighted graphs � � �&�� ��� and 1 � �&� � ���, build another
weighted graph��1 � �&� � &� � �� ���� and every edge ��7�� 5�� �7�� 5��� � �� ���

has the weight ����� 	 ����� . We write �� to mean ���.
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Let + � ���� �� � � � &�� denote the diagonal subset of nodes. Our problem then boils down to
computing the mean return time to + starting at + with the stationary distribution. We have then
6�+� �

�

���

���

����

so that, according to Kac’s formula, the desired expectation

�����
�
� � �

������

���

��

�
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Chapter 4

Empirical studies of network propagation
time

We created an information diffusion model and simulated diffusion on different network topolo-
gies. There are two distinct studies. The first continues the work of the previous chapter in
looking at the dependence of propagation time on the number of nodes in the network. Here
we consider scale-free networks. In the second set of studies we change our focus to the depen-
dence on the transmission probability �. We so far have no detailed theory of this, so empirical
results for a variety of network topologies are given. We also look at some alternative models of
propagation (e.g. when the information goes to all neighbours in a single transmission).

4.1 Dependence on number of nodes

The effect of the size of a scale-free network on transmission time was studied for graphs up to
350 nodes. These are constructed using the preferential attachment method. This is a recursive
method, which begins with two connected nodes. Then, given a network with � nodes add
the � � �st node (together with 2 edges sticking out of it) to the network by attaching the first
edge to an existing node with probability proportional to that node’s degree. Now once the
first edge is attached to an existing node, say �, generate a new probability distribution on the
set of all existing nodes minus � with the probability of attachment proportional to the node’s
degree again, and attach the remaining edge to one of these nodes with respect to this probability
distribution.

For each size of graph, we ran experiments 40 times to estimate the propagation time. The
initial information started at the node of maximal degree (although the results don’t seem to
depend on where it starts). The results for propagation probabilities 0.2, 0.5 and 0.8 are shown
in figure 4.1. We have conjectured that the propagation time for this kind of network should be
logarithmic in the size of the network (as is the diameter of scale-free networks). The empirical
evidence supports this claim.
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Figure 4.1: Propagation time for scale-free networks of different sizes. The three sets of results
are for � � ��� (slowest), � � ��� and � � ��� (quickest). Averages over 40 runs are given,
together with error bars of one standard-deviation.

4.2 Dependence on transmission probability

The model works by seeding vertices in the network with a unique piece of information. Each
time step, the information has a probability (i.e., migration rate) to spread to one or more of its
neighbours. The simulation is run until all nodes have received the information. All diffusion
experiments were run on networks with 100 nodes.

It is expected that, especially for lower migration rates, the topologies with the larger charac-
teristic path lengths will take longer for the information to diffuse, since the path that information
must travel is longer.

4.2.1 Diffusion from Single Node

The first experiment observed how long it took for information to diffuse from a single node
to the rest of the network. Each run, a random node was selected as the starting vertex. Every
time step, each node that had already seen the information propagated it onwards, with a certain
probability based on the migration rate, to a random one of its neighbours. Figure 4.2 shows the
results for the different topologies.

The results show that the topologies with the shorter characteristic path lengths did in fact
take in general much less time for the information to diffuse1. The exception is the scale-free

1For example, a small-world network has a much shorter characteristic path length than a grid network for the
same number of nodes (calculations not shown).
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graph, which took much longer than the other topologies. The reason for this is that with this
experiment, nodes that have the information and are due to propagate it onwards only propagate
it to a single neighbour. Scale-free graphs tend to have nodes in the ”center” with many con-
nections, but connections to nodes which themselves have few connections. What this means is
that the information tends to reach the central nodes very quickly, but it takes a long time for
information in the central nodes to reach all of the outlying nodes. We would expect the situation
to be reversed when information is propagated to all neighbours, which is is the subject of the
next experiment.

4.2.2 Diffusion from Single Node to All Neighbours

In this experiment, a single node is again chosen to begin the diffusion, but if it is due to prop-
agate, instead of choosing a single neighbour it propagates the information to all neighbours
(Figure 4.3). We expected the scale-free network in this experiment to be one of the fastest, since
once the information reaches the central nodes, it should very quickly reach the rest of the nodes.

As expected, the scale-free topology in this experiment, instead of being the slowest, was one
of the fastest, due to the effect mentioned above. Also, notice that the ring topology was almost
exactly twice as fast in this experiment as in the last; this makes sense since the information now
propagates in both directions until it meets on the far side of the ring.

4.2.3 Diffusion from All Nodes

Next, we ran an experiment that starts every node with a unique piece of information and runs
until all information has been propagated to all nodes. The results were expected to be similar to
the single start results, except all runs would obviously take longer. They also should be a more
”general” test of the networks since in the single start experiment, the starting node might be in
a special location that influences the result in that particular run (although since all experiments
were run multiple times, this should not be that big of an issue). Figure 4.4 shows the results of
this experiment.

As expected, the results were very similar to the first experiment, with a longer run time. The
scale-free graph was significantly slower.

4.2.4 Diffusion from All Nodes to All Neighbours

For completeness sake, the last experiment (see Figure 4.5) measured the time it took for infor-
mation from all nodes to diffuse to all nodes, diffusing to all neighbours each step.

