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1 Introduction

Social security is one of the main source of government expenditure and it plays an important
societal and economic role. There are various justifications for the existence of public forms of
social security: some of them are more paternalistic, e.g. individuals are short-sight and do not
save enough for their retirement period, others are more technical, justifying government inter-
vention sustaining the inability of decentralized markets to reach Pareto efficiency. Whatever are
the possible reasons or justifications, the introduction or modification of a social security program
has important effects on saving decision, capital accumulation and economic growth. The aim of
this paper is to shed some light on social security implications in particular on long term potential
growth, hopefully helping in designing better schemes.

The seminal paper Samuelson (1975) constitutes our starting point. He develops a two periods
life-cycle model, where there are two different generations overlapping. The main results found are
that pay-as-you-go social security may restore dynamic efficiency reducing capital accumulation,
while a fully funded scheme seems not to have any effects. This simple model is extremely useful to
perform some macroeconomic analysis, specially about social security, this is why in the next sec-
tion we briefly remind the construction of this model. This should help in grasping the differences
between this standard framework and our analysis.

The first step we make is to consider liquidity shocks when an individual is young. Instead of
including possible market imperfections, which would have automatically left room for policy inter-
vention, we introduce consumption/liquidity uncertainty. This part of the model echoes Diamond
and Dybvig (1983), in particular an extension in continuous time developed in von Thadden (1998).
Ex-ante it is not obvious that social security may interfere with this economy bringing new results
with respect to Samuelson (1975). This is because individuals may form a bank that provides
insurances against the liquidity shocks. If we suppose that the government, which provides also
social security, guarantees the deposits, we rule out the possibility of bank runs. Thus, the optimal
allocation of resources is restored even in presence of these shocks. Deriving the savings flow solving
the problem from a bank perspective (offering a contract where an agent can withdraw a certain
quantity of deposits and determining his consumption level) leads to the same dynamic inefficien-
cies conditions fund by Samuelson (1975). The novelty is that fully funded social security increases
consumption and reduces capital stock, even if less than a pay-as-you-go system. The different
impact of the two social security regimes implies interesting policy implication, specially in terms
of growth implications. We show how the transaction from a pay-as-you-go to a fully funded social
pension increases potential growth and possibly restore dynamic efficiency.

In our model an individual faces two different optimization problems, one that is subject to liquidity
problems when young and one when he retires. Part of the problem he has to solve is computing
the optimal amount of savings he needs when he retires, in order to have enough resources to con-
sume. This approach leads to a two-stage optimal control problem. For this type of optimization,
the optimality conditions have been studied and developed for the first time in Tomiyama (1985).
Two-stage optimal control techniques allow us to model switching regimes. This is useful to model
the young and old period of life, which have different budget constraints and maximization prob-
lems, but being nevertheless part of the same consumption-savings problem. To the limits of our
knowledge this paper is one of the few making use of this optimization technique. Another example
can be found in Boucekkine, Raouf and Saglam, Cagri and Vall Ee (2004).

In the second step we extend our considerations to an endogenous growth model. This is par-
ticularly interesting since, as underlined in Saint-Paul (1992), when we try to endogenize growth,



designing a social security scheme which restores Pareto optimum is not possible anymore. This
happens because it lowers economic growth, reducing consumers welfare. A possible solution that
he suggests is to use investment subsidies. Instead we show that once capital can be used also in
an R&D sector, social security may be Pareto improving.

In order to obtain endogenous growth we start from a particular version of the Schumpeterian
growth model developed in Aghion and Howitt (2007). In that paper the authors develop a model
which is a meeting point between neoclassical growth model of capital accumulation and Schum-
peterian one, e.g. Romer (1990), Aghion and Howitt (1992). Their purpose is to show different
interpretations of the same accounting data. Instead this model is useful for our purposes since it
stresses the importance of capital as growth component, giving us an ideal setting in which we can
extend our social security analysis. In our model savings and capital dynamics come from the over-
lapping generation model with liquidity shocks. Capital can be used in the production sector but
also in R&D, in this way the constraints from the individual liquidity problems affects innovation
and economic growth. We show that there exists an optimal level of capital, and the it is possible
to use social security to achieve this level when the laissez-faire output is inefficient.

