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Executive Summary

This report is the final report from UBHAM on WP8 (sub-task S4, Population dynam-
ics in the evolutionary environment) brought forward from month 36. It is a summary
of work done at UBHAM during the period January—April 2006.

The report is in four main parts. The first part introduces the work and describes
its relationship to the rest of the project. The second part outlines our work on ex-
tending evolutionary algorithms to cope with changing requirements (the dynamic set
cover problem). The third part gives an overview of our continuing theoretical analy-
sis of evolutionary systems with variable-length structures (including trees). The main
theoretical results are presented in the fourth part, which is a technical paper, to be
published in the journal Theoretical Computer Science.

The main “customers” within the DBE project of this work have been STU and,
indirectly, Intel and Sun. The applications of our research have been of some assistance
in the creation of the EVE architecture and algorithms. Most of the work, however, will
be of long-term interest with an impact beyond the lifetime of the project.
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Chapter 1

Introduction and relationship to
the project

This deliverable is the final report for sub-task S4 (Population dynamics in the evolu-
tionary environment), which is scheduled to run from month 19 to month 36, and builds
on the work of S3, already reported [21] and the preliminary report from S4 [20]. The
objectives of this sub-task are:

1.

To investigate the effects of a changing environment on evolution. Such changes
may come from external forces (e.g. changes in users’ requirements) or inter-
nally (e.g. from the migration of information).

To inform the development of DBE Evolutionary Environment, by liaising with
STU, Intel and Sun with regard to representations, operators and fitness defini-
tions.

To study population dynamics of variable-sized structures. This will involve
both empirical studies, as well as a theoretical extension of existing work on
limit theorems for variable-sized strings.

In our previous reports [21, 20] we described a formalisation of the problem faced
by the EVE as a (weighted) set covering problem, and showed than an evolutionary
approach could be effective on such a problem. We then planned to build on this work
in the following ways:

L.
2.

Working with STU to help with their initial implementation of the EvVE.

Extending the evolutionary approach to deal with changing requirements.

. Empirical and theoretical studies of the extended algorithm.

Continuing collaboration with STU (see [18]) and HWU (see [1]) in the design
of a more sophisticated EVE (including visits to STU).
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Unfortunately, due to personnel problems, UBHAM has had to withdraw from the
project early. We have made some contribution to STU’s development of the EVE, in-
cluding collaborative visits. We have also begun work on designing the extension to
deal with dynamic requests. This work is presented in chapter 2. However, the empir-
ical and theoretical studies have not been completed, although the java code has been
handed over to STU. We are also unable to assist STU with their further development.

We have made more progress, however, in our theoretical studies on variable-length
evolution. Since it is envisioned that the extended algorithm may have to deal with
such structures to represent SBVR statements (e.g. in tree form) this is a potentially
rich area of research [19]. We summarise our results in chapter 3. Chapter 4 contains a
copy of our most recent publication on this subject (to appear in Theoretical Computer
Science). It is highly technical, and is included for completeness, since this is our final
deliverable.
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Chapter 2

An evolutionary approach to the
dynamic set cover problem

2.1 The dynamic set cover problem

We briefly recall the set cover problem as a model for the DBE EVE. We begin by
assuming a large collection of features. These are individual things that a consumer
might want. We assume they are atomic. A request from a user is (in the simplest
form) a list of desired features. Service providers make available services to users. A
service comprises, amongst other things, a descirption of all the features which it can
provide. So, from an abstract perspective, we think of a service as being a subset of
features. The problem faced by the EVE is to find a collection of services so that, when
taken as a whole, they provide all the features requested. We also want this to be done
as cheaply as possible. We assume each service has an associated cost, and the user
would like the cheapest collection of services that meets their request.

This problem can be solved effectively using an evolutionary approach, as we have
seen in our previous reports. What we now consider is the dynamic set cover problem.
Over time, a user may produce a sequence of different requests. Similarly, a set of users
with a common (or similar) local service pool, may make different, but related requests.
If the different requests were all unrelated to each other, then the most efficient thing to
do would be to re-run the evolutionary algorithm from scratch on a random population.
However, it is assumed that requests from related users will be somehow similar to
each other. For example, there may be some features, or feature combinations, which
frequently occur in requests from users of a certain type. We want to be able to exploit
this commonality to make the evolutionary algorithm more efficient.

One way to approach this problem is to make sure the initial population used is
biased towards services which occur frequently in response to user requests. We pro-
pose a probability vector v which assigns a certain probability to each service in the
genepool. When a new request arrives, we generate the new initial population as fol-
lows. We suppose N is the population size, and there are S services in the genepool).
Then to create a new member of the population, we create a binary string of length S,
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where the probability of setting the k*" bit to 1 is v;,. We repeat this N times to fill up
the population. Each string is interpreted as a subset of services, where a 1 in position
k indicates that service k is included.

When a new habitat is first created, it is given a genepool. It must also then get a
vector v to help it construct populations. It could take this vector from a neighbouring
habitat that corresponds to a similar user type. Or, if there is no suitable neighbour, it
could start off by setting vy, to be a small probability such as 1/N.

After a request comes from the user, the population is initialised using v. The evo-
lutionary algorithm (see next section) is then run to produce a solution. That solution
will be a collection of services that meets the request as cheaply as possible. We now
want to update v so that the services that appeared in the solution become more likely
to appear in the future. One scheme is to set

o (1—-a)vg +a« if k is in the solution
E7 awg if k& is not in the solution

where 0 < o < 11is a learning rate. When the next request comes in, the new version
of v is used to create the initial population, which is now biased towards the more
frequently used services. This form of selection is related to the population “thinning”
algorithm proposed in [18], which acts as a pre-selection phase in the EVE. We propose
that such a method be included in future versions.

2.2 The UMDA algorithm

The scheme described in the previous section incrementally modifies the frequencies
of services in the initial population. We thought it might be appropriate, then, to in-
vestigate the use of an evolutionary algorithm which also operates on the frequencies
of the services. The UMDA (‘Univariate Marginal Distribution Algorithm”) is such an
evolutionary algorithm. It was invented by Heinz Muhlenbein [7] and has been well-
analysed from a theoretical perspective [6, 23]. The algorithm follows three phases:
selection, generation, mutation.

Selection A subset of individuals from the current population are selected depending
on their fitness.

Generation For each service k, denote by p;, the frequency with which it appears in
the selected population. Generate a new population using the probability vector

.
Mutation Mutate each bit of each string in the population with probability .

There are several ways in which to perform selection. One may use the standard pro-
portional or tournament selection schemes to select a number of individuals. Or one
may selected a certain fraction of the best individuals (e.g. take the best half of the
population). The generation stage proceeds exactly as with the initial population, only
now we use the vector p. The mutation rate is typically set to 1/.5, so that, on average,
one service is included or deleted from a solution.

As a simple example, suppose that our population is as follows:

9166
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0o o 1 1 o o0 1 fitness = 100
1 0 1 1 0 0 O fitness = 90
1 0 1 0 0 0 1 fitness = 75
0 1 0 1 o0 0 1 fitness = 50
1 0 0 0 0 1 O fitness = 30
0 1 1 1 o o0 1 fitness = 25

That is, the first string indicates a subset containing the third, fourth and seventh ser-
vice, and so on. The population has been ranked in order of fitness. We now select the
best half of the population, namely the first three strings. For each service (bit posi-
tion) we consider the frequency with which it appears in these top three strings. For
example, the first service occurs in the second and third string, but not the first string.
Its frequency is therefore 2/3. The frequencies for each service are:

service | 1 23 4 5 6 7
frequency [2/3 0 1 2/3 0 0 2/3

We now generate a new population by sampling the services according to these prob-
abilities. That is, every time we generate a new string, the first bit is set to a one with
probability 2/3 and so on. So we might get:

OO KRRk
oo oo oo
e
O R KR RO
o oo oo o
o oo oo o
O R KFH OR K~

We then apply mutation. That is, each bit has a probability 4 of changing. The value
of p is usually set to be 1/.S, which in this case is 1/7 so that, on average, one bit is
changed per string. The resulting population might be:

1 0 0 1 0 0 1
1 1.1 0 0 0 1
1 0 1.1 0 0 O
0 0 1 1 1 0 1
6 0 1 1 o0 1 1
1 0 1 0 1 1 O

The fitnesses are then calculated, and the population ranked accordingly, and the next
generation begins.

2.3 Java code

Java code implemented the UMDA algorithm can be found at

http://www.cs.bham.ac.uk/ jer/scp.tar.
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After unpacking the tar file, the program must be compiled using
javac pop.java
which can then be run. Various parameters can be adjusted in the file
parameters. java.

This code is preliminary and for experimental purposes only.
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Chapter 3

Theoretical analysis of
variable-length evolutionary
systems

We have previously reported several theoretical results in the analysis of evolutionary
algorithms. These were generally in two areas:

e Results relating to variable-length structures (in the infinite population limit)

e Results relating to finite populations for strings.

As an example, we proposed and proved a generalisation of the classic Geiringer’s the-
orem for finite populations. Simply put, this states that the repeated action of crossover
is to destroy the correlations between elements of solutions, so that a population tends
to s state of “linkage equilibrium”. It is worth pointing out that the generation stage of
the UMDA algorithm takes the population in a single step to this state, as it explicitly
de-couples the linkage between services in a solution. UMDA can therefore be seen
(at least theoretically) as applying repeated strong crossover at each generation.

In our current work, we have continued to look at these themes. In the following
chapter, we present a technical paper containing our results, which we summarise here.

Firstly, we return again to Geiringer’s theorem [4], but now considering the evo-
lution of variable size and shape individuals, namely trees. This, therefore, applies to
standard Genetic Programming (in which we evolve programs in the form of trees). It
also potentially applies to the DBE EVE if, as is envisaged, the types of requests and
service combinations allowed become more sophisticated than simple lists and subsets.
For example, a hierarchical workflow pattern could be represented as a tree structure.

We establish, for tree structures, the kinds of shapes (or schemata as they are tech-
nically known) which play a fundamental role in the analogue of Geiringer’s theorem,
and show how crossover again has the effect of de-coupling the correlations that exist
in the population.

On the issue of bloat (that is, uncontrolled growth of structures during evolution),
there are a number of possible counter-measures that can be employed. The simplest
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and strictest is to disallow items larger than a certain threshold. Less severe, but still ef-
fective, is to have a certain probability that items larger than the threshold will be killed
off. Such a method (called the Tarpeian method) has been proposed and theoretically
motivated by Riccardo Poli [10]. An even less strict method is to have a penalty func-
tion that penalises large structures, but this can be difficult to design correctly. See [8]
for a survey of methods.

Secondly, we continue to look at general evolutionary algorithms from the Markov
chain perspective, and begin to build a framework in which bounds on the stationary
distribution can be proved. This distribution gives the probability that a given popu-
lation (or a population with any desired property) will be found by the evolutionary
algorithm in the long-run. The framework relies on the construction of a kind of order
relation (technically a pre-order) between populations. Once such an order has been
appropriately constructed, then one can use it to determine if one population is more
likely than another to appear in the stationary distribution.

A simple application of this framework establishes, for example, that if we have an
evolutionary algorithm which goes through the phases: mutation, selection, crossover
(in that order), then it is impossible that the stationary distribution can be uniform.
There are always some populations which are preferred to other. This is even true even
if all individuals actually have the same fitness! We ascribe this to the implicit biases
induced by crossover, which tends to “prefer”” some types of population over others.

One of the practical consequences of this observation is that one has to be rather
careful when designing crossover operators that one is aware that such biases are being
introduced. For example, it is known that certain crossovers for variable-length string
structures have biases towards strings of a certain length. That is, such strings will tend
to be “over sampled” in the long run.

Although we have produced a considerable amount of theoretical work in this pe-
riod, it is true to say that at the moment it is still largely of only theoretical interest. We
include our paper in the next chapter for completeness, rather than expecting it to be
of direct value to the project. We had hoped to use the remaining time of the project to
use such results to help design appropriate crossover operators for structured services
within the EVE but, with our withdrawal from the project, this must be left to others, or
to some future work.
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Chapter 4

Some Results about the Markov
Chains Associated to GPs and
General EAs.

This chapter is a paper accepted for publication in Theoretical Computer Science.

4.1 Introduction

Geiringer’s classical theorem (see [4]) is an important part of GA theory. It has been
cited in a number of papers: see, for instance, [12], [13], [17] and [22]. It deals with
the limit of the sequence of population vectors obtained by repeatedly applying the
crossover operator C(p), = ZL  DiDjT (i, j—k) Where r(; ;1) denotes the probability
of obtaining the individual k£ from the parents ¢ and j after crossover. In other words,
it speaks to the limit of repeated crossover in the case of an infinite population. In [5],
a new version of this result was proved for finite populations, addressing the limiting
distribution of the associated Markov chain, as follows. Let @ = []"_; A; denote the
search space of a given genetic algorithm (intuitively A; is the set of alleles correspond-
ing to the i gene and n is the chromosome length). Fix a population P consisting of
m individuals with m being an even number. P can be thought of as an m by n matrix
whose rows are the individuals of the population P. Write

ail ai12 . A1n

a1 a2 . a2n
P =

Aml  Am2 cee OGmn

Notice that the elements of the i™ column of P are members of A;. Continuing with
the notation used in [12], denote by ®(h, P, i) where h € A; the proportion of rows,
say j, of P for which a;; = h. In other words, let R, = {j |1 < j < mandaj; = h}.

14/ 66
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Now simply let ®(h, P,i) = %. The classical Geiringer theorem (see [4] or, [12]
for modern notation) says that if one starts with a population P of individuals and runs
a genetic algorithm (GA) in the absence of selection and mutation (crossover being
the only operator involved) then, in the “long run”, the frequency of occurrence of
the individual (hq, he, ..., h,) before time ¢, call it ®(hy, ha, ..., hy, t), approaches

independence:

t—o0

lim ®(hy, ha, ... hn, t) = [] ®(h, P,d).
1=1

Thereby, Geiringer’s theorem tells us something about the limiting frequency with
which certain elements of the search space are sampled in the long run, provided one
uses crossover alone. In [12] this theorem has been generalized to cover the cases
of variable-length GA’s and homologous linear genetic programming (GP) crossover.
The limiting distributions of the frequency of occurrence of individuals belonging to a
certain schema under these algorithms have been computed. The special conditions un-
der which such a limiting distribution exists for linear GP under homologous crossover
have been established (see theorem 9 and section 4.2.1 of [12]). In [5] a rather powerful
extension of the finite population version of Geiringer’s theorem has been established.
In the current paper we shall use the recipe described in [5] to derive a version of
Geiringer’s theorem for nonlinear GP with homologous crossover (see section 4.6 or
[9] for a detailed description of how nonlinear GP with homologous crossover works)
which is based on Poli hyperschemata (see section 4.6 or [9]). The first step in this
procedure is to describe the search space and the appropriate family of reproduction
transformations so that the resulting GP algorithm is bijective and self-transient in the
sense of definition 5.2 of [5]. Then the generalized Geiringer theorem (theorem 5.2
of [5]) as well as corollaries 6.1 and 6.2 of [5] apply. The necessary details are sum-
marized in the next few sections. A schema based version of Geirnger’s theorem for
nonlinear GP applies even in the presence of “node-mutation” (see section 4.9).

The finite population Geiringer theorem established in [5] may completely describe
the stationary distribution of the Markov chain associated to an evolutionary algorithm
only in the absence of selection. In section 4.10 we introduce a pre-order relation on
the states of a Markov chain associated to an evolutionary algorithm which is defined
in terms of selection alone, and establish some general inequalities about the station-
ary distribution of this Markov chain when selection is the “last stage” in the cycle.
In section 4.12 we demonstrate that the stationary distribution of the Markov chain
associated to most evolutionary algorithms in the presence of selection can never be
uniform when mutation rate is small enough, even if the fitness function is constant.

The material in sections 4.10,4.11 and 4.12 is independent of the results in sections
5 - 9. Thus, the reader has an option of jumping to read section 4.10 right after section
4.

4.2 Notation

() is a finite set, called a search space.

15/66
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f:+ Q — (0,00) is a function, called a fitness function. The goal is to find a
maximum of the function f.

Fq is a collection of g-ary operations on §2. Intuitively F, can be thought of as the
collection of reproduction operators: some ¢ parents produce one offspring. In nature
often ¢ = 2, for every child has two parents, but in the artificial setting there seems to
be no special reason to assume that every child has no more than two parents. When
q = 1, the family 77 can be thought of as asexual reproductions or mutations. The
following definitions will be used in section 4.3 to describe the general evolutionary
search algorithm. This approach makes it easy to state the Geiringer Theorem.

Definition 4.2.1 A population P of size m is simply an element of Q™. (Intuitively it
is convenient to think of a population as a “column vector”.)

Remark 4.2.1 There are 2 primary methods for representing populations: multi-sets
and ordered multi-sets. Each has advantages, depending upon the particular analyt-
ical goals. Lothar Shmitt has published a number of papers which use the ordered
multi-set representation to advantage (see, for instance, [15] and [16]). According to
definition 4.2.1, in the current paper we continue the development of analysis based
upon the presentation pioneered by Lothar Schmitt. The following example illustrates
an aspect of the representation which the reader would do well to keep in mind:

0 0 0 1 1 1
Example 4.2.1 Let ) = {0, 1}3. Consider the populations {1 1 1],[0 0 0
1 1 1 1 1 1
1 1 1
and |1 1 1. According to definition 4.2.1 (the ordered multi-set model which is
0 0 0

exploited in the current paper) these are distinct populations despite the fact that they
represent the same population under the multi-set model.

