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Abstract. This paper develops a nonparametric significance test for regression models with

measurement error in the regressors. To the best of our knowledge, this is the first test of

its kind. We use a ‘semi-smoothing’ approach with nonparametric deconvolution estimators

and show that our test is able to overcome the slow rates of convergence associated with such

estimators. In particular, our test is able to detect local alternatives at the
√
n rate. We derive

the asymptotic distribution under i.i.d. and weakly dependent data, and provide bootstrap

procedures for both data types. We also highlight the finite sample performance of the test

through a Monte Carlo study.

Finally, we discuss two empirical applications. The first considers the effect of cognitive

ability on a range of socio-economic variables: income, life satisfaction, health and risk aversion.

The second uses time series data - and a novel approach to estimate the measurement error

without repeated measurements - to investigate whether future inflation expectations are able

to stimulate current consumption. This is an important policy question when nominal interest

rates approach the zero lower bound.
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1. Introduction

The importance of significance testing hardly needs stating; it is arguably the most widely

used of any statistical test. Significance tests are used to determine the validity of our economic

theories as well as to justify model simplification. This latter application is particularly relevant in

nonparametric estimation which suffers from convergence rates whose speed falls as the number of

regressors increase - ‘the curse of dimensionality’. Given the growing popularity of nonparametric

estimation, significance tests have never been more important. Moreover, measurement error in

nonparametric estimation amplifies the curse of dimensionality. Consequently, the benefit from

model parsimony, and hence the importance of significance testing, is even greater when working

with contaminated data.

Such contaminated data is a well known source of inconsistency in estimators, and correspond-

ingly, invalidity of test statistics. This is a problem that plagues economic, medical, social and

physical data sets; in fact, measurement error can be found in nearly every type of data. One

possible cause for such noisy data is an imperfect measurement instrument, for example survey

data is commonly held to be contaminated with error. However, we argue that measurement er-

ror is a far more general phenomenon - whenever the variables in our theory do not exactly match

the variables in our data, measurement error is present. Given its prevalence and undesirable

consequences, contaminated data is a problem that cannot be ignored.

The main contribution of this paper can be highlighted in the following way. In a linear model,

where some variables are mismeasured, to test the significance of a subset of regressors (correctly

or incorrectly measured) a Wald test can be used based on an IV regression. However, if we wish

to move beyond a simplistic linear specification, to allow the relationship between the outcome

and the full set of regressors to be left undetermined, there is currently no method to conduct

such a test. This paper solves this problem. It should be emphasised that the situation with

which we concern ourselves is very general - the measurement error need not affect the variables
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whose significance we are testing, it may be that only one of the controlling variables suffers from

measurement error.

Theory often provides little guidance on model specification; in the majority of cases model

choice - linearity in particular - is determined according to simplicity rather than adequacy. Under

model misspecification, estimators are generally inconsistent, and consequently, statistical tests

which use such estimators have incorrect size. Hence, tests based on parametric choices are likely

to be invalid. To overcome this problem, many tests, including the one proposed in this paper,

are conducted using nonparametric methods which impose less stringent conditions on functional

form. Moreover, significance testing in a nonparametric framework is likely to be more intuitive.

We ask, does variable X affect variable Y ? Rather than, for example, does X affect Y in a linear

way?

Unfortunately, the relaxation of assumptions when using any nonparametric estimator comes

at the cost of slower convergence rates. This results in a reduction in power for tests based on

such estimators. To remedy this problem, in the specification testing literature, so called ‘non-

smoothing’ tests were developed which only require estimation of the regression function under

the null hypothesis. For a specification test, this negates the need for nonparametric estimation

(as the model under the null is parametric) and allows the detection of local, linear alternatives at

the
√
n rate (see for example Bierens, 1990, and Stute, 1997). This approach was extended to the

problem of significance testing and, despite the model under the null now being nonparametric,

these tests also resulted in
√
n rates of detection (see for example Chen and Fan, 1999, and

Delgado and Manteiga, 2001). This is in contrast to ‘smoothing’ tests, which estimate the model

under the null and alternative, and typically attain slower then
√
n convergence in both testing

problems (see for example Härdle and Mammen, 1993, and Fan and Li, 1996).1 Hence, the key

benefit of non-smoothing tests is intrinsically linked to the curse of dimensionality. Since this is

1Of course, this is not to say that smoothing tests do not have benefits - in general they achieve greater power in
detecting high-frequency alternatives.
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exacerbated in the presence of measurement error we follow a non-smoothing approach in this

paper.

However, there is a key difference between a conventional non-smoothing test and an analo-

gous one with measurement error. Non-smoothing tests are conducted by first converting a finite

number of conditional moment restrictions into uncountably many unconditional moment re-

strictions. A simple empirical average can then be taken to estimate these moment restrictions.

Unfortunately, when the data is contaminated we are not able to take this empirical average

since the regressors are unobservable. Instead, we must multiply by the estimated density of

the full set of regressors and integrate over their range. In this sense we refer to this approach

as a ‘semi-smoothing’ approach as we require nonparametric estimation using the full set of

regressors. Nonetheless, we show we are still able to retain
√
n convergence rates for this test.

There is a plethora of research on nonparametric significance testing when the data is uncon-

taminated. Fan and Li (1996), Aït-Sahalia, Bickel and Stoker (2001) and Lavergne and Vuong

(1996) among many others develop smoothing techniques for this problem, all of which suffer

from the curse of dimensionality. Whilst Delgado and Manteiga (2001) propose a consistent

test able to detect alternatives converging to the null hypothesis at the
√
n rate using the non-

smoothing approach. Neumeyer and Dette (2003) develop a general non-smoothing test for the

equality of two nonparametric regression curves, whilst Lavergne (2001) provides an analogous

result using smoothing techniques. Chen and Fan (1999) propose a non-smoothing significance

test in a time series context by extending the work of Robinson (1989), whilst Li (1999) develops

an analogous test using smoothing methods. There is also a recent line of research which cleverly

combines the two approaches. Lavergne, Maistre and Patilea (2015) consider a hybrid approach,

creating a consistent test that has rates of convergence that do not depend on the dimension

of the regressor but are equivalent to those achieved by smoothing tests with a single covariate.

Finally, Racine (1997) follows a different method, testing whether the partial derivatives of the

regression function with respect to the variables being tested are zero.
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As of yet there appears to be no results on significance testing in the presence of measurement

error. However, there has been some work carried out on other testing problems in this setting.

Most notably, specification testing has received some attention with Hall and Ma (2007) and

Otsu and Taylor (2016) proposing tests for this scenario.

Finally, in this paper we will use deconvolution techniques to estimate the regression function.

The literature on nonparametric estimation and inference in the presence of measurement error

has used deconvolution methods rather extensively, the interested reader is referred to the com-

prehensive survey of Schennach (2013). However, only in exceptional circumstances have
√
n

rates of convergence been obtained in these nonparametric settings (see for example Fan, 1995).

This paper is organised as follows. Section 2 outlines the hypothesis of interest and the test

statistic, as well as discussing possible alternatives to our test. Section 3 presents the asymptotic

properties of our statistic, including theory for when the density of the measurement error must

be estimated. This section also extends our results to weakly dependent data and provides

bootstrap procedures to obtain critical values. Section 4 considers the small sample performance

of our test through a Monte Carlo study. Section 5 considers two empirical applications of

the test. The first uses cross-sectional data to test the effect of cognitive ability on income,

life satisfaction, health and risk aversion. The second answers the important policy question of

whether future inflation expectations are able to stimulate current consumption. Finally, Section

6 concludes. We relegate all mathematical proofs to Appendix A.

2. Methodology

Consider the nonparametric regression model

Y = m(X) + U with E[U |X] = 0.

Y ∈ R is a response variable, X = (X ′(1, X
′
(2))
′ ∈ Rd is a vector of regressors, where X(1) ∈ Rd1 ,

X(2) ∈ Rd2 with d = d1 + d2, and U ∈ R is the regression error term. Throughout this paper
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we denote the first d1 elements of any vector z ∈ Rd by z(1). Similarly, z(2) denotes the final d2

elements, whilst zj denotes the jth element of z.

We assume that X is not directly observable due to measurement error. Instead the variable

W is observed through the relation

W = X + ε,

where ε ∈ Rd is a vector of measurement errors with independent components, has a known

density fε(·) and is independent of (Y,X). Since this is the first paper to deal with any form

of measurement error, we start with the classical measurement error assumption and leave non-

classical error for future work.2 The case of unknown fε(·) is considered in Section 3.4.

We are interested in testing the significance of the set of variables in X(2). More precisely,

define r(x(1)) ≡ E[Y |X(1) = x(1)], we wish to test the hypothesis

H0 : m(x(1), x(2)) = r(x(1)) for almost every (x(1), x(2)) ∈ Rd,

H1 : H0 is false,

based on the random sample {Yi,Wi}ni=1 of observables; the case of dependent data is deferred

until Section 3.3. It is important to emphasise that although we focus on the case in which

all variables are affected by measurement error, this test is applicable to any combination of

error-free and contaminated regressors. For example, X(1) may contain a single mismeasured

regressor and X(2) may be perfectly measured - to the best of our knowledge, this is the first

paper to deal with such a situation.

Notice that the null hypothesis is equivalent to the conditional moment restriction

E
[
(Y − E[Y |X(1)])|X

]
= 0 a.s. (2.1)

2In many situations of nonclassical measurement error, it is only the variance of the error which depends on the
true regressor. For example, the variance of the measurement error for reported income is likely to be larger for
larger values of the true income. In such a situation we could use a multiplicative error, W = Xε, where ε is still
independent of X, yet the variance of the error now depends on X. We can then convert this into an additive
structure by simply taking the natural logarithm.
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In the spirit of Bierens (1982, 1990), we can write (2.1) as an unconditional moment restriction

of the form

T (ξ) ≡ E
[
(Y − E[Y |X(1)])fX(1)

(X(1))W(X; ξ)
]

= 0 for all ξ ∈ Ξ,

where fX(1)
(·) is the density function of X(1) and W(X; ξ) = W(X(1), X(2); ξ) is a ‘generically

totally revealing’ function (see Stinchcombe and White, 1998) indexed by ξ ∈ Ξ with Ξ ⊆ Rd a

compact set with non-empty interior. As in Bierens (1990), to simplify our analysis, without loss

of generality, we can define W(X; ξ) = W̄(Φ(X); ξ), where Φ(·) is a one-to-one mapping from

Rd to a compact set. Common choices for W̄(X; ξ) include eiξ′X and eξ′X used in Bierens (1982,

1990), respectively, the logistic function, 1/[1 + exp(c − ξ′X)], with c 6= 0, as used in White

(1989), as well as I(X ≤ ξ) proposed by Stute (1997), where I(·) is the indicator function.

The multiplication by fX(1)
(X(1)) in the definition of T (ξ) is used only to remove the random

denominator in E[Y |X(1)] and hence simplify analysis.

We propose to estimate T (ξ) as

T̂n(ξ) =

∫ ∫ (
y − r̂

(
x(1)

))
f̂X(1)

(
x(1)

)
f̂Y,X (y, x)W (x; ξ) dxdy.

Notice that our statistic is quite different from a conventional non-smoothing statistic which

would take the form
n∑
i=1

(
Y − r̂

(
X(1)i

))
f̂X(1)

(
X(1)i

)
W (Xi; ξ) .

By introducing measurement error, the true regressors become unobservable and an empirical

average is unable to be taken. Instead we must multiply by the estimated joint density of the

data and integrate over their range.
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As a nonparametric estimator of r(·), we use the deconvolution kernel estimator

r̂(x(1)) =

∑n
i=1 YiKb

(
x(1)−W(1)i

b

)
∑n

i=1Kb
(
x(1)−W(1)i

b

) ,

where

Kb(a) =
1

(2πb)dim(a)

∫
e−it·a K

ft(t)

f ft
ε (t/b)

dt,

dim(a) is the dimension of the argument a, b is a bandwidth and K ft(·) and f ft
ε (·) are the

Fourier transforms of a kernel functionK(·) and the measurement error density fε(·), respectively.

Note that throughout this paper we denote the Fourier transform of any function, h(x), as

hft(t) =
∫
eit·xh(x)dx where i =

√
−1.