The results from this experiment follow logically as a combination of the previous two. Simi-
larly to the second experiment, the scale-free network performed much better than in the previous
experiment.
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Figure 4.2: Diffusion from Single Node.
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Figure 4.3: Diffusion from Single Node to All Neighbours.
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Figure 4.4: Diffusion from All Nodes.
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Figure 4.5: Diffusion from All Nodes to All Neighbours.
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4.3 Relevance

The main ramifications of these results to the DBE project is that depending on the underlying
network topology, the time it takes for information to diffuse spans a wide range. Small-world
networks seem efficient empirically. We are currently working on verifying this claim analyti-
cally. The scale-free networks appear to scale well with increasing network size, but for smaller
networks, they are slow with respect to the propagation probability. Grid networks, although they
look good in the experiments, would probably not scale so well (we conjecture the propagation
time for grids grows as

�
�). There is further work to be done on clearing up these cases. One

key factor in applying the results to the DBE will be to get an estimate of the size of the networks
concerned and their potential growth. Schemes which scale badly might still be the method of
choice if the number of nodes is going to remain limited.
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Chapter 5

A Parallel Genetic Algorithm for the DBE

This chapter presents a new model that is designed to be used for simulation of some aspects of
the proposed DBE framework. Specifically, our model is a PGA meant to play the role of the
search agent in finding software for SMEs. The focus of the model is the effect of changing the
topology of the patches on information flow and eventual performance of the PGA, and thus the
focus is on the connection structure of the patches. While it does not simulate all aspects of the
proposed DBE framework, it is hoped that it will elucidate issues that might arise from particular
topologies to aid in the eventual creation of the real DBE framework.

The first section will describe a modified version of the SCP that we use as the objective
function, the second and third will discuss the specifics of the GA and PGA we use, and the last
will describe the six network topologies we chose to use to connect the patches.

5.1 DBE Subset Covering Problem

As described above, the Set Covering Problem (SCP) attempts to find a subset of columns in a
binary matrix whose union contain at least one 1 in all rows, as well as minimising the total cost
(since each column has an associate cost). We propose a slight modification to the unicost SCP
that introduces a ”target” bit string, where each bit position corresponds to a row in the matrix.
The subset of columns only needs to cover those rows that have a corresponding ’1’ in the target
string (see Figure 5.1; note that the matrix is transposed). The actual complexity and difficulty
of the problem is now actually dependent on the number of 1’s in the bit-string, since a larger
number of 1’s represents more rows that need to be covered and thus a harder problem; apart
from that the underlying problem dynamics should be very similar.

Since our problem is unicost, the problem becomes first determining if there actually exists
a set cover, and then minimising the size of that set (instead of the cumulative cost). An ideal
solution to the DBE problem would be a set containing exactly one column that contained 1s in
just the rows with a corresponding 1 in the target string and nothing else, where a degenerate
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0 0 1 1 0 1 0 0    spec 1
1 0 0 1 0 1 1 0    spec 2
0 0 0 0 1 0 0 1    spec 3
1 1 0 0 0 0 0 0    spec 4
0 0 0 0 0 0 0 1    spec 5

0 1 0 0 1 1 0 0    spec 7
1 0 0 1 0 0 0 0    spec 6

1
0

0

1
1

0
0bi

t s
tr

in
g

1 1 0 1 1 1 1 0    union of selected specs

1 1 0 1 0 0 1 0    target bit string

Figure 5.1: The DBE Subset Covering Problem. A bit string determines which specifications
(rows) are in the subset. The union of all selected specifications is compared against the target
bit string. If all positions in the target with a 1 have a corresponding 1 in the union string, the
subset is a cover. (Note that this matrix is transposed from the description in the text)

solution might just include all columns in the set.

The rationale behind this reformulated SCP is to simulate the problem a search agent in the
DBE framework will face when trying to match software specifications with a software require-
ment. Each column in the matrix represents a different software specification, and each row in
the matrix represents a particular software capability; for instance, a particular piece of soft-
ware may provide multiple capabilities - each of its capabilities is represented as a 1. The list
of specifications is of configurable size, is generated randomly, and is the same for all patches.
The target bit string represents an SME’s software requirements, where each 1 represents that
capability (i.e., row) being required.

Although this formulation of the SCP is unicost, the future business model of the DBE frame-
work would probably associate some sort of individual cost with software packages. This cost
might either be set by the software producers themselves; set as some sort of automatic market
cost; or perhaps as a function of how many capabilities it provides. However, for the scope of
this project each column was given the same cost.

5.2 Genetic Algorithm

Although there are many different methods for solving the SCP [7], we chose a GA due to its
simplicity in implementation and ability to be parallelised. Additionally, the motivation behind
the DBE project is to find nature-inspired methods and we felt that this was a good fit.
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Genetic Representation

Following [7] and [37], we also made the obvious choice of using a bit string encoding for the
genetic representation, since in this case the genome maps directly to the individual itself and
does not require an expression process. The main drawback to this representation is that the
length of the genome grows directly with the number of software specfications (columns); for a
large number of possible specs this could quickly become intractable.

Fitness

For fitness evaluation, the genome was taken and for each 1 the corresponding software specifi-
cation was added to a set. The union of all specifications in the set yielded a capability string,
which was compared to the target bit string. Fitness is a sum of a) the number of specifications
in the set (size), b) the number of 1s in the target string that are not in the capability string (miss-
Caps), c) the number of 1s in the capability string that are not in the target string (extraCaps),
and d) a set penalty if there are any 1s in the target string not in the capability string (isCover).
Each of these has an associated coefficient. These are parameters of the GA (see Section 7.1.1).
In other words,

8 � 9� � :;� � Æ;� � <� (5.1)

where � is the size, ;� is the number of extra capabilities, ;� is the number of missed capabil-
ities, and � � ��� ��. Since infeasible solutions (i.e., ones that do not meet all the capabilities)
are allowed, this constitutes a penalty approach.

Selection/Crossover

Since finding the best assignment of penalty coefficients is a relatively difficult task, and the
resulting fitness values can potentially be very diverse, we decided to use binary tournament se-
lection since it relies only on relative fitness.

