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Abstract

This paper develops a model of North-South trade with firm heterogeneity and growth
through expanding varieties. Introducing simple dynamics in the heterogeneous firm
model adds new static and dynamic effects to the well-known decrease in prices that
increases welfare in the static model. The constant level of nominal expenditure is
affected as firm selection changes the average value of firms which modifies consumers’
resource constraint. The growth rate of real consumption is also affected by firm selec-
tion since greater average efficiency means a larger amount of resources are required to
create a new variety. Country asymmetry yields differentiated results between coun-
tries. In all cases net welfare results depend on parameter values which highlights how
much welfare evaluations depend on the initial setting imposed.
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1 Introduction

The rise and further development of the Heterogeneous Firm Trade (HFT) model in-
troduced the possibility of analysing within-industry reallocation of resources caused
by freer trade. In Melitz (2003) and Helpman et al. (2004) firms face costly discovery of
their productivity and then make their producing and exporting decisions. A standard
result in this model is that trade openness provides incentives for the most efficient
firms in the industry to export while low-productivity firms are forced-out by tougher
competition. As a result resources move from the latter firms to the former, average
efficiency in the industry increases and welfare rises due to the subsequent reduction
of the price index. The HFT model has been extensively used over the last decade to
account for many previously unexplained facts in trade literature but a static approach
has prevailed.

The dynamic effects of trade and especially the long term consequences of trade-
induced resource allocation are traditionally tackled by growth theory. We can think
about the most influential works on endogenous growth of the nineties as adding differ-
ent types of growth mechanisms to a diversity of trade models. These works provided
intuition on the long-term effects that trade could have on knowledge accumulation
(Grossman and Helpman, 1990), human capital formation (Romer, 1990) or learning
by doing (Young, 1991) among other factors that have an impact on growth and wel-
fare.

The present paper contributes to this literature introducing very simple dynamics to
a HFT model with two asymmetric countries (North-South). Growth is the result of
expanding varieties as in Grossman and Helpman (1991). Introducing simple dynam-
ics in the HF'T model adds new static and dynamic effects to the well-known decrease
in prices that increases welfare in Melitz (2003). Allowing agents to save resources in
any given moment implies their consuming possibilities can be modified by freer trade
if firm selection affects the activity towards which savings are allocated. In the present
model savings go to the sector in charge of creating knowledge which is demanded by
final producers so firm selection is able to affect returns on savings. Lower trade costs
can produce dynamic effects if it has an impact on the rate at which new varieties are
introduced in the economy which determines the rate at which prices decrease over
time. In the present model, an increase in the average amount of knowledge required
by firms determines that more resources must be devoted to the creation of a new
variety which yields a lower variety growth rate.

The welfare effects of freer trade in the dynamic HFT model proposed here differ
greatly from the standard static model, even with symmetric countries. While in Melitz
(2003) both countries experience welfare gains through a price fall, in the present model
this effect is enhanced by an increase in nominal expenditure due to higher returns
from households’ savings. However, firm selection increases the average requirement
of knowledge thus increasing the cost of new varieties. The resulting negative dynamic
effect turns long-term welfare outcomes uncertain.

Asymmetries in technological development between countries add an extra layer of
heterogeneity that affects welfare outcomes. A small technological lag in the South
still yields positive static effects in both countries but their magnitude differ being
greater in the North. Moreover, even though growth rates converge to a lower value in



the long term they can differ in the short term. When the technological gap is large,
the South may experience a reversed firm selection that makes prices rise and nominal
expenditure fall. The negative static effect in the South contrasts with a positive effect
in the North. Finally, the Ricardian aspect of the model may promote specialization
even in a context of firm heterogeneity.

Among the papers introducing dynamics into the HF'T model, the most relevant to
my work is Baldwin and Robert-Nicoud (2008) where expanding varieties growth is
inserted into a HFT model 4 la Helpman et al. (2004) in a context of country sym-
metry. Other works with similar proposals are Gustafsson and Segerstrom (2010) or
Dinopoulos and Unel (2011). As opposed to these contributions the model in the
present paper allows for country asymmetries and introduces a traditional sector that
enables resource reallocation between sectors in addition to the usual within-sector
reallocation of the HFT model.

Previous works allowing for differences in size and technology between countries are
Baldwin and Forslid (2010) and Demidova (2008) respectively. Models in those works
are static so most of the welfare channels explored in the present paper are absent in
them. Indeed, welfare results in both papers are completely driven by movements in
the price index. Moreover Baldwin and Forslid (2010) there is no room for welfare
losses, while this is possible in the present model.

The present work is also related to Sampson (2014) who also emphasises the poten-
tiality that firm heterogeneity brings when dynamic effects are considered. That work
explores welfare effects in the case the productivity distribution of firms is positively
affected by knowledge spillovers. The resulting dynamic selection introduces a new
source of gains from trade previously unexplored. My work can be seen as comple-
mentary to his in that, acknowledging the value of endogenizing the distribution of
firms, I show that introducing simple dynamics, the HF'T model presents richer welfare
effects than the homogeneous firm model, even with an exogenous distribution of firms.

Finally, the present paper may also be seen as a contribution to the ongoing discussion
regarding welfare effects in the HFT model. In a recent paper, Arkolakis et al. (2012)
prove that in a class of models with certain characteristics, gains from trade can be
expressed as a function of only two arguments: the import-penetration ratio and the
trade elasticity. Armington model and the model in Krugman (1980) belong to this
family of models along with the HF'T model with Pareto distributed firms. This drives
the conclusion that allowing for firm heterogeneity does not yield new welfare effects.
On the other side of the debate, Melitz and Redding (2014) argue that allowing firms
to endogenously decide whether to enter a market or not provides the HF'T model with
an extra adjustment margin that is efficient. Then, if both models are calibrated to
yield the same welfare results for a certain level of trade costs, the extra margin in the
HFT model results in greater welfare for all other parameter values. The conclusion is
that welfare effects of trade can be said to be not only different but greater in the HF'T
model. The present paper contributes to this debate by showing that, when simple

! Another stream of dynamic HFT models have adopted a somehow different approach. Atkeson
and Burstein (2010) allow differentiated-good producers to invest in innovations turning growth into
the result of firm’s strategic decisions. This choice, also followed by others like Burstein and Melitz
(2013) or Alessandria and Choi (2014), yields rich firm dynamics that, although interesting, are
unnecessary for the purposes of this work. So far this stream of the literature has not been expanded
to asymmetric countries. This could be subject for future work.



dynamics are introduced in the HFT model, the new channels affecting welfare depend
on firm selection and therefore are absent in models with homogeneous firms.

The rest of the paper is organized as follows. Section 2 presents the model identifying
the main assumptions made. Section 3 defines the Balanced Growth Path and presents
closed-form solutions for all endogenous variables under the assumption that firms’
productivity are Pareto-distributed. Section 4 presents the long-term welfare results of
increasing openness. First, it presents results in a context of firm heterogeneity within
a given country but assuming country-symmetry to contrast these to those arising
under firm homogeneity. Then, between-country firm heterogeneity is allowed for to
show how dynamic effects can change welfare results when countries are asymmetric.
Finally, section 5 concludes.

2 The model

The continuous time model is composed of two economies (North and South) indexed
by i = N, S difering only in size and degree of technological development. Each econ-
omy features two types of final good producers: one sector (denoted M) produces
differentiated goods and sells them to consumers in a monopolistic competition mar-
ket; the other one (sector C') produces a homogeneous good under perfect competition.
The homogeneous good is freely traded in the world market. This imposes factor price
equalization between countries as long as the C-good is produced in both. Economies
also feature an R&D sector in charge of producing the knowledge (denoted K') that
enables the production of new M-products. Each economy is endowed with a fixed
amount of labour (we assume no population growth) that has to be distributed among
the three productive activities L; = Lk ; + Lar; + Loy

The timing of production in the M-sector is similar to that proposed in Melitz (2003).
First, differentiated good producers buy blueprints for a new variety (and pay a sunk
cost). Then they discover the productivity (1/a) they could have if they engage monop-
olistic production of that new variety. With this information firms evaluate whether it
is profitable for them to incur in the extra costs of serving the domestic market or even
exporting at a greater cost. The fact that profits increase with productivity implies
that there will always be a firm with marginal selling cost ap (ax) that is indifferent
between producing for the domestic (foreign) market or not. This yields three types
of firms: firms that exit and do not serve any market (i.e. those with ap < a), those
that only serve the local market (ax < a < ap) and those serving both the domestic
and the foreign markets (¢ < ax).

