
MA400. September Introductory Course
(Financial Mathematics, Risk & Stochastics)

P7. Itô calculus

1. Throughout this chapter, we fix a filtered probability space (Ω,F ,Ft,P) carrying a
standard (Ft)-Brownian motion (Wt). We also denote by (FWt ) the natural filtration
of W .

For technical reasons, we assume that every filtration (Gt) we consider is right-
continuous, i.e., Gt =

⋂
ε>0 Gt+ε for all t ≥ 0, as well as augmented by the P-negligible

sets in G∞ = σ
(⋃

t≥0 Gt
)
; we do not expand on such issues here.

Itô Integrals

2. The theory of Itô calculus presents one successful answer to how we can make sense
to the integral ∫ t

0

Ks dWs.

We assume that the integrand (Kt) is (Ft)-progressively measurable. This measur-
ability assumption is slightly stronger than assuming that (Kt) is (Ft)-adapted.

Note that every (Ft)-adapted process with continuous (or, more generally, with
right-continuous and left-limited) sample paths is (Ft)-progressively measurable.

We also assume that the sample paths of (Kt) are “reasonable” in the sense that∫ t

0

K2
s ds <∞ for all t ≥ 0, P-a.s..

3. Definition. (Kt) is a simple process if there exist times 0 = t0 < t1 < · · · < tn = T
and Ftj -measurable random variables K̄j, j = 0, 1, . . . , n− 1, such that

Kt =
n−1∑
j=0

K̄j1[tj ,tj+1)(t).

4. Definition. The stochastic integral of a simple process (Kt) as in Definition 3 is
defined by ∫ T

0

Ks dWs =
n−1∑
j=0

K̄j(Wtj+1
−Wtj).
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5. One construction of the Itô integral starts from stochastic integrals of simple pro-
cesses as above, and then appeals to a density argument based on the Itô isometry.
In particular, if (Kt) is an integrand satisfying the assumptions discussed informally
in Paragraph 2 above, then its stochastic integral satisfies the Itô isometry :

E

[(∫ T

0

Ks dWs

)2
]

= E
[∫ T

0

K2
s ds

]
=

∫ T

0

E
[
K2
s

]
ds. (1)

6. Definition. A stochastic process (Xt) with continuous sample paths such that X0

is a constant, P-a.s., is an (Ft)-local martingale if there exists a sequence (τn) of
(Ft)-stopping times such that

(i) lim
n→∞

τn =∞, P-a.s.,

(ii) the process (Xτn
t ) defined by Xτn

t = Xt∧τn is an (Ft)-martingale.

Here, a ∧ b = min(a, b).

7. It is important to remember that

- every (Ft)-martingale is an (Ft)-local martingale;

- there are (Ft)-local martingales that are NOT (Ft)-martingales;

- (Ft)-local martingales are “awkward” to work with, but they have important
applications, e.g., in the modelling of financial bubbles.

8. Every Itô integral is an (Ft)-local martingale.

An Itô integral that satisfies

E

[(∫ T

0

Ks dWs

)2
]
<∞ for all T ≥ 0

is a square integrable martingale.

Note that not every martingale is a square integrable one.
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Itô’s formula

9. Itô processes follow from the definition of stochastic integrals. The expression

dXt = at dt+ bt dWt (2)

is short for

Xt = X0 +

∫ t

0

as ds+

∫ t

0

bs dWs, t ≥ 0.

Here, we assume that (at) and (bt) are processes that satisfy assumptions ensuring
that the two integrals in this expression are well-defined.

10. Itô’s formula can be memorised by recalling Taylor’s series expansion of a smooth
function and using the expressions

(dWt)
2 = dt, dWt dt = 0, (dt)2 = 0, (3)

which imply that, if X is the Itô process given by (2), then

(dXt)
2 = a2t (dt)2 + 2atbt dWt dt+ b2t (dWt)

2

= b2t dt. (4)

At this point, it should be stressed that the expressions (3) and (4) are not rigorous
mathematics: one should use them as a mnemonic rule only!