With two parents selected, we used uniform crossover to create one new offspring, with an
equal weighting between the two parents. In addition to binary tournament selection, we also
tested the GA with a different form of selection in which the best two individuals in the popu-
lation were selected and the resulting offspring replaced the worst individual in the population
(which we called ”elite” crossover). This tended to reduce diversity too quickly and thus we
primarily used the former method (see Section 7.1.5 for our experimental results of the different
crossover types).

Mutation

We tried two different forms of mutation: ”flip” mutation which for each individual selected to
mutate (based on the mutation rate) we flipped each of its bit based on another probability (the
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flip rate), and ”swap” mutation in which for each selected mutant we juxtaposed one or more
(usually one) pair of bits.

Flip mutation creates much more diversity for the same mutation rate, obviously, since in
swap mutation at most two bits will change (if flipping one pair).

5.3 Parallel Genetic Algorithm

Since the point of this project was to investigate the effects of different network topologies, we
used a multiple-population model for our PGA. Each patch functions as a normal GA and has no
knowledge of the other patches. The PGA contains a graph that maintains a list of neighbours for
each patch. Each time step the PGA decides which individuals in which patches should migrate
to which of its neighbours.

The main difference in our model with typical PGAs is the ability for different patches to have
different target bit strings. This actually is a substantial difference that has far-reaching effects
on the dynamics of the entire system, and in fact places it more in the realm of a metapopulation
than a typical PGA.

Individual Selection

The PGA can either select the best individual in a population or a random individual. Selecting a
random individual is more like nature but has potential drawbacks in terms of fitness, since it is
often likely to introduce suboptimal individuals into the neighbouring populations. This would
potentially increase diversity, however, so this is a trade-off.

Migration

We implemented two different migration types: copy and move. In move migration, the indi-
vidual is actually moved to the destination patch and removed from its source population. This
results in fluctuations in the patch population sizes, which for some network topologies can
present problems. In copy migration, the individual is copied into the destination patch where it
overwrites an existing individual.

When individuals are copy migrated, they can either be copied to one neighbour or to all
neighbours.

5.4 Network Topologies

We chose six different possible network topologies for the PGA, which were designed to give a
range of path lengths as well as realistic feasibilities. Below, we discuss the algorithms used to
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generate these networks. The main constraint placed upon the generation algorithms is that since
we are modelling migration, the graph must be connected.

Random

A random graph is simply a graph whose edges were generated randomly [40] (see Figure 5.2).
This topology was chosen as a bounding case for the DBE if no design was followed in connect-
ing nodes.

Figure 5.2: Random graph.

Since the graph needs to be connected, there must be at least ������
�

edges. Because each
vertex will have at least one edge attached to it, we simply iterate through the vertices, creating
a new edge from the current vertex (if it is not already connected) to a random distinct ver-
tex. After that, if the graph is not connected we add edges between random vertices until it is
connected. Potential inefficiencies aside, this method produces random graphs without a bias
towards particular vertices (e.g., the initial nodes in a growth model).

Connected Caveman

The ”Connected Caveman” graph is a graph model proposed by Watts that presents a bounding
case for social networks [40]. In it, there are multiple ”caves”, or groups of vertices, in which
every vertex is connected to all the rest. These caves are linked together by single edges into a
global ring (see Figure 5.3). This type of graph, with a very high clustering coefficient, is inter-
esting because it creates a hierarchy of sorts in the topology in which information is likely to be
very quickly passed around on a local scale but will take much longer to diffuse to the rest of the
network; this bears some resemblance to one of the hierarchical parallel algorithms reviewed by
Cantu-Paz [8].
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Figure 5.3: ”Connected Caveman” graph.

To generate this type of graph, we simply create fully connected clusters of vertices and then
reconnect one edge in each cluster to the next cluster (the last cluster being connected to the
first). A parameter, clusterSize, determines the size of the clusters.

Ring and Grid

The ring and grid topologies (see Figures 5.4 and 5.5 respectively) are two particular cases of
d-lattices [40]. D-lattices are graphs in which the vertices are spatially structured and edges
connect each vertex with its neighbours. The number of edges connected to a vertex is given by
$. So a simple ring is a 1-lattice with $ � �, and a grid is a 2-lattice with $ � �. These two
topologies are useful from an analytical point of view because their characteristic path lengths
can be calculated exactly. As formulated by Watts [40], for a 1-lattice with $ � �,

' �
���� $ � ��

�$��� ��
(5.2)

This shows that the length scales linearly with �; additionally, these types of graphs also gener-
ally have a low clustering coefficient, since they are spatially structured [40].

We generate ring graphs by simply connecting each vertex to the next $%� vertices in two
directions. Grids are generated by connecting a vertex to its $%� closest neighbours in four di-
rections. Although $ is an input parameter, for this project we used $ � � for rings and $ � �
for grids. The number of vertices for our grid graphs was required to be a square to maintain the
shape.

Scale-free

For many years since random graph theory was developed by Erdos and Renyi [13], complex
real-world networks were approximated by using random graphs. However, recent analysis of
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Figure 5.4: Ring graph.

Figure 5.5: Grid graph.
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large real-world systems such as the World Wide Web and social networks has shown that instead
of pure random graphs, they are actually ”scale-free” [9]. In other words, the degree distribution
follows a power law instead of a Poisson distribution as in random graphs [6]. Put simply, there
exist a few ”central” vertices that have a much larger number of edges connected to them than
the rest. In a real world example, popular web sites are likely to have a disproportionately larger
number of links to them than less popular sites. Barabasi and Albert proposed that complex
networks develop scale-free behaviour due to growth and preferential attachment [5]; in other
words, nodes are added one at a time and have a higher probability of connecting to nodes that
are already highly connected. This is a very important topology to study for the DBE because it
is likely that networks that are allowed to grow on their own will develop this behaviour, since
”popular” nodes will likely receive much more attention and thus more new connections.