2.1 Consumers

Economy i is comprised of L; homogeneous consumers at any ¢ so I assume popula-
tion does not change over time. Each worker inelastically supplies one unit of work
obtaining a wage w; in country 7. Consumers in ¢ have to make three choices. First,
they have to choose how much to consume and save at each moment in time, i.e. they
decide their optimal expenditure level F;(t). Then, they need to decide how much they
are going to consume of each of the two types of final goods (i.e. chose Ey;;(t) and
Ec,(t) with E;(t) = Eni(t)+Ec(t)) within each ¢. Finally, they need to establish how
to split their consumption of M-goods among the different varieties available at each t.



Welfare at t is defined as present discounted value of future real consumption:

Ui(t) = /too e P57 In (Qi(s))ds (1)

where p > 0 is the rate of pure time preference, Q;(t) = E;(t)/Pi(t) is real consumption
and P;(t) is the aggregate price index at t.

At every moment in time, consumers from ¢ maximize (1) subject to budget constraint
Y;(t) = E;(t) + W;(t). Here W;(t) is accumulated wealth and Y;(t) is current income
which is composed by labour income and profits made by domestic firms in any mar-
ket, i.e. Yi(t) = w;(t)L; + MN;(t). T assume that what consumers get as revenue from
their savings equals domestic firms’ profits (in any market), i.e. M;(¢) = o(t)W;(t)
where «(t) is the international interest rate. The underlying assumption I am making
is that firms from country i can only be financed by households in ¢. The extent to
which this is a realistic assumption depends strongly on the average size of firms in a
country since small firms typically obtain their resources in local markets.

The Hamiltonian to this problem can be written as
Hi(t,\) = e " In(E;(t)/Py(t)) + Mw;(t) L + t(t)Wi(t) — Ey(t))

Remember that P;(t), «(t) and w;(t) are exogenous to the consumer so her control
variable is only FE;(t). The optimality conditions that arise from this problem are a
transversality condition and the following Euler equation

— ()~ p (2)

Consumers have two-tier utility functions with the upper-tier (Cobb-Douglas) dictat-
ing their consumption between the two goods and the lower-tier (CES) determining
their demand for different varieties of the M-good. As consequence of the upper-
tier utility function, at each moment in time ¢, each consumer in ¢ devotes a frac-
tion p of their total expenditure to different varieties of the M-good and a fraction
1 — u to purchases of the C-good. Then Ey;(t) = pEi(t) = Quri(t).Pui(t) and
Ec;i(t) = (1 — p)Ei(t) = Qc,i(t).Poi(t). Also, the aggregate price index in 4 is

Py(t) = Pei(t) ™" Parg(t)" B (3)
where B = (1 — p)* "

A direct outcome of CES preferences between varieties of the M-sector, the aggregate
demand in for the M-good is

1/(1-1/0)
Oralt) = [ / 0:(6, )"/ dg
0eB;(t)

where ¢;(0,t) represents the demand in i for variety 6 of the M-good, ©;(t) represents
the mass of available varieties in the M-good market of this economy (both produced
domestically and imported) at time ¢ and ¢ > 1 is the constant elasticity of substitution
between any two varieties of the M-good. As shown by Dixit and Stiglitz (1977) the
perfect price index in the market with monopolistic competition can be written as

1/(1-0o)

Pi(t) = {/9691-(15) pi(0,t)7do (4)
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where p;(0,t) is the price of variety 6 at time ¢ in market 7.

Using these expressions I can write the optimal consumption for each M-variety in i:

qi(0,t) = QM,i(t) [%] B

Then expenditure in each M-variety available e;(6,t) and aggregate expenditure in the
M-good at country ¢ are respectively:

Py i(t)

l1-o
e(0,1) = Eari(t) [ 1 . Eaa(t) = / e:(0,1)d0 (5)
0€0,(t)
It must be emphasized that all aggregate variables represent the domestic market but
include products produced both locally and imported. For example P; is the price
index in economy ¢ and it aggregates prices of domestic and foreign products being
sold in that country.

2.2 Final good producers
2.2.1 (-sector

This sector produces using labour as sole input. Technology of production is the
same in both countries Qo = Lo. As mentioned before, perfect competition imposes
zero profits in this sector which implies that, at every ¢, marginal revenues must
equal marginal costs, i.e. Pg;(t) = w;(t). There are no trade costs for the C-good
which imposes Pr;(t) = Pcj(t). Then, as long as there is some production of the
homogeneous good in both countries, factor price equalization holds and wages are the
same in both economies. I can then normalize wages in both economies (w = Po = 1).2
By (3) a direct result from this is

P,(t) = Py(t)"B (6)

Revenues made by C-firms from country 7 are Rc; = L¢,;. These revenues come
from selling in the domestic and in the foreign markets. Unlike the autarkic or the
symmetric country cases where revenues made by a sector equal domestic expenditure
in the goods of that sector, in an asymmetric world with trade R¢; and E¢; are not
necessarily equal. In our asymmetric country model E¢; equals to a fraction 1 — p; of
consumers current income at time ¢.

2.2.2 M-sector

At each moment in time there is a number of prospective entrants to the M-sector in
country i. Prospective entrants pay the R&D sector a one-time sunk-entry cost f; > 0
to buy a blueprint enabling the production of a new variety indexed by 6. After paying
this sunk cost the firm learns the labour-unit marginal cost a at which it can produce.
Marginal costs are drawn from a country-specific distribution g;(a) over the support
(0, am ;) with cumulative distribution G;(a).

2Notice that when country symmetry is imposed, wages can change over time but they are always
equalized to those in other countries. This allows symmetric-country models as those in Melitz (2003)
or Baldwin and Robert-Nicoud (2008) to set wages as numeraire. In my asymmetric country setting
wages can be set equal to 1 only as long as there is some production of the C-sector.



As explained in Krugman (1980, p.951) since the cost of differentiating products is
zero and all varieties enter consumers’ demand symmetrically, there are no incentives
for firms to produce a variety that is already being produced by other firms. Then
each variety is produced by only one firm. The fact that each firm also has a unique
marginal cost a allows me to index goods and firms by # or a indistinctly.

When the mass of varieties produced is large (as assumed here) the cross price elastic-
ity of demand tends to zero between any pair of products. This means that each firm
in the M-market acts independently of the others. Then I can treat each M-producer
as enjoying monopolistic rights to sell its variety for as long as it stays in the market. 1
assume firms do not die, so they produce forever but it is easy to show that introducing
an exogenous death probability for firms does not change the analysis in any relevant
way.

Each M-firm in ¢ uses labour as input and its production function is ¢;(a,t) =
Iavi(a,t)/a. After paying the sunk cost f;, and knowing the marginal cost at which
it will produce, the firm must decide whether to serve the domestic market, for which
it has to incur in an additional sunk cost of fp > 0, or not. I assume a,,; is high
enough to make production non-profitable for the higher values of a’s support. Firms
with too high marginal costs do not produce and make a profit of —f;. Firms with a
marginal cost below a certain cut-off ap; chose to produce as future operating profits
allows them to (at least) cover the sunk cost fp. Notice that not all producing firms
have non-negative profits as there are some for which the discounted value of operating
profits are sufficient to cover fp but not necessarily f;.

To serve a foreign market, firms have to pay an additional sunk cost fx > 0. Inter-
national trade in the M-good also involves per-unit costs, modelled here as iceberg
costs 7 > 1, i.e. 7 units must be shipped for 1 unit to reach the final consumer in the
foreign destination. Depending on their productivity level some of i’s M-producers
find profitable to export and some others do not. There will always be a firm with
marginal cost level ax; making zero profits from its foreign trade activities.

Each firm pays its corresponding sunk costs only once, at the beginning of their activ-
ities. All these costs are composed by units of knowledge so their value can be written
as fyi = Ky. Pk, for v =1,D, X, where k, is a fixed amount of units of knowledge
and Pk, is the price of knowledge. I assume the k’s are the same worldwide while
Py ; is country specific (it depends on the productivity of the local R&D sector). 1
also assume kp < kx which reflects the fact that firms find it less costly to sell locally
than to engage in business abroad.

Dixit-Stiglitz competition implies that successful firms price their products with a fixed
mark-up of 1/(1 —1/0) over their marginal cost, which reflects their market power. A
typical outcome of monopolistic competition with CES preferences, constant mark-ups
imply that higher firm productivity goes entirely to lower prices and, given demands
are elastic, to higher profits as well. I call m the marginal selling cost a firm with
marginal cost a has in a given market. Then, since wages are equal to one in both
countries m equals a for sales to the domestic market and 7a for sales to the foreign
market. This allows me to write the pricing rule in the M-sector as:

m

p(m,t) = T-1/o (7)



Notice we are assuming no differences in preference parameters p and o between coun-
tries. The pricing rule in (7) implies each M-firm has a mark-up over its sales of 1/o
in each market so the operating profits a firm with selling cost m makes in market 7 is

S; (m, t)EMyl(t)

mi(m,t) = (8)

where s;(m, t) is the share that a firm with marginal selling cost of m has in market 1.

