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Abstract

We consider the market for a risky asset for which agents have interdependent
private valuations. We study competitive rational expectations equilibria un-
der the standard CARA-normal assumptions. Equilibrium is partially reveal-
ing even though there are no noise traders. Complementarities in information
acquisition arise naturally in this setting, and can lead to multiple equilibria.
There may be excessive information gathering in equilibrium. Our framework
encompasses the classical REE models in the CARA-normal tradition.
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1 Introduction

We study the market for a single risky asset for which agents have interdependent
private valuations. Heterogeneous valuations may arise for various reasons. For
example, agents may differ with respect to the uses they have for the asset, their
liquidity needs, their investment opportunities, or the regulatory constraints they
face. Diversity in valuations can be thought of as an indirect way to capture id-
iosyncratic preference or endowment shocks.! It can also be interpreted in purely
behavioral terms — for example, agents could “agree to disagree” about the distri-
bution of the asset payoff, or a subset of traders could be subject to psychological
biases or misperceptions. Each trader is uncertain about his own valuation, and has
the opportunity to acquire private information about it prior to trade. Equilibrium
prices reflect some of this information.

We use a standard setup, with Gaussian shocks and constant absolute risk aver-
sion, that nests the classical models of Grossman and Stiglitz (1980) and Hellwig
(1980). Essentially the only difference with respect to the classical framework is that
we allow agents’ valuations to be imperfectly correlated. This gives us a tractable
model of partial revelation without resorting to exogenous noise trade, with a unique
linear equilibrium price function. In spite of the simplicity of this model, it delivers
a rich set of conclusions, such as the possibility of large price jumps in response to
small changes in the environment, and excessive information gathering.

In order to provide a summary exposition of our results, it suffices to consider
a symmetric version of our model with two types. Agents of type ¢ (i = 1,2) have
valuation 6;, and a proportion \; of these agents has private information about 6;.
For example, one of the types could be pure speculators who care only about the
liquidation value of the asset, and acquire information about it, while the other type
could have a different valuation due to a hedging motive, and gather information
about both the asset payoff and their hedging need. Assume for the moment that the
proportions (A1, Ag) are fixed exogenously. Then the equilibrium price is proportional
to A101 + A2fs. Since the price depends on the valuations of both types, it does not
fully reveal 6; for either .

Complementarities in information acquisition arise naturally in this setting. Let
p be the correlation coefficient between 6, and 6s, |p| < 1. Suppose first that p < 0.
If A3 > 0, the price conveys some information to type 1 agents about their valuation
0, even if none of them acquire information about it (A; = 0). They may actually
learn less from the price if A\; > 0, since then the price becomes a mixed signal
about 6;; for example, a high price can result from a high 6; (“good news” for
type 1) or from a high 6y (“bad news” for type 1). Thus, if p < 0, a within-type
complementarity can arise, wherein price informativeness for a given type is lower
when more agents of that type acquire information. Now suppose p > 0 and Ay > 0.
Then price informativeness for type 1 is decreasing in Ay. This is an across-type

!These shocks may depend, for example, on group affiliations or on the geographic location of
traders. See Rostek and Weretka (2012) for further discussion and interpretation.



complementarity wherein agents of a given type learn less from the price if more
agents of another type acquire information.

Next, we endogenize the information acquisition decision of agents, i.e. the pro-
portions A; and A\y. A Grossman-Stiglitz type paradox arises if p exceeds a certain
threshold — prices are so informative that there is no incentive for agents to gather
costly information. On the other hand, if p is low enough, all agents of both types
acquire information.

With more than two types, complementarities in information acquisition can lead
to multiple equilibria. It can turn out that there is an equilibrium in which all agents
of type ¢ (for some i) acquire information and another equilibrium in which none of
these agents do. In fact, in the latter equilibrium, prices can be more informative
for all types, including type 1.

Finally we analyze the link between price informativeness and welfare. If prices
are more informative about the valuation of type i, these agents can make better
portfolio decisions. But more informative prices are also closer to their true valua-
tion, reducing profitable trading opportunities. In general, agents who have less to
gain from learning from prices, because their private information is relatively precise,
are better off if prices are less informative. Agents’ incentives to gather information
are not necessarily aligned with their objectives, however. They may acquire infor-
mation even though they would be better off coordinating with other agents to stay
uninformed, leading to a Prisoner’s Dilemma style suboptimal equilibrium.

Related Literature:

Vives (2014) studies a competitive rational expectations equilibrium model with
private valuations and no noise trade. As in our paper, there is no equilibrium with
a high correlation of types, and when an equilibrium does exist the price function
is partially revealing. However, price informativeness does not depend on the mass
of informed agents (as long as this mass is positive) — the price reveals the average
type of all agents regardless of how many are informed. This in turn implies that
the information acquisition decisions of agents are independent. The parametric
specification of the model is also different from ours, featuring risk neutral traders
who incur a quadratic trading cost and face an exogenous supply curve.

Our stochastic environment shares some features with that of Rostek and Weretka
(2012), insofar as it allows heterogeneity in the correlations between the private
valuations of traders. But the aims of their paper are different from ours — they
study the effect of market size on information aggregation in a strategic double
auction model.

There is a large literature on complementarities in information acquisition. The
closest to the present paper are competitive models in which these complementarities
arise because prices become less informative as more agents gather information.?

20ther mechanisms have also been explored in the literature. Complementarities in information
acquisition arise in Goldstein and Yang (2014) because agents collect different pieces of information
about the asset value (as more agents of one group acquire information, the uncertainty about the



Stein (1987) provides an early example of the entry of informed speculators reducing
price informativeness for existing traders, in a setting where agents seek to forecast
transitory and permanent shocks to the supply of the underlying in a futures market.
In an environment closer to that of Grossman-Stiglitz, Barlevy and Veronesi (2008)
find that a complementarity can arise because the asset payoff and noise trader
demand are negatively correlated. Their mechanism has a similar flavor to our
within-type complementarity which is due to a negative correlation between the
valuations of traders from different groups. Price informativeness can be decreasing in
the incidence of informed trading in Ganguli and Yang (2009) and Manzano and Vives
(2011) because agents have access to two sources of information (about the asset
payoff and the asset supply), in Goldstein et al. (2014) because agents with different
trading opportunities may trade on the same information in opposite directions,
and in Breon-Drish (2012) due to non-normality of shocks in an otherwise standard
Grossman-Stiglitz setup.

Most of the rational expectations literature relies on exogenous noise trade and
hence does not provide a suitable framework for welfare analysis. Usually a proxy for
welfare is employed, such as price informativeness, price volatility or some measure
of liquidity. The present paper is well-suited for analyzing welfare and its connection
to price informativeness.

The paper is organized as follows. We describe the economy in Section 2. In
Sections 3-5 we take the information acquisition decisions of agents as given. We
characterize the unique linear equilibrium price function in Section 3. Then, in Sec-
tion 4, we provide several examples in which this characterization can be employed,
including the classical setups of Grossman and Stiglitz (1980) and Hellwig (1980). In
Section 5 we analyze the information content of the price for each type, and how this
is affected by the (still exogenous) information acquisition decisions of agents. We
endogenize information acquisition in Section 6. In Section 7 we discuss complemen-
tarities in information gathering and equilibrium multiplicity. Section 8 is devoted
to welfare. Section 9 concludes. Most of the proofs are in the Appendix.

2 The Economy

There is a single risky asset in zero net supply, and a riskfree asset with the interest
rate normalized to zero. There are N types of agents, N > 2, and a continuum
of agents of each type. Formally, we index agents of any given type by the unit

asset payoff is reduced for the other group, increasing the return from gathering information for
them), in Mele and Sangiorgi (2015) because of Knightian uncertainty (as prices become more infor-
mative, uninformed agents have a greater incentive to acquire information to resolve the ambiguity
and thus “decode” the information contained in prices), in Garcia and Strobl (2011) due to relative
wealth concerns (as the proportion of informed agents rises, so does the average wealth of all agents,
giving the uninformed an additional incentive to gather information), and in Veldkamp (2006b,a)
because of increasing returns to scale in the supply of information (information gets cheaper as
more agents acquire information).



interval, endowed with Lebesgue measure. The private valuation for the risky asset
of an agent of type ¢ is given by v; = 6; +n;. Prior to trade, type ¢ agents can acquire
a private signal about 6; by incurring a cost ¢;; for agent n of type i (agent in for
short) this signal takes the form s;, = 6; + €;,. In other words, type i agents are
distinguished by their valuation v;, and 6; is the part of v; about which they can
gather information at some cost; their signals can have some idiosyncratic variation,
however.