An elementary step is a probabilistic rule which takes one population as an input and
produces another population of the same size as an output. For example, the follow-
ing elementary step corresponds to the fitness-proportional selection which has been
studied in detail by Wright and Fisher (see [24] and [3]).

Definition 4.2.2 An elementary step of type 1 (alternatively, of type selection) takes
T

T2
a given population P = . with x; € Q as an input. The individuals of P are

Tm
evaluated.:
1\ —  f(z1)
2 | = f(z2)
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A new population

Y1
P = -
y’"L
is obtained where y;’s are chosen independently m times form the individuals of P and

y; = x; with probability ZL;&Z)
=1

In other words, all of the individuals of P’ are among those of P, and the expec-
tation of the number of occurrences of any individual of P in P’ is proportional to the
number of occurrences of that individual in P times the individual’s fitness value. In
particular, the fitter the individual is, the more copies of that individual are likely to be
present in P'. On the other hand, the individuals having relatively small fitness value
are not likely to enter into P’ at all. This is designed to imitate the natural survival of
the fittest principle.

Population P’ is the output of this elementary step.

In order to define an elementary step of type 2 (reproduction) in a general setting which
uses the ordered multi-set representation (see remark 4.2.1 and example 4.2.1) one
needs to introduce the following definitions:

Definition 4.2.3 Fix an ordered k-tuple of integers q = (qu, q2, ..., qx). Let K de-
note a partition of the set {1, 2, ..., m} for some m € N. We say that partition K is
q-fit if every element of K consists of exactly q; elements for some i. In logical symbols
this means that if K = {Py, Po,..., P} then K is q-fitif V1 < j <131 <i <k
such that | P;j| = q;. Denote by E' the family of all a-fit partitions of {1, 2,...,m} (i.
e. ' = {K |K is a q-fit partition of {1, 2, ...,m}}).

Definition 4.2.4 Let Q) be aset, Fy,, Fqs,, ..., Fq, be some fixed families of q;-ary op-
erations on Q) (F; is simply a family of functions from Q% into Q2), and p1, pa, . . ., Pk
be probability distributions on (Fy,)?, (Fyg,)%, ..., (Fy. )% respectively. Let q =
(g1, g2, - - -, qx). Finally, let p,, be a probability distribution on the collection &y of
partitions of {1, 2, ..., m} (see definition 4.2.3 above). We then say that the ordered
2(k + 1)-tuple (2, Fq,, Fans- -2 Faps P15 D2, - - -, P> ©m) I8 a reproduction k-tuple
ofarity (‘ha qz; -, Qk)

The following definition of reproduction covers both, crossover and mutation. Defini-
tion 4.2.6 (see also remark 4.2.2) will make it possible to combine different reproduc-
tion operators in a simple and natural way.

Definition 4.2.5 An elementary step of type 2 (alternatively, of type reproduction) as-
sociated to a given reproduction k-tuple (X, Fy,, Foor -+ Faer P1s P25 -« > Phy Pm)
Ty
)
takes a given population P = .| with x; € Q as an input.

Tm
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The individuals of P are partitioned into pairwise disjoint tuples for mating accord-
ing to the probability distribution ©,,. For instance, if the partition selected according
: 141 i1 2 2 2 g4 -
t0 pm is K = {(if, i3,...,1g,), (i1, 13,...,45,)s- -, (i1, 9, ...,8) ) ...} the corre-
sponding tuples are

Q1= :2 Q2 = :2 Q= 12

a1 a2 g
mLJl
:CL;
Having selected the partition, replace every one of the selected q;j-tuples Q) ; = :
xiéj
with the g;-tuples
Tl(xz{ y :Ci;', ey :L',L.%j )
Q/i Tg(xi{,xié,...,z%)
qu (xli y Zi%’ ceey Iiéj )
for a q;-tuple of transformations (T1,Ts, ..., T,;) € (Fq;)% selected randomly ac-

cording to the probability distribution p; on (Fy; )% . This gives us a new population

Ym
which serves as the output of this elementary step.

Notice that a single child does not have to be produced by exactly two parents. It is
possible that a child has more than two parents. Asexual reproduction (mutation) is
also allowed.

Definition 4.2.6 A cycle is a finite sequence of elementary steps, say {s, },_,, which

are either of type 1 or of type 2 and such that all of the steps in the sequence {s,}),_,
have the same underlying search space and the same arity of input/output.

Remark 4.2.2 Intuitively, these steps are linked together in such a way that the output
of the step s; is the input of the step s;y+1. This is why all of the steps in the same
cycle must have the same underlying search space and the same arity of input/output
(otherwise the input/output relationship does not make sense).

We are finally ready to describe a rather wide class of evolutionary heuristic search
algorithms.
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4.3 How Does a Heuristic Search Algorithm Work?

A general evolutionary search algorithm works as follows: Fix a cycle, say C' =
{sn}]_, (see definition 4.2.6). Now start the algorithm with an initial population
1

Z2
P = . The initial population P may be selected completely randomly, or it

L
may also be predetermined depending on the circumstances. The actual method of se-
lecting the initial population P is irrelevant for the purposes of the current paper. To
run the algorithm with cycle C' = {s,,}, simply input P into s, run s, then input the
output of s into sz ... input the output of s;_; into s; and produce the new output, say
P’. Now use P’ as an initial population and run the cycle C' again. Continue this loop
finitely many times depending on the circumstances.

Definition 4.3.1 A sub-algorithm of a given evolutionary search algorithm defined by
a cycle C = {s,})_, is simply an evolutionary search algorithm defined by a subse-
quence {sp, }3:1 of the sequence C of elementary steps.

A recombination sub-algorithm is sub-algorithm defined by a sequence of elemen-
tary steps of type 2 (Reproduction) only.

4.4 The Markov Chain Associated to an Evolutionary
Algorithm

In [22] it has been pointed out that heuristic search algorithms give rise to the following
Markov process' (see also [2], for instance): The state space of this Markov process
is the set of all populations of a fixed size m. This set, in our notation, is simply Q.
The transition probability py, is simply the probability that the population y € Q™
is obtained from the population x by going through the cycle once (where the notion
of a cycle is described in section 4.3: see definition 4.2.6 and remark 4.2.2). The
aim of the current paper is to establish a few rather general properties of this Markov
chain. In case when there are several algorithms present in our discussion we shall
write {pfy}&yegm to denote the Markov transition matrix associated to the algorithm
A while {pZ }xyecaom would denote the Markov transition matrix associated to the
algorithm B.

Definition 4.4.1 Fix an evolutionary search algorithm A. Denote by pY ., the prob-
ability that a population 'y is obtained from the population x upon the completion of
n complete cycles (in the sense of definition 4.2.6 and remark 4.2.2) of the algorithm.
We say that a population x leads to a population y under A if and only fpey >0

for some n. We also write x A, y as a shorthand notation for x leads to y. (This
terminology is adopted from [2].)

'In the current paper the state space of this process is slightly modified for technical reasons which will
be seen later.
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4.5 A Special Kind of Reproduction Steps and the Ex-
tended Geiringer Theorem

To understand the intuitive meaning of the definition below, see sections 4.2 and 4.3.

Definition 4.5.1 Given a set ) and a family of transformations F4 from Q% into €, fix

a g-tuple of transformations (T, Ty, ..., T,) € (Fq)?. Now consider the transforma-
tion (Th, T, ..., Ty) : Q7 — Q9 sending any given element
X1 Tl(l‘l,l‘g,...,l'q)
T2 . TQ(ZI;ZQ;"'vxq)
€ Q% into . c O
Tq Ty(z1, 22, ..., 2q)

We say that the transformation (T, Ts, ..., Ty) is the tupling of the ordered q-tuple
(Tlv T27 s 7Tq)'

Definition 4.5.2 Given an elementary step of type 2 (reproduction) associated to the
reproduction k-tuple = (Q, Fy., Faos- -+ Fagus P1s P25 - - - Dy ©m ), fix some index
i1with 1 < i < k and denote by

Q(Q, Qz) = {<T1, TQ, . ..,Tq> : qu — qu

T] S fqiv pi(Tl, TQ, . ’TCIi) > 0}
the family of all tuplings which have a positive probability of being selected.

Remark 4.5.1 The family of tupling transformations G (S, q;) described in defini-
tion 4.5.2 represents the family of q parents — q children crossover transformations
while the family F, represents the family of q parents — 1 child crossovers. Depend-
ing on the circumstances it may be more convenient to specify the family of q parents
— q children crossover transformations directly rather than specifying the families F
individually. We shall see an example of this situation in section 4.6. The family F,
of q parents — 1 child crossovers can then be recovered from the family of q parents
— q children crossover transformations by using coordinate projections.

As mentioned in section 4.2, in nature often the arity of the reproduction transfor-
mations is 2 meaning that every child has 2 parents.

It turns out that quite many evolutionary algorithms, including the classical genetic
algorithm and nonlinear (as well as linear) genetic programming are equipped with the
reproduction steps having the following nice property which has been introduced and
investigated in [5].

Definition 4.5.3 A given elementary step of type 2 (reproduction) associated to the re-
production k-tuple (2, Fo s Fays - Faps P1, D2, - - - s Dy ©m) is said to be bijective
(and self-transient) if it satisfies conditions 1 (and 2) stated below:

1. V1 < i < kwehavep;(Th, To, ..., Tg,) > 0 = (Th, Ty, ..., Ty,) (see
definition 4.5.1 for the meaning of (T, Tv, ..., Ty,)) is a bijection (a one-to-one and
onto map of Q9 onto itself).
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2.V1<i<k E'(Tl, Ty, ... 7TCIi) S (qu)ql such thatpi(Tl, Ty, ... 7T¢Ii) >0
and (T, Ts, ..., Ty,) = 1 where 1 : Q% — Q% denotes the identity map (i. e. VX €
Q% we have (T, Ty, ..., Ty, )(x) = x). We say that a recombination sub-algorithm
(see definition 4.3.1) of a given evolutionary search algorithm is bijective (and self-
transient) if every given term of the subsequence, sy, by which the sub-algorithm is
defined is bijective (and self-transient).

Remark 4.5.2 Notice that conditions 1 and 2 of definition 4.5.3 can be restated in
terms of the family G(2, ¢;) as follows:

1. Every transformation in the family of tuplings, G(), q;) is a bijection.

2.1 €G(Q, q;) where 1 : Q% — Q% denotes the identity map.

In [5] the following nice facts have been established:

Proposition 4.5.1 Let A denote a bijective and self-transient algorithm (see defini-

tion 4.5.3). Then A isan equivalence relation.
Proposition 4.5.1 motivates the following definition:

Definition 4.5.4 Given a bijective and self-transient algorithm A and a population
P € Q™, denote by [P 4 the equivalence class of the population P under the equiva-

. A
lence relation —.

To alleviate the level of abstraction we illustrate proposition 4.5.1 and definition 4.5.4
with a couple of examples.

Example 4.5.1 Consider a binary genetic algorithm over the search space Q) = {0, 1}"
under the action of crossover alone. Let the population size be some even number m.
Consider the following family of masked crossover transformations: F = {Fy; | M C

{1, 2,...,n}} where each Fy; is a binary operation (i. e. a function from Q2 into §2)
defined as follows: For every a = (a1, as,...,a,) and b = (b1, ba,...,b,) € Q"
Fy(a, b) =x = (21, 22,...,2,) € Q" where

a; lf’L eM
T =
' b; otherwise
Let A denote the evolutionary algorithm determined by a single elementary step of type
2 (crossover) which is associated to the reproduction " -tuple

Q:(Qﬂfvf}"'afaplap%"'ap%vpm)

(see definitions 4.2.4 and 4.2.5) where the probability distributions p; have the property

that p;(Far, Fx) # 0 only if K = M€ (here M€ denotes the complement of M in

{1, 2,...,n}). This assumption on the distributions p; ensures that the elementary
m

step of crossover associated to the reproduction =3 -tuple §) is bijective. Depending on

the further properties of the distributions p; and the distribution ©,,, different types

of equivalence relations A, would be induced. Typically, in case of a classical GA
crossover, the distributions p; are all identical (i. e. p1 = p2 = ... = pm = p) where
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p is the uniform distribution on {1, 2, ..., n} and the distribution ©,, is uniform over
all partitions of {1, 2, ... ,n} into 2-element subsets. In such a case the equivalence

relation 2 is determined by the numbers of 0’s in the columns (or, equivalently, by
the numbers of 1’s in the columns). The reason this is so is that a population Q) can
be reached from a population P in by performing a sequence of crossover elementary
steps only if it has the same amount of “genetic material” in every column since alleles
are neither lost nor created during homologous crossover. Using the fact that every
permutation can be obtained by performing enough transpositions, one can show the
converse of this fact. This fact is a particular case of lemma 47 of [5]. For instance, if
n =5 and m = 4 we have

01 011 01 0 01
01 010 A 1 01 01
1 01 01 00 0 10
0 01 01 01 1 1 1

Indeed, the number of 0’s in both populations in the first column is 3, in the ond - 3rd
and 4™ columns is 2 and in the last column is 1. Thus the equivalence class cor-
responding to a given population P can be described by an ordered n-tuple [c]p =
(c1, ca,...,cpn) of numbers between 0 and m where c; is the number of Os in the i
column of P. For example, if P is either one of the equivalent populations above then
[C]P = (37 2,2,2, 1)2

Example 4.5.2 Continuing with example 4.5.1, consider the following family of muta-
tion transformations M = {Ty |u € Q} where each transformation Ty, is defined as
follows: Denote by 49 the addition modulo 2 (0 +20 =0,14+20=1,0+21 =1,
1451 =0). We then define T\, to be the function from §) into itself which sends every

a= (a1, as,...,an) to Ty(a) = a & u where @ is componentwise addition modulo
2,i. e givenx = (x1, Ta,...,xyn) andy = (Y1, Y2, ..., Yn) € Q", the & operation
is defined as follows: x @y = z where z = (21, 22,...,2,) With z; = x; +2 Y.

Notice first that every transformation Ty is bijective (in fact T, o Ty = 1 where 1 is
the identity map on 2). Since every mutation transformation Ty, is uniquely determined
by the element u € ), defining a probability distribution on the family M amounts to
defining a probability distribution on Q0 = {0, 1}". To achieve a situation equivalent
to the classical case where every bit is mutated independently with a small probability
€ > 0 and remains unchanged with probability 1 — €, we choose 1 with probability €
and O with probability 1 — € independently n times. Given a population of size m we
let mutation be the elementary step associated to the reproduction m-tuple

Qmutation = (Qv M; Ma e '7Ma Dy Py Ps pm)

where p is the probability distribution on M described above and p,, is the unique
trivial probability distribution on the one-element set (since there is exactly one way to
partition a given set into singleton subsets). Now let B denote the algorithm determined
by the elementary step of crossover as described in example 4.5.1 followed by the

2One point crossover under reasonable assumptions will produce the same equivalence relation.
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elementary step of mutation as described above. Then the algorithm BB is ergodic in the

. . ) . B . ..
sense of definition 58 of [5] which means that the equivalence relation — is trivial,
i.e. there is only one equivalence class or, in other words, for any two populations

P and Q we have P 5, Q. Indeed, thanks to the availability of mutation, any given
population can be reached from any other given population in a single step with a small
but a positive probability which means that any two given populations are equivalent

B
under —.

The main result of [5] is the following fact:

Theorem 4.5.2 Let A denote a bijective and self-transient algorithm. Then the Markov
chain initiated at some population P € Q™ is irreducible and its unique stationary dis-
tribution is the uniform distribution (on [P] ).

The classical versions of Geiringer theorem, such as the ones established in [4]
and in [12] are stated in terms of the “limiting frequency of occurrence” of a certain
element of the search space. The following definitions, which also appear in [5], make
these notions precise in the finite population setting:

Definition 4.5.5 We define the characteristic function X : Q™ x P(Q2) — N U {0}
as follows: X(P, S) = the number of individuals of P which are the elements of S.
(Recall that P € Q™ is a population consisting of m individuals and S € P () simply
means that S C §2.)

01 010
01 010
. 1 01 0 1
Example 4.5.3 For instance, suppose Q@ = {0, 1}", P = 0010 1 and
01 0 1 0
1 01 0 1

S C Q= {0, 1}™is determined by the Holland schema (x, 1, *, 1, ). Then X (P, S) =
3 because exactly three rows of P, the 1%, the 2", and the 5™ are in S.

Definition 4.5.6 Fix an evolutionary algorithm A and an initial population P € Q™.
Let P(t) denote the population obtained upon the completion of t reproduction steps
of the algorithm A in the absence of selection and mutation. For instance, P(0) = P.
Denote by ©(S, P, t) the proportion of individuals from the set S which occur before

time t. That is, (S, P, t) = w (Notice that tm is simply the total
number of individuals encountered before time t. The same individual may be repeated
more than once and the multiplicity contributes to ®.) Denote by X(3, S) : Q™ — N
the restriction of the function X when the set S is fixed (the notation suggests that one

plugs a population P into the box).

Intuitively, (S, P, t) is the frequency of encountering the individuals in S before time
t when we run the algorithm starting with the initial population P.
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4.6 Nonlinear Genetic Programming (GP) with Homol-
ogous Crossover.

In genetic programming, the search space, €2, consists of the parse trees which usually
represent various computer programs.

Example 4.6.1 A typical parse tree representing the program (+(sin(z), *(x,y))) is

drawn below:
(+)
sin ()

X X ¥

Since computers have only a finite amount of memory, it is reasonable to assume that
there are finitely many basic operations which can be used to construct programs and
that every program tree has depth less than or equal to some integer L. Under these
assumptions €2 is a finite set. We may then define the search space as follows:

Definition 4.6.1 Fix a signature ¥ = (X, X1, Xa,...,XN) where ;’s are finite
sets. 3 We assume that $o # 0 and |X;| # 1Y j *. The search space () consists of all
parse trees having depth at most L. Interior nodes having i children are labelled by
the elements of ¥;. The leaf nodes are labelled by the elements of ¥.