Again the story is simple: social security changes savings decision and capital accumulation, and
when capital plays a role in production and innovation we have also economic growth effects. These
should not be underestimate, since social security may become a powerful instrument also to restore
optimal growth.

In order not to over-complicate the model, three decisions has been taken: (i) despite the structure
presented is general enough to be adapted to study different optimal deposit contracts, allowing
also the possibility of bank runs, we transcend from these considerations; (ii) we assume that all
the agents are forced to retire at a certain time ¢ = 1, but the optimal retirement time may be
endogeneized since the two-stage optimal control techniques allow this possibility; (iii) the Schum-
peterian framework offers good connections also with Industrial Organization theory, but these are
not exploited here. All these elements are certainly interesting, but we do not want to loose our
focus on the macroeconomic effects of social security. But, they show the extreme flexibility of the
model we propose in this paper, and the possible directions of future research.

Our analysis makes use of a logarithm utility function, mainly for simplicity of exposition. It is
possible to generalize our results for isoelastic utility functions without affecting the conclusions.
Furthermore, whenever the risk aversion parameter is greater than one, there are more similarities
with the model of Diamond-Dybvig since the consumption offered by the bank will be affected, and
individuals will consumer higher when they withdraw before the end of the period. For more of
these considerations see Diamond and Dybvig (1983).

The paper is structured as follows: in Section 2 we present the standard overlapping generation
model showing also the results of Samuelson (1975). In 3 we show how starting from the simple
overlapping generation model we can introduce liquidity shocks, drawing some new results about
pension effects. In Section 4 we extend our results to the Schumpeterian framework already men-
tioned, and finally in 5 some conclusions are drawn.



2 Framework

2.1 The standard model

In this basic economy time or generation 7 is a discrete variable and goes from 0 to oo, with 7 € N.
The population of generation 7 is composed by L, individuals. Each individual i € L, lives for
two periods. In their first period of life agents are young, they are endowed with one unit of labor
[ which they supply inelastically in a competitive labor market, earning a real wage w,. In the
second period they are old and they retire. The life-cycle utility function U of each 7-individual is
assumed to be separable and of the form

Uerr,co7) =In(c17) + e ?ln(ca ) (1)

where p > 0 is the discount rate, ¢;, and cy, denote respectively the consumption of an
individual born at 7 when young and when old. Population grows at a constant rate n € (—1,00),
i.e. L, = €™ Ly and we normalize the size setting Ly = 1.
Firms produce an homogeneous good in a competitive framework, employing labor L. and capital
K. In the Cobb-Douglas production function, with capital elasticity equal to «, the production
technology, A, for the moment, does not change. For simplicity we assume that the capital stock
fully depreciates after its use. Hence the total production of our economy is

Y. = F(K.,-, LT) = A(K‘F)Q(LT)l_a (2)

Because of the constant return to scale, we can rewrite the production function as F(K,,L;) =
L.F(K,;/L;,1) = L,f(k;), where we define the per capita level of capital K7/L, = k, and the per
capita production function F(K,/L;,1) = f(k;). Since markets are competitive, marginal returns
equal marginal costs in equilibrium. We can write the gross return of capital at 7 as R, = "™ Ry,
where r, > 0 is the rate of return of capital at 7, we assume that Ry = 1.

