
Computing Convex Spline Approximations

David L. Russell

Department of Mathematics, Virginia Tech

Blacksburg, VA 24060, USA

Abstract

After a short abstract discussion of convex approximation we specialize to

a study of such approximation on compact intervals of R1 via splines of even

order 2 m with given knots. We see that, from the point of view of compu-

tation, the convex spline approximation problem is straightforward, reducing

to a quadratic program with linear inequality constraints, for orders 2 and 4,

linear and cubic splines, respectively, but is more complicated for higher even

orders 2 m, m > 2, if all convex splines of that order are to be admitted as

candidates for the optimization. With restriction to a smaller set of splines of

order 2 m, p > 2, obtained via a convolution process, treatment of the prob-

lem via quadratic programming with linear inequality constraints is restored to

viability. Computational examples are presented for illustration.
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1 A Convex Approximation Problem

We consider a convex spline approximation problem for discrete data,

{zk |k = 1, 2, 3, ..., N} associated with distinct {xk |k = 1, 2, 3, ..., N},

R = [a, b], a closed, bounded interval, with

a = x0 < x1 < x2 < ... < xN−1 < xN = b ≡ a + L. (1.1)

To each pair zk, xk we assign a “weight” µk, k = 1, 2, 3, ..., N . We

pose the problem of finding ŷ ∈ C, a set of convex spline functions of

order m + 1 on R with given knots in that interval, such that ŷ solves

the problem min y ∈C φ(y) where, for ε > 0,

φ(y) =
∞
∑

k=1

µk (zk − y(xk))
2

+ ε ‖y‖2
m ,

‖y‖m the standard Sobolev norm in Hm(R). The proof of existence
and uniqueness of ŷ is straightforward. For simplicity, in this talk we

take the spline knots to coincide with the {xk} and assume these to be

equally spaced with

xk − xk−1 = h, k = 1, 2, 3, ... N.

To this end the most usable and reliable techniques are those of quadratic

programming with quadratic objective function and linear equality and/or

inequality constraints. Consequently we emphasize characterization of

convexity in terms of a finite number of such constraints. The most
obvious convexity condition y

′′

(x) ≥ 0 clearly does not meet this ob-

jective if it has to be verified at every point x ∈ [a, b] or for x in any

other infinite set.

We begin with linear splines; degree 1, order 2. With yk ≡ y(xk), k =

0, 1, 2, ... N , and the slope increment from each subinterval [xk−1, xk]

to the next, [xk, xk+1], indicated by uk, k = 1, 2, 3, ... N − 1, these
splines correspond to solutions of second order linear recursion equa-

tions (corresponding to equality constraints)

yk+1 − yk

h
−

yk − yk−1

h
= uk, k = 1, 2, 3, ... N − 1.
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The convexity condition in this case corresponds simply to the linear

inequality constraints uk ≥ 0, k = 2, 3, ... N − 1. The “decision

variables” for the optimization process are the initial y0, y1 and the

“controls” uk, k = 1, 2, 3, ... N − 1.6

Next we consider quadratic splines, degree 2, order 3, we let

y0
k = y(xk), y1

k = y
′

k(xk), k = 0, 1, 2, ... N.

With uk the constant second derivative on [xk−1, xk], k = 1, 2, 3, ... N ,

we have equality constraints corresponding to the two dimensional sys-

tem of linear recursion equations
(

y0
k

y1
k

)

=

(

1 hk

0 1

) (

y0
k−1

y1
k−1

)

+

(

(hk)
2/2

hk

)

uk, k = 1, 2, 3, ... N.

The convexity condition here is uk ≥ 0, k = 1, 2, 3, ... N ; the decision

variables are y0
0, y1

0 and the indicated uk. Only the latter are subject

to inequality constraints; the first two are unconstrained.