Figure 5.6: Scale-free graph.

Although many different approaches exist to generate scale-free networks ([36], [9], [11],
[25]), most of them are based on the original Barabasi-Albert model [5], which we slightly
modify here. Nodes are added one at a time, determining the probability 
 �$�� that it will
connect to existing node � by,


 �$�� �
$��
	$�

(5.3)

Our one modification places a scaling exponent � on $� so that more or less importance can be
placed on the degree distribution. Figure 5.6 shows a scale-free graph with � � ���. With �, this
model can generate networks that range from something very close to a random graph (although
with connections slightly biased towards nodes added at the beginning of the algorithm) to a
”hub” graph where all nodes are only connected to a single central node.
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Small-world

The Kevin Bacon Game has become a well known illustration of a fascinating phenomenon
found in many real-life networks [40]. In this game, an actor or actress is given a ”Bacon Num-
ber” based on how closely associated with Kevin Bacon (a previously less well-known American
actor) they are, with respect to films in which they play. For instance, if an actor or actress ever
appeared in the same movie as Bacon, they would have a Bacon Number of 1. If they have never
appeared in a film with him, but have been in a film with another actor who has, then they have
a Bacon Number of 2, and so forth.

The game itself may be fun for movie enthusiasts, but the really interesting thing was the
conjecture made by the game’s founder that no American actor has a Bacon Number higher than
4; this conjecture was later proven using data from the Internet Movie Database (an extensive
online database of films that references tens of thousands of actors and actresses) [40]. It is in-
teresting because most actors and actresses do not appear in a very large number of films with
respect to the total number of films indexed, yet they all remain a very few number of steps away
from each other. This phenomenon, which also occurs in many other networks, is called the
small-world effect.

Random graphs also show some elements of the small-world effect [32]. However, random
graphs are not a very good model for social networks since they do not have a characteristically
high clustering coefficient. Following Newman’s definition, small-world graphs are those that
have a low characteristic patch length and a high clustering coefficient [32]. Watts, in his excel-
lent work on small-world graphs [40], devotes several chapters to their formal definition and the
interested reader is encouraged to look there for more information.

For this project, small-world networks are a useful construct because they can strike a balance
between keeping the number of edges connected to any one node relatively low, yet also allowing
information to diffuse quickly throughout the entire network. To generate small-world networks,
we used Watts’ :-graph model [40] (see Figure 5.7). The algorithm begins with a perfect ring
graph (generally with $ 3 �) and rewires each edge with probability : to a randomly selected
vertex (disallowing self-connections). In this model, when : � �, the graph remains a ring and
when : � �, the graph is completely rewired into a random graph. As : increases from 0, the
characteristic path length quickly decreases before flattening out. For this project we chose $ � �
and : � ���, since this will give a graph with a low average degree but also a short characteristic
path length.
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Figure 5.7: Small-world graph.
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Chapter 6

NetEvo

To implement the model described in the previous chapter, we have developed NetEvo, a parallel
genetic algorithm system. Since it is designed to run on a single-processor system, NetEvo is
not intended to increase the actual speed of the searching, but to investigate the role that topol-
ogy plays in the PGA. Since a PGA is logically hierarchical, NetEvo uses an object-oriented
paradigm, and due to our existing expertise, we implemented it in C++. We also made extensive
use of the Standard Template Library, especially the Vector class.

This chapter will first describe the architecture of NetEvo, then will discuss the many config-
uration parameters, and will conclude with an evaluation of the software.

6.1 Software Architecture

NetEvo is made up of several main object classes: Individual, EvoPatch, and EvoSim. Each
EvoPatch implements a distinct GA, with Individuals living inside of it. EvoSim controls the
whole simulation as well as handling migration between patches (whose topology is stored in
a Graph object). A ”wrapper program” (netEvo) instantiates the EvoSim object, initialises its
configuration, and begins the simulation (see Figure 6.1). NetEvo is a discrete time simulator;
in other words, the simulation progresses in distinct time steps. Due to this, performance of the
algorithm is measured in time steps, not real time.

netEvo

The wrapper program is responsible for loading the simulation configuration from the user, in-
stantiating and initialising the simulation, and reporting relevant data into a human-readable
format. To load configuration information, we use Richard J. Wagner’s freely-available Config-
File class, which reads named values from a configuration file. All configuration information is
stored in a config file which is loaded at run time into an EvoSimConfig object. This object is
passed to an EvoSim object, and then netEvo enters into a time step loop which runs EvoSim’s
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EvoPatch

EvoPatch

EvoPatch

EvoPatch

EvoPatch

EvoPatch

EvoSim

netEvo

Figure 6.1: NetEvo system architecture.

update method each time step. At regular intervals, data such as average fitness and diversity is
sampled. After the desired number of time steps, the EvoSim object is re-initialised and a new
run is begun. If so configured, after the runs are completed the migration rate is increased and
the process is begun again.

After all runs have completed, the sampled data is processed to determine the mean and
standard deviation, and then outputted to the screen. The output shows the sampled time step,
mean and standard deviation of the average fitness of the patches, and the mean and standard
deviation of the average diversity of the patches.

EvoSim

EvoSim maintains the configuration for the simulation in an EvoSimConfig object, which gives
a convenient way of passing configuration information around. EvoSim is initialised by passing
in an EvoSimConfig object, which resets EvoSim’s internal variables. This allows multiple runs
to be conducted without re-instantiating the EvoSim object.

EvoSim also generates the list of specs which form the matrix for the SCP; this is generated
once each run and is the same for all patches.

