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Abstract

Which budgetary institutions result in efficient provision of public goods? We an-
alyze a model with two parties bargaining over the allocation to a public good each
period. Parties place different values on the public good, and these values may change
over time. We focus on budgetary institutions that determine the rules governing
feasible allocations to mandatory and discretionary spending programs. Mandatory
spending is enacted by law and remains in effect until changed, and thus induces an
endogenous status quo, whereas discretionary spending is a periodic appropriation that
is not allocated if no new agreement is reached. We show that discretionary only and
mandatory only institutions typically lead to dynamic inefficiency and that manda-
tory only institutions can even lead to static inefficiency. By introducing flexibility,
either through a combination of mandatory and discretionary programs, or through a
state-contingent mandatory program, we obtain static and dynamic efficiency.
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1 Introduction

Allocation of resources to public goods are typically decided through budget negotiations.
In many democratic governments these negotiations occur annually and are constrained by
the budgetary institutions in place. In designing budgetary institutions one may have various
goals, such as responsiveness to citizens’ preferences, efficiency or accountability. There
has been increasing interest among policy-makers in understanding the role of budgetary
institutions in achieving these goals in both developed and developing countries (see, for
example, Santiso, 2006; Shah, 2007).! Economic research has also recognized the importance
of budgetary institutions (see, for example, Hallerberg, Strauch and von Hagen, 2009).?
These studies emphasize the importance of various dimensions of budgetary institutions
including transparency and centralization of decision-making. The dimension we focus on is
the rules governing feasible allocations to mandatory and discretionary spending programs.®
Discretionary programs require periodic appropriations; no spending is allocated if no new
agreement is reached. By contrast, mandatory programs are enacted by law, and spending
continues into the future until changed. Thus under mandatory programs, spending decisions
today determine the status quo level of spending for tomorrow.

Naturally, there may be disagreement among groups on the appropriate level of public
spending, thus the final spending outcome is the result of negotiations between parties that
represent these groups’ interests. Negotiations are typically led by the party in power whose
identity may change over time, bringing about turnover in agenda-setting power. Bowen,
Chen and Eraslan (2014) show that in an environment without evolving preferences, manda-
tory programs improve the efficiency of public good provision over discretionary programs

by mitigating the inefficiency due to turnover. However, the economic environment may

!The OECD has devoted resources to surveying budget practices and procedures across countries since
2003. See International Budget Practices and Procedures Database, OECD (2012).

2See also Alesina and Perotti (1995) for a survey of the early literature recognizing the importance of
budgetary institutions.

3This terminology is used in the United States budget. Related institutions exist in other budget ne-
gotiations, for example the budget of the European Union is categorized into commitment and payment
appropriations. The main distinction is that one has dynamic consequences because agreements are made
for future budgets, and the other does not.



be changing over time, potentially resulting in evolving preferences. Hence, the party in
power today must consider how current spending on the public good affects future spend-
ing when preferences and the agenda-setter are possibly different from today. In this paper
we investigate the role of budgetary institutions in the efficient provision of public goods in
an environment with the these features. Specifically, we analyze an environment with dis-
agreement over the value of the public good, changing economic conditions, and turnover in
political power.

In this environment it is natural to expect that mandatory programs may have some draw-
backs. Indeed, in settings different from ours, Riboni and Ruge-Murcia (2008), Zapal (2011)
and Dziuda and Loeper (2015) note that inefficiency can arise from mandatory programs
when preferences are evolving.* In accord with these results, we first show that mandatory
programs in isolation lead to inefficiency in public good spending; however, when appropriate
flexibility is added to mandatory programs, either through an endogenous choice of manda-
tory and discretionary program, or by making the mandatory program state-contingent,
efficiency can be obtained.

We begin by analyzing a model in which two parties bargain over the allocation to a
public good in each of two periods. The parties place different values on the public good,
and these values may deterministically change over time, reflecting changes in the underlying
economic environment. To capture turnover in political power, we assume the proposing
party is selected at random each period. Unanimity is required to implement the proposed
spending on the public good. We investigate the efficiency properties of the equilibrium
outcome of this bargaining game under different budgetary institutions.

We distinguish between static Pareto efficiency and dynamic Pareto efficiency. A stat-
ically Pareto efficient allocation in a given period is an allocation such that no alternative
would make both parties better off and at least one of them strictly better off in that pe-
riod. A dynamically Pareto efficient allocation is a sequence of allocations, one for each
period, that needs to satisfy a similar requirement except that the utility possibility frontier

is constructed using the discounted sum of utilities. Dynamic efficiency puts intertemporal

4We further discuss how our results relate to these and other papers at the end of the Introduction.



restrictions on allocations in addition to requiring static efficiency for each period, making it
a stronger requirement than static Pareto efficiency. We show that if parties disagree about
the value of the public good in all periods, then any equilibrium in which spending varies
with the identity of the proposer cannot be dynamically Pareto efficient. That is, dynamic
Pareto efficiency requires that parties insure against political risk. We further show that
when preferences are evolving over time, dynamic Pareto efficiency typically requires that
allocations also change over time. This means that with evolving preferences dynamic Pareto
efficiency requires that parties avoid gridlock.

Comparing equilibrium public good allocations with the efficient ones, we show that dis-
cretionary only institutions lead to static efficiency but dynamic inefficiency, mandatory only
institutions can lead to static and dynamic inefficiency, whereas allowing an endogenous
choice between mandatory and discretionary programs results in both static and dynamic
efficiency if the value of the public good is decreasing over time. Furthermore, if temporary
cuts to mandatory programs are allowed, an endogenous choice of mandatory and discre-
tionary programs results in both static and dynamic efficiency for any deterministic change
in the value of the public good.

The reason for dynamic inefficiency of discretionary only budget institutions is that they
lead to political risk. Specifically, since the status quo of a discretionary spending program
is exogenous, the level of spending implemented in equilibrium depends on which political
party is in power.

With mandatory only budgetary institutions, any equilibrium is dynamically inefficient
because the second period’s public good allocation either varies with the identity of the
proposing party, which leads to political risk, or is equal to the first period’s level, which
results in gridlock. Even static inefficiency may obtain with mandatory only budget institu-
tions. This is because the parties’ concerns about their future bargaining positions, which
are determined by the first period spending level, can lead the parties to reach an outcome
that goes against their first-period interests.

In contrast, budgetary institutions with a combination of discretionary and mandatory

programs avoid both political risk and gridlock, resulting in dynamic efficiency. To see why



this is true first consider the case when the value of the public good is decreasing over time
for both parties. The party in power in the first period finds it optimal to set the size of
the mandatory program to a level that is statically efficient in the second period. Given
this, the status quo is maintained in the second period regardless of which party comes
into power, thereby eliminating political risk. The party in power in the first period can
then use discretionary spending to increase the total spending to the desired level in the
first period, avoiding gridlock. Thus dynamic efficiency is achieved by a combination of
positive discretionary and mandatory spending. Now consider any time profile of public
good spending (either increasing or decreasing) that dynamic efficiency might require. If
discretionary spending can be negative, which we interpret as a temporary cut in mandatory
programs, then the party in power in the first period can tailor the spending to the desired
level and achieve dynamic efficiency. The main insight is that the flexibility afforded by a
combination of mandatory and discretionary programs delivers efficiency.

To extend our result to a richer environment, we consider a model with stochastic prefer-
ences and an arbitrary time horizon. We analyze a budgetary institution in which proposers
choose a spending rule that gives spending levels conditional on the realization of the state.
We show that the first-period proposer chooses a rule that is dynamically efficient and once
selected, this spending rule is retained because no future proposer can make a different
proposal that is better for itself and acceptable to the other party. Thus state-contingent
mandatory programs allow sufficient flexibility to achieve dynamic efficiency.

The use of state-contingent programs dates back to at least Ancient Egypt, where the
rate of taxation depended on the extent of Nile flooding in any given year (see Breasted,
1945, page 191). Such stage-contingent programs can also be found in practice in modern
economies. For example, in the United States unemployment insurance may fluctuate with
the unemployment rate through “extended” or “emergency” benefits. These benefits have
been a feature of the unemployment insurance law since 1971, and are triggered by reces-

sion on the basis of certain unemployment indicators (see Nicholson and Needels, 2006).°

5See also ‘Title II-Federal-State Extended Unemployment Compensation Program’,
http://legcounsel.house.gov/Comps/FSEUCAT0.pdf.


http://legcounsel.house.gov/Comps/FSEUCA70.pdf

Similarly, in Canada the maximum number of weeks one can receive unemployment benefits
depends on the local rate of unemployment (see Canadian Minister of Justice, 2014, Schedule
I, page 180). The efficiency of state-contingent spending programs may explain why they are
successfully implemented in practice.

Our work is related to several strands of literature. A large body of political economy
research studies efficiency implications of policies that arise in a political equilibrium.® As
highlighted in Besley and Coate (1998) inefficiency can arise because policies either yield
benefits in the future when the current political representation might not enjoy them, or alter
the choices of future policy makers, or may change the probability of the current political
representation staying in power. Our paper shares with the rest of the literature the first
two sources of inefficiency, but unlike the rest of the literature, our main focus is on linking
these sources of inefficiency to budgetary institutions that specify the rules governing feasible
allocations to mandatory and discretionary spending programs.

Modeling mandatory spending programs as an endogenous status quo links our work to
a growing dynamic bargaining literature.” With the exception of Bowen, Chen and Eraslan
(2014) and Zapal (2011) this literature has focused on studying models only with policies
that have the endogenous status quo property. In the language of our model, this literature
has focused on mandatory spending programs only. Bowen, Chen and Eraslan (2014) model
discretionary and mandatory spending programs, but do not allow for an endogenous choice
of these two types of programs. Moreover, unlike in their model, we allow the values parties
put on the public good to vary over time, which plays an important role in our results. Bowen,
Chen and Eraslan (2014) show that mandatory programs dominate discretionary programs,

whereas we show that with evolving preferences mandatory programs with appropriate flex-

6See, for example, Persson and Svensson (1984); Alesina and Tabellini (1990); Krusell and Rios-Rull
(1996); Dixit, Grossman and Gul (2000); Lizzeri and Persico (2001); Battaglini and Coate (2007); Acemoglu,
Golosov and Tsyvinski (2008, 2011); Aguiar and Amador (2011); Azzimonti (2011); Bai and Lagunoff (2011);
Van Weelden (2013); Callander and Krehbiel (2014).

"This literature includes Baron (1996); Kalandrakis (2004, 2010); Riboni and Ruge-Murcia (2008); Dier-
meier and Fong (2011); Zapal (2011); Anesi and Seidmann (2012); Battaglini and Palfrey (2012); Duggan
and Kalandrakis (2012); Piguillem and Riboni (2012, 2015); Diermeier, Egorov and Sonin (2013); Dziuda and
Loeper (2015); Levy and Razin (2013); Nunnari and Zapal (2013); Baron and Bowen (2014); Bowen, Chen
and Eraslan (2014); Chen and Eraslan (2014); Forand (2014); Kalandrakis (2014); Ma (2014).



ibility achieve dynamic efficiency. Zapal (2011) demonstrates that a budgetary institution
that allows for distinct current-period policy and future-period status quo eliminates static
inefficiency. This result parallels the efficiency of an endogenous choice of mandatory and dis-
cretionary programs that we show, but we do this in an environment with political turnover
and more general variation in preferences. Furthermore, we also demonstrate the efficiency
of state-contingent mandatory programs in this richer setting.

Our focus on budgetary institutions connects our work to papers studying fiscal rules.
This literature analyzes the role of fiscal rules in constraining government spending and
taxation, preventing public debt accumulation or prohibiting public deficits. In contrast we
examine mandatory and discretionary spending programs and analyze their role in efficient
public good provision.

In the next section we describe our model. In Section 3 we discuss Pareto efficient allo-
cations and define Pareto efficient equilibria. We discuss institutions with only discretionary
spending in Section 4. In Section 5 we give properties of equilibria for institutions that allow
mandatory spending (with or without discretionary spending), and give efficiency proper-
ties of mandatory only institutions. In Section 6 we discuss institutions that allow for an
endogenous choice of mandatory and discretionary spending, and in Section 7 we consider
state-contingent mandatory spending. We conclude in Section 8. All proofs omitted in the

main text are in the Appendix.

2 Model

Consider a stylized economy and political system with two parties labeled A and B.
There are two time periods indexed by ¢ € {1,2}.% In each period ¢, the two parties decide
an allocation to a public good z; € R,. The stage utility for party ¢ € {A, B} in period ¢
is u;t(x;). Party i seeks to maximize its dynamic payoff from the sequence of public good

allocations w;1(x1) + du(z2), where § € (0, 1] is the parties’ common discount factor.