For two different firms with marginal selling costs m; and ms respectively in market
o o—1
i, it is easy to show that L) — (m) plm) — m gy milm) <m> . Firms

qi(m2) my1 ) 7 p(m2) ma mi(mz) — \ma
with lower selling costs in market ¢ enjoy larger demands and charge lower prices to

consumers. The net result in this context is larger revenues and profits for the firm
with lower marginal selling cost in that market.

Aggregate operating profits all firms make from serving ¢ is

Epi(t)

o

IL;(t) = (9)
In the asymmetric-country model this latter concept differs to that denoted as [1; in
section 2.1 which refers to profits made by firms from country 7 in all markets.

Using (4), (5), (7) and (8) the market share a firm with marginal selling cost m has
in market 7 can be written as:

with
ﬁ%(t)lf" = ni(t)mil*" + nj(t)l/jfngf" (11)

and
v = Gi(aX,i>/Gi(aD,i)
ml-e = / " 474G, (alap,) (12)

e = / a17dG(alax,)

Here n;(t) denotes the mass of varieties being produced in country i and ¢ = 7177 is
a measure of the importance of variable trade costs in the industry (0 < ¢ < 1, when
T — oo then ¢ — 0 and when 7 — 1 then ¢ — 1). ; is the marginal selling cost of
the representative firm producing in ¢ for the domestic market while m; is the marginal
selling cost of the representative foreign firm selling in ¢. v; is the proportion of firms
from ¢ that serve the foreign market j. Then we can think of m; as the aggregate
marginal selling costs of firms from both countries serving market i. Equation (10)
shows that the greater the marginal selling cost a firm has the lower its share in a
given market. A firm’s share also decreases the tougher the competition it faces in
that market (i.e. the lower is m).

Notice that (11) implicitly assumes that the set of produced varieties includes the set

of exported varieties in both countries. This is formally stated in Assumption 2. Call-
ing N;(t) = n;(t)+v;n;(t) the total mass of firms that sell in country ¢, then mle/a !
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is the marginal selling cost of the representative firm serving that market.?

Finally using (4) and (7) I can write:

Pty = Milt)e (13)

c—1

This expression shows that the aggregate price of M-goods will be lower in the country
where average selling costs are lower.

2.3 K-sector

This sector produces units of knowledge demanded by firms in the M-sector using
labour as sole input. It has the following production function:

Qri(t) = —Li.(t) (14)

where Ly ;(t) is the amount of labour devoted to the sector in country ¢ and n;(t)/ax
is the productivity of its workers. As in the standard expanding variety model, labour
productivity in the K-sector is composed by an exogenous parameter ar; and is af-
fected by spillovers from existing blueprints n;(t) (see for example section 3.2 in Gross-
man and Helpman 1991).

Perfect competition in the market of knowledge imposes zero profits and therefore
ar;i/ni(t) = Pi(t) where P ;(t) is the unitary price of knowledge expressed in units
of labour at time ¢ in country 1.

2.4 Equilibrium conditions
2.4.1 Cut-off conditions in the M-sector

Firms from country ¢ discount future operating profits at a rate ;. The present value
of operating profits that a firm from country i and selling cost m gets by serving its
domestic market as s;(m,t)Ey;/07;. Operating profits from serving foreign market j
equals sj(m,t)Eyj/o7;. After paying the initial fixed cost f;, firms take producing
and exporting decisions comparing these values with the sunk cost required to engage
each activity which must be paid pay at their country of origin. This allows me to
define the cut-off conditions for serving market i as:

si(mXJ, t)EMJ

= Pxikp = Pk jkx (15)
0% 07

where mp; = ap; and mx ; = Tax ;. Notice that the second condition imposes that a
firm ax ; from country j is indifferent between serving market ¢ or not. There are four
conditions for four indifferent firms since in each country there is one firm for which
future profits exactly offset the costs for selling to the local market and another one
for which the same is true regarding exports.

3Expression ﬁz}f" in the present model is the equivalent to M;¢? " in Demidova (2008) and -if
symmetry is imposed- to nm!~7 in Baldwin and Robert-Nicoud (2008).



2.4.2 Free-entry conditions in the M-sector

At equilibrium, the ex-ante probability distribution of a’s provided firms are successful
(i.e. they are producing) is the same as the ex-post distribution of producing firm a’s.
Moreover, at any t the ex-ante expected value of operating profits of a firm from
country ¢ equals the ex-post average operating profits of all producing firms from that
country. Using this property and expression (8) I can write:

8 () Eni(t) + 135 5(t) En (1)
0%

VE(t) = (16)
where 5; ; is the average share a firm from country ¢ has on market j. The expected
value at t of a producing firm from country ¢ is composed by the discounted expected
profits the firm would obtain selling to the domestic market plus the discounted ex-
pected profits the firm would obtain selling abroad times the probability that a firm
from ¢ accesses the foreign market.

Equation (16) shows a very interesting feature of the asymmetric country model. While
under symmetry all firms face the same expected operating profits regardless of their
country of origin the same is not true in the asymmetric country case. Indeed, it is
possible that firms from one country, say N, enjoy larger average shares than firms
from the other country S (e.g. it can happen that 5y x > 5sg and Sy > Ssn). In
such a case, the present day average operating profits of firms from N is greater than
that of firms from S. If this is the case, the average producing firm from N is more
valuable than its counterpart form S.

Using (10) I can define average shares of firms from ¢ in their domestic and foreign

markets as: o 1.
=[] ¢ 0= [ o

The average share that firms from country ¢ have in their domestic market depends
negatively on their average marginal selling cost (712;) and positively on selling costs of
all firms serving that market (772;). Similarly, the average share that firms from country
¢ have in the foreign market depends also negatively on their average marginal selling
cost () and positively on selling costs of all firms serving that market (1m;).

Let me define d; = 5;,;n; as the total share of market i served by domestic firms and
x; = v;5; ;n; as the total share of market j served by firms from ¢. Then I obtain:

~ 1-¢7 1 ~ 1-¢7 1
di:[Hw(&) ] = [1415 (12) ] (13)
n; m; n;Vy \;

Using (18) it is possible to prove that d; > x; and equality would only hold if ap,; = ax;
in both countries and ¢ = 1 (see proof 1 in the Appendix). Firms from country i
always enjoy a greater aggregate share at their domestic market than abroad. By
definition d; < 1, x; < 1Vi and d; + x; = 1. Then, as long as there is some degree of
openness (¢ > 0), average shares are lower than 1/n;, i.e. the average share in autarky.

Free entry in the M-sector implies that at equilibrium there are no incentives for entry.
The expected value of operating profits V; must equal the expected sunk costs firms



pay. Using (16) I can write the free-entry condition (FEC) as

Siibn + viSijEn
0%

where

Ri = [kpGilap,) + kxGilax,) + k1]/Gi(ap;) (20)

is the expected sunk cost a producing firm has to pay expressed in units of knowledge.
The left-hand side in (19) can be viewed as the present-day expected stock value of a
firm from country ¢ while the right hand side is the expected replacement cost in that
country (i.e. the cost associated to the creation of a new average producing firm in
i). Then, as in Baldwin and Robert-Nicoud (2008), equation (19) resembles Tobin’s
q = 1 equation. Notice that the only source of country difference in k; comes from
the ex-ante distribution of a’s since I am assuming no country differences in the sunk
costs expressed in units of knowledge (the k’s). The FEC can also be expressed in
aggregate terms:

diEM’i + JIZ'EMJ-

0%i

Notice that, by (16), ax ;&; must equal n;V;® at equilibrium. Then, aggregate knowl-
edge purchased by firms from i (ak ;R;) can be interpreted as the expected stock value
of all firms from that country.

= CLKJ'I_% (21)

2.4.3 Static equilibrium

The clearing condition in the market for knowledge imposes that, at any ¢, the pro-
duction of knowledge must be used in sunk costs of new entrants, which gives:

Qri(t) = ni(t)Ri (22)

The previous equation introduces a major departure from the standard expanding
variety model with homogeneous firms. Indeed, in such a model all firms buy the same
amount of blueprints and the value of that purchase can then be normalized to one
which, in terms of our model imposes k; = 1. The fact that the present model allows
for an endogenous and country-specific value of k; implies introducing an externality
in the K-sector that depends on firm selection apart from the usual spillovers in the
standard expanding variety model stemming from the mass of existing firms. By
definition, the rate at which new varieties are introduced in any economy ¢, must be
positive (i.e. % > 0 Vi). Then, using (14) I can express the growth rate of varieties in

country ’s M-sector as:

Ny Lgy(t)
9= n; aK ik

(23)

To obtain closed-form expressions for the cut-off levels of marginal costs I use cut-off
conditions in (15) and obtain:

axj _ (& Pri )™ (24)
ap; TPKJ’

where T' = “X > 1 measures how important the supplementary cost to export is rel-
ative to the cost of serving the domestic market. This expression shows that there
exist a relationship between the range of varieties being exported to ¢ and the range
of varieties being produced in i. As in Demidova (2008), this relationship depends

10



on the degree of openness to trade (in variable and sunk costs), but equation (24)
includes a new determinant of the ratio ax j/ap, i.e. the relative price of knowledge
between countries which introduces firm selection as a relevant factor here too. The
range of exports from j to 4, is enhanced by greater openness (i.e. larger ¢ and/or
smaller T'), lower relative price of knowledge in j (larger Pk ;/ Pk ;) and greater average
costs among local firms which follows from a larger ap ;. Inversely, solving for ap; the
equation shows that greater openness, a larger relative price of knowledge in ¢ and a
lower range of varieties coming from abroad (smaller ax ;) reduce average productivity
of domestic firms in 7.