To estimate each of the densities we employ

f̂X(1)
(x(1)) =

1

n

n∑
i=1

Kb
(
x(1) −W(1)i

b

)
,

f̂Y,X(y, x) =
1

n

n∑
i=1

Kb

(
y − Yi
b

)
Kb
(
x−Wi

b

)
.

Since Y is observable we use a combination of a standard kernel and deconvolution kernel function

in the estimator for fY,X(·, ·). Throughout the paper we assume f ft
ε (t) 6= 0 for all t ∈ Rd and

K ft(·) has compact support so that Kb(·) is well-defined. Both of these assumptions are common

in the literature. The former assumption is satisfied by most conventional distributions, however,

a notable exception is the uniform distribution. If this assumption is unlikely to hold, a possible

solution involves using a ridge parameter approach (see for example Meister, 2009). The latter

assumption is merely a restriction on the choice of kernel; common choices which satisfy this

restriction include the Sinc kernel, K(x) = sinx
πx , where K ft(t) = I(−1 ≤ t ≤ 1), and the kernel

due to Fan (1992), K(x) = 48 cos(x)
πx4

(
1− 15

x2

)
− 144 sin(x)

πx5

(
2− 5

x2

)
, where K ft(t) = (1− t2)3I(−1 ≤

t ≤ 1).
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Given these estimators we can write

T̂n(ξ) =

∫ ∫
1

n2

n∑
i=1

n∑
j=1

yKb

(
y − Yi
b

)
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dxdy

−
∫

1

n2

n∑
i=1

n∑
j=1

YjKb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

=
1

n2

n∑
i 6=j

(Yi − Yj)
∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx,

where the second equality follows from
∫
yKb

(
y−Yi
b

)
dy = Yi, using a change of variables.

In order to construct a test statistic based on T̂n(ξ) we propose a Cramer-von Mises type test

CMn =

∫
Ξ

∣∣∣T̂n(ξ)
∣∣∣2 dµ(ξ),

where µ(·) is an absolutely continuous probability measure on Ξ and | · | is the norm for complex

numbers. An alternative approach would be to use a Kolmogorov-Smirnov test of the form

Kn = sup
ξ∈Ξ

∣∣∣T̂n(ξ)
∣∣∣ .

It has been found that the Cramer-von Mises test tends to outperform the Kolmogorov-Smirnov

test when testing the equality of distributions and, as discussed in Chen and Fan (1999), the

Cramer-von Mises test can be better directed towards different alternatives by the choice of µ(·).

As such, we concentrate on the Cramer-von Mises test in this paper; we conjecture that very

similar results would be found with the Kolmogorov-Smirnov form of the test.

2.1. Alternative Approaches. Before we proceed to the properties of the test, it is instructive

to consider the available alternatives. First, we discuss why the naive approach of conducting a

conventional nonparametric significance test using the mismeasured regressors is a poor choice.

In this case we would test

H0 : E
[
Y |W(1) = w(1),W(2) = w(2)

]
= E

[
Y |W(1) = w(1)

]
for almost every (w(1), w(2)) ∈ Rd.
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Chesher (1991) provides a simple relation between E[Y |W = w] and m(w),

E[Y |W = w] = m(w) +
d∑
j=1

σ2
εj

2

(
m(j)(j)(w) + 2m(j)(w)(ln(fX(w))(j)

)
+ o(σ2

εj ),

where σ2
εj is the variance of the measurement error associated with the jth regressor and for

any function, g(·), g(j)(·) and g(j)(j)(·) denote the first and second derivative with respect to the

jth argument. Although this expression is derived under small measurement error asymptotics,

it gives a good insight into the problem of conducting a nonparametric significance test using

mismeasured variables. Instead of investigating the distance m(w)− r(w(1)), the naive approach

would consider

(
m(w)− r(w(1))

)
+

d∑
j=1

σ2
εj

2

(
m(j)(j)(w)− r(j)(j)(w(1))

)

+ σ2
εj

(
(ln(fX(w))(j)m(j)(w)− (ln(fX1(w(1)))

(j)r(j)(w(1))
)

+ o(σ2
εj ),

where r(j)(·) ≡ 0 and r(j)(j)(·) ≡ 0 for j > d1. Notice that even if m(w) = r(w(1)), in general

d∑
j=1

σ2
εj

(
(ln(fX(w))(j)m(j)(w)− (ln(fX1(w(1)))

(j)r(j)(w(1))
)
6= 0

and the test has incorrect size and is inconsistent.

A second potential alternative to our test is to linearise the model by taking, for example, a

finite polynomial in the regressors, estimate the regression coefficients using an IV approach, and

conduct a Wald test. Note that for each transformation of each variable, the instrument, typically

a repeated measurement, is the analogous transformation. Of course, this is a simplification of

the model we present and would not lead to a consistent test. However, for practical purposes

we may hope that this approach fares reasonably well. Unfortunately, as our simulation results

indicate in Section 4, this is not the case. The reason is twofold: nonlinear transformations of

10



mismeasured regressors generally exacerbate the measurement error problem, additionally the

strength of the instruments typically deteriorates with nonlinear transformations.

Finally, it may be tempting to appeal to the common textbook wisdom that measurement

error causes attenuation bias, hence any significance test in the presence of measurement error

is simply overly cautious. Unfortunately such an argument fails to hold once any additional

variables are included or any nonlinearities are added.

3. Asymptotic Properties

3.1. Distribution Under H0. In this section we derive the asymptotic distribution of CMn

under both the null hypothesis and a Pitman local alternative. We proceed by first clarifying

the asymptotic distribution of T̂n(ξ) before using the continuous mapping theorem to derive the

asymptotic distribution of CMn.

To simplify our analysis we will use product kernels of the following form. As in Masry (1993),

let K̃(·) be a univariate kernel and K̃ ft(·) denote its Fourier transform. Define the univariate

deconvolution kernel as

K̃b(xj) =
1

2πb

∫
e−ita K̃

ft(t)

f̃ ft
εj (t/b)

dt.

Finally, set K(x) =
∏dim(x)
j=1 K̃(xj) and Kb(x) =

∏dim(x)
j=1 K̃b(xj). Since we assume that ε is

vector valued with independent elements, we can write f ft
ε (t) =

∏dim(t)
j=1 f̃ ft

εj (tj), where f̃
ft
εj (·) is

the Fourier transform of εj . Together these imply K ft(x) =
∏dim(x)
j=1 K̃ ft(xj). 3

Throughout this paper we use the notation f(b) ∼ g(b) to mean f(b)/g(b) → 1 as b → 0

and || · ||1, and || · ||∞ to denote the L1 norm and the supremum norm, respectively. For

convenience we also introduce the multi-index notation: for the vector ~l = (l1, . . . , ld) define

|~l| = l1 + · · · + ld, ~l! = l1! · · · ld! and for some x = (x1, . . . , xd), x
~l = xl11 · · ·x

ld
d . We impose the

following assumptions.

3Notice that it would be straightforward to adjust our estimator to allow for a combination of correctly measured
and mismeasured regressors by replacing the deconvolution kernel within the product with a standard kernel;
analogous results could be obtained. Furthermore, these correctly measured regressors may be discrete. How-
ever, our theory does not allow for discrete mismeasured regressors as this constitutes a form of nonclassical
measurement error.
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Assumption D.

(i): {Yi,Wi}ni=1 and {εi}ni=1 are i.i.d. where ε is mutually independent as well as indepen-

dent of (Y,X) and has a known density fε(·).

(ii): supξ∈Ξ ||W(·; ξ)||2∞ <∞ with Ξ ⊆ Rd a compact set with non-empty interior.

(iii): K̃(·) is an infinite order kernel and infinitely differentiable. In particular, K̃ ft(·) is

compactly supported on [−1, 1], symmetric around zero (i.e., K̃ ft(t) = K̃ ft(−t)), bounded,

and satisfies ∫
ykK̃(y)dy =


1 for k = 0,

0 for k>0.

(iv): M(·) ≡ fX(·)m(·) and R(·) ≡ fX(1)
(·)r(·) have q continuous derivatives and the

following Lipschitz conditions hold for some g(1)(·) and g(·)

∣∣Oρl1,...ld1R(x(1) + η(1))− O
ρ
l1,...ld1

R(x(1))
∣∣ ≤ g(1)(x(1))||η(1)||1,

∣∣Oρl1,...ldM(x+ η)− Oρl1,...ldM(x)
∣∣ ≤ g(x)||η||1,

for all ρ ≤ q, where Oρl1,...ldf(s) = ∂ρf(s)
∂sl1 ···∂sld

.

(v): Each of the following are finite: E
[
Y 4
]
, E

[
m(X)4

]
, E

[
r(X(1))

4
]
, E

[
g(X)4

]
and

E
[
g(1)(X(1))

4
]
.

(vi): As n→∞ it holds that nb(d+d1) 5
4 →∞ and nb2(q+1) → 0.

Assumption D (i) is common in the literature of classical measurement error. The case of

unknown fε(·) is deferred until Section 3.4. For Assumption D (ii), since we have defined

W(·; ξ) = W̄(Φ(·); ξ), this condition is satisfied by all of the commonly used weight functions

given in Section 2. Although Assumption D (iii) is fairly restrictive, it is satisfied by the com-

monly used Sinc kernel. Assumption D (iv) and (v) give smoothness restrictions on the functions

m(·), r(·), g(·) and g(1)(·) as well as Y ; conditions on q are discussed below. The first condition

of Assumption D (vi) is required to ensure the error of the Hoeffding projection is asymptotically

negligible, the second is required to remove the bias from the nonparametric estimators.
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As is typical in the nonparametric measurement error literature, we consider two separate

cases characterized by bounds on the decay rate of the tail of the characteristic function of the

measurement error, f̃ ft
εj (·). In each case we introduce some additional assumptions. For the

ordinary smooth case we impose the following.

Assumption O.

(i): f ft
ε (t) 6= 0 for all t ∈ Rd and there exist finite constants C0, . . . , Cα with C0 6= 0 and

α > 0 such that

f̃ ft
εj (s) ∼

α∑
v=0

Cv|s|−v,

for all 1 ≤ j ≤ d as |s| → ∞.

(ii): q ≥ k for some Ck 6= 0 with k > 0.

Assumption O (i) is the ordinary smooth condition. Specifically, it requires that f̃ ft
εj (s) decays

to zero at a polynomial rate as |s| → ∞. Examples of densities that are ordinary smooth are

Laplace and gamma. Notice that this is slightly more general than the typical assumption that

is seen in the literature, f̃ ft
εj (s) ∼ C|s|

−α. Assumption O (ii) requires sufficient smoothness from

M(·) and R(·) relative to the density of the measurement error, for example, in the case of

Laplace error we would require M(·) and R(·) to be twice continuously differentiable.

For the second case, known as supersmooth measurement error, we impose the following

assumption.

Assumption S.

(i): f ft
ε (t) 6= 0 for all t ∈ Rd and there exist positive constants C, µ, γ0 and γ such that

f̃ ft
εj (s) ∼ C|s|

γ0e−µ|s|
γ
,

for all 1 ≤ j ≤ d as |s| → ∞ with γ0 + γ an integer.

(ii): q ≥ γ0 + γ.
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Assumption S (i) requires f̃ ft
εj (s) to decay to zero at an exponential rate as |s| → ∞. The

most common example of a density satisfying this supersmooth assumption is the normal density,

where C = 1, γ0 = 0, γ = 2, and µ = σ2

2 . The majority of conventional distributions satisfy the

integer constraint. Assumption S (ii) requires sufficient smoothness of M(·) and R(·) relative to

the measurement error density, for example for the case of Gaussian error we require M(·) and

R(·) to be twice continuously differentiable. Also, as opposed to some settings with supersmooth

measurement error (see for example Van Es and Uh, 2005), the Cauchy distribution is not

excluded from our analysis.

The asymptotic distributions of CMn under the null hypothesis for both the ordinary smooth

and the supersmooth cases are given by the following theorem.

Theorem 1.

(i): Suppose that Assumptions D and O hold true, then under H0,

nCMn →d

∫
|ZO,∞(ξ)|2 dµ(ξ) ∼

∞∑
i=1

λO,iν
2
i .

(ii): Suppose that Assumptions D and S hold true, then under H0,

nCMn →d

∫
|ZS,∞(ξ)|2 dµ(ξ) ∼

∞∑
i=1

λS,iν
2
i .