8See, for example, Stockman (2001); Besley and Smart (2007); Azzimonti, Battaglini and Coate (2010);
Caballero and Yared (2010); Yared (2010); Halac and Yared (2014).

9In Section 3 we characterize Pareto efficient allocations for a model with any number of periods, and in
Section 7 we consider a more general model with any number of periods and random preferences.



We assume u;; is twice continuously differentiable, strictly concave, and attains a maxi-
mum at ;, for alli € {A, B} and t € {1,2}. This implies u, is single-peaked with 6;; denoting

t.10 We assume parties’ ideal levels of the

party ¢’s ideal level of the public good in period
public good are positive and party A’s ideal is lower than party B’s. That is, 0 < 04, < 0p, for
all t. Parties’ ideal levels of the public good may vary across periods. In particular, they may
be increasing with 0,1 < ;2 for all © € {A, B}, decreasing with 0;; > 0,5 for all i € {A, B},
divergent with 040 < 041 < 0p1 < Opa, or convergent with 0,1 < 040 < 0y < Op1.

We consider a political system with unanimity rule.!* At the beginning of each period,
a party is randomly selected to make a proposal for the allocation to the public good. The
probability that party 7 proposes in a period is p; € (0,1).!* Spending on the public good
may be allocated by way of different programs - a discretionary program, which expires
after the first period, or a mandatory program, for which spending will continue in the next
period unless the parties agree to change it. Denote the proposed amount allocated to a
discretionary program in period t as k;, and to a mandatory program as g;. If the responding
party agrees to the proposal, the implemented allocation to the public good for the period is
the sum of the discretionary and mandatory allocations proposed, so x; = k; + g;; otherwise,
Tt = Gt—1-

Denote a proposal by z; = (k¢, g;). We require g, > 0 to ensure a positive status quo each
period. Let Z C R x R, be the set of feasible proposals. The set Z is determined by the
rules governing mandatory and discretionary programs, and hence we call Z the budgetary
institution. We consider the following institutions: only discretionary programs, in which case
Z =R, x {0} and g,_; = 0 for all ¢; only mandatory programs, in which case Z = {0} x R,;

both mandatory and positive discretionary, in which case Z = R, xR, ; and both mandatory

10Because of the opportunity cost of providing public goods, it is reasonable to model parties’ utility
functions as single-peaked as in, for example, Baron (1996).

1'Most political systems are not formally characterized by unanimity rule, however, many have institutions
that limit a single party’s power, for example, the “checks and balances” included in the U.S. Constitution.
Under these institutions, if the majority party’s power is not sufficiently high, then it needs approval of the
other party to set new policies.

12More generally, the probability that party i proposes in period ¢ is p;;. In the two-period model, p;;
does not play a role, and for notational simplicity we write p; as the probability that party ¢ proposes in
period 2. In Section 7 we extend our model to an arbitrary time horizon and we use the general notation.



and discretionary where discretionary spending may be positive or negative, in which case
Z = {(kt,g:) € R x Ry|ky + g« > 0}. It is natural to think of spending as positive, but it
is also possible to have temporary cuts to spending on mandatory programs, for example
government furloughs that temporarily reduce salaries of public employees. This temporary
reduction in mandatory spending can be thought of as negative discretionary spending as it
reduces total spending in the current period, but does not affect the status quo for the next
period.

A pure strategy for party i in period t is a pair of functions o;; = (my, ), where
i - Ry — Z is a proposal strategy for party ¢ in period t and oy : Ry x Z — {0,1} is
an acceptance strategy for party 4 in period ¢.'* Party 4’s proposal strategy mu = (K, Vi)
associates with each status quo ¢;_; an amount of public good spending in discretionary
programs, denoted by k;(g;—1) and an amount in mandatory programs, denoted by i (gi—1)-
Party i’s acceptance strategy o:(g:—1, 2¢:) takes the value 1 if party ¢ accepts the proposal z
offered by the other party when the status quo is g,_;, and 0 otherwise.'*

We consider subgame perfect equilibria and restrict attention to equilibria in which (i)
@it(Gi—1, 2zt) = 1 when party ¢ is indifferent between ¢;_; and z; and (ii) ot (ge—1, Tje(ge-1)) = 1
forallt, g, 1 € Ry 4,5 € {A, B} with j # 4. That is, the responder accepts any proposal that
it is indifferent between accepting and rejecting, and the equilibrium proposals are always
accepted. We henceforth refer to a subgame perfect equilibrium that satisfies (i) and (ii)
simply as an equilibrium.

Denote an equilibrium by o*. Let party i € {A, B} be the proposer and party j € {A, B}
be the responder in period 2. (When we use i to denote the proposer and j to denote the
responder without any qualifier, it is understood that i # j.) Given conditions (i) and (ii),

for any g, admissible under Z, the equilibrium proposal strategy (x5 (g1),7i2(g1)) of party i

13In this two-period model, we show that equilibrium strategies in the second period are unique. Thus,
in equilibrium, the second-period strategy does not depend on the history except through the status quo,
so writing strategies as depending on history only through the status quo is without loss of generality. This
result extends to the finite-horizon case of state-contingent mandatory spending considered in Section 7. For
the infinite-horizon case, the restriction on strategies implies a Markov restriction on the equilibrium.

14We are interested in efficiency properties of budgetary institutions. Because the utility functions are
strictly concave, Pareto efficient allocations do not involve randomization. Hence, if any pure strategy
equilibrium is inefficient, allowing mixed strategies does not improve efficiency.



in period 2 solves

max  Ujp(ky +
(k2,92)€Z 2( ? 92> (Pz)

S.t. Ujg(kg + 92) > Uj2<g1)-
Let V;(g;02) be the expected second-period payoff for party i given first-period mandatory

spending ¢ and second-period strategies 0o = (042, 0p2). That is

Vi(g; 02) = pauia(ka2(g) + v42(9)) + ppuia(kB2(9) + VB2(9))-

If party ¢ is the proposer and party j is the responder in period 1, then for any gy admissible
under Z the equilibrium proposal strategy (k5 (g0), 75 (g0)) of party i in period 1 solves

i1(k oVi(g1: 03
Wity it o)+ Oaied) (P

st wji (R +g1) +0Vig1505) = wjn(go) + 0Vi(g0; 03).

3 Pareto efficiency

In this section we characterize Pareto efficient allocations and define Pareto efficient equi-

libria, both in the static and the dynamic sense.

3.1 Pareto efficient allocations

As a benchmark we characterize the Pareto efficient allocations. We distinguish between
the social planner’s static problem (SSP) which determines static Pareto efficient allocations,
and the social planner’s dynamic problem (DSP) which determines dynamic Pareto efficient
allocations.

We define a statically Pareto efficient allocation in period ¢ as the solution to the following

maximization problem

maxg,cr, Uit(T¢) (SSP)
st uj(z) >w
for some u € R, 7,57 € {A, B} and i # j.'° By Proposition 1, statically Pareto efficient

allocations are all those between the ideal points of the parties.

15The social planner’s static problem (SSP) is a standard concave programming problem so the solution
is unique for a given w if it exists.

10



Proposition 1. An allocation x; is statically Pareto efficient in period t if and only if x; €

[eAtv eBt] .

Denote a sequence of allocations by x = (1, x2) and party i’s discounted dynamic payoff
from x by Ui(x) = >.7_, 6" 'uy(2,). We define a dynamically Pareto efficient allocation as
the solution to the following maximization problem

maX, gz U;(X)
+ . (DSP)
S.t. Uj(X) 2 U
for some U € R, 4,7 € {A,B} and i # j. Denote the sequence of party i’s static ideals
by 0; = (0;1,0;) for all i € {A, B}, and denote the solution to (DSP) as x* = (7, z3).'0

Proposition 2 characterizes the dynamically Pareto efficient allocations.!”

Proposition 2. A dynamically Pareto efficient allocation x* satisfies the following properties:
1. For all t, x} is statically Pareto efficient. That is, x; € [0, 0p] for all t.
2. Either x* = 04, or x* = 0p, or u/y,(xf) + N*ug,(xf) = 0 for some \* > 0, for all t.

Proposition 2 part 2 implies that if x* # 0, for all i € {A, B}, and 64, # 0p; in period ¢
then we must have
arZE) _ e )
Wy ()
for some A\* > 0. This is because if u/z,(z}) = 0, then part 2 of Proposition 2 implies that we
must also have u/y,(z}) = 0 which is not possible when 64; # 0p;.
By (1) if parties A and B do not have the same ideal level of the public good in periods

1 and 2, then in a dynamically Pareto efficient allocation, either the allocation is equal to

party A’s or party B’s ideal in both periods, or the ratio of their marginal utilities is equal

wpy (21) — Wyo(73)
wpy (27) upo (23)

across these two periods, i.e., . In both cases there is a dynamic link across

periods.

6Note the solution to (DSP) depends on U, but for notational simplicity we suppress this dependency
and denote the solution to (DSP) as x*. The solution to (DSP) is unique for a given U if it exists.

1Tn the proof of Proposition 2 in the Appendix, we generalize (DSP) to any number of periods and prove
Proposition 2 for this more general problem.

11



3.2 Pareto efficient equilibrium

We define a dynamically Pareto efficient equilibrium given an initial status quo gy as
an equilibrium that results in a dynamically Pareto efficient allocation for any realiza-
tion of the sequence of proposers. More precisely, denote an equilibrium strategy profile
as 0 = ((0%1,0%), (051,0%y)) with o, = ((k},75),as). An equilibrium allocation for
o* given initial status quo gy is a possible realization of total public good spending for
each period x”" (go) = (27 (90), 23 (go)), where 27 (g0) = #1(g0) + 71(90), and 25" (go) =
#52(771(90)) + 52 (7i1(g0)) for some 4, j € {A, B}. The random determination of proposers
induces a probability distribution over allocations given an equilibrium ¢*. Thus any ele-
ment in the support of this distribution is an equilibrium allocation for ¢*.!* We require
every allocation in the support of this distribution to be dynamically Pareto efficient for the

equilibrium to be dynamically Pareto efficient.

Definition 1. An equilibrium ¢* is a dynamically Pareto efficient equilibrium given initial
status quo g if and only if every equilibrium allocation x° (gg) for o* given initial status quo

go is dynamically Pareto efficient.

A statically Pareto efficient equilibrium given initial status quo go is analogously defined
as an equilibrium in which the realized allocation to the public good is statically Pareto
efficient in all periods ¢ given initial status quo gg. Thus a necessary condition for ¢* to be a
dynamically Pareto efficient equilibrium is that ¢* is a statically Pareto efficient equilibrium.

The analysis of efficiency properties of equilibria under different budgetary institutions is
aided by the following results. We first show that if parties’ ideal levels of the public good are
different in both periods, then given a spending level in the first period, a unique spending
level in the second period is required for the allocation to be dynamically Pareto efficient.
This means that if the equilibrium level of spending in period 2 varies with the identity of
the period-2 proposer, then the equilibrium cannot be dynamically Pareto efficient. Thus

dynamically Pareto efficient equilibria avoid political risk. We formalize this in Lemma 1.1

8For example, if A is the proposer in period 1 and B is the proposer in period 2, then the equilibrium

allocation is 2 (g0) = 711 (90) + 71 (90), and 23 (90) = K52(71(90)) + V52 (Vi1 (90))-
YNote that our definition of a dynamically Pareto equilibrium requires ez-post dynamic Pareto efficiency,

12



Lemma 1. Suppose 04, # O0p; for any t. If allocations x and X are both dynamically Pareto

efficient and xy = Ty for some t', then x = X.

We next show that dynamic Pareto efficiency typically requires variation across periods
when parties’ ideals are evolving. We say that the parties are in gridlock if the spending in
period 2 does not change when preferences are different from period 1. Thus dynamically
Pareto efficient allocations typically avoid gridlock. We formalize this result in Lemma 2. To
state the lemma, we first define a condition satisfied by commonly used utility functions, for

example, u;(r;) = —(x; — 0;¢)%. Note that if 6; # 0,0, we can write uy(z;) = ui (2, Oit).

Definition 2. If 0;; # 60 for all i € {A, B}, we say that utilities have increasing marginal

returns if

gZi is strictly increasing in 6y for all ¢, x4, and all i € {A, B}.
Lemma 2. Under any of the following conditions, we have x7 # x3:

1. Parties’ ideals are increasing or decreasing and not overlapping, that is, 041 < 01 <

‘9A2 < QBQ or QAQ < ‘932 < QAI < 031.

2. Parties’ ideals are increasing or decreasing, and utilities have increasing marginal re-

turns.