EvoSim’s update() method is what drives the entire simulation; each time it is called (by
netEvo), it simulates one time step. This involves iterating through all EvoPatches and running
their update() methods. After running all EvoPatch updates, EvoSim iterates again through the
patches, running the EvoPatch migrate() method. After retreiving the migrating individuals from
each EvoPatch, EvoSim determines the neighbourhood of each patch and transfers the individu-
als to their destinations.
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The heart of EvoSim is a Graph class; this contains not only the EvoPatches themselves, but
the topology that connects them. When EvoSim is initialised, it creates the topology by using
one of the network generation functions.

class Graph

Graph is a templated class that we developed for this project. In its basic form, it implements a
bi-directional, weighted graph, with an arbitrary data type stored in its vertices. It allows direct
access to the nodes, as well as implementing several methods that allow access to a given node’s
neighbours. Graph also implements several methods which allow analysis of the graph such as
determining whether or not it is connected and its degree distribution.

Since for this project we used unweighted, bi-directional graphs, we implemented a child
class of Graph called UBGraph, which simplified usage. We implemented several different tem-
plated functions to generate different network topologies; the UBGraph object is passed to one
of these functions along with the topology parameters, and the function generates the desired
topology.

This design allowed easy testing of the network generation algorithms in the beginning of the
project, without having to worry about EvoSim.

class EvoPatch

Each EvoPatch object implements a complete genetic algorithm. The population, fitness evalua-
tion, and genetic operators are all controlled at this level. Each patch is oblivious to the network
of patches; each time step it only looks at its current population. A pointer to the list of specs in
the EvoSim is contained inside of the patch.

EvoPatch implements a variety of genetic operators; the configuration determines which ones
are run by the patch each time step. After running the operations, EvoPatch searches through its
population and stores a copy of the most fit individual, if it is better than the previous fittest;
this ensures that a patch will never decrease in its best fitness, even when potentially damaging
genetic operations are performed.

When the migrate() method is called, EvoPatch determines which of its individuals are due
to migrate. In migrate best, the best individual migrates with a probability based on migration
rate; otherwise, each individual migrates with a certain probability (also the migration rate). A
vector is passed into migrate() by EvoSim, and the patch simply places the individual into the
vector. This prevents the patch from having to know about any of the other patches.
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class Individual

The Individual class is responsible for storing the genetic representation, actually performing
crossover and mutation, as well as evaluating fitness.

Since the chosen representation for this model is a bit string, we used a vector of boolean vari-
ables. This allowed us to have an arbitrary-length representation, which could even be changed
at run-time. Crossover is performed by passing an individual into the crossover() method of
another; this returns a new individual that can be stored where desired. To ease in usage, we
overloaded some of the basic arithmetic operators for class Individual.

To evaluate fitness, the current configuration parameters that affect fitness are passed into the
individual (such as the target string and penalty values). The individual evalutes fitness itself and
returns the fitness value.

6.2 Configuration

There are a multitude of configuration parameters for NetEvo. Below is a list with descriptions.

Display Parameters

showRunResults outputs the final fitness and diversity for each run
showBest outputs the best individual in each patch at the end of the run

showUpdateFitness outputs the current fitness each time step
showTarget displays each target string in integer format

showSamples outputs each time sample when it is taken
showIndSamples outputs individual time samples

Patch Parameters

target the target bit string, in long int format
randomTarget generate a random target string (this overrides target)

targetMaxCaps random targets will have no more than this number of enabled bits
popSize initialise this many individuals at start

targetChangeProb each time step the patch target will change with this probability
targetMutate only change target by flipping bits

targetMutateFlips when mutating target, flip this number of bits
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GA Parameters

sizePenalty the fitness penalty due to size
extraCapPenalty the fitness penalty for each enabled bit not in the target string
missCapPenalty the fitness penalty for each bit not in the capability string
notCoverPenalty the fitness penalty if the individual is not a cover

crossoverType the type of crossover performed, either tournament or elite
mutationRate each individual mutates with this probability
mutationType the type of mutation performed, swap or flip

flipProb if mutationType=flip, each bit in a mutating individual flips with this probability

Topology Parameters

topology beta, grid, ccaveman, ring, scalefree, random
topology.degree for beta and ring, $

topology.b for beta, :
topology.p for scalefree, the scaling factor

topology.clusterSize for ccaveman, the cluster size

EvoSim Parameters

numPatches the number of patches in the simulation
specSize the bit length of specifications

numSpecs the number of specs generated/individual bit length
maxCaps the maximum number of 1 bits in specs

sameTarget set all patches to the same target
randomTargets set all patches to different, random targets

Migration Parameters

migrationRate the probablity of individuals migrating
copyMigrate copy individuals instead of moving them
migrateBest only migrate the best individual in a patch

copyToAllNeighbours if copyMigrate, copy to all neighbours
varyMigrationRate run multiple simulations

migrateRateStepSize the amount to vary each simulation
migrationRateSteps how many simulations to run

Simulation Parameters

numRuns how many runs to make each simulation
timeSteps how many time steps per run

numTimeSamples how many samples to take during a run
rawFitness sample raw fitness without penalties applied
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6.3 Evaluation

The NetEvo system was easy to use for this project and provided an intuitive way to change
network topologies and simulation parameters. While an attempt was made to implement the
algorithm as efficiently as possible, efficiency was not the primary goal; however, in practical
terms the system performed fine and did not present any problems.