Where ZO,∞(·) and ZS,∞(·) are zero mean Gaussian processes on L2(Ξ, µ), with covariance

functions VO : Ξ × Ξ → R+ and VS : Ξ × Ξ → R+, respectively, where VO and VS are defined

in Appendix A. νi are i.i.d. N(0, 1) random variables and λO,i and λS,i are the solutions to the

eigenvalue problems

∫
VO(ξ, ξ′)ψO,i(ξ

′)dµ(ξ′) = λO,iψO,i(ξ),∫
VS(ξ, ξ′)ψS,i(ξ

′)dµ(ξ′) = λS,iψS,i(ξ),
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respectively. The eigenvalues λO,i and λS,i are real valued, non-negative and satisfy∑∞
i=1 λO,i <∞ and

∑∞
i=1 λS,i <∞, respectively.

Theorem 1 shows that in each case the test statistic converges to a weighted sum of chi-

squared random variables. Unlike typical results in the deconvolution estimation and inference

literature we are able to achieve
√
n rates of convergence. To the best of our knowledge, this

is the first case in which parametric rates of convergence have been obtained when using non-

parametric estimation in the presence of supersmooth measurement error. However, two notable

papers deserve mention here. Hall and Ma (2007) develop a non-smoothing specification test

which is able to achieve
√
n rates of convergence but does not involve any nonparametric estima-

tion. Fan (1995) obtains
√
n convergence for average derivative estimators for ordinary smooth

measurement error, although does not extend this result to the supersmooth case.

There is a strong link between average derivative estimators - of the type studied by Powell,

Stock and Stoker (1989), for example - and non-smoothing tests. We exploit this connection and

use a similar approach to Fan (1995) in the derivation of the asymptotic properties of our test.

We extend this approach to the supersmooth case by noticing that supersmooth error can be

thought of as an ordinary smooth problem with α =∞.

It is instructive to understand why we are able to achieve parametric rates in such nonpara-

metric problems. Heuristically, nonparametric estimators achieve slower rates of convergence,

typically
√
nb for univariate problems, because they effectively only use a window of nb obser-

vations at each point of the estimation. Non-smoothing tests are able to regain
√
n rates by

averaging these nonparametric estimators over the full range of the data and so use all n ob-

servations in the final test statistic. The same reasoning explains why nonparametric average

derivative estimators are also able to achieve a
√
n rate of convergence. However, the semi-

smoothing approach of this paper is slightly different to each of these cases since we are unable

to average over all observations as they are unobservable. Nonetheless, by integrating over the

range of all possible values the regressors may take, we implicitly draw all observations of the

mismeasured variable into the final test statistic, and so recover the
√
n convergence rate. When
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viewed in this light, it is perhaps not so surprising that even in the supersmooth case we can

escape the curse of dimensionality.

This theorem also shows that the asymptotic distribution of the test does not depend on the

bandwidth. As such, providing Assumption D (vi) is satisfied, we hope the test will show little

dependence on the bandwidth in finite samples and negate the need for an ‘optimal’ choice.

3.2. Distribution Under a Sequence of Local Alternatives. To study the power properties

of the test, we assume a local, linear alternative of the form

H1n : m(x) = r
(
x(1)

)
+

1√
n

∆(x), for almost every x ∈ Rd

where cn → 0 and ∆(·) is a bounded, non-zero function. The local power properties are given

by the following theorem.

Theorem 2.

(i): Suppose that Assumptions D and O hold true, then under H1n,

nCMn →d

∫ ∣∣∣Z̃O,∞(ξ)
∣∣∣2 dµ(ξ) ∼

∞∑
i=1

(
∆̄O,i +

√
λ̃O,iνi

)2

.

(ii): Suppose that Assumptions D and S hold true, then under H1n,

nCMn →d

∫ ∣∣∣Z̃S,∞(ξ)
∣∣∣2 dµ(ξ) ∼

∞∑
i=1

(
∆̄S,i +

√
λ̃S,iνi

)2

.

Where Z̃O,∞(ξ) and Z̃S,∞(ξ) are Gaussian processes with mean functions ∆̄O,(·) and ∆̄S,(·),

respectively, each defined in Appendix A, and covariance functions ṼO : Ξ × Ξ → R+ and ṼS :

Ξ×Ξ→ R+, respectively, again with each defined in Appendix A. ∆̄O,i ≡
∫

∆̄O,(ξ)ψ̃O,i(ξ)dµ(ξ)

where ψ̃O,i(·) are the eigenfunctions of the equation

∫
ṼO(ξ, ξ′)ψ̃O,i(ξ

′)dµ(ξ′) = λ̃O,iψ̃O,i(ξ),
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and ∆̄S,i is defined analogously. As before, the eigenvalues λ̃O,i and λ̃S,i are real valued, non-

negative and satisfy
∑∞

i=1 λ̃O,i <∞ and
∑∞

i=1 λ̃S,i <∞ respectively.

Theorem 2 shows that under both ordinary smooth and supersmooth measurement error our

test is able to detect local, linear alternatives drifting at the rate cn = n−1/2.

It is our belief that nonparametric measurement error techniques are underused in applied

work, in part, because of the very slow rates of convergence that are typically attained. In

particular, in perhaps the most likely setting of Gaussian measurement error, convergence is

usually at the rate ln(n). We hope that the results presented here encourage the use of this test

in future applied work.

3.3. Dependent Data. To increase the applicability of the test proposed in this paper, it is

important to allow for applications involving time series data. In this section we extend our

asymptotic results to permit weakly dependent data.

To be precise, we assume that the data, in particular the correctly measured regressors and

the dependent variable, come from a strictly stationary, absolutely regular process. We borrow

the notation from Robinson (1989) to define the degree of dependence. Let M b
a denote the σ-

algebra of events generated by Va, . . . , Vb, for −∞ ≤ a ≤ b ≤ ∞, where V = (Y,X). We assume

β(j) ≡ E

{
sup

A∈M∞j

∣∣Pr (A∣∣M0
−∞
)
− Pr(A)

∣∣}→ 0

as j →∞. Absolutely regular processes can be seen as lying somewhere between uniformly and

strongly mixing processes in terms of dependence.

Notice that the dependence is in the true regressor and not the measurement error and we

continue to impose the assumption of classical measurement error. It is possible to also allow for

dependence within the measurement error in a similar manner to the treatment of dependence

in the regressors, in this case we would need to assume a smoothness condition on the joint

distribution of εi and εj for 1 ≤ i, j ≤ d, however we concentrate on the i.i.d. case for ease of

derivations.
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We wish to show that our previous results continue to hold under weak dependence. To do

so, we require the following additional assumptions.

Assumption T.

(i): β(j) = O(j−η) for a particular η > 0 which is discussed in Appendix A.

(ii): For some δ, ς > 0, as n→∞ it holds that n1− ς
2 b(d+d1)

5(2+δ)
8 →∞.

(iii): supξ∈Ξ ||W(·; ξ)||2+δ
∞ <∞ for some δ > 0 with Ξ ⊆ Rd a compact set with non-empty

interior.

(iv): MXj |Wi
(x
∣∣w) ≡ m(x)fXj |Wi

(x|w) and RX(1)j |W(1)i
(x(1)

∣∣w(1)) ≡ r(x(1))fX(1)j |W(1)i

(
x(1)|w(1)

)
have q continuous derivatives with respect to x and x(1), respectively, and the following

Lipschitz conditions hold for some h(1)(·, ·) and h(·, ·)

∣∣Oρl1,...ld1RX(1)j |W(1)i
(x(1) + η(1)|x(1))− O

ρ
l1,...ld1

RX(1)j |W(1)i
(x(1)|x(1))

∣∣ ≤ h(1)(x(1), x(1))||η(1)||1,

∣∣Oρl1,...ldMXj |Wi
(x+ η|x)− Oρl1,...ldMXj |Wi

(x|x)
∣∣ ≤ h(x, x)||η||1,

for all ρ ≤ q and 1 ≤ i < j ≤ n, where it is understood that the derivative is taken with

respect to the first set of arguments, and E
[
|h(Wi, x)|2+δ

]
<∞.

Assumption T (i) concerns the degree of dependence between events separated in time; the

larger η the more quickly the dependence decays to zero. Assumptions T (ii)-(iv) require a slight

strengthening of the corresponding Assumptions D (ii), (iv) and (vi). Notice that since we retain

the assumption of classical measurement error we retain the product form of our deconvolution

kernel which acts to simplify our theoretical analysis.

Theorem 3.

(i): Suppose that Assumptions D, O and T (i)-(v) hold true, then under H0,

nCMn →d

∫
|ZOT,∞(ξ)|2 dµ(ξ) ∼

∞∑
i=1

λOT,iν
2
i ,
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and under H1

nCMn →d

∫ ∣∣∣Z̃OT,∞(ξ)
∣∣∣2 dµ(ξ) ∼

∞∑
i=1

(
∆̄OT,i +

√
λ̃OT,iνi

)2

.

(ii): Suppose that Assumptions D, S, T (i)-(iv) and (vi) hold true, then under H0,

nCMn →d

∫
|ZST,∞(ξ)|2 dµ(ξ) ∼

∞∑
i=1

λST,iν
2
i ,

and under H1

nCMn →d

∫ ∣∣∣Z̃ST,∞(ξ)
∣∣∣2 dµ(ξ) ∼

∞∑
i=1

(
∆̄ST,i +

√
λ̃ST,iνi

)2

.

Each object is defined analogously to Theorems 1 and 2, the only substantial differences are

the limiting covariance functions as defined in Appendix A.

3.4. Unknown fε. In this section we discuss how, by estimating f ft
ε (·), it can be possible to

drop the rather restrictive assumption of a known measurement error density. Unsurprisingly,

we need additional information. Typically this comes in the form of two repeated measurements,

say W and W r, or may alternatively come from a validation data set. We abstract from the

estimation of f ft
ε (·) and simply require some consistent estimator, f̂ ft

ε (·). There are two leading

cases. With repeated measurements of the form

W = X + ε

W r = X + εr

where ε and εr are identically distributed with zero mean and (X, ε, εr) are mutually independent.

Under the assumption that the density fε(·) is symmetric around zero, Delaigle, Hall and Meister
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(2008) propose the following estimator

f̂ ft
ε (t) =

∣∣∣∣∣ 1n
n∑
i=1

cos{t(Wi −W r
i )}

∣∣∣∣∣
1/2

.

Common examples of such data are found in medical studies where measurements and tests on

patients are repeated at different points in time, for example systolic blood pressure measure-

ments. It is also becoming increasingly popular to ask the same questions multiple times in

social and economic surveys to obtain repeated measurements. Other examples of repeated data

include different IQ tests (or other aptitude tests) which can be used as repeated measurements

of true intelligence, as well as GDP and GDI acting as two mismeasured versions of true economic

activity (see Delaigle, Hall and Meister, 2008, for further examples).

The second estimator is due to Li and Vuong (1998) and requires weaker assumptions. Specif-

ically, the repeated measurements can take the same form but where ε and εr need not be

identically distributed nor have densities that are symmetric around zero, however, they must

still have zero mean and (X, ε, εr) must still be mutually independent. Naturally, the estimation

procedure is more complex than the case of Delaigle, Hall and Meister (2008), the interested

reader is referred to Li and Vuong (1998) for further details.

The following theorem shows the asymptotic equivalence of the test using f ft
ε (·) with the test

using f̂ ft
ε (t). We first introduce the following additional assumptions.

Assumption U.

(i): maxt≤ 1
b

∣∣∣f̂ ft
ε (t)− f ft

ε (t)
∣∣∣ = op(1).

(ii): q ≥ 2α.

(iii): q ≥ 2 (γ0 + γ).

Assumption U (i) is satisfied by the estimators of Li and Vuong (1998) (see Lemma 4 in

Evdokimov, 2010) and Delaigle, Hall and Meister (2008). Notice, Assumption U (ii) and (iii)

require a slight strengthening of Assumption O (ii) and Assumption S (ii), respectively.
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Theorem 4.

(i): Suppose that Assumptions D, U (i) and either O and U (ii) or S and U (iii) hold true,

then Theorems 1 and 2 continue to hold if f ft
ε (·) is replaced with f̂ ft

ε (t).

(ii): Suppose that Assumptions D, T, U (i) and either O and U (ii) or S and U (iii) hold

true, then Theorem 3 continues to hold if f ft
ε (·) is replaced with f̂ ft

ε (t).