To obtain simple closed-form solutions of cut-off values I impose the following assump-
tion:

Assumption 1 The distribution of firm’s productivities in the M -sector follow a
Pareto distribution in both countries.

Power functions of a Pareto random variable are Pareto-distributed with a different
shape parameter. In my model, this means that firm sizes and operating profits are
Pareto too. The use of this distribution is customary in the literature although its
empirical validation is not undebated.? Besides its analytical convenience, the use of
the Pareto distribution serves one of the purposes of this paper. As shown in Arkolakis
et al. (2012) a static HFT model like that in Melitz (2003) with Pareto-distributed
firms yields the same welfare results than a similar model with homogeneous firms.
But, as shown below, even with Pareto-distributed firms, the HFT model is able to
account, for new welfare channels when simple dynamics are set in place. Moreover,
this paper shows that these channels are absent if firms are assumed homogeneous.

When firm productivity distribution 1 — G;(a) is Pareto-shaped, the ex-ante distribu-
tion of marginal costs can be written as

Gi(a) = (a/am)"

with a € (0, a,,;] in country i. Here a,,; > 0 is the scale parameter of the distribution
and therefore it resumes information about the state of the technology in country 4.
Indeed, for any two countries, prospective entrants to the M-sector in the country with
a lower a,, have a greater probability of obtaining a cost level below a certain value
a*, Ya* € (0,ay,,]. Parameter o« > 0 is the shape parameter for firm productivities
and marginal costs. The shape parameter for firm sizes and operating profits is then
B = =%5. As in Melitz and Redding (2012), I impose 3 > 1 as this is a necessary
condition for integrals in (12) to converge. The average marginal cost, firm size and
operating profit are guaranteed to be finite as a consequence. Then using (15) and
(21) T get the cut-off value for domestic production:

Kkp 2

(25)

ap; = Am,i {

4An incomplete list of papers using this distribution may include Helpman et al. (2004), Melitz and
Ottaviano (2008), Baldwin and Robert-Nicoud (2008), Falvey et al. (2011) or Melitz and Redding
(2012). Nevertheless, empirical validation of the distribution is not settled. Axtell (2001) shows
that the Pareto distribution is a good fit for sales and employment among US’s firms. Using data
for French firms, Combes et al. (2012) presents empirical evidence suggesting that the log-normal
distribution fits firms’ productivity better. That paper also finds that the main results in Melitz and
Ottaviano (2008) hold unchanged without the need of any specific functional form for the distribution
of productivities.
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where

12
- 1—-QR,;

and Q = ¢?(1/T)P~! is a measure of openness in the economy that combines the
importance of variable (¢) and sunk (7') trade costs in a Cobb-Douglas function
with increasing returns to scale. Remember that 0 < ¢ < 1 and T" > 1, therefore
0 < Q < 1. Then, Z; shows how the Ricardian comparative advantage, given here by
R; = [Px;/Px.i)’|am;/ami]®, affects firm selection. Indeed, the relatively better the
technology in country ¢ (i.e. the greater a,,;/am ; or Pk j/Pk,) the higher Z; and the
lower ap,; which implies a greater average productivity for local M-firms. Expression
(26) helps put forward that in the present model, Ricardian comparative advantage in
the M-sector comes both from a better productivity distribution for M-firms but also
from better productivity in the K-sector. It is important to notice that under country
symmetry R; =1 and so Z; = Z; = Z = 1 + (). Notice also that, when economies are
closed (€2 — 0) then equation (25) reduces into its equivalent under autarky (Z; — 1)
and technological asymmetries play no role in firm selection.

Z, (26)

In equation (25), the cut-off cost to produce for the domestic market depends neg-
atively on the ratio ’;—’f reflecting that the greater the cost of domestic production
(relative to the initial sunk cost) the narrower the range of varieties the economy is
going to produce. The threshold ap,; also depends positively on a,,; reflecting that
a better technology (a lower a,,;) necessarily yields greater average efficiency in the
economy (lower ap;). These results are quite intuitive and resemble what has been
obtained under symmetry. What the asymmetric-country expression helps put for-
ward is the effect that openness and technological differences have on this threshold.
Indeed, unlike the symmetric country case in which greater openness leads to a mono-
tonic reduction in ap this is not necessarily the case when countries are technologically
asymmetric. This is analysed in detail in section 4.2.

Merging equations (24) and (25) yields two useful expressions for ax:

Qﬂw—ni(@)ﬁ :am,i[:—;w—l)(l—%)]w 1)

Rx Zj pK,i i

1/

ax; = Umj

Although a detailed analysis of comparative statics for ax; is provided below, direct
inspection of these expressions allows to see that the range of varieties that are being
exported by country ¢ depends negatively on the sunk cost to export kx relative to
the sunk entry-cost x; in units of knowledge. Following intuition, if trade costs are at
their highest (2 — 0) there are no firms efficient enough to export (ax; — 0).

Abundant evidence supports the intuitive idea that only a fraction of producing firms
export to foreign markets (see for example Bernard and Jensen 1999 or Eaton et al.
2004). The present model should reflect this and therefore condition ax; < ap; is
imposed:

Assumption 2 To ensure that only a subset of producing firms export, assume ax,; <
ap.; Vi = N, S

As shown in Proof this imposes Z; € [TJ,}QQ, 1+ T)Vi= N,S. Notice the lower bound

for Z; is greater than 1 which means that Z; > 1 Vi and guarantees ap,; > 0 and
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ax,; > 0Vi= N, S without need of further assumptions.

Finally, there is no capital account in this model so trade must be balanced at every t.
This means that trade imbalances in the M-sector, which amount to x;En; — 25 En
are exactly compensated by an imbalance in the C-sector.

3 Balanced Growth Path

3.1 Definition and direct implications

To proceed to the BGP of the model let me introduce the following definition:®

Definition 1 A Balanced Growth Path (BGP) in this model is characterized by a fived
allocation of labour among sectors (i.e. constant Ly ;, Lyr; and Le;), constant cut-off
values (ap,; and ax;) and aggregate shares (d; and x;), and endogenous variables n;
and FE; growing at a constant rate Vi = N, S.

The fact that the cut-off thresholds must be constant at the BGP implies that &;, m;
and m; are constant too. Then by (17) I can obtain equations describing the evolution
of average shares:

0 (g— 1) . 2 (5= 1)L 28
Si (o )mz T5y @ )mj (28)
where .
@ T (29)
m; l1—0

The first expression in (28) shows that the average market share for domestic firms in
market ¢ evolves proportionally to the aggregate marginal cost of firms in that market.
When the aggregate marginal cost of firms serving market ¢ is decreasing then the
share of the domestic average firm decreases as well. The second expression shows a
similar relationship for firms from ¢ serving the foreign market: their share decreases
when the average marginal cost of firms serving market j decreases. It is also straight-

forward to show that it = 24 gpd 204 — 2d,
Sii Sj,i 54,5 Si,j

Equation (29) shows that the aggregate marginal selling cost decreases in time since
o > 1 and every term in the numerator is positive. Indeed, the rate at which aggregate
marginal costs of firms serving country i is reduced is a weighted average of the rates at
which countries introduce new varieties, where weights are the importance that firms
from each country have on market 7.

Constant aggregate shares impose that the BGP is characterized by Z— = — ?’f = —?—J
1 7,7 1,7

This means that average shares of firms from country ¢ in both markets decrease at

the rate at which new varieties are introduced in country ¢. Using this result I can
also get % = % =  Thig is a necessary condition for aggregate shares to remain
n; n; n

constant over time. Then I can write the following lemma:

5Using a different definition for the BGP yields a different result. In particular, removing the
requirement of constant d; and x; at BGP, it is possible to prove both variables would asymptotically
converge to 1 for one country while they converge to zero in the other (see proof 2). Complete
specialization in the M-sector arises and the model reduces to a standard Ricardian model of trade
where firm heterogeneity plays no role.
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Lemma 1 At BGP, the M-sector introduces new varieties at the same rate in both
countries (i.e. g; = g; = g).