In order to study the appropriate family of reproduction (crossover) transformations
with the aim of applying the generalized Geiringer theorem, it is most convenient to
exploit Poli hyperschemata ([9] for a more detailed description).

Definition 4.6.2 A Poli hyperschema is a rooted parse tree which may have two ad-
ditional labels for the nodes, namely # and = signs (it is assumed, of course, that
neither one of these denotes an operation). The = sign may label any interior node v
of the tree. Since v does occur in the tree, we must have |%;| > 0.) The # sign can
only label a leaf node. A given Poli hyperschema represents the set of all programs
whose parse tree can be obtained by replacing the = signs with any operation of the
appropriate arities and attaching any program trees in place of the # signs. Different
occurrences of # or = may be replaced differently. We shall denote by S; the set of
programs represented by a hyperschema t.

Consider, for instance, the hyperschema ¢ defined as (4 (= (#, x), *(sin(y), #)) which
is pictured below:

3Intuitively X; is the set consisting of i-ary operations and X consists of the input variables. Formally
this does not have to be the case though.

4The assumption that |2 | # 1V j does not cause any problems since we are free to select any elements
from the search space that we want. On the other hand, this assumption helps us to avoid unnecessary
complications when dealing with the poset of Poli hyperschemata later
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A couple of programs fitting the hyperschema ¢ are shown below:

® O,
and

A QA H Q
&) x &) D) @ x&p Y

) y X X y X y

Xy

In order to model the family of reproduction (crossover) transformation in a way which
makes it obvious that GP is a bijective and self-transient algorithm, we shall introduce
a partial order on the set of all Poli hyperschema so that every two elements have the
least upper bound. The notion of the least upper bound will be also used to define
the common region (see [11] for an alternative description of the notion of a common
region).

Definition 4.6.3 Denote by O the set of all basic operations which can be used to
construct the programs (i. e. O = ¥, U ..., UXN) and by V the set of all variables (i.
e. V = Xo). Put the following partial order, <, on the set O UV U {=, #}:

Va,be OUV wehavea < b <= a="0b.

Vae O wehave a <=.

VYae OUY we have a = #.

C=2=# 2 H#and == .

AN W N~

We shall also write a > b to mean b < a.

It is easy to see that < is, indeed a partial order. Moreover, every collection of elements
of OUVU{=, #} has the least upper bound under <. We are now ready to define the
partial order relation on the set of all Poli hyperschemata:

Definition 4.6.4 Let t1 and ts denote two Poli hyperschemata. We say that t1 > to if
and only if the following two conditions are satisfied:

1. the tree corresponding to t1 when all of the labels are deleted is a subtree of the
tree corresponding to to with all of the labels deleted.

2. Every one of the labels (which represents an operation or a variable) of t is
the label of the node in the corresponding position of ts.
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Example 4.6.2 For instance, the hyperschema t1 = (+(= (#, x)), *(sin(y), #)) >

to = (+(+(x(sin(x),y), x)), *(sin(y), = (#))). Indeed, the parse trees of t1 and to
appear on the picture below:

Parse tree of t; y Parse tree of t,

When all the labels in the dashed subtree of the parse tree of o are deleted one gets
the tree isomorphic to that obtained from t1 by deleting all the labels. Thus condition 1
of definition 4.6.4 is satisfied. To see that condition 2 is fulfilled as well, we notice that
the labels of t1 are = to the corresponding labels of the dashed subtree of to: Indeed,
we have + = 4+, == +, % = %, # = %, x = x,sin = sin, # ==and y = y.

Again it is easy to check that > is, indeed, a partial order relation on the collection of
Poli hyperschemata. Proposition 4.6.1 below tells us even more:

Proposition 4.6.1 Any given collection of Poli hyperschemata has the least upper
bound under >.

Proof:  Denote by S a given collection of Poli hyperschemata. We provide an algo-
rithm to construct the least upper bound of S as follows: Copies of all the trees in S are
recursively jointly traversed starting from the root nodes to identify the parts with the
same shape, i. e. the same arity in the nodes visited. Recursion is stopped as soon as
an arity mismatch between corresponding nodes in some two trees from S is present.
All the nodes and links encountered are stored. This way we obtain a tree. It remains
to stick in the labels. Each one of the interior nodes is labeled by the least upper bound
of the corresponding labels of the trees in S. The label of a leaf node is a variable, say
x, if all the labels of the corresponding nodes of the trees in S are = (which implies
that they are leaf nodes themselves). In all other cases the label of the leaf node is the
# sign. It is not hard to see that this produces the least upper bound of the collection
S of parse trees. O

It was pointed out before, that programs themselves are Poli hyperschemata. The fol-
lowing fact is almost immediate from the explicit construction of the least upper bound
carried out in the proof of proposition 4.6.1:

Proposition 4.6.2 A given Poli hyperschema t is the least upper bound of the set Sy of
programs determined by t.
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From proposition 4.6.2 it follows easily that > is order isomorphic to the collection of
subsets determined by the Poli hyperschemata:

Proposition 4.6.3 Let ¢ and s denote Poli hyperschemata. Denote by Sy and S the
subsets of the search space determined by the hyperschemata t and s respectively.
Thent > s < S; O S,.

There is another type of schemata which is useful to introduce in order to define the
family of reproduction (crossover) transformations:

Definition 4.6.5 A shape schema is just a rooted ordered tree. If t is a given shape
schema then S% is just the set of all programs whose underlying tree when all the
labels are deleted is precisely t. Given a Poli hyperschema s, we shall denote by 5 the
underlying shape schema of s, i. e. the tree obtained by deleting all the labels in s.

The notion of a common region which is equivalent to the one defined below also
appears in [11]:

Definition 4.6.6 Given two Poli hyperschemata t and s we define their common region
to be the underlying shape schema of the least upper bound of t and s.

Definition 4.6.7 Fix a shape schema t. We shall say that the set C; = {(a, b) | a, b are
program trees and t is the common region of a and b} is a component corresponding
to the shape t.

Notice that sets determined by the shape schemata partition the search space:

Remark 4.6.1 Notice that Q? = U is a shape C- Moreover, C;NCs = (O fort # s. (This
is so because least upper bounds in a poset are uniquely determined and so the function
sending (a, b) — sup(a, b) — the underlying shape of sup(a, b) is well defined. But
then the sets C; are simply the pre-images under this function of the individual shape
schemata and, hence, form a partition of 02 )

We now proceed to define the family of reproduction transformations. Our goal is to
introduce a family of functions on Q22 in such a way that each one of them is easily seen
to be bijective (see theorem 4.5.2, definition 4.5.2, definition 4.5.3 and remark 4.5.2).
The idea is to define these transformations on each of the components first:

Definition 4.6.8 Fix a shape schema t. Fix a node, v of t. A one-point partial ho-
mologous crossover transformation T,, : C; — Cj is defined as follows: For given
(a, b) € Cylet Ty, (a, b) = (¢, d) where c and d are obtained from the program trees of
a and b as follows: First identify the node v in the parse trees of a and b respectively.
Now obtain the pair (c, d) by swapping the subtrees of a and b rooted at v. (This pro-
cedure is described in detail in [11] and it is also illustrated in the example below).
Let G; = {T, | v is a node of t} denote the family of all partial homologous one-point
crossover transformations associated to the shape t.

The following example illustrates the concepts in definitions 4.6.5,4.6.6 and 4.6.8:
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Example 4.6.3 In the upper left part of the picture parse trees of the two sample pro-
grams a and b are shown. Then on the upper right one can see the least upper bound
of a and b. On the lower right the underlying tree of the least upper bound of a and b
is drawn. According to definition 4.6.6, this tree is precisely the common region of the
programs a and b. The isomorphic subtrees inside both, a and b, are emphasized inside
the dashed areas:

The
common
region

A node v is selected inside the common region. The pair of children (c¢,d) = T,(a, b)
appears on the lower left of the picture above. The subtrees rooted at v which are
swapped during crossover are emphasized inside the dashed area.

Remark 4.6.2 One does need to show that for (a, b) € C; we have T,(a, b) € Cj.
A rigorous argument can be given as follows: Clearly T, : C; — s, shape Crisa
well-defined map. Moreover, since v is a node of the least upper bound of a and b and
the pair (c, d) is obtained simply by swapping the corresponding subtrees rooted at
v, we get s = sup{c,d} < sup{a,b}. Now consider the transformation F,, : C5 —
Uz is a shape Ct and notice that, by definition, we have F,(c, d) = (a, b). But then,
according to the reasoning above, we have sup{c,d} < sup{a,b}. Thereby, we get
sup{c,d} < sup{a,b} < sup{c,d} = sup{c,d} = sup{a,b} = t = 5. This
shows that T, does, indeed, map into Cz. Moreover, in the process, we have also
observed a couple of very important facts:

1. T, o Ty, = 1¢; where 1¢; denotes the identity map on Cs. This shows, in
particular, that T, is a bijection.

2. T, preserves the least upper bounds: sup{a, b} = supT,(a, b).

We are finally ready to define the family of reproduction transformations on the search
space (2 of all programs:

Definition 4.6.9 For every shape schema t fix a node v; of t. Define a one point
crossover transformation T{U{}t_mmpmhm 1 Q% — Q2 to be the set-theoretic union
of all partial crossover transformations of the form T,,. More explicitly, this means
that whenever a given pair (a, b) € Q2 we must have (a, b) € Cs for a unique shape
schema 5 (since, according to remark 4.6.1, Q? is a disjoint union of components cor-
responding to various shapes). But then Ty, (a, b) = Ty, (a, b). Denote by
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G the family of all crossover transformations together with the identity map on Q2. For
simplicity of notation we shall denote the transformations in G by plain English letters:
T, F etc., keeping in mind that every such transformation is determined by making
choices of partial crossover transformations on every one of the components.

Remark 4.6.3 Thanks to remark 4.6.2, every one of the crossover transformations in
the family G is bijective (since it is a union of bijections on the pieces of a partition). It
follows now that the generalized Geiringer theorem (theorem 4.5.2) applies to the case
of homologous GP.

Remark 4.6.4 It is also possible to model uniform GP crossover (this type of crossover
is examined in detail in [11]) in the analogous manner. All of the results established in
the current paper apply to this case without any modification.

4.7 The Statement of the Schema-Based Version of Geiringer’s
Theorem for Non-linear GP under Homologous Crossover.

As mentioned before, the schema-based version of Geiringer’s theorem for non-linear
GP is stated in terms of Poli hyperschemata.

Definition 4.7.1 A Poli hyperschema of order i is a Poli hyperschema which has ex-
actly i nodes whose label is not a # or an = sign.

A configuration schema is a 0-order Poli hyperschema (i.e a hyperschema which
has only the equal signs in the interior nodes and # signs in the leaf nodes.)

An operation schema is a Poli hyperschema of order 1 (i. e. a hyperschema which
has exactly one node whose label is not a # or an = sign).

Fix an individual (a parse tree) u € Q. Let v denote any node of u. Let B(v)
denote the branch of the shape schema of u from the root down to the node v. Let
Bt (v) = B(v) U{w|wis a child of some node z of B with z # v}. Now define cs(v)
to be the configuration schema whose underlying shape schema is BT (v). Let o denote
an operation or a variable (an element of X; for some i between 0 and N ). Now obtain
the operation schema 0s,, from cs(v) by attaching the node labelled by o in place of the
# sign at the node corresponding to v of cs(v). Unless v is the leaf node of u, all the
children of this new node are the leaf nodes of 0s, labelled by the # sign. When o is
the operation (or the variable) labelling the node v of u, we shall write os(v) instead
of 0s,.

Notice that if v is a root node then ¢s(v) is just the schema which determines the entire
search space, i. e. the parse tree consisting of a single node labelled by the # sign.
Example 4.7.1 illustrates definition 4.7.1.

Example 4.7.1 Below we list all of the configuration schemata and operation schemata
for the individual of example 4.6.1:
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Recall from definition 4.5.5 that X'(P,.S) denotes the number of individuals in the
population P which are the elements of S C (2. The following definition makes it
more convenient to state the schema-based version of Geiringer’s theorem:

Definition 4.7.2 Given a Poli hyperschema H, we shall write |H(P)| in place of
X (P, Sw) (see definition 4.6.2) to denote the number of individuals (counting repe-

nodes

V4
The cs(va) os(va)
corresponding /%
configuration # # #
and operation
schemata

are Rs[t '3 os(vg)
cs(vy)  os(ig)

# #

?ﬂ»{r 4) ﬁ»[u]
0s(vs) os(vg)

# #
X # # y

titions) in the population P fitting the hyperschema H .

We can now finally state the Geiringer’s theorem for non-linear GP under homologous

Crossover:

Theorem 4.7.1 Fix an initial population P € Q™ and an individual u € ). Suppose
every pair of individuals has a positive probability to be paired up for crossover and
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every transformation in G has a positive probability of being chosen>. Then the limiting
frequency of occurrence of a given individual u,

os(v)(P
II |os(v)(P)]

lim ®(u, P, t) = os(0) ()]

t—o0
v is a node of u

Example 4.7.2 To illustrate how theorem 4.7.1 can be applied in practice, suppose
we are interested in computing the frequency of encountering the individual u from
examples 4.6.1 and 4.7.1 when the initial population of 6 individuals pictured below is
chosen:

The number of individuals in P fitting the operation schema os(v1) is 2 (these are

x1 and X5) while every individual fits the configuration schema cs(vy). Therefore
los(v)(P)| _ 2
les(vy)(P)] — 6
among these only 2 individuals, namely x5 and X5, fit 0s(v2) and 2 individuals, x4 and

x5 fit 0s(v3) so that \ngﬁj;gg;; = ||SE§Z§§E§§|| = % = % Individuals x3, x4 and x5 fit

= % 4 individuals, namely x1, X3, X4 and x5 fit cs(ve) = cs(vs),

the configuration schema cs(vy) while only x4 fits the operation schema 0s(v4) so that

% = % X1, X3, X4 and x5 fit ¢s(vs) = cs(ve). Among these only x3 and x4
. os(vs) (P os(vg) (P
fit 0s(vs) while only x4 fits 0s(vs) so that % =2 =1and % =1

Thereby, according to theorem 4.7.1, we obtain:

111111 1

322 3 2 4 288
Roughly speaking, this means that if we run GP starting with the population P pictured
above, in the absence of mutation and selection (crossover being the only step) for an
infinitely long time, the individual u will be encountered on average 1 out of 288 times.

SThese conditions can be slightly relaxed, but we try to present the main idea only
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Example 4.7.3 Notice that linear GP (or, equivalently, variable length GA) as de-
scribed in [12] is a special case of nonlinear GP when Vi > 1 X; = () and ¥q and
Y1 # 0. Indeed, the elements of such a search space are parse trees such that every
interior node has exactly one child and the depth of the tree is bounded by some integer
N. One can think of such a tree as a sequence of labels (a1, as, ..., ay,), the first la-
bel affiliated with the root node, second label with the child of the root node and so on.
The label a,, is affiliated with the leaf node. This gives us a one-to-one correspondence,
call it ¢ between the search space for nonlinear GP in our specific case when ¥ > 1
¥ = 0 while g and X1 # O and the search space for linear GP which preserves
crossover. The following types of schemata have been introduced in [12]:

Definition 4.7.3 The schema H = (=1, h;, #) represents the subset Sy = {x =
(x1, o, ...,x;) |l > iand x; = h;}. In words, Sy is simply the set of all individuals
whose length is at least i + 1 and whose i allele is h;.

Definition 4.7.4 The schema H = (%, #) represents the subset
S ={x=(x1, xa,...,21) |1 > i}.
In words, Sy is simply the subset of all individuals whose length is at least i + 1.
Definition 4.7.5 The schema H = (¥~ ;) represents the subset
Sy ={x= (21, x2,...,3;) |z = h;}

of the search space which is simply the set of all individuals of length exactly equal to
i whose i (last) allele is h;.

The reader may check that under the correspondence ¢ the configuration schemata
correspond to the schemata H; = (¥, #) for i > 1, operation schemata correspond
to the schemata of the form H = (¥~ h;, #) and of the form H = (x*"1 h;) for
i > 1. Finally, the hyperschema t, 1y corresponds to the schema H = (hy, #).
Fix a population P € Q™. Recall that we denote by |H| the number of individuals
in P which fit the schema H counting repetitions. Also recall from definition 4.5.6
that ®(Sy, P, 1) = % denotes the fraction of the number of individuals of P which
fit the schema H. To abbreviate the notation we shall write ®(H, P, 1) instead of
®(Sy, P, 1). Fix an individual u = (hy, ha,...,hy,) € Q. Theorem 4.7.1 tells us

that

n—2 i ) *nfl
lim ®(u, P, t) = |(h1, #)| (H |(*|7 hz:;a)'#”). I( ;) _

t—00 m (x |(xm=L, )]

7_2 *i7}7r 1, *‘”’717}71
|(h1, #)| v [C<* higa, #) I 1) |

T m '(, Al ) Tl
i=1 m m
n—2 ;

(I)(*Zv hiJrla #) (I)(*nila hn)
®(hy, #) - 4 . : =
( 1 #) (Zzl_Il (I)(*Z, #) ) (I)(*n—l, #)
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H?:n72 (I)(*i, h'H-la #) :q) n—1 h =1 (I) i—1 h“ #)

H;:u—l @(*17 #) 1=n—1

which is precisely the formula obtained in [12].