3.5. Bootstrap. The asymptotic distributions derived in Theorem 1 can be used to obtain

critical values. However, as explained in Bierens and Ploberger (1997), the eigenvalues depend

on the covariance function which in turn depends on the underlying distribution of the data. As

such the asymptotic distributions are case dependent and challenging to estimate in practice.

Given this difficulty, it may be wiser to implement a bootstrap procedure.

Measurement error models provide quite a challenge for bootstrap procedures because nei-

ther the true regressor nor the measurement error is observable. Any residual based bootstrap

approach is infeasible in a measurement error context since the true regressors are needed to

construct the residuals. It would be possible to follow an approach similar to Hall and Ma

(2007): estimating the density of the true regressor using deconvolution techniques, applying a

wild bootstrap approach for the measurement error, and sampling from these respective densities.

However, the estimated density will suffer from the slow rates of convergence associated with

deconvolution estimation and the approach is very computationally expensive. In addition, the

choice of several tuning parameters are needed. Instead, we suggest a simple alternative based

on a pairs bootstrap.

Recall, we write our statistic as

nCMn =

∫
Ξ

∣∣∣√nT̂n(ξ)
∣∣∣2 dµ(ξ).

We can construct a bootstrap sample, {Y ∗i ,W ∗i }ni=1, by resampling with replacement from

{Yi,Wi}ni=1. To impose the null hypothesis, construct T̃ ∗n(ξ) ≡ T̂ ∗n(ξ) − T̂n(ξ), where T̂ ∗n(ξ)

21



is defined in the same manner as T̂n(ξ) but using {Y ∗i ,W ∗i }ni=1. Finally, the bootstrap test

statistic is given by

nCM∗n =

∫
Ξ

∣∣∣√nT̃ ∗n(ξ)
∣∣∣2 dµ(ξ).

When working with dependent data we must adapt the above procedure. We use the stationary

bootstrap of Politis and Romano (1994) to obtain our bootstrap sample and proceed as above. We

briefly outline the stationary bootstrap procedure here for ease of reference. The data, {Zt}Tt=1 =

{Yt,Wt}Tt=1, is strictly stationary and absolutely regular. Let Bt,s = {Zt, Zt+1, . . . , Zt+s−1}

be a block of data of length s. For Zk with k > T , Zk = Zk mod T and Z0 = ZT . Let

L1, L2, . . . be a sequence of i.i.d. geometric random variables independent of Zt, such that

Pr{Li = m} = (1− pT )(m−1)pT for m = 1, 2, . . . , where pT ∈ [0, 1] depends on the sample size.

Finally, let I1, I2, . . . be a sequence of i.i.d. random variables with a discrete uniform distribution

on {1, . . . , T} independent of Zt and Lt. To generate the bootstrap sample, {Z∗t }Tt=1 , sample

a sequence of blocks of random length, BI1,L1 , BI2,L2 , . . . . The first T observations from this

sequence of blocks creates the bootstrap sample.

Proposition 1.

(i): Suppose that Assumptions D, and either Assumption O or S hold true, then the as-

ymptotic distribution of CMn under the the null hypothesis is the same as the asymptotic

distribution of CM∗n conditional on {Yi,Wi}ni=1.

(ii): Suppose that Assumptions D, T, and either Assumption O or S hold true, then, using

the stationary bootstrap, the asymptotic distribution of CMn under the the null hypothesis

is the same as the asymptotic distribution of CM∗n conditional on {Yi,Wi}ni=1.
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4. Simulation

To study the small sample properties of our test we conduct a Monte Carlo experiment. Since

this is the first nonparametric significance test designed to account for measurement error, it is

difficult to give a direct comparison to any existing tests. However, we report results for the

test of Delgado and Manteiga (2001) (DM henceforth) as well as a Wald test based on an IV

regression with functional form: β0 + β1X1 + β2X
2
1 + β3X2 + β4X

2
2 . A repeated measurement,

as well as its square, are used as the instruments. We should make clear that the test of DM is

not designed for a measurement error setting whilst the IV test, although able to accommodate

measurement error, is a parametric test.

We concentrate on a regression with two regressors. The true, unobservable regressors (X1, X2)

are each distributed independently U [0, 1]. The contaminated regressors are given byWk = Xk+

εk, for k = 1, 2. We generate a second independent measurement of Xk given by W r
k = Xk + εrk

where εrk is distributed independently and identically to εk. For the ordinary smooth case, we

take ε to be drawn from the Laplace distribution with variance equal to half the variance of

X. For the supersmooth case, we use a zero mean Gaussian error with variance also equal to

half that of X. Hence, the signal to noise ratio in both cases is 2
3 . Since both distributions

are symmetric around 0 we can use the repeated data to estimate fftε (·) using the estimator of

Delaigle, Hall and Meister (2008).

We consider several data generating processes

Y = 1 +X1 + U DGP (1)

Y = 1 +X1 + 10 sin(2πX2)2 + U DGP (2)

Y = 1 +X1 + 10(X1 −X2
1 )(X2 −X2

2 ) + U DGP (3)

Y = 1 +X1 + 10(X2 −X2
2 ) + U DGP (4)

where U ∼ N(0, 1). Clearly, DGP(1) corresponds to the null model, whilst DGP (2)-(4) represent

a range of possible deviations from the null.
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For our weighting function we choose W(·; ξ) = I(· ≤ ξ), which satisfies Assumption D (ii).

For all simulations we use the Sinc kernel

K(x) =
sin(x)

x

which satisfies Assumptions D (iii). We report results for a small (n = 100) and a moderate

(n = 200) sample size as well as a range of bandwidths. Specifically, for the ordinary and

supersmooth cases, we use b0 =
(

1
n

)1/2(d+d1) which satisfies Assumption D (vi), but consider a

range of bandwidths around this choice, allowing us to analyse the sensitivity of our test to the

bandwidth. For the test of DM we use a similar set of bandwidths based on the rule-of-thumb

bDM =
(

1
n

)1/3d2 ; this is taken from the simulations carried out in DM. The critical values

for our test are constructed using the i.i.d. bootstrap procedure outlined in Section 3.5 with

499 replications. For DM we use the bootstrap procedure denoted as C∗∗n in their paper. The

perturbation random variable ν∗ for their bootstrap is the Mammen two-point distribution. All

results are based on 1000 Monte Carlo replications.

Table 1 shows results for the level accuracy of the three tests. The column labeled ‘My Test’

reports results for the test proposed in this paper, the column labeled ‘DM’ refers to the test

of Delgado and Manteiga (2001), and ‘IV’ displays results for the Wald test based on the IV

quadratic regression using the repeated measurement. Tables 2 - 4 display the power results for

DGP(2) - (4), respectively.
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Table 1: Y = 1 +X1 + U

My Test DM IV
Ordinary Smooth Bandwidth
n Level b0 − 0.25 b0 b0 + 0.25 bDM − 0.25 bDM bDM + 0.25

100 5% 4.9 4.3 4.5 5.2 5.3 6.7 4.1
10% 9.0 9.4 9.9 10.8 11.2 15.7 8.1

200 5% 4.8 5.1 4.9 5.2 5.7 7.9 4.6
10% 10.2 11.0 11.0 10.9 10.6 15.5 8.1

Super Smooth

100 5% 5.4 5.9 6.2 4.6 4.1 5.8 4.9
10% 10.2 9.8 10.0 10.0 10.3 13.7 9.8

200 5% 4.7 4.7 4.3 5.0 4.9 7.2 3.9
10% 10.1 9.7 9.5 10.5 10.8 14.8 8.6

Table 2: Y = 1 +X1 + 10 sin(2πX2)2 + U

My Test DM IV
Ordinary Smooth Bandwidth
n Level b0 − 0.25 b0 b0 + 0.25 bDM − 0.25 bDM bDM + 0.25

100 5% 12.2 15.2 16.2 8.2 7.0 6.4 4.5
10% 20.3 24.0 25.1 14.8 13.3 12.7 10.4

200 5% 16.2 24.5 26.7 8.5 7.5 7.9 6.6
10% 27.5 33.9 36.7 18.4 16.8 15.1 13.5

Super Smooth

100 5% 12.2 14.8 16.2 7.8 6.7 6.1 5.4
10% 20.6 23.9 25.9 15.1 13.8 11.9 11.3

200 5% 18.8 28.0 31.7 6.8 6.6 6.5 9.9
10% 29.3 39.2 44.3 13.7 13.6 12.6 18.6

Table 3: Y = 1 +X1 + 10
(
X1 −X2

1

) (
X2 −X2

2

)
+ U

My Test DM IV
Ordinary Smooth Bandwidth
n Level b0 − 0.25 b0 b0 + 0.25 bDM − 0.25 bDM bDM + 0.25

100 5% 7.2 8.0 7.7 5.7 5.3 7.5 4.4
10% 14.1 12.6 13.0 11.4 11.2 15.7 8.9

200 5% 11.0 11.9 11.6 6.2 5.9 8.1 3.8
10% 17.7 20.5 20.2 13.5 11.4 16.6 8.9

Super Smooth

100 5% 7.8 8.3 8.4 5.0 4.2 6.4 3.8
10% 16.0 15.1 15.7 11.0 10.5 13.7 8.9

200 5% 10.7 11.2 11.1 5.6 5.0 7.5 3.7
10% 18.9 20.3 20.6 11.6 10.7 15.3 8.5
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Table 4: Y = 1 +X1 + 10
(
X2 −X2

2

)
+ U

My Test DM IV
Ordinary Smooth Bandwidth
n Level b0 − 0.25 b0 b0 + 0.25 bDM − 0.25 bDM bDM + 0.25

100 5% 58.5 63.3 63.0 28.4 20.8 15.3 14.5
10% 71.7 76.0 75.1 48.3 38.0 32.0 23.9

200 5% 89.1 91.4 90.3 69.7 58.5 41.3 44.2
10% 96.7 99.3 95.6 86.8 78.7 67.4 58.3

Super Smooth

100 5% 56.3 63.8 65.0 19.1 15.0 10.6 20.8
10% 70.4 76.5 77.4 37.3 30.0 26.2 31.7

200 5% 85.7 92.6 92.9 53.6 38.3 26.8 66.7
10% 94.1 96.4 96.6 77.8 64.5 51.2 78.0

The results appear to reflect the theoretical findings and look encouraging. The bootstrap

procedure controls the size of the test well for both Laplacian and Gaussian measurement error

with only a slight dependence on the bandwidth. The DM test also has good size control despite

being invalid. This is likely due to the bootstrap procedure being used in that case. However,

this is some size distortion for larger bandwidths, this is also found and discussed in DM. The

t-test based on the IV seems slightly undersized, although as the sample size was increased this

approached the nominal level4.

In each of the three alternatives considered the test proposed in this paper dominates the two

alternatives. Whilst this is unsurprising for DGP(2) and DGP(3), given the alternative tests

are not designed for these situations, for DGP(4) the IV test is based on the correct parametric

specification. This should act as an upper benchmark with which to compare our nonparametric

test, however, our test clearly dominates. This reflects the arguments given in Section 2.1. As

can be seen in Table 4, as we increase the sample size the IV test does gain considerable power

but still seems to lag behind the test proposed in this paper. In general, increasing the amount

of measurement error or increasing the degree of nonlinearities in the model, increases the gap

between our test and the two alternatives. It is encouraging to see little dependence on the

bandwidth across all three alternative specifications.

.

4The results are available from the author upon request.

26



5. Applications

5.1. Cognitive Ability. In this section we use our test to determine whether cognitive ability

has a significant effect on a series of key socio-economic variables: income, life satisfaction, health

and risk aversion. Each of these relationships have received varying degrees of attention in the

past. However, little consideration has been given to either the effect of measurement error,

caused by using proxies for true cognitive ability, or to allowing a nonparametric relationship.

Notice that if we were instead interested in the effect of education on these variables holding

constant cognitive ability, our test would be equally applicable. It should be stated at the outset

that this section acts merely to give a flavour of the potential uses of our test and does not

attempt to give an in-depth analysis of such questions; this would require an entire paper in and

of itself.

To tackle these questions we use the novel data set known as the ‘Brabant survey’. The data

consists of information on nearly 3000 individuals from the Dutch province of North Brabant.

