Valence influence in electoral competition with
rank objectives®

Alexander Shapovall?, Shlomo Weber!?? and Alexei
Zakharov!

"Higher School of Economics, Moscow, Russia
2New Economic School, Moscow, Russia
3Southern Methodist University

October 10, 2015

Abstract

In this paper we examine the effects of valence in a continuous
spatial voting model between two incumbent parties and one potential
entrant. All parties are rank-motivated and are driven by their place in
the electoral competition. One of our main results is that a sufficiently
wide valence gap between the incumbents yields an equilibrium in
which no entry will occur. We also show that an increase in valence
shifts the high-valence incumbent party closer to the median voter,
while the low-valence incumbent selects a more extreme platform.

JEL numbers: C72, D72.

Keywords: Valence, Candidates, Electoral Game,Rank Objectives,
Electoral equilibrium, Distribution of Ideal Points.

*The authors wish to acknowledge the support of the Ministry of Education and Science
of the Russian Federation, grant #14.U04.31.0002, administered through the NES Center
for Study of Diversity and Social Interactions.

fCorresponding author, sweber@mail.smu.edu



1 Introduction

In political science, valence usually refers to a feature which is seen in a
positive light by all voters (Mueller, 2002, Stokes, 1963). It could relate to
experience, trustworthiness and other character traits of parties and candi-
dates. Empirical studies suggest that valence is a key input in voting deci-
sions, sometimes being even more important than policy choices by parties
and candidates (Schofield and Zakharov, 2010, Clarke et.al., 2005).

Modeling political competition between candidates with a different degree
of valence has been a theoretical challenge. No pure-strategy equilibrium
exists if candidates are vote-motivated, since the best response of the high-
valence candidate (HVC) is to mimic the policy of the low-valence candidate
(LVC) which would allow HVC to attract the entire electorate. As a result,
the research in this field has shifted to the investigation of mixed-strategy
equilibria. The case of two vote-motivated candidates competing in one-
dimensional issue space has been examined by Aragones and Xefteris (2012).!
They found out that HVC adopts a pure strategy, while LVC mixes two pure
strategies equidistant to the left and to the right from the HVC position.
In fact, the positional choice of HVC is independent of the value of valence
advantage, and in the case of symmetric distribution of voters, it coincides
with the ideal point of the median voter. Interestingly, the strategies of the
candidates are not affected in the case of sequential platform choices: if HVC
moves first it locates near the center of the distribution to make sure that LVC
is indifferent between entering to the right and to the left. It is also shown
that the distance between the platforms of the two candidates increases with
the widening of the valence gap (Berger, Munger, and Pothoff, 2000).?

Our analysis is related to a number of previous works, in which no incum-
bent has a valence advantage. Palfrey (1984) and Weber (1992) considered
two incumbents and one entrant, who maximize their share of votes. It was
shown (for symmetric voter density in Palfrey (1984) and for any single-
peaked density in Weber (1992)) that equilibrium exists and is unique. The
entrant always chooses a position between those of the two incumbents, and
does not receive a vote share larger than that of any of the incumbents.

LGroseclose (2001) considered candidates who were motivated by both votes and policy.

2Similar results for a mixed-strategy equilibrium with two candidates and discrete
policy space were obtained by Aragones and Palfrey (2002, 2004) and Hummel (2010).
However, in a mixed-strategy equilibrium of the three-candidates setting with a discrete
policy space, HVC chooses, on average, a more extreme position than the LVCs (Xefteris,
2014).

2In Aragones and Palfrey (2005), the policy space is discrete, the position of the median
voter is uncertain, and an equilibrium always exists.



Those results were later extended in Rubincik-Weber (2007). In Greenberg
and Shepsle (1987) there were several incumbents and one entrant. Instead
of the vote maximization the entrant’s objective is to avoid the last place by
obtaining more votes than at least one of the incumbents. This may lead
to an entry strategy where the entrant may to opt for a lower vote share in
order to try to reduce the number of votes received by one of the incumbents.
The incumbents are often unable to prevent a successful challenger entry and
one can always find a distribution of voters’ ideal points that the entry does
occur. However, an equilibrium exists in some special cases. For example,
Weber (1990) shows the existence of an equilibrium in the discrete case when
the number of candidates is not too large. If the voter ideal points are sym-
metrically distributed around the mode, in the vote-maximizing model the
two incumbents locate closer to the median voter than in the case where
the entrant seeks to displace one of the incumbents. The difference between
equilibria in two models depends on the degree to which the distribution of
voter preferences is concentrated around its mode. Cohen (1987) and Shepsle
and Cohen (1990) suggest that if the concentration increases, the difference
becomes less significant.

In this paper we combine Palfrey-Weber and Cohen-Shepsle approaches
and consider a setting with two incumbents, who choose their policy positions
simultaneously, HVC and LVC, and one potential entrant, N. All parties are
rank-motivated and are driven by their place in the electoral competition:
being the outright winner is, naturally, the most preferred outcome, followed
by a two-way tie for the first place, and so forth. The entrant enters the race
only if it guarantees at least the sole second place, and, thus, displace one of
the incumbents. Our key result is that the equilibrium exists if the valence
advantage of HVC is large enough. The existence of equilibrium is enforced
by a threat of entry by the third candidate. Suppose that the equilibrium
position of LVC is to the right of HVC. Then two conditions must be satisfied.
First, the support for LVC must be equally divided between voters to the
right and to the left of the LVC position (otherwise, N can claim the larger
of these two groups of voters, and relegate LVC the third place). Second,
the share of vote that N can claim by entering to the left of HVC should
not exceed the share of vote of LVC. It must actually be equal to that share,
otherwise, HVC can select a payoff-enhancing position by moving to the
right.