3. Parties’ ideals are divergent or convergent, wy(x:) = —(|ze — 0;])" with r > 1 for all t

and 1 € {A,B} and xt ?é 6«9,41932*0310,42

B2—0p1+041—042"

4 Discretionary spending

Suppose spending is allocated through discretionary programs only, implying that the

status quo in each period is exogenous and equal to zero. In this case there is no dynamic link

that is, allocations must be dynamically Pareto efficient for each realized path of proposers. Two other notions
of a dynamically Pareto efficient equilibrium might be considered: Fz-ante dynamic Pareto efficiency, before
the realization of the first-period proposer, and interim dynamic Pareto efficiency, after the realization of
the first-period proposer but before the realization of the second-period proposer. By Lemma 1, if 6 4; # 0p;
for any t, then ex-post efficiency implies interim efficiency. We can interpret our results as showing which
budgetary institutions result in dynamically Pareto efficient allocations conditional on the initial party in
power. FEz-ante Pareto efficiency would require the first-period allocation to be invariant to the party in
power, a stronger requirement than ex-post or interim Pareto efficiency.

13



between the previous period’s policy and the current period’s status quo, and Z = R, x {0}.
Without the dynamic link between periods, the bargaining between the two parties is a
static problem, similar to the monopoly agenda-setting model in Romer and Rosenthal (1978,
1979).2° We next characterize the equilibrium and its efficiency properties.

For this section we denote a proposal in period ¢ by k; since g, is zero. Consider any period
t. Since up; is single-peaked at fp; and 0 < 04, < Op;, we have up,(0) < upi(04;). Hence, if
party A is the proposer in period ¢, it proposes its ideal policy k; = #4;, which is accepted
by party B. If party B is the proposer in period t, however, whether it can implement its
ideal policy depends on the locations of the parties’ ideal points relative to the status quo.
Specifically, let ¢9, be the highest policy that makes party A as well off as the status quo in

period t. That is,

®%; = max{z € R |uas(x) > ua(0)}.
Note that ¢%, > 604, Since status quo spending is zero, party A accepts any proposal
k; such that 0 < k, < ¢9,. To find party B’s optimal proposal, there are two cases to

consider. (i) Suppose Op; < ¢%,. Then, since ua; is single-peaked at 64, < 0p;, we have
uar(0pt) > uar(9%;) = uae(0) and therefore party A accepts k; = 6, in period t. In this case,
party B’s optimal proposal in period ¢ is equal to its ideal point 6. (ii) Suppose 0p; > ¢%;.
Then, given the single-peakedness of up;, the optimal policy for B that is acceptable to A
is equal to ¢%,. In this case, party B proposes k; = ¢9%, < 0p;. To summarize, party B’s
optimal proposal is equal to min{6p;, ¢%;,}.

Note that the policy implemented in period ¢ is equal to 6 4; when party A is the proposer
and is equal to min{0p, ¢%,} > 04 when party B is the proposer. It follows that the
policy implemented in period ¢ is in [04, 0p;] and therefore is statically Pareto efficient by
Proposition 1. To discuss the equilibrium’s dynamic efficiency properties, we consider the
following two cases. (i) Suppose 04; # 0p; for all t. In this case, min{8p;, ¢%,} > 04, which

implies that the policy implemented in period ¢ varies with the identity of the proposer. By

Lemma 1, this implies dynamic Pareto inefficiency arising from political risk. (ii) Suppose

20Note that when only discretionary spending is allowed, gy = g1 = 0, and hence the proposer’s first-period
problem (P;) becomes a static problem identical to (Ps).
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there is at most one t’ such that 64, # 0py. In this case, as we show in Lemma A3 in the
Appendix, an allocation x is dynamically Pareto efficient if and only if x; is statically Pareto
efficient in all periods. This is true because for all ¢ # ¢’ it must be that x; = 6;;, and only
in period ¢ must equation (1) hold. Thus, the equilibrium is dynamically Pareto efficient in

this case. The following proposition summarizes these results.?!

Proposition 3. Under a budgetary institution that allows only discretionary spending pro-

grams, given the initial status quo of zero:
1. The equilibrium 1is statically Pareto efficient.
2. The equilibrium is dynamically Pareto inefficient if and only if 04, # Op, for all t.

Specifically, the equilibrium level of spending in period t is xy = 044 if party A is the proposer
and is vy = min{0p;, 9%} € [Oar, O] if party B is the proposer.

5 Mandatory spending

When mandatory programs are allowed, the proposing party in the first period takes
into account the effect of the amount allocated to the mandatory program on the second-
period spending because it becomes the status quo in the second period. This creates a
dynamic link between periods. We show that this dynamic game admits an equilibrium and
give properties of the equilibrium proposal strategies in period 2.22 The result applies to
any budgetary institution that allows mandatory spending programs, in combination with

discretionary spending or in isolation. We formalize this result in the next subsection.

5.1 Preliminaries

Define the functions ¢4; and ¢p; which are analogous to ¢%;. The value ¢a:(g:—1) is the

highest acceptable spending level to party A and ¢p:(g;—1) is the lowest acceptable level to

21The result is stated for the two-period model, but a straightforward generalization of the argument
shows that in a model with an arbitrary number of periods, Proposition 3 holds if the condition in part 2 is
replaced by 044 # 0p; for at least two periods.

22Equilibrium existence is not immediate because lower hemicontinuity of the second-period acceptance
correspondence requires a non-trivial proof. The proof is given in the Appendix.
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party B when the status quo is ¢g;_;. That is,
Gar(gi—1) = max{z € Ry ua(r) > uwar(gi1)},

¢pi(gi—1) = min{z € Ry up,(z) > upi(gi-1)}-
These are illustrated below in Figure 1. If g;—; < 644, then ¢a(g1—1) > ¢1—1 and if g1 >
Oa¢, then dai(gi—1) = gio1. If g1 < Op, then ¢pi(gi—1) = gi—1 and if g1 > Op;, then
OBe(gi-1) < g1

U At UpBt

gt—1 :

: gt—1
g Oar 9 =dai(g") dailg) g=05:(9) ¢Bt(9')  Oni g

Figure 1: ¢4 and ¢p;

Proposition 4. Under any budgetary institution that allows mandatory spending programs,
an equilibrium exists. For any g € R, the equilibrium spending in period 2 is unique and
satisfies

Ka2(91) + Vaz(91) = max{baz, p2(g1)},

Kp2(91) + VB2(91) = min{Opa, da2(91)}-
Furthermore:

1. k5(g1) +75(q1) € [0az,0p2) for alli € {A, B} and all g1 € R

2. [f 9A2 75 932, then
Kao(91) +7a2(91) = Kpalg1) +VB2(91) =1 if g1 € [0a2,0p2),
Ka2(91) + Vaa(91) < Kgalg1) + VBalg1) if g1 & [0a2,0B2].

Proposition 4 gives the equilibrium level of total spending in the second period, which is

unique for any status quo. Part 1 implies that the equilibrium level of spending in period 2 is
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statically Pareto efficient. Part 2 gives properties of the equilibrium spending if the parties’
ideals are different. If the status quo is statically Pareto efficient, then it is maintained. If the
status quo is not statically Pareto efficient, then the equilibrium proposal is different from
the status quo and depends on the identity of the proposer - specifically, it is lower when A
is the proposer than when B is the proposer.

Figure 2 is an example of equilibrium spending in period 2 for quadratic loss utility. While
the exact form depends on the specific utility function, any second-period strategy has similar
properties. Consider party A as the proposer in period 2. If g; < 649, then party A proposes
its ideal policy o = 649, which is accepted since ugs(g1) < up2(0a2). If g1 € [0 a2, 0p2], then
party A proposes o = g; since any xo < g; would be rejected by party B and party A prefers
g1 to any xo > g1. If g1 > Opo, then party B accepts all proposals in the interval [¢p2(g1), g1]
since these are closer to fps than gy is. Since 040 < Ops < g1, either 042 € [dp2(91),91] or
Oa2 < dpa(g1). If Oas € [pB2(91), g1], then party A proposes xo = Gas. If 040 < Pp2(g1), then
party A proposes the policy closest to 49 that is acceptable to B, which is ¢p2(g;). For
quadratic loss utility function, if g; > 0ps and ¢p2(g1) > 042, we have ¢ppa(g1) = 202 — g1,
which is decreasing in ¢g;. For general strictly concave ups, if g1 > 0py and ¢pa(g1) > 0o,

then ¢po(g1) is decreasing in g.

T2

Kpo(91) +vBalg1)

0p2

042 A -
Ko (91) + vas(91)
9
0A2 032
gridlock
|J—>|e----------» | >
political risk Q
Figure 2: Period-2 equilibrium strategies with mandatory spending for wuy(x;) = —(z; — 0;)?
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Figure 2 indicates the potential sources of dynamic inefficiency with mandatory programs.
If the status quo is in [0 49, O 2], then the period-2 spending is equal to the status quo, so there
is potential for gridlock. If the status quo is outside [f42,0p2], then the period-2 spending
depends on the identity of the proposer and political risk is a source of dynamic inefficiency.
We show in the next section that with only mandatory spending programs at least one of

these sources of dynamic inefficiency arises, except in special cases.

5.2 Inefficiency with mandatory spending only

Suppose now that spending is allocated through mandatory programs only, that is, Z =
{0} x R,. Since k; is zero for any ¢, the equilibrium discretionary proposal k},(g;—1) is zero
for all i € {A, B}, all ¢t and all g;; € Ry. For the rest of the section we thus denote a
proposal in period t by g;.

We begin by noting that equilibrium allocations can be dynamically Pareto efficient in the
absence of a conflict in period 2 or in the absence of variation in ideal levels of public good
spending, but these are special cases.?> We show that equilibrium allocations are in general
dynamically Pareto inefficient and can even be statically Pareto inefficient.?* Proposition 5

gives conditions under which equilibria are dynamically Pareto inefficient.

Proposition 5. Under a budgetary institution that allows only mandatory spending pro-
grams, any equilibrium o* is dynamically Pareto inefficient for any initial status quo gy € R,

iof either of the following conditions holds:

1. Parties’ ideals are increasing or decreasing and not overlapping, that is 041 < O0p; <

QAQ < 032 or QAQ < 932 < 9A1 < 031.

2. Parties’ ideals are increasing or decreasing, 64, # Opy for all t and utilities have in-

creasing marginal returns.

Furthermore, if parties’ ideals are divergent or convergent and wuy(x;) = —(|z, — 0y|)" with

23We show this in Section A3.4 in the Appendix.

24Others have shown shown inefficiency with an endogenous status quo and evolving preferences. For
example, Riboni and Ruge-Murcia (2008) show dynamic inefficiency in the context of central bank decision-
making, and Zapal (2011) and Dziuda and Loeper (2015) show static inefficiency in other settings.
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r > 1, then for any equilibrium o*, there exists a unique gy such that o* is dynamically Pareto

efficient if the initial status quo is go.

Proposition 5 covers the possible ways in which ideal levels of public good spending of
the two parties can vary: increasing, decreasing, convergent or divergent. Parts 1 and 2 give
conditions under which equilibria are dynamically Pareto inefficient for all initial status quo,
when parties’ ideals are increasing or decreasing. The final part states that when preferences
are divergent or convergent, for a certain class of utility functions, dynamic efficiency is
obtained only for a unique status quo.?

To gain some intuition for Proposition 5, note that because of the second-period conflict
between the two parties, either the level of public good spending in period 2 varies with the
identity of the proposing party, which results in political risk, or neither party changes the
status quo, which results in gridlock.

The next result shows that equilibrium allocations under mandatory spending programs

can violate not only dynamic, but also static Pareto efficiency.

Proposition 6. Suppose u;i(z;) = —(x—0;)* for alli € {A, B} and allt. Under a budgetary
institution that allows only mandatory spending programs, if either 049 < 641 < Opy or
Oa2 < 01 < Opa, then there exists a nonempty open interval I such that any equilibrium o*

is statically Pareto inefficient for any initial status quo gy € L.

The key condition of Proposition 6 is 642 < ;1 < 0ps for some i € {A, B}. This has a
natural interpretation, indicating that future polarization between the two parties must be
greater than intertemporal preference variation for at least one party. Note that this occurs
when party A’s ideal is decreasing, or party B’s ideal is increasing, implying that static
Pareto inefficiency can arise when the ideal levels are increasing, decreasing or divergent.
Since the proposition does not rule out 6,4, = gy, static Pareto inefficiency can arise even in
the absence of first-period conflict between the two parties.