In 1952 a survey was taken of nearly 6000 12 year old children. Their names and addresses

were kept and 30 years later Joop Hartog tracked down and reinterviewed almost 3000 of the

original individuals. The data covers family background and 2 measures of IQ taken when the

participants were 12 years old as well as information on their education, income, marital status,

number of children, health, life satisfaction and a measure of their risk aversion taken in follow

up surveys in 1983 and 1993. Education is the highest level of education achieved measured on

a 4 point scale, whilst family background is based on the father’s occupation measured on a 3

point scale. The first IQ test is the Raven Progressive Matrices test designed to measure general

intelligence, the second is a verbal intelligence test. The health and life satisfaction variables are

self-reported ratings on a scale of 1-10. Finally, the measure of risk aversion is the Arrow-Pratt

absolute measure calculated from prices given for a simple lottery.

The effect of cognitive ability on income has been studied extensively in the past. In general,

results have shown that cognitive ability has a positive impact on earnings, see for example
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Hernstein and Murray (1994) and Cawley, Heckman and Vytlacil (2001). One of the few papers

to tackle the problem of measurement error in this setting is Heckman, Stixrud and Urzua (2006)

who investigate the effects of cognitive and noncognitive ability on a range of social and economic

outcomes and conclude that cognitive ability has a significant, positive effect on wages.

There is a plethora of research which looks at the relationship between education and health

but there has been far less which has considered the role of cognitive ability in determining health

outcomes. A notable exception is Conti, Heckman and Urzua (2011) who provide a thorough

investigation of this topic, including allowing for measurement error in cognitive ability, however,

their focus is on estimating the treatment effect of education. They find that cognitive ability,

developed as early as age 10, is an important determinant of health at age 30, but these effects

differ between men and women and between mental and physical health.

Research into the effect of cognitive ability on happiness, or life satisfaction, has predominantly

been confined to the field of psychology and can be broadly split into two categories. The first

investigates the effect at an individual level, the second looks at the aggregate level across

nations, see Veenhoven and Choi (2012) for an aggregation of these results. Findings have been

very mixed with both positive, negative and no effects being found.

Although there has been some work in the psychology literature, little attention has been

given to the effect of cognitive ability on risk aversion by economists, despite its importance.

Dohmen et al. (2010) is one of the few papers in the economics literature to look at this question

and highlight its important implications. They collect and analyse their own data to find that

more intelligent individuals are significantly less risk averse; this has important theoretical and

empirical implications in, for example, contract designs and screening. However, their analysis

does not account for measurement error and assumes a linear functional form for the regression.

In our study, we use the two IQ tests as repeated noisy measurements of true cognitive ability

and use the estimator proposed by Delaigle, Hall and Meister (2008) to estimate the Fourier

transform of the measurement error. We use the i.i.d. bootstrap procedure discussed in Section

3.5, using the same parameter settings as in Section 4. We also use the same kernel as used in
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Section 4. For the other regressors we use a conventional product Gaussian kernel. For each

dependent variable, in addition to cognitive ability we control for education, marital status,

number of children, gender and, for all except the regression on income, income. All variables

are standardised to have zero mean and unit variance.

Unfortunately, there is currently no theory to guide the choice of a data driven bandwidth for

nonparametric testing with measurement error. However, Section 3 shows the asymptotic prop-

erties of our test do not depend on the choice of bandwidth, providing they satisfy Assumption

D (vi). As such, we choose b =
(

1
n

)1/2(d+d1) ≈ 0.65 which satisfies this assumption. However,

we consider a range of values around 0.65 to analyse the sensitivity of results to the bandwidth.

The p-values of our test are displayed in Table 5, along with the test of Delgado and Manteiga

(2001) and t-tests based on IV and OLS quadratic regressions using IQ and IQ2.

Table 5: Cognitive Ability (P-Values)

Dependent Variable

My Test DM

IV OLSBandwidth

0.45 0.65 0.85 0.25 0.45 0.65

Income 0.000 0.005 0.005 0.111 0.051 0.000 0.002 0.000

Health 0.085 0.055 0.045 0.965 0.673 0.372 0.270 0.055

Life Satisfaction 0.286 0.698 0.703 0.548 0.186 0.191 0.090 0.111

Risk Aversion 0.477 0.563 0.673 0.593 0.467 0.633 0.744 0.821

Our results agree with the previous literature in finding that cognitive ability has a significant

impact on income and health. We also find an insignificant relationship for life satisfaction which

may help to add some more convincing evidence to this side of the debate. However, our findings

on risk aversion disagree with the results of Dohmen et al (2010). Given the agreement in our

results from the test of Delgado and Manteiga (2001), the IV and the OLS regressions, it would

appear that this difference is driven by the data. Whilst in the Health and Life Satisfaction
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regressions there are some clear differences in conclusions depending on which test is used. For

example, for the effect on health, it appears that in a nonparametric regression accounting for

measurement error has a substantial effect which cannot simply be ignored. It should also be

emphasised that knowing the result from one, or a combination, of the alternative tests would

not shed any light on the likely outcome of our test.

We provide regression plots of each of these relationships in Appendix B for the interested

reader.

5.2. Inflation Expectations. What policy options does a central banker have when their hands

are tied by the zero lower bound on nominal interest rates? This is currently a very important

policy question in many developed economies. Several prominent commentators have suggested

that future inflation expectations provide an alternative route for monetary policy to stimulate

the current economy. For example, Paul Krugman has been a frequent advocate of this ‘un-

conventional monetary policy’ (see for example Krugman, 1998 and 2013), as well as Romer

(2011) and Hall (2011) among many others. It has even been proposed, by Eggertsson (2008),

that increases in inflation expectations were a key contributing factor to the end of the Great

Depression, whilst Romer and Romer (2013) suggest that deflationary expectations were part of

the cause. Correia, Farhi, Nicolini, and Teles (2013) formalise this idea and construct a frame-

work to study the theoretical underpinnings of a relationship between inflation expectations and

consumption at the zero lower bound.

The classic Euler Equation relating current and future consumption is

U ′(Ct) = βU ′(Ct+1)
it+1

πt+1
,

where U ′(·) is the partial derivative of the utility function with respect to consumption, Ct

is consumption in period t, β is the discount factor, and it and πt are the nominal interest

rate and inflation rate, respectively, in period t. In theory, higher expected future inflation

should cause a tilting of consumption towards the present and away from the future through a
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relative cheapening of current consumption. However, empirical findings on this intertemporal

substitution have been conflicting.

Using repeated cross sectional data from the Michigan Survey of Consumers, Bachman, Berg

and Sims (2015) find a small negative effect of inflation expectations on readiness to spend on

durable goods; Burke and Ozdagli (2013) find similar results using the New York Fed Survey

data. There are several suggested explanations for these findings. High inflation expectations

may indicate a loss in faith of policy makers and may suggest uncertain times ahead. This is an

often quoted argument against using unconventional monetary policy to stimulate the economy

(see for example Volcker, 2011). We aim to control for this channel by including the standard

deviation of inflation forecasts as a measure of uncertainty. Inflation can also be seen as a tax

on cash or other liquid assets, as well as generally reducing real total wealth, each of which are

likely to reduce consumption in all time periods. Finally, Bachman, Berg and Sims (2015) point

to money illusion as a possible cause. It has been shown on numerous occasions that the public

struggle to understand the difference between nominal and real rates (see for example Shafir,

Diamond and Tversky, 1997).

In a much earlier work, Juster and Wachtel (1972) used aggregate time series data and found a

negative relationship between inflation expectations and current consumption of durable goods.

Finally, D’Acunto, Hoang and Weber (2016) take a different approach and exploit an unexpected

announcement of a future increase in VAT in Germany to construct a natural experiment which

suggests households do increase consumption in response to an increase in expected future infla-

tion. We hope that our analysis will add robustness to this somewhat contradictory literature.

We use aggregate quarterly time series data from the USA for the period 1981-2016. The

dependent variables are the percentage change in expenditure on consumer durables and non-

durables, respectively, taken from The Bureau of Economic Analysis. We test the significance

of expected future inflation and control for the expected change in nominal interest rates, un-

employment and GDP as well as the standard deviation of expected future inflation across all

forecasters. The expectations data is taken from the Survey of Professional Forecasters. Our
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choice to use aggregate time series data as well as the Survey of Professional Forecasters, rather

than individual level cross-sectional data, is motivated by the desire to avoid any effect that ask-

ing a survey respondent to think about future inflation may have on their consumption decisions.

We also believe that at the aggregate level, expectations by professional forecasters are likely to

be more representative of the entire population than a random subsample of that population.

The reason being that many people base their expectations of future economic conditions on the

advice of these professional forecasters.

Our baseline model is

Ct = m (Et[πt+2], Xt) + ut,

where Ct is expenditure at time t, Xt are the set of control variables and Et[πt+2] denotes

expected inflation over the next two quarters, formed at time t. Given our use of survey data,

our measurement error is given by

πs(t+2)|t = Et[πt+2] + εt,

where πs(t+2)|t is the survey forecast at time t for the annualised inflation rate in 6 months’ time -

the first subscript denoting the forecast period and the second subscript denoting the period the

survey was taken - and εt denotes the measurement error. We should make it clear that this error

is not the forecast error, Et[πt+2]− πt+2, but simply the error made from using survey data and

the fact that we are using a subsample of experts to proxy for the population-wide expectation.

In the literature on New Keynesian Philips curve estimation, it has been suggested by Mavroei-

dis, Plagborg-Møller and Stock (2014) that expectations formed at time t are likely to cause

endogeneity issues on top of any problems of measurement error. To mitigate any possibility of

endogeneity, we use the predetermined variable πs(t+2)|(t−1), i.e. the expected inflation rate over

the next 6 months, but formed in the previous quarter, in place of πs(t+2)|t. However, this adds

another layer of measurement error to the problem. Notice
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πs(t+2)|(t−1) = Et[πt+2] + vt + εt−1

where

vt = Et−1[πt+2]− Et[πt+2],

εt−1 = πs(t+2)|t−1 − Et−1[πt+2].

vt can be thought of as a news shock, that is, how the true expectation changes as you move

forward one period. εt−1 is the same measurement error we had previously, but lagged by one

period. If εt is considered to be classical measurement error, and the news shock is assumed to

be white noise, (vt + εt−1) can be seen as classical measurement error also.

The Survey of Professional Forecasters allows us access to repeated measurements since it

surveys several forecasters in each period. However, if we use the estimator proposed in Delaigle,

Hall and Meister (2008), although εt−1 is different for each forecaster, vt is constant across all

forecasters, hence will be cancelled out in our estimate of the characteristic function of v+ ε. We

need a different approach. Notice

πs(t+2)|(t−1) − π
s
(t+2)|t = vt + εt−1 − εt

and, by lagging this difference by one period

πs(t+1)|(t−2) − π
s
(t+1)|(t−1) = vt−1 + εt−2 − εt−1
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where

vt−1 = Et−2[πt+1]− Et−1[πt+1],

εt−2 = πs(t+1)|t−2 − Et−2[πt+1].

Hence

(
πs(t+2)|(t−1) − π

s
(t+2)|t

)
+
(
πs(t+1)|(t−2) − π

s
(t+1)|(t−1)

)
= vt + vt−1 + εt−2 − εt

and we can use the following estimator for the characteristic function of v + ε

f̂ ft
ε+v(u) =

∣∣∣∣∣ 1n
n∑
t=2

cos
{
u
(
πs(t+2)|(t−1) − π

s
(t+2)|(t) + πs(t+1)|(t−2) − π

s
(t+1)|(t−1)

)}∣∣∣∣∣
1/2

.

Interestingly, this novel estimator requires no repeated measurements, but instead utilises the

dynamics within the model. Notice that we must assume v and ε to be i.i.d., independent and

strictly stationary for the validity of this estimator, as well as the usual assumption that fε(·) is

symmetric around zero. Alternatively, we could use the estimator of Li and Vuong (1998). Again,

for this estimator we do not require repeated observations from our survey data. Instead we can

use πs(t+2)|t and πs(t+2)|t−1 as repeated measurements since the errors need not be identically

distributed for the validity of this estimator. For each of the other control variables involving

expectations, we follow the same approach.

As in Section 5.1 we choose the bandwidth b =
(

1
n

)1/2(d+d1) ≈ 0.85. Again, we consider a

range of bandwidths around this value to analyse the robustness of our results to the choice of

bandwidth. All other parameter settings are as in Section 5.1 and all variables are standardised

to have zero mean and unit variance.