Implementing the simulator as an object-oriented system proved to be an excellent choice
since it allowed very easy reconfiguration of the simulation and maintained an intuitive structure.
Storing configuration information first in a configuration file and then internally inside of an
object turned out to save vast amounts of time and allowed the simulation to be run multiple
times without reinstantiating the object.
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Chapter 7

Experiments

Using NetEvo, we ran several experiments to observe the PGA and the flow of information
around the patches. The first set focused on single patch behaviour, in particular attempting to
arrive at a set of parameter values that could be used for the rest of the experiments. The second
set looked at both the diversity and fitness of patches over time with respect to different network
topologies.

Methodology

All experimental runs were repeated 30 times for statistical viability. We collected the mean and
standard deviation and when appropriate these are shown on the graphs. T-tests were usually not
performed since the results were generally clear.

For all experiments, we tried to set the parameters to reasonable values; this was often tricky
since there were so many parameters. The rest were set to the best guess values in the context of
the experiment. Many of the parameters have a dramatic effect on the model; in particular, pa-
rameters such as specSize, numSpecs, and maxCaps can fundamentally change the search space.
Within the time constraints of this project, however, we chose values that were the best balance
between realistic experimental times and reasonable difficulty.

Unless specified otherwise, for each run, each patch was assigned a newly-generated random
target requirement bit string.

7.1 Single Patch

Since there are a large number of variable parameters in the model, the first set of experiments
focused on a single patch to determine optimal parameter values.
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Set Size ExtraCap MissCap NotCover
1 1 1 1 0
2 1 1 1 10
3 1 1 5 50
4 1 5 10 50
5 1 1 2 10

Table 7.1: Penalty parameter sets.

7.1.1 Fitness Parameters

One of the most important decisions was the assignment of fitness penalty parameters. While
testing these parameter sets, we used the ”raw” fitness which was the sum of the number of spec-
ifications in the set, the number of excess capabilities, and the number of unmatched capabilities.
Since the ideal solution would consist of exactly one specification which matched the target ex-
actly, smaller fitnesses were better. While the raw fitness (the equivalent of setting all penalty
parameters to 1) works, we wanted to see if alternate assignments would improve the quality or
discovery speed of solutions. Additionally, it is most important to actually have all capabilities
matched, so that should have a higher weighting.

We tested five different parameter sets (see Table 7.1) to see if there was a significant differ-
ence in solution quality or discovery speed. Set 1 is the baseline, equivalent to the raw fitness.
Set 2 imposes a significant penalty if the individual is not in fact a cover which is intended to
weed out the individuals that are not covers. Set 3 is designed to put extra pressure on the in-
dividuals by both putting a severe penalty on individuals that are not covers, as well as a higher
penalty for not meeting capabilities. Set 4 continues this trend by increasing the penalties except
for size. Set 5 is a modification of set 2 that is designed to give slightly more pressure to match
capabilities. Figure 7.1 shows the raw fitness over time for the five penalty sets.

Analysis

At first glance, these results may seem confusing; the fitnesses of penalty sets 2 and 5 actually
increase at the beginning before converging to the same shape as the other sets. The reason for
this is that this graph charts the raw fitness, which does not take into account whether or not the
individuals are a cover or not. Since penalty sets 2 and 5 have similar penalties for size, extra
capabilities, and missed capabilities, it takes longer to find a set that is actually a cover. For all
but penalty set 1, by the end of the run the best individual had found a cover. In any case, there
was not a significant difference between the penalty sets after sufficient time had elapsed.

Eventually the penalty parameter selection must be determined by the business model used
in the DBE; for instance, different software specifications might have different costs based on a
variety of factors. For the purposes of this project, we used penalty set 3 for most experiments
since it is assumed that it is most important to ensure a cover of all the required capabilities,
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while size and extra capabilities are not as important (but still ideally should be minimised in the
long run).

7.1.2 Maximum Specification Capabilities

The next experiment was to determine the effect of changing the maxCaps parameter. It seems
likely that software specifications in the DBE will only enable a small number of capabilities, so
this parameter should probably be set to something small, e.g. 3 or 4. However, a range of values
were tested to examine the behaviour of the GA (see Figure 7.2).

Analysis

For maxCaps greater than 1, there was not a large difference in terms of fitness quality, although
in general the final fitness was better for larger values of maxCaps.

Again, the business model and environment of the DBE will influence the final behaviour of
this parameter. Since it makes sense that software providers would often provide a few capa-
bilities (i.e., more than one) but rarely a large number, we chose maxCaps=4 for the rest of the
experiments.

7.1.3 Population Size

Another important parameter to set was the patch population size. Smaller population sizes tend
to converge faster, but may not arrive at solutions that are as good quality as populations with
larger sizes [8]. However, with a larger size populations usually take much longer to converge
and also take more processing power. We tested a variety of population sizes in an attempt to
find an optimal value (see Figure 7.3).

Analysis

While a population size of 20 converges faster, its final fitness value is not optimal. While the
larger sizes usually converge eventually, they take much longer to do so. According to this
experiment, a population size of 50 appears to be optimal since it is a good balance between
convergence speed and finding better fitness values; for the rest of the experiments, the patch
population size was set at 50.

7.1.4 Number of Specifications

The number of possible software specifications also has a dramatic effect on the algorithm as a
whole, as this essentially determines the space in which the GA will search. Since this project
is interested in the effects of different network topologies, it was important to find a parameter
value that was a good balance between difficulty and speed. Since the length of the individual’s
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Figure 7.1: Penalty set quality comparison.
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Figure 7.2: maxCaps.
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bit string is the number of specifications, too large a value can quickly make the algorithm im-
practical to run. Figure 7.4 shows a range of different values for numSpecs and their fitnesses
over time.