The random variables {60;, 7;, {€in nepo,1] }i=1,..,n are joint normal with mean zero.
Let 0 := (6,)Y, and i := (n;)Y,. For each type i, the valuation shock 7; is inde-
pendent of 6, the signal shock €, is independent of (6,n), and the signal shocks
across agents, {Gm}ne[o,u, are i.i.d. We adopt the convention that the average of a
continuum of i.i.d. random variables with mean zero is zero. Then, the average signal
of agents of type i, fn Sindn, is equal to 6;.3 To ensure that the problem is nontrivial,
we assume that the covariance matrix of @ is positive definite.

If agent in buys ¢;, units of the risky asset at price p, his “wealth” is W, =
(v; — P)qin. Given his information set Z;,, which consists of all the random variables
that he observes prior to trade, he solves max,, E[—exp(—r;W;,)|Zin]. Agents have
rational expectations — they know the price function, a function of the private signals
of all agents in the economy, also denoted by p, and condition on the price when
making their portfolio decisions. Thus Z;, = {si,,p} if agent in is informed, and
Zin = {p} if he is uninformed.

We denote the proportion of agents of type ¢ who choose to become informed by
A € [0,1]. An equilibrium consists of a vector A := (\;)¥,, and a price function
p, such that agents optimize and markets clear. Agent optimization requires that
each agent is happy with his information acquisition decision (to acquire private
information or not) given the price function p, and subsequently, for any realization
of p, he chooses an optimal portfolio given his information. Letting ¢; := fn Gindn,
the aggregate trade of type ¢, the market-clearing condition is ) . ¢; = 0.

For random variables x and y, we denote the covariance of z and y by o0, ,, the

variance of z by o2, and the conditional variance of z given y by ai‘y.

3 The Equilibrium Price Function

In this section we solve for a rational expectations equilibrium price function for
given A. We conjecture a linear price function of the form

N
p= Z@iei: (1>
i=1

for some coefficients (ay,...,ay), not all zero. Thus the private signals of type i
agents are reflected in the price only through their average signal, which is equal

3See the technical appendix of Vives (2008) for a discussion of the use of the strong law of large
numbers in this context. For ease of exposition, we drop the qualifier “almost surely”.



to 6;. Given the linear-normal structure of the model, agents have a mean-variance
objective function. The optimal portfolio of agent in is:

E(vi|Tin) — p

a r;Var(v;|Zy,) (2)

To calculate agents’ portfolios, we use the standard projection theorem for nor-
mals.* Let ; := 0'92.7;0/0'2. Then

We proceed under the provisional assumption that p does not (fully) reveal 6; for
any 1, i.e. agi|p > 0. We will show later, in the proof of Proposition 3.2, that this
assumption is in fact satisfied at any equilibrium. We use the superscripts I and U
to distinguish between the portfolios of informed and uninformed agents.

2 2

Lemma 3.1 (Optimal portfolios) Suppose o and o, are not both zero, and

a§i|p > 0. Then the optimal portfolios of type i agents are given by

l ) O-gi\l?sm B [0-31'\17 + (1 B ﬁ’)o-sz
T (0., T 02)on + 05,02
1 1-p5

G = —— -
mn ] 2 9 I7*
Ti Og,p +UU¢

r _
ql'n_ 9

From Lemma 3.1, the aggregate trade of type ¢ agents is

. 7 4

r; (agi‘p +02)o2 + agi‘pafi r; Ug,- pt o (4)
which is linear in #; and p. We can now solve for the price function using the market-
clearing condition, ) .¢; = 0. Before proceeding with this task, we impose some

further assumptions which will stay in force for the remainder of the paper:

Al. N\ >0 and A\, > 0 for at least two types k and /.

A2. The equilibrium trade of agent n is measurable with respect to his information
Lin.

4Consider random vectors x; and X», (x1,X2) ~ N(u, 2), and partition g and X as follows:

1231 Y X
= > .=
(i) == (50 80

where p; := E(x;) and %;; := Cov(x;,X;), 4, = 1,2. If 39y is nonsingular, we have

(x1]x2) ~ N (py + T12855 (x2 — pa), V11 — T12855 T1a).



A3. For any type i, one of the following information structures applies:

(a) Asymmetric information: o7, = 0 and o7 > 0; or

€

(b) Differential information: o2, > 0 and o7 = 0.

Assumption Al is only provisional — we endogenize A in Section 6 where we show
that, in any equilibrium, \; is indeed positive for at least two types (see Lemma 6.3).
Assumption A2 rules out some trivial equilibria. Assumption A3 is for tractability,
and gives us two canonical information structures that have been employed in the
literature. Under information structure (a), type ¢ is asymmetrically informed in
the sense that the informed agents of type ¢ know 6; while the uninformed of that
type do not. Under information structure (b), type ¢ is differentially informed in
the sense that the informed agents of type ¢ have conditionally i.i.d. signals about
0;; moreover, the restriction ag = 0 implies that v; = 6;, so that their pooled
information reveals their type.> Note that Assumption A3 allows some types to be

asymmetrically informed and others to be differentially informed.

i

Proposition 3.2 (Equilibrium price function) There is a unique linear equilib-
rium price function given by

p=k> by,  k#0, (5)

where
{ Ai(rio7 )™t if type i is asymmetrically informed,
Vi =

Ai(rio2 )™t if type i is differentially informed.

The price function does not reveal 6; for any i.

From Lemma 3.1, we see that the coefficient on the private signal in the optimal
trade of an informed agent of type i is (riagi)_l in the asymmetric information case,
and (r;02 )" in the differential information case. We can think of this as the “trading
intensity” of an informed agent. Thus the coefficient of ¢; in the price function is
proportional to the trading intensity of the informed agents of type i, times their
mass \;.

It is instructive to compare the revelation properties of our price function with
that of Vives (2014). Vives assumes that there is a continuum of types, with the
result that the price reveals the average type, which for any trader is a sufficient
statistic for the information of all other traders. Thus every trader effectively has
access to the pooled information of all traders in the economy (Vives calls this a

SWhile the terms “asymmetric” and “differential” are a useful way to distinguish between one-
sided and multifaceted private information, we should point out that our usage is somewhat loose
— we say that type i is asymmetrically informed even if all type ¢ agents know 6;, and we refer
to a type as differentially informed even though, strictly speaking, this label only applies to the
informed agents of that type.



“privately revealing” equilibrium). In our model, on the other hand, there are finitely
many types, with a continuum of each type. While the price does not reflect any
idiosyncratic variation within types, it is affected by idiosyncratic variation across
types. An agent of type i, who seeks to learn #;, knows 6; in equilibrium only if his
private signal already tells him what 6; is. If he does not observe 6; directly, how
much he learns from the price depends on the mass of informed agents of every type.
Price informativeness in Vives’ model is the same regardless of the mass of informed
agents (as long as this mass is positive).

4 Examples

In this section we provide a number of examples of our general framework. These
examples include the economy in Grossman and Stiglitz (1980) with noisy aggregate
supply, and the competitive limit of the economy in Hellwig (1980) with noise traders.
In both cases, the noise is easily endogenized as optimizing trade arising from liquidity
or hedging considerations. It can also be interpreted in purely behavioral terms. All
the random variables in these examples are joint normally distributed with mean
zero. In each case, we use Lemma 3.1 and Proposition 3.2 to determine optimal
portfolios and the equilibrium price function.

Example 4.1 (Grossman-Stiglitz) The asset payoff is v = 6 + 7. There is a
unit mass of investors, of whom a proportion A € (0,1) privately observes . In
addition, there is a unit mass of “noise traders” whose private valuation is u + 7,
of which they privately observe the component . The random variables 6,7, and u
are mutually independent. This fits into our model with two types, both of which
are asymmetrically informed: A\ = A\ Xy = 1,0, = 0,05 = u, ny = 7o = 7, and

02 = 0?2 = 0. The optimal portfolios are

€1

g =0=r  w _ECR-p o _u-p
in 7“10% ’ 1n r Var(v|p)’ 2n 7’20% ’

The price function is

A 1
p==k { S0 + Qu] ,
7”10'77 7“20'77

which takes the same form as in Grossman and Stiglitz (1980), with u playing the
role of the random aggregate supply or noise trade.