= (" )

4.8 How Do We Obtain Theorem 4.7.1 from Theorem 4.5.2?

The following couple of corollaries from [5] are useful in obtaining the schema-based
versions of Geiringer theorem for various evolutionary algorithms. Throughout, we
shall denote by g[p), the uniform probability distribution on the set [P] 4 (see defini-
tion 4.5.4).

Corollary 4.8.1 Fix a bijective and self-transient algorithm A and an initial popula-
tion P € Q™. Fix a set S of individuals in Q (S C Q). Then lim;_,o, ®(S, P, t) =
%E ( (3, S)) (here Eop, (f) denotes the expectation of the random variable
| with respect to the uniform distribution on the set [P] 4).%

To state the next corollary which brings us one step closer to deriving results similar
in flavor to Geiringer’s original theorem we need one more, purely formal, assumption
about the algorithm:

Definition 4.8.1 We say that a given algorithm A is regular if the following is true:
for every population P = (x1, xa,...,xmy) € Q™ and for every permutation ™ €
S, the population obtained by permuting the elements of P by , namely n(P) =
(Tr(1)s Tr(2),- > Ta(m)) € [Pla. In words this says that the equivalence classes
[P].4 are permutation invariant.

Remark 4.8.1 Definition 4.8.1 is only needed because our description of an evolu-
tionary search algorithm uses the ordered multi-set model. This makes the generalized
Geiringer theorem (theorem 4.5.2) look nice (the stationary distribution is uniform on
[P].4)- A disadvantage of the multi-set model is that it allows algorithms which are not
regular. If we were to use the model of [22 ] where the order of elements in a population
is not taken into account (a reasonable assumption since most evolutionary algorithms
used in practice are, indeed, regular) then the Generalized Geiringer theorem would
have to be modified accordingly since the stationary distribution of the corresponding
Markov process would be different from uniform (it is not difficult to compute it though
since the corresponding Markov chain is just a “projection” of the one used in the
current paper).

Corollary 4.8.2 Fix a regular bijective and self-transient algorithm A and an ini-
tial population P € Q™. Denote by g[p), the uniform probability distribution on
[P].A (see definition 4.5.4). Fix a set S of individuals in 2 (S C Q). Then we have
lim; oo ®(S, P, t) = op), (Vs) where

Vs = {P| P € [P] 4 and the 1* individual of P is an element of S}.

5Throughout the paper, whenever a limit is involved, the equality is meant to hold for almost every infinite
sequence of trials.
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Corollaries 4.8.1 and 4.8.2 are proved in section 6 of [5]. When deriving schema-based
versions of Geiringer theorem for a specific algorithm the following strategy may be
implemented: Continuing with the notation in corollaries 4.8.1 and 4.8.2, suppose we
are given a nested sequence of subsets of the search space: S; 2 Sy O ... D S,,.
According to corollary 4.8.2,

. o |vSn71| o
A, P B ) = er Vo) =m0 = Vg, ST TPLal
B L I L O oM B L2
Vs, 1| Vs, | Vs, [P]al

n—2 n—2
|VS | 1 |VS
= O[P]a Vsl H | B | = EEQ[P] H | B
] 0 n—j—1 ] 0 n—j— 1

Notice that nl} 5] I is just the proportion of populations in [P] 4 whose first individual
-1

is a member of S; inside the set of populations in [P]4 whose first individual is a
member of S;_;.

Corollary 4.8.3 Fix a regular, bijective and self-transient algorithm A and an ini-
tial population P € Q™. Fix a nested sequence of subsets S1 O So O ... D S,
of individuals in Q (S1 C Q). Then lim;_,oo (S, P, t) = %EQ[P]A (X, s)) -

9 |V .
H?=o2 % where, as before, Vg denotes the set of all populations whose first
j—1

individual is a member of S for a given subset S C ).

Denote by A a given GP algorithm. Fix an individual u € €. In order to apply
corollary 4.8.3, we may choose a descending chain of Poli hyperschemata t; > to >

. > t, = u. Fix an initial population P. To avoid putting many subscripts, we shall
write V; instead of Vg, for the set of all populations in [P)] 4 (see definition 4.4.1) whose
1% individual is a member of S; (the set of individuals determined by the hyperschema
t). In order to construct the desired sequence of nested hyperschemata, we assign the
following numerical labelling to the nodes of the parse tree of u: The nodes are labelled
by the pairs of integer coordinates. The first coordinate shows the depth of the tree and
the second coordinate shows how far to the right a given node at the depth specified by
the first coordinate is located. Notice, for instance, that the root node is labelled by the
coordinates (1, 1). We also introduce the following lexicographic linear ordering on
the set of coordinate pairs:

Definition 4.8.2 (a, b) < (¢, d) if and only if either a < c or (a = cand b < d).
It is well known and easy to verify that this defines a linear ordering.

Definition 4.8.3 Given a pair of coordinates (i, j), denote by | (i, j) the immediate
successor of (i, j) under the lexicographic ordering defined above. Explicitly,

o (i +1, 1) if (¢, 7) labels the rightmost node of u at depth i
TG =9, . .
(i, 7 + 1) otherwise
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We obtain the desired nested sequence of hyperschemata for the given individual u
recursively in the following manner:

Definition 4.8.4 Define t(; 1y to be the hyperschema whose root node has the same
label (operation) and arity as that of the root node of u. All children of the root node
are the leaf nodes labelled by the # sign. Once the hyperschema t; ;) has been con-
structed, we obtain the hyperschema ty; ;) by attaching the node of u with coordinate
T (4, ) in place of the # sign at coordinate | (i, ) to the parse tree of t(; jy. Unless
this node, call it v, is a leaf node of u, all children of this new node are the leaf nodes
of t1(i,5) labelled by the # sign.

We illustrate the construction with an explicit example:

Example 4.8.1 Below, the nested sequence (1 1y > ti2,1) > t2,2) = £3,1),>
t(3,2) = t(3,3) corresponding to the program of example 4.6.1 is drawn explicitly:

/‘Rt(l,l) t2,1)

t2,2)

H

X# # xx #

The formula for the limiting frequency of occurrence of a given program u in corol-

Vi, s
lary 4.8.3 involves the ratios of the form vtt“"’” . It turns out that these ratios can
(i, )
be expressed nicely in terms of the presence of certain configuration and operation
schemata in the initial population P:

Definition 4.8.5 Given a program tree u and the corresponding nested sequencet(y 1y >
to,1) 2 - 2 b, i) = i, )= - = ta, k) = uof hyperschemata as in defini-
tion4.8.4, for every (i, j) # (I, k), denote by cs; jy (0s;, j)) the configuration schema
cs(v) (operation schema 0s(v)) where v is the node of w with coordinate 1 (i, j).

Example 4.8.2 Continuing with examples 4.6.1 and 4.7.1 notice that for the individual
in these examples we have cs(11y = cs(2,1) = cs(v2) = cs(v3) while 05 1) = 0s(v2)
and 0s 3,1y = 05(v3) (see example 4.7.1), cs(2,2) = cs(v4) while 053 2y = 0s(v4) and

c5(3,1) = €8(3,2) = ¢5(vs) = cs(ve) while 0531y = 05(vs) and 053 2y = 05(vs).

The following “orbit description” lemma is the reason for introducing configuration
and operation schemata: We prove the lemma under the following special assumption:
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Definition 4.8.6 We say that a population P is special with respect to the individual u
if for every node v of u and for every operation (or variable) o we have |os,(P)| < 1
where 0s,, is obtained from cs(v) by means of attaching the operation o at the leaf node
of ¢s(v) corresponding to v as described in definition 4.7.1.

Definition 4.8.6 basically requires that no 2 operations (or variables) occurring in P
at the specified location are the same. It turns out that the orbit description lemma
stated below is a lot more convenient to prove under this special assumption. The
general case will then follow by introducing enough extra labels for the operations and
variables involved and then deleting the extra labels.

Lemma 4.8.4 Fix an initial population P and a program u € () Assume that the
population P is special with respect to the individual u. Suppose every pair of individ-
uals has a positive probability to be paired up for crossover and every transformation
in G has a positive probability of being chosen’. Consider the sequences of hyper-
schemata t(l,l) > t(g,l) > .2 t(i,j) > tT(i,j)v > ... 2> t(l,k) =u, {CS(Z'J) | (i, ])
is a coordinate of u, (i, j) is not the maximal coordinate } and {os; | (i, j) is a
coordinate of u, (i, j) is not the maximal coordinate } corresponding to the individ-
ual u. For a given hyperschema t, denote by |t(P)| the number of individuals in P
which fit the hyperschema t counting repetitions. Suppose ¥ non-maximal pairs of co-
ordinates (i, j) we have |os(; j)(P)| # 0 and |t 1)(P)| # 0. Then it is true that

XN 1
Y (5. i 16N .
( ) ]) |V,,(i,j)| [ess, ;) (P)]

Proof:  The key idea is to observe the following fact:

Claim: Fix a coordinate (¢, j). Fix any two operation schemata os; and os2 which
are obtained from cs(; ;) by attaching either a variable or an operation at the node
(i, j). Suppose 3 individuals in P fitting both, 0s; and 0ss. Then |Vt(i’j) N Vs, | =
Vi, jy M Vos,|- Proof:  Consider the map F' : [P]4 — [P]a defined as follows:
Given a population, say @) € [P] 4, notice that 3 an individual, say x1, in @ fitting
the operation schema os; (due to the way crossover is defined, the number of individ-
uals fitting the operation schema o0s1 (@) is the same in every population Q) € [P]4).
Moreover, such an individual is unique since we assumed that all operations appearing
in the individuals of P are distinct. Likewise, 3 unique individual in @, say xo fitting
the operation schema osz. Pair up individuals x; and x5 and pair up the rest of the
individuals arbitrarily for crossover. Select the crossover transformation 7), where v
is the node with coordinate (i, j) for the pair (x1, x2) and choose the identity trans-
formation for the rest of the pairs. Now let F(Q) be the population obtained upon
the completion of the reproduction step described above (notice that F'(Q) € [P].4 by
definition of [P] 4). Notice also that F" is its own inverse (i. e. F'o ' = 1pj,). This
tells us, in particular, that F is bijective. Moreover, it is clear from the definitions that
FVi  NWVos;) € Vi, 5, N Vos, and, likewise, F'(Vy, ;) N Vos,) € Vi, ;) N Vos, .-
The desired conclusion follows at once. O

Now observe that t1(; j) = t(; j) N 0s(, 4 sothat Vi, . =Vy, N Vos, ;, and

t(ivj) = Uo is an operation oravariable(t(i7j) N OSO) where os, is obtained from C5(i, 4) by

"These conditions can be slightly relaxed, but we try to present the main idea only
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attaching the operation (or variable) o at the node T (4, j). Therefore we also have
Viiiy = Uy is an operation or a variable, (Vi ;) N Vos, ) Since operations can not appear or
disappear from a population during crossover, V,s, # 0 = 3 an individual in P
fitting the operation schema os,. Thus the only sets of the form V; wn N Vos, Which
may possibly contribute to the union above are these for which 3 an individual in P
fitting the operation schema os,. According to the claim above, all such sets contribute
exactly the same amount. Moreover, by assumption os; ;(P) # 0, and so we have

Vie | =1 Vi, MVoss )| = n- [V Y Pownl 1
| t(i,j)| —n-| ti, 5) Os(i,j)| —”'| t(i,jﬁos(i,j)' —n-| tm‘,j)l = 2 n

where 7 is the number of operation schemata of the form os, which are obtained from
cs(;, j) by attaching a variable or an operation at the node with coordinate (4, j) and
for which 3 an individual in P fitting the operation schema os,, and the last implica-
tion holds under the condition that [V;, /| # 0. This condition is, indeed satisfied.
(Suppose not. Let (a, b) denote the smallest coordinate such that [V, , | = 0. Notice
that (a, b) # (1, 1) since [V;, ,,| # 0. (By assumption 3 an individual, say x, in P
fitting the hyperschema ¢(;, ). Even if x is not the 1% individual of P, by perform-
ing crossover of x with the 1% individual of P at the root node one gets a population
Q € Vi, ,,-) Butthen (a, b) =1 (i, j) for some coordinate (i, j) and according to the
equation above we have [V;, | =n- Vi, | =n-[Vi, , | = 0 which contradicts
the minimality of the coordinate (a, b). So we conclude that [V, | # 0) Thereby
Werapl

(i, 9)

1 _ — .. —
we have n But CS(i,5) = Uo is an operation or a variable 950 C5(4, ) (P) -

o is an operation or a variable 950 (). Since we assumed that all of the operations and vari-
ables are distinct, 3 at most one individual in P fitting the operation schema o0s, and it

now follows that [cs(;, ;y(P)| = the number of operation schemata of the form os,, such
Vi s
that 0s,(P) # () which is precisely the number n. We finally obtain | V’T“' 2] L

\ t(i, 5) [ esa, pl
which is precisely the conclusion of the lemma. O

Remark 4.8.2 Given an individual u and a population P consisting of m individuals,
observe that the number of individuals fitting the hyperschema t 1 is the same in
every population from [P 4, i. e. ¥ Q € [P]a we have [t 1)(Q)| = |t(1,1)(P)| = 1.
It follows immediately now that =E, ,, (X(0, Sy, ,))) = =.

[P]a m

We now combine corollary 4.8.3, remark 4.8.2 and lemma 4.8.4 to obtain the following
special case of Geiringer theorem for nonlinear GP under homologous crossover in case
when all of the operations appearing in the individuals of the initial population P are
distinct:

lim ®(u, P, t) = ! 1T ! =

t—o00 T m |Cs(z,j)(P)|

(¢, 7) is not the maximal coordinate of u

1
11 |es(v)(P)]

v is anode of u

(recall that when v is the root node of u, ¢s(v) determines the entire search space, and
SO Wl)(l’)\ = %) To obtain the general case, suppose we are given an initial popula-

tion P. For every node v of u consider the set of operations O(v) = {o||o0s,(P)| >
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1 where 0s, is obtained from c¢s(v) as in definition 4.7.1}. For every Moreover, for ev-
ery operation (or variable) o € O(v) let x9, x93, ... 7X|ooso( P denote an enumeration
of the individuals in P fitting the operation schema os,(P). Relabel the operation o
occurring in the node v of x¢ by the formally different operation (o, i) (i. e. by the
ordered pair (o, 7) whose first element is the operation o itself and the second element
is the index telling us in which individual of P the operation o labels the node v). Af-
ter all of the relabelling is complete we obtain a new population P’ which is special
with respect to the individual u in the sense of definition 4.8.6. Formally speaking,
we expand our signature ¥ = (X1, Yo, ...,3y) as in definition 4.6.1 by adding the
operations (variables) (o, 7) into X; where j is the arity of the operation o. This gives
us a new signature ¥ = (X7, X3, ..., X} ) where

¥ ={oloeX;ando ¢ U O(v) U

v is a node of u
U{(o, ) |o € O(v) for some v and 1 < i < |os,(P)|}.

Denote by 2% the search space induced by the signature X*. The natural projection
maps p; @ 35 — Xj sending 0 — o when 0 & U, i anode oru O(v) and (o0, i) —
o when o € O(v) for some node v of u, induce the natural “deletion of the extra
labels” projection of the search spaces ¢ : Q* — ) where the individual p(w) € Q is
obtained from the individual w € * by replacing the label of every node w of w with
pj(w) where j is the arity of the node w. It is easily seen that the natural projection
 commutes with the crossover transformations in the sense that for any individuals
X, y € 2* and for any crossover transformation 7" € G (see definition 4.6.9) we have
o(T(x,y)) = T(p(x), ¢(y)). ® Notice also that the population P can be obtained
from the population P’ by applying the natural projection ¢ to every individual of P’.
Therefore, running the algorithm with the initial population P is the same thing as
running the algorithm with the initial population P’ and reading the output by applying
the natural projection . The special case does apply to the population P’, as mentioned
above, and so we have

mam o= 3 maeero= 3 I oy

weEp~1(u) wep~1(u) visanode of w

Notice that w € ¢~ !(u) precisely when the underlying shape schema of w is the
same as that of u, call this shape schema t,,, and the label of every node v of w is
(0, i) where o is the label of the node v of u. According to the way the population P’
was introduced, there are precisely |os(v)(P)| such labels (see also definition 4.7.1).
We can then identify the preimage ¢! (u) with the set HJK=1{Z [1 < i < os(vj)|}
of ordered K-tuples of integers where K is the number of nodes in the parse tree of

u and vy, ve,...,vk is any fixed enumeration of the nodes of u, in the following
manner: The identification map ¢ : H;il{z |1 < i <los(v;)(P)|} — ¢~ !(u) sends
a given ordered K-tuple (i1, é2,...,ix) into the tree w = 2((i1, i2,...,ix)) whose

80f course, formally speaking, the two transformations 7" involved in the equation above are distinct,
as they have different domains (2* and €2 respectively), but they are determined by the same set of shape
schemata and the same choice of nodes for crossover so we denote them by the same symbol.
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underlying shape schema is ¢,, and the label of a node v; of w is (05, ;) where o; is
the label of the node v; in the parse tree of u. We finally obtain:

. 1
Jim O(u, Pt) =} 11 oG

weEp—1(u) visanode of w

1
- 2 11 les(v)(P)]

(i, d2,.-ix )E[TE {i | 1<i<|os(vy)|} visanodeof u

los(v1)(P)| [os(v2)(P)|  [os(vk)(P)]

1
- Zz Zz D DR | G v OI0]

i =1 v is a node of u

K los(v;)(P)| 1 0s(0)(P)|
73];[1 1j=1 |CS(UjT]D)'7'01521]1.0_‘([60qu

which is precisely the assertion of theorem 4.7.1.