Table 6 displays the p-values for our test, the test of Delgado and Manteiga (2001) and t-tests

from an IV and OLS quadratic regression with πs(t+2)|(t−1) and its square.
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Table 6: Inflation Expectations (P-Values)

Dependent Variable

My Test DM

IV OLSBandwidth

0.65 0.85 1.05 0.3 0.5 0.7

Durables 0.004 0.028 0.062 0.554 0.363 0.283 0.090 0.102

Non-Durables 0.082 0.096 0.112 0.737 0.446 0.243 0.014 0.422

Our results indicate that there does appear to be a significant relationship between inflation

expectations and current expenditure. The differences in p-values between our test and the

test of Delgado and Manteiga (2001) indicates that measurement error again has a considerable

impact on our conclusions.

As the theory would suggest there is a stronger relationship for durable goods, over non-

durables. This is because durable goods are more likely to be bought on credit and their purchase

can be more easily substituted from one period to the next. Appendix B provides regression plots

of the two relationships. In each case there is a similar relationship; it appears that at low levels

of expected inflation there is the predicted positive effect on current consumption. However, as

inflation forecasts become very large this relationship becomes negative, most likely a result of

public anxiety about future economic conditions. This may help to explain why, in the previous

literature, linear specifications have been unable to find a significant relationship, and why many

report a negative relationship.

As a result of these findings, it is useful to investigate whether the significance that is found

by our test is being driven by the positive relationship at lower inflation expectations or by the

negative relationship at the other end. Unfortunately, we do not have enough data for the high

inflation subset of the data, however, we can still test the hypothesis on the low inflation subset.

In particular, we use observations for which the survey forecast was less than or equal to 5%.

We find little difference in our results for this subset as compared with the results from the full
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dataset.5 This is perhaps not too surprising given that more then 90% of our data falls within

this low inflation range.

These findings have important implications for policy makers; suggesting that there is scope

to utilise inflation expectations to stimulate current consumption. However, we should proceed

with caution when inflation expectations are high since the relationship may reverse in this

case. In addition, these findings again highlight the need to account for measurement error when

conducting nonparametric testing.

6. Conclusion

This paper develops, to the best of our knowledge, the first nonparametric significance test for

regression models with mismeasured regressors. In particular, the measurement error need not

enter the model through the regressors of interest and may only impact the controlling variables.

Our test is able to overcome the slow rates of convergence associated with kernel deconvolution

estimation and detect local alternatives at the
√
n rate. The asymptotic distribution is shown to

be case dependent and difficult to estimate in practice, as such we provide bootstrap procedures

to obtain critical values. We extend our results from the i.i.d. setting to the case of weakly

dependent data and outline the properties of the test when the density of the measurement error

is unobserved. Finally we consider two empirical applications to highlight the wide applicability

of the test. The first tests the significance of cognitive ability on income, life satisfaction, health,

and risk aversion. The second shows that future inflation expectations are a viable channel for

policy makers to stimulate current consumption. In this example we also showed a novel approach

to estimating the measurement error density without the need for repeated measurements.

There are a number of natural avenues for future work stemming from this paper. We have

focussed solely on the case of classical measurement error, however in many situations this

is unlikely to hold, as such an equivalent test able to accommodate nonclassical error would

be extremely valuable. Also, there is currently no theory for the selection of a data dependent

5Detailed results can be obtained from the author upon request.
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bandwidth in testing problems when measurement error is present, furthermore bandwidth choice

when a mixture of error free and contaminated regressors are present is a very practical and

worthwhile problem to solve. Finally, it would not be difficult to extend the ideas and results in

this paper to tests of general conditional moment equalities, or to add to the growing literature

on testing conditional moment inequalities.
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Appendix A. Mathematical Appendix

A.1. Proof of Theorem 1.

A.1.1. Proof of (i). Throughout this and the proceeding proofs we will make use of the following

Lemma.

Lemma 1. Under Assumptions D and O

∫
xkj K̃b (xj) dxj ∼


Ck(k!)
b(2πib)k

for k ≤ α,

0 otherwise.

�

Define Zi ≡ (Yi,W
′
i )
′. We write T̂n(ξ) as a second-order U-statistic

T̂n(ξ) =
1

2

(n− 1)

n

(
n

2

)−1 ∑
1≤i<j≤n

pn(Zi, Zj ; ξ)

≡ 1

2

(n− 1)

n
Un(ξ),

where pn(Zi, Zj ; ξ) is a symmetric kernel defined as

pn(Zi, Zj ; ξ) ≡ (Yi − Yj)
∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

+(Yj − Yi)
∫
Kb
(
x−Wj

b

)
Kb
(
x(1) −W(1)i

b

)
W(x; ξ)dx.

For the time being we shall drop the notational dependence on ξ only to minimise excess notation,

however it should not be forgotten that all objects in the proceeding analysis depend on ξ. The

Hoeffding projection of Un, Ûn, is given by

Ûn = θn +
2

n

n∑
i=1

[rn(Zi)− θn],
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where

rn(Zi) ≡ E[pn(Zi, Zj)|Zi]

and

θn ≡ E[rn(Zi)] = E[pn(Zi, Zj)].

First, we need to show that the difference between Ûn and Un is asymptotically negligible. To this

end we appeal to Lemma 3.1 in Powell, Stock and Stoker (1989) which states that Ûn−Un = op(1)

if E
[
|pn(Zi, Zj)|2

]
= o(n) for i 6= j. In our case, we must show E

[
|pn(Zi, Zj ; ξ)|2

]
= o(n)

uniformly over ξ. Define m2(x) ≡ E
[
Y 2|X = x

]
,

E
[
|pn(Zi, Zj)|2

]
≤ 4E

∣∣∣∣(Yi − Yj) ∫ Kb(x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

∣∣∣∣2
≤ 8E

[
m2(Xi)

∣∣∣∣∫ Kb(x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

∣∣∣∣2
]
, (A.1)

where we have used the Cr inequality. Using Hölder’s inequality, and since we have assumed

E|Yi|4 ≤ ∞, we can bound this in the following manner

E
[
|pn(Zi, Zj)|2

]
= O(1)E

∣∣∣∣(Yi − Yj) ∫ Kb(x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

∣∣∣∣2
= O(1)

(
E |Yi|4

) 1
2

×
∫ (

E

∣∣∣∣Kb(x−Wi

b

)∣∣∣∣ 83
) 3

4
(
E

∣∣∣∣Kb(x(1) −W(1)j

b

)∣∣∣∣ 83
) 3

4

dx.
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Notice, for an arbitrary v

E

∣∣∣∣Kb(x−Wi

b

)∣∣∣∣v =

∫ ∣∣∣∣Kb(x− wb
)∣∣∣∣v fW (w)dw

= bd
∫
|Kb(z)|v fW (x− bz)dz

= O(bd)

∫
|Kb(z)|v dz

= O
(
bd−dv

)

using a change of variables, the boundedness of fW (·) and a simple extension of Lemma 1 in the

final equality. Hence

E
[
|pn(Zi, Zj)|2

]
= O

(
b−(d+d1) 5

4

)
= o(n),

using Assumption O (ii) (nb(d+d1) 5
4 →∞).

The next step is to apply a central limit theorem to
(
rn(Zi; ξ)−θn(ξ)

)
. Since

(
rn(Zi; ξ)−θn(ξ)

)
is i.i.d. and zero mean, if we can show E

[ ∫
(rn(Zi; ξ)−θn(ξ)

)2
dµ(ξ)

]
<∞ (a sufficient condition

for tightness of the process), then the central limit theorem for Hilbert space-valued random

variables can be applied. This result shows that n−1/2
∑n

i=1[rn(Zi; ·)−θn(·)] converges weakly to

a zero mean Gaussian process, say ZO,∞(·), on L2(Ξ, µ), with covariance function VO : Ξ×Ξ→

R+ defined by VO(ξ, ξ′) = limn→∞E [(rn(Zi; ξ)− θn(ξ)) (rn(Zi; ξ
′)− θn(ξ′))] (see Politis and

Romano, 1994).

To show E
[∫

(rn(Zi; ξ)− θn(ξ)
)2
dµ(ξ)

]
=
∫
V ar

[
rn(Zi; ξ)

]
dµ(ξ) <∞ we calculate the bound

of V ar
[
rn(Zi; ξ)

]
, uniformly in ξ, in the following proposition.
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Proposition 2. Under Assumptions D and O

V ar (rn(Zi; ξ)) = O(1).

�

Hence, we conclude
∫
V ar

[
rn(Zi; ξ)

]
dµ(ξ) <∞ allowing us to apply the central limit theorem

for Hilbert-space valued random variables. Combining these results we have shown that
√
nT̂n(ξ)

converges weakly to a Gaussian process with mean θn and covariance function

VO(ξ, ξ′) = lim
n→∞

E
[(
rn(Zi; ξ)− θn(ξ)

)(
rn(Zi; ξ

′)− θn(ξ′)
)]
.

We must now consider the value of θn under the null hypothesis

θn = 2E

[
(Yi − Yj)

∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W (x; ξ) dx

]
= 2E

[(
m (Xi)− r

(
X(1)j

)) ∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W (x; ξ) dx

]

=
2

(2πb)d+d1
E

(m (Xi)− r
(
X(1)j

)) ∫ 
∫
e
−it
(
x−Wi
b

)
Kft(t)
f ftε (t/b)

dt

×
∫
e
−is(1)

(
x(1)−W(1)j

b

)
Kft(s(1))
f ftε (s(1)/b)

ds(1)

W (x; ξ) dx



=
2

(2πb)d+d1
E

m (Xi)

∫ 
∫
e
−it
(
x−Xi
b

)
K ft (t) dt

×
∫
e
−is(1)

(
x(1)−X(1)j

b

)
K ft

(
s(1)

)
ds(1)

W (x; ξ) dx



− 2

(2πb)d+d1
E

r (X(1)j

) ∫ 
∫
t e
−it
(
x−Xi
b

)
K ft (t) dt

×
∫
e
−is(1)

(
x(1)−X(1)j

b

)
K ft

(
s(1)

)
ds(1)

W (x; ξ) dx


= T1 − T2.
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For T1

T1 =
2

(2πb)d+d1

∫ ∫ ∫
E

[
m (Xi) e

−it
(
x−Xi
b

)]
E

[
e
−is(1)

(
x(1)−X(1)j

b

)]
K ft (t)K ft

(
s(1)

)
W (x; ξ) dtds(1)dx

=
2

(2πb)d+d1

∫ ∫ ∫
[mfX ]ft

(
t

b

)
f ft
X(1)

(s(1)

b

)
e−it(xb )e

−is(1)

(x(1)
b

)
K ft (t)K ft

(
s(1)

)
W (x; ξ) dtds(1)dx

=
2

(2πb)d+d1

∫ {∫
[mfX ]ft

(
t

b

)
K ft (t) e−it(xb )dt

}
×
{∫

f ft
X(1)

(s(1)

b

)
K ft

(
s(1)

)
e
−is(1)

(x(1)
b

)
ds(1)

}
W (x; ξ) dx

=
2

2π

∫ [
mfX ∗K

( ·
b

)]
(x)
[
fX(1)

∗K
( ·
b

)] (
x(1)

)
W (x; ξ) dx

where

[
mfX ∗K

( ·
b

)]
(x) =

∫
m (a) fX (a)K

(
x− a
b

)
da

[
fX(1)

∗K
( ·
b

)] (
x(1)

)
=

∫
fX(1)

(c)K

(
x(1) − c

b

)
dc.