If the valence advantage is not large enough, the equilibrium unravels,
as LVC has a rank-enhancing option of moving to the left. Then N would
enter to the left of HVC and squeeze HVC into the third place. If the va-
lence advantage is sufficiently large, then HVC is immune to such deviations;
instead, LVC will be punished by the entrant, who will choose a position to



his right, pushing LVC to the third place.

An increase in the valence gap between HVC and LVC always results
in the high-valence candidate moving closer to the median voter, and the
opposing candidate moving away from it®. On Figure 1, we show how the
equilibrium policy positions of the two incumbent candidates depend on the
magnitude of HVC’s valence advantage. On the same graph, we also plot the
vote share of the high-valence candidate.*
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Figure 1: Positions of HVC and LVC and HVC vote share, depending on
HVC valence advantage. The policy space is [0, 1].

The paper is organized as follows. Section 2 describes the model. The nec-
essary and sufficient conditions for the existence of equilibrium are presented
in Section 3. Section 4 contains the comparative statics results that include
an interesting example of the uniform distribution. Section 5 concludes.

3Note that these comparative statics are different from Groseclose (2001) in a somewhat
different setting.

4Here, we assume that the voters prefrences over the policy parameter that are single-
peaked, with ideal points distributed according to a normal distribution with mean and
standard deviation of 0.5, truncated outside interval [0,1]. There are no equilibria if the
valence gap is less than approximately 0.095; this threshold value will be different for
different distributions of voter ideal points.



2 The model

There are three candidates, H, L, and N, who compete by choosing policy
positions zy, xr, xy from issue space X = [0,1]. Candidate H is the high-
valence incumbent candidate HVC, L is the low-valence incumbent LVC. N
is the entrant, choosing position after observing xy and x;. Candidate N
can also decide not to participate in the elections. We denote that decision
by xn = O.

There is a continuum of voters. Each voter is characterized by the most
preferred alternative, or ideal point in X. Let F' be the cumulative distribu-
tion of voter’s ideal points, with F'(0) = 0 and F'(1) = 1. We introduce three
assumptions on the distribution of voter ideal points. Most of the results in
our work require either all three assumptions to be satisfied, or only the first
two.

Assumption 1. The probability density f(z) = F’(x) is continuous, differ-
entiable, and strictly positive on X = [0, 1].

The second assumption is known as the gradually escalating median (see
Haimanko, Le Breton, and Weber, 2005). It is satisfied if the density function
of voter ideal points does not have sharp peaks where voter ideal points are
concentrated. Formally, take a point € X and consider the medians m;(x)
and m,.(z) of the distribution F' over intervals [0, z] and [z, 1], respectively.
Then if we slightly move x to the right, i.e., consider = + €, where € is a small
positive number, the corresponding medians m;(x + €) and m,.(z + €) shift to
the right by the distance which is smaller than e.

Assumption 2. Let my(z) = F~'(F(z)/2) : [0,2] — [0,2] and m,(z) =
F((1+ F(x))/2) : [z,1] = [z,1] be the left F-median and the right F-
median respectively. Then mj(z) < 1, m.(z) < 1.

Denote by
Ap = max f(z)/f(y), (1)

x,y€[0,1]

the maximal ratio of values of the density function in over all possible pairs
z,y € [0,1]. Since mj(z) = %, it is easy to see that the Assumption 2 is
satisfied if Ap < 2. For our purposes we will also use a slightly tighter bound
that is needed in Theorem 1 to prove that if an equilibrium exists for some
level of valence advantage, it will also exist if the level of valence advantage is

higher. This assumption is also used to establish some comparative statics.

Assumption 2. \p < %.



After the policy positions of candidates are chosen, each voter votes for
one of the three candidates. No abstentions are allowed. Voters evaluate the
candidates on the basis of their platforms and valence. Define

ui(y) = 0; = [z =y (2)

to be the utility that voter with ideal point y would derive from the position
chosen by candidate j = H, L, N. Let uy(y) = —oo if xy = O. The value
6; > 0 is the valence of candidate j. We assume that 6y = § € (0,3)
and 0, = oy = 0. Hence, candidate H is the high-valence candidate, and
candidates NV and L are low-valence candidates. We assume that the valence
of candidate H is not too high; if § > %, then that candidate can choose
position zy = % and win the support of all voters.

A voter with ideal point y is assumed to vote for candidate j for which
u;(y) is the highest. If two candidates deliver the same maximal utility to
the voter, then the voter chooses each candidate with probability % If all
three candidates give the same utility to the voter, he chooses each candidate
with probability %

All three candidates have preferences that are lexicographical in rank and
vote share. Define the rank r;(zy, 2z, zy) of candidate j as follows:

1. The sole first place,

2. Two-way tie for first place,

3. The sole second place,

4. Two-way tie for the second place,
5. Three-way tie,

6. Two-way tie for the last place,

7. The sole last place.

In addition we assume that candidate N prefers to rank second after can-
didate L to ranking second after candidate H, given that the vote shares
associated with the two choices are equal.

In other words, candidate N enters only if he at least captures the sole
second place.

For every pair of incumbents’ positions (zy,x) let

Wl(ZL‘H,ZL‘L) = {I‘N - [0, 1]| Vy > maX{VH, VL}} (3)



be the set of policy positions that guarantee candidate N the sole possession
of the first place. Similarly, let

Wa(xy,zr) = {xy € [0,1]| Vo = max{Vy, V.} and Vy > min{Vy, V. }}
(4)
be the set of positions that result in a tie for the first place between the
entrant and one of the incumbents. Also let

Wg(l’H,I'L) = {33]\7 € [O, 1” VN < max{VH, VL} and Vy > min{VH, VL}}
()
be the set of positions that result in the entrant placing second.?