Figure 3 provides an example of static inefficiency. The parameters used satisfy the

conditions in Proposition 6. Specifically, the ideal levels of the two parties diverge, that

25Dynamic inefficiency also obtains in a finite-horizon model with more than two periods under the con-
ditions in Proposition 5, when the fluctuations in preferences apply to the last two periods.
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is, 040 < 041 < Op1 < Ops. The figure plots equilibrium public good spending in period
1 proposed by each party for initial status quo go € [0,2]. What the figure shows is that
unless go € [0a1,0p1], we have v/ (go) ¢ [0a1,0p1] for at least one of the parties, that is, the

equilibrium is statically Pareto inefficient.

4
1
0 *
B2 731(90)
0p1
041
040 Yail90)
0 go
0 041 Op 1 2

Figure 3: Period-1 equilibrium strategies when all spending is mandatory
04=1(04,0.2), 05 =(0.6,0.8), pa =pp =13, 0 =1, up(x) = — (¢ — bi)*

The reason for static inefficiency is the dual role of g;: it is the spending in period 1 but it
also determines the status quo in period 2. As an example, consider the case when party A’s
ideal is decreasing as in Figure 3. If party A is the proposer in the first period, then it has an
incentive to propose spending close to its period-1 ideal, but since period-1 spending is the
status quo for period 2, it also has an incentive to propose spending lower than its period-1
ideal. When party B’s acceptance constraint is not binding, party A proposes spending that

is a weighted average of #4; and 45, giving rise to static inefficiency.

6 Mandatory and discretionary combined

We have seen that discretionary or mandatory programs in isolation typically lead to
dynamic inefficiency. A natural question is whether the flexibility afforded by a combination
of the two achieves dynamic efficiency. We now address this question by considering the case
in which parties can endogenously choose the amount allocated to each of these programs. We
begin by showing that when discretionary spending can only be positive, that is, Z = R, xR,

we obtain dynamic efficiency under certain conditions.
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Proposition 7. Under a budgetary institution that allows positive discretionary and manda-
tory spending, if utilities have increasing marginal returns and parties’ ideals are decreasing,

then every equilibrium is dynamically Pareto efficient for any initial status quo gy € R, .

We present the proof of Proposition 7 in the main text since it is instructive. First,

consider the following alternative way of writing the social planner’s dynamic problem:

max i (1) + 8[patia(a2) + ppuin(xps)]
(z1,242,2B2)ERY. (DSP’)

s.t. wji(21) + 0[pavje(az) + ppuje(rp2)] > U,
for some U € R, ,j € {A, B} and i # j. The difference between the original social planner’s
problem (DSP) and the modified social planner’s problem (DSP’) is that in the modified
problem, the social planner is allowed to choose a distribution of allocations in period 2.
Since the utility functions are concave, it is not optimal for the social planner to randomize
and therefore the solution to (DSP) is also the solution to (DSP’). To state this result
formally, we denote the solution to (DSP) given U € R by x*(U) = (2% (U), 25(U)).

Lemma 3. The solution to the modified social planner’s problem (DSP’) is 21 = x3(U) and

Ta2 = Tp2 = x%(U)-

Now fix the initial status quo go. Denote f;(gy) as responder j’s status quo payoff.
That is f;(g0) = u;j1(g0) + 6V;(go; 03) with o} given in Proposition 4. The next result says
that the equilibrium mandatory spending in period 1 is the dynamically Pareto efficient
level of spending for period 2 corresponding to U, and the sum of equilibrium mandatory
and discretionary spending is the dynamically Pareto efficient level of spending for period 1

corresponding to U, where U is responder j’s status quo payoff.

Lemma 4. Under a budgetary institution that allows positive discretionary and mandatory
spending, if utilities have increasing marginal returns and parties’ ideals are decreasing, then
for any equilibrium o*, given initial status quo qo, the equilibrium proposal strategy for party

i in period 1 satisfies v (go) = x5(U) and K} (g0) = 25(U) — 23(U), where U = f;(go)-

Proof. 1f party 7 is the proposer in period 1, then party ¢’s equilibrium proposal strategy
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(k%(90), 75 (90)) is a solution to

max uil(kl + 91) + 5‘/;'(91; U;)
(k1,91)€RE (P1>

st wjn (k1 +g1) +0Vi(g1503) 2 wn(g0) +0Vj(g0; 03),

where

Vi(g 93) = pattia(Kas(9) + 742(9)) + PBttia(Kp2(9) +752(9))-

For notational simplicity we write 27 and % instead of 23(U) and 3(U). We first show
that (z7 — x3, 2%) is in the feasible set for (P;). As shown in Lemma A1 in the Appendix, if
the parties’ ideals are decreasing and utilities have increasing marginal returns, any Pareto
efficient allocation is decreasing. This implies 2} > x3, and thus (x} — 3, 23) € R? is feasible.

We next show that if 77 (g0) = 5 and &} (g0) = 27 — 3, then the induced equilibrium
allocation is 27 in period 1 and 3 in period 2. It is straightforward to see 2 (go) = ;1 (g0) +
k¥ (g0) = x}. To see that 2§ (go) = x5, first note that by Proposition 2 part 1, x5 € [042, 052].
Proposition 4 part 2 then implies that %, (x3) + Vs (23) = ke (23) + Vo (23) = 3.

Finally, we show that (] — 2%, %) is the maximizer of (P;). Suppose not. Then proposing
(k71(90), 751(90)) is better than proposing (z] — 3, x3). That is, proposing (71 (g0), ¥;1(90))
gives proposer ¢ a higher dynamic payoff while giving the responder j a dynamic payoff at
least as high as f;(go). Hence, if (k% (90),71(g90)) # (27 — 3, 23), then the allocation with
1 = Y1(90) + Ki1(90), Taz = Kaa(¥/1(90)) + Vi (Vi1 (90)), B2 = Ka(Vi1(90)) + Vi2(7i1(90))

does better than zy = 2} and x49 = gy = x5 in (DSP’), which contradicts Lemma 3. |

By Lemma 4, for status quo go and period-1 proposer i € {A, B}, the equilibrium outcome
satisfies since 27 (g0) = 74 (90) + wi(g0) = 7(T) and 2§ (g0) = 7algo) = 23(U) where
U = f;(¢°). Hence o* is a dynamically Pareto efficient equilibrium for any gy € Ry, for any
sequence of proposers. This completes the proof of Proposition 7.

If the parties’ ideals are increasing, and only positive discretionary spending is allowed
together with mandatory spending, in general we do not obtain dynamic efficiency. This is
because with increasing ideals we need discretionary spending in period 1 to be 7 — 25 < 0
to achieve efficiency, which is not feasible. This suggests however that allowing negative

discretionary spending restores dynamic Pareto efficiency, and indeed we have this result.
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Proposition 8. Under a budgetary institution that allows positive and negative discretionary
spending and positive mandatory spending, that is, Z = {(k¢, g;) € Rx Ry |k +g; > 0}, every

equiltbrium o* is dynamically Pareto efficient for any initial status quo gy € R...

We omit the proof of Proposition 8 since it is a slight modification of the proof of Proposi-
tion 7. Negative discretionary spending implies that the total spending in the current period
is lower than the status quo spending in the next period. As such, we can regard temporary
cuts in mandatory spending as negative discretionary spending. Figure 4 below provides
an example of equilibrium allocations for budgetary institutions that allow for mandatory
spending programs, either in isolation or in combination with discretionary spending. The

parameters used are the same as in Figure 3.

) X2 L2
x* x*  x7
0B2 : i o OB2 o 0B2
l'
1
1
1)
1}
1
1
U
1
042 ! 02 Oa2
€1 x1 T1
041 Op1 0a1 0p1 041 01
(a) Mandatory only (b) Mandatory and positive only (c¢) Mandatory and positive or
discretionary negative discretionary

Figure 4: Equilibrium allocations under different budgetary institutions
04=1(04,0.2), 0p = (0.6,0.8), pa = pp = %, 0 =1, uy(v) = — (2, — eit)2

In Figure 4 the dashed blue line illustrates the set of dynamically Pareto efficient alloca-
tions, and the red line illustrates the set of equilibrium allocations - an initial status quo and
a sequence of proposers induces an equilibrium allocation in the set. As shown in panels 4a
and 4b, when mandatory spending and only positive discretionary spending are allowed, for
some status quos and some realization of proposers, equilibrium allocations do not coincide
with any dynamically Pareto efficient allocation. By contrast, when both positive and nega-
tive discretionary spending are allowed, for any status quo and any realization of proposers,

the equilibrium allocation coincides with a dynamically Pareto efficient allocation.
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The reason the combination of mandatory and discretionary spending achieves dynamic
Pareto efficiency is that the proposer in the first period can perfectly tailor the spending
in that period to first-period preferences, and independently choose the next period’s status
quo. This simultaneously avoids gridlock and political risk because spending fluctuates with
preferences and the second-period status quo is maintained regardless of who the proposer
is. Allowing positive and negative discretionary spending together with mandatory spending
provides sufficient flexibility to achieve this when there are two periods, but the efficiency
result may no longer hold with a longer time horizon unless further flexibility is allowed. In
the next section we consider a model with more than two periods and stochastic preferences

and show that state-contingent mandatory spending provides such flexibility.

7 State-contingent mandatory spending

Consider a richer environment in which parties bargain in 7" > 2 periods and preferences
are stochastic in each period reflecting uncertainties in the economy.?® The economic state
(henceforth we refer to the economic state as simply the state) in each period t is s, € S
where S is a finite set of n = |S| possible states. We assume the distribution of states
has full support in every period, but do not require the distribution to be the same across
periods. The utility of party ¢ in period ¢ when the spending is = and the state is s is u;(z, s).
As before, we assume u;(x, s) is twice continuously differentiable and strictly concave in x.
Further, u;(x, s) attains a maximum at 6;; and we assume 0 < 045 < 0p, for all s € S. The
state is drawn at the beginning of each period before a proposal is made. We denote the
probability that party ¢ proposes in period ¢ by p;; € (0, 1), which can depend on ¢ arbitrarily.
In this setting, we consider a budgetary institution that allows state-contingent mandatory
spending. As discussed in the Introduction, these state-contingent programs have been used
historically, and are still in use.

A proposal in period t is a spending rule g; : S — Ry where g(s) is the level of public

good spending proposed to be allocated to the mandatory program at time ¢ in state s. If

26Note that T can be finite or infinite. In the case of infinite horizon we assume & € (0, 1) so that dynamic
utilities are well-defined.
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the responding party agrees to the proposal, the allocation implemented in period t is g;(s;);
otherwise the allocation in period ¢ is given by the status quo spending rule ¢, 1(s;). In this
environment, a strategy for party i in period t is oy = (7, ). Let M be the space of all
functions from S to R,. Then v; : M x .S — M is a proposal strategy for party ¢ in period
t and ay : M x S x M — {0, 1} is an acceptance strategy for party ¢ in period t. A strategy
for party ¢ is o; = (041, . .., 047) and a profile of strategies is o = (07, 09).

With stochastic preferences the social planner chooses an allocation rule z; : S — R, for
all t € {1,...,T} to maximize the expected payoff of one of the parties subject to providing
the other party with a minimum expected dynamic payoff. Formally, a dynamically Pareto

efficient allocation rule solves the following maximization problem:

max it 0 B [us(i(se), 54)]
{ze:S—R+ 1, (DSP—S)
>t 0 B fuy((se), 5] 2 U,
for some U € R, 4,7 € {A, B} and i # j. We denote the solution to (DSP-S) by the sequence

of functions x* = {27} . The next proposition characterizes dynamically Pareto efficient

allocation rules, analogous to Proposition 2.
Proposition 9. Any dynamically Pareto efficient allocation rule satisfies:

1. For anyt and t', xf = x},.

2. Forall s € S and all t, either

\_/

ui(7(s), 5)

(i (s), 5)

*
t
for some X* > 0, or xf(s) = 0as, or z;(s) = Ops.

)\*

Proposition 9 first says that the dynamically Pareto efficient allocation rule is independent
of time, i.e., the same allocation rule is used each period. The second part of the proposition
says that the dynamically Pareto efficient allocation rule either satisfies the condition that
the ratio of the parties’ marginal utilities is constant across states, or is one party’s ideal each
period.

We next define a dynamically Pareto efficient equilibrium and show that dynamic ef-

ficiency is obtained by state-contingent mandatory spending. Define recursively z¢ (go)
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for t € {1,...,T} by 27 (g90) = ~;(go,s1) for some i € {A, B} and some s; € S, and
27" (g0) = 75 (2¢°,(go), s¢) for some i € {A, B} and some s; € S and t € {2,...,T}. An equi-
librium allocation rule for o* given initial status quo gq is a possible realization of a spending
rule for each period, x% (go) = {27 (go)}L,. The random determination of proposers and
states in each period induces a probability distribution over allocation rules given an equi-
librium ¢*. Thus any element in the support of this distribution is an equilibrium allocation

rule for o*.