Notice that our noise traders do not trade an exogenous amount, as they are
typically assumed to do in the noisy rational expectations literature. They can be
thought of as “sentiment traders”, with u being the sentiment shock, as in Mendel
and Shleifer (2012) (whose model is a variant of the above example), or as investors
who trade on noise as though it were information, as in Banerjee and Green (2015)
or Peress (2014). |



Example 4.2 (Grossman-Stiglitz with optimizing liquidity traders) Rather
than mimic the standard assumption of independent noise trade, suppose we replace
the type 2 traders in Example 4.1 with optimizing “liquidity traders”. These traders
perceive the asset value to be v = 6 + 7, just like the type 1 traders, but also have
an endowment, which is the product of two normal random variables, z and €. The
random variable z is independent of e and 7, is not perfectly correlated with 6, and
is privately observed by (all) liquidity traders prior to trade; it can be interpreted as
the size of their liquidity shock. The covariance o, is nonzero. Conjecturing that
a liquidity trader can infer 6 from the equilibrium price, given that he knows the
realization of his liquidity shock x,” his optimal portfolio is given by

0 —roopex —p

(6)

I
qon, =
" Ty 0727

This fits into our model as in Example 4.1, except that here 05 = 0 — ryo,.x. The
price function is

A 1
p=k 7“10,270 + 7”20,27 (0 — ra0yex)
k _ _
- o [(/\r1 LR TS 1)0 — O’neZL‘]

which confirms our conjecture that the liquidity traders learn 6 from the price. If
x is independent of 6, the price function is of the same form as in Grossman and
Stiglitz (1980). I

Example 4.3 Consider an extension of Example 4.2 to multiple categories of in-
formed traders with varying liquidity needs. The asset payoff is v = 8+ 17. There are
N types of agents. All agents of the first N — 1 types are informed. In particular,
an agent of type 7,2 = 1,..., N — 1, has endowment z;e;, a product of two normal
random variables, and he privately observes both 6 and z;. The random variable x;
is independent of e; and 7, the covariance matrix of (0, x1,z,...,zx_1) is positive
definite, and oy, # 0. Agents of type /N have no endowment and a proportion A of
them privately observe 6.

This example fits into our model as follows: For i =1,...,N — 1, \; = 1, and
0; = 0 — 1;0y¢,2;. For type N, Ay = A, and Oy = 0. Also, 02 = 0 and n; = 7, for all

6A number of papers in the CARA-normal REE literature have used such a specification of
the endowment to generate a hedging motive for trade. See, for example, Rahi (1996). We can
also interpret the random endowments of the risky asset in Diamond and Verrecchia (1981) as an
example of this specification, with e perfectly correlated with the asset payoff .

7 Alternatively, we could assume that the liquidity traders directly observe @ prior to trade, in
addition to x.



1. The optimal portfolios are

0 —1riope,xi — p

qun: 2 9 2217 .,N—l,
’I"Z'O'77
_0-p
QNn - TNO',,277
U o _ E(vlp) —p
Nn ey Var(vlp)

The price function is

N-1
1
p==k [ (0 —1iope,x;) + A 0]

2 2
i1 7"10'77 'nNO.
N-1
k -1
=— ot Ay Q—E Ope;Ti | -
o ;
n =1

The “noise” in the price from the perspective of an uninformed agent of type N is a
linear combination of the shocks z;,7 = 1,..., N —1. These shocks may be correlated
with each other and with 6. |

Example 4.4 (Hellwig) The asset payoff is . There is a unit mass of differentially
informed agents who receive conditionally i.i.d. signals about 6. In addition, there
is a unit mass of “noise traders” who are differentially informed about their private
valuation u, which is independent of §. There are no uninformed agents. This is
a special case of our general setup with two types both of which are differentially
informed: A\y = Ay = 1,60, = 60,05 = u, and a = 0 = 0. The optimal portfolios
are:

I E(@‘Slmp) - P I E(U’lS?n;p) —D

" Var(6|s1,,p) 2y Var(ulsg,, p)

1 1
p:k{ 0+ u]

2 2
7'10'61 7"20’€2

The price function is

This is essentially the limiting equilibrium in Hellwig (1980), as the number of in-
formed traders goes to infinity, with u playing the role of the exogenous noise trade
as in Example 4.1.

Just as we replaced the noise traders in Example 4.1 with optimizing liquidity
traders in Example 4.2, we can do that here as well. The optimal portfolio of type 2
agents is then given by (6). We assume that €, is independent of x This fits into our

general model as follows: A\ = \o =1, = 0,10 = n,a =2 a =0,v1 =60, =46,

10



and vy = 03 +n, and 6, = 6 — 7”20'77@1'.8 The price function is

0 0 — ryo,.x
— i ne
p {7“10? + 7“2(7% }

1 1 .
r0¢ T‘QO'T] U’W

Notice that, unlike the noise traders in the first part of this example, who are differ-
entially informed, all the liquidity traders have the same information. |

5 Price Informativeness

In this section we develop some results on the informativeness of the equilibrium
price function for given proportions of informed agents A. Letting v := (v;)X,, we
can write the price function (5) as p = kv '60.° We denote the covariance matrix of
0 by V, assumed to be positive definite, and the i’th column of V by V;. Due to
the symmetry of V, the i’th row of V is V. Then we have

013 = kv V4, and 0o, = kV,] 7.

For the uninformed agents of type i, we use the following measure of price infor-

mativeness: ) )
o5 — 0O
0; 0ilp
V; = —. (7)
O

%

Clearly, V; € [0,1). Substituting from (3), we get

V. = @ = i . (V;r—7)2 (8)
! ojo2 o5 YV

Notice that V; is homogeneous of degree zero in «: price informativeness depends
only on the relative values of the v;’s.

If 0521- > 0, the informed agents of type 7 also learn from the price. For these
agents, the corresponding measure of price informativeness is:

- Var(0;|sin) — Var(0;|si,, p)
L Var(6;|s:n) ’

Lemma 5.1 Suppose o2 > 0. Then V] € [0,1) and is a strictly increasing function

Of Vl .

8For example, we can think of the asset payoff being § +n, with type 1 agents having the ability
hedge the risk 7.
9All vectors are taken to be column vectors unless transposed.

11



In view of this result, we will use V; as our measure of price informativeness for
agents of type ¢, whether or not they observe a noisy private signal in addition to the
price. If type 7 is differentially informed, all type ¢ agents make inferences from the
price. If type 7 is asymmetrically informed, on the other hand, only the uninformed
agents learn from the price; the informed already know 6;.

We now investigate the effect of changing the proportions of informed agents on
the informativeness of the price. In particular, we are interested in conditions under
which a greater incidence of informed trading reduces price informativeness. Under
the assumption that agi = o7 for all 4, we can characterize V; and its derivatives in
terms of the correlation matrix R := (¢7)~'V, with ij’th element p;; := Corr(6;, 6;).
Let R; be the i'th column of R. We write x o« y to indicate that z and y have the
same sign.

Proposition 5.2 (Price informativeness) Suppose ogi = 03 for alli. Then price
informativeness for type i is given by

v R
" TRy

Furthermore,

IV
O\
Finally, if \; > 0 and 0V;/ON; > 0, then 0V;/ON; < 0 for some j # i.

xR/ 7.

For type i, we say that there is a within-type complementarity if 9V;/O\; < 0, and an
across-type complementarity if OV;/0\; < 0 for some j # i. Proposition 5.2 tells us
that, for any 7, at least one kind of complementarity arises. A necessary condition
for within-type complementarity for type ¢ is that p;; < 0 for some j.

We say that the economy is symmetric if r;, 07, 07,, and o2, are the same for all 4
(in which case, we drop the subscript i on these parameters), and all types are either
asymmetrically informed or differentially informed. For a symmetric economy, = is

proportional to A by Proposition 3.2, so that Proposition 5.2 gives us:

Corollary 5.3 (Price informativeness in a symmetric economy) For a sym-
metric economy, price informativeness for type i is given by

(R N)?
YT R )
Furthermore,
oV,
a];- x R/ (10)

For most of the results in the rest of the paper we restrict ourselves to symmetric
economies, since this simplifies the analysis and provides us with the clearest intu-
itions. We often invoke the further assumption that p;; = p, for all i # j. We then
need to impose a lower bound on p due to

12



Lemma 5.4 (Lower bound on p) Suppose p;; = p, for all i # j. Then the corre-
lation matriz R is positive definite if and only if

1
> Pmin ‘= —————.
p=p N —1
We denote by £ the set of symmetric economies, with p;; = p > pmin, for all i # j.
Specializing Corollary 5.3 to such an economy, we obtain:

Corollary 5.5 (Price informativeness for an economy in £) For an economy
in €, price informativeness for type i is given by

(1= p)Xi + 0 M) _
(1= p) M+ 0(2s )‘k)z

(11)

7::

Furthermore,

IV
O\

oc)\i—i—pZ)\k. (12)
kti

We see from (12) that p must be negative for a within-type complementarity to arise
for any type. A particularly tractable case, that will be the basis for several results
to follow, is obtained when \; = 1 for all ¢ # j. Let V;();) denote the dependence of
V; on \;, fixing \; =1 for ¢ # j, and let \* := —p(N —1).