4.9 What Does Theorem 4.5.2 Tell Us in the Presence of
Mutation for Nonlinear GP?

In general, mutation is an elementary step of type 2 (see definition 4.2.5) which is de-
termined by the reproduction 1-tuple of the form (2, M, p, p,,) where M is a family
of functions on 2. Notice that the set of partitions of the set of m elements into 1-
element subsets consists of exactly one element — the partition into the singletons. This
forces ,, to be the trivial probability distribution. We shall, therefore, omit it from
writing:

Definition 4.9.1 A mutation 1-tuple is a reproduction I-tuple (2, M, p) where M
consists of functions on ) and 1 € M. (Here 1g : 2 — ) denotes the identity map.)

An ergodic mutation 1-tuple is a mutation I1-tuple (Q, M, p) such that¥ x, and y €
Q3IM e Mwith M(z) =y and p(M) > 0.

The following fact is a rather simple consequence of theorem 4.5.2 (see corollaries 7.1
and 7.2 of [5]):

Corollary 4.9.1 Let A denote a bijective and self-transient algorithm which involves
an elementary step determined by an ergodic mutation. Then the Markov chain asso-
ciated to the algorithm A is irreducible and the unique stationary distribution of this
Markov chain is uniform. In particular, the limiting frequency of occurrence of any
given individual x is lim;_,, ®({x}, P, t) = |—§1” (see definition 4.5.6 for the meaning

of ({x}, P, t)).

When dealing with nonlinear GP, depending on the circumstances, one may want to
consider different types of mutation. Below we define one such possible mutation:
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Definition 4.9.2 Ler ) denote the search space for nonlinear GP over the signature
Y= (2o, X1, Xo,...,2N) where X;’s are finite sets (see definition 4.6.1). Consider
a configuration schema t and a node v of t. Let i denote the arity of the node v and
let T denote a permutation of 3;. We define a node mutation transformation My, r :
Q — € to be the function which sends a given program tree u which fits the schema t
to the program M, ,, (u) obtained from u by replacing the label a € ¥; of the node v
of u with 7(a) whenever u fits the configuration schema t (if u does not fit the schema
t then M, , -(u) = u). We define the family of node mutations

Moode = {My, v, = : ¥ — Q|7 € Ss;, where t is a configuration schema and

i is the arity of the node v of t}.

As usual Sx denotes the set of all permutations of the set X. Denote by Qyodepur =
(Q, Myode, p) the corresponding mutation I-tuple.

Although node mutation described in definition 4.9.2 above is not ergodic in the sense
of definition 4.9.1, it defines a bijective elementary step (see definition 4.5.3). Indeed,
it is easy to see that the transformation M, , ,-1 is a 2-sided inverse of the trans-
formation M; ., ». Thereby theorem 4.5.2 applies to nonlinear GP with homologous
crossover and node mutation. It is also possible to derive a formula for the limiting
frequency of occurrence of a given individual u, namely lim;_. . ®(u, P, ¢) much in
the same way as in theorem 4.7.1. In order to state the corresponding result for non-
linear GP with homologous crossover and node mutation, it is convenient to introduce
the following definitions first:

Definition 4.9.3 Fix an individual u € (). Let v denote a node of u and consider
the configuration schema cs(] v, i) obtained from the configuration schema cs(v) by
attaching a node of degree 1 together with it’s © children in place of the # sign at the
node corresponding to v of cs(v). The newly attached nodes are then labelled by the =
and # signs respectively. If the newly attached node is of arity O then it is a leaf node
labelled by the = sign®. Furthermore, write cs(1 v, u) in place of cs(T v, i) when i
is the arity of the node v in u. Also denote by o0s(v, 0) the operation schema obtained
from the configuration schema cs(v) by attaching a node labelled by the operation o
together with its appropriate number of children in place of the # sign. The children
of the newly attached node (if there are any) are labelled by the # signs.

Definition 4.9.4 Given a mutation I-tuple (2, M,p), a configuration schema t (see
definition4.7.1), and a node v of t having arity i, denote by G(t, v) the group generated
by all the permutations = € X; such that p(M ., =) > 0 for some configuration
schema s such that the common region of s and t contains the node v. Fix an operation
a € ;. Let

Ot,v,a) ={o€ X;|3g € G(t, v)withg-a=o0}

denote the orbit of the operation a under the action of the group G(t, v).

“Formally speaking, according to definition 4.7.1, ¢s(T v, 4) is not always a Poli hyperschema since it
may contain a leaf node labelled by the = sign. However, such a schema also defines a subset of the search
space €2 in much the same way as Poli hyperschemata. The only difference is that a leaf node labelled by the
= sign can be replaced by a variable only. One can not attach a nontrivial program tree to it.
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Suppose we are given a population P of size m consisting of program trees from ).
Recall from definition 4.7.2 that we denote by | H (P)| the number of individuals in the
population P fitting the schema H.

Theorem 4.9.2 Let A denote an algorithm determined by 2 elementary steps of type
2 one of which is determined by the node mutation (see definition 4.9.2) and the other
one by a homologous GP crossover. Suppose every one of the transformations in the
family G of GP homologous crossovers has a positive probability of being chosen.'?
Fix an individual (a program tree) u € ) and an initial population P. Let o(u, v)
denote the operation labelling the node v of the program tree u. Denote by U the
configuration schema obtained from the shape schema, Q, of u (see definition 4.6.5) by
labelling all the interior nodes of u with the = signs and all the leaf nodes with the #
signs. Suppose that the probability distribution on the collection of node mutations is
such that whenever v is a node of u we have p(M ,, =) >0 = s = cs(v) where as
before cs(v) is the configuration schema of u corresponding to the node v.'' Then we
have

H Zoeo(ﬁ,v,o(u7fu)) |05(U’ O)(P)|
N - .
v is a node of u Zi:() Zeri OS(’U, 0)(P)| ' |O(u7 v, 0)|

Proof: ~ The proof of theorem 4.9.2 is very similar to the proof of theorem 4.7.1
and contains essentially no new ideas. We leave most of the details for the interested
reader as an exercise and provide only the rough outline: Just like theorem 4.7.1, the-
orem 4.9.4 follows from corollary 4.8.3 by considering the nested sequence of hyper-
schemata (1 1y > t(2,1) = ... 2 T, 5) = t14,5) = --- = tg, k) = u corresponding
to the program u (see definition 4.8.4). First we consider a special case when every
set X; consists of ordered pairs (I, o) where [ is an integer, and mutation is allowed to
modify only the operation o and is not allowed to change the integer [. We then prove
theorem 4.9.2 in the special case when all the labels contained in the initial population
P have distinct first coordinates. The general case then follows by introducing the ex-
tra integer labels for the first coordinate, applying the special case and then “erasing
the integer part from the labels” in exactly the same way as it was done in the proof of
theorem 4.7.1. The main difference lies in the claim proved inside lemma 4.8.4. The
corresponding claim for the proof of theorem 4.9.2 then says the following:

lim ®(u, P, t) =
t—o0

Lemma 4.9.3 Fix a node v with coordinate (i, j). Fix any two operation schemata
o0s(a) and o0s(b) which are obtained from cs(; ;) by attaching either a variable or
an operation at the node with coordinate (i, j). Suppose 3 individuals in P fitting
both, os(c) and os(d) where a € O(cs(i, j), v, ¢) and b € O(es(i, j), v, d). Then
|vt(mj) N VOS('I)| = |Vt(i,j) N Vos(b)|'

Just like the claim inside of the lemma 4.8.4, lemma 4.9.3 is proved by constructing
an explicit bijection between the sets Vy, ., N Vos(a) and Vy, ., N Vo), The only
difference is that these bijections make use of mutations as well as crossover. O

10 Again we remark that this condition can be slightly relaxed but it does not introduce any new ideas of
interest.
Notice that this implies that O (1, v, o(u, v))=0(cs(v), v, o(u, v))
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It may be worth mentioning that theorem 4.7.1 is a special case of theorem 4.9.2. In-
deed, if the only mutation transformations chosen with positive probability are these
which assign positive probability only to the mutations defined by the identity per-
mutations, then every orbit O(1, v, 0) consists of exactly one element so that V¢ and
v we have |O(1, v, 0)] = 1. To compress the language, we shall use [ to denote
the union of disjoint sets. We then have 4,04, 4, o(u, v)) 05(0; 0)(P) = o0s(v)(P)
since o(u, v) is the only operation inside of O(1, v, o(u, v)) so that os(v)(P) is
the only contributor to the disjoint union above. Moreover, we also have cs(v) =
E'Ji]\io W,ex, 08(v, 0) so that we obtain

N N
DD los(w, 0)(P)]-|0(@, v, 0)| =Y Y [os(v, 0)(P)| -1 = |es(v)(P)].

i=0 0€Y; i=0 0€Y;
The formula in theorem 4.9.2 now simplifies to the one in theorem 4.7.1.

Example 4.9.1 Continuing with example 4.7.2, suppose the signature Y. is defined as
Jollows: ¥ = (Xo, X1, Xo) where Xy = {x, y, z, w}, ¥1 = {sin, cos, tan, cot, In}
and Xo = {+, —, *, @} where ® is a binary operation symbol different from +, x and
—. (Of course, the semantics of the binary operation © is irrelevant to the content of
this example, but if the reader feels more comfortable with a concrete interpretation,
they may assume, for instance, that x © y = fzy e d€.) Now suppose the individual u
is the program (+(In(z), ©(z, y)) pictured below (with nodes being enumerated just
like in example 4.7.1) (it has the same shape schema as the individual in that example):

Notice that this individual has exactly the same set of configuration schemata as the
corresponding set of configuration schemata in example 4.7.1 (the reader may see these
configuration schemata pictured in that example). Suppose that the following mutation
transformations are the only ones chosen with positive probability:

Mcs('ul), v, (4, =) ]\4;;5(111)7 v1, (%, ©)> -Z\4cs('uz)7 va, (In, sin, cos) (tan, cot)»
]\4;;5(112)7 v2, (tan, cot)(sin, cos)» ]\4;;5(1)2)7 vz, (In, sin)» M()S(’Ug), vs, (+, ®, *)»
MCS(’L)3), v, (—, *)» Mcs(w;), va, (z,w)(y, 2)» Mcs(w;), va, (+,%)(—, ) ]\455(715)7 vs, (z,y, 2)»
Mes(vs), vs, (+, =%, ©)r Mes(ue), ve, (@, w)(v,2), and

Mcs('u(;), vg, (T, w)s MCS(UG), vg, (sin, cos,tan,cot) s Mcs('u(;), ve, (+,—)"

Here we represent permutations in terms of their “disjoint cycle decompositions”: for
example, (In, sin, cos)(tan, cot) represents the permutation on ¥1 which sends In into
sin, sin into cos and cos back into In. Likewise, it sends tan into cot and cot back into
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tan. If a cycle has length one (i.e. the element appearing in the cycle is a fixed point of
the corresponding permutation) we omit that cycle from writing. For example, © and *
are the fixed points of the permutation (4, —). The corresponding permutation groups
are:

Gles(v1), v1) = ((+, =), (+, @),
G(cs(va), v2) = {(In, sin, cos)(tan, cot), (tan, cot)(sin, cos), (In, sin)),
Gles(vs), v3) = ((+, ©, %), (= %)),
G(es(va), va) = (2, w)(y, 2), (+, #)(=, O)),
G(es(vs), vs) = ((z, y, 2), (+, —, *, @)), and
G(es(ve), vg) = ((z, w)(y, 2), (z, w) (sin, cos, tan, cot), (+, —)).

The cycle decomposition makes it easy to compute the corresponding orbits:
O(CS(’Ul), U1, +) = {+7 7}) O(CS(UQ)a V2, hl) - {h’l, Sinv COS},

0(05(03% U3, ®) - {+a K ®}7 O(CS(’[)4), V4, l‘) = {:Ca 'LU},
O(CS(’UE,), Us, :L') - {Z’ Y, Z} andO(CS(UG)v V6, y) = {yv Z}

Now suppose the initial population is the same as in example 4.7.2. In order to apply
theorem 4.9.2, for every node v of u we need to compute the number |os(v, 0)(P)].
Recall that the schema o0s(v, 0) is obtained from the schema os(v) by attaching the
operation o at the node v and labelling its children nodes by the # signs. For the pop-
ulation P in example 4.7.2 it was already computed that |os(vi, +)| = |os(v1)| = 2.
There are exactly 2 individuals (namely x3 and x4) fitting the schema o0s(v1, *) and
so los(v1, x)| = 2. Exactly one individual, namely X2, and one individual, namely
X, fit the schemata 0s(vy, sin) and o0s(vs, cos) respectively and so |os(v1, sin)| =
|os(v1, cos)| = 1. For all the other operations o € (39 UX; UXy) — {+, *, sin, cos}
there are no individuals in P fitting the schema os(v1, 0) and so we have |os(v1, 0)| =
0. There are no individuals in P fitting the schema os(vs, In) = os(vy) for the
individual u of the current example, and no individuals fitting the schemata of the
Sform o0s(va, 0) where o & {x, sin, cos} so that for such o we have |os(va, 0)(P)| =
0. Moreover, there is exactly one individual, namely x, fitting the schema 0s(va, *)
and exactly one, namely x4 fitting the schema 0s(va, cos) so that |os(va, *)(P)| =
|os(ve, cos)(P)| = 1; exactly two individuals, namely x3 and X5 fit the schema
0s(va, sin) so that |0s(ve, sin)(P)| = 2. Continuing in this manner with the rest
of the nodes of u we obtain |0s(vs, 0)(P)| = 0 for o ¢ {+, *}; x1 and x3 fit
0s(vs, +) while x4 and x5 fit 0s(vs, +) and so |os(vs, +)(P)| = |os(vs, *)(P)| = 2.
|os(va, 0)(P)| = 0 for o ¢ {x, y, +}; x3 is the only individual fitting the schema
0s(va, y), X4 is the only individual fitting the schema 0s(v4, x) and x5 is the only indi-
vidual fitting the schema os(vy, +) and so we have |os(vy, x)(P)| = |os(va, y)(P)| =
los(vy, +)(P)| = 1. |os(vs, 0)(P)| = 0 for o & {x, x, y}; X1 is the only individual
fitting the schema 0s(vs, *) and x5 is the only individual fitting the schema os(vs, y)
while the individuals x3 and x4 are the only two which fit the schema os(vs, x) so that
we have |0s(vs, *)(P)| = |os(vs, y)(P)| = 1and|os(vs, x)(P)| = 2. |os(ve, 0)(P)| =
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0foro ¢ {sin, x, y}; moreover, X1 is the only individual fitting the schema os(vg, sin)
and x4 is the only individual fitting the schema 0s(vg, y) while the individuals x3 and
x5 are the only two which fit the schema 0s(ve, x) so that we have |os(vg, sin)(P)| =
los(ve, y)(P)| = 1 and |os(vs, x)(P)| = 2.

Finally for every node v and for every operation o € ¥ U X1 U Xy such that
los(v, 0)(P)| # 0 we need to compute |O(1, v, 0)|. For the node vy these are
o, vy, +) = O(es(v1), v1, +) = {+, =} so that |O(cs(vy), v1, +)| = 2, and,
likewise, from the description of the groups G(cs(v;), v;) given above, it is easy to com-
pute that O(cs(v1), v, %) = {*, @}, O(cs(v1), v1, sin) = {sin} and O(cs(vy), v1, cos) =
{cos} so that

|O(es(v1), vy, sin)| = |O(es(vy), v1, cos)| = 1.

O(es(v2), v2, *) = {*}, O(cs(v2), va, sin) = O(cs(ve), va, cos) = {lIn, sin, cos}
and so
|O(es(va), va, sin)| = |O(cs(va), va, cos)| = 3;

O(cs(vs), v, ¥) = O(cs(vs), vg, +) = X 50 that
[O(cs(vs), vs, *)| = |O(cs(vs), vs, +)| = 4;
O(es(vs), va, @) = L, w} and O(es(vs), va, y) = {y, =} so that
|O(cs(va), va, )| = [O(cs(v4), va, y)| = 2

vg, +) = {+, *} so that |O(cs(v4), va, +)| = 2; O(cs(vs), vs, *x) = X,
vs, ) = O(cs(vs), vs, y) = {x, y, 2} and so

O(es(vq)
O(es(vs)

|O(CS(U5)5 Us, I)l = |O(CS(U5)7 Vs, y)l =3

O(es(vs), ve, sin) = {sin, cos, tan, cot}, O(cs(vs), ve, ) = {z, w} and, finally,
O(es(ve), ve, y) = {y, 2} so that

|0(es(v6), ve, )| = [O(es(vs), ve, y)| = 2.