2.2 Consumption-saving problem

In each generation 7 every young individual allocates his resources w, between the two periods
of life, deciding how much to consume and save. Write s, the quantity of resources saved by a
7-individual, these are rent as capital to firms, receiving as return R, 7 the next period, after that
production has taken place. The consumption-saving maximization problem is

max In(c1,7) +e P ln(ca,r)
C1,7,C2,7,5+
subject to ¢1,r + 5, <w; (3)

C2 1 < RT+1ST

From the first order conditions we obtain

w(wr —87) =e PRy v/ (Rry18,) (4)

concavity guarantees that the first order conditions are necessary and sufficient to find the
optimum level of savings s, = w,/(1 + e ?). Adding the wage equilibrium condition (w, = (1 —
a)k®), from K,y = L,s, we obtain the unique steady state of capital/labor ratio



Feq = e"(lbre*f’) - LnE:Z)p)} 7 (5)

A competitive equilibrium of the overlapping generation economy presented is defined as follows

Definition. A competitive equilibrium is a series of factor prices, { R,,w; 52, aggregate variables,
{K;,L; Y;}22,, and individual variables, {c1 +,c2 - 152, such that optimality conditions, 4, 5,
are satisfied.

2.3 Welfare

To study the welfare properties of this overlapping generation model we compare its results with
the choice of a social planner maximizing a weighted average of every generation’s utility, under
the resources constraints, F(K.,L;) = K,41+¢1.Ly +cor—1L,4

max e " (In(c; ) + e Pln(co
c1,r.C2,r 7;) ( ( ’ ) ( ’ )) (6)
subject to  f(k;) =€ kr41+c1r +e Moo

where p,, is the social planner discount rate. The first order conditions are as in 4, thus con-
sumption shares are allocated in the same way. Although the social planner problem takes into
account the effects of capital accumulation on future generations, and competitive equilibrium over-
accumulates capital whenever r < n, being dynamically inefficient and Pareto sub-optimal.

2.4 Pensions

Suppose that the government taxes young of generation 7 by an amount ,. In a fully-funded
social security program government invests these funds in the productive asset of the economy, the
capital stock, leaving the returns to the workers. Instead if the government sets up a pay-as-you-go
scheme, considering the population growth, it will distribute to each old agent a benefit ™. The
new individual maximization problem becomes

max In(c1) +e Pln(car)

C1,7+Ca. 7,51
subject to  c1r + 5; +¥r S w; (7)
ca,r < Rri1(sr + 47) if FF pension scheme
c2,r < Rrp15- + €™, if PAYG pension scheme

Samuelson (1975) shows that a fully funded social security program actually does not affect the
dynamic in presence of perfect financial markets, since the total amount invested is not affected.
Instead a pay-as-you-go system reduces capital stock, since s, is lower than the case without social
security for any ¢, > 0.

Theorem. Samuelson (1975)

Provided that capital markets are perfect, the fully funded pension scheme do not affect capital
accumulation, consumption and welfare. Instead, a pay-as-you-go scheme decreases capital stock,
and it may increase consumption and welfare in presence of over-accumulation of capital.



3 Introducing liquidity problems

3.1 Set up

Let divide each of the two periods of life in an infinite number of sub-periods t. When an agent is
young, he faces a liquidity shock, such that his demand for consumption is singular at a certain ¢
in the first period, without knowing which one in advance. Write F' : (0,1] — [0, 1] the cumulative
distribution function of these i.i.d. shocks, with F’(t) = f(t) and F(1) > F(t) for any ¢t € [0,1). In
the second period individuals simply smooth consumption over the sub-periods.

Investment return is increasing in ¢ with cost-less liquidation, and the gross return function R, (t) =
e"t still has r, > 0 as rate of return at 7.

These changes from the previous framework lead to a two stage control problem, with two budget
constraints, one for each period of life. Since we have sub-periods, we specify also the sub-period
for each variable, i.e. ¢; () is the consumption of a young agent of generation 7 at ¢. Therefore
the new consumption-saving problem is

max / In (crr(8)) F(E)dt + / ¢! (ca. (8)) dt
0 1

c1,7(t),c2,+(¢)

subject to  ds,(t)/dt = rrs.(t) — 1 -(t) f(t) for t € [0,1] (8)
ds,(t)/dt = r;5:(t) — ca,,(t) for t € [1,2]
$:(0) = wr, 5:(2)=0

For t € [0, 1] the individual faces a liquidity shock. This structure is an extension of the famous
Diamond-Dybvig model in continuous time, introduced in von Thadden (1998). Instead for ¢ € [1, 2]
the agent retires and consumes his savings. From the different construction of the two periods, we
have the two differential equations which are also the individual resource constraints. Each agent
still receives a wage w, at the beginning of the first period, and we impose a no waste condition,
giving us the starting and terminal points.