Analysis

Since specifications are generated randomly, for numSpecs less than 50, there would often not
be enough specifications with the right bits to create proper covering sets. On the other hand,
for numSpecs greater than 500, it was too hard for the algorithm (with the existing parameters)
to find a decent solution and so it would usually converge to a degenerate solution (usually the
empty set), since this at least minimises the size. As a balance between difficulty and time, we
chose 200 as the default number of specifications. This choice fundamentally affected the rest
of the project, and perhaps this value was too low; further research should investigate this more
fully.

7.1.5 Crossover Type

We next tested the two selection/crossover operators (elite and binary tournament) for both fitness
(Figure 7.5) and diversity maintenance (Figure 7.6). While it is important to converge on a good
fitness value, when diversity is too low it can prevent novel solutions from being created.

Analysis

Elite crossover, as expected, converged more quickly than tournament crossover. However, tour-
nament crossover did arrive at the same fitness (or better) eventually, and maintained diversity
much longer. For this reason, we chose binary tournament to be the crossover operator used in
the rest of the experiments.
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Figure 7.3: Population size.
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Figure 7.4: Number of Specifications.
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Figure 7.6: Crossover types: diversity vs time.
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7.2 Multiple Patches

This set of experiments looked at the relationship between network topology and the diversity
and fitness of the patches.

The diversity of a patch was measured by counting the number of different individuals in the
patch divided by the patch population size. This arrives at a number between 0 and 1, where 0
represents total homogeneity and 1 total heterogeneity. The global diversity was not measured
since it would be unclear what it meant; for instance, in a two patch system if both patches were
completely homogenous but different from each other, this would be indistinguishable from a
situation in which both patches were half and half.

Diversity is important to observe because, since crossover is the main searching operator,
a less diverse population will reduce the number of directions being explored. However, when
converging on good solutions it is often necessary to have more individuals close to the good
solution to avoid creating an offspring that is too unfit; this balance can be difficult to acheive.

7.2.1 Same Targets

The first part of this set of experiments uses the typical PGA setup, with all patches having the
same target bit string. The intention is that since all patches are all trying to solve the same
problem, if patches are able to broadcast their good solutions then that information will spread
throughout the network, which will result in good individuals being found sooner. We used bi-
nary tournament selection, uniform crossover, swap mutation, and all networks consisted of 25
patches.

While the mutation operator exists to introduce diversity into the populations, we wanted to
see how the diversity was also affected by the migration of good individuals. Since diffusing to
all neighbours worked much faster in the diffusion model, when a patch is selected to migrate it
copies its best individual to all of its neighbours, overwriting the worst individual in the target
patches. Figures 7.7 and 7.8 show the diversity over time for migration rates of 0.00 and 0.05
respectively, while Figures 7.9 and 7.10 show the fitness over time for the same migration rates.

Analysis

At m=0.00, there is no migration so there is no difference between the different topologies; the
diversity decreases steadily due to crossover, whilst the fitness steadily improves. By m=0.05, the
small-world topology loses diversity very quickly and reaches equilibrium at a lower level than
the rest of the topologies. The equilibrium diversity is non-zero because of the fixed mutation
rate; with no mutation the population would keep reproducing until it was completely homoge-
nous. The fitness of the small-world network also improves quicker than the other topologies,
although it converges on the same fitness.
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Figure 7.7: Diversity: same targets, migration rate = 0.00

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000  1200  1400  1600  1800  2000

D
iv

er
si

ty

Time

Diversity - Same Targets, m=0.05

ccaveman-5
grid-25
random

ring-2
scalefree-1.5

smallworld

Figure 7.8: Diversity: same targets, migration rate = 0.05. The small-world topology loses
diversity much faster than the rest of the topologies.
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Figure 7.9: Fitness: same targets, migration rate = 0.00
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Figure 7.10: Fitness: same targets, migration rate = 0.05
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The likely reason for the small-world topology losing diversity so quickly is that since the
clustering coefficient is high, good individuals that are passed to neighbours are likely to be sent
to a whole cluster, and the next time step those same individuals will likely be passed back. Since
the incoming individual is copied over the worst individual in the target patch, inside a cluster
good individuals will quickly bounce around, replacing bad individuals until there are no bad
individuals left. Since the small-world network also has a short characteristic path length, good
individuals will also very quickly diffuse throughout the entire network. This early convergence
translates into increased fitness until it can no longer improve.

Figures 7.11 and 7.12 show the diversity and fitness over time in the small-world topology for
several different migration rates. The higher the migration rate, the sooner the diversity drops;
this could be problematic if it converges to a suboptimal solution, although in this case the fitness
converged very quickly on the eventual found solution.

7.2.2 Different Targets

In the next experiment, each patch was given a different, randomly generated target bit string.
The main ramification of this is that the best individual for one patch is likely to be very un-
suitable for a different patch. It is even likely that it will be worse than the individual that it
is replacing (although this will already be the worst in the destination patch). However, this
migration can possibly create new diversity in patches that might have already converged on a
suboptimal solution. It might have a slight drawback on the short-term fitness of the target patch,
however. This setup is meant to be closer to what the DBE framework will encounter, and at-
tempts to see how well the PGA works in this context. Figures 7.13, 7.14, 7.15, and 7.16 show
the diversity and fitness over time for m=0.00 and m=0.05.

Analysis

All of the topologies show a similar shaped diversity curve: at first diversity decreases, then
slowly increases before dropping off dramatically and converging to its equilibrium. The reason
for this shape is not completely clear, although since the small-world topology again drops in
diversity sooner, we suspect that it is caused by the propagation of individuals that are a local
minimum of fitness. For instance, given the fitness parameters chosen, an individual bit string
of all 1s will definitely be a cover and will not have any missing capabilities. Since this type
of individual will be successful (at least in the short run) in any patch, it is quickly propagated
around; as before, in the small-world topology it will quickly bounce back and forth over-writing
less fit individuals, which is probably why that topology loses diversity much quicker. The di-
versity peak in the middle is probably caused by the migration of other nodes; eventually better
solutions are found and then crossover begins to converge.