If the entrant decides to enter, it chooses a policy position that guarantees
the first place, if such policy position exists; otherwise, it chooses a policy
that results in a tie for the first place or (absent such policy) one that places
him second. The set of possible entry decisions is described as follows:

Wi(zg,zp), if Wi(rg,zp) #0
) Walzg, ), if Wi(zg,zp) =0, Wa(zy,xr) # 0
Elvg,21) = Wi(zy,xy), if Wi(zy,zp) = Wa(xg,xp) =0, (6)
Wa(xw,xr) # 0.

We need to identify the payoffs of the players when the entrant attempts
to determine his best response over the set E. However, a common feature
of electoral competition models with two incumbents and one entrant is the
lack of a well-defined best response function for the entrant (Palfrey (1984)).
Let Vi(zp, 2, xn) be the vote share of candidate j. The best-response is
defined by

{zn|ry(zp, 2, zN) < 3 and iﬂx?\, € [0, 1] such that
rn(xp, xr, ) > ry(zg, xp, xN) or
b(l’H,l’L) == 70]\7(37117'CCL;:U/]\T) = TN(QJH,IL,.Z‘N), (7)
VN(xH7xL7‘r{]V) > VN(‘rH?xLuxN)}
{0}, ry(zy,xp, zn) > 4 for all zy.

The best response function for candidate N can have empty values be-
cause his payoffs are discontinuous in xy at points xy — §, xy + J, and
(possibly) at xp.

Throughout the paper, we will assume, without loss of generality, that
ry < xr. Then we have the following result:

°In principle, we could have defined Wy, W5, Ws and Wy, but we will not utilize this
notation in the paper.



Lemma 1. If the set b(zy,zy) is nonempty then either b(zy,z;) = {O} or
b(l’H,IL) = {ZEL}

To define the payoffs of candidates when the b(zy,zr) is empty but
E(zy,xp) is not, following Palfrey (1984), we assume that for a given positive
¢, candidate N randomly chooses a point from a set of e-best responses and
then takes a limit of his expected payoffs when e approaches zero. Formally,
for each € > 0, define the set of e-best responses of candidate N to policy
positions of candidates H and L. Let

be(l‘HaxL) = {IN € E(xH7$L)|VN<xH7xL7xN) > sup VN(waTLay)_E}'
yeE(rH,rr)
(8)

Define the following subset of b,:

be(zvp, ) = {xn € be(zm, vr)|r(TwH, 20, 2N) = min  r(zg, v, Y)}-
yEbe(zpr,xr)
9)

This is the adjusted set of e-best responses for candidate N over which the
rank of candidate L is minimized; it reflects our assumption that, other things
being equal, candidate N would prefer candidate L to rank as low as possible.

Limit points of the adjusted set of e-best responses are called limit best
responses:

Definition 1. Let x be a limit point of set Z;e(a:H,xL) as € — 0. If for
every e there exists @’ such that the interval (2/,2) € b.(xy,x.), then we
say that x is a left limit best response (or LLBR) of candidate N. If the
interval (z,2') € b.(xy, 1) for some @', then x is a right limit best response

(or RLBR).

A limit point of EE(xH, xr) can be either a right limit best response, or a
left limit best response, or both. Let

pe(ry,xp) = [ dx (10)
be(CEH,.’EL)

be the measure of the adjusted set of e-best responses. The set b (x g, x1) is
nonempty for every € > 0. Given €, we can define the expected share of votes
for each candidate H, L if the entering candidate N randomly chooses a po-
sition that is uniformly distributed on the set of e-best responses. According
to Palfrey (1984), the limits of such expected vote shares are well defined for
each j = H, L:

( ) = 1i 1
EA fg% pe(Tr, )

/ Vileg, xp, xn)dey. (11)
be(xpr,ar)

8



We can now define the vote share for candidates H and L. They are equal
to the limits vy, vy if the set of best responses b is empty, but limit best
responses exist. Otherwise, it is equal to the vote share of the candidates if
candidate N makes the optimal decision @y (xg, ;) — which is to choose
the unique element of b(zy, xy) if the best response exists, or choose not to
enter if no best response or limit best response can guarantee the entrant a
second or higher place.

| vi(xg, L), if E(zg,xp)# 0 and b(zy,2r) =0,
Ty (%’H, LCL) = V. ( ~ h .
(xp, 2, Zn(zyg,2)), otherwise.
(12)
We shall now consider the electoral competition game between candidates
H and L with lexicographical preferences over r; and 7;, who anticipate the
best response of candidate N. Our objective is to examine pure strategies
Nash equilibria of this game.

3 Equilibrium conditions

Our main result shows that, under Assumptions 1 and 2, the equilibrium
does not exist if the level of valence ¢§ is sufficiently small, namely, there
exists 0y € (0, 1) such that for any & € (0, 8], there are no equilibria in our
electoral game.

This however leaves open the question what happens for the levels of
between §p and % It turns out that if we impose the stronger Assumption
2’ then we are able to fill this gap and to demonstrate that for any ¢ in this
interval the equilibrium exists and is unique. Moreover, in such equilibrium

the third candidate chooses the strategy O and does not enter.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Then there exists
do € (0, ] such that for any 6 € (0, &), there are no equilibria in our electoral
game.

If, in addition, Assumption 2’ is imposed, then for any § € (do, %) there
exists a unique equilibrium. In this equilibrium the candidate N does not
enter.

In order to prove the last assertion of our theorem we shall show that
necessary and sufficient condition for a pair (x7;, x}) to be an equilibrium
are given by the following conditions:

b=7=73, (13)



ry — x>0, (14)

3a%, + % + 30
F<$H+%+ >>2a, (15)

and

4

where a = F(v} — 0), v = F(x}) — F(2H2E2) and ¢ = 1 — F(x7}).

We prove this theorem by establishing a series of intermediate results.
Here we only sketch some of the proofs. The formal proofs are relegated to
Appendix B.