To solve this two stage control problem, we divide it in three steps: (I) solve the old period
taking s, (1) as given and knowing that s,(2) = 0; (II) solve the young period with free s,(1) and
$:(0) = wy; (IIT) compute the optimal savings stock when an individual retires s, (1).
(I) Solve for t € [1,2]
The Problem 8 for ¢ € [1, 2], reduces to

2
max / e P In(co (1)) dt
CQ,T(t) 1
subject to  ds.(t)/dt = r.5,:(t) — co.-(t)
s7(1) given,s(2) =0
The corresponding Hamiltonian of this problem is H : —e™** In (ca - (t))+ 2 (t) (rr5-(t) — c2. (1)),
and the first order necessary (and sufficient) conditions are

ds,(t)/dt = rr5:(t) — c2 - (1)

d)\g (t) /dt = —/\2 (t)’I“T



M(2) <0, s(2)h(2) =0
From the integration of these conditions we obtain

L0 et ) )

s.(t) = s, (1)e 7t 4
p

cor(t) = aelr—P)t

)\g(t) = _7e—r7t
Where a is a constant, which we need to solve. From the terminal condition s,(2) =0

¥’ q

s (1)62”*” +
! p

(e72° —eP) =0
and hence
_ psr(1)
er(e=P —e~2p)

We can compute the optimal consumption value when an individual is old as a function of the
savings stock when he retires

Us % (5,(1)) = /12 o (M6<Tf—ﬂ>t) dt

e~ P — e*ZP)

(IT) Solve for t € [0, 1]
The Problem 8 for ¢ € [0, 1], reduces to

1
max / In (c1,(t)) f(t)dt + Uax
0

c1,-(t)
subject to  ds.(t)/dt = r-s.(t) — c1.-(t) f(¢)
52(0) = wp, 5, (1) = free

The corresponding Hamiltonian of this problem is H : —In (¢1,-(2)) f(£)+A1(2) (rrs-(t) — c1.-(8) f(2)),
and the first order necessary (and sufficient) conditions are

(10)

ds,(t)/dt = rrs:(t) —c1,-(t) f(t)
d)\l(t)/dt = —)q(t)TT

5:(0) = w,

If we try to integrate the first condition we obtain s, (t) = e"** (87—(0) - fot e " *1n 017T(z)f(z)dz) .
The integral causes some computation problems, without allowing us to identify a well defined so-

lution. Instead, following the approach of von Thadden (1998), define x, () the per capita share of



resources that can be withdrawn from a bank where each young agent deposits his savings. It leads
to a consumption ¢ ,(t) = z,(t)R;(t)w,. The new equation describing the savings dynamic is

ds(t)/dt = rrs.:(t) — x- ()R () f (H)wr

Integrating this last expression

s:(t) = €5, (0) (1 - /01 J:T(z)f(z)dz> (11)

Problem 10 can be restated as

max /0 (o (R (1)) £(0)dt - U

c1,r(t)

subject to  z.(¢) integrable on [0,1]

1
s7(0)  s.(1) _
x. (t) f(t)dtw, = - =w; — s, (1)e”""
/o R.(0)  R.(1)
From von Thadden (1998) we know: (i) each agent deposits his savings whenever z%(¢) > 1
(alone each agent faces the liquidity shock, and his expected utility is fol In (R,(t)) f(t)dt which is

the case when z,(t) = 1); (ii) the problem in this form has as solution z*(t) = ¥/, where ¥’ is a
constant. Thus 11 becomes

s-(t) = e"'s,.(0) (1 - b’/o f(z)dz) =e"" (5.(0) — bF(t)) (12)

where b = b's,(0). Going back to the first order conditions of the Hamiltonian, we can also
compute