11. Given a C1,2 function (t, x) 7→ f(t, x) and the Itô process (Xt) given by (2), Itô’s
lemma states that the stochastic process (Ft) defined by Ft = f(t,Xt) is also an Itô
process. In particular, Itô’s formula provides the expression

df(t,Xt) = ft(t,Xt) dt+ fx(t,Xt) dXt +
1

2
fxx(t,Xt) (dXt)

2

=

[
ft(t,Xt) + atfx(t,Xt) +

1

2
b2tfxx(t,Xt)

]
dt+ btfx(t,Xt) dWt, (5)

where

ft(t, x) =
∂f(t, x)

∂t
, fx(t, x) =

∂f(t, x)

∂x
and fxx(t, x) =

∂2f(t, x)

∂x2
.

The following is a useful special case:

df(t,Wt) = ft(t,Wt) dt+ fx(t,Wt) dWt +
1

2
fxx(t,Wt) (dWt)

2

=

[
ft(t,Wt) +

1

2
fxx(t,Wt)

]
dt+ fx(t,Wt) dWt. (6)
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12. If f does not depend explicitly on time, i.e., if x 7→ f(x) is a C2 function, then Itô’s
formula takes the form

df(Xt) = f ′(Xt) dXt +
1

2
f ′′(Xt) (dXt)

2

=

[
atf
′(Xt) +

1

2
b2tf
′′(Xt)

]
dt+ btf

′(Xt) dWt, (7)

where f ′ and f ′′ are the first and the second derivative of f , respectively. Also,

df(Wt) = f ′(Wt) dWt +
1

2
f ′′(Wt) (dWt)

2

=
1

2
f ′′(Wt) dt+ f ′(Wt) dWt. (8)

13. Example. The solution of the stochastic equation

dSt = µtSt dt+ σtSt dWt (9)

is given by

St = S0 exp

(∫ t

0

(
µu −

1

2
σ2
u

)
du+

∫ t

0

σu dWu

)
. (10)

We can verify this claim in two ways:

Way 1 . Noting that

d ln s

ds
=

1

s
and

d2 ln s

ds2
= − 1

s2
,

we can use (7) to calculate

d lnSt =
1

St
dSt +

1

2

(
− 1

S2
t

)
(dSt)

2

=
1

St

[
µtSt dt+ σtSt dWt

]
− 1

2S2
t

(σtSt)
2 dt

=

(
µt −

1

2
σ2
t

)
dt+ σt dWt,

which implies that

lnSt − lnS0 =

∫ t

0

d lnSu

=

∫ t

0

(
µu −

1

2
σ2
u

)
du+

∫ t

0

σu dWu.

4



It follows that

St = elnSt

= exp

(
lnS0 +

∫ t

0

(
µu −

1

2
σ2
u

)
du+

∫ t

0

σu dWu

)
,

which establishes that the solution of (9) is given by (10).

Way 2 . We consider the Itô process

dXt =

(
µt −

1

2
σt

)
dt+ σt dWt,

and we define f(x) = S0e
x, so that

f ′(x) = f ′′(x) = f(x).

Using Itô’s formula (7), we can see that the process (St) defined by (10) satisfies

dSt = df(Xt)

= f ′(Xt) dXt +
1

2
f ′′(Xt) (dXt)

2

=

(
µt −

1

2
σ2
t

)
f(Xt) dt+ σtf(Xt) dWt +

1

2
σ2
t f(Xt) dt

= µtSt dt+ σtSt dWt, (11)

which proves that (St) satisfies (9).

14. The results above can be generalised in a straightforward way to account for multi-
dimensional Itô processes.

To fix ideas, let (Wt) be an n-dimensional Brownian motion, and consider the Itô
processes (X1

t ), . . . , (Xm
t ) given by

dX i
t = ait dt+

n∑
j=1

bijt dW
j
t , for i = 1, . . . ,m,

where (ait) and
(
bijt
)
, for i = 1, . . . ,m and j = 1, . . . , n, are appropriate stochastic

processes.

