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Goal

Study geometric realizations of weighted graphs in
low dimensional spheres

Positive semidefinite matrix completion

and low rank solutions to semidefinite programs

Geometric graph parameters for a graph G :

Gram dimension gd(G )

Extreme Gram dimension egd(G )

Link to Colin de Verdière type graph parameters



Notation

A symmetric matrix X is positive semidefinite (psd: X � 0)

iff X is the Gram matrix: X = (uT
i uj) of some vectors

u1, . . . , un ∈ Rk . Smallest such k is the rank of X .

En = all n × n psd matrices with an all-ones diagonal, i.e.,

admitting a Gram representation by unit vectors.

En: elliptope

For a graph G = (V = [n],E )

E(G ): projected elliptope = projection of En onto RE =

all a = (uT
i uj) ∈ RE for some unit vectors, i.e.,

partial matrices a ∈ RE completable to a matrix in En.



Low rank solutions to semidefinite
programs and matrix completion



Positive semidefinite matrix completion

Given a partial matrix:


1 0 ∗ −1
0 1 1 ∗
∗ 1 1 0
−1 ∗ 0 1


Can it be completed to a psd matrix?

What is the smallest rank of such a completion?

Give an answer depending on structural properties of the graph of
specified entries:

Graph  C4

1 2
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; Gram dimension gd(G )



Matrix completion in distance geometry

Find the locations of objects in Rk from partial measurements of
mutual distances: Find u1, · · · , un ∈ Rk such that

‖ui − uj‖2 = dij ∀ij ∈ E .

Equivalently: Find a solution of rank at most k to the SDP:

X � 0, Xii + Xjj − 2Xij = dij ∀ij ∈ E .

; Smallest k is the Euclidean dimension ed(G ) [Belk-Connelly’07]

ed(G ) ≤ gd(G )− 1 [LV 2014]



Approximating Max-Cut

SDP relaxation: optimize over the elliptope En:

max
∑
ij∈E

wij(1− Xij)/2 s.t. X � 0, Xii = 1 ∀i ∈ V

; 0.878-approximation
[Goemans-Williamson’95]

; 0.881-approximation if
rank(X ) ≤ 3

[Avidor-Zwick’05]

; Linear optimization over the projected elliptope E(G )



Ground state minimization

Given n particles with paiwise interactions modelled by a graph
G = (V ,E ) and a function A ∈ RE .

Minimize the Hamiltonian function:

min H(f ) =
∑
ij∈E

Aij Xij s.t. X ∈ En, rank(X ) ≤ r .

r = 1: Ising model.

r = 2: XY model.

r = 3: Heisenberg model.

Question: For which graphs is the rank condition superfluous?

That is, for which graphs G is it true that every extreme point of
E(G ) has a completion to a matrix in En with rank at most r?

; Extreme Gram dimension egd(G )



(Extreme) Gram dimension of a graph



(Extreme) Gram dimension of graph G = (V ,E )

Definition

1 The Gram dimension gd(G , a) of a partial matrix a ∈ E(G )
is the smallest rank of a completion of a in En, i.e., smallest k

s.t. aij = uT
i uj ∀ij ∈ E for some unit vectors u1, . . . , un ∈ Rk .

2 The Gram dimension gd(G ) of G is

gd(G ) = max
a∈E(G)

gd(G , a).

3 The extreme Gram dimension egd(G ) of G is

egd(G ) = max
a extreme point of E(G)

gd(G , a) ≤ gd(G ).



Gram dimension and orthogonality rank

gd(G ) ≥ gd(G , 0E )

(Orthogonality rank of G )

gd(G , 0E ) is the smallest integer k for which there exist unit
vectors u1, · · · , un ∈ Rk such that uT

i uj = 0 ∀ij ∈ E .

ω(G ) ≤ gd(G , 0E ) ≤ χ(G )

• For G planar: gd(G , 0E ) ≤ χ(G ) ≤ 4.

• For G planar: Deciding if gd(G , 0E ) ≤ 3 is NP-hard.
[Peeters 1997]

• For G cycle: Deciding if gd(G , a) ≤ 2 is NP-hard.
[ELV 2013]



Example: the complete graph Kn

gd(Kn) = n.

egd(Kn) = max. rank of an extreme point X of En
[Li-Tam’94] = max

{
r :
(r+1

2

)
≤ n

}
=
⌊√

8n+1−1
2

⌋
.

egd(K2) = 1, egd(Kn) = 2 if n ∈ [3, 5], egd(Kn) = 3 if n ∈ [6, 9]

The elliptope E3



Behaviour of gd(G ), egd(G ) under graph minors

e

delete e contract e

Lemma (LV 2014, ELV 2014)

Both graph parameters gd(G ) and egd(G ) are minor monotone:

gd(G\e), gd(G/e) ≤ gd(G ), egd(G\e), egd(G/e) ≤ egd(G )

Forbidden minors for small k for graphs gd(G ) ≤ k? egd(G ) ≤ k?