1. (t) = be™! (13)

1
Al(t) = 7567’“-7:
From the matching condition (or continuity) we should have that A (1) = A3(1), which implies

ps-(1)
= 14
err (efp _ 672p) ( )
Combining 14 and 13, we have the optimal consumption in the first period as a function of of
the savings stock when he retires, so now we need to compute s.(1).
(III) Compute s.(1)
From the previous step we can combine 12 and 14, at t = 1

_or. . psT(l)
s-(1) =e (ST(O) e —cmyl W)
re-arranging and since F'(1) = 1, we obtain

s = 0 (15)



where s,(0) = w, is given.
This gives the optimal consumption levels and the savings when young (depending on ¢) in a
laissez-faire economy

per.,.t pe(rﬂ.fp)t

arl)= e =

wr (16)

N _ #
s-(t)=e <1 Py 62pF(t)) wr (17)

There are two generations overlapping at each ¢, L, agents old with savings s, (¢) following 9,
and e"L, agents young with savings s,41(t) expressed by 12. Since the old savings must be kept
liquid to finance consumption, the law of motion of capita is simply given by K, 1(t) = L;s.(t).
In per capita terms and with 17, we obtain

__ _rst—m _ p
kryi(t) =e (1 pter— e2pF(t)> wr
Because of the shocks during time ¢, we are looking for optimal conditions across generations.
Markets are still competitive, so wages should be equal to marginal productivity of capital. Thus
we can compute the steady state value across generations of the capital-labor ratio in a laissez-faire
economy

keq(t) = [(1 —a)etm (1 - pF(t))} o (18)

P +e P — e*QP

A competitive equilibrium is still defined as in the previous section.

3.2 Welfare

As before, to study the welfare properties we compare the competitive equilibrium results with the
choice of a social planner maximizing a weighted average of the utilities of every generation, under
the resources constraints.

max :ii:e—w (/Olln(cl,r(t))f(t)dt-‘r/12€_pt1n(0277—(t))dt)

c1,-(t),c2,+(t

. , (19)
subject to  f(k;) = €"kr11 +/ c1,. () f(t)dt + e_"/ ca,r—1(t)dt
0 1

The first order conditions of the social planner problems are the same as in the individual
one, but again the problems are structured in a similar way, thus there is not certain that the
competitive equilibrium is equal to the optimal one. Define the total consumption at 7 as C,; =
fol c1-(t)f(t)dt + e f12 ¢2.r—1(t)dt. From the budget constraint we have C; = f(k;) — €"kr41,
thus the equilibrium level of capital-labor ratio maximizing consumption is f’(k) = e™. Again the
golden rule of capital requires r = n, which may not be the case. Dynamic inefficiencies arise also
in presence of liquidity shocks.



3.3 Pensions under liquidity problems

Whenever we introduce a social security this may affect savings decision and capital accumulation
in two ways: reducing for every generation s,(0), since wages are taxed, and increasing s,(1). In
both pension schemes government taxes young of generation 7 of an amount 1,, and we simply
have s;(0) = w; — ¢,. The differences are in s,(1) where the government gives back what has
taxed with the returns if we are in a fully funded case, or where it gives a benefit b, = €™, in a
pay-as-you-go case.

Proposition 1. Under liquidity problems:

o A fully funded social security is not neutral. It decreases capital stock and increases consump-
tion independently from the value of r and n;

o A pay-as-you-go scheme decreases capital stock and increases consumption in presence of
over-accumulation of capital r < n;

e A pay-as-you-go scheme decreases capital stock more than a fully-funded pension one.