By similar arguments

T2 =
2

2π

∫ [
fX ∗K

( ·
b

)]
(x)
[
rfX(1)

∗K
( ·
b

)] (
x(1)

)
W (x; ξ) dx

where

[
fX ∗K

( ·
b

)]
(x) =

∫
fX (a)K

(
x− a
b

)
da

[
rfX(1)

∗K
( ·
b

)] (
x(1)

)
=

∫
r (c) fX(1)

(c)K

(
x(1) − c

b

)
dc.
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So

θn =
2

2π

∫ 
[
mfX ∗K

( ·
b

)]
(x)
[
fX(1)

∗K
( ·
b

)] (
x(1)

)
−
[
fX ∗K

( ·
b

)]
(x)
[
rfX(1)

∗K
( ·
b

)] (
x(1)

)
W (x; ξ) dx

=
2

2π

∫ ∫ ∫
{m (a)− r (c)} fX (a) fX(1)

(c)K

(
x− a
b

)
K

(
x(1) − c

b

)
dadcW (x; ξ) dx

=
2

2π

∫ ∫
M (x− ub)K (u) du

∫
ũ
fX(1)

(
x(1) − ũb

)
K (ũ) dũW (x; ξ) dx

− 2

2π

∫ ∫
R
(
x(1) − ũb

)
K (ũ) dũ

∫
u
fX (x− ub)K (u) dudũW (x; ξ) dx

=
2

2π

∫ ∫ {
m (x)− r(x(1))

}
fX (x) fX(1)

(
x(1)

)
W (x; ξ) dx+O

(
bq+1

)

where the final equality follows by four multivariate Taylor expansions and the properties of the

infinite order kernel, for example

∫
K(u)M(x− ub)du

= M(x) + h1(x, u)b+ · · ·+ hq−1(x, u)bq−1 + h̃q(x, u)bq

where

hρ(x, u) =
1

ρ!

∑
|~l|=ρ

Oρl1,...ldM(x)

∫
ul11 · · ·u

ld
d K(u)du,

and

h̃q(x, u) =
1

q!

∑
|~l|=q

∫
Oql1,...ldM(x∗)ul11 · · ·u

ld
d K(u)du

=
1

q!

∑
|~l|=q

∫
Oql1,...ld (M(x∗)−M(x))ul11 · · ·u

ld
d K(u)du

+
1

q!

∑
|~l|=q

Oql1,...ldM(x)

∫
ul11 · · ·u

ld
d K(u)du

= O(b)
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where the final equality for h̃q(x, u) follows by Assumption D (v) and (vi) and the fact that∫
ul11 · · ·u

ld
d K(u)du = 0 under Assumption D (iii). The same reasoning implies hρ(x, u) = 0.

Under the null hypothesis m(x) = r(x(1)), hence
√
nθn = o(1) by Assumption D (vi), and

√
nT̂n(·) converges weakly to a zero mean Gaussian process, say ZO,∞(·), on L2(Ξ, µ), with

covariance function VO : Ξ× Ξ→ R+.

Finally, we apply the continuous mapping theorem to show

nCMn(ξ)→d

∫
|ZO,∞(ξ)|2 dµ(ξ).

To characterise this asymptotic distribution we appeal to Bierens and Ploberger (1997) Theorem

3. This allows us to write
∫
|ZO,∞(ξ)|2 dµ(ξ) ∼

∑∞
i=1 λO,iν

2
i where νi are i.i.d. N(0, 1) random

variables and λO,i are the solutions to the eigenvalue problem

∫
VO(ξ, ξ′)ψO,i(ξ

′)dµ(ξ′) = λO,iψO,i(ξ).

The eigenvalues λO,i are real valued, non-negative and satisfy
∑∞

i=1 λO,i < ∞. This completes

the proof of Theorem 1 (i).

A.1.2. Proof of (ii). For the supersmooth case we will make use of the following Lemma.

Lemma 2. Under Assumptions D and S

∫
xkj K̃b (xj) dxj ∼

Cµ(k−γ0)

b(−2πib)k
.

for k = 1, 2, 3, . . . .

�

The method of proof is the same as for part (i). The first task is to show E
[
|pn(Zi, Zj ; ξ)|2

]
=

o(n) uniformly in ξ. In the same way that Lemma 1 was used in Theorem 1 (i), Lemma 2 can
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be used to show

E

∣∣∣∣Kb(x−Wi

b

)∣∣∣∣v = O(bd−dv),

for an arbitrary v. Hence, in the same manner, we have

E
[
|pn(Zi, Zj)|2

]
= O

(
b−(d+d1) 5

4

)
= o(n).

To apply the central limit theorem for Hilbert-space valued random variables we must show∫
V ar

[
rn(Zi; ξ)

]
dµ(ξ) <∞. We appeal to the following proposition.

Proposition 3. Under Assumptions D and S

V ar (rn(Zi; ξ)) = O(1).

�

Hence, we conclude
∫
V ar

[
rn(Zi; ξ)

]
dµ(ξ) <∞ and can again use the central limit theorem for

Hilbert-space valued random variables. Thus,
√
nT̂n(ξ) converges weakly to a Gaussian process

with mean θn and covariance function

VS(ξ, ξ′) = lim
n→∞

E
[(
rn(Zi; ξ)− θn(ξ)

)(
rn(Zi; ξ

′)− θn(ξ′)
)]
.

As in the proof of Theorem 1 (i)

√
nθn =

√
n2

∫ (
m(x)− r(x(1))

)
W(x; ξ)fX(x)fX(1)

(x(1))dx+O
(√
nbq+1

)
= o(1)
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since m(x) = r(x(1)) under the null hypothesis and by Assumption D (vi) (nb2(q+1) → 0).

Again, we can apply the continuous mapping theorem and Theorem 3 in Bierens and Ploberger

(1997) to show

nCMn(ξ)→d

∫
|ZO,∞(ξ)|2 dµ(ξ) ∼

∞∑
i=1

λS,iν
2
i

where νi are i.i.d. N(0, 1) random variables and λS,i are the solutions to the eigenvalue problem

∫
VS(ξ, ξ′)ψS,i(ξ

′)dµ(ξ′) = λS,iψS,i(ξ).

The eigenvalues λS,i are real valued, non-negative and satisfy
∑∞

i=1 λS,i < ∞. This concludes

the proof of Theorem 1 (ii).

A.2. Proof of Theorem 2.

A.2.1. Proof of (i). The proof follows along the same lines as Theorem 1 (i). However, notice

that under the alternative hypothesis

√
nθn =

√
n2

∫ (
m(x)− r(x(1))

)
W(x; ξ)fX(x)fX(1)

(x(1))dx+ o(1)

=
√
n2

∫
cn∆(x)W(x; ξ)fX(x)fX(1)

(x(1))dx+ o(1)

= 2

∫
∆(x)W(x; ξ)fX(x)fX(1)

(x(1))dx+ o(1)

≡ ∆̄O(ξ) + o(1).

Combining this with the results in Theorem 1 (i),
√
nT̂n(·) converges weakly to a Gaussian

process, say Z̃O,∞(·), on L2(Ξ, µ), with mean function ∆̄O(·) and covariance function

ṼO(ξ, ξ′) = lim
n→∞

E
[(
rn(Zi; ξ)− θn(ξ)

)(
rn(Zi; ξ

′)− θn(ξ′)
)]
.
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Finally we apply the continuous mapping theorem to show

nCMn(ξ)→d

∫ ∣∣∣Z̃O,∞(ξ)
∣∣∣2 dµ(ξ).

To characterise this asymptotic distribution we again appeal to Theorem 3 of Bierens and

Ploberger (1997). This allows us to write
∫
|ZO,∞(ξ)|2 dµ(ξ) ∼

∑∞
i=1

(
∆̄O,i +

√
λ̃O,iνi

)2 where

νi are i.i.d. N(0, 1) random variables, λ̃O,i are the solutions to the eigenvalue problem

∫
ṼO(ξ, ξ′)ψ̃O,i(ξ

′)dµ(ξ′) = λ̃O,iψ̃O,i(ξ)

and ∆̄O,i =
∫

∆̄O,(ξ)ψO,i(ξ)dµ(ξ). As before, the eigenvalues λ̃O,i are real valued, non-negative

and satisfy
∑∞

i=1 λ̃O,i <∞. This completes the proof of Theorem 2 (i).

A.2.2. Proof of (ii). The proof is almost identical to Theorem 2 (i).

A.3. Proof of Theorem 3.

A.3.1. Proof of (i). To show the residual from the Hoeffding projection is asymptotically negligi-

ble we follow the arguments in Robinson (1989) which extends Proposition 2 of Denker and Keller

(1983) to allow the kernel of the U-statistic to depend on the sample size. For some δ, ς > 0,

assume β(j) = O(jη) = O
(
j(ς−2)(2+δ)/δ

)
, then the residual from the Hoeffding projection is

bounded as

sup
ξ∈Ξ

(
Û(ξ)− U(ξ)

)
= Op

(
n−1+ ς

2 s
1

2+δ

δ

)
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where sδ = supξ∈Ξ maxi 6=j E
[
|pn(Zi, Zj)|2+δ

]
. In particular choose 1

η <
δ

2+δ <
2
η (see Robinson,

1989). Using Hölder’s inequality, and since we have assumed E|Yi|4 ≤ ∞, we can write

E
[
|pn(Zi, Zj)|2+δ

]
= O(1)E

∣∣∣∣(Yi − Yj) ∫ Kb(x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W(x; ξ)dx

∣∣∣∣2+δ

= O(1)
(
E |Yi|4

) 2+δ
4

×
∫ (

E

∣∣∣∣Kb(x−Wi

b

)∣∣∣∣ 83
) (2+δ)3

8
(
E

∣∣∣∣Kb(x(1) −W(1)j

b

)∣∣∣∣ 83
) (2+δ)3

8

dx.

As in the proof of Theorem 1 (i), for an arbitrary v

E

∣∣∣∣Kb(x−Wi

b

)∣∣∣∣v = O(bd−dv).

Hence

sδ = O
(
b−(d+d1)

5(2+δ)
8

)
and

sup
ξ∈Ξ

(
Û(ξ)− U(ξ)

)
= Op

(
n−1+ ς

2 b−(d+d1)
5(2+δ)

8

)
= op(1)

using Assumption T (ii) (n1− ς
2 b(d+d1)

5(2+δ)
8 →∞).

Next we make use of the central limit theorem for Hilbert-space valued, absolutely regular,

stationary random variables from Politis and Romano (1994) (Theorem 2.3, i). To use this

result we need to show supξ∈Ξ maxi 6=j E
[
|rn(Zi; ξ)|2+δ̃

]
<∞ for some δ̃ > 0. We appeal to the

following proposition.

48



Proposition 4. Under Assumptions D, O and T

E
[
|rn(Zi; ξ)|2+δ̃

]
= O(1).

�

The final step is to show θn = o(1).

θn = 2E

[
(Yi − Yj)

∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W (x; ξ) dx

]
= 2E

[(
m (Xi)− r

(
X(1)j

)) ∫
Kb
(
x−Wi

b

)
Kb
(
x(1) −W(1)j

b

)
W (x; ξ) dx

]

=
2

(2πb)d+d1
E

(m (Xi)− r
(
X(1)j

)) ∫ 
∫
e
−it
(
x−Wi
b

)
Kft(t)
f ftε (t/b)

dt

×
∫
e
−is(1)

(
x(1)−W(1)j

b

)
Kft(s(1))
f ftε (s(1)/b)

ds(1)

W (x; ξ) dx



=
2

(2πb)d+d1
E

m (Xi)

∫ 
∫
e
−it
(
x−Xi
b

)
K ft (t) dt

×
∫
e
−is(1)

(
x(1)−X(1)j

b

)
K ft

(
s(1)

)
ds(1)

W (x; ξ) dx



− 2

(2πb)d+d1
E

r (X(1)j

) ∫ 
∫
t e
−it
(
x−Xi
b

)
K ft (t) dt

×
∫
e
−is(1)

(
x(1)−X(1)j

b

)
K ft

(
s(1)

)
ds(1)

W (x; ξ) dx


= T1 − T2.

For T1

T1 =
2

(2πb)d+d1

∫ ∫ ∫
E

[
m (Xi) e

−it
(
x−Xi
b

)
e
−is(1)

(
x(1)−X(1)j

b

)]
K ft (t)K ft

(
s(1)

)
W (x; ξ) dtds(1)dx

=
2

(2πb)d+d1

∫ ∫ ∫ [
mfXiX(1)j

]ft
(
t

b
,
s(1)

b

)
e−it(xb )e

−is(1)

(x(1)
b

)
K ft (t)K ft

(
s(1)

)
W (x; ξ) dtds(1)dx

=
2

(2πb)d+d1

∫ ∫ ∫ [
mfXiX(1)j

]ft
(
t

b
,
s(1)

b

)
K ft

(
t, s(1)

)
e
−i
{
t(xb )+s(1)

(x(1)
b

)}
dtds(1)W (x; ξ) dx

=
2

2π

∫ [
mfXiX(1)j

∗K
( ·
b

)] (
x, x(1)

)
W (x; ξ) dx
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where the penultimate equality follows from the product form of K ft(·) and where

[
mfXiX(1)j

∗K
( ·
b

)]
(x, x1) =

∫ ∫
m (a) fXiX(1)j

(a, c)K

(
x− a
b

)
K

(
x(1) − c

b

)
dadc.