To simplify the notation, we can introduce a “vector formalism” and write

dX i
t = ait dt+ bit · dWt, for i = 1, . . . ,m,

where (bit) is the vector process given by bit = (b1t , . . . , b
m
t )
′
.
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If f is a C1,2,...,2 function, then Itô’s formula provides the expression

df(t,X1
t , . . . , X

m
t ) = ft(t,X

1
t , . . . , X

m
t ) dt+

m∑
i=1

fxi(t,X
1
t , . . . , X

m
t ) dX i

t

+
1

2

m∑
i,k=1

fxixk(t,X1
t , . . . , X

m
t )
(
dX i

t

) (
dXk

t

)
=

[
ft(t,X

1
t , . . . , X

m
t ) +

m∑
i=1

aitfxi(t,X
1
t , . . . , X

m
t )

+
1

2

m∑
i,k=1

(
n∑
`=1

bi`t b
k`
t

)
fxixk(t,X1

t , . . . , X
m
t )

]
dt

+
m∑
i=1

fxi(t,X
1
t , . . . , X

m
t )bit · dWt. (12)

It is worth noting that the second expression here follows immediately from the first
one if we consider the formal expressions

(dt)2 = 0, dW i
t dt = 0 and dW i

t dW
j
t =

{
dt, if i = j,

0, if i 6= j.
(13)

15. Another useful result of stochastic analysis is the integration by parts formula. Given
the pair of Itô processes

dXt = at dt+ bt · dWt, t ≥ 0,

dYt = ct dt+ dt · dWt, t ≥ 0,

the product process (XtYt) is again an Itô process, and

d (XtYt) = Xt dYt + Yt dXt + (dXt)(dYt)

= [Ytat +Xtct + b′tdt] dt+ [Ytbt +Xtdt] · dWt, (14)

where we have used the formal expressions (13).
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Martingale representation theorem

16. Stochastic integrals are local martingales. Is it true that every local martingale can
be written as a stochastic integral? The answer is yes if information coincides with
the natural filtration (FWt ) of the Brownian motion (Wt).

17. Suppose that (Wt) is an n-dimensional Brownian motion. The martingale repre-
sentation theorem states that, given any (FWt )-local martingale (Mt), there exist a
constant M0 and an appropriate process (Kt) such that

Mt = M0 +

∫ t

0

Ks · dWs.
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Changes of probability measures

18. We can have many probability measures other than P defined on the measurable
space (Ω,F). Indeed, let Y be any random variable defined on (Ω,F ,P) such that

Y ≥ 0, P-a.s., and EP[Y ] = 1. (15)

Here, we write EP instead of just E to indicate that we compute expectations with
respect to the probability measure P. We can then define the probability measure
Q on (Ω,F) by

Q(A) = EP [Y 1A] for all A ∈ F . (16)

19. The probability measure Q defined by (16) has the property that

given any A ∈ F , P(A) = 0 ⇒ Q(A) = 0. (17)

The construction in Paragraph 18 has a converse:

Let Q be any probability measure on (Ω,F) such that (17) is true. Then, there
exists a random variable Y satisfying (15) such that (16) is true. Moreover, this
random variable is unique P-a.s..

In this case, we say that Q is absolutely continuous with respect to P, and we write
Q � P. The random variable Y is the associated Radon-Nikodym derivative, and
we write

dQ
dP

= Y or dQ = Y dP. (18)

If Q� P and P� Q, then we say that Q and P are equivalent , and we write Q ∼ P.

20. Suppose that (Lt) is an (Ft)-martingale with respect to the probability measure P
such that Lt > 0, P-a.s., and EP[Lt] = 1 for all t ≥ 0. Given a time T > 0, we can
define a probability measure QT on the measurable space (Ω,FT ) by

QT (A) = EP [LT1A] for all A ∈ FT . (19)

The family of probability measures {QT , T ≥ 0} thus arising is consistent in the
following sense. Given any times t < T , we can use the properties of conditional
expectation to calculate

for all A ∈ Ft, QT (A) = EP [LT1A]

= EP [EP [LT1A | Ft]
]

= EP [EP [LT | Ft]1A
]

= EP [Lt1A]

= Qt(A).
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In other words, if we consider the restriction of the probability measures P and QT

on the σ-algebra Ft, then dQT = Lt dP for all t ∈ [0, T ].