Proposition 5.6 Consider an economy in £. Suppose there is a type 7 such that
N =1 foralli # j. Then we have:

i. Vs is strictly decreasing in \;, for i # j;
. OV;/ON; ox \j — N, If p < 0, V;(\*) = 0,0
ii. V;(1) > V;(0) if and only if p > 0.5 pin-

Thus information acquisition by type j agents reduces price informativeness for all
other types, regardless of the value of p. If p is non-negative, information acquisition
by type j makes prices more informative for type j itself. However, if p is negative, V;
is not monotonic in A;. Figure 1 depicts the 3-type case, graphing Vs(A3) for p equal
to —0.2 and —0.3 (the points a b and ¢ are candidate equilibria that we will discuss
later, in the context of Proposition 7.1).!! Notice that V3 achieves its minimum value
of 0 at A3 = A*. The value of p for which V3(1) = V3(0) is 0.5 ppin = —0.25. If p is
less than —0.25, then V5(1) < V3(0): type 3 agents learn less from the price when all
of them acquire information relative to the case where none of them do.

ONote that A\* € (0,1) if and only if p € (pmin, 0).
"Due to symmetry, the shape of V;(};) is the same for all j, given that A\; = 1 for i # j.
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Figure 1: Price informativeness V3 as a function of Az, given \; = Ay = 1.

6 Endogenous Information Acquisition

So far we have taken the allocation of private information to be exogenous. We now
endogenize information acquisition. In order to become informed, a type ¢ agent must
pay a positive cost ¢;. He takes as given the vector A and the corresponding price
function p = kvy'0. We wish to find X such that, for any type, both the informed
and uninformed find their decision with regard to information acquisition optimal.

It is convenient to use the following monotonic transformation of ex ante expected
utility:

Z/{Z' = (E[exp(—an )])_2,

where W;, = Wi, — ¢; if agent in acquires information, and W, = Wi, if he does
not. Using superscripts I and U for informed and uninformed agents respectively,
we have

Lemma 6.1 (Utilities) For given A,

2 2\ -2 2

I 9 (J(Mp +0.)00 v_ Tu-p
U, =e -(2 +2)2+2 R and U, = pa——
0-61'|p Jéz‘ Um- J€i|paei O-Gi\p 0-771'
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Since the utility of an agent depends only on his type, and on whether he is informed
or uninformed, we shall henceforth drop the subscript n. Thus U] will denote the
utility of all informed agents of type i, and U" the utility of all uninformed agents
of this type. An equilibrium A is characterized by

> 1 for N =1

Ul =
L{ZU is = 1 for X\ €(0,1) (13)

Notice that, if A\; € (0,1), the ex ante expected utility of an informed agent of
type ¢ (after paying the cost ¢;) must be equal to the ex ante expected utility of an
uninformed agent of that type. We now compute the utility ratio:

Lemma 6.2 (Utilities of informed vs uninformed) For given A,

Ut ) o
L — o4t 1 i(1 — Vz ,
= [ o=

iof type 1 is asymmetrically informed. If type i is differentially informed, we get the
same expression with ol replaced by o?..

For both information structures, the utility ratio is decreasing in V;. As one would
expect, the incentive to become informed is lower if prices are more informative.

From Proposition 3.2 and Lemma 6.2, it is apparent that the two cases of type
1 being asymmetrically or differentially informed are formally identical as far as
equilibrium is concerned. We will present our equilibrium results for asymmetric in-
formation. If type ¢ is differentially informed, the corresponding results are obtained
simply by replacing 072” by crfi.

We assume that agents have an incentive to acquire information if they cannot
learn anything from the price. Letting

1 o2
¢ =—1log |1+ i ,
27’,’ 0'72”

this assumption is equivalent to the following condition (from Lemma 6.2):
A4. For each type i, ¢; < ¢;.

This will be a standing assumption (along with assumptions A1-A3 imposed in
Section 3) for the rest of the paper. It says that the cost ¢; is low relative to the
signal-to-noise ratio 031, / crfh_. This leads us to the following result, which rules out
fully revealing equilibria:

Lemma 6.3 (Partial revelation) An equilibrium vector A has at least two ele-
ments that are strictly positive.
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Proof If \; =0 for all 7, the price does not reveal any information to any type. By
Assumption A4, all types have an incentive to acquire information, a contradiction. If
Aj >0, and \; = 0 for all 7 # j, the price fully reveals 8;, so that there is no incentive
for type j agents to engage in costly information acquisition in the first place. 0

We now specialize the discussion to symmetric economies, i.e. those for which the
risk aversion coefficients r;, and the shock variances 03,» ai_ and afh_, are the same for
all 7. Let

o = 1— (e — 1)

q:quj | :qw

Then, from (13) and Lemma 6.2, together with (9), we have:

Lemma 6.4 (Price informativeness vs cost) For a symmetric economy, an equi-
librium X is characterized by

Tho < q«; for \N=
. = (EE}—A) is = «; for X\ €(0,1)

The parameter «; lies in the interval (0,1), due to Assumption A4, and is a strictly
decreasing function of the cost ¢;. Whether agents of type ¢ acquire information or not
depends on the magnitude of ¢;, or equivalently of «;, relative to the informativeness
of the price V;. The indifference condition is V; = «;. Without loss of generality,
we order the types so that the ¢;’s are in ascending order (¢; < ¢3 < ... < ¢y), or
equivalently the «;’s are in descending order (a; > ap > ... > ay).

We say that an equilibrium X is stable if 9V;/0O\; > 0 for all 7 satisfying V; = ;.
If this condition is violated, i.e. if V; = a; and 0V;/0)\; < 0 for some j, a small
increase in \; will lead to prices being less informative about 6;, making the increase
in \; self-fulfilling; if A\; = 1, we can apply the same logic for a small decrease in A;.
No condition is needed if V; # «; since this inequality continues to hold for a small
change in \;. The stability property has a simple characterization:

Lemma 6.5 (Stability) For a symmetric economy, an equilibrium X is stable if
and only if R; X > 0 for all i such that V; = o;.*?

We will only be concerned with stable equilibria in this paper. We shall therefore drop
the adjective “stable” in what follows, without any risk of confusion — henceforth,
whenever we refer to an equilibrium, it is implied that it is stable.

For the remainder of the paper, we shall restrict ourselves to economies in the set
E. Recall that these are symmetric economies satisfying the additional assumption
that p = p;; for i # j.

Our first equilibrium characterization result says that types with a positive mass
of informed agents can be ranked by price informativeness: for a lower cost type, the
proportion of informed agents is higher, which implies that price informativeness is
higher as well.

121f V; # «; for every i, the stability restriction is vacuous.
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Proposition 6.6 (Ranking by price informativeness) Consider an economy in
E. Suppose \; and \; are nonzero and not both equal to 1. Then the following
statements are equivalent: (a) ¢; < ¢j, (b) \i > X;, and (¢) V; > V;. The following
statements are also equivalent: (a) ¢; = cj, (b) N\ = \j, and (c) V; =V;.

Notably missing from the proposition is a ranking of types for which no agent ac-
quires information relative to types for which some agents do. Later, in Proposition
7.2, we show that it is possible to have \; = 0 and \; = 1 even though ¢; < ¢;.
This counterintuitive situation arises because of complementarities in information
gathering.

The incentive to acquire information depends on the value of the common corre-
lation coefficient p. Our next result characterizes the values of p for which either all
agents acquire information or none do. More precisely, in the latter case, all agents
have the incentive to free ride on the information gathering of others, and hence
there is no equilibrium.

Proposition 6.7 (Information acquisition: polar cases) Consider an economy
in €. There is no equilibrium if p > \/az.** There is an equilibrium with \; = 1 for
all i if
0 S (0% NN —1 .
N -1

If p > \/az, then in fact p > (/a; for all i > 2 (since ap > ... > ay). Due to
the high correlation of types, agents of type i, ¢ > 2, have an incentive to free ride
on the information revealed through the price. But we know from Lemma 6.3 that
in equilibrium there must be at least two types with a positive mass of informed
agents. Hence there is no equilibrium. Notice that the cutoff value /ay, beyond
which the correlation of types induces too much free riding, is decreasing in the cost
of information ¢y and the noise-to-signal ratio 03] /o2, Evidently, agents are more
prone to free ride on others’ information if the relative gain from acquiring their own
information is small. The second part of Proposition 6.7 says that if p is sufficiently
small, price informativeness is low enough to sustain an equilibrium in which all
agents of all types acquire information.

The nonexistence result for p > |/ay shows how the Grossman-Stiglitz paradox
can arise in an economy with correlated types, in both the asymmetric information
and the differential information cases (the Grossman and Stiglitz (1980) setting with
no noise in the aggregate supply can be seen as a limiting case of our model with
asymmetrically informed types as p — 1).

7 Complementarity and Multiplicity

Recall that a within-type complementarity, say for type ¢, arises when an increase
in the mass of type i agents acquiring information results in prices becoming less

131t can be shown that this bound is tight, in the sense that if p € (pmin, \/@2), there are parameter
values such that an equilibrium exists.