Proof. In order to prove the three points, let first compute s/7(1) = s, (1) + €™, and sP9I(1) =
s (1) + e

In case of a fully funded pension scheme, from 15 we have s/7(1) = s, (1)+e" 1), = %:::Z)(wff
7)) + €', or rearranging

e (e — e 2P w, + pe"T,
P +e P — e—2p

sI(1) = s:(1) + e, = (20)

rr(o—p =2
In case of a pay-as-you-go pension scheme we obtain s%%9(1) = s, (1)+e™), = %’7_;2;) (wr—

¥r) + €™, or rearranging

e’ (e™P — e 2P w, + (e”(p +e P —e %) —e"(e7P — 672’))) Vs

p +e P — @_2f’

sPWI(1) = s, (1) + €™y = (21)

Let now analyze the impact on consumption of the two social security scheme. From the two-
stage optimal control problem, we can derive

peth
- e(TT_P)t(e_P — 3_2/7)

peth
er(e=P —e=2p)

e (t) = s7(1) ca,r(t) s7(1)

The introduction of pension changes s, (1) in s/ (1) or s2%¥9(1) depending on the type of social
security. Since that s{/(1) > s,(1) and s?®9(1) > s,(1) in case of n > 7, consumption increases in
both periods after the introduction of social security.

About capital implications, again from the two-stage optimal control problem we have

solt) = et (s v = 2 p)

er(e=P —e=2p

As for consumption, the introduction of pension changes s, (1) in sf(1) or s2%%9(1), obtaining



st = 1 L) — ey L) P,

e~ P — 6_2/3 p + e P — e_2P

rTr—n

spavd(f) = ¢rrt (1 - ”zpF(t)) wr — "l — (epf_ 5~ : ) F ()

P +e P — 672p

where s, (t) > sP%9(t) and s,(t) > s{/(t). Tt is clear that in a pay-as-you-go system capital
stock decreases, kr11 = e "sP?9(t), but this is the case also with fully funded social security,
kst = e (s (8) + 77 t).
Finally, from this last reasoning it is straightforward that pay-as-you-go decreases capital more than
a fully funded pension scheme.
O

The effects on consumption are different from the standard model because of the presence of
liquidity uncertainty. What remains to do is to analyze the welfare implications.

Proposition 2. Under liquidity problems, the introduction of a social security program may increase
welfare and restore dynamic efficiency in case of over-accumulation of capital

Proof. Starting from Equation 5 and imposing r = n, we obtain the golden capital labor ratio
level k4. Using the Second Welfare Theorem argument we know that this level of capital is Pareto
Optimal. A fully funded social security decreases capital stock, thus in case of over-accumulation
(r < mnor key(t) > kgy), affecting savings, it restores keq(t) = kg and with it efficiency. A similar
discussion can be done for pay-as-you-go pension. O

4 Schumpeterian Growth

4.1 New production function

Individual consumption-saving problem is as in the previous section. Production takes place in
every period 7. There is a final good, used as numeraire, which can be stored as capital. Wages are
paid in final good. There are also intermediate goods, ¢, whose number is normalized to 1. Define
y;', the flow of intermediate input ¢ used at 7. They are produced with capital, while the final good
is produced using intermediate goods and labor, still supplied inelastically by each individual. The
new production function is

1
Y, = / Aicyf il 0<a<l1 (22)
0

where A; ; is the productivity variable, a measure of the quality of the input.
Production of intermediate input counts the fact that improved technologies for the intermediate
production should be increasingly capital-intensive. Write k; » the capital-labor ratio input in sector
1 at 7, then the intermediate input production function is simply

(23)



Each intermediate sector ¢ is monopolized by a firm, which borrows capital from the bank at
the beginning of each period 7. The production process needs exactly one period, it means that
the firm pays R,(1) = e”". The marginal cost faced by the monopolist is R-(1)A; -, since 4, -
measures the quantity of capital necessary to produce of unit of intermediate good. Taking the
derivative of Equation 22, we obtain the demand curve

Dir = dYT/dyi,‘r = aAi,Ty?j;l
Therefore, the profits m; - of a monopolist at 7 are p; ry; » — € ki = ad; ;Y — € A 1yi 7.
Maximizing this expression for y; » we obtain:
R,(1)=¢€" = any_‘;l (24)