By (29) a direct implication of this result is:

My

— = (30)

The aggregate marginal selling cost in both economies decreases at the same rate. This
is due to the fact that new varieties are introduced at the same rate in both countries.

Since ak ; is an exogenous parameter then the price of knowledge Pk ; = anL decreases
at the same rate the mass of varieties increases over time (i.e. g;). Nevertheless notice
that, as a second implication from Lemma 1, the ratio n;/n; is constant over time
which, by (26), implies that Z; is a constant at BGP.

Finally I can obtain the expressions for constant k;, d; and x;:
-1

_ BEpZ; ak; ]_1 [ aK.; 1
Ki = ;odi= |14+ —(Z; -1 ;ori= |1+ —=(4,—-1 31
B-1) o (Z; = 1) i ( ) (31)

3.2 Discount factor

Let me find now the expression of the discount factor ;. This is the rate firms use to
evaluate future cash flows at present time. The value at t of future operating profits
for a firm from country ¢ selling in its domestic market and producing with marginal
cost a is

o0 E i t 1—0o 00
Vi(a,t) — / e—ﬂ(s—t)mm,s)ds _ b, ( ) ( Gt)) / e~ (PTgi)(s=1) 44
t t

o mz(

where last equality follows from (8). Besides selling to the domestic market, a fraction
v; of firms from 7 export to j. For them, the present value of operating profits from
exporting, which amounts to ¢Vj(a,t), must also be added. Using this and (30), the
discount factor for firms from ¢ is

V=P G (32)

The discount factor that firms consider to evaluate future cash flows is the sum of the
time preference of consumers (p) and the rate at which new varieties are introduced
in their economy (g;). Since both values are equal between economies it follows that
firms in both countries discount the future at the same rate. As a consequence, by
equation (19), the ratio between firms’ market value and their replacement cost is the
same in both countries at BGP.

Notice that using the previous expressions I can also express the expected value of a
producing firm from economy ¢ as:

1
VElt) = — [Vi(0,t) + v:0V;(6, )] dO
Ni Jgecoi(t)
I A Siiim + ViSijEw
_ 1 Vila, 1) + vV (a, )] mdGi(alap,) = S T Visig Bt
n; Jo ary

where O!(t) is subset of ©;(t) composed of varieties produced locally.
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3.3 Expenditure and Savings

In this model the only sector with non-zero ex-post operating profits is the M-sector.
Total operating profits earned in any market by firms from country ¢ at a given moment
in time are:

1
I'Ii = ; [dzEM,z + ZEZ'EMJ'] (33)

Notice that by (16) the following equality holds: V© = % The expected value of
operating profits for a producing firm equals the discounted average operating profit

firms make in the M-sector.

Remember that in each economy E; = w;(L; — Lk,;) + I;, then since w; = 1 and
using (21), (23) and (32) it is possible to reach E;(t) = L; + par;k; which is a similar
expression to that obtained by Baldwin and Robert-Nicoud (2008) under country
symmetry. Notice this means that FE; is constant at BGP since everything in the
right-hand side of the expression is a constant at BGP or a parameter of the model.
Constant expenditure means, by (2), that p = ¢, so the interest rate is constant at
BGP. This gives the following expression:

Ez(t) = Lz + LCLKJ'I?&Z' (34)

Equation (34) means that aggregate expenditure in country ¢ equals income that do-
mestic consumers get from labour (L;) plus the interests (¢) they get on their savings.
Remember that in this model savings are directed towards the production of knowledge
so the value of the stock of savings equals aggregate knowledge purchased by firms
(akik;). Then aggregate expenditure equals permanent income in a given country.
This contrast with static models like Melitz (2003) where, since time is set not to play
a role in the model (p = ¢ = 0) , then E; = L; which means permanent expenditure is
unaffected by the static reallocation of resources. More importantly, (34) shows that
permanent expenditure is affected by firm selection as that process affects the expected
value of firms through %;. In a model where externalities in the creation of knowledge
are independent of firm selection (i.e. &; = 1 as in the standard expanding variety
model) aggregate expenditure would be greater than L; but still exogenous. On the
contrary, in the present model externalities coming from firm selection and affecting
the expected stock value of firms in country ¢ can have an impact on expenditure levels
and therefore welfare in that country.

Having a path for aggregate expenditure means that the path of savings which deter-
mines resources in the R&D sector and therefore the path of Ly ; is fully determined:
Lk = (v — p)axki. Allocation of labour in the M-sector is

LM,i = / lM,l(H)dH = (0' — 1)’}/CLK7Z'/_11' (35)
6€Oi(t)

Then, I can determine the amount of labour used in the C-sector which is: L¢; =
L; — (yo — p)ak k. As is clear from the previous equations the allocation of the
productive resource in this world is constant at BGP but depends on firm selection.

Finally notice that Ey;; = pk; and Ec; = (1 — p)E; and so aggregate expenditure

in both sector C' and M are a constant fraction of aggregate expenditure at BGP.
Due to Cobb-Douglas preferences between goods, firm selection affecting aggregate
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expenditure affects equally expenditure in both final products.

A constant E¢; at BGP yields constant real expenditure in the C sector since the price
of the C-good has been set to one. Given that E);; is constant, the growth rate of real
consumption of the M-good is g¢,,; = —g% = %5 which is the same expression that
arises under country symmetry. The term in the right-hand side is the rate at which

the aggregate price of the M-good decreases over time due to decreasing marginal costs.

The economy described here has constant cut-off values ap; and ax; as described by
(25) and (27) at any moment in time. By Definition 1, &;, d;, =4, ¢;, 7, Lk, and Ly,
are also constant at BGP. As previously stated, Px; and n; are not constant at BGP
but grow at a constant rate which means m; 7 and Py, also do.

Time-path of dynamic variables at BGP are given by:

t—$)gi. w10 5CLD1 n;(t )
Pust = 220 Pt = 22 R - [Tj(?] B (@

where n;(s) is the mass of producing firms from country i at time s and the initial

value n;(0) is a parameter of the model. In this expression the growth rate in i is given
by:

gi =
o

pd; Z; L;
{ —+pl —p (38)
A iRi

All the expressions can be reduced to their counterparts under autarky just by im-

posing €2 = 0. They can also be transformed into their symmetric-country version by

setting i = 7 (as shown in section 4.1).

3.4 Welfare

Welfare at time ¢ is defined here by equation (1), as a function of the present value
of real consumption. Using that expression and our solutions at BGP I can express
welfare in country ¢ at any ¢ in the long run as:

1 Ei(t) Hgi
Ui(t) = - [ln ( ) +——= (39)
p B@) ) plo—1)
According to (39), aggregate welfare depends on static reallocation of resources which
determine real expenditure % and its growth rate over time. Changes affecting real
expenditure at a given moment are referred here as static effects while changes modi-
fying its growth rate are dynamic effects.

This expression helps put forward that we can have three types of welfare effects of
trade in this model. First, we can have static effects on nominal expenditure when
a change in the degree of openness alters the value of E; which is constant at BGP.
Second, there can also be a static effect on prices as freer trade changes the value of
Pi(t) at t. Finally, due to our choice for the numeraire, the only dynamic effect in this
model comes from changes in the rate at which prices in the M-sector fall over time
which is determined by the rate at which new varieties are introduced in that sector.
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The previous expression also highlights that dynamic effects are less important when
consumers assign greater value to the consumption of the traditional C-good (i.e.
. —0). Intuitively, while the price of the M-good decreases as new varieties are
introduced in the market period after period, the price of the C-good in terms of units
of labour remains constant. Therefore, the more consumers value their consumption
of the traditional product the lower the impact that decreasing prices in the M-sector
have on welfare.

4 Results

This section analyses the effect freer trade has on welfare. In the present model, freer
trade can be a consequence of lower iceberg costs (d¢ > 0), lower sunk-costs for ex-
porting (dkx < 0) or a combination of both. All these possibilities can be synthesised
in d©2 > 0. Therefore, welfare effects of trade result from total differentiation of the
previous equation with respect to trade openness €Q:

dU;(t) 1 [dE;(t) 1 dp(t) 1 po dgi(t)
0 5| A0 E@ 49 PO po—1) do

(40)

As shown in Proof 5, comparative static results stemming from an increase in openness
(d2 > 0) are qualitatively similar to those that arise if only changes in variable costs of
international trade are considered (d¢ > 0). This makes our results comparable to the
literature that mostly considers a reduction of iceberg costs. Analysing the effects of
a reduction in the exporting sunk costs is an additional feature of this work that does
not change the main conclusions of the paper. Whenever the effects of a reduction in
kx yields different results to an increase in ¢, these differences are explicitly underlined.