17



informative for type ¢, inducing even more agents of type ¢ to become informed. In
this section we show how the presence of such a complementarity can lead to multiple
equilibria. By Assumption A4, the vector of costs across types, (¢;)¥,, lies in the
set C, where C is the Cartesian product of the open intervals (0,¢;), ¢ = 1,..., N.
Our results hold for economies in £ corresponding to an open subset of C. We also
compare price informativeness across equilibria. Given two equilibria A and B, we
say that A informationally dominates B if price informativeness is strictly higher at
A for every type.

Proposition 7.1 (Multiple equilibria) Consider an economy in €. Suppose N >
3, and p < 0. Then, for an open subset of C, there exists an equilibrium with \; = 1
fori# N and \y = 0, and another equilibrium with \; = 1 for i # N and Ay > \*.
The equilibrium with Axy > X* is informationally dominated by the equilibrium with
Ay = 0.

Recall that \* := —p(N —1). The two equilibria differ in the proportion of informed
agents of the highest cost type, type N. The equilibrium in which Ay > A* ex-
hibits “excessive” information gathering: price informativeness would be higher for
everyone if no agent of type N acquires information, which is the case in the other
equilibrium.

As we know from (12), p must be negative for a within-type complementarity to
arise. In order to understand how complementarity drives multiplicity, it is instruc-
tive to take a detailed look at the 3-type case, depicted in Figure 1. We can ensure
that \;y = Ay = 1 by choosing sufficiently low values of ¢; and ¢,. Consider first
the plot of V3(A3) for p = —0.2. There is a unique equilibrium for ag > 0.1: A3 lies
in the interval [0.8, 1] and is increasing in ayg (recall that as is a strictly decreasing
function of ¢3). If a3 = 0.1, we have V3 = a3 at A3 = 0. However, this does not
qualify as an equilibrium by our definition since it is not stable. The open set for
which Proposition 7.1 applies corresponds to ag < 0.1. The case of a3 = 0.05 is
shown in the figure. There are two equilibria,'® indicated by points a and ¢ (b is
unstable).!® Perversely, type 3 agents learn more from the price when none of them
acquire information (point a). By Proposition 5.6, agents of types 1 and 2 also learn
more from the price at a than at c.

Suppose we are initially at point a, with a3 just below 0.1. Consider an increase
in a3. As ag crosses 0.1, there is a discontinuous jump in A3 from 0 to 0.8. A small
decrease in the cost of information sets off a “frenzy” of information gathering for
type 3 agents, with the proportion of informed agents jumping from 0 to 80%. As
soon as agz exceeds 0.1, the cost of information is low enough to justify acquiring

M Equilibrium multiplicity is generated by the non-monotonicity of price informativeness as a
function of the proportion of informed traders. This is in contrast to Ganguli and Yang (2009) where
multidimensional information leads to two equilibrium price functions for any given allocation of
private information. For one price function price informativeness is monotonically increasing in the
proportion of informed traders, while for the other price function it is monotonically decreasing.

15Note that for a3 < 0.1, A3 = 0 is a stable equilibrium. If A3 increases by a small amount from
0, price informativeness V3, which is continuous in Az, still remains above as.
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it. But as more agents acquire the information, prices become less informative,
inducing even more agents to acquire information. The same discontinuous jump in
information acquisition arises if as is just below 0.1, and there is a small increase
in the uncertainty facing uninformed agents, as measured by the o3. This has the
effect of reducing |p|, shifting the curve downwards.'6

Now consider the plot for p = —0.3. Again start with A3 = 0 with a3 < 0.257.
As a3 increases beyond this cutoff value, the equilibrium jumps to A3 = 1. A small
decrease in the cost of gathering information (or a small increase in 03), leads to all
agents of type 3 acquiring information. In this case, there is also a discontinuous
downward jump in price informativeness for type 3 agents. Of course, at A\3 = 1,
the information revealed by the price is only relevant in the differential information
case (in the asymmetric information case, the agents’ private signals already tell
them what 65 is). With differential information, it is indeed possible that each type
3 agent learns less about his valuation when all type 3 agents acquire information,
even when he combines his private signal with the information contained in the price.

Next, we show that, under a tighter condition on p, equilibrium multiplicity can
be much more pronounced than is suggested by Proposition 7.1. For this result, we
focus on equilibria that are “extremal” in the sense that \; is either 0 or 1 for all i.
We say that type ¢ is uninformed if \; = 0 and informed if \; = 1.

Proposition 7.2 (Multiple equilibria II) Consider an economy in €. Suppose
N >3, and p < —N~t. Then, for an open subset of C, and for all integers m
satisfying N/2 < m < N, there exists an equilibrium in which m types are informed
and the remaining (N — m) types are uninformed. At any such equilibrium, price
informativeness for the uninformed types is strictly higher than price informativeness
for the informed types. Furthermore, the equilibrium in which all types are informed
1s informationally dominated by any equilibrium in which some types are uninformed.

The proposition says that, in the presence of a sufficiently strong complementarity,
there is a plethora of equilibria. The equilibrium in which all agents of all types
acquire information is actually the worst in terms of price informativeness: prices
would be more informative for everyone if one or more types switch to not acquiring
any information. The allocation of types to the informed and uninformed groups is
arbitrary. Thus there are equilibria in which the types that acquire information have
a higher cost than the types that do not.

The results of this section rely on a negative correlation between agent valuations.
We focus on the more tractable case where all pairwise correlations are the same, but
this is not an essential assumption. Negative correlations can arise due to hedging
motives, which can easily be incorporated in our model as in Examples 4.2 and
4.3. The complementarity result in Goldstein et al. (2014), in a segmented markets
setting, has a similar flavor: it is driven by a sufficiently strong hedging motive
that makes a subset of informed investors trade in the opposite direction to others

16The magnitude of p can also be affected by a public signal about 6, or by market size as in
Rostek and Weretka (2012).
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who only have a speculative motive. Another plausible scenario that can generate
negatively correlated valuations, described by Barlevy and Veronesi (2008), is one
where some agents have access to a private technology the returns on which are
higher in good times, when the asset fundamental is also high. These agents sell the
asset in order to free up resources for other projects.

8 Welfare

The literature on market efficiency typically takes higher price informativeness to
be a desirable goal in itself. One rationale is that more informative prices lead to
better real investment decisions. However, most REE models (including the present
one) do not explicitly take this into account. Absent such a feedback to the real
sector, the question remains as to how price informativeness relates to the welfare of
agents within the model. Most models in the literature are not equipped to answer
this question, given their reliance on exogenous noise trade. Our framework, on the
other hand, is free from these difficulties and is well-suited for welfare analysis.!”

We consider the effect of information acquisition by agents of a given type on
their own welfare as well as on the welfare of agents of other types. The effect
on their own welfare clearly depends on their cost of gathering information. In
addition, the welfare of all types depends on the informativeness of prices. The
effect of price informativeness on welfare is not unambiguous, however. On the one
hand, higher price informativeness for agents of type i (a higher V;) leads to better
portfolio decisions for these agents. On the other hand, it brings prices closer to
their valuation v;, thus reducing the gains from trade that they can exploit.'® As we
shall see, the welfare of type 7 agents is increasing in agﬁp. While V; and agrp are
not bound by a tight functional relationship, these two variables tend to be inversely
related. We will show that if agents have sufficiently precise private information, so
that learning from prices is relatively unimportant for them, they prefer prices to
be less revealing. Conversely, if there is a lot of noise in their signals, they prefer
prices to be more informative. Incentives to gather information may be misaligned
with their own objectives, however: agents may choose to gather information even
though they are worse off in the ensuing equilibrium.

In order to simplify matters, we consider an economy in £ in which there is a
type j such that \; = 1 for 7 # j, and compare welfare for A\; equal to 0 or 1. It
is convenient to write all variables as functions of A\; (where \; is either 0 or 1).
From Proposition 5.6, V;(1) < V;(0) for @ # j. By acquiring information, type j
agents exert a negative informational externality on the other types. For type j

1"We carry out a conventional welfare analysis under the assumption that agents’ objective func-
tions are a faithful representation of their welfare. This may not be the case if we give a behavioral
interpretation to their heterogeneous valuations.

18We can see from the optimal portfolio of type i, given by (2), that these agents tend to go long
when v; > p and short when v; < p ; there are gains from trade for type ¢ only to the extent that
the price does not perfectly reflect their valuation.
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itself, Proposition 5.6 tells us that price informativeness may go up or down. If
P € (Pmin, 0-5pmin), type j agents learn more from the price if none of them gather
information (as in the case of p = —0.3 in Figure 1). But apart from this interval,
which shrinks as N increases, V;(1) > V;(0).