Definition 3. An equilibrium o* is a dynamically Pareto efficient equilibrium given initial
status quo gy € M if and only if every equilibrium allocation rule x° (go) for o* given initial

status quo g is dynamically Pareto efficient.

Proposition 10. Under state-contingent mandatory spending, an equilibrium s either dy-
namically Pareto efficient for any initial status quo gy € M or is outcome-equivalent to a

dynamically Pareto efficient equilibrium.

The result in Proposition 10 is in stark contrast to the inefficiency results for mandatory
spending given in Propositions 5 and 6. Recall that dynamic efficiency fails in the model with
evolving (deterministic) preferences and fixed mandatory spending because the proposer in
period 1 cannot specify spending in the current period separately from the status quo for the
next period. Proposition 10 can be understood in an analogous way to the efficiency result
with discretionary and mandatory spending combined. In the first period the proposer can
tailor the status quo for each state such that the future proposer in that state has no incentive
to change it. This avoids gridlock by allowing spending to fluctuate with the economic state,
and eliminates political risk by ensuring that the spending levels do not depend on the
identity of future proposers.

We assume full support in this section for expositional simplicity, but Proposition 10 still
holds in an extension in which the distribution of states has different supports in different
periods. We can regard the two-period model analyzed in the previous sections as a special
case of this extension with a degenerate distribution in each period. The state-contingent

mandatory programs achieve dynamic efficiency by allowing the total spending in period 1 to
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be different from the status quo spending in period 2, which can also be achieved by a com-
bination of mandatory and discretionary programs in the two-period setting. Similarly, we
can regard a model with an arbitrary time horizon and deterministically evolving preferences
as a special case of the extended model. As such, our results imply that dynamic efficiency
can be achieved in this setting when parties are allowed to propose a different status quo
for every future period. One possible way to implement this in practice is through sunset
provisions that allow spending with different expiration dates. This may provide a rationale

for the extensive use of sunset provisions in budgets.

8 Conclusion

In this paper we demonstrate that discretionary only and mandatory only budgetary in-
stitutions typically result in dynamic inefficiency, and may result static inefficiency in the
case of mandatory only budgetary institutions. However, we show that bargaining achieves
dynamic Pareto efficiency when flexibility is introduced through either the endogenous com-
bination of mandatory and discretionary programs, or through a state-contingent mandatory
program. We show that these budgetary institutions eliminate political risk and gridlock by
allowing the proposer to choose a status quo that is not changed by future proposers because
they fully account for fluctuations in preferences.

We have considered mandatory spending programs that are fully state-contingent, but it
is possible that factors influencing parties’ preferences, such as the mood of the electorate,
cannot be contracted on. In this case it seems there is room for inefficiency even with manda-
tory spending that depends on the part of the state that can be contracted on. It is possible
that further flexibility with discretionary spending may be helpful. Such combinations are
observed in practice, for example, in the United States unemployment insurance is provided
through both state-contingent mandatory programs and discretionary programs.?” However,
including discretionary spending may leave more room for political risk. We leave for future
work exploring efficiency implications of discretionary and mandatory spending when a part

of the state may not be contracted on.

27See ‘Department of Labor Budget in Brief’, http://www.dol.gov/dol/budget /2015 /PDF /FY2015BIB.pdf.
g g g
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Appendix

A1l Pareto efficiency

Al1l.1 Proof of Proposition 1

First, we show that if z; is statically Pareto efficient, then x; € [0, 0p]. Consider
xy & [0ar, 0p:]. Then we can find ) in either (xy, 64;) or (0p, x¢) such that wae(x}) > war(zy)
and up:(x}) > up(z:), and therefore z; is not a solution to (SSP).

Second, we show that if Z; € [fa,0p:], then Z; is statically Pareto efficient. Let @ =
u;t(Z;). Denote the solution to (SSP) as 24(w). Since u/y,(x:) < 0 and g, (z;) > 0 for all

xy € (044, 0p:), the solution to (SSP) is &,(u) = &, for any &, € [0, Op¢. [ ]
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A1.2 Proof of Proposition 2

We prove the result for a more general model with 7" > 2. Denote a sequence of allocations
by x = {z;}L, and party i’s discounted dynamic payoff from x = {z;}L, by U;(x) =
Zthl 8" ;s (z¢). We define a dynamically Pareto efficient allocation in the T-period problem
as the solution to the following maximization problem

MaX, cgT Ui(x) B (DSP)
st. Uj(x)>U
for some U € R, i,j € {A, B} and i # j. Denote the sequence of party i’s static ideals by
0; = {0}, for all i € {A, B}, and denote the solution to (DSP) as x* = {x}}L,.

To prove part 1, by way of contradiction, suppose z;, ¢ [@ar,0pr]. By Proposition 1 there
exists Ty such that w; (Ty) > ww(z)) for all ¢ € {A, B}, and uy (Zy) > uw(2],) for at least
one i € {A, B}. Now consider X = {#;}L,, with Z; = 7 for all t # . Then U;(x) > U;(x*)
foralli € {A, B}, and U;(x) > U;(x*) for at least one i € {A, B}. Thus x* is not dynamically
Pareto efficient.

Next we prove part 2 by considering possible values of U. Fix i,j € {A, B} with i # j.
Since for any U > U,(8;) the solution does not exist, we only need to consider U < U;(8;).

For U = U;(0;), the solution to (DSP) is x* = 6; and for any U < U;(0;), the solution to
(DSP) is x* = 6;. What remains is to consider the case when U € (U;(0;),U;(8;)). Suppose
04 = 0p, then U;(6;) = U;(0,), which implies x* = 6,. So consider 84 # 0.

For the rest of the proof, suppose U € (U;(60;),U;(0;)) and 84 # 0p. Consider a relaxed
version of (DSP) with the constraint x € RT dropped. Denote the solution to the relaxed
problem as X = (&1, &9). Similar to the proof of part 1, if #; ¢ [0, 05:], then both parties
can be made strictly better off in period ¢. Thus if X is a solution to the relaxed problem,
then &; € [0a,0p) for all t = 1,2. Tt follows that the solution to the relaxed problem is the

same as the solution to (DSP). The Lagrangian of the relaxed problem is
L(x,A) =Ui(x) =X [-Uj(x)+U]. (A2)

By Takayama (1974, Theorem 1.D.4), if the Jacobian of the constraint has rank 1 then the
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solution to (DSP) satisfies

= 0" iy () + A8y () = 0 (A3)

()]

and it has rank 1 if there exists ¢’ such that , # 6, which we show next. Suppose X = 6;.
This implies U;(x) > U. Because there exists ¢’ such that 6, # 6,, we can find o € (0,1)
such that v = by + (1 — )0y satisfies the constraints in (DSP) and strictly increases the
value of the objective function relative to .

If A = 0, we obtain x = ;, violating the U;(x) > U constraint, and hence A > 0. [ |

A1.3 Proof of Lemma 1

Since x and X are dynamically Pareto efficient, by Proposition 2 part 1, z; € [0, 05
and Z; € [fa¢,0p;] for all t. There are three possible cases.

Case (i): zy = Ty = 04v. By Proposition 2, part 2 either x = 04, or x = 0p, or
UWap () + XU, (xp) = 0 for some X* > 0. Since 04 # Op, for any ¢, zy = 04 implies x # 6.
Next note that u/y,(04;) = 0 for all t and u'g,(64;) # 0 for any ¢, hence u'y, (xy) + N ulg, (zy) #
0 for any A* > 0. Thus, it must be that x = 04. A similar argument shows that X = 64,
proving that x = x.

Case (ii): xy = &y = Opy. Analogous to case (i), if zy = Ty = Opy, then x = X = 0.

Case (iii): =y = Ty € (04, 0pr). Note that x # 0, for any i, so by Proposition 2, part

2 it must be that u/y, (xy) + ANz, (zy) = 0 for some A* > 0. This implies —% = \*.
Ypp \ Tt
Similarly, uy, (E1) + Ny, () = 0 for some \* > 0, implying — At’ (xtig — \*. Since zy = Fy
it follows that A* = A\*. Then by Proposition 2 part 2, Z‘“—Eit; = “A‘(‘Ti) = \* for all
Bt\Tt up, (2

t. To prove x; = T, for all ¢, it remains to show that —Z,‘”Eg = \* has a unique solution
Bt

for any A* > 0. To see this, first note that x # 6, for any i implies x; € (0a,0p5;) for
all ¢ because otherwise, x; = 6; for some ¢ and some ¢, and by previous arguments this

implies x = 6;, which is a contradiction. From properties of u4; and ug;, we know that

u;‘ig ; is continuous on (fa¢, 0p;), Z“”E ; > 0 for all © € (04,0p,), hmgHOL —Z;‘;ﬁg; =0,
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. (@) o | _uy@] _  ul(@)ul, ()l () ()
hmx—mgt ubi(w) = oo and g [ “931("”)} = L (Z‘lBt(x))2 > 0 for all z € (Oa¢,0p:).

Hence, by the Intermediate Value Theorem, a solution to —Z:Ai—gg = \* exists and by the
Bt
u'y, ()

up,(z)’

Al1.4 Proof of Lemma 2

strict monotonicity of — it is unique. [ |

To show part 1, note that by Proposition 2 part 1, any dynamically Pareto efficient
allocation x* satisfies 7 € [fa1,0p1] and x5 € [0a2,0p2]. If Op1 < 042 or Oy < 041, then
xy # 5.

Part 2 follows from Lemma A1l below and part 3 follows from Lemma A2 below.

Lemma A1l. Suppose utilities have increasing marginal returns. If 6, > 6, for all i €

{A, B}, then any dynamically Pareto efficient allocation x* satisfies xj, > 7.

Proof. Since x* is dynamically Pareto efficient, it follows that for some « € [0,1], x* is a

solution to the following maximization problem

max ala(x) + (1 — a)Up(x),

T
x€R

which implies that x; is a solution to the following maximization problem

max aua(x, 0a) + (1 — @)up(zy, Opt)
xt€R+

for all t.
Let f(xy, 0as,0B:) = qua(xe, 0a0) + (1 — @)up(xy, 0p;). Since g—gi is strictly increasing in
0;; for all 7, we have that g—i is strictly increasing in 6;; for all . It follows from standard

monotone comparative statics results (for example, Edlin and Shannon, 1998, Theorem 3)

that if 0,y > 0, for all i € {A, B}, then a7}, > z},. [ |
Lemma A2. Suppose uy(x:) = —(|xy — 04|)" where r > 1. Then an allocation x is dynami-

cally Pareto efficient if and only if x = a8; + (1 — )@, for some « € [0, 1].

Proof. Fix i,j € {A, B} with i # j in (DSP). For any U > U;(8;) the solution to (DSP)
does not exist, so assume U < U;(6;).

Suppose 8; = 0;. Then for any U < U,(,) there exists a unique solution to (DSP),
x* = 6;. In this case x* = a6; + (1 — )8, for any a € [0, 1].
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Suppose 6; # 0;. For U = U;(0;), the solution is x* = 6; = a; + (1 — a)0; where a = 0.
For any U < U;(8;), the solution is x* = 6; = a; + (1 — a)8; where o = 1.

For the rest of the proof, suppose U € (U;(0;),U;(0;)) and 8; # 0,. Consider a relaxed
version of (DSP) with the constraint x € RT dropped. Denote the solution to the relaxed
problem as X = (&1, Z2). Similar to the proof of Proposition 2 part 1, if &; ¢ [04;,0p,], then
both parties can be made strictly better off in period ¢. Thus if X is a solution to the relaxed
problem, then #; € [fas, 0p:) for all ¢ = 1,2. It follows that the solution to the relaxed
problem is the same as the solution to (DSP). The Lagrangian of the relaxed problem is
L(x,\) = Ui(x) — A\[-Uj(x) + U]. Since U;(x) > U when x = 6;, by Takayama (1974,
Theorem 1.D.2), aL(xtA) — 0 with A > 0 for all ¢ is both sufficient and necessary for .