Corollary

If G has n ≤
(r+1

2

)
nodes then egd(G ) ≤ r .



Behaviour of gd(G ) under clique sums

+ =

Lemma (LV 2014)

If G is the clique k-sum of G1 and G2 then

gd(G ) = max{gd(G1), gd(G2)}.

The partial matrix:
?

?
X

X2

1

has a psd completion of rank

max{rank(X1), rank(X2)}.

Corollary (LV 2014)

For G chordal, gd(G ) = ω(G ) (maximum clique size).



Gram dimension and tree-width

tw(G ) = smallest k s.t. G is contained in a clique sum of Kk+1’s.

Lemma (LV 2014)

For any graph G , gd(G ) ≤ tw(G ) + 1.

Equality for tw(G ) ≤ 2:

gd(G ) ≤ 2⇐⇒ no K3 minor⇐⇒ tw(G ) ≤ 1.
gd(G ) ≤ 3⇐⇒ no K4 minor⇐⇒ tw(G ) ≤ 2.

[Arnborg, Prokurowski, Corneil 1990] show:

tw(G ) ≤ 3⇐⇒ no K5,K2,2,2,V8,C52K2 minor.

1 2
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Graphs with Gram dimension at most 4

[Arnborg, Prokurowski, Corneil 1990]:

tw(G ) ≤ 3⇐⇒ no K5,K2,2,2,V8,C52K2 minor.

Theorem (LV 2014)

gd(G ) ≤ 4⇐⇒ no K5,K2,2,2 minor.

1 2

3

45
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• To see gd(K2,2,2) ≥ 5: Construct a ∈ E(K2,2,2) having a unique
completion X ∈ E6 with rank 5.

• Hard part: Show that V8 and C52K2 have Gram dimension 4.

• Links to [Belk-Connelly’07] for Euclidean distance embeddings.



Behaviour of egd(G ) under clique sums

+ =

Lemma (ELV 2014)

If G is the clique 0- or 1-sum of G1 and G2 then

egd(G ) = max{egd(G1), egd(G2)}.

a extreme point of E(G ) ⇐⇒ ai extreme point of E(Gi ) for i = 1, 2

Not true for clique 2-sum...



Behaviour of egd(G ) under clique sums (continued)

General clique 2-sum does not preserve extreme Gram dimension:

egd=2 egd=2   egd=3

+ =

But some clique 2-sums do preserve the extreme Gram dimension:

egd=2 egd=2 egd=2 egd=2
++ = 2T    K=



Extreme Gram dimension and strong largeur d’arborescence

The strong product T � Kr of a tree T and a complete graph Kr :

tree T T   K 2

Theorem (ELV 2014)

For any tree T , egd(T � Kr ) ≤ r . Therefore:

egd(G ) ≤ la�(G ) := min r s.t. G � T � Kr for some tree T .

Example: For any cycle, egd(Cn) = 2.

For egd(G ) ≤ 2, this is almost an equality ....

.... but first some classes of forbidden minors.



Flower graphs Fr

F4F3

Fr is the complete graph Kr on nodes v1, · · · , vr together with
additional triangles on nodes {vi , vj , vij}.

Fr has r +
(r

2

)
=
(r+1

2

)
nodes ; egd(Fr ) ≤ r .

Label the nodes vi by ei , vij by (ei + ej)/
√

2 to get egd(Fr ) = r .

Minimality:

egd(Fr/e) ≤ r − 1, egd(Fr\e) ≤ la�(Fr\e) = r − 1.



Supertriangles Gr

4

3 = F 3G

G

Gr has r + (r − 1) + · · ·+ 1 =
(r+1

2

)
nodes.

Label the nodes by vectors so that all shaded triangles are
minimally linear dependent to get:

egd(Gr ) = r

Minimality: egd(Gr\e) ≤ r − 1, egd(Gr/e) ≤ la�(Gr ) = r − 1.

Corollary

The extreme Gram dimension is not bounded for planar graphs.



Graphs Hr

H3 is a homeomorph of K4.

Hr has
(r+1

2

)
nodes.

3 4H H

egd(Hr ) = r

Minimality for H3: egd(H3\e), egd(H3/e) ≤ 2.

Minimality for Hr?



Characterizing egd(G ) ≤ 2

Theorem (ELV 2014)

(1) egd(G ) ≤ 2 ⇐⇒ (2) no minor F3 or H3.