First, we show that in an equilibrium, candidate N is not able to enter
and win a second place.

Lemma 2. Suppose that (x7;, 2} ) is an equilibrium. Then candidate N does
not enter.

If there is entry in equilibrium, then one of the two incumbent candidates
will eventually be ranked below second place. This cannot be HVC as it
can guarantee itself a rank at least that high by matching the position of
LVC and leaving that candidate with zero votes. Therefore, in any entry
equilibrium candidate L cannot help being pushed below second place by the
entrant. But it can be shown that, for any xy, candidate L can always select
a position that will prevent the entrant from achieving a higher rank than L.

Our next step is to outline the conditions under which a pair of strategies
is an equilibrium. For candidate N, the conditions are as follows.

Lemma 3. Let (zy,x.) be a pair of candidate strategies. If Assumptions 1
and 2 are satisfied, then no entry of candidate N can occur if and only if

¢ =1, (16)
a <min{¢ + 1,0 + B}, (17)

and
B<y+0, (18)

where 3 = F(IFJHZH) — F(ry +6) and 0 = F(xy +0) — F(xy —6).

2

Potentially, candidate N can respond in six ways. It can either choose a
position approaching gy —¢§ from the left, approaching x g + 0 from the right,
approaching z; from left or right, x itself, or somewhere in the interval
between xy and z;. Conditions (16), (17), and (18) ensure that the first
five responses do not give candidate N more than a tie for the last place.
Assumption 2, together with (16), rules out the sixth response.

Additional constraints on (zy,xy) are imposed by the requirement that
candidates H and L cannot deviate from their strategies.

10



Lemma 4. Suppose that conditions of Lemma 3 are satisfied. Then there
does not exist 2, that gives a higher payoff to candidate H if and only if

a=7vy+0o. (19)
There does not exist 2/, that gives a higher payoff to candidate L if and only
if
3 30
F< xHJFZLJF >>2a. (20)

Lemmas 3 and 4 state that conditions (13), (15), a < 0+ §, and 8 < «,
are necessary and sufficient for an equilibrium to exist. We now need to prove
that a pair of candidate strategies that satisfies those conditions exists only
if and only if ¢ is large enough, and is unique if it exists. We proceed with
the following statement:

Lemma 5. Under Assumptions 1 and 2, for any § € (0,1) there exists a
unique solution to equations (13), satisfying z;, — xy > .

Our goal is to prove that the equilibrium exists for all § € (dy, %) whenever

it exists for some 8y € (0,1). As 3$H+IL+36 < ’”H+§L+5, the condition (15)
is stronger than o < 8+ 6. We investigate how do the inequality condition

(15) and a > § change depending on §.

Lemma 6. Suppose that (zg,x) satisfy conditions (13). Then

3 30
D1:F< $H+ZL+ )—2a (21)
increases in 0. Assumption 2’ yields that the value
D2 = O — 5 (22)

decreases in 9.

We evaluate the constraints (21) and (22) as § — 1. As § increases, can-
didate H moves closer to the middle of the interval [0,1], while candidate
L moves right, toward 1, and o« and § both tend to zero. From this and
Lemma 6 it follows that D, is strictly positive if ¢ is large enough, while
lim(;_% Dy = 0, so condition 8 < « holds for any (zy,xy) that satisfy con-
ditions (13). It remains to show that condition (15) is violated if ¢ is small
enough.

Lemma 7. Let Assumption 1 be satisfied. If a > £ and (13) hold, then
there exists dy € (0, 5) such that (15) is violated for all § € (0, d).

As a > f3, the equilibrium satisfying conditions (13), (14), and (15) would
exist for all 6 € (do, 1), and would fail to exist if 6 € (0,dp]. This completes
the proof of Theorem 1.

11



4 Comparative statics

We first see how do the equilibrium positions change as the valence difference
0 changes.

Theorem 2. Suppose that the pair (z3;, z} ) is an equilibrium. Let Assump-

tions 1 and 2 be satisfied. Then we have

*
Ox},

00

> 0. (23)

Suppose that Assumption 3 is satisfied as well. Then the following is true:

*
oxyy

)

> 0. (24)

As the valence gap increases, the low-valence incumbent L will lose votes
to his left. He will have to shift his position to the right, in order to make
sure that an equal number of voters supporting L are located to the left and
to the right of that candidate (otherwise, candidate N will be able to enter
to one side of L or another, and push him into third place).

Increase in 0 will have two countervailing effects on the position of the
high-valence candidate H. First, as the vote share of candidate L is reduced,
candidate N will require a smaller vote share for a successful entry to the
left of H, so the latter candidate is forced to shift to the left in order to
prevent entry. On the other hand, increase in H’s valence reduces the set
of available policy positions to the left of H with which candidate N can
enter; thus, H can gain votes from L by shifting his policy position to the
right. If the distribution of voter ideal points is uniform enough, the second
effect dominates, and increase in valence results in H moving right, toward
the median voter.

Let us illustrate the statement of Theorem 2 by means of the uniform
distribution.