Assume i = A. If i = B, the argument is similar and omitted. Since Z; € [0, 0p,] for

aLa(i‘t’)‘)% = — (& — 04)" "+ AN0p — )", Hence ‘?)La(—x:‘ = 0 is equivalent to

—(# — Oa)" " + AN — 2)"1 = 0. If A = 0, we obtain X = 04, violating the Ug(x) > U

all ¢, we have

AL(X,\)

5 = 0 cannot be satisfied if z, = 04

constraint, and hence A > 0. If O # 0py, then

or &y = Op;. Hence for all ¢ such that 04, # 0p;, we have &; € (6as,0p:) and therefore

&4 — N1 with A > 0,

Opt—2t
Fix t’ such that Opy # Oap. If 04y # Opy, then Opy — 2, = (Opy —fvt/)% since 0,5—932 =
AT and z;'t, 9;25 i 0a¢ = Opy, then &; = O, and so again we have 0p, — &y = (Opy —
- 0 0 o Opy —Ty 1 o Op, ’
Fe) gt Thus Up(%) = (72500 ) S 67 (= (0m — 0a0)) = (72555 ) Un(8a).
Since A > 0, we have Ug(%) = U. Hence, <:BW+;:“) Up(0,4) = U is necessary and sufficient
t/ t/

for X to solve (DSP) with U. Rearranging, we get &y = afay + (1 — a)fpy where a =
(%)? To conclude the proof, note that if Up(@4) < U < Up(8p) = 0, then a € (0,1),
and conversely, for any a € (0,1), the allocation x = a; + (1 — a)8; solves (DSP) with
U =aUp(8,). m

A2 Discretionary spending

Lemma A3. Suppose there exists at most one t' such that 0y # Opy. Then an allocation
x 15 dynamically Pareto efficient if and only if x; is statically Pareto efficient in period t for
all t.
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Proof. The “only if” part follows from Proposition 2 part 1 which states that if x = {z,}1,
is dynamically Pareto efficient, then x; satisfies static Pareto efficiency for all ¢.

To show the “if” part, suppose x = {z;}L; is an allocation such that z; is statically
Pareto efficient in period t for all . The proof is trivial if 84 = 05, so we consider the case
when there is a unique ¢’ such that 64y # 0py. We will show that x solves (DSP). Since
O4: = Ops for t £ t', by Proposition 1, x; = 04 for all t # ¢ and x4 solves

maXzer, Ui ()

(SSP*)
s.t. th/(ﬂi) Z u
for some u. Since xy solves (SSP*), it also solves
maxger, Uit (T) + Dy it(0ar) (SSP**)

st Wi (2) + D0, wie(Oar) >0+ 37,0 wie(Oar).
Since {04}z maximizes D, wi(xe) and 3, uje(2y), it follows that x solves (DSP) with

U=u+ Zt#t’ ’Lbjt<(9At). [ |

A3 Mandatory spending

A3.1 Proof of Proposition 4

We first prove equilibrium existence by showing that a solution exists for the proposer’s
problem in period 2 given any status quo g;, and given this solution, a solution exists for the
proposer’s problem in period 1.

Consider the problem of the proposing party i € {A, B} in the second period under status
quo g1 € R, and budgetary institution Z that allows for mandatory spending. The proposing

party’s maximization problem is:

MaX(k, go)ez  Uiz(k2 + g2)

S.t. Ujg(kz + 92) > UjQ(gl)-

(%)

Consider the related problem
max Up(x P,
w2€A;2(91) 2(72) ()
where Aj2(g1) = {x € Ry|uja(x) > uja(g1)} is the responder’s acceptance set under status

36



quo g;. If &5 is a solution to (Pj), then any (/%2, §2) € Z such that ko + g2 = Io is a solution

to (P). We use the following properties of Ajs.

Lemma A4. Ajs(g1) is non-empty, convex and compact for any g1 € Ry and Ajy is contin-

uous.

Proof. Non-emptiness follows from ¢; € Ajs(g1) for all g3 € R;. Convexity follows from
strict concavity of uj. To show compactness, we show that Aj5(g1) is closed and bounded
for all g; € Ry. Closedness follows from continuity of u;,. For boundedness, note that wu;,
is differentiable and strictly concave, which implies that wjy () < uja(y) + wj,(y)(z —y) for
any z,y € Ry. Selecting y > 0, gives ujy(y) < 0 and taking the limit as * — oo, we
have lim,_,o uj2(x) = —oo. We next establish upper and lower hemicontinuity of A;, using

Lemma Ab.

Lemma A5. Let X C R be closed and conver, let Y C R andlet f : X — Y be a continuous
function. Define ¢ : X — X by

p(r) ={y € X[f(y) = f(z)}. (A5)
1. If p(x) is compact Yx € X, then ¢ is upper hemicontinuous.

2. If f 1s strictly concave, then v is lower hemicontinuous.

Proof. To show part 1, since p(z) is compact, it suffices to prove that if z, — = and y, — y
with y,, € ¢(z,) for all n € N, then y € ¢(z). Since y, € (x,), we have f(y,) > f(z,).
Since f is continuous, x, — = and y, — y, it follows that f(y) > f(x), hence y € p(z).

To show part 2, fix z € X, let y € p(x) and consider any z, — z. We show that
there exists a sequence y, — y and n’ such that y, € ¢(x,) for all n > n’. First suppose
fly) > f(x). Set y, = y. Clearly, y, — y. By continuity of f, there exists n’ such that
flyn) > f(z,) for all n > n’, that is, y, € @(z,). Next suppose f(y) = f(x). There
are two cases to consider. First, if y = z, set y, = x,. Clearly y, — y and y, € p(z,)
for all n. Second, suppose y # x. By strict concavity of f, there exist at most one such

y € X. Set y, = y whenever f(z,) < f(z). When f(z,) > f(z), by strict concavity of
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f and the Intermediate Value Theorem, because x,, — x, there exists n’ such that for all

n > n', there is a unique ¥y, # x, such that f(y,) = f(x,) > f(z). Because y, = y whenever
Fa) < F(@) = f(y) and f(y) = f(za) whenever f(w,) > (), yu € o) for all n > o’

and y,, — y follows from continuity of f. [ |

To see that Aj, is upper and lower hemicontinuous, note that it can be written as ¢ in
(A5) with X = R, closed and convex, ¥ = R and f = u continuous and strictly concave,

and we showed before that Aj, is compact. |

By Lemma A4, for any ¢; € Ry, the acceptance set Aj5(g1) is non-empty and compact.
Applying the Weierstrass’s Theorem, a solution exists for (F}).
We next show that a solution exists to the proposer’s problem in period 1. Recall the

continuation value V; is given by

Vi(g91503) = pauia(Kas(91) + Vaz(91)) + Pruiz(Kpa(91) + VB2(91)), (AG)
where £%5(91) + 75(g1) is a solution to (Py) for all i € {A, B}. For any ¢; € Ry, and
i € {A, B}, let Vi(g1) = Vi(g1;03) and

Fi(k1, 91) = i (k1 + g1) + 0Vilgr),

filg1) = uir(g1) + 6Vi(g1).

Lemma A6 establishes some properties of V;, F; and f;.

(A7)

Lemma AG6. V;, F; and f; are continuous. V; is bounded.

Proof. To show continuity of V;, first note that given w; is strictly concave, the solution
to (P) is unique for any g; € Ry. Since Aj, is non-empty, compact valued and is contin-
uous by Lemma A4, applying the Maximum Theorem we have that the correspondence of
maximizers in (Py) is upper hemicontinuous. Since a singleton-valued upper hemicontinuous
correspondence is continuous as a function, k}, + 7% is continuous. Thus V;(g1) is continuous.
Continuity of F; and f; follow from their definitions and continuity of V;.

To show boundedness of V;, first note that (ks (g1) + v5(91)) < wia(fia) because 6o

is the unique maximizer of um. Moreover, if up(K7y(91) + Vja(91)) < ui(f;2), then j could
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make alternative proposal that ¢ would accept and j would strictly prefer. It follows that

Uin(Kjo(91) + Vj2(91)) = wia(0j2). Thus Vi(g1) € [uia(0s2), uiz(0i2)] for any g;. u

Fix the initial status quo gyg € R,. When only mandatory spending programs are allowed,

Z ={0} x R, and party i’s equilibrium proposal satisfies £ (go) = 0 and

Yi1(g90) € argmax fi(g1) st. fi(g1) > fi(g0)- (A8)

g1ERL

When both types of spending are allowed, we have Z = R, x Ry or Z = {(ki, 1) € R X
R, |ki+g: > 0}, depending on whether discretionary spending can be negative. In equilibrium

party ¢’s proposal satisfies

(k11(90), 771 (90)) € f(ﬂ"g H)laX Fi(ki,g1) st. Fj(ki,91) > F;(0, go). (A9)
khgl ez

We show that in each of these problems, the objective function is continuous and the con-
straint set is compact for any gy € R,. Lemma A6 establishes continuity of F; and f; and
boundedness of V;. Compactness follows from an argument analogous to the one made for
the second period. Hence for any gy € R, , a solution to each of the optimization problems
exists, and therefore an equilibrium exists.

We now show that for any g; € R,

Kao(g1) +Yao(g1) = max{faz, dpa(g1)}, (A10)
Kpa(91) +7pa(91) = min{Opa, @az(g1)}- (A11)

Consider (A10). The proof of (All) is similar and omitted. Note that ¢p2(g1) = min{z €
R |upa(x) > upa(g1)} = min Aps(g1). There are two possible cases.

Case (i): ¢p2(g1) < 0a9. Since Opy € Apa(g1), dB2(91) € Apa(g1) and Oas € [Pp2(g1), Op2),
by convexity of Aps(g1), we have 049 € Aps(g1). Since 649 maximizes w4z, it follows that
To = 049 = max {0az, dp2(91)}-

Case (ii): ¢p2(g1) > 0a2. Since ¢pa(g1) = min Aps(gy), for any = < ¢pa(g1) we have
x & Apa(g1). Since ugo(z) is strictly decreasing for x > 649, we have Ty = ¢pa(g1) =

max {042, ¥p2(g1) }-
We now prove parts 1 and 2. For part 1, let Z be a budgetary institution that allows
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mandatory spending. If k% (g1) + 755(91) € [0a2, 0p2], there exists (k}, g,) € Z with k) + ¢ €
[0.42, 02] such that was (k7 (g1) +75(91)) < waz(ky+95) and upa (K35 (91) +775(91)) < upa(ky+
95). Hence r75(g1) +75(91) € [0a2, 0p2].

For part 2, assume 645 # 0. There are three possible cases.

Case (i): g1 € [0a2,0p2]. Because uas(ka + g2) < uas(gy1) for any ks + go > g1 and
upa (ks + go) < ups(gy) for any ko + g2 < g1, party A does not propose or accept any proposal
such that ks + go > ¢ and party B does not propose or accept any proposal such that
k2 + g2 < g1. Hence K73,(g1) + 7a2(91) = Kha(91) + V52(91) = 91-

Case (ii): g1 < 042. In this case K%,(91)+752(91) = a2 since 0.4, is the unique maximizer
of uas and ups(0a2) > up2(g1). By the definition of ¢ 42 we have ¢a2(g1) > 042 when g1 < 045.
Hence from (A11) we have x%5(g1) + V50(91) > Oa2.

Case (iii): g1 > 0po. Using an argument analogous to case (ii), we have k,(g1) +

Vio(g1) = Op2 and K7,(91) + Vie(91) < Opo. L

A3.2 Proof of Proposition 5

Note that the proposition applies only when 64, # 0p; for all t. We first prove parts 1
and 2. Assume, towards a contradiction, that ¢* is a dynamically Pareto efficient equilibrium

given go € R,. The following lemma is useful.

Lemma AT7. Let Z = {0} x Ry. Suppose 04y # Op; for all t. For any gy € Ry, if 0* is

a dynamically Pareto efficient equilibrium given go, then any equilibrium allocation x° (go)

satisfies x‘l’* (90) = xg* (90)-

Proof. Fix a dynamically Pareto efficient equilibrium ¢* given go. The equilibrium spending
in period 2 is either 7%, (2 (go)) or Vi (2 (go)). Since o* is an equilibrium and 0 4; # 0p; for
all ¢, we have either 74, (27 (90)) 7 Vho (27 (90)) or 25" (g0) = Via(2] (90)) = V5a(27 (90)) =
29" (go) by Proposition 4 part 2. In the former case, the level of spending in period 2 depends
on the identity of the period-2 proposer, contradicting that ¢* is a dynamically Pareto efficient

equilibrium given gy by Lemma 1. Thus, we must have ¢ (go) = 23 (go). [ |

By Lemma A7, we have 2 (go) = 25 (go). To see part 1, note that Proposition 2 part 1
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implies that 2 (go) € [01,0p1] and 25 (go) € [0a2, Op2], which is impossible if 04, < 0p; <
012 < Opo or if G40 < Opy < 041 < Op1. To see part 2, (27 (go), 25 (go)) is not a dynamically
Pareto efficient allocation since any dynamically Pareto efficient allocation satisfies z7 # 3
when parties’ ideals are increasing or decreasing and 64, # 0p, for all t by Lemma Al.