Notice that the maximization problem is independent from 4, which implies that it is valid in
all sectors. Thus, y; » = ¥, and from 23 we have f{‘j’ = Z—*, where A, = fol A; +di, i.e. the average

productivity across sectors. Define kr = f‘—*, the productivity adjusted capital-labor ratio. We can
combine 24 with the profit of the monopolist obtaining

Tir = A ra(l — @)k (25)

And we can obtain also the equilibrium wages

wr = dY,/dL, = aA k" (26)

4.2 R&D sector

Innovation in sector 7 increases its productivity in the next period, from A; ; to yA4; r 41, with v > 1.
The probability of an innovation p in sector ¢ per unit of time, depends on the amount of resources
N; - dedicated to R&D in that sector ¢ at 7, and the research productivity 7 where the productivity
adjustment captures the fishing-out effect

n= nNi,T/Ai,T

Define V; . the value of an innovation at 7 for an entrepreneur at 7. If he invests IV, -, his
expected flow of returns is p(N; -,n)V; .. Assume free entry in the research sector, implying an
expected zero profit flow, u(N; -,m)Vi — N; - = 0, which can be simplified in

NVir/Air =1 (27)

The interest rate at which the entrepreneur discount his flow of profits, should be equal to the
actual value of profits divided by the expected present value of future one, minus the probability
that somebody else innovates, i.e. v, = m; +/Vir — u(N; -, n). Rewriting this equation we get

T,
rr + u(Nir,m)

From 25, the stream of profits, given an innovation, adjusted by actual productivity is 7; » A; » =

T

~ya(l — a)l%;’. This together with the previous equation and 27 gives

11



ol — a)ke
%
7+ 1(Nirs 1)

which is the typical research arbitrage equation in Schumpeterian growth model.

=1 (28)

4.3 Growth
Define N, = fol N; rdi, the growth rate of the economy at 7 is given by
A'r 1 — A‘r
g- == == Du(N:,n)

Using also the Research Arbitrage equation 28 we obtain

gr = (v = Dha(l - a)ky — ]

Finally we can use 24 to obtain 7, = In(a2k2~1), in order to have growth as a function of k,:

g9r = (y = Dhra(l - a)ky — In(a®ky™")] (29)

Thus growth rate increases as the productivity adjusted capital-labor ratio increases. As re-
marked in Aghion and Howitt (2007) this happens because it acts through two channels: first,
increasing capital means higher wages, more consumption and so more profits for the monopolist
which pushes innovation; second, more capital means also lower rate of capital return stimulating
innovations as well. The innovation here introduced is that savings and capital are derived from an
overlapping generation model with liquidity shocks.

4.4 Welfare

Define the total consumption at 7 as C; = fol e () f(t)dt+e ™ ff ¢2,7—1(t)dt. Under this produc-
tion function, resources can be used for consumption, production of intermediate goods or R&D
investments Y, = C, + y, + N,, where y, = fyi,fdi. And from the R&D sector we can de-

rive A; = (y = Du(N;,n)A; = (v — 1)nN,. Combining these two last expressions, we obtain
Ar = (v — 1)n(Yrs — C; — y,), or substituting the variables

Ar = (y = D075 AL — a5 AL~ C)

If look inside the single period of life we obtain a problem identical to the one solved by the
consumer, thus instead of focusing on the division of consumption inside period of life, the social
planner seeks to maximize consumption across generations.

max / - e T InC,dr
7=0 (30)

subject to A, = (y — l)n(aﬁ(ao‘ - 1A, L-C,)

T

In this problem A, is the state variable and C’; the control one. The corresponding Hamiltonian
of the problem is H : InC; + A(t)[(y — 1)77(ozﬁ(ozCY —1)A,;L — C;)] The necessary (and sufficient)
conditions are
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dH/dCr =0:1/c—=A(y—1)n=0
; 1, :
dH/dA; = ppA(t) — A1) : (v — Dn(aT= (a® — 1) = ppA(t) — A(t)
From which we obtain the optimal growth rate maximizing consumption for young and old in a
any period 7
c. . IEEDEN
o =9 =0-1nam=(a"~1) - p, (31)