Example. Uniform distribution of ideal points. Suppose that the ideal
points of the voters are distributed uniformly on [0, 1]. We then have 6§ = 20
and o = zy — 6. Conditions (13) give us 27, = 1 — % = 1+ § — 2% and

2
rg+o+xr, — 1
2

Ty = —xy + 6 =1— a. Solving the two equations, we get

12



and Y
rp = ———. (26)
5
In an equilibrium, if one exists, the positions of both candidates will shift to

the right as ¢ increases. The vote share of candidatre H will also increase in

o:

6 4 49

e
We now derive the conditions on § which guarantee the existance of equilib-
rium. Consider candidate N entering with some zy € [0,1]. The following
cases are possible:

(27)

Vg =

1. xy € [0,z — §]. If zy < xy — §, the share of vote for the entrant will
be Vy = %IH_‘S, which will always be less than V7, which is equal to
« by condition (13). In the limit case xy = xy — J, the vote share of
candidate N will be Viy = . The share of vote of candidate H will
be Vg = x,, — = 5+$N = N L5 IS > 112, which corresponds to
condition o < 0 + ﬁ then Candldate N will not be able to enter to the
left of candidate H, pushing him into the third place. The best that
candidate N can do is to share the last place with candidate L, which
is not acceptable. Hence there will be no entry at any xy € [0, 25 — 0)

1
as long as 0 > 55

2. zy € (xyg — 0,xy + 9). The share of vote for the entrant will be zero,
as all voters will prefer candidate H to candidate N.

3. zn € (xg + 0,21). The share of vote for the entrant will be

xL—ZCH—5_1—25

VN =

2 5
If candidate N enters at xy = x; — e, the share of vote for candidate
L will be Y
e — e
p— ]_ —_— _—= — J—
VL Iy, + 5 ) + 2,

which for all e > 0 will be greater than Vy. Hence, no entry with
xy € (xyg + 6,x) is possible.

4. xn = x. Candidates L and N will share second and third place, hence
there will be no entry.

5. zy € (xr,1]. Candidate N’s share of votes will be Viy = 1+2“, and
candidate L’s share of votes will be V;, = #¥5%=. We will have V, > Viy

by (13).

13



So, candidate N will not be able to do better than share second and third
place with candidate L. Hence, no entry will occur for (xy,z;) defined by
(26), (25) if 6 > 1.

Candidate H will not deviate from policy position zy. If he shifts left to
&y > xp, he risks entry at xy = xy —9 —e. Given that, candidate H will not
benefit from such a shift even if 27, = x; and candidate L is eliminated. If
candidate H shifts right to 2’y < xp, he is bound to lose votes to candidate
N, who will now find it profitable to enter at x = x; — e for some small e.

Likewise, candidate L will not change her position: if 2 > x, then
candidate N will enter at the left of 2} and gain second place. Candidate L
may deviate to 2, = x,,, prompting candidate IV to enter at the left of xy—d.
This deviation, as well as any other deviation 2, € [x,,,x) is prevented if

3IH+4ZL’L+3(5 >

2(1’ H — (5)
or
3
> —.
— 26
In that case, any deviation 2, € [z,,, z1) will instead prompt candidate N to
enter to the right of 2/, pushing candidate L into third place. Equilibrium

conditions for the uniform distribution of voter ideal points are summarized
in Table 1.

J

Condition | What happens when it is violated Qonqltlop for uniform

distribution
Candidate N has a LLBR at xy =
a <0+ | zg—>6. As Candidate N enters, Can- | § > %
didate H is pushed to third place.
Candidate L can deviate to 2z} =
Tm. Candidate N subsequently has
a LLBR at xy = xy — 0 (instead of
a RLBR at xy = 2). As candidate | = — 26
N enters, Candidate H is pushed to
third place.

(15)

Table 1: Equilibrium conditions for uniform distribution of voter ideal points

248 4425
and xg = %, T = +T
It follows that, for ¢ € [2—36, %), the pair 2%, = Q—Jg‘;, = % will give us

the unique equilibrium at which no entry by candidate N occurs.
We next look at the effects on equilibrium of changes in the distribution
function F. Let z} and xj}, be equilibrium, and suppose that a mass a

14



of voters migrates from interval (z};, — J,z,) to interval [0,z}, — J), with
no movement of voters outside those intervals. Formally, let (z7},x%) be
an equilibrium given the distribution of voter ideal points F'(x), and let
F(z,a):[0,1] x [0,00) — [0, 1] be any twice differentiable function such that

1. F(z,a) satisfies Assumptions 1, 2 for all a.
2. F(z,0) = F(x).

3. For all a, F(x},a) = F(x}), F(2},,a) = F(z}), f(2},a) = f(2}), and

m
f(xr,,a) = f(x,), where f is the derivative of F with respect to x.

4 OF(z};—d,a)

da =1

Similarly, define function F(x,b) such that a mass b of voters migrates
from (x3},,2%) to (z3,1], with voters outside those intervals remaining sta-
tionary. Then the following statement is true.

Theorem 3. Suppose that (z7};,2}) is an equilibrium. Then we have

* *
Oxyy oxyy

5 < 0, 5 < 0, (28)
ox; ox;
5 0, 5 0 (29)

at a =0and b =0.

As the mass of voters to the right of z}; — J increases, candidate N can
make a successful entry with the limit best response xy = 2}, —9d. Candidates
H and L both shift their positions to the left to prevent this entry.

A migration of voters to the interval (27}, 1] from (27 , z% ) has an opposing
effect on candidate policy positions. Candidate L is now threatened with
candidate N'’s right limit best response z = 27, and is forced to shift his
position to the right. This move decreases the vote share of candidate L, so
candidate N now has a left limit best response at xy = xj; — 4. To prevent
that, candidate H must shift his position to the left.

For (15), we can evaluate how will z};, 7, and § change with a and b
if we force ¢ to be such that the condition is satisfied as an equality. We
can thus see how the set of § for which equilibrium exists changes with the
distribution of voter ideal points.

Theorem 4. Let Assumption 2’ be satisfied. Put

dp = inf{d| There exists an equilibrium (z73;,z7)}. (30)
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Then 9% 9%
0 0
200 g <0 (31)

ata=0and b =0.

It turns out that the set of § for which equilibrium exists shrinks as a
increases, and expends as b increases.

The effect of changes in the distribution function F(-) on equilibrium
existence can be studied in greater detail using numeric methods. Figure 2
shows the results of a numeric experiment where equilibrium existence was
evaluated for various values of § and various parameters of the distribution
function.