For an economy in &, all types are either asymmetrically informed or differentially
informed. We start with the asymmetric information case (02 = 0, for all 7). From
Lemma 6.1:

o, _
Ul = e 25k (14)
077
ot ! o2
U’ = [1 + 0—2(1 — Vi)] 7” (15)
n n

The utility of agents of type i, i # j, is given by (14), since they are informed
regardless of the value of ;. Price informativeness is actually irrelevant for these
agents; they observe the true value of #; and hence have no need to make inferences
from prices. What matters to them is how far the price is from their valuation, as
measured by 02 . The utility of agents of type j is given by (15) When A; =0, and
by (14) when )\ = 1. Like the other types, their utility is higher if ¢} _ increases.
Unlike the other types, they also care about price informativeness When they are
uninformed (\; = 0), but whether price informativeness is higher or lower compared
to the case where \; = 1 is irrelevant. The following result summarizes the effect of
2

the value of A\; on o7 _

Lemma 8.1 Consider an economy in £ in which all types are asymmetrically in-
formed Suppose there is a type j such that \; = 1 for all i # j. Then agﬁp(l) >

o2 _,(0) fori# j, and av,_p(l) < agj_p(()).

The price function places a nonzero weight on §; when \; = 1, and consequently the
price is closer to v; and further away from v;, ¢ # j. Lemma 8.1 and equation (14)
taken together give us the following result:

Proposition 8.2 (Welfare: asymmetric information I) Consider an economy
in € in which all types are asymmetrically informed. Suppose there is a type j such

that \; = 1 for all i # j. Then UF (1) > UL(0) fori # ;.

Thus information acquisition by type j results in a positive welfare externality on all
the other types. As we saw earlier (Proposition 5.6), the informational externality is
negative, but of course this is irrelevant for the welfare of these agents as they have
nothing to learn from the price.

Agents of type j may be better or worse off when A; = 1 depending on their cost
of gathering information. It turns out that this cost may be low enough to give each
type j agent an incentive to acquire information, even though they are worse off in
the resulting equilibrium. Moreover, since j can be an arbitrary type, we have an
equilibrium in which all agents of all types gather information, but agents of any
given type would be better off if they could coordinate on remaining uninformed.
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Proposition 8.3 (Welfare: asymmetric information IT) Consider an economy
in £ in which all types are asymmetrically informed. For an open subset of C,
there exists an equilibrium in which (a) N\; = 1 for all i; and (b) for any type j,
Uj(1) <ug(0).

Condition (b) in the proposition says that agents of type j are better off at A; = 0
than at A\; = 1, given that A; = 1 for all 7 # j.

To summarize our results for the asymmetric information case, information ac-
quisition by type j agents lowers price informativeness for all other types but makes
these types better off. Type j agents themselves may be worse off even if the cost of
information is low enough to give them an incentive to acquire it.

We now turn to the case where all types are differentially informed (agi =0, for
all 7). From Lemma 6.1, ex ante utilities are:

u[ — 6—27’(:1- U_g + (1 o Vi)_l Ugrp (16)
U | Toip

Comparing (14) and (16), we see that price informativeness has a direct impact on
the welfare of informed agents in the differential information case. This is because
private information is noisy and hence the price provides additional information.
Given that the price is less informative for types ¢ # j when A; = 1, one might
conjecture that they are better off when A\; = 1 (as in the asymmetric information
case) if the signal-to-noise ratio oj/o? is high, so that there is not much to learn
from the price. This is indeed the case:

Proposition 8.4 (Welfare: differential information I) Consider an economy in
& in which all types are differentially informed. Suppose there is a type j such that
Ai =1 for all © # j. Then there is a (* > 0, which depends only on p and N, such
that

i. UF(1) > UL(0) for all i # j if and only if o2 /c? > C*; and
. ULH(1) <UL(0) for all i # j if and only if o5 /0% < C*.
Proposition 8.3 extends verbatim to the differential information case:

Proposition 8.5 (Welfare: differential information II) Consider an economy
in € in which all types are differentially informed. For an open subset of C, there
exists an equilibrium in which (a) X\; = 1 for all i; and (b) for any type j, U] (1) <
U (0).

j

In this equilibrium all agents gather information, but any given type would be better
off if all agents of that type were to stay uninformed. Moreover, from Proposition
8.4, if the signal-to-noise ratio is low, all types are better off if agents of one type
stay uninformed. Formally,
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Corollary 8.6 (Excessive information gathering) Consider an economy in &
in which all types are differentially informed. Suppose o3/ac? < (*. Then, for an
open subset of C, there exists an equilibrium in which (a) N\; = 1 for all i; and (b)
for any type j, Z/{ﬂ/\jzl < Z/lZ-U’/\j:O for all i.
In Section 7, we had seen that information gathering may be excessive in the sense of
reducing price informativeness for all agents. Corollary 8.6 tells us that information
gathering may also be excessive in the sense of reducing everyone’s welfare. More-
over, if p > 0.5 pmin, we know from Proposition 5.6 that V;(0) < V;(1), so that type
7 agents have an even greater incentive to acquire information when type j is unin-
formed than when it is informed. Hence the Pareto-improving “collusion” outcome
of \; =0, and \; = 1, for 7 # j, cannot be sustained as an equilibrium. In this
sense, if p > 0.5 pyin, the suboptimality of the equilibrium in Corollary 8.6 is of the
Prisoner’s Dilemma type.

Note that while our results on multiplicity of equilibria in Section 7 depend
on a within-type complementarity, and hence require that valuations be negatively
correlated across types, our welfare results do not require any such assumption.

9 Concluding Remarks

We provide a framework for studying competitive rational expectations equilibria
that encompasses the classical REE models. It admits a simple characterization of
the (unique) linear equilibrium price function. Due to the heterogeneity in the private
valuations of agents, the price function is partially revealing. There are equilibria in
which information acquisition by some agents reduces the informativeness of prices
for all. Using price informativeness as a social objective can be misleading, however.
More informative prices can reduce welfare. Agents may have an incentive to acquire
information even though they would be better off if they could coordinate on staying
uninformed.
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Appendix

Proof of Lemma 3.1 The assumption that agi“) > ( ensures that the covariance
matrix of (s;,,p) is nonsingular even if 62 = 0. The conditional expectations of v;,
given {s;,,p} and p, respectively, are:
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Plugging these conditional moments into (2), we get the desired result. [

Proof of Proposition 3.2 We proceed under the provisional assumption that
Ugilp > 0 for all 7, i.e. the price function does not (fully) reveal 6; for any 7. We will
verify later that this assumption does in fact hold. From (4),

qi = Vit — kip, (18)
where )
Vi = ﬁ . To.lp (19)
i i (O'gl‘p—FO'?Z)O'?h —|—O-§i|po.€2i7
and ) ,
i o T, (0’2 +0-2 )U2 +O.2 0-2 r. 0_2 +0_2 .
v 0i|p € i €i|P €; 7 9i|P ni

Using the market-clearing condition, ) . ¢; = 0, we obtain:

(Z kz) p= Z%‘Qz‘- (21)

Suppose first that > . k; = 0. Then, > .76, = 0. Due to the positive definiteness
of the covariance matrix of 6, we must have v, = 0 for all 7. Since agi‘p > 0 by
assumption, it follows from (19) that \; = 0 for all i. But this contradicts Assumption
A1, which says that A; > 0 for at least two types. We conclude that ). k; # 0.

We can now solve (21) for the price function p, and we see that it is indeed given
by (5), with k& = (32, k)~". From (19), it is immediate that ~; = X\;(r07,) 7" if
02 =0 (type i is asymmetrically informed), while ~; = X;(r02) 7" if 07, = 0 (type i
is differentially informed).

Finally, we verify that a price function of the form (1) does not reveal 6; for any i
(O'gi p > 0 for all i). Suppose not, say p reveals 6;. Then, since the covariance matrix
of @ is positive definite, so that ¢; is not perfectly correlated with any linear combi-
nation of the remaining 6,’s, we must have p = a;60;,a; # 0. Since p does not reveal
0; for i # j, equations (18)—(20) still hold for i # j. For type j, Lemma 3.1 does
not apply, but ¢; can be calculated directly from (2). Assuming for the moment that
a%j >0, ¢ = (6, — p)(rja%j)_l. Thus ¢; is given by (18), with v; = k; = (rjaflj)_l.
From (21), we see that ) . k; # 0, for otherwise 7; = 0 for all ¢, a contradiction.
Hence the price function is given by (5). But since p = a;6;, v; = 0 for all i # j,
which in turn implies that A; = 0 for all 7 # j. This contradicts Assumption Al.
For the case where 072” = 0, we must have p = 0;, and the optimal trade of a type
j agent is indeterminate. However, the aggregate trade of type j is pinned down by
market clearing, i.e. ¢; = — > .. ¢ = >, ;(kip—7it;) = >_;;(kif; — 7i0;). Invoking
Assumption A3, ¢; is measurable with respect to the information of type j agents.
Hence, we must have v; = 0 for all i # j, leading to the same contradiction that we

25



arrived at above. O

Proof of Lemma 5.1 We have

4 2 ) 2

o2 90, (Uei_ﬁza%-,p)”ei
) 2 ) 2 _3.