We next prove the remaining result. We first show that for any equilibrium ¢, there
exists gp such that ¢* dynamically Pareto efficient given gy. To show that, we make use of

the following lemma.

Lemma AS8. Let Z = {0} x R,. Suppose (Z,Z) is a dynamically Pareto efficient allocation.
If gp—1 = &, then v} (gi—1) = T for all i € {A, B} and all t in any equilibrium.

Proof. Consider the second period. Since (Z, Z) is dynamically Pareto efficient, & € [0 42, 052]
by Proposition 2 part 1. Thus /(%) = Z for all i € {A, B} by Proposition 4.

Consider the first period. Suppose, towards a contradiction, v} (Z) = & # & for some
i € {A, B}. Note that party i can achieve a dynamic payoff of at least u;; (Z) + du;2(Z) for all
i € {A, B} by following the strategy of always proposing Z when proposing and rejecting any
proposal when responding. Hence, uj;(2) + 0V;(Z;0%) > u;j1(Z) + du,o(Z) for all j € {A, B}
since Z is an equilibrium proposal.

Note that V;(2) = pauja(via(2))+pauj2 (75 () < uje(2’) by strict concavity of uj where
T = pavis(Z) + peYge(2). Hence uji(Z) + dujo(2') > wji (%) + duje(z) for all j € {A, B}.
Since the solution to (DSP) is unique for any given U (see, footnote 16), this contradicts the

dynamic efficiency of (Z, ). |

By Lemma A2, x is a dynamically Pareto efficient allocation if and only if x = a@ 4 +
(1 — a)@p for some o € [0,1]. This implies any dynamically Pareto efficient allocation

(x7,2%) can be written as xj(a) = afa; + (1 — a)fp; and x5(a) = abas + (1 — a)fpy. Let

o 93173’;;2’;;79“. Note that a* € (0,1) since sgn [l — Opa] = sgn[fas — 041] and
01 # 05 for all i € {A, B}. Note also that z](a) = z3(«) if and only if & = o*. By Lemma
A8, any equilibrium o* is dynamically Pareto efficient given g if go = 27 (a*).

In the remainder of the proof, we let ¢* be a dynamically Pareto efficient equilibrium

given gy and show that we must have gy = x}(a*). We do this in three steps.
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Step 1: We show that 74, (g0) € (0a1,051)N (042, 0p2). By Lemma A7, we have 2 (go) =
23 (go). Recall that x3(a) = z3(a) if and only if a« = «*. Thus z{ (g) = 25 (g0) =
xi(a*) = zi(a*). Note that zj(a*) € (0a1,0p1) and z5(a*) € (0a2,0p2) since a* € (0,1).
Since 29 (go) = x%(a*) = wi(a*) and o* is unique, it follows that v4,(g0) = 27 (go) €
(0a1,081) N (0a2, 0B2).

Step 2: We now show that fa(v41(g0)) = fa(g0) and fp(741(90)) = f5(g0). To see this,
note that fa(v41(g0)) > fa(go) and fr(v4;(90)) = fr(g0) since v%;(go) is proposed by A and
accepted by B under status quo go. Suppose, towards a contradiction, that fa(v%;(g0)) >
fa(go) and f5(741(90)) > fB(g0). Since fi(g1) = wir(g91) + 6Vi(g1), where Vi(g1) = uiz(g1) for
all g1 € [042,0p2] by Proposition 4 part 2, f4(g1) is strictly decreasing and fg(g;) is strictly
increasing in g; on [fa1,0p1] N [0a2,0p2]. Since v4;(g0) € (0a1,051) N (0a2,0p2) and f; is
continuous, there exists € > 0 such that f;(v4,(g0) —€) > fi(v4,(g0)) for all i € {A, B},
so that proposing v%;(go) cannot be optimal for A, which is a contradiction. By a similar
argument, it is impossible to have fa(v%4;(g0)) > fa(go) and fs(v41(90)) > fB(90)-

Step 3: Finally, we show that if fa4(7%;(g0)) = fa(go) and fp(v4;(90)) = fB(g0), then go

must be equal to zj(a*). As shown earlier, v4;(g0) = x}(a*). We show that the system of

equations

fa(@i(e?)) = falgo)  fo(zi(a")) = fB(90) (A12)
has a unique solution in go. Clearly, go = 27 (a*) solves (A12). To see that no other solution
exists, suppose ¢ # 7 (a*) solves (A12). Since zi(a*) € [0a1,0p1] N [0 a2, 0p2] solves (A12)
and f4 is strictly monotone on [0y, 0p1] N [0a2, Ops], we must have ¢’ & [0 a1, 0p51] N [0a2, 0]

Next we show that it is not possible to have ¢’ € R \ [0 a2, 0p2] using the following lemma.

Lemma A9. Suppose Z = {0} x Ry and 049 < Ops. For any g1 € Ry \ [0a2,0p2], §(g1) =
PAYA2(91) + PBYB2(91) satisfies G(g1) € (Oaz, Va(g1)) C [0a2,0p2], Valgr) < Va(g(g1)) and
Ve(91) < Va(3(g1))-

Proof. Fix g1 < 62. Note that kj,(g1) = 0 for all i € {A, B} and all g; € Ry since Z =
{0} xR,. From the proof of Proposition 4, if g1 < 042, then 7%,(g91) = 042 and Y55(g1) > 040
We also have v5,(g1) < 0o by Proposition 4 part 1. Hence §(g1) € (042, 755(91)) C [0 a2,0p82]-
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Note that Vi(g1) = paui(0a2) + ppuiz(v55(g1)). Moreover, since §(g1) € [0a2,0p2], we
have V;(g(g1)) = uin(d(g1)) = wi2(pabaz + peY5o(91)) by Proposition 4 part 2. By strict
concavity of u;, it follows that Vi(g1) < Vi(g(g1)) for i € {A,B}. When g; > 0ps, the

argument is similar and omitted. |

If ¢ € Ry \ [0az,0p2] solves (A12) we have f;(¢') = uin(g') + dVi(g') = fi(xi(a*)) for all
i € {A,B}. From Lemma A9, there exists ¢ € [fa2,0p2] such that V;(¢') < V;(§’) for all
i € {A, B}. Since §' € [0a2,0p2], Vi(§') = un(g’) by Proposition 4 part 2. Hence w;1(g") +
duin(g') > fi(zi(a*)) for all i € {A, B}. Furthermore, f;(z}(a*)) = ua(xf(a*)) + dup(zi(a*))
for all i € {A, B} since z7(a*) = 25(a*) € [0a2,052). Thus u;1(g') + duin(§') > ui (23(a*)) +
duip(xs(a*)) for all i € {A, B}, which violates dynamic Pareto efficiency of (z7(a*), x5(a*))
as it is Pareto dominated by (¢, ). Hence, it is not possible to have ¢’ € Ry \ [0 42, 0p2]-

Since ¢’ ¢ [0a1,0B1] N [0a2,0p2] and ¢ ¢ Ry \ [0a2,0p2], it follows that if [#as,0ps] C
[041,0p1], then gy = 27 (a*) is the unique solution to (A12). If instead [fa1,051] C [0 a2,082),
then we need to rule out ¢’ € [0a2,041] U [0p1,0p2]. Note that fz(g0) = upi(go) + dupa(go) if
go € [0a2,0p1] by Proposition 4 part 2, which implies that fg(go) is strictly increasing in g
on [0 a2, 0p1]. Since x}(a*) solves (A12), it is not possible to have ¢’ € [0 42,60 41]. By a similar
argument, it is not possible to have ¢’ € [0p1,0p2]. Thus, there is a unique solution to (A12)

if [041,6051] C [0a2,052). |

A3.3 Proof of Proposition 6

Denote g; € argmax, g, fi(g1) for i € {A, B} where f; is defined as in (A7). We first
show that g% is unique and g% & [0a1,60p1] when 649 < 041 < Ops. The proof that ¢} is
unique and ¢} ¢ [0a1,0p1] when 049 < 051 < 0py is analogous and omitted.

Define Qp C R, for k=1,...,5 as

Q1 = (0,max {0,205 — Ops}),
Q2 = (max{0,2043 —Op2},042),
Qs = (0a2,0p2),

Qs = (0B2,20py — 042),

Qs = (20py — 049,00).
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Note that @y may be empty for some k. Recall V;(g;) is player i’s continuation payoff when

mandatory spending in period 1 is g;. We use the following result.
Lemma A10. Suppose Z = {0} x Ry. If uy(xy) = —(|ze — 0y])" for all i € {A, B} and for
all t where r > 1, then V"(g1) exists and V" (g1) < 0 for all i € {A, B} whenever g1 € Qy, for

some k=1,...,5.
Proof. First, by Proposition 4, the second period equilibrium strategies are

Vaz(91) = max {042, min {g1, 20> — g1 }},

Vi2(91) = min {0ps, max {g1,2042 — g1} }
Second, note that 7%,(g1) is constant in g; on 1 U Q2 U @5, equal to g; on Q3 and equal to
2052 — g1 on Q4. Similarly, v5,(g1) is constant in ¢g; on Q1 U Q4 U @5, equal to 2045 — g1 on
()2 and equal to ¢g; on ()3. This implies

(

—ppu(2042 — g1) i g1 € Q2
Vi(g) = i (91) if g1 € Qs (A13)
—pap(20p2 — g1)  if g1 € Qu
L0 if g1 € QUQs.
Thus V;”(g1) exists and, by strict concavity of u;2, we have V"(g1) < 0 for all i € {A, B} and
for all g1 € Qy for k € {1,...,5}. [ |

By Lemma A10, if Z = {0} x R, and uy(z;) = —(x; — 0;)? for all i € {A, B} and all ¢,
then V) is continuously differentiable on Ry \ {2042 — 0p2, 042,052, 2052 — 042}. Inspection
of (A13) shows that V4(g1) is increasing on [0,045]. Since fa(g1) = wa1(g1) + 0Va(g1) and
041 > 042, we have g3 > 045. Similarly, since f4 is strictly decreasing on ()5, it is not possible

to have g% € Q5. From (A13) and 045 < 0o, we have

lim Vilg1) = u45(0p2) < 0 < lim+ Vi(g1) = —patlss(052),

105, 91075, (A14)
I Vilg)=0= i ACH)
91—>(29113$9A2)‘ A(gl) g1—>(29,1312n_9AQ)+ A(gl)

This implies ¢% ¢ {0p2,20p2 — 0a2}. Thus ¢’ € Q3 U Q4 and f4(g%) = 0.

Suppose g ,, satisfies f4(g% ) = 0 and g}, € Q. for k € {3,4}, then g} ;, = % and

* _ 041+6pa(20p2—042)
gA»4 1+0pa .
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Since 42 < 041, we have g} 3 € (0a2,041) and hence g} 3 € [0a2,0p2]. We need to show
that o does not maximize f4 when 049 < 041 < 0ps. By Proposition 4 part 2 we can

evaluate fa at g} 3 and g , and compare these values. We have

fA(LC]Zg) = —1%5(9141 - 9,42)2»

(A15)
Falging) = =12 (2052 — Oa1 — 0a2)* — 0(1 — pa) (02 — Oa)™.
Using (A15), fa(gi4) < fa(gis) is equivalent to
501 = 042 < pa (157 ) (202 — 041 — 02)* + (1= pa) (B2 — 02)>. (AL6)

1

< 14+0pa

Note that for ps € (0,1) and 6 € (0,1] we have < 1. In addition by

=
Oa9 < 041 < Ops we have (041 — 042)* < (2053 — 041 — Oa2)? and (041 — 042)* < (0p2 — 0.42)%
Thus the right side of (A16) is a weighted average of two values, each of which is strictly
smaller than the value on the left side. Hence g} 5 is the unique global maximum and is

statically Pareto inefficient.

The following lemma completes the proof.

Lemma A11. Suppose Z = {0} x Ry.. If f; has a unique global maximum at g; for some
i € {A, B}, then there exists an open interval T containing g such that if go € I, then
Y51(g90) € T for all j € {A, B}.

Proof. Fix i € {A, B}. Note that in any equilibrium o*, we have f;(v7,(g0)) > fi(go) for any
j € {A, B} and any initial status quo go € R, since party i can always propose gy when it is
the proposer and can always reject a proposal not equal to gy when it is the responder.

Since g} is the unique global maximum of f; and f; is continuous, there exists an open
interval Z containing ¢ such that if go € Z and gy ¢ Z, then f;(go) > fi(Go). It follows that
if fi(g0) = fi(go) where go € Z, then go € Z.