0.05 L L L L L L
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Equilibrium exists if and only if § > 6.

In particular, we assume that voter ideal points are distributed according
to a normal distribution with mean 0.5 and standard deviation s, truncated
at [0,1].5  The minimum valence advantage for which equilibrium exists
increases with s. It turns out that in this example the condition o > 3 of
Lemma 6 always holds in equilibrium, even though the sufficient Assumption
2" was not satisfied for s < .66.

5 Conclusion

We study a model of electoral competition in which there are two incum-
bents and one entrant, candidates are office-motivated, and one of the in-
cumbents has a valence advantage over the other two candidates. We show

6The experiment was carried out using Matlab 7.11. Equilibrium existence was evalu-
ated for values of § between 0 and 0.2, in increments of 0.001.
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that a unique equilibrium exists if the valence advantage is large enough,
and that entry is prevented in equilibrium. The candidate positions change
as the valence advantage increases: the high-valence candidate moves closer
to the median voter, and the low-valence candidate chooses a more extreme
position. The minimum value of valence advantage that is required for equi-
librium to exist depends on the distribution of voter ideal points. Numeric
experiments suggest that as the variance of voter ideal points decreases, equi-
librium becomes more likely, as it exists for a broader range of §.

Appendix A. Supplementary result.

The following result will be used in the proof of Lemmas 3 and 6.

Lemma 8. Let y > z be arbitrary points from the interval [0,1]. Then
inequalities in the following pairs are equivalent.

mi(y) <z and F(y)— F(z) < F(2) (32)
m,(2) >y and 1— F(y)> F(y) — F(2). (33)

Proof of Lemma 8. Since the function F' is monotonous, the first inequal-
ity (32) leads to inequality

F(m(y)) < F(2) (34)

From the definition of the median 2F (my(y)) = F(y) and inequality (34) it
follows that F(y) < 2F(z) that coincides with the second inequality (32).
These reasoning are invertible so that the inequalities in (32) are equivalent.
The equivalence of the inequalities in (33) is established in the same way. [

Appendix B. Proofs of statements.

Proof of Lemma 1. Assume that xy < xp. Consider the following cases.
Case 1. xy+3d > xp. Then for any xy < xy — 9 we have ry(xy, zp,xy) > 3
and there exists z'y € (zy,ry—9) such that ry(xy, zp, xn) > ry(xy, o, 2y)
and Vy(zg,zp,xn) > Vy(zg, 2, 2%y). So, xy is not a best response. Simi-
larly, zx > xy + 0 is not a best response.

Case 2. xy + 0§ < xr. Take xy € [0, 1].

Case 2A. xy € [0,xg — 0). If &'y € (zn,xy — ), then V{, > Vy and
T > TN.

Case 2B. vy = xy — 0. Then there exists x/y = xy —e such that Vi, > Vi
and ry > ry if e is small enough.
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Case 2C. xy € (xyg — 6,2y + 6). In this case Vy = 0.

Case 2D. xy = xy+9. Then there exists 2y = xy +e such that Vi, > Vy
and 7y > ry if e is small enough.

Case 2E. xn € (xy + d,z1). By definition of right F-median,

m (W) . (35)

Integrating inequality m.(z) < 1 over the interval [(xg + 6 + zn)/2, (xg +
d+x1)/2], we get

ZL’H—|—(5+ZL’L ZEH+(5+$N Ty, — TN
my # — m, 9 < 5 .

Combining the last inequality and (35), we obtain

($H+5+$N) S N + T

5 5 (36)

Be Lemma 8, taking z = (zg + 0 + xy)/2 and y = (zx + x1)/2 inequal-
ity (36) gives us

F<@)_F(w><l_p(w> (37)

or Vy < Vp. By a symmetric argument we show that Vi > V., and we
cannot have b(zy,rr) = xy.
Case 2F. xn € (xp,1]. If 2y € (z1,zN), then Vi > Viy and 7}, > rp.
If follows that if € b(zp,xr), then x =z or x = O.
]

Proof of Lemma 2. Suppose that (zg,zp) is an equilibrium that does not
prevent the entry of Candidate N. Then candidate N receives strictly more
votes than at least one of the other candidates. Candidate H cannot rank
third in equilibrium, because deviation 2’y = x; will guarantee it at least a
second place, with candidate L ranking last with zero vote share. Therefore
candidate L finishes third. Consider the following cases.

Case 1. < min{a, o'}, where a = F(zyg —9d) and o/ =1 —a — 6.

Case 1A: a < o/. Take 2y, = xg — 0 — e, where e is small enough. Then
the limit best response of N will be xy = xy + 0. Candidate N will rank
first, candidate L second, and candidate H third, which is a contradiction.

Case 1B: a > o This case is symmetric to Case 1A.

Case 2: a < o/ and 6 > min{a, @'}. Define x} be such that 1 — F(z}) =
Flay) — (2t = o,
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Case 2A: v > ¢.

Case 2A1: x; # z3. Take 2/, = x5. If xy € [z, 1], then Vy < V|
because v = ¢. lf xy € (xg + 6, 21), we have V, > Vy by Lemma 1.

Finally, for any zx € (0,25 — 0), we will have Vy < o < V7. Thus, can-
didate L improves its rank with 2, = 23, and (zg,x1) is not an equilibrium.

Case 2A2: xj, = z}. By the above argument, Vy < V}, for any zx. So,
(xpg,xr) prevent the entry of Candidate V.

Case 2B: v < a/2. Consider the following cases.

Case 2B1: z;, < xg — 0. Then the RLBR will be xny = x5 + 6. It follows
that for any 2} € (xp,zg — 0), we will have V, < V/ < Vy, with rank of
candidate L remaining the same. So, (zy,xy) is not an equilibrium.