In what follows, I split the analysis in two cases, one with symmetric countries and
another one where country asymmetry is allowed. This allows me to better highlight
the role that dynamic effects play on welfare when firms are different between countries.

4.1 Symmetric countries

A symmetric country setting simplifies greatly the analysis and provides a benchmark
to better understand results under country asymmetry. It also suffices to show some
of the key welfare features in the heterogeneous firm model that are absent when
homogeneous firms is assumed. By country symmetry - i =1, 2 =1, R=1, and

so Z = 1+ €. The fact that the degree of openness is related to Z in such a simple
way simplifies greatly the effects trade has on welfare. Previous analytic solutions get
reduced to:

 [R(B-1)Y0 B ki(B—1)1"°
“w m[@um)} T [%AH >] (1)
7_BK,D(1—|—Q) B 1 . . Q
F=—5-1 " 97159 *T1ia (42)
c1e  Bapn om 1" u[ L
R R A P R
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Then, using our previous expressions for prices, nominal expenditure and the growth
rate of varieties I obtain:

deE  dk
aQ " a0
dP(t) uP(t) ap dd dap
dQ  ap |(c—1)ddQ ' dQ
dg ul di
dQ ~ cagk2dQ

(44)

To reach the second of these expressions I have imposed fll—g = 0 which follows from
(36). Indeed, since the mass of firms in one economy (n) is determined by history,
it does not experience an static change when the level of openness is modified. This
does not mean n is unaffected by openness. The fact that greater openness increases
the average amount of knowledge required to generate a producing firm (&) implies
the rate at which new varieties are introduced into de economy (g) is lower. Therefore
the new BGP path for n is always below the one it had before the fall in trade costs.
This dynamic effect captured in (40) by the fall in g.

In order to highlight the importance of firm heterogeneity, what follows contrasts wel-
fare results in the symmetric country version of the current model to those that arise
in a context where firm are homogeneous as in Krugman (1980) or its dynamic version
in Grossman and Helpman (1991). If firms are homogeneous within the M-sector of
each country, i.e. all M-firms have the same exogenous marginal cost a* then they
all make the same producing and exporting decisions (ap = a*). To keep interna-
tional trade flows, let me assume they all produce and serve the domestic and foreign
market. Having the same marginal costs, all firms in the M-sector of country i en-
joy the same share in their home market s;; = 8;; = (a*/m)*™7 and foreign market
Si; = 8ij = ¢(a*/m)'~7, they all hire the same amount of labour, make the same
operating profits and pay the same sunk costs, so K = k; + kp + kKx. A version of the
cut-off conditions still operate since, although all firms are the cut-off firm for domestic
production and exporting, it is still true that the value of both activities must equal
the sunk cost to engage in it. This yields the condition {2 = ¢ = T'. Finally, free-entry
condition (21) still holds but now its right-hand side is only composed by exogenous
parameters & and ag.

What are the implications of imposing firm homogeneity for welfare effects of trade?
With homogeneous firms the average amount of knowledge bought by firms (or what
is equivalent, the value of the stock of savings) is independent of openness, i.e. 9 = (.
By (44), this means there can be no static effect from trade on the permanent nominal
expenditure level. Similarly, trade policy does not have any impact on the growth
rates of varieties (g—g) = 0) and therefore on the rate at which prices on the M-sector
decrease over time. Notice also that in this setting labour allocation between sectors

is unaffected by freer trade.

The sole welfare effect of freer trade with homogeneous firms is a static effect on prices.
A one-time decrease in trade costs permanently reduces the prices of imported goods.
Everything else constant this lowers the average price consumers pay and rises welfare.
In (44) this shows as a decrease in d which is the only thing changing in P. Indeed,
even when all firms compete with the same number of local and exporting firms as
before, the reduction in trade costs reduces the price at which foreign firms sell and this
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increases their market share in detriment of local firms. In other words, the price index
is reduced by both a lower price of imports and a greater weight of those imports in
domestic purchases. It is possible to conclude that the introduction of simple dynamics
does not qualitatively change welfare effects from trade in the homogeneous firm model
since no new effects come from the dynamic aspects of the model. The fact that the
only welfare effect of freer trade is a decrease in the price index is a point in which the
homogeneous firm model resembles the static HFT. Indeed, in Melitz (2003) welfare
gains from trade are also channelled exclusively through a fall of the price index.

Result 1 Introducing simple dynamics into the homogeneous firm model does not
qualitatively change the welfare effects of reducing trade costs as gains come exclu-
siwely from the static decrease in the price index. This resembles what is obtained in
the static versions of the homogeneous and the heterogeneous firm models.

When firm heterogeneity is allowed many new effects come to life. A one-time increase
in the degree of openness between two economies generates a well-known firm selection
effect in both. The reduction of international trade costs reduce ap meaning that the
least efficient domestic firms cannot compete with foreign exporters and are forced-out
of the market. This also yields a reduction in the share of the domestic market served
by local firms (d). Lower costs to send products abroad increases export opportunities
and therefore the threshold marginal cost to do so (ay) is larger. It is easy to see that
the share of a market served by foreign firms (z) increases. Average productivity in
the M-sector rises as a direct consequence of firm selection. As a combination of the
increase in average productivity and the enhanced export possibilities, firms’ expected
profitability increases which rises in the average sunk cost paid by firms &.

The reduction of foreign prices present with homogeneous firms is also there when
firms are heterogeneous but its effect on the price index is enhanced by the increase in
average efficiency in the domestic M-sector (‘f—g’; < 0). Both forces drive the reduction
of the price index. Moreover, a static positive effect appears on the permanent level of
aggregate expenditure. The rise of the stock of knowledge purchased by M-firms ax&
increases households disposable income and therefore their expenditure level. Finally,
the positive static effect on real expenditure is accompanied by a negative dynamic
effect. The fact that a greater amount of knowledge is required by the average firm
means that it is more costly to create a new variety. This results in a lower rate of
creation of new varieties which yields a lower rate of price reduction over time. I can
summarize the previous findings as follows:

Result 2 When simple dynamics are introduced into the HF'T model the sign of the
net welfare effect in the long run depends on the magnitude of opposing forces even
considering symmetric countries. The well-known price decrease driving welfare results
in the static model is enhanced by a positive static effect on expenditure but opposed
by a negative dynamic effect on growth.

4.2 Asymmetric countries

Country asymmetry adds another layer of heterogeneity among firms and allows for
welfare results to differ among countries. In a static context Demidova (2008) finds
that, if the technological gap between countries is small both countries experience
welfare gains from trade, but if the gap is too large then the laggard economy can
experience losses. Her static model features no externalities and all welfare effects are
channelled through the price index. This effect is also present in the current model
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but it is accompanied by other effects that can revert or enhance its impact on both
economies.

Without loss of generality let me assume the North is the technologically advanced
country and therefore has a natural comparative advantage in the production of M-
goods. In the present model this is imposed by setting Ry > Rg. Comparative ad-
vantage in the M-good can come from a better technology in the M-sector itself (i.e.
amN < Gm.s), a better technology in the K-sector (axny < axs), greater spillovers
from learning (ny > ng) or some combination of them.® Joining this with Assumption
2 and expressions (25) and (27) immediately yields ax s < axn < apny < aps for
every level of openness €.

The effect freer trade has on welfare in ¢ depends on how openness (2) affects firm
selection in that country, which according to (25), depends to a great extent on %.

Then it is important to consider the following lemma (see proof 4 in the Appendix):

Lemma 2 The sign of % depends on the original level of openness and the size of
the technological gap between countries. While for the North ddZ—QN > 0 holds, for the

South dd% > 0 if and only if Rg > R* = 1_2:322 and dd% < 0 otherwise.

Since the threshold R* depends positively on €2 then for a certain gap level Rg an in-
finitesimal increase in () from an initially small value may increase Zg while a similar
change from an initially larger value may reduce Zg.

A case in which technological asymmetries are not strong (i.e. Rg > R*) is then

characterized by 42X > (0 and % > (. This means greater trade openness reduces

threshold ap; in b(i)ch countries increasing average efficiency. Firm selection operates
in both economies as in the symmetric country case. New export opportunities make
it easier for firms from both countries to engage in foreign trade which translates into
a reduction of ax,; Vi = N,S. In aggregate terms d; decreases and z; increases for
both regions as can be deduced from (31). The average sunk cost paid by firms from
country ¢ (k;) increases due to increased profitability in the M-sector in both coun-
tries. As in the previous section, a greater value of the stock of knowledge implies that
consumers get greater income from their savings which generates a positive static ef-
fect on expenditure. The increased efficiency due to firm selection plus the lower costs
to imports make the price index fall. Therefore, as in the symmetric country case,
greater openness has a positive static effect on real consumption in both countries.
What distinguishes the asymmetric country case is the fact that the positive effect is
relatively greater in the North. This is easy to prove noting the fact that ddLéV > dd%.