0; L +0‘Ei 99, +0’€i Bzog“,

V! - .
Ty,
0 op.+od,
2
o 5i0—9i7p0-6i
) 2 2 _ A
0—91 (0-02 + O_Ei 51091‘@)
2
ViO' p

(1 — Vl)O'gl + 0—621' '
The result follows. O

Proof of Proposition 5.2 The expression for V; is immediate from (8). Differen-
tiating this expression, we obtain

0V, _ 2pi(Y ' RY)(R/7) —2(R/7)*(R;jv) 9

Y (v"R~)? 0N
Therefore,
oV
o < iR ) = ViR ).
O\;
In particular,
aV;

—VIWRT T
aAZ 8 (1 Vl)(Rz 7) X Rz ’77

where we have used the fact that V; € [0, 1).
Since V; is homogeneous of degree zero in -y, by Euler’s theorem,

oV

J

If A\; > 0 and 9V;/0\; > 0, then ~;(0V;/0v;) > 0. It follows that v;(9V;/07;) < 0 for
some j # i, which in turn implies that 9V;/0\; < 0. O

Proof of Lemma 5.4 Let 1:= (1,...,1)" and v; := (-1,0,...,0,1,0,...,0)",
where the 1 is in the j'th place. Then R1 = [1 + p(N — 1)]1, and Rv; = (1 — p)v;,
for j = 2,3,...,N. Thus the eigenvalues of R are [1 + p(N — 1)] and (1 — p), the
latter with multiplicity NV — 1. Since R is a symmetric matrix, it is positive definite
if and only if all its eigenvalues are positive, i.e. if and only if 14+p(N —1) > 0. U
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Proof of Proposition 5.6 Since \; =1 for ¢ # j, we have (from (11)):
[ —p) +p(N =1+ M)
(I=p)(N =1+ X) +p(N =1+ )))*

(1= p)A;+p(N =14 1))
(L=p)(N =1+ X) +p(N =1+ X))%

V; =

Using the fact that p > pmi, we can directly verify statement (i) of the proposition.
Statement (iii) is straightforward to check as well, and statement (ii) is immediate
from (12). O

Proof of Lemma 6.1 With the understanding that the cost ¢; is paid by agent in
only if he is informed, his ex ante expected utility is

E[—exp(ric; — riWi)] = —e”‘:"E[E(exp(—riVVm)ﬂm)]
= —e”c"E[eXp(—n&-n)}, (22)

where
Em::E@%ALQ——%VMO%dL@
= [E(vi|Zin) — p|gin — %qfn\/ar(viﬂm).
From (2), E(v;|Zi) — p = riqinVar(v;|Z,). Therefore,
Ein = %qfn\/ar(viﬂm).

Substituting for ¢;, from Lemma 3.1,

2
[0§i|p8m — [0, + (1= ﬁi)ai]p}

I ]_
i = =5 2 2 ’
2 (‘702-|p + 0621) [(Ueilp + 0621')07271' + 09i|p062i:|
eev L (=5)
1“in 2 2 p .
2 T6;1p + O

In order to evaluate (22), we use the fact that if y ~ N(0,02), then E[e 2¥"] =
(1+ 02)~2. We obtain

2

2 2 [ 2 2) 52 2 2] !
(U(MP + afi) (aei\p + aq)am T %%

Ui, = e [1 +

which, after some algebraic manipulation, gives us the expression for U] in the
statement of the lemma. Also,

(1 - ﬁi)ZO'g

U =1+
m 2 2
99,1p + I
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which yields the desired expression for UY. 4

Proof of Lemma 6.2 From Lemma 6.1:

7 2 2\( -2 2
ui _ e—QTiCi . (0-‘91'\17 + UEi)(UQi |p + am)

U 2 2 2 2 2
U, (09i|p + oez_)am + 0%,1,0¢,

4
g
_ 6_27"1'01' 1 0i|p
- 2 2 2 2 52 :
%, |p(06i + 0771') +ogo,

If type i is asymmetrically informed (0?2 = 0), we get

T 2
U; — e 2mici |1 4 6.l
uv o2

() i

Substituting for Ugmw using (7), gives us the desired expression for the utility ratio.
In the differential information case, we get the same expression with agi replaced by
ol 0

Proof of Lemma 6.5 If V; = o, then in particular V; > 0, so that R, X # 0 (from
(9)). Moreover, from (10), dV;/0\; < R} A. The result follows from the definition
of stability. O

Proof of Proposition 6.6 Price informativeness for type ¢ is given by (11). By
Lemma 6.5,

L=pAe+pd M>0, (23)

for all ¢ satisfying V, = ay. In particular, this is the case if A, € (0,1). Moreover, if
A¢ = 1, the LHS of (23) is equal to 1 + sz# Ak, which is positive since p > puin.
Thus (23) applies as long as A\, € (0, 1], and in particular for £ = 4, j in the statement
of the proposition. It follows that A; > A; if and only if V; > V;, and A\; = J; if and
only if V; = V;. It remains to show that ¢; < ¢; if and only if V; > V; (since we can
reverse the indices ¢ and j, this in turn implies that ¢; = ¢; if and only if V; = V).

Suppose first that V; > V,;. Then \; > A; and hence A\; € (0,1). Further-
more, o; > V; > V; = «j, so that ¢; < ¢;. Next suppose that ¢; < ¢;, or equiv-
alently a; > «;. If V; < V;, we have \; < );, implying that \; € (0,1), and
a; > a; > V; >V = o, a contradiction. Therefore V; > V;. O

Proof of Proposition 6.7 Let

A Dkt M

Ai and 0; := 5
(Zk;ﬁz’ )‘k)

T Zk;ﬁi Ak’
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which are well-defined for any ¢ since Zk# A > 0 by Lemma 6.3. Using (11), we
can write V; as follows:

v [Ai + P s Ak}z
1 (1—p)[A2+ Dkt M+ o[+ > ki ] i
_ ] (i + p)? _
(1= p)(A? +6;) + p(A; +1)?
(\i + p)?

S . (24)
(Ai+p)*+ (1= p)(d: +p)

Notice that V; is strictly decreasing in ¢; and, if p > 0, strictly increasing in Ai.
Hence, provided p > 0, a lower bound for V; is obtained from (24) by setting \i
equal to its lowest possible value, which is 0, and d; equal to its highest possible
value, which is 1 (§; = 1 if and only if there is only one type k,k # i, for which
Ax > 0). This gives us V; > p?; if \; > 0, we have V; > p?.

By Lemmas 6.3 and 6.4, there are at least two types for which \; > 0 and
consequently V; < oy. If p > 0, we must therefore have p? < V; < o for these two
types, implying that p < ,/as (recall that we have ranked the a;’s in descending
order). Thus there is no equilibrium if p > \/as.

Now suppose \; =1 for all 7. Then V; =V, where

- 1+p(N-1
p_ 1o )
N
This is an equilibrium provided all agents have a (weak) incentive to acquire infor-
mation, i.e. if ¥V < q; for all 7, or ¥V < apy. From this we obtain the upper bound on
p in the proposition. 0

Proof of Proposition 7.1 For ¢ # N, we can choose ¢; sufficiently low so that
Ai = 1. Then, from Proposition 5.6 (part (ii)), Vx(Ay) is minimized at A*; \* € (0, 1)
since p € (pmin,0). If ay < Vy(0), we obtain the two equilibria as stated in the
proposition. See Figure 1 for the case of N = 3 and the discussion in the text.

At the equilibrium with positive Ay, we have Vy < an < Vy(0), i.e. price infor-
mativeness is strictly lower for type N. From Proposition 5.6 (part (i)), this is the
case for the other types as well. 0

Proof of Proposition 7.2 We consider a situation in which m types are informed
and the remaining (N — m) types are uninformed. By symmetry, all informed types
have the same price informativeness, which we denote by V(;). All uninformed types
also have the same price informativeness, V(. From (11):

1+ p(m—1) p*m
Voy=—"——"" and Yo = 1 mo 1)
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This is an equilibrium provided V) > a; > az > ... > ay > V), by Lemma 6.4.
Thus we require V) > V(1). Using (25), and noting that 1 + p(m — 1) > 0 due to
the fact that p > pmim, we get the following condition

1
o2m —1°

<p<-—

pmin:_N_l

In particular, we require that m be an integer strictly greater than N/2, or m >
(N +1)/2. The condition p < —N~! ensures that p < —(2m — 1)~! for all such
values of m. The open subset of C' for which the proposition holds corresponds
to a choice of {e;} in the interval (Vy),V(py). The same choice must apply for all
m > (N + 1)/2. Since V) is decreasing in m and V(g is increasing in m, the
appropriate interval is the one for m = (N +1)/2.