Case 2B2: x1, € (21, 1], where Ty, is the solution to F(ZHLt0) — 1 — o,
Then the LLBR will be 2y =2z —dand Vg >a > V. lf 2} =xy — 3§ — e,
then the RLBR will be xy = g + §, and we will have V] > V7 if e is small
enough, with rank of candidate L remaining the same. So, (g, zr) is not
an equilibrium.

Case 2B3: xy, € (xy + 6,%1]. Because a/2 > 7, we have x} > Z; and
1 — F(zg) > F(xp) — F(2H2249), Take 2y = xy +e. The RLBR will be
xy = x, for both xy and 2, if e is small enough. Hence V}, > Vy, with
rank of candidate H remaining the same. So, (zg,2r) is not an equilibrium.

Case 3: o < a and 0 > min{a, o’} This case is symmetric to Case 2.

[

Proof of Lemma 3. Take some zx € [0, 1].
Case 1: xy € [0,xg — 0) is weakly dominated by 2’y € (xn,xyg — 9).
Case 2: xny = xy — 6. The following conditions are necessary and suffi-
cient for xny = ry — 0 not to be a left limit best response:

a< o+, (38)
or limy ;s Vn > Vg, and
a<0+p, (39)
or lim, s~ VN > lim, ., —s- Vi
Case 3: xn € (xy — d,zy + 9). Candidate N gets zero votes.

Case 4: xny = vy + 0. The following condition is necessary and sufficient
for xny = xy + 6 not to be a right limit best response:

Y+¢ >0, (40)

or limy 45+ Vv > Vi
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Case 5: xny = xp. If ¢ > v, then liInmN_mJLr Vy > limmN_mZ V. In that
case xy = xy is a right limit best response that guarantees a second place.

If ¢ <, then xy = xy, is a left limit best response because lime Sy VN >
hme%xJLr VN If

=1, (41)
then lime_mZ Vy = lime_m+ Vv = Vy, but xy = x is not a best re-

sponse because candidates L and N will share second and third place. Hence
condition (41) must hold if there is no entry at xy = x.

Case 6: xy € (xg + 0,x1). For zy in this interval, we should have
Vy <V and Viy < Vi (this statement is proven in Lemma 1).

Case 7: xn € (xp,1] is weakly dominated by any z/y € (zr,zy). O

Proof of Lemma 4. Consider deviation z; # xp:

Case 1: 2, € [0,xg — ¢). Due to (38), candidate L’s new vote share will
not be greater than his previous vote share ¢ + . Because of (39) and (38),
candidate L will not be able to improve his rank above second.

Case 2: 'y € [xg —§,xy +d]. Candidate L’s new vote share will be zero.

Case 3: x', € (xg + 0, x,): The right limit best response of candidate N
will be xy = 2, moving candidate L to third place.

Case 4: @} € (p, ). Put

xm
2
Candidate N will have the following strategy:

1. If @« > F(z],) — a, the limit best response of candidate N will be
Ty = xy — 0, giving him a vote share of a and a second place.

2. If a < F(2),) —a and 1 — F(2) > F(27) — F(2},), the limit best
response of candidate N will be zy = 2/, giving him a vote share of
1 — F(2}) < o and a second place.

3. Otherwise zny = O.

There will be no entry at oy € (xg + J,27) because Vy(xg,xn,2}) <
Vn(zg,zn,xp) < Vi(xg,zn,21) < Vi(ry,zn,2}). The first and third in-
equalities are because xy < 2, < xr. The second inequality has been proven
in Lemma 1. Tt follows that a deviation 2, € (2, 1) will not be feasible if
xy = xy — 0 is not a left limit best response of candidate IV, but xy = ) is
a right limit best response. This translates into the following two conditions:
2a < F(a!,) and 1+ F(z},) > 2F(2%). As 2/, is monotonic in z/, the first
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of these two conditions is guaranteed to be satisfied for all 2, € (x,, x) if
it is satisfied for 2, = x,,:

5
F(SxH+IL+3)—2a>0. (42)

4

The condition 14+ F(z],) > 2F(z)) is always satisfied because (see Lemma
1) we know that for any zy € (zy + 0,2) we have Vy(zg,xy,2r) <
Vn(xg,zn,zr). It follows that for any 2, € (xy,z;) we must also have
Vn(zg,xn,2)) < Vy(zp,zn, ).

Case 5:x;, € (xp,1]. Not feasible. As v = ¢, candidate N’s limit best
response will be zy = 2, moving candidate L to third place.

It follows that, as long as conditions of (3) are satisfied, candidate L will
not be able to improve its payoff if and only if (15) holds. Now consider a
deviation 2 # zp.

Case 1: a'y € [0,zy). This will never increase candidate H’s vote share
F(z,,), because z,,, will decrease with zp.

Case 2: 2y € (xg,x —9). If

a< o+,

then there exists 2, > xy such that xy = 2’y — § will not be the limit best
response of candidate N. That will allow candidate H to increase his vote
share. Hence, together with (38), we impose the condition

a=a¢+7. (43)

If (43) holds, the limit best response of candidate N will be zy = 2’y — 4.
We know that ¢ = v = /2. The vote share of candidate H will decrease by
at least « (as voters [0, z) will go to candidate N), but will not increase by
more than §. Hence, this will never increase candidate H’s vote share.

Case 3: a'y = x — J. Candidate H will gain at most « (the voters
[Zm, 1] who previously voted for candidate L). At the same time candidate
H will lose at least a votes to candidate N, whose limit best response will
be xtxy =xy — 0, as xp —xy > 0.

Case 4: x4 € (xvp — 0,1] is dominated by zy =z — 0.