Zoe@(ﬁ, v, o0(u,v;)) los(vj, 0)(P)]
YN S ey, l0s(vs, 0)(P)[-|O(a, v;, 0)[*

Now we are ready to compute the ratios of the form

From the data computed above we have

> |0s(v1, 0)(P)| = [os(v1, +)(P)| + |os(v1, =)(P)] =2+0=2

0€O (10, v1,0(u,v1))
(x1 and x5 are the only two individuals in P which fit the schema os(v1, +) while no
individual in P fits os(vi, —));
N
> os(vr, 0)(P)| - [O(, v1, 0)] = Jos(v1, +)(P)| - |04, v1, +)(P)|+
i=0 0€X;

+los(v1, sin)(P)] - |O(1, vy, sin)(P)| + |os(vi, *)(P)| - |O(1, vy, *)(P)|+
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+los(v1, cos)(P)| - |0, vy, cos)(P)|=2-2+1-1+2-24+1-1=10

and so
ZoEO(ﬁ, v1,0(u,v1)) |OS(121, O)(P)| . 2 1

SN oS es, los(vr, 0)(P)] - [O(a, w1, 0)] 105

Continuing in this manner, we obtain

> |0s(v2, 0)(P)| = [0s(vz, In)(P)] + [os(v2, sin)(P)[+
0€0(11, va, o(u,v2))
+los(va, cos)(P)|=0+2+1=3

and

YD los(uz, 0)(P)] - [O(8, vz, 0)] = Jos(vz, #)(P)] - |O(@, va, *)(P)|+

i=0 0€Y;
+los(vz, sin)(P)[ - [O(Q, vz, sin)(P)[ + [os(v2, cos)(P)| - |O(q, va, cos)(P)| =
=1-142-34+1-3=10

so that
ZoEO(ﬁ, va, 0(u,v2)) |08(U2’ O)(P)| - 3

SN o s, [0s(v2, 0)(P)| - |O(1, va, 0)] 107
3 l0s(v3, 0)(P)| = [os(vs, ®)(P)| + [os(vs, +)(P)|+
0€O(1,v3,0(u,v3))

+los(vs, =)(P)| + los(vs, ¥)(P)| = 0+2+0+2 =4

and

N
DD los(vs, 0)(P)| - |0, vs, 0)| = |os(vs, +)(P)] - |O(&, vs, +)(P)|+

i=0 0€Y;
+los(vs, *)(P)] - 1O, vs, *)(P)] =2-4+2-4=16
and so
2 0c0(a, vs, o(u, vs)) 105(v3, 0)(P)] 41
Yo Yoes, los(vs, 0)(P)| - |04, v3, 0)] 16 4
> |os(va, 0)(P)| = |os(va, z)(P)] + |os(va, w)(P)[=1+0=1

0€0 (11, va, 0(u, vq))

and

N
> D los(ua, 0)(P)] - |08, va, 0)] = [os(va, y)(P)| - |0, va, y)|+
i=0 0€ %,

+los(va, )(P)[-|O(Q, v4, x)|+[0s(va, +)(P)[-|O(, v, +)| = 1-2+1-2+1-2 =6
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and so
Zoe@(ﬁ, v, 0(u, v4)) |OS(’U4, 0)(P)|

Yo Xoes, [0s(va, 0)(P)] - [O(1, va, 0)]
> |os(vs, 0)(P)| = os(vs, x)(P)| + [o0s(vs, y)(P)|+

0€0 (1, vs,0(u,vs))

1
G

+los(vs, 2)(P)|=2+1+0=3
and
N
YD los(us, 0)(P)] - |O(&, vs, 0)] = [os(vs, #)(P)| - |O(, vs, )|+
i=0 0€%;

+los(vs, x)(P)|-|O(a, vs, x)|+|os(vs, y)(P)|-|O(1, vs, y)| = 1-44+2-3+1-3 = 13

and so
Zoe@(ﬁ, vs,0(u,vs)) |OS(U5’ O)(P)| - 3
N R —_ T .
Dic0 ey, l0s(vs, 0)(P)] - |O(a, v, 0)] 13
Finally,
> |los(ve, 0)(P)| = |os(vs, y)(P)| + |os(ve, 2)(P)| =1+0=1
o€ (1, v, o(u, vg))
and
N
S 3 Jos(ve, 0)(P)]- |04, v, )] = Jos(vs, sin)(P)] - |O(@, vs, sin)|+
i=0 0€Y;

+los(ve, x)(P)|-|O(a, vs, x)|+|os(vs, y)(P)|-|O(1, ve, y)| = 1-44+2-2+1-2 = 10

so that
ZoEO(ﬁ, ve, o(u, ve)) |08(U6’ O)(P)| - 1

~ -
Zi:() ZOEE«;

0s(vg, 0)(P)| - |0(1, vs, 0)]  10°

Now we finally compute the product of these ratios and obtain:

6 o \ |os(v;, 0)(P
thm <I>(u, P, t) _ H ZoEO(u,v“o(u,vl)” ( )( )|

N N
i=1 Zi:() ZoEZi los(vi, 0)(P)] - |O(1, vi, o)
1 3 1.1 3 1 3

510 4 6 13 10  52000°
At the opposite extreme is the case when every mutation transformation in the family
Mode has a positive probability of being chosen. In this case O(1, v, o(u, v)) = %;
where ¢ is the arity of the operation o. In particular, for every operation o we have
0 € O(1q, v, o(u, v)) if and only if o € ;. But then we have

L-Ij 0s(v, 0) = ¢s(T v, u)

o€O(1, v, o(u,v))
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and so

> |os(v, 0)(P)] = [es(T v, w)(P)].

0€0(1, v, 0(u, v))

We also have LﬂoEEv 0s(v, 0) = ¢s(7T v, i) so that

Z los(v, 0)(P)| - O, v, 0)| = |%;] - Z los(v, 0)(P)| = |es(T v, ) (P)] - [3i].

0€Y; 0€x;
Combining these equations with theorem 4.9.2 we obtain:

Corollary 4.9.4 Let A denote an algorithm determined by 2 elementary steps of type 2
one of which is determined by the node mutation (see definition 4.9.2) and the other one
by a homologous GP crossover. Suppose every one of the transformations in the family
G of GP homologous crossovers has a positive probability of being chosen. Suppose
also that for every node v of u of arity i and for every permutation 7 of X; we have
P(Mg, v, x) = D(Mes(v), v, ) > 0. Fix an individual (a program tree) u € 2 and an
initial population P. Then we have

; |es(T v, u)(P)|
lim ®(u, P, t) = ‘ )
el visage ofu ZIZ\LO |CS(T v, Z)(P)| ' |EZ|

Example 4.9.2 Suppose the signature ¥ = (o, 31, X2), the initial population P and
the individual u are exactly as in example 4.9.1. Now suppose, (unlike in example 4.9.1,
that for every permutation © of ¥; we have p(My, =) > 0. Now corollary 4.9.4
applies and we can compute the frequency of occurrence of the individual u according
to the formula given there. To apply this formula we need to compute the numbers |cs(7
vj, 1) (P)| where 1 < j < 6 and 0 < i < 2 (the numbers |cs(T v, u)(P)| are among
these). The configuration schemata cs(v;) for the individual u are exactly the same
as these for the individual of example 4.7.1 (since these two individuals have the same
underlying shape schema) and they are pictured in that example. Below we display
only these schemata |cs(1 vy, i)(P)| for which |es(T vy, i)(P)| # 0. According to
definition 4.9.3 they are obtained from the corresponding schemata cs(v;) by attaching
a node which has 1 children (if i = 0 it has no children) in place of the # sign at the
node v; (which means that the # sign can be replaced with an arbitrary variable but
not with an operation symbol):

? /“E\ /{\
|-.-.|' 1) es (1 vy, 1) #
g #
#
O
2
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There are exactly 2 individuals, namely xo and Xg in P fitting the schema cs(1 vy, 1)
so that |es(T v1, 1)(P)] = 2; x1, X3, X4 and x5 are the only individuals in P which fit
the schema cs(T v1, 2) = ¢s(] v1, u) so that |cs(T vy, 2)(P)| = |es(] v1, u)(P)| =
4; x3, X4 and x5 are the only individuals in P which fit the schema cs(T va, 1) = ¢s(]
v2, 1) so that |cs(T va, 1)(P)| = |es(T ve, u)(P)| = 3; x3 is the only individual
fitting the schema cs(] va, 2) so that |cs(] va, 2)(P)| = 1; X1, X3, X4 and X5 are
the only individuals in P which fit the schema cs(] vs, 2) = ¢s(1 vs, u) so that |es(]
v3, 2)(P)| = |es(T vs, u)(P)| = 4, x5 and x4 are the only individuals in P which fit
the schema cs(1 va, 0) = ¢s( va, 1) so that |cs(] va, 0)(P)] = |es(T va, u)(P)| =
2; x5 is the only individual fitting the schema cs(1 v4, 2) and so |cs(] vq, 2)(P)| =
1; x3, x4 and x5 are the only individuals in P fitting the schemata cs(] vs, 0) =
¢s(1 vs, u) andlor cs(] ve, 0) = cs(T ve, u) and so we have |cs(] vs, 0)] = |es(T
vs, w)| = |es(T ve, 0)| = |es(T ve, u)| = 3 and x; is the only individual fitting the
either and both schemata cs(] vs, 2) and/or cs(] ve, 1) so that |cs(T vs, 2)| = |es(T
ve, 1)| = 1. From the definition of the signature ¥ = (X¢, X1, Xo) in example 4.9.1
we see that |Xo| = 4, |S1] = 5 and |X3| = 4. We are now ready to compute the ratios:

[es(T v, w)(P)) [es(T v, w)(P))|

S8 o les(tvr, )(P)] - (5] les(Tor, 2)(P)] - [Za] + [es(T w1, 1)(P)] - [%4]

B 4 2
44425 13’

|es(1 v2, w)(P)| |es(1 v2, w)(P)|

S0 o les(t va, )(P)] - 2| les(T vz, 2)(P)] - [2] + les(T vz, 1)(P)] - [E1]

_ 3 _3
T 1-443.5 19

les(1 vs, w)(P)] _es(tus, w(P)|
S22 o les(Tvs, )(P)] - 8] les(T vz, 2)(P)] - [32]
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_les(1 va, w)(P)| _ |es(1 va, u)(P)] _
S22 o les(Tvg, )(P)] -2 les(T va, 0)(P)] - [Zo| + [es(T va, 2)(P)] - |2
B 2 1
T 24414 6
|es(T vs, u)(P)] _ les(T v, u)(P)| _
S22 les(Tvs, i)(P)| -2 les(T s, 0)(P)] - [Zo| + [es(T vs, 2)(P)] - |22
3 3

T 3.4+1-4 16

|es(1 ve, w)(P)| |es(1 vs, w)(P)|

S0 g les(T ve, ) (P)| - [2]  les(T ve, 0)(P)] - [Xo] + les(T ve, D)(P)] - [Za]

338

T 3.4+1-5 1T
And now corollary 4.9.4 tells us that

6 les(T vg, u)(P)]| 2 311 3 3 9

lim ®(u, P, t) = - _ - .2 -2 27
- S e s 51361617~ s

i=1

It is possible to introduce mutation operators for nonlinear GP which are ergodic in the
sense of definition 4.9.1, but the easiest thing to do is probably just to define the family
M4 to be the family of all permutations of the search space €. The probability distri-
bution p must then be concentrated on any subset of M which satisfies the ergodicity
requirement of definition 4.9.1. This would ensure that corollary 4.9.1 applies.

4.10 What Can Be Said in the Presence of Selection in
the General Case?

Theorem 4.5.2 established in [5] which allows us to deduce results such as theo-
rems 4.7.1 and 4.9.2, applies only in the absence of selection. The theme of the re-
mainder of the current paper is to establish a few basic properties of the Markov chains
associated to evolutionary algorithms in the presence of fitness-proportional selection
(as described in definition 4.2.2). Throughout the rest of the paper we shall break up
our algorithm, call it A into sub-algorithms and then consider their composition. This
idea will be made clear below:
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Proposition 4.10.1 Denote by A an evolutionary algorithm determined by the cycle
(81, S2,...,8n). Fixiwith1l < i < nandlet B and C denote the sub-algorithms deter-
mined by the cycles (s1, S2,...,8;) and (Siy1, S2,...,Sy) respectively. Recall from
section 4.5 that {pfy}x7yegm,, {pfy}xyegm and {p,c(y}x,yegm denote the Markov
transition matrices associated to the algorithms A, B and C respectively. Then we
have

B
{pfy}X,yGQ"‘ = {pgy}X,yGQ"‘ : {pxy}X,yGQ"‘

where - denotes the usual matrix multiplication.

Proof:  Denote by \ a probability distribution on 2™. Completing a cycle of the
algorithm A amounts to completing a cycle of 13 and then completing a cycle of C.
The next generation probability distribution upon the completion of the cycle of B with
the input distribution A is {pfy}xyyegm - A. Likewise the next generation distribution
obtained upon the completion of a cycle of the algorithm C with the input distribution
{pS, Yxyeam - Ais just

Py txyean - [Py txyean - A) = (g bxyean - Py bxyean) - A

which means that {pfy}xyyegm = {pgy}x’yegm . {pfy}xyyegm since the equation
above holds for an arbitrary input distribution \. O

We now proceed to study the effects of selection alone. First of all it is convenient to
observe the following general fact:

Definition 4.10.1 Let {pxy }x,ycx denote a Markov transition matrix on a finite set X.
Fix x € X. We define the transition support of x to be the set S(x) = {z | pzx > 0} of
all states z from which it is possible to get to x.

Definition 4.10.2 Let {pxy }x ycx denote a Markov transition matrix on a finite set
X. Fixxandy € X. We say thaty > x if S(y) 2 S(x) andVz € S(y) we have
Day = Pax. Moreover, if either S(y) 2 S(X) or pay > pax for some z € S(x) we
write'y > X.

Proposition 4.10.2 below provides the reason for definitions 4.10.1 and 4.10.2:

Proposition 4.10.2 Let {pxy }x ycx denote a Markov transition matrix on a finite set
X. Fixuand v € X with u > v and an input probability distribution \ on X.
Denote by p the output distribution (p = {pxy }x,yex - A). Then we have p(u) > p(v).
Moreover, if u > v and A\(x) > 0 for every x € X then p(u) > p(v).

Proof:  This is a straightforward verification of the definitions:

p() =D ANZ)pau = Y AM2)pau = D A2y = Y M2)pay = p(v)

zeX z€S(u) zeS(v) zeX
> ifubv
where == ) ) O
> ifupbv
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The following mild technical condition on a Markov transition matrix (which is easily
satisfiable by most transition matrices modeling crossover and mutation) will extend
proposition 4.10.2.

Definition 4.10.3 We call a Markov transition matrix {qu}x,ye x non-annihilating if
Vy € X Ix € X such that gy > 0.

The main reason for introducing definition 4.10.3 is the following fact:

Proposition 4.10.3 A given Markov transition matrix {qxy }x,yex is non-annihilating
if and only if for every input probability distribution X on X with A\(x) > 0 for every
X € X, the output distribution p = {gxy }x,yex - A also satisfies the property that
p(x) > 0 foreveryx € X.

Proof:  Given an input distribution \ with A\(x) > 0 for every x € X and any state
y € X, we have p(y) = > . cx A(X) - gxy > 0if and only if A\(z) - gy > 0 for
some z € X if and only if ¢,, > 0 for some z € X (since A(z) > 0 automatically by
assumption) if and only if the transition matrix {gxy }x,yex is non-annihilating. [

Before proceeding any further it is worthwhile to mention that a product of non-
annihilating transition matrices is non-annihilating:

Corollary 4.10.4 Given non-annihilating Markov transition matrices {gxy }x,ycx and

{mxy }x,yex, the matrix {rxy }x yex = {Mxy }x,yex {4y }x,ycx is non-annihilating
as well.

Proof:  Given an input distribution A\ with A(x) > 0, since {gxy}x yex is non-
annihilating, the “intermediate” output distribution ¢ = {gxy }x,yex(A) also has the
property that (x) > 0 for all x € X'. Now we have

pP= {Txy}x,yeX A= {mxy}x,yEX : ({QXy}x,yEX : )\)) = {mxy}x,yeX T

also has the property that p(x) > 0 for all x € X since it is an output of x under the
non-annihilating transition matrix {mxy }x yecx. By proposition 4.10.3, the transition
matrix {rxy }x,yex is non-annihilating as well. OJ

Though quite elementary, proposition 4.10.2 readily implies subtle and rather general
inequalities about the stationary distributions of the Markov chains for which the last
elementary step is selection:

Corollary 4.10.5 Let {qxy }x.ycx and {pxy }xyecx denote Markov transition matri-
ces on a finite set X. Fix u and v € X with u > v where the > and 1> relations are
meant with respect to the matrix {pxy }x,yex and an input probability distribution \
on X. Denote by p the output distribution of the composed matrix {Pxy tx yex - {4y }
(p = {Pxy }xyex {Gxy }xyex - A). Then we have p(u) > p(v). Suppose, in addition,
the matrix {qxy }xycx is non-annihilating. Now, if u > v, and \(x) > 0 for every
x € X then p(u) > p(v).
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Proof:  Since

{pxy}x,yEX : {qu}x,yEX A= {pxy}x,yEX : ({qu}x,yEX : )\) = {pxy}x,yEX T

where ¢ = {gxy}x,yex - A, the desired conclusions follow by applying proposi-
tion 4.10.2 to the matrix {pxy }x,yex and the input distribution x. For the second
conclusion we use the assumption that {qu}xhye x 1s non-annihilating to deduce that
p(x) > 0 for every x. O

As an almost immediate consequence we deduce the following fact:

Corollary 4.10.6 Let {gxy }x yecx, {Mxy }x,yex and {pxy }x yecx denote Markov tran-
sition matrices on a finite set X . Suppose that the matrices {gxy } x,yex and {pxy }x,ycx
are non-annihilating while the matrix {mxy }x yecx has the property that Vx, y €

X Mmxy > 0. Fixuand v € X with u > v where the > and > relations are

meant with respect to the matrix {pxy }x,yex. Then the Markov chain determined

by either one of the composed matrices {Pxy tx,yex - {Mxy }x,yex - {dxy }x,yex OF

{Pxy }x.yex - {dxy }x,yex - {Mxy }xyex is irreducible Let  denote the unique sta-

tionary distribution of the composed chain. Then we have w(u) > 7(v). Suppose, in

addition, the matrix {qxy }x,yecx is non-annihilating. Now, if u t> v, and A\(x) > 0 for

everyx € X then w(u) > m(v).