In what respects to the effect that freer trade has on variety growth, it must be pointed
out that, as in the symmetric country case the greater requirement of knowledge by
M-firms in both countries is a detrimental force to variety-growth. This makes the
growth rate at the new BGP lower than the value before the shock. In the short-term
however, growth rates in each country may jump in different directions. Proof 6 shows
that if firms from the North are able to expand in the foreign market relatively more

SRemember that setting a,, v < am,s implies that the support of the distribution of marginal
costs in the North excludes the highest values compared to that of the South. M-firms from the
North have a greater probability of getting a marginal cost below any threshold than those from the
South.
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than their counterparts from the South, a positive growth rate of northern varieties is
possible.”

Result 3 A small technological gap can yield asymmetric welfare results. Both coun-
tries experience a positive static effect on real expenditure but this effect is relatively
larger in the North. For both countries the long-term dynamic effect is negative, but
gy and gs can take divergent paths in the short term before reaching the new BGP. In
particular a rising gy in the short-term is possible.

When the technological gap is large enough to make ddﬁﬂ < 0 (i.e. Rs < R"), trade
induced movements of most endogenous variables go in different directions for the
North and the South. An increase in openness pushes down ap y increasing average
efficiency in the North but rises ap s so average efficiency in the laggard economy
decreases. The possibility for this inverse firm selection in the South was first doc-
umented in Demidova (2008). Reducing barriers for trade of the M-good in such a
context promotes the expansion of firms from the North in both markets. By Proof
5, axn, dy and zy rise while ay g, ds and x5 fall.® Moreover, by (35), the case in
which the technological asymmetry is large is the only one that yields an unambiguous
reallocation of labour towards the M-sector in the North while the opposite happens
in the South. This gives the following result:

Result 4 Unlike the case where countries are technologically close, when technological
differences are large enough, the North increases its specialization in the M -good while
the opposite happens in the South.

Increasing specialization in a context of firm heterogeneity in not a new result. In
a Heckscher-Ohlin context, Bernard et al. (2007) finds that when countries differ in
their relative factor abundance, trade openness reinforces each country’s comparative
advantage. Since in my model comparative advantages come from differences in rel-
ative productivities, the previous result can be considered the Ricardian version of
that conclusion and shows that for comparative advantages to be reinforced by freer
trade in a Ricardian model, technological asymmetries must be larger than certain
threshold.”

In what respects to welfare outcomes, the case of large technological gap is char-
acterized by an unambiguously divergent static effect on nominal expenditure. As

established in Proof 5, having 925 < 0 and ddLéV > 0 implies that the average amount

dQ
of knowledge used by producing M-firms increases in the North while decreases in the
South. This means that returns on savings increase in the North rising the constant

consumption level while the opposite happens in the South.

"The fact that short-term growth rates of both economies are affected differently by a one-time
shock in openness highlights the importance of the study of transitional dynamics towards the BGP
in order to quantify net welfare effects in both countries. This should be a subject of future work.

8By Proof 5 a case in which ax g rises is possible even in the case of a large technological gap.
This is the case if the increase in {2 is to a large extent an outcome of reduction in xx. However, this
does not affect the results that follow.

9This result is independent to the dynamic feature of my model and arises if growth is assumed
away. Okubo (2009) reaches a similar conclusion in a static Ricardian model with a somewhat dif-
ferent setting. In his model with multiple homogeneous-good sectors, some sectors have comparative
advantages in one country and some other sectors feature advantages in the other. The result of freer
trade is that sectors with Ricardian advantages expand relatively more than the others, but no sector
shrinks.
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Unlike previous cases, the direction of price movements is not straightforward when
technological differences are large. Given the expression for prices in (37), inspection
of (11) reveals that the effect freer trade has on the price index in country i is a com-
bination of the effects it has on (a) the average selling costs of domestic firms, (b) the
average selling costs of foreign firms exporting to i, and (c) the proportion of foreign
firms that reach market 7. In the case where countries are symmetric, lower trade costs
make ap rise and ax fall in both countries which yields a reduction of prices from local
firms and an increase in the proportion of firms reaching the foreign market. The effect
on the average price exporters charge is ambiguous since on the one hand firms with
higher marginal costs reach the foreign market but on the other hand all exporters
face lower trading costs. This means that (a) and (c) tend to reduce prices while (b)
is indeterminate. However it is easy to show that, since 5 > 1, the net effect (b)+(c)
makes prices fall. This drives the well-known result that, under country symmetry,
trade liberalization unambiguously reduces the price index. As it is easy to see, the
same result is obtained if there is a small technological gap as all endogenous variables
move in the same direction. But when the technological asymmetry is large, the effect
freer trade has on the price index is not determined in both countries. In the North,
domestic producers sell at a lower average price, but the effect stemming from foreign
firms is not straightforward. While the average selling price of foreign firms is lower
(both because of greater efficiency and lower tariff costs) the proportion of exporters
among foreign firms gets reduced. In the South the picture is the exact opposite but
the effect is still ambiguous. Unlike the case of a small gap, analytical solutions do not
show one effect prevailing over the others when the technological gap is large. Proof
7 shows that price movements in both countries depend on parameter values.

Finally, a one-time increase in openness in a case of large technological asymmetry
undoubtedly pushes growth rates in different directions in the short-term. The imme-
diate response of gg is to fall while gy rises (see Proof 6). As in the previous cases
both rates converge in the long-term to a common value, smaller than its value before
the shock.

The following result summarizes welfare conclusions for the case with a large techno-
logical gap.

Result 5 Country asymmetry characterized by a large technological gap yields very
different welfare results between countries. The movement on prices is not determined
by the model but while the North experiences a positive static effect on nominal ex-
penditure and a positive dynamic effect in the short-term, the South faces the exact
opposite. In the long-term however, the dynamic effect is negative in both countries.

5 Conclusions

The basic HFT model with symmetric countries yields very straightforward welfare
conclusions, i.e. a reduction of trade costs makes prices fall and welfare increases.
This paper shows that introducing very simple dynamics into the model can change
this conclusion. The model presented here features expanding varieties and allows
consumers to save a part of their income. A symmetric-country version of the model
shows that besides the reduction of the price index an increase in average productivity
due to tougher competition by foreign firms pushes up the average amount of knowl-
edge required by firms. Since all savings are devoted to the production of knowledge,
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firm selection increases the revenues from savings that households get. The static in-
crease in welfare in the present model is therefore driven both by a reduction of prices
and an increase in nominal expenditure. However, the positive static welfare effect is
accompanied by a negative dynamic effect stemming from the fact that, because of the
greater need for knowledge, more resources are needed in the creation of new varieties
and therefore openness may slow down variety growth. The long-term net welfare ef-
fect of freer trade is therefore ambiguous and depends on which of these effects prevails.

Allowing countries to differ in their degree of technological development yields differ-
ent welfare results between them. When the technological gap is small both countries
experience a positive static effect on real expenditure as in the symmetric case. Nev-
ertheless, I show that the static welfare gain is relatively larger in the North. For both
countries the long-term dynamic effect is negative, but growth rates of varieties can
take divergent paths in the short term. The short-term dynamic effect in the North
can even be positive.

When technological asymmetries are large, welfare results differ greatly between coun-
tries. Firm selection increases efficiency in the North but an inverted process causes
the opposite in the South. This causes a positive static effect on nominal expenditure
in the former country and a negative effect in the latter. The net static effect on real
expenditure is not straightforward since the combination of greater efficiency in the
North and lower efficiency in the South along with lower trade costs between mar-
kets and changes in market shares induce an indeterminate price movement in both
economies. The technological advantage of the North pushes its economy to increase
its specialization in the production of the differentiated good while it is reduced in the
South. Finally, the North experiences a jump in its growth rate due to the activity
increase in its M-sector. This is not permanent as both growth rates are equal in the
long term.

Previous conclusions can be seen as an argument for the view of HFT models as a
step forward in the development of tools to evaluate welfare effects of freer trade. As
shown in Arkolakis (2013), a family of models that includes a version of Melitz (2003)
with Pareto distributed firms, yields the same welfare outcomes as Krugman (1980)
when the two main parameters are equally calibrated. My conclusions show that,
when simple dynamics are introduced, firm selection can create externalities affecting
welfare that are overlooked assuming homogeneous firms.
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6 Appendix

Proof 1 d; > z; V¢

_ 1l-0 o 1l—0o
By their definitions in (18), d; > z; < v; [z} > 1 [ﬂ} .
J i

By (12) e _ JyPta'7dGi(alap,) ﬁfo”“ a'=?dG;(alap,;)
= 2X,i 1o i N ¢ X7 1_o ) -
] ¢f() a dGz(alaX,z) fO a dG.L(a|aD7l)

Notice that, since a'=°

. l1—0
then [2:) " = 4 with M > 1.