Consider gg € Z. Suppose party i is the proposer in period 1. Since f;(v}(g0)) > fi(g0), it
follows that v}, (go) € Z. Suppose party j # i is the proposer in period 1. Since fi(7;(g0)) >
fi(go), it follows that v} (g0) € Z. |
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A3.4 [Efficiency with mandatory spending only

Proposition Al. Under a budgetary institution that allows only mandatory spending pro-
grams, any equilibrium o* is dynamically Pareto efficient for any initial status quo gy € R,

if either of the following conditions holds:
1. 09 = Opo.
2. u; = u;p for alli € {A, B}.

Suppose first 040 = 0py. By Proposition 4 part 1, v5(g1) = a2 for all i € {A, B} and
all g1 € R,. Thus, the equilibrium level of spending in period 2 is statically Pareto efficient
for any go. The continuation value of each party i € {A, B} is thus Vi(¢g1) = u2(fa2) for all
g1 € Ry, Given the initial status quo gy, the problem of the proposing party ¢ € {A, B} in the
first period is max (g g,)cz i1 (g1)+0Uia(0a2) subject to w1 (g1)+0ujo(0az) > uji(go)+0ujz(faz).
Since u;z(fa2) and ujp(fas) are constants, this problem is equivalent to (SSP) with U =
u;1(go). Thus, the equilibrium level of spending in period 1 is also statically Pareto efficient
for any go. Therefore the equilibrium is dynamically Pareto efficient by Lemma A3.

Suppose now u;; = u;p for all i € {A, B}. The following lemmas are useful.

Lemma A12. Suppose uy = uy for alli € {A, B} and allt andt'. An allocation x = {x;}I_,

is dynamically Pareto efficient if and only if xy = xy € [Oat, 0p] for all t and t'.

Proof. Note that u; = uy for alli € {A, B} and all t and ¢’ implies ;; = 0 for all i € {A, B}
and all ¢t and .

We first prove the “only if” part. If x* = 64, or x* = Op, then the result follows
immediately. Suppose x* # 64 and x* # 0. There are two cases to consider: (i) Suppose
04r = Op, for some ¢. This implies 04, = 0p, for all t. By Proposition 2 part 1, zj = 0;; for
all ¢, and hence xf = zj, for all ¢ and t'. (ii) Suppose 84, # 6p; for some t. This implies
0 ¢ # Op; for all t. By Proposition 2 part 2, we have, for any ¢ and ¢/,

'y, (xf) . uiAt’(xZ’)

up(w7)  upy(ah)
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Since uy = uy for all i € {A, B} and all t and ', and the solution to S/ VIC) R L

u’Bt(:L")

unique for any A* > 0 and ¢ as shown in the proof of Lemma 1, it follows that z} = x}. By
Proposition 2 part 1, we have z} € [0, 0p].

We now prove the “if” part. As shown in the previous paragraph, any dynamically Pareto
efficient allocation x* satisfies x* = {f}thl for some z. Note that we can let u; = u; for any
i € {A, B} and rewrite (DSP) as max,ep, u;(z) Y, 01 subject to u;(x) S, 0 > U,
which is equivalent to (SSP). By Proposition 1, if & € [fa1,0p1], then & solves (SSP) for
@ = u;(%). It follows that {#}7_, solves (DSP) for U = u;(#) 3.,_, 6" . |

Lemma A13. Suppose Z = {0} xR . Ifu;; = usp for alli € {A, B}, then for any equilibrium

o* and initial status quo go, we have v}, (go) = 25(U) where U = £;(go)-

Proof. When both positive and negative discretionary and mandatory spending are allowed,
by the argument in the proof of Lemma 4, the period-1 proposal satisfies v}, (go) = x5(U)
and k% (g0) = z3(U) — x5(U) where U = f;(go). Since u;; = ujp, by Lemma A12, any
(z3(U), x5(U)) satisfies 23(U) = x5(U), which implies x%(U) — 23(U) = 0. Hence, when only
mandatory spending is allowed, which requires that xf(go) = 0, the equilibrium period-1

proposal still satisfies v}, (go) = 25(U). [

For notational convenience we omit U below. By Lemma A12, 2% = x} € [042,0p2]. By

Lemma A13, v/ (go) = x3 for all i € {A, B} and any initial status quo go € R,.. It follows that

%i1(90) € [0a2,052]. By Proposition 4 part 2, we have 74,(71(90)) = 752(7/1(90)) = ¥1(90)-
Hence, for any o*, we have x% (go) = (2%, z3) with 27 = 23 € [a2,0p,] for any gy € R,. By

Lemma A12, any ¢* is dynamically Pareto efficient given gy € R,..

A4 State-contingent mandatory spending

A4.1 Proof of Proposition 9

We prove part 1 by contradiction. Suppose x} # z, for some t # t'. Then there exists
s € S such that z;(s) # x},(s). Without loss of generality, assume z}(s) < z7(s).

From strict concavity of u;, we have au;(z;(s), s) + (1 — a)u; (x5 (s), s) < u;(ax;(s)+ (1 —
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a)xy(s),s) for any a € (0,1). Let o = # € (0,1) and 2/ = ax(s) + (1 — @)z} (s), we

have
0 (2 (5), ) + 6" Mg (5), 8) < (67 4 6" (e, 5), (A17)
which contradicts that x* is a solution to (DSP-S).

Next we prove part 2. Fix i,j € {A, B} with i # j. For any U > 3., 6" 'E,[u;(0;, 5)],
(DSP-S) has no solution, so assume U < Y7, 6" E[u;(6;s, 5)].

For U = Y1, 6" 'E,[u;(8;s, 5)], the solution to (DSP-S) is 7 (s) = 0, for all t and s € S
and for any U < 3.1, 6" 'E,[u;(6ss, s)], the solution to (DSP-S) is z7(s) = 6;, for all ¢ and
s € S. What remains is the case when U € (31, 6" "Eq[u;(0is, )], 31y 0 Byt (05, 8)]).-
From the Lagrangian for (DSP-S), the first order necessary condition with respect to x(s)

for any ¢ and s GSls 5t ! ’(xt( ),8) + A0l (}(s), s) = 0 for some A* € (0, 00), which

(zt *
W (of o = A

simplifies to —

A4.2 Proof of Proposition 10
Suppose the state in period 1 is s;. Consider the following problem:

max  wi(w(s1),51) + 2pmp 8 Byfui(wi(s), 5)]
SR VT, (DSP-S)

st ui(z1(51), 1) + Sty 0 Byluj(w(s), 5)] > U
for some U € R, 4,5 € {A, B} and i # j.
The difference between (DSP-S’) and (DSP-S) is that x;(s) for s € S\ {s1} does not enter
(DSP-S’), so the solution to (DSP-S’) does not pin down z;(s) for s € S\ {s1}.
Analogous to the proof of Proposition 7, consider the following alternative way of writing

the social planner’s problem:

max ui (2} (1), 51) + Z O Ry [paui(xi(s), 8) + ppui(zB(s), s)] (DSP-S”)

{zf zf:S—R —2

st wy(@h(s1), 1) + 3 0 Elpau; (e(s), 8) + pay(al(s),s)] > T

=2
for some U € R, 4,j € {A, B} and i # j.

Since u4 and up are strictly concave in x for all s, clearly any solution to (DSP-S”)
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satisfies z/}(s) = xP(s) for all t and s. So we can just consider (DSP-S’).

Lemma A14. If x is a solution to (DSP-S’), then for any t,t' > 2, ©; = xy. Moreover,

x1(s1) = m(s1) fort > 2.

The proof of Lemma A14 is immediate from the proof of Proposition 9. We then have

the following result.

Lemma A15. If X is a solution to (DSP-S) for some U, then it is a solution to (DSP-S’)
for some U'. If x is a solution to (DSP-S’) for some U and it satisfies that x1(s) = 4(s)
fort > 2 and for all s, then x is a solution to (DSP-S) for some U.

Proof. Fixi,j € {A, B} withi # j and s; € S and let p; be the probability distribution of s in
period 1. First, note that x;(s) for any s € S\{s;} does not enter either the objective function
or the constraint in (DSP-S’). Hence if x is a solution to (DSP-S) with U, then x is a solution
to (DSP-S') with U’ = UA(1—p1(s1))u;(z1(s1), $1) = ses\(s1) P1(8)w;(21(8), s). Second, note
that by Proposition 9, if x = {x;}L_, is a solution to (DSP-S), then z; = zy for any ¢ and t'.
Hence, if x with z(s) = 2(s) for t > 2 and for all s € S solves (DSP-S’) with U, then x is a
solution to (DSP-S) with U = U — (1 —p1(s1)us(z1(s1), $1) + g sy P1(S)U; (21 (5),5). W

We prove Proposition 10 by establishing Lemmas A16 and A17 below. With slight abuse
of terminology, we call a spending rule g € M dynamically Pareto efficient if {g;}7_; with

g = g for all ¢ is a dynamically Pareto efficient allocation rule.

Lemma A16. For anyt, if the status quo g, is dynamically Pareto efficient, then vy (g1, 8t) =
gi—1 for all s, € S and all i € {A, B}.

Proof. Suppose the state in period ¢ is s;. For any status quo g;_; in period ¢, the proposer i’s
equilibrium continuation payoff is weakly higher than w; (g, 1(s;), s¢)+> p_, 1 0T E[ui(ge-1(s), 5)]
and the responder j’s equilibrium continuation payoff is weakly higher than w;(g:—1(s¢), s¢) +
ZtT,:tH 6 *Eq[u;(g:—1(s),s)]. To see this, note that for any status quo in any period, a re-
sponder accepts a proposal if it is the same as the status quo, implying that a proposer can

maintain the status quo by proposing it. Hence, proposer ¢ can achieve the payoff above by
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proposing to maintain the status quo in period ¢ and in future periods continue to propose to
maintain the status quo if it is the proposer and rejects any proposal other than the status
quo if it is the responder. Similarly, responder j can achieve the payoff above by rejecting
any proposal other than the status quo in period ¢ and in future periods continue to reject
any proposal other than the status quo if it is the responder and propose to maintain the
status quo if it is the proposer.

Consider proposer i’s problem in period ¢

gleaMx wi(ge(se), $¢) + 0Vie(ge; 0*)

st w;(ge(se), ) + 0Vi(ge;07) 2 uj(ge-1(se), s0) + 6Vje(gi-1307),
where Vj;(g; 0*) is the expected discounted utility of party i € {A, B} in period t generated by
strategies o* when the status quo is g. As shown in the previous paragraph, w;(g:—1(s:), s¢) +
OVie(gi-1,0") = uj(ge-1(se), s0) + Zz;:t-i-l 5t/_tEs[Uj(gt—1(S)7 s))]-

Suppose the solution to the proposer’s problem in period ¢ is g; # ¢:—1. Then there exists
an allocation with x; = ¢; and future allocations induced by status quo g; and ¢* such that
party #’s dynamic payoff is higher than w;(g;_1(s;), s¢) + ZtT,:tH 6" "By [ui(gi—1(s), s)] and
party j’s dynamic payoff is higher than w;(g;—1(s¢), s¢) + Zfztﬂ 6" By [uj(gi1(s),s))]. But
if g;_1 is dynamically Pareto efficient, then having allocation in all periods ' > t equal to
gi—1 is a solution to (DSP-S") with U = wu;(g,—1(s¢), 8¢) + Zfztﬂ §Y B [ui(gi-1(s),5))], a

contradiction. [ |

Lemma A17. For any initial status quo gy and any s; € S, the proposer makes a proposal in
period 1 that is dynamically Pareto efficient, that is, i1 (9o, 1) s dynamically Pareto efficient
for alli € {A,B}.

Proof. Fix gy and sy. Let f;(go, s1) be the responder j’s status quo payoff. That is,

fi(90, 1) = u;(go(s1), 81) + 6Vji(go; o).
Let U = fi(g0,51) and denote the solution to (DSP-S’) by x(U) = (21U, ..., x0(T)).
By Lemma Al4, xt(U/) = J?t/(U/) for any ¢,# > 2. Without loss of generality, suppose

X(U/) satisfies xl(U/) = xt(U/) for ¢ > 2. Note that :vl(U/) is a dynamically Pareto efficient
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allocation.

We next show that v} (go, s1) = 21(U ). First note that if 77 (go, 1) = 21(U ), then, since
xl(U/) is dynamically Pareto efficient, the induced equilibrium allocation is X(U/) by Lemma
A16. We show by contradiction that ;;(go,s1) = 21(U') is the solution to the proposer’s
problem. Suppose not. Then proposing 7 (go, s1) is strictly better than proposing xl(U/),
that is, proposing 7 (go, 1) gives i a strictly higher dynamic payoff while giving j a dynamic

payoff at least as high as f;(go, s1). But since X(U,) is a solution to (DSP-S’) and hence a
solution to (DSP-S”), this is a contradiction. |
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