Cubic splines, corresponding to degree 3, order 4, are the most com-

monly used in applications. Defining uk to be the constant third deriva-

tive on [xk−1, xk] we have, for k = 1, 2, 3, ... N ,









y0
k

y1
k

y2
k









=









1 hk (hk)
2/2

0 1 hk

0 0 1

















y0
k−1

y1
k−1

y2
k−1









+









(hk)
3/6

(hk)
2/2

hk









uk. (1.2)

The basic convexity condition remains y
′′

(x) ≥ 0, x ∈ [a, b], involving
infinitely many points x. However, in the cubic spline case y

′′

(x) is

linear on each [xk−1, xk] so its non-negativity over the whole interval

obtains if and only if both y2
k−1 = y

′′

(xk−1) and y2
k = y

′′

(xk) are both
non-negative. Thus the convexity condition for cubic splines can be

stated simply as

y2
k ≥ 0, k = 0, 1, 2, ... N. (1.3)

The decision variables are y0
0, y1

0, y2
0 and the uk, k = 1, 2, ... N .
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In contrast to the linear and quadratic cases the condition (1.3) cannot

be stated exclusively in terms of the uk because y2
0, required to be non-

negative, is not determined by the uk, k = 1, 2, ... N . These state

constraints complicate some approaches to optimal convex cubic spline
approximation.

For the last reason stated it is convenient to reformulate the con-

struction of cubic splines. At stage k−1, y2
k−1 being already determined,

we take vk to be the as yet undetermined value of y2
k. Using the linear-

ity of the second derivative on each subinterval and assuming y2
k−1 ≥ 0

we require vk ≥ 0 to ensure convexity on [xk−1, xk]. We then find that

y0
k = y0

k−1 + hk y1
k−1 +

(hk)
2

3
y2

k−1 +
(hk)

2

6
vk,

yielding the discrete linear system








y0
k

y1
k

y2
k









=









1 hk/2 (hk)
2/3

0 1 hk/2

0 0 0

















y0
k−1

y1
k−1

y2
k−1









+









(hk)
2/6

hk/2

1









vk. (1.4)

The decision variables here are y 0
0 , y 1

0 , y 2
0 and the vk, k = 1, 2, ..., N .

The constraints are now control inequality constraints vk ≥ 0 except
for the constraint y2

0 ≥ 0 on the initial conditions.

Fifth order (fourth degree) splines not being widely used, the natural

next step is to examine convex sixth order (fifth degree) spline functions
as approximation candidates. When we attempt to carry this out,

however, we encounter a significant difficulty.

Proposition 1.1 The set of all sixth order splines s6(x) convex on

an interval [xj , xk], k > j, cannot be precisely specified by imposing a

finite number of linear inequality constraints on s6(x) or its derivatives,

at any predefined, finite set of points in [xj , xk].

Remark It is possible, via linear inequality constraints, to describe

certain subsets of convex sixth order splines.
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Proof Assuming the contrary, it is equivalent that the set of all con-

vex sixth order splines on [xj , xk] should be precisely described by

imposing a finite number of linear inequality constraints on the lo-

cal polynomial coefficients of s6(x), six such real coefficients c`, i, i =
0, 1, 2, 3, 4, 5, for each of the M ≡ k−j subintervals [x`−1, x`] of [xj , xk].

This corresponds to defining a polyhedron P in the 6M - dimensional

space of all such coefficients. (P has dimension < 6M because of
spline continuity conditions at the knots.) Then the intersection of P

with any other polyhedron, or affine hyperplane, S ⊂ R 6M , would also

be a polyhedron - possibly empty, of course. We define a subspace S

by requiring c`, 5 = 0 for all such ` as described. Then P ∩ S corre-
sponds to all convex splines s 6(x) which reduce, on [xj , xk], to a single

fourth degree polynomial, independent of `, with coefficients ci multi-

plying (x)i, i = 0, 1, 2, 3, 4; P ∩ S ≡ PS is clearly not empty. The
corresponding second derivatives are the quadratic polynomials

p(x) = 12 c 4 x2 + 6 c 3 x + 2 c 2. (1.5)

The polyhedron PS must therefore correspond precisely to all fourth de-

gree polynomials for which p(x) is non-negative on the interval [xj , xk].