This observation shows that martingales are intimately related to changes of prob-
ability measures.

21. In the context of the previous paragraph, if Z is an FT -measurable random variable
satisfying appropriate integrability conditions, then

EQT [Z | Fs] =
EP[LTZ | Fs]

Ls
for all s ∈ [0, T ]. (20)

This is a very useful result !

To see (20), we consider the definition of conditional expectation, we observe that
both sides of this identity are Fs-measurable random variables in L1, and we note
that, given any event A ∈ Fs,

EQT

[
EP[LTZ | Fs]

Ls
1A

]
= EP

[
LT

EP[LTZ | Fs]
Ls

1A

]
= EP

[
EP
[
LT

EP[LTZ | Fs]
Ls

1A | Fs
]]

= EP
[
EP [LT | Fs]

EP[LTZ | Fs]
Ls

1A

]
= EP [EP[LTZ | Fs]1A

]
= EP [LTZ1A]

= EQT [Z1A]

= EQT
[
EQT [Z | Fs]1A

]
.
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Girsanov’s theorem

22. Suppose that the (Ft)-Brownian motion is n-dimensional, and let (Xt) be an n-
dimensional, (Ft)-progressively measurable process satisfying∫ t

0

|Xs|2 ds <∞ for all t ≥ 0, P-a.s..

Under this assumption, the process (Lt) given by

Lt = exp

(
−1

2

∫ t

0

|Xs|2 ds+

∫ t

0

Xs · dWs

)
is well-defined for all t. Using Itô’s formula, we can verify that

Lt = 1 +

∫ t

0

LsXs · dWs for all t ≥ 0, (21)

so (Lt) is an (Ft)-local martingale.

23. Under appropriate conditions, the process (Lt) defined by (21) is a martingale, in
which case E

[
LT
]

= 1 for all T ≥ 0. One sufficient condition for (Lt) to be a
martingale is Novikov’s condition:

E
[
exp

(
1

2

∫ t

0

|Xs|2 ds
)]

<∞ for all t ≥ 0.

24. If (Lt) is a martingale, then, given any fixed time T > 0, we can define a probability
measure QT on (Ω,FT ) by

QT (A) = E [LT1A] for all A ∈ FT . (22)

Girsanov’s theorem states that, given any fixed time T > 0, the process (W̃t) defined
by

W̃t = Wt −
∫ t

0

Xs ds, t ∈ [0, T ]

is an n-dimensional (Ft)-Brownian motion with respect to QT .

25. Given a constant ϑ, the process

Lt = exp

(
−1

2
ϑ2t− ϑWt

)
,

where (Wt) is a one-dimensional Brownian motion, is an (Ft)-martingale. It follows
that, if QT is the probability measure defined on the measurable space (Ω,FT ) by
(22), then the process

W ϑ
t = ϑt+Wt, for t ∈ [0, T ],
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is a one-dimensional (Ft)-Brownian motion with respect to QT .

In this context,

EP [Wt] = 0, EQT [Wt] = −ϑt,
EP [W ϑ

t

]
= ϑt and EQT

[
W ϑ
t

]
= 0.

Also, if (Kt) is a process such that all associated stochastic integrals are well-defined,
and all integrals with respect to the associated Brownian motions are martingales,
then

EP
[∫ t

0

Ku dWu

]
= 0,

EQT

[∫ t

0

Ku dWu

]
= EQT

[∫ t

0

Ku dW
ϑ
u −

∫ t

0

Kuϑ du

]
= −ϑEQT

[∫ t

0

Ku du

]
,

EP
[∫ t

0

Ku dW
ϑ
u

]
= EP

[∫ t

0

Ku dWu +

∫ t

0

Kuϑ du

]
= ϑEP

[∫ t

0

Ku du

]
and

EQT

[∫ t

0

Ku dW
ϑ
u

]
= 0.
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