It follows that if conditions of Lemma 3 are satisfied, then (19) and (20)
are necessary and sufficient for candidates H and L not to change their
positions. ]

Proof of Lemma 5. Denote fr, = f(xr), fu— = f(zy —9), and f,, = f(zn).
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Rewrite conditions (13) as
J
H=1+F (%) —2F(z1) = 0 (44)

and

We have the following derivatives:

OH OH.
T VA e
ot

S = ifm—2f1 S =21,

Let 2} (z5) be a solution to H; = 0. Since f(z) > 0 for all z € [0,1], by
implicit function theorem we have

=——2 >0, 47
afL‘H %fm_sz ( )

since from Assumption 2 it follows that fr > 3 1f.. As ng < 0, this solution
is unique. Moreover, Hy(zg,xg+96) = 1—F(zg+6) >0 and Hl(xH+5 1) =
F(3+ 229 — 1 <0, so from gle < 0 it follows that z}(zg) € (zg + 6, 1).

Similarly, let 2% (zz) be a solution to Hy = 0. From (46) it follows that

0z% (zy) _ -
Ox g 2fr

We have 22(0) = 1 and 7} (6) < 1. We also have z} (1 —§) =1 and Hy(1 —
6,1) > 0. Since gTHLz > 0, we must have 22 (1 — §) < 1. It follows that the
system H; = 0, H, = 0 has a unique solution.

<0. (48)

O
Proof of Lemma 6. Denote fy = f(xyg+0), fr = f(zm), and f; = f((3zy+
x4+ 30)/4)
Let
oH, oM,
M= ( o % ) (19)
Oxy  Oxp
be the Jacobian matrix of (H;H;). We have
1
|\ M| = fofr — flzg —9) <§fm_2fL) ; (50)
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and a sufficient condition for |M| > 01is 4f; > f,,, which is satisfied because
of Assumption 2. The derivatives of xy and x; with respect to § will be
given by the implicit function theorem:

Lo _ 1 o2 2fL_%fm>< %fm)

It follows that

8mH 1
5 |M’(fL(f 2fH—)+§fme—) (52)
6mL
5 = Mfmfﬂ_. (53)
We have
8D1 . 1 8:1:H a.CEL a _
7%""(&ET+?ﬁ*ﬁ)ﬁ_2(53+”)ﬁ“_
= Sue(fBf I v agfa) >0 (54)

since from Assumption 2 we have f,, < 2f. Finally,

0Dy Oory Oryg Oz
W—<aa - )fH— ‘<W+W“>fm (aa )fH— (55)

Substituting (53) and (50) into (55) and simplifying, we get

0D, _ LfH_<4foH— —Afrfm = fufue)- (56)

00 | M|
Now let fy+ = afr and f,, = bfr. The derivative of Dy with respect to ¢ will
have the same sign as 4a —4b—ab. We now find the minimum ¢ < 1 such that
for all a,b € [¢,1/¢c], a/b € [c,1/c], we have 4a — 4b — ab < 0. This function,
subject to the above constraints, obtains a maximum at a = %, b=1, and is

equal to zero at this point if ¢ = %. Hence, if Assumption 2’ is satisfied, then

0Dy

55 Will always be negative. O

Proof of Lemma 7. Condition (15) is satisfied for § = L. Violation of (15)

2
means inequality
3 30
F(SCH+£Z3L+ )—aga.

4

It is equivalent to

0+ﬁ§F(mm)—F(3$H+xL+36)+a.

4
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Since f < a, it is enough to prove that

(57)

GSF(xm)—F(SxH+xL+35)

4

The right hand side of (57) tends to F(z,,) — F((zg + x.,)/2) whereas the
left hand side tends to zero. Then (57) is valid for sufficiently small § because
xy, does not go to xy when 0 is small. Indeed, if it holds, candidate N can
win the second place with a left limit best response xny = xy — d or a right
limit best response xy = 7y, so (xy, ) is not a no-entry equilibrium. [

Proof of Theorem 2. The second of the derivatives (53) is positive. Now
suppose that fr = af,, and fg_ = bf,,. We have 8%’ = —f2/IM]-(a(1—2b)+
%). We must find the minimum ¢ < 1 for which inequality (a(1—2b)+2) >0
will hold for all a, b such that a € [¢,1/c|, b € [¢,1/¢], and a/b € [¢,1/c]. The
solution to this problem is ¢ = % Hence, the derivative is positive as long as
Assumption 2’ is true. O

Proof of Theorem 3. Differentiating (44) and (45) with respect to a and B,

we get

OH4 — 0 OH> — 1 ( )
da Oa 58
oH1 _ dHy __
6b1 =2 6b2 = =2

By implicit function theorem, (46) and (49) we have

oz}, Oz
G Gl N (e s (fe—Afe 20 ) D
Oxy  Oxj, d({iz % _fm 4fH7+2fm 2|M|7

=

o ob
(59)
where |M]| is given by (50). The required signs of partial derivatives follow
from Assumption 2. O

Proof of Theorem 4. We differentiate condition (21) with respect to a and b:

0D, 0D,
—=-2, — =0 (60)
oa 0b
Taking D; = 0, we have

ox,  oal OH, OHy OH; oH, 0H,

9q  0b Ougr 0wy D0 20 0b

oz; Oz} _ OHy OH; 0OHy . 9H, OH» (61)

a5 - Oxy,  Ox] a0 da ob

% % 0D 0D 0D1 0D, 0D,

T dry, Ozt 06 da b
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where % is evaluated keeping x7};, x] constant. Evaluating this expression,

we get
D6 1
5o = (U6fmfr—2fmfi+12f1f) 2 (62)
a6 1
% = (—16fme— +4fmft _4fH—ft)E7 (63)
where

K =32fu_fufr — fu—fmfe + 12fu—frfe — 6 fmfLf. (64)

If Assumption 2’ is satisfied, then all derivatives have the required signs. []
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