Proof:  The irreducibility of the composed chain is left as an exercise for the reader.
As a hint, the reader may notice that from the assumptions that {mxy}x7y€ x has all
positive entries while {pxy }x,yex and {gxy }x,yex are non-annihilating, it follows
that every one of the composed matrices has all positive entries and, hence, deter-
mines an irreducible Markov chain. The second conclusion follows from the fact that
{Pxy }x,yex is the leftmost matrix in the composition by applying corollary 4.10.5 to
the matrix {pxy }xyex {axy }xyex Where {axy fxyex = {Mxy }xyex {qxy txyex
or {axy }x,yex = {Gxy }x,yex - {Mxy }x,ycx With 7 being the input distribution which
is then also the output distribution by stationarity. The condition of corollary 4.10.5 is
satisfied thanks to corollary 4.10.4. 0

When applying corollary 4.10.6 we have in mind that {¢xy }x ye is the Markov tran-
sition matrix corresponding to recombination (i. e. a sub-algorithm determined by
a single elementary step of type 2: see definitions 4.3.1 and 4.2.5), {pxy }x,yex iS
the Markov transition matrix corresponding to selection (i. e. a sub-algorithm deter-
mined by a single elementary step of type 1: see definition 4.2.2) and {mxy }x,yex
is the Markov transition matrix corresponding to mutation. In order to apply propo-
sition 4.10.2 to the case of fitness-proportional selection we need to determine the
relation > and > for this special case. Although this task is not difficult, it requires
a careful “bookkeeping” analysis. This will be the subject of the next section. We
end the current section with an immediate consequence (basically a restatement) of
corollary 4.10.6:'?

121t is worth mentioning that fitness-proportional selection is not the only possible type of selection. Other
elementary steps of type 1 include, for instance, tournament selection and rank selection.
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Corollary 4.10.7 Suppose we are given an evolutionary algorithm A determined by
the elementary steps si1, so and s3 where s1 are and so are any elementary step (usu-
ally one of them is selection and the other is mutation) which define non-annihilating
Markov transition matrices and such that one of these matrices has all positive entries,
while sg is the elementary step of type 1, i.e. selection. As before, let {pxy}x.yex
denote the Markov transition matrix determined by the elementary step ss and > and
D> are the defined with respect to the transition matrix {pxy}x,ye x. Then the Markov
chain determined by the algorithm A with state space X = Q™ is irreducible and its
unique stationary distribution 7 satisfies w(x) > w(y) and w(x) > w(y) whenever
X > y and x > y respectively.

4.11 What are the relations > and > for the case of
fitness-proportional selection?

This section is devoted to classifying the relations > and > for the case of fitness-
proportional selection. Although this task is not difficult, it requires a careful step-by-
step analysis. The reader who is interested only in the net results can read only defini-
tions 4.11.1 and 4.11.2, example 4.11.1, theorem 4.11.5 followed by examples 4.11.3,
4.11.4,4.11.5 and 4.11.6 and theorem 4.11.6 which is illustrated by example 4.11.7. It
is recommended (but not essential for understanding) that the reader does not omit the
discussion between example 4.11.6 and theorem 4.11.6. We also strongly recommend
that the reader makes him/herself familiar with lemma 4.11.1 since this fact is rather
simple and reveals a very important step in the classification process.

Definition 4.11.1 Fix a populationx = (1, T2, ...,%m) € Q™ and denote by I (x) =
{z|x = x; for some i with 1 < i < m} the set of all individuals in the population x.

Lemma 4.11.1 Given populations x and y, we have S(x) 2 S(x) if and only if
I(x) C I(y). In particular, a necessary condition for x > vy is that I(x) C I(y).
Moreover, if 1(x) C I(y) thenx >y.

Proof:  Since individuals can only disappear (and new individuals can not appear)
upon the completion of the elementary step of fitness-proportional selection (see defi-
nition 4.2.2) it follows immediately that for any populations z and w we have p, w > 0
if and only if I(z) D I(w). In other words S(w) = {z|I(z) D I(w)}. It follows
immediately now that if I(y) O I(x) then S(x) O S(y). On the other hand, if
S(x) 2 S(y), then, since y € S(y) C S(x) we also have I(y) 2 I(x) according
to the characterization given above. We deduce now that I(y) 2 I(x) if and only if
S(x) D S(y). In particular, it follows immediately from the previous statement that
I(y) 2 I(x) if and only if S(x) 2 S(y). All of the remaining conclusions follow

immediately from definition 4.10.2. O
Definition 4.11.2 Given a population x = (x1, xa,...,Zy) and an individual x €
I(x), denote by n(x, ) = |{i |z = x;}| the number of times x occurs in the popula-
tion X.
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Example 4.11.1 Suppose
x = (a,a,a, b, e a,b b bandy = (b, c, ¢, c, a,b, b, d,b).
Then I(x) = {a, b, ¢} and I(y) = {a, b, ¢, d}. We also have
n(x, a) =n(x, b) =4 andn(x, c) = 1.
Likewise,
n(y, a) =1, n(x, b) =4, n(x, ¢) =3 andn(x, d) = 1.

According to definition 4.2.2, when performing fitness-proportional selection, the in-
dividuals are chosen independently with probability proportional to their fitness. Thus,
ifz = (21, 22,...,2m) and x = (21, xa,...,x,,) is obtained from z by performing
fitness-proportional selection, then the probability that z; = =z for a given z € I(z)
is % Thus psx = [[2, % Moreover, every z € I(x) occurs in
the above product n(z, ;) times while every z € I(z) occurs n(z, z) times in the
denominator sum of each of the multiples and so we deduce the following:

Proposition 4.11.2 Given populationsx = (x1, T2, ..., Tm)andz = (21, 22, .., Zm)

we have

= (m)m ecrpo(n(z, 2)"0® - (f(2)"0)if I(x) C 1(2)
otherwise.

In particular, p,x does not depend on the way the individuals in z and in x are
ordered, but only depends on the sets 1(x) and 1(x) and the numbers n(x, x) for
x € I(x) and n(z, z) for z € I(z). In other words, if o and T demote arbitrary
permutations of the set {1, 2,...m}, If Xo = (Zy(1), To(2),- -+ To(m)) and z. =
(Z‘r(l)a Zr(2)y - - - aZ‘r(m)) then Pz, x, = Pzx-

In order to continue the investigation of the > relation for the case of fitness-proportional
selection, it is convenient to introduce the following notions:

Definition 4.11.3 Given populations x and'y of size m let

I(ylx) ={yly € I(y), n(y, y) > n(x, y)}
(i](fy ¢)€(x) then n(x, y) = 0). Moreover, for y € I(y|x) let k(y|x, y) = n(y, y) —
n(x, y) .

Example 4.11.2 Continuing with example 4.11.1, we have n(x, x) > n(y, ) if and
only if v = a and so I(x|y) = {a}. Likewise, n(y, y) < n(y, y) ifand only if y = ¢
ory = d (since d ¢ 1(x) according to definition 4.11.3 we have n(x, d) =0 < 1 =
n(x, d)) and so 1(y|x) = {c, d}. Moreover, we also have k(x|y, a) = 4 —1 =3,
kylx,¢c)=3—1=2and k(y|x,d)=1-0=1.

The sets I(y|x) play a crucial role in discovering a sufficient and necessary condition
for a population x > y in view of the fact below:
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Lemma 4.11.3 Given populations z, y and x with I(z) 2 I(y) 2 I(x), have the

following:
Yo kxly,m) = > kylxy)

zel(x|y) yel(y|x)

Pzx erj(xb,)(n(z’ x))H(X‘Y,I) . (f(lﬂ))ﬁ(x‘y’z)

Pzy Hyel(y‘x)(n(z, y))"(ﬂxﬁy) . (f(y))rc(y|x,y) .

Proof:  Given populations z, y and x, from definition 4.11.3 it follows that for every
x € I(x) we have

n(x, z) = min(n(x, z), n(y, z)) ifx ¢ I(x]y) '
’ min(n(x, z), n(y, z)) + x|y, =) ifz € I(x]y)

Likewise, for every y € I(y) we have

min(n(x, y), n(y, y)) ify ¢ I(ylx)andy € I(x)
n(y, y) = < min(n(x, x), n(y, ) + s(ylx, ) ify € I(y|x)andy € I(x) .
k(ylx, ) ify € I(y|x) and y ¢ I(x)

Since there are totally m elements in every population we must have
doonly.y)= Y, nlx a)=m.
y€EI(y) z€I(y)

Rearranging the terms in both sides of the last equation according to the observations
made above, we obtain

Z min(n(x, z), n(y, z)) + Z K(xly, z) =

zel(x) z€l(x|y)
= Z min(n(x, y), n(y, v)) + Z k(ylx, v)
yel(x) y€EI(y|x)

and the first desired equation follows by subtracting (%) min(n(x, z), n(y, z))

from both sides. The second equation follows by rearranging the multiples in the

formula of proposition 4.11.2 according to the equation above and letting k(z) =
1 m Tta.

(m) so that we can write:

Pax = k(Z) . H (TL(Z, Z))min(n(x,z),n(y,x)) . (f(x))min(n(x,a:),n(y,z)))x
zel(x)

x I (nlz @) &= (fla))==)

zel(x|y)

and, likewise,

Pay = h(z) - T (nla, g))mnoemnvon). (f(y)minteixntvo)
yel(x)
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< T1 (nl )= () o=),

y€el(y|x)

Now the common factor

k(Z) . H (n(z, I))min(n(x,x),n(y,a;)) . (f(x))min(n(x,a;),n(y,:c)))
zel(x)

on the top and the bottom of the ratio I’j’—" is canceled out and we obtain the desired
zy
formula. ]

In fact, according to lemma 4.11.1, we have x > y = I(y) D I(x)). Moreover,
since new individuals can not appear as a result of selection, whenever z € S(y) (see
definition 4.10.1 for the meaning of S(y)) we must have I(z) O I(y). Therefore,
x B> yifand only if I(y) D I(x)) and V z such that I(z) D I(y) we have p,x > psy.
The condition p,x > pzy can be restated equivalently as ff; > 1. But, thanks to
lemma 4.11.3, we have

Pox Tlactiuty) (n(z. @)= - (F(a)ys(xly.)

Doy yercypo (2 4) 00 (f(y)= @R =

- [Loerxiy) (M2, @)~ . Ha;e[(x\y)(f(x))l{(xly,x) -
[yerypm (2 9))" 0P T g0 (F ()= Pew) =
= HIGI(XIy)En( )" [eryx fy))rew

Z, (
HyEI(y\x) n(z, y))/{(y\x,y) - Hye[(x‘y)(f(l‘))’{(xwff”)'

Observing that
Hyej(y\x) (f(y))rvbew

[Ty rety) (f (@) <6y )

does not depend on z at all we deduce the following:

Lemma 4.11.4 Given populations x and y of size m, we have x > y if and only if
I(y) D I(x) and

min H;ce](x|y)(n(z, Z))ﬁ(x\y,z) - HyEI(y\x)(f(y))K(y‘x,y)
1(2)21(x) HyEI(y\x)(n(za y))i{(y\x,y) o Hyej(x‘y)(f(:c))ﬁ(X\y,z) ’

Thanks to lemma 4.11.4, the rest of our analysis boils down to constructing a pop-
ulation z which minimizes the ratio over z with I(z) 2 I(y). In view of proposi-
tion 4.11.2, without loss of generality, we can assume that the first |7 (y)| individuals of
z enumerate the elements of 1(y), i.e. z = {y1, %2, -, Y|1(y)|» 215 225 - - - Zm—|1()|}-
Our goal is then to select 21, 22, ..., Zyu_|1(y) in @ way which minimizes this ra-
tio. First, it is worth pointing out, that unless y = x, for some permutation o of
{1, 2,...m} in the sense described in proposition 4.11.2 (in which case we trivially
have x > y thanks to proposition 4.11.2), we can assume that I(y|x) # (. (Indeed,
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according to lemma 4.11.3, we have 3 ;v B(X[y, 2) = 22, c 1y BV, ¥).
If I(y|x) # 0 then 37, ry) KXIY: ) = 22, cr(yx) B(Y[X, y) = 0 which forces
I(x|y) = 0. But then for every y € I(y) we have y ¢ I(y|x) = I(y) C I(x) and
n(y,y) < n(x,y) and, since I(x|y) = 0, also n(y,y) > n(x,y). Summarizing, we
obtain n(y,y) = n(x,y) Yy € I(y) = I(y) which means that y = x,.) Next, we
observe that Vi we have z; € I(y|x). (If not, then for some ¢ we have z; ¢ I(y|x).
In such a case, since replacing z; with an element of I(y|x) # () will increase the de-
nominator and either decrease (in case if z; € I(x|y)) or not influence the numerator
in any way (since it is clear from definition 4.11.3 that I(y|x) N I(x|y) = 0) of the
ratio on the L.H.S. of the inequality of lemma 4.11.4. This in turn would only decrease
this ratio so that z can not minimize it.) Since z;s are chosen from the set I(y|x), and
I(y|x)N1(x]y) =0, forevery z € I(x]y) x # z for1 <i <m—|I(y)|andz =y,
for a unique j with 1 < j < |I(y)| (since I(y) 2 I(x) and y1,y2, . ., Y|1(y) €numer-
ate the elements of I(y)) we have n(z,z) = 1 for every x € I(x[y). But then the nu-
merator of the ratios on the L.H.S. of lemma 4.11.4, [, c 7|y (n(2, z))sxly,2) = 1
and the L.H.S. of the inequality in lemma 4.11.3 simplifies to

. 1
min
z€Q Hyef(ylx) (n(z, y)) kv

where Q = {Z | z = (ylv Y2, 5 Y1)y ALy 2250 Z’rn—|](y)|)a Y, Y2, -5 Yl (y)|
enumerate /(y) and z; € I(y|x)}. Moreover, notice that z;s can be chosen arbitrarily
from the set I (y|x) while for every y € I(y|x) there exists exactly one 1 < j < |I(y)|
with y = y;. We then have n(z, y) = 1+ |{i|1 < i < m —|I(y)|, z = y}|
and >, 7y (2 y) = [I(y|x)| + m — |I(y)|. On the other hand, given a finite
sequence of natural numbers {n, },er(y|x) satisfying the constraint 3, .10y =
[ (y[x)|+m — |I(y)|, we can construct z = {y1, Y2, - - -, Y|1(y)|> 215 22 - - - Zm—|I(y)|}
with n(z, y) = n, by picking exactly n, — 1 z;s equaling to y for every y € I(y|x).
All of this is summarized in the main theorem below:

Theorem 4.11.5 Given populations x and y of size m, we have x &> y with respect
to fitness-proportional selection as described in definition 4.2.2, if and only if I(y) 2
I(x) and

[Locry (f (z))=xly2)
[yeryp (f@) v

H (ny)FY*¥) <

max
{nytyeryix) €EQ(YIX) yeI(y|x)

where

Q) = {{ny}yereio [Vy € Iyx)ny €N, D ny = [I(ylx)l+m—|I(y)]}.
vel(ylx)

Below we illustrate theorem 4.11.5 with a few simple examples:

Example 4.11.3 Continuing with examples 4.11.1 and 4.11.2, notice that we do have
I(y) 2 I(x) and |I(y|x)|+m—|I(y)| = 249—4 = 7. so according to theorem4.11.5
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we have x >y if and only if

fla)? > 2

f(c)2 . f(d) - nc+nd:7,rg?§1andnd21n ST

There are 6 possible pairs (n., nq) over which we want to maximize the product n?-n.
These are (1, 6), (2,5), (3,4), (4, 3), (5, 2) and (6, 1). Moreover, by symmetry,
since the power of the coefficient n. in the product is bigger than that of ng we only
have to cheque 3 of these pairs: (4, 3), (5, 2) and (6, 1). The corresponding products
are 4> -3 = 48,52 - 2 = 50 and 6 - 1 = 36. Then biggest one among these is 50 and

so we deduce that x 1>y if and only if % > 50.

Example 4.11.4 Suppose'y = {y1, Y2, ..., Ym} With y; # y; for i # j (i.e. y is
a population consisting of distinct individuals). Now let x = {x1, Xa,..., Ty} with
I(y) D I(x). Notice that in this example I(y|x) = I(y) — I(x) while I(x|y) = {z|
there is more than one i s. t. © = x;}. Moreover, Vx € I(X|y) we have k(x|y, x) =
n(x,z) — 1 (since n(y,xz) = 1) and Yy € I(y|x) we have n(y,y) = 1 so that
0 < k(ylx, y) < nl(y,y) and we have k(y|x, y) = 1. Finally, observe that the set
Qylx) = {{1, 1, 1,...,1}} since [I(y)| = m and we must have 3, 1. 1x) Ty =
[I(y|x)| + m — [I(y)| = |I(y|x)| and n, > 1 which forces n,, = 1Vy € I(y|x).
e tnlyy (@)Y )

et T = 1

According to theorem 4.11.5 we have x >y if and only if g
if and only if
II Gy et= I fw.

z€I(x|y) yel(y[x)

Example 4.11.5 Continuing with example 4.11.4, suppose, in addition, that there is
exactly one individual in x which occurs more than once in this population. That
is, without loss of generality, let X = (Y1, Y2+- -+ Yks Yms Yms -+ Ym) and 'y =
(Y15 Y25+ s Yk, Ykt1s - - - s Ym) Where y; # y; for i # j and k < m. This is a special
case of example 4.11.4 where 1(x|y) = {ym} and I(y|x) = {yk+1, Yr+2, -+ Ym—17}
According to the conclusion of example 4.11.4 we have x ©> 'y if and only if

m—(k+1)
Fym)™ S > ] Fykss) ifand only if f(ym) > " “7% F(Wrti)

i=1 i=1

which, in words, says that x »> y if and only if the fitness of the unique repeated indi-
vidual of X is at least as large as the geometric mean of the fitness of all the individuals
in'y which do not occur in x. It is also worth pointing out that even if the inequality
above is an equality we still have x >y since I(y) 2 I(x) and so S(x) 2 S(y).
In particular, even if the fitness function is flat, the relation 1> # () in case one uses
fitness-proportional selection.