As in the previous experiment, the small-world topology is able to find higher quality indi-
viduals faster, although it too converges eventually to the same fitness as the other topologies.
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Figure 7.11: Diversity: same targets, small-world topology.
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Figure 7.12: Fitness: same targets, small-world topology.
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Figure 7.13: Diversity: different targets, migration rate = 0.00
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Figure 7.14: Diversity: different targets, migration rate = 0.05
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Figure 7.15: Fitness: different targets, migration rate = 0.00
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Figure 7.16: Fitness: different targets, migration rate = 0.05
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7.2.3 Changing Targets

Diverging more and more from the traditional experimental domain of PGAs, our next set of
experiments studied the effect of the PGA when targets are occasionally changed. This is a
potentially more likely real-world scenario, since SMEs might change their requirements from
time to time. We were most interested to see what the effect that migration had on this problem.
Since it is more likely for SMEs to only slightly change their requirements instead of creating
an entirely new one, targets were mutated instead of being generated anew. We found that, as
before, the small-world network performed better than the other topologies. Figures 7.17 and
7.18 show the diversity and fitness over time for the small-world graph. In these experiments,
the target mutation rate was set at 0.025 and would flip 2 bits when mutating.

Analysis

For this problem, it is very important for patches to maintain at least some diversity; if a popu-
lation has converged on a good solution for its target string, if the target then suddenly changes
the population will take longer to find another solution path. The results of this experiment show
that non-zero migration rates maintain a better fitness level across the patches then without mi-
gration. Although the diversity decreases initially for the small-world graphs, it converges at a
higher diversity than with no migration, which is beneficial for when the targets change. The
fitness curve decreases very quickly with a migration rate of 0.1; this is likely also caused by the
propagation of individuals that are very general (i.e., all 1s). As soon as a patch discovers one, it
is quickly propagated throughout the network, and in fact for many patches it probably remains
the best solution.

7.2.4 Results

While it was surprising that there was not more differentiation in the other network topologies,
the interesting result was the superior performance of the : model small-world topology. These
results suggest that it would be a good choice for connecting nodes together in the DBE since
it allows information to quickly propagate due to its low characteristic path length and high
clustering coefficient. However, when using a model similar to ours, it does not appear that there
is very much difference in the other topologies.
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Figure 7.17: Diversity: changing targets, small-world topology.
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Figure 7.18: Fitness: changing targets, small-world topology.
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Chapter 8

Conclusions

This paper has presented a parallel genetic algorithm model to solve a modified version of the
set covering problem, as well as a software package that implements it. We ran a range of exper-
iments that both calibrated the GA as well as studied the effect of different network topologies
on information diffusion and PGA performance.

We found that the small-world graph performed the best in our simulation runs in terms of
fitness and information propagation. This suggests that the : model would be a good choice to
implement a network that required information to diffuse quickly throughout the network. For
the other topologies, we found that there was not a significant difference in either fitness or diver-
sity. Small-world networks also seem to have advantages in terms of propagation time, although
this might only pay off as the size of the network grows sufficiently large.

The results obtained here are by no means exhaustive; there remain a large number of possi-
ble directions to go from this project. The theoretical basis for GAs and some types of PGAs are
relatively well understood. However, the multiple-deme PGA model can present some problems
to analysis [8]. We are currently pushing forward our analytical models of propagation time in
networks, in collaboration with Dr. Leslie Goldberg of the University of Warwick, and are mak-
ing considerable progress on verifying our conjectures.

One avenue of future work would be to dramatically increase the difficulty of the problem
being solved; the limited number of specs to search through created a rather easy problem for the
GA to solve, so the parallel effects were not necessarily needed. Typical PGAs are solving SCP
problems of up to 500 rows and 5000 columns [37], which is quite a bit larger than the problem
solved here. In fact, a real world DBE framework would probably not use as simple a capability
model as a bit string but instead some sort of BML; this would most likely mean a rather different
problem that needed to be solved.

More work should be done observing the effect of the : parameter on the small-world net-
works; our chosen value of 0.3 was a best-guess value and was successful, but a wider range
should be tried to find the specific point at which the small-world effect begins to work. Although
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the : graph model is popular, it is not the only generation model that displays small-world effects
[32]; other generation models should be tried to see if the same results are observed.

It is not clear why there was not more differentiation between the other topologies; future
work should investigate this phenomenon to find its cause.

Other graph models should be tried, such as the extreme case of a scale-free graph where
all vertices are connected to one central node. This would be similar to the master-slave PGA
topology. Another interesting topology to test would be a bus model, where there is a long chain
of nodes with a small number of secondary nodes connected to the central vertices. Finally, a
fully connected graph should provide an extreme, limiting case for experimental testing.

Larger graphs should also be investigated; our graph sizes were limited due to performance
considerations; larger graphs should provide a more accurate simulation of the underlying dy-
namics. Since the path length in ring and grid models scales linearly, there might be more
differentiation in PGA performance between the topologies when the number of patches is dra-
matically larger.

NetEvo proved to be very useful for these experiments and there is a very large range of
experiments that it is capable of performing. The most likely direction of future work on NetEvo
should go towards an efficiency audit of the code, since efficiency was not the primary concern
whilst implementing it. A faster NetEvo would enable more experiments to be run in a more
practical time-frame.

The actual business model of the DBE, when it is implemented, will dictate more specifically
how feasible our model actually is. Since the model here is relatively simple, it is difficult to say
how applicable these results will be to the DBE; future work would be dramatically influenced
by the direction the DBE itself takes.
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