Making the change of variable x = xj + (x − xj) ≡ xj + ξ and
substituting into p(x) we can re-express that polynomial as

p̂(ξ) = 12 c 4 ξ2 + ĉ 3 ξ + ĉ 2, (1.6)

where ĉ 2, ĉ 3, are linear functions of c 2, c 3, c 4. Further intersecting PS

with the polyhedral set corresponding to ĉ 2, ĉ 3, c 4 such that p̂(0) =

ĉ 2 = 1, c 4 ≥ 1, we obtain a polyhedral set Q. Now the set of all

second degree polynomials p̂(ξ) with coefficients restricted as indicated
and such that p̂(ξ) ≥ 0, ξ ∈ [0, xk − xj] is the complement of the set

of such polynomials whose roots are real and distinct, the lesser root

lying in the interval (0, xk − xj). The latter corresponds, of course, to
the assumed inequality c 4 ≥ 1 and

ĉ 2
3 > 48 c 4, −

√

ĉ 2
3 − 48 c 4 < 24 c 4 (xk − xj) + ĉ 3,

a set which is non-empty and clearly not a polyhedron. Then Q is not

a polyhedron ⇒ P is not a polyhedron; the proposition follows.
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Figure 1: convex cubic approximation.
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Figure 2: convex cubic approximation.
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Figure 3: convex cubic approximation.

2 Convex Spline Approximation via Convolution

We have noted the difficulty in imposing linear constraints on higher

order splines in order to precisely characterize convexity. Now we indi-

cate how this can be at least partially overcome through construction
of splines via convolution.

To simplify the ideas we assume a set of points xk, −∞ < k < ∞,

uniformly separated so that xk − xk−1 = h > 0 for all k. We associate
with each point xk, a numerical value wk. We define the “tent function”

(second order spline basis function)

τ(x) =















h−2(x + h), −h ≤ x < 0,

h−2(h− x), 0 ≤ x < h,
0 otherwise.

Clearly
∫∞
−∞ τ(x) dx = 1. It is easy to see that

s2(x) =
∑

k

wk τ(x − xk)
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is the linear (second order) spline function with values wk at the points

xk. The spline function s2(x) is convex on an interval [x−ν , xN+ν ] if

and only if

uk ≡ h−2 (wk+1 − 2wk + wk−1) ≥ 0, −ν+1 ≤ k ≤ N+ν−1. (2.1)

Denoting the m-fold self-convolution of τ(x) by τ ∗m(x)), we may then

define even order splines, for integral p ≥ 0,

s2 p+2(x) = (τ ∗p ∗ s2)(x) =
∑

k

wk τ ∗(p+1)(x − xk); (2.2)

that is, one may generate successive even order spline functions by

repeated self-convolution of the tent function τ(x). It may then be
shown that

s2p+2(xk) =
∑

j

β2p+2, j wk+j, (2.3)

where the β2p+2, j are the nodal values of the standard B-spline b2p+2(x)
of order 2p+2 (center value corresponding to β2p+2,0). One further sees

that

s2p+2(x) =
∫ ∞

−∞
b2p(x − ξ) w(ξ) dξ. (2.4)

If one wants s2p+2(x) to assume given values ŵk at the points xk one

solves

ŵk =
∑

j

β2p+2, j wk+j

for the wk; a unique solution exists in standard contexts. Since the

spline basis function b2p(x) has only non-negative values, s2p+2(x) is

convex if the piecewise linear spline w(x) = s2(x) is convex, for which
we have the criterion: s2(x) is convex on [x−ν , xN+ν ] if and only if the

second order differences

wk+1 − 2 ∗ wk + wk−1, k = −ν + 1, ..., N + ν − 1

are all non-negative. In the cubic spline case 2 p + 2 = 4 this condition

is also necessary but for larger values of p one can show that s2p+2(x)

may be convex even if this condition is not satisfied for all k.
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To summarize: it is not possible to describe all 2 p + 2 ≥ 6 order

splines convex on an interval R by means of linear inequalities and/or

equations and therefore the most general problem of optimal convex

2 p + 2 ≥ 6 order spline approximation of given data on that inter-
val relative to some quadratic, or quadratic plus linear, cost criterion

cannot be reduced to a quadratic programming problem with linear

inequality constraints. It is possible to do so if we restrict the set of
candidate splines s2 p+2(x) constructed via the convolution process de-

scribed above. By contrast the set of all convex fourth order (cubic)

splines is the same as the set of splines s4(x) constructed via the con-

volution process.

Some Computational Examples; Order 6
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