Example 4.11.6 Now consider an “opposite extreme” to example 4.11.4 (in the sense
of the diversity of elements in the population) where I(y) = I(x) = {x, y}. let’s
say n(x,x) = k (which implies that n(x,y) = m — k) and n(y,x) = 1 < k
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(hence n(y,y) = m —1). It follows then that I(x|y) = {z} and I(y|x) = {y}.
Moreover, k(y|x, y) = k(x|y, ) = k — 1. Since |I(y|x)| = [{y}|, it follows that
Q(y|x) = {{k — I} } and which makes the maximization procedure trivial. According

to theorem 4.11.5, we have x > vy if and only if (k — 1)*~! < ;E;;t:i if and only if
f@) = (k=1)- f(y).

Theorem 4.11.5 tells us that in order to cheque if x > y with respect to fitness-
proportional selection we need to solve an integer optimization problem subject to
linear constraints. Examples 4.11.4, 4.11.5 and 4.11.6 are particularly simple mainly
because the sets Q(y|x) were singletons so there was not much choice for the maximiz-
ing domain element. Although we do not intend to pursue studying this optimization
problem in much detail since it is not the main subject of the current paper, it is worth
mentioning that the method of Lagrange multipliers allows us to give an upper bound

on the
max H (”y)ﬁ(y|X7y)
mlveroo€QWRO, 7o

by letting n,,’s range over positive real numbers subject to the linear constraint ) yel(ylx) M =
|I(y|x)| +m — |I(y)|. Moreover, if one wants an exact solution then the method al-
lows to narrow down the choice of suitable integer sequences significantly: Indeed,
according to the method of Lagrange multipliers, if any local maximum of a differ-
entiable function f(7) on an open set D C R™ subject to the constraint g(7') = c
where ¢ is another differentiable function on D is achieved at a point ¢, then we must
have Vf(q) = X\ - Vg(q) where V denotes the gradient (derivative of a real-valued
function) operator and A is some constant proportionality coefficient (in other words,
the gradients of f and g evaluated at the point ¢ must be collinear vectors). In our
case f, g : U C RIOM — R where U = {7 |7% € RIOM and n, > 0}
are defined according to the following formulas: f(7) = Hyej(ylx)(ny)”(y‘xvy)
and g(m) = Zyel(y‘x) ny. Our goal is to maximize f subject to the constraint

g(m) = |[I(y|x)| +m — |I(y)| where W = {ny},er(y|x). Clearly Vn, we have

8‘?’;‘2 = 1 and so the condition Vf(qg) = X - Vg(q) boils down to the condition
8—25 = 8%5 for every u and v € I(y|x). For any given w € I(y|x) we have
af K X, w)— K X
aT = K/(Y|X7 ’IU) : (nw) (¥, w)=1, H (ny) 4 y)
v yel(ylx), y#w
Therefore, the equation % = % holds for every u and v € I(y|x) if and only if

for every w and v € I(y|x) we have r(y|x, u) - n, = k(y|x, v) - ny if and only if

O = wyley foralluand v € I(y|x). In other words, the equation % = ng

holds for every u and v € I(y|x) if and only if the ratio = « is a constant

n
R )
independent of y € I(y|x). Moreover, this also gives us n,, = W ck(ylx, u) =
a - k(y|x, u) for every u € I(y|x) and, according to the constraint, we also have

Soong=a- > klxy) = [Iyx)]+m-—|I(y)

yel(y|x) yel(y[x)
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which gives
_ ) +m = |yl
o= .
Zyel(y\x) k(ylx, y)
— U+Em—|I(y)]
> yeryix) R Y)
unique point which satisfies Vf(¢) = A - Vg(¢). We argue that this point must
be the global maximum of the function f on the domain D = {n,|n, > 0} N
g ' ({|I(y|x)| +m — |I(y)|}) which is a closed and bounded subset of R¥/*) and,
hence, is compact. Clearly the function f is continuous on D and, since D is compact
it must achieve a minimum and a maximum on D. The only interesting case to con-
sider is when |I(y|x)| > 1 (indeed, if |I(y|x)| = 1, then D is a singleton set whose
only point is ¢ so that it is trivially a global maximum). If maximum of f was not the
point ¢ then it must be the point on the boundary of D (since it is the only interior
point satisfying Vf(¢) = A - Vg(¢')). But every boundary point of D has at least
one zero coordinate so that (') = 0 for every boundary point 3 of D. On the other
hand f(¢") > 0. Thus we deduce that f achieves a global maximum at the point ¢ .
We then have the following sufficient condition for x > y:

Notice that the point ¢ with coordinates n,, - k(y|x, y) is the

Theorem 4.11.6 Given populations x and 'y of size m, we have x &> y with respect to
fitmess-proportional selection as described in definition 4.2.2, if I(y) 2 1(x) and

H:cel(x|y) (f (z))=xly2)
Hye](y‘x)(f(y))’{()"x,y) =

L(y[x)|[+m— Iy > (1% 9)
> ( )&veltyl MYPOY) r(y|x, y)n(y\x,y)
Zyé](y|x) K(y|X, y) H

yel(y|x)

Example 4.11.7 Continuing with examples 4.11.1, 4.11.2 and 4.11.3, according to
corollary 4.11.6 we have x >y (recall that we do have I(y) 2 I(y)) if

I — |7 . ,
> (| (Y|X)| +m | (y)| );»;(y|x7 c)+r(y|x, d) ~/<;(y|x, C)n(y\x,c) ~/<;(y|x, d)f»c(y|x7 d) _
Ryl ¢) + r(ylx, d)

7.
= (5)5 22,11 = 50.(814).
Notice that the bound is only slightly larger than the exact one given in example 4.11.3.
Moreover, although corollary 4.11.6 itself only provides a numerical bound, the method
of Lagrange multipliers which was used to establish corollary 4.11.6, suggests how one
can narrow down the search for the optimizing choice of coefficients by considering

only the pairs (n., ng) with integer coordinates which are closest to the point with
(y|x)[+m—[I(y)| .
Zygz(y\x) K(y[x,y)

example, this point is (% -2, 2 - 1) = (42, 23) and so the only potential candidates
are (4, 3) and (5, 2). We saw in 4.11.3 that the point (5, 2) is the winner. Of course,
this “narrowing down” procedure is particularly useful for the cases when |I(y|x)| is
a large number.

coordinates x,, = k(y|x, u) in “every direction”. In our specific
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4.12 What Can Be Said when the Last Elementary Step
is Mutation?

Although not nearly as much can be said when the last elementary step is mutation, the
following result is a rather general “anti-communism” theorem. It should be noted that
a much stronger and more informative result which depends on the assumption that
crossover is “pure” in the sense of [14] (meaning that identical pair of parents produce
a pair of the same identical children) shall be established in a sequel paper.

Theorem 4.12.1 Let {¢xy }xyecx and {pxy}x,ycx denote Markov transition matri-
ces on a finite set X. Suppose {qxy }x,ycx is non-annihilating in the sense of defini-
tion 4.10.3. Also let {{m3, }x.yex |0 < & < 1} denote an indexed family of Markov
transition matrices such that for every € > 0 there exists r > 0 such that for all § < r
we have || {miy}x,yeX —I|| < efor some norm on the finite dimensional vector space
of |X| x |X| matrices'3. Suppose also that for all § > 0 with § < 1 the composed
Markov chain M(9) = {miy}xyye)( APxy tx,yex - {@xy }x,yex is irreducible. Let 1>
denote the relation associated with the Markov transition matrix {pxy}x,ye x (see def-
inition 4.10.2). Finally, let 75 denote the unique stationary distribution of the Markov
chain M(6). Then, for all small enough ¢, either there exists a state z € X such that
m5(z) < ﬁ or, whenever X >y, we also have 75(x) > 75(y). In particular, as long
as > # 0, the stationary distribution of the Markov chain determined by the transition
matrix M () is never uniform for all sufficiently small “mutation rates” §.

Proof:  Denote by A = {{A\s}zex | D ,cx Az = 1 Ay > 0} the probability simplex
andlet A = {{Aa}zex | Cperda =1, As > oy )+ Forany givenx >y € X

consider a function fx y : A;‘ — R which sends a given A € Aﬁ to the number

[
{Pxy fxyex - {axy txyex (M) (X) = {Pxy txyex  {axy txyex(N)(y) >0

thanks to proposition 4.10.5. From basic point-set topology we know that the set

A e is a compact topological space (it is a closed and bounded subset of R!*! with

|¥| < oo) and, moreover, the function f, y is continuous (it is a restriction of a lin-
ear map). It follows then that the function fx, y achieves a minimum, min( fx, y), on

Aﬁ' Thanks to proposition 4.10.5 this minimum must be a positive number since
the matrix {¢xy }x,yecx is non-annihilating and every A € A A has the property that

Az) > ﬁ > ( for every z € X'. We now conclude that

a = min{min{ fx y(A) | A € A ‘}|x>y€X}>0.

‘%
Now choose > 0 small enough so that whenever 0 < § < r we have
« 1

[{mybxyex = Illop < min{3, 3

31t is a fact that all the norms on finite-dimensional vector spaces are equivalent. It is then irrele-
vant which norm we consider. For practical applications it is convenient to use |[{axy }x,ycx |lmax =
max{|axy||x,y € X}. For the purpose of proving the theorem it seems most convenient to
use the operator norm defined as [[{axy }x,yexllop = sup{|[{axy}x,yex (¥)||¥] = 1} where

X
ll(v1, va, ..., vl = S ol
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Choose any 9 satisfying 0 < § < r Now there are exactly two mutually exclusive and
exhaustive cases:
Case 1: 3n € N such that {pxy }x,yex - {gxy }x,yex - M(O)"(A) T A 1.

2]

In this case, let 75 = {pxy }x,yex " {axy}xyex - M(8)" (ms). Since ms is the sta-
tionary distribution of M (0) (see the statement of the theorem), it is also the stationary
distribution of M (8)" ! and it follows that

{miy}X,yeX(%) = {miy}X,yeX “({Pxy txyex {axy txyeax - M(0)" (75)) =

= ({maybxyex {pxytryex  {taybxyex) - M(8)" (ms) = M(8)" " (ms) = m5

and so
«
lvs = 7sll = (T = {m3y xyex) (0)ll < 1T = {mdy xyexllop < 3
In particular, Vx >y € X we have
« «
175 (x) — ms(x)| < 3 and |v5(y) — ms(y)| < 3
so that o o
75 (x) > v5(x) — 3 and 75(y) < v5(y) + 3
and, finally,
a o 2
m5(x) — ms(y) > v5(x) — 37 (vs(y) + g) =75(x) —v5(y) — 3 >5>0

thanks to the choice of «, and it follows, in this case, that 7s(x) > 75 (y).

Case 2: Vn € N we have {pxy }xyex - {qxy }x,yex - M(0)"(A) € Aﬁ'

In this case, first we claim that for every n € N there exists a distribution v €
M(8)"FL(A) such that y(z) < %X‘ for some z € X. Indeed, the assumption of case

2 says that there exists a distribution A € {pxy }x,yex - {xy }xyex - M(6)"(A) such
that A\(z) < 5%. But then y = {miy}x,ye x(A) is the distribution with the desired
property. Indeed, since A € {pxy}txyex - {dxy tx,yex - M(8)"(A), it follows that
A = {pxy }x.yex - {dxy }x,yex - M(0)™(n) for some distribution n € A. But then

Y= {miy}x,yeX “({Pxy txyex  {axy txyex - M(6)"(n)) =

= ({miy}xyye?f Abxy bxyex {dxy txyex) - M(6)"(n) =
= M(8)" () € M(6)"T(A).
Moreover, since § < r we have
(2) = A@)] < l7 = Al = [[{mey bxyex(X) = Al =

1

= | ({my}xyex — DOV < [({mdydxyer — Dllop < ST
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But then we also have v(z) < A(z) + %X‘ < #X‘ + %X‘ < %X‘ as desired. So we
deduce every one of the sets M (8)" "1 (A) contains a point 7,41 with v, 11(z) < ﬁ
for some z € X. It is well-known from Markov chain theory that the sequence of
convex compact sets { M (8)"T1(A)}22; is nested (M (§)"TL(A) D M(§)"T2(A))
and (), M(0)"*1(A) = {ms} where m; is the unique stationary distribution of
the Markov chain determined by the matrix M (§). Also, all the elements of the se-
quence {v,+1}52 , inside of the compact set A, and, hence, the sequence {7V, +1}52
has a convergent subsequence {7(;,41), }7e;- But then ¢, 41y, — 75 as bk — oo
(since the limit point must lie inside of every one of the compact sets M (5)"T1(A)
and there intersection consists of a single point 75). Moreover, notice that since X is
a finite set while {7(,41), }32, is an infinite sequence, according to the “pigeonhole
principle” it follows that 3z € X such that infinitely many elements of the subse-
5

quence {Y(n+1), } =, have the property that {~(,11), }32,(2) < gl In other words,

Jz € X for which we can extract a subsequence {7(,41), }sz of the convergent

sequence {7Y(n11), }p—; With the property that v(,,41), (z) < % In particular,

[ =2}

Y(nt1),, (2) — 7s5(z) as s — oo and it follows that 75(z) < o < ﬁ‘ which is

what we were after. 0

When applying theorem 4.12.1 we have in mind that {gxy }x, yex is the Markov tran-
sition matrix corresponding to recombination (i. e. a sub-algorithm determined by a
single elementary step of type 2: see definitions 4.3.1 and 4.2.5), {pxy }x,yex is the
Markov transition matrix corresponding to selection (i. e. a sub-algorithm determined
by a single elementary step of type 1: see definition 4.2.2) and {miy}x,ye x 1s the
Markov transition matrix corresponding to mutation with some “rate” §. For the pur-
pose of the current section, thanks to the generality of theorem 4.12.1, it is sufficient to
assume only that m$,, > 0 Vx, y and that max({mg, [x #y € X}) — 0as§ — 0.
The following proposition tells us when mutation determined by the reproduction 1-
tuple (2, M, p) satisfies conditions of theorem 4.12.1:

Definition 4.12.1 An ergodic family of mutations is an indexed family of ergodic mu-
tation 1-tuples (see definition 4.9.1) of the form { (2, M, ps)}sc(o0,1) where ps(1q) >
1-6.

Proposition 4.12.2 Suppose {(2, M, ps)}sc(0,1) is an ergodic family of mutations
as in definition 4.12.1. Then ¥ € (0, 1) the Markov transition matrix {miy}xyye)(
associated to the sub-algorithm determined by the mutation I-tuple (2, M, ps) has
the property that || I — {m3y}x yex|| — 0asd — 0.

Proof:  Notice that [|[I — {m$  }xyex| = max{m3  |x # y} and so it suffices
i’y — 0 as § — O (since the state space is
finite). Notice also that Vx # y we have 0 < miy <1- mix. It now suffices to

show only that Vx € X = Q™ we have 1 — mS . —0asd — 0,or, equivalently, that

X, X

to show that for every x # y we have m

Vx € X = Q™ we have miyx — lasd — 0. If we write x = (21, Z2,...,Ty) €
Q™ then, since 1o (x;) = x; we see that 1 > mix > (ps(lg))™ > (1—-6)™ — las
6 — 0 and the desired conclusion follows. O
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Combining theorem 4.12.1 with the conclusion of example 4.11.5 (saying that > = ()
for fitness-proportional selection) we deduce the following:

Corollary 4.12.3 Suppose for every0 < § < 1 we are given an evolutionary algorithm
As determined by the cycle sy, s, 83 where sy is any elementary step (but usually it is
an elementary step of type 2), so is the elementary step of type 1 (fitness-proportional
selection as described in definition 4.2.2) and sg is an elementary step of type 2 de-
termined by an ergodic mutation 1-tuple chosen from an ergodic family of mutations
(see definition 4.12.1). Then the Markov chain determined by the algorithm Az with
state space X = Q™ is irreducible and, for all small enough 6, the unique stationary
distribution of this Markov chain is not uniform.

Corollary 4.12.3 tells us, in particular, that the stationary distribution of the Markov
chain associated to an algorithm 4 with the second elementary step being of type 1
(selection) is never uniform, even when the fitness function is flat. It is still reason-
able to conjecture though, that in case of flat-fitness selection, under certain symmetry
assumptions on recombination and mutation, everyone of the individuals in a given
population is equally likely to occur “in the long run” in the sense of definition 4.5.6.
Results of this nature (and even stronger) shall be established in the upcoming paper.

4.13 Conclusions

In the current paper we applied the methods developed in [5] to obtain a schema-
based version of Geiringer’s theorem for non-linear GP with homologous crossover.
The result enables us to calculate exactly the limiting distribution of the Markov chain
associated with the evolution of a finite (fixed size) population under the action of
repeated crossover, or the action of the mixture of crossover and mutation. This is
an extension of the results for fixed and variable length strings given in [5] for finite
populations.

The main result established in [5] applies only in the absence of selection and only
when crossover and mutation are bijective (which is often, but not always the case). In
the current paper we established a property of the stationary distribution of the Markov
chain for a rather wide class of EAs. More specifically, we introduced a pre-order
relation on the state space of a Markov chain which allows us to establish rather general
inequalities concerning the stationary distribution of the Markov chain determined by
an EA. This pre-order relation depends primarily on selection and not on the other
stages determining an EA. In section 4.11 this partial order is completely classified for
the case of fitness-proportional selection in section 4.11. More results on this issue,
as well as some connection between the infinite and the finite population Geiringer
theorems will appear in a forthcoming paper.
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