Now let us compare an equilibrium with m = N to one in which m < N. Since
V() is strictly decreasing in m, price informativeness for the types who remain in-
formed is higher for m < N than at m = N. For any type ¢ that switches from being
informed to being uninformed, price informativeness must go up, since V; < q; in
the first case and V; > «; in the second. O

Proof of Lemma 8.1 From Proposition 3.2,

k
7
Therefore,
o\ 2
o2 =0 (—2> AR,
ro;
k
Toip = 0 (r?%) R/,
so that
99i,p 20 -1 RIA
=T = ol T 26)
i = 05 — Bi0,p = 05(1 = V). (27)
From (20):
A 1-N 1-5
ki =-—+ ) & 2
roy, T T9,1p + o
_ T
1 1—ro2kt. B
= S 0N e |
ro, 1+ £(1 — Vz)
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where & := 03/0727. Summing over 4, and recalling that k = (3, k;) ™!, we obtain

-
1 —ro2k—t. B

1 o
-1_ \ 1—\)- n ATRA
7“0727 ZZ: Z+zi:< 2 1+£(1-V)

Now we can solve for k:

R
k= ro? L+2. 1+£(1 V@ "ATRX
=70y 3 LAV
i 1+E(1-Vy)
We have
Ui_p =0, + ag + 05 — 20y, p
2 2 o K T ]‘5 T
:Ue+0n+0_9 _2 ARA—QO—Q RA
ro ro?
n n
so that

k
—QATR)\ — 2RT)\}
o

02 k
——1+€+€ —
o2 ro?

n n

We now set \; = 1 for ¢ # j, and write all variables as functions of ;. For A\; =1,
we have k(1) = ro /N, and hence

—012”;_2(1) =14+E4+ENTT [N”N[l +p(N —1)] = 2[1 + p(N — 1)]]
€= N p(N — 1) (28)
=141 - Vi(1)], (29)
for all ¢. If A\; = 0, we have:
L 1€V (0)] + R
KO) = N e — 1 W0
o 1+ (¥ — ][t + €0 )]

T =p)+ (N=D)+p(N =D +£(1—p)]

For type i # 7,

§%§Q:4+f+f-ﬁ2[%?uv—nu+mw—on—m1+MN—zﬂ

1+ p(N = DI[1 + p(N — D][1+ (1 )
(L= p)+ (N = D)[L+ p(N = ][1 +£(1 = p)]

2= p)+ (V= DL+ p(V = D[+ € - p)]].

=14+&6—¢-
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It is easy to check that the above expression is lower than (28). For type j,

2 e O T it - 2 2003 - 1)
DRSPS e V[ R0V [ e { ) R
(1= p) + (N = D1+ p(N = )][1 +£(1 - p)]]
2001 = p) + (pN = D1+ p(N = ][+ (1= p))],  (30)
which is greater than (28). O

Proof of Proposition 8.3 An equilibrium with the properties (a) and (b) stated
in the proposition exists if, for any type j, UY(1) < UJ(1) < UJ(0) (we write all
variables as functions of A;, which is either 0 or 1). The first inequality says that at
the proposed equilibrium, with A\; = 1 for all ¢, agents of type j have an incentive
to acquire information, while the second inequality says that they are worse off
compared to the case where none of them do. Using (14) and (15), and recalling
that £ := oj/07, this system of inequalities can be written as follows:

1 O-lz’j_P(l) < 672rc]~ Ogj—p(l) < 1 Ugj_P(O)
1+¢[1—V;(1)] o2 ol 14+ &[1—V;(0)] ol '

Substituting for o7 _,(1)/0; from (29), the condition becomes

. 1 05,-p(0)
L+E1—-v,(0)] o2

1< e 2|14 €1 — 14-(1)]] (31)

The first inequality in (31) holds for all ¢; € (0,¢}), where'

* .

o= o log[1+-€11 = V(1]
and, moreover, becomes arbitrarily close to holding as an equality as ¢; converges to
c;. We can also verify by direct computation, using (30), that the RHS of the second
inequality in (31) is greater than 1. Therefore, (31) holds for ¢; € (¢} — ¢j,¢;) for
sufficiently small ; > 0.

The above argument applies for any choice of j. The proposition is thus estab-
lished for a vector of costs (cj)é-V:1 that lies in the Cartesian product of the open
intervals (¢; —¢j,¢j), j =1,..., N, an open subset of C. O

19Gince we have a symmetric economy, ¢; is actually the same for all j, but this is not needed for
our argument.
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Proof of Proposition 8.4 In order to calculate U] and UY, we need to determine

UU _p- We proceed as in the proof of Lemma 8.1. The expressmns for 3; and 09 p are

the same as in (26) and (27), but with o7 replaced by oZ. From (20):

Ai 1 1-5;
2 +-— &
ro¢ T Oy,

.
. \ L—rock™ - AI'{ViRAA
ro2 |™" C(1-=W) ’

ki =

where ¢ := 0}/02. Summing over 4, and recalling that k = (3, k;) ™!, we obtain

1—ra2k 1. RIA
= 2 [Z)\ +Z ]

AT R\

Now we can solve for k:

P R
S SRS Sa e

We have
agi_p = o) + 05 — 209, p
k> k
) 2 T 2 T
so that )
v k k
Tuip _q4 2[ . RA—2RZT>\] (32)
o ro? | ro?

We now set \; = 1 for ¢ # j, and write all variables as functions of ;. For A\; = 1,
we have k(1) = ro?/N, and hence

72, (1)

2

=14 N [N—lzvu +p(N =1)] = 2[1 + p(N — 1)]]

— 1= N1+ p(N - 1)}
=1-V(1), (33)

for all ¢. If A\; = 0, we have:

CH+HI=ViO)] ™ + mh= - L = V(0]
[C+ 1=V (N = 1)+ [1 = V;(0)] !

— ro?D! ( (N —2)+ [14 p(N = 1)] [(N—1)+C(N—2)(1—p)]),

k(0) =ro?-
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where
D:=(N=2)[14+p(N=2)]+(N=1[1+p(N—1][(N—1)+ (N =2)(1-p)].

For type i # 7,

05,-—:;(0) =1+ [1+p(N—-2)]- &02) [&02)(]\7 —b- 2]
po ro’n 7“0',7

—(N=2)(1-p)D?
(N =D+ p(V = D[V = 1) + ¢V = 2)(1 = )]’
+2(N =2)[1+p(N = 1)][1+ p(N = 2)][(N = 1) + (N = 2)(1 — p)]
+ (N =2)[1+ p(N = 2)] [1+p(N—2)—p]).

Using (16), some tedious but straightforward algebra shows that U (1) > U} (0) for
1 # j if and only if the following condition is satisfied:

f(O) > (N =2)1=p) 7 [L+p(N =2)] [N + p(N? = 2N - 1)], (34)
where
F(C) =GN =N =2°[1+p(N = 1)*(1 - p)?
+2¢3(N = 2)[1 + p(N = 1)](1 = p) [(N —1?[1+p(N = )]+ (N = 2)[1 + p(N — 2)]
+ C[(N — 1’1+ p(N = P +2(N = 1)(N = 2)[1 + p(N = D)][1 + p(N — 2)]

— (V= 2[1+ p(N = 2)]

Also, UF(1) < UL(0) for i # j if and only if f(¢) is strictly less than the RHS of
(34). Using the fact that p > —(IN — 1)7!, it is easy to check that the function f is
strictly convex on (0,00), with lim¢ g f({) = 0 and lim¢to f(¢) = co. Hence there
is a unique ¢* > 0 such that f(¢*) is equal to the RHS of (34) (which is positive).
Clearly (34) is satisfied if and only if ¢ > ¢*. O

Proof of Proposition 8.5 Using (32), we obtain

05‘7;5(0) =14 (N - 1)% [%[1 + p(N —2)] = 2p]
= 1= (V= 1)(p(N = 2) + [L4+p(N = D] [(V = 1) + (N = 2)(1 = )] ) D2

(PN =2)[14 p(N = 2)] + (pN = D1+ p(N¥ = DJ[(V = 1) + (N = 2)(1 = p)]).
(35)
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We now proceed as in the proof of Proposition 8.3. We require that, for any type
4, UY(1) <uf(1) <UY(0). Using (16) and (17), and recalling that ¢ := o5 /0?, this
system of inequalities can be written as follows:

L L0 L0 1 a0
v o2 € CHL=v]7] P Y O

Substituting for o7 _,(1)/07 from (33), the condition becomes

1 oy, p(0)
v;i(0)  op

| < e 2o [1 (- 14(1)]} <= (36)

The first inequality in (36) holds for all ¢; € (0, c}), where

* .

¢ = 2—17010g[1 +¢[1 - Vj(l)]]>

and, moreover, becomes arbitrarily close to holding as an equality as ¢; converges
to ¢;. We can also verify by direct computation, using (35), that the RHS of the
second inequality in (36) is greater than 1. The rest of the proof is the same as that
of Proposition 8.3. O
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