Proof strategy:

egd(K5) = 2, egd(K3,3) = 2.

Wlog: n ≥ 6, G 6= K3,3, G 2-connected. Show:

(1) egd(G ) ≤ 2⇐⇒ (2) no minor F3,H3 ⇐⇒ (3) la�(G ) ≤ 2.

Suffices to show: (2) =⇒ (3).

Note: la�(K5) = la�(K3,3) = 3.



Link to Colin de Verdière type graph
invariants



On the “dual side”: Colin de Verdière type parameters

Colin de Verdière (1990) introduced the spectral graph parameter
µ(G ) characterizing topological graph properties:

µ(G ) ≤ 1⇐⇒ G is a path

µ(G ) ≤ 2⇐⇒ G is outerplanar

µ(G ) ≤ 3⇐⇒ G is planar

µ(G ) ≤ 4 ⇐⇒ G is linklessly embeddable in R3

[Lovász-Schrijver 1998]



Two related parameters ν(G ), νH(G )

µ(G ) ≤ ν(G ) ≤ νH(G )

Definition

• [Van der Holst 2003]
νH(G ) = max corank(Ω) s.t. Ω � 0, Ωij = 0 (ij ∈ E )︸ ︷︷ ︸

L

, (SAP)

• [CdV 1998] For ν(G ): add: Ωij 6= 0 if ij ∈ E .

Definition (SAP: Strong Arnold property)

Ω ∈ L satisfies (SAP) if

ΩZ = 0, Zij = 0 ∀ij ∈ V ∪ E =⇒ Z = 0.

That is, the tangent space at Ω to the manifold of matrices whose
rank is equal to rank(Ω), intersects L transversally at Ω.



Link between gd(G ) and νH(G )

Theorem (van der Holst 2003)

1 The parameter νH is minor monotone.

2 νH(G ) ≤ 4 ⇐⇒ G has no minor K5 or K2,2,2.

Same forbidden minors as for gd(G ) ≤ 4 !

Theorem (LV 2014)

νH(G ) ≤ gd(G ).

Equality holds if G has no minor K5 or K2,2,2, but also for K5,
K2,2,2, G chordal,...



Key tool: duality and geometry of SDP

Consider the primal and dual SDP’s:

max
X

0 s.t. Xij = aij (ij ∈ V ∪ E ), X � 0 (Pa)

min
Ω

∑
ij∈V∪E

aijΩij i.e., Ωij = 0 (ij ∈ E ), Ω � 0. (Da)

Theorem (LV 2014)

νH(G ) = max gd(G , a), taken over all partial matrices a for which
(Da) has an optimal solution Ω satisfying (SAP) (i.e., Ω is
non-degenerate) ...

... and then (Pa) has a unique optimal solution, i.e., a has a
unique psd completion.

; Link to universal rigidity.

Hence: gd(G ) ≥ νH(G ). Does equality hold?



Link between egd(G ) and ν(G )

ν(G ) = max
Ω�0 & (SAP)

corank(Ω) s.t. Ωij = 0 (ij ∈ E ),Ωij 6= 0 (ij ∈ E ).

[CdV 1998] bounds ν(G ) by the largeur d’arborescence la(G ):

ν(G ) ≤ min{r : G � T2Kr for some tree T} = la(G ).

[ELV’14] bounds egd(G ) by the strong largeur d’arborescence:

egd(G ) ≤ min{r : G � T � Kr for some tree T} = la�(G ).

[Kotlov 2000]: ν(G ) ≤ 2 ⇐⇒ no minor F3 or K4 ⇐⇒ la(G ) ≤ 2.

[ELV 2014]: egd(G ) ≤ 2⇐⇒ no minor F3 or H3.

la�(G ) ≤ 2⇐⇒ no minor F3, H3 or W5.

Question: egd(G ) ≤ ν(G )? Yes if ν(G ) ≤ 2.

[CdV 1998]: ν(Gr ) = r , ν(Kn) = n − 1. Hence:

egd(Gr ) = ν(Gr ) = r , egd(Kn)(∼
√

2n) ≤ ν(Kn) = n − 1.



Concluding remarks

There are strong links between

Low rank PSD matrix completions

Topological graph parameters

Geometry of SDP and rigidity theory

Open questions:

gd(G ) = νH(G ) ? egd(G ) ≤ ν(G ) ?

gd(G ) = ed(G ) + 1 ?

ed(G ) = smallest k such that there exist v1, . . . , vn ∈ Rk such
that dij = ‖ui − uj‖2 (ij ∈ E ) (if they exist in Rd for some d .).

[LV 2014]: gd(G ) = ed(∇G ) ≥ ed(G ) + 1.
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