J

> 0V a> 0 and assuming ax; < ap,; (see Assumption 2),

Following a symmetric reasoning the condition for d; > x; can be written as

5 OaX] 1=7dG,(alap ;) 1faDz 174G (alap ;)
faD]al 7dGj(alap;) ~ qbfax’al 7dG;(alap ;)

This condition always holds as the left-hand side is lower or equal than one while the
right-hand side is greater or equal than unity. The previous condition shows that strict
equality holds only if ap; =ax; Viand ¢ =1. B

Proof 2 A BGP where d # 0 yields a degenerate equilibrium that converges to a
Ricardian model of trade

Assume the BGP follows the next definition instead of Definition 1:

Definition 2 A Balanced Growth Path (BGP) in this model is characterized by a fived
allocation of labour among sectors (i.e. constant Ly ;, Lyr; and Le;), constant cut-off

values (ap,; and ax,;) and endogenous variables n; and E; growing at a constant rate
Vi=N,S.
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Notice that the only difference between the BGP in Definition 1 and that in Definition
2 is that the latter allows for d # 0. It is possible to prove that a BGP characterized
by Definition 2 yields a situation where firms from one country take over the entire
global M-market (i.e. if d; >0=d; — 1, 2, — 1, d; — 0 and x; — 0).

nj

First let me prove that dZ >0 2, >0< % > o By definition d; = 1 — z;
= d;, = —2;. Also by definition d; = d; <Z— + ?—) and &; = x; ("— + §—3> where ?’f,
(3 ¥

1,1 Uz 1,1

Si

Si

= and ™ are constants Vi, j.
K3 i

Without loss of generality assume dy > 0. This implies 22 > Sn . Under an al-
Yy N p N SN
ternative definition of BGP where constant ap and ax are included, then ?;—Z = gi—x
and 222 = 25 Therefore dy > 0 & 28 > 224
53,8 SN,S nN SS,N
The assumption also implies #g < 0 < 28 < |22 & 28 |2%N| T can then establish
) ] ng 8s,N ns SN,N ]
that 28 < |28 = |228) < 2N GQince 28 < 2N then 28 < dgZ8 + py2X = |22 &
ng SN,N 85N ny ng ny’ ng ng ny 35,5

ds <0< iy > 0.

Second, let me prove that when d; > 0, both d; and x; converge to 1 asymptotically
(and therefore d; and z; converge to 0).

n; n;

Using (28) and (29), I can write d;(t) = <”— - n—]> (di(t) — d;(t)*) which is a Bernoulli
differential equation with solution:

di(t) = !

ng J

Ly me (75)

where m € R. According to this expression, if Z— < Z—], d; converges to 0, while if
i J

g
ng

to z—N > 25 and therefore dy converges to 1. Replicating the reasoning for a similar
N ns

Bernoulli equation for x, it is possible to conclude that dN > 0 implies dy and xy
converging to 1 and dg and xg converging to 0.H

> %, d; smoothly converges to 1. A situation where dy > 0 Vt must correspond
J

Proof 3 ap,; > ax; < Z € [EX 14+ T Vi=N, S

Using (25) and (27) it is easy to see that ap; > ax; < Z; < 1+ T Vi = N, S.
Without loss of generality let us assume it is the North that reaches a maximum level
of Ricardian comparative advantage R3** such that Z3* =1+ T. Solving for such

value I obtain R = QT(;;—EZ; which by definition yields RZ"" = QT(i;;;) By definition,
this value for RF™ yields Z2"" = T%m
QT+1 2 2 ,
Then R; € [, gbs] and Z; € (752,14 7] Vi = N, 5B
Proof 4 Proof of Lemma 2
The effect that trade openness (€2) has on Z; can be expressed by C(f{’ = %M(Rizi -

2Q2). Since 0 < Q < 1 and Z; > 0, then:
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dZ;

> 0& R Z; > 2Q

dQ
dZ;
: 0< R, Z; <20
10 < & <
dZ; 20
) 0< R;Z; S R, =R T

Notice that under country symmetry, R = 1 and Z = 1 4+ Q so the condition for
dZZ > ( is reduced to 1 + €2 > 202 and holds for both countries. Under country asym-
rnetry Ry > 1 and Rg < 1. Since the left-hand side in the condition is monotonically
increasing in R; it holds for N and therefore dZN > 0.

As shown in to Proof 3, Assumption 2 imposes a lower limit to Rg given by RZ" =
Qﬁg? It is easy to show that 7" > 1 implies RZ?"™ < R*. Then for values of the

technological gap that set Rg to the range [RZ", R*) we are going to have % < 0,

while when Rg is in (R*, 1] we are going to have 425 > 0.1

Proof 5 Comparative statics of trade effect

Using (25)-(36) it is possible to derive the effect of greater openness upon each of the
main variables. In what follows I consider rises in the degree of openness (d€2 > 0)
stemming from both a reduction of the variable cost (d¢ > 0) or in the fixed cost
(drx < 0) indistinctly.

. dap; _ —ap,;dZz;
dQ T aZ; dQ

o dEi _ EidZ;
dQ ; dQ

° % - 2aK7j de
aQ i ag.; dQ

o dzi w?  ak;dz;

AQ — (Zi—1)% ax,; dQ

Changes in the degree of openness affect ay,; differently whether they stem from a
reduction of the variable cost (d¢ > 0) or in the fixed cost (drx < 0). Indeed,

dax; _ ax:BQ dz;
6 — aZi(Zi—1)g dQ
dax; _ —ax; | (B—1)Q dz;
® Tx T anx |Z@ondao T1

de

From these expressions it is clear that > () is a necessary and sufﬁcient condition

daD i dl‘il dd; d.Z‘l daX i ax i
for <0, 96 >0,39 <0,53>0 and i > 0. The condition for & e < 0is
l>Z(1Z)W1ch(1Z) dZ,

(B-1)€ (B-1)Q

< 0, so

> 0 is sufficient but not necessary.ll
Proof 6 Comparative statics of trade effect on the growth rate of varieties

The effect that a one-time increase in openness ({2) immediately has on the growth
rate of country i (g;) is given by the following expression:

dQ  cag.ik _E o b Yag; dQ
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de
dZZ

and

The growth rate of local varieties in country ¢ depends on the signs of

Tracing back the origins of these two effects it is possible to notice that is there
for two reasons. One (a) is that the growth rate of varieties produced in 2 1s affected
by the market share that firms from ¢ cover in the foreign market (represented here by
1921) The other (b) is that, by (31), the average knowledge required by new firms &;

changes with freer trade (represented here by ]LE 4Zi) By (34),1— ﬁ > 0 which means

that the first of these effects is always greater than the second. The fact that j is
in the previous expression too is related to the fact that (c) freer trade can hmder
growth in 7 if foreign firms increase their market share in ¢ in detriment of local firms.
C(f{ = % and dzZlZi_i = 1 so the previous expression
reduces to (44) and g decreases with {2 due to the increase in & in both countries. By
symmetry, (a) and (c) perfectly offset each other. But when countries are asymmetric
that might not be the case and that enables gs # gn. Since by Lemma 1 both rates
must converge to the same value at the new BGP any divergence must happen only

in the short-term. By Lemma 2 we can separate two cases:

e The technological gap is relatively small and therefore % >0Vi=N,S. It can
be shown that the net effect on growth is negative for the South while for the
North its sign depends on the size of the technological gap.

e The technological gap is relatively large and therefore ddLéV > 0 and ddﬁﬂ < 0.
In such a case it is easy to see that the growth rate in the South is negatively
affected by openness while the growth rate in the North unambiguously increases
with freer trade.ll

Proof 7 Comparative statics of trade effect on the price index

By (37) and (36), the effect that a one-time increase in openness (§2) immediately has
on the price index of country i (P;) is given by the following expression:

dpP,  ph dZ aK,J dz;
dQ oz dQ . dQ

This shows how in cases where technological asymmetries are not large (which by

Lemma 2 implies %1%21 > 0 Vi = N,S5) the price index unequivocally decreases with

freer trade. However, when the technological gap between countries is large (which

means ddZéV > 0 and dZS < 0) the effect freer trade has on prices is determined by the

following conditions:

° dPN <0 dZN > BZNdN PK.S ddsz and ddiév > () otherwise,

. dﬁ <0< |dﬁ‘ < BZg dsaK];dZN and % > 0 otherwise.

By Proof 4, a case of a large technological is one where Rg € [RZ", R*) and when
Rg — R* then dZS — 0. By the previous conditions, this implies it is possible to have
falling prices even in a situation where the technological gap is large.ll
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