The competitive growth equals the optimal one when

va(l — )k —In(a?ke™!) = na™= (0 — 1) — pp

This leads to a more complicated formulation than the simpler » = n conditions. The optimal
level of the adjusted capital-labor ratio is

1
- Za€%e\ @
kopt == (042'7) (32)

1
where z, = a?e’® +nal=% 4o - Notice that zee® is a product logarithm function, and
since z, is positive, it means that we are in the principal branch of this function, which ensures
that the optimal level of capital is greater than zero.
As in the previous cases, the competitive level of adjusted capital-labor ratio (Equation 18 divided
by A;) may not be equal to the expression above, leaving room for policy implications.

1+ta—a?

I—a

4.5 Pensions

In this Schumpeterian framework, the choice of a scheme or the other has a stronger effect on the
growth dynamic of the economy.

Proposition 3. In a model of Schumpeterian growth with liquidity problems, social security may
bring to optimal growth if inefficiencies lead to a case of over-accumulation of capital

Proof. The introduction of social security decreases capital stock as shown in the previous section
and propositions. This decreases also the steady state growth rate and the equilibrium value of
k. To see this it is sufficient to remind that I%T = k,; /A, and that k, in a laissez-faire economy is
equal to 18. The discussion of the previous section is still valid, social security scheme may restore
the optimal condition k= I%Opt. Similarly in case of over-accumulation and pay-as-you-go pension
schemes. O

Another way to see the implications of social security policies on growth is to draw
GG : g: = (v = ya(l —a)k? —In(a®ke )]
1

KK = (/A =174, [0 =) (1= -2 rw) |

p+e P —e2
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K/A € k/A k/A

Figure 1: Growth consequences after the introduction of social security

The intersection of these two curves gives the optimal growth rate and adjusted capital-labor
stock. The introduction of social security shifts the KK curve downwards since it reduces capital
available, as shown in Figure 1.

Since the two pension systems decrease capital, but with different magnitudes, a switch from a pay-
as-you-go system to a fully funded one may be beneficial specially in case of under-accumulation of
capital, for example after a financial crises.

Proposition 4. Moving from a pay-as-you-go system to a fully funded one increases growth, and
may restore dynamic efficiency in case of under-accumulation of capital

Proof. As argued in the previous section, a fully funded scheme reduces capital stock less than
a pay-as-you-go one. Then, moving from a pay-as-you-go system to a fully-funded has the same
effect of an increase of capital, which increases potential growth and it may also restore dynamic
efficiency in case of under-accumulation of capital depending on the value of the parameters. [

A consequence of this proposition is that we should expect that economies with a social security
closer to a fully funded type should exhibit higher economic growth with respect to countries with
a pay-as-you-go system. Similarly to the previous proposition, we can draw also in this case the
KK and GG curve. Moving from a pay-as-you-go system to a fully funded one shifts it upwards.
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5 Conclusions

We have studied an overlapping generation model in a Schumpeterian framework, with both capital
accumulation and endogenous technological progress. The idea was to develop a model to study the
impact of social security in a richer setting. We have started from a simple overlapping generation
model, reporting the results already existing in the literature, and showing how the introduction of
liquidity shocks changes them. The Schumpeterian framework creates a useful model to study the
role of social security in a setting where growth depends on capital accumulation and technological
progress.

A policy maker may wonder whether he should accelerate or slowdown pension reforms after a
financial crises. Our abstract settings offers a normative reply, pointing out that in a situation
where the economy may be under-capitalized, a transition to a fully funded pension system may
bring some benefits in terms of consumption and growth. Obviously in reality there also other con-
siderations not to underestimate, like the transaction costs from one scheme to another. But this
model still gives a sort of benchmark or a guideline for a policy maker, illustrating the dynamics
that might be involved in case of liquidity problems.

To conclude let just remark that any consideration about social security must take into account not
only inter-generational transfers but also the impact on capital dynamic. Focusing also on R&D
the paper shows a potential link between alternative pension design and macroeconomic effects as
well as the long term growth of the economy.
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