By similar arguments

T2 =
2

2π

∫ [
rfXiX(1)j

∗K
( ·
b

)] (
x, x(1)

)
W (x; ξ) dx

where

[
rfXiX(1)j

∗K
( ·
b

)]
(x, x1) =

∫ ∫
r (c) fXiX(1)j

(a, c)K

(
x− a
b

)
K

(
x(1) − c

b

)
dadc.

So

θn =
2

2π

∫ 
[
mfXiX(1)j

∗K
( ·
b

)] (
x, x(1)

)
−
[
rfXiX(1)j

∗K
( ·
b

)]
(x, x1)

W (x; ξ) dx

=
2

2π

∫ ∫ ∫
{m (a)− r (c)} fXiX(1)j

(a, c)K

(
x− a
b

)
K

(
x(1) − c

b

)
dadcW (x; ξ) dx

=
2

2π

∫ ∫ ∫
m (x− ub) fXiX(1)j

(x− ub, x(1) − ũb)K (u)K (ũ) dudũW (x; ξ) dx

+
2

2π

∫ ∫ ∫
r
(
x(1) − ũb

)
fXiX(1)j

(x− ub, x(1) − ũb)K (u)K (ũ) dudũW (x; ξ) dx

=
2

2π

∫ ∫ {
m (x)− r(x(1))

}
fXiX(1)j

(x, x(1))W (x; ξ) dx+O
(
bq+1

)

where the final equality follows by similar arguments as for the same proof in Theorem 1. Hence,

we conclude
√
nT̂n(·) converges weakly to a zero mean Gaussian process on L2(Ξ, µ) with covari-

ance function

VOT (ξ, ξ′) = lim
n→∞

∞∑
j=−∞

E
[(
rn(Zi; ξ)− θn(ξ)

)(
rn(Zi+j ; ξ

′)− θn(ξ′)
)]
.

and the rest of Theorem 1 (i) applies. The part of the theorem related to Theorem 2 (i) is proved

in an almost identical manner.
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A.3.2. Proof of (ii). Very similar reasoning as above can be applied to the supersmooth case.

We omit the proof for brevity.

A.4. Proof of Theorem 4. The proofs of part (i), (ii) and (iii) follow in very similar ways. For

brevity we show only the proof for (i).

For some consistent estimator of f ft
ε (·), denoted f̂ ft

ε (·), we define

K̂b(a) ≡ 1

(2πb)dim(a)

∫
e−it·a K

ft(t)

f̂ ft
ε (t/b)

dt

and

ˆ̂
Tn(ξ) ≡ 1

n2

n∑
i 6=j

(Yi − Yj)
∫
K̂b
(
x−Wi

b

)
K̂b
(
x(1) −W(1)j

b

)
W(x; ξ)dx.

Using the identity 1
â = 1

a −
â−a
a2

1+ â−a
a

, we can write

ˆ̂
Tn(ξ) =

1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)

f̂ ftε (t/b)

Kft(s(1))
f̂ ftε (s(1)/b)

W(x; ξ)dtds(1)dx

=
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)
f ftε (t/b)

Kft(s(1))
f̂ ftε (s(1)/b)

W(x; ξ)dtds(1)dx

− 1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)
K ft(t)

×

(
f̂ ft
ε (t/b)− f ft

ε (t/b)

f ft
ε (t/b)2

) 1

1 + f̂ ftε (t/b)−f ftε (t/b)
f ftε (t/b)

 K ft
(
s(1)

)
f̂ ft
ε

(
s(1)/b

)W(x; ξ)dtds(1)dx

≡ T1 − T2.
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For T1, we use the same reasoning to show

T1 =
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)
f ftε (t/b)

Kft(s(1))
f ftε (s(1)/b)

W(x; ξ)dtds(1)dx

− 1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)
K ft(t)

f ft
ε (t/b)

K ft(s(1))

×

(
f̂ ft
ε (s(1)/b)− f ft

ε (s(1)/b)

f ft
ε (s(1)/b)2

) 1

1 +
f̂ ftε (s(1)/b)−f ftε (s(1)/b)

f ftε (s(1)/b)

W(x; ξ)dtds(1)dx

≡ T11 − T12.

Notice that T11 = T̂n(ξ) is the original statistic when f ft
ε (·) is known.

We now show T12 is asymptotically negligible. First, notice that depending on the speed of

convergence of f̂ ft
ε

(
s(1)/b

)
→p f

ft
ε

(
s(1)/b

)
and the order of f ft

ε

(
s(1)/b

)
 1

1 +
f̂ ftε (s(1)/b)−f ftε (s(1)/b)

f ftε (s(1)/b)


will either be op(1) or Op(1). In which case

 f̂ ft
ε

(
s(1)/b

)
− f ft

ε

(
s(1)/b

)
1 +

f̂ ftε (s(1)/b)−f ftε (s(1)/b)
f ftε (s(1)/b)

 = op(1)

by the consistency of f̂ ft
ε

(
s(1)/b

)
. Hence

T12 = op (1)

 1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)
f ftε (t/b)

Kft(s(1))
f ftε (s(1)/b)

2

W(x; ξ)dtds(1)dx

 .

Notice that the multiple in T12 is the same as the U-statistic we dealt with in Theorem 1 but

divided by 1
f ftε (s(1)/b)

. We can make use of slightly adapted versions of Lemma 1 and 2 to show

that T12 = op(1)Op(n
−1/2) in the ordinary smooth and supersmooth cases, respectively. For
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example, in the ordinary smooth case

1

2πb

∫
e−it·a K̃ ft(t)

f ft
ε (t/b)2

dt ∼ 1

2πb

∫
e−it·a

(
α∑
v=0

Cv

∣∣∣∣ tb
∣∣∣∣v
)2

K̃ ft(t)dt

=
1

2πb

∫
e−it·a

α∑
v=0

α∑
z=0

CvCz

∣∣∣∣ tb
∣∣∣∣z+v K̃ ft(t)dt

=
1

b

α∑
v=0

α∑
z=0

CvCz
(−2πib)z+v

K̃(z+v)(a).

In the same manner as Lemma 1, combining this with the properties of the infinite order kernel,

we can write

∫
xkj

(
1

2πb

∫
e−it·a K̃ ft(t)

f ft
ε (t/b)2

dt

)
dxj ∼


(k!)

b(2πib)k

∑
v

∑
z

z+v=k

CvCz for k ≤ 2α,

0 otherwise.

We can then use analogous arguments as in the proof of Theorem 1, along with the slight

strengthening of Assumption 3.1 (ii) (q ≥ α) to Assumption 3.4 (ii) (q ≥ 2α), to show

1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)
f ftε (t/b)

Kft(s(1))
f ftε (s(1)/b)

2

W(x; ξ)dtds(1)dx = Op(n
−1/2).

This result makes intuitive sense. The convergence rate of the U-statistic in Theorem 1 does not

depend on f ft
ε (·). We could simply refer to f ft

ε (·)2 as being ordinary smooth with parameter 2α

instead of α. The same reasoning can be applied to the supersmooth case.
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We now return to T2. As for T1, we write

T2 =
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)
K ft(t)

×

(
f̂ ft
ε (t/b)− f ft

ε (t/b)

f ft
ε (t/b)

) 1

1 + f̂ ftε (t/b)−f ftε (t/b)
f ftε (t/b)

 K ft
(
s(1)

)
f̂ ft
ε

(
s(1)/b

)W (x; ξ) dtds(1)dx

=
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)
K ft(t)

×

(
f̂ ft
ε (t/b)− f ft

ε (t/b)

f ft
ε (t/b)

) 1

1 + f̂ ftε (t/b)−f ftε (t/b)
f ftε (t/b)

 K ft
(
s(1)

)
f ft
ε

(
s(1)/b

)W (x; ξ) dtds(1)dx

− 1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)
K ft(t)

f ft
ε (t/b)2

K ft
(
s(1)

)
f ft
ε

(
s(1)/b

)2
×

 f̂ ft
ε (t/b)− f ft

ε (t/b)

1 + f̂ ftε (t/b)−f ftε (t/b)
f ftε (t/b)


 f̂ ft

ε

(
s(1)/b

)
− f ft

ε

(
s(1)/b

)
1 +

f̂ ftε (s(1)/b)−f ftε (s(1)/b)
f ftε (s(1)/b)

W (x; ξ) dtds(1)dx

≡ T21 − T22.

As for T12 we have

T21 = op(1)
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)
f ftε (t/b)

Kft(s(1))
f ftε (s(1)/b)

W (x; ξ) dtds(1)dx

= op(1)Op

(
n−1/2

)
.

For T22 we can write

T22 = op(1)
1

n2

1

(2πb)d+d1

n∑
i 6=j

(Yi − Yj)
∫ ∫ ∫ 

e
−it·

(
x−Wi
b

)
e
−is(1)·

(
x(1)−W(1)i

b

)

× Kft(t)

f ftε (t/b)2
Kft(s(1))
f ftε (s(1)/b)

2

W (x; ξ) dtds(1)dx

= op(1)Op

(
n−1/2

)

using similar arguments as for T12.
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Hence, we have shown
√
n

ˆ̂
Tn(ξ) =

√
nT̂n(ξ) + op(1). The rest of the proofs of Theorem 1, 2

and 3 can be applied to obtain the result.

A.5. Proof of Propositions.

A.5.1. Proof of Proposition 1. For the proof of part (i) it is straightforward to show that T̃ ∗n(ξ)

converges weakly to a zero mean Gaussian process conditional on the data, this follows directly

from the simple pairs resampling approach and the proof of Theorem 1. Hence, CM∗n has the

same limiting distribution as the limiting distribution of CMn under the null, conditional on the

data.

For part (ii), we first make use of Proposition 3.1 in Politis and Romano (1994) which shows

{Zt}Tt=1 = {Yt,Wt}Tt=1 is strictly stationary and absolutely regular. The proof then follows as in

the proof of Theorem 3.

A.5.2. Proof of Proposition 2. To study V ar[rn(Zi; ξ)], we write rn(Zi; ξ) as follows

rn(Zi; ξ) =

∫
Kb
(
x−Wi

b

)
YiE

[
Kb
(
x(1)−W(1)j

b

)∣∣∣∣W(1)i

]
−E
[
YjKb

(
x(1)−W(1)j

b

)∣∣∣∣W(1)i

]
W(x; ξ)dx

+

∫
Kb
(
x(1) −W(1)i

b

)
E

[
YjKb

(
x−Xj
b

)∣∣∣∣Wi

]
−YiE

[
Kb
(
x−Wj

b

)∣∣∣∣Wi

]
W(x; ξ)dx

≡ r1n(Zi; ξ) + r2n(Zi; ξ).
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We deal with each term separately; consider first r1n(Zi; ξ). Using the fact that

E

[
YjKb

(
x(1)−W(1)j

b

) ∣∣∣∣W(1)i

]
= E

[
1
bd1
YjK

(
x(1)−X(1)j

b

) ∣∣∣∣W(1)i

]

r1n(Zi; ξ) = b−d1
∫
Kb
(
x−Wi

b

)
YiE

[
K

(
x(1)−X(1)j

b

)∣∣∣∣W(1)i

]
−E
[
YjK

(
x(1)−X(1)j

b

)∣∣∣∣W(1)i

]
W(x; ξ)dx

= bd−d1
∫
Kb
(
a
)

YiE

[
K

(
a(1) +

W(1)i−X(1)j

b

)∣∣∣∣W(1)i

]
−E
[
YjK

(
a(1) +

W(1)i−X(1)j

b

)∣∣∣∣W(1)i

]
W(Wi + ab; ξ)da.

Then by a change of variables and multivariate Taylor expansion, we can write

E

[
K

(
x(1) +

W(1)i −X(1)j

b

) ∣∣∣∣W(1)i

]
= bd1

∫
K(x(1) + s(1))fX(1)

(W(1)i − s(1)b)ds(1)

= bd1

q−1∑
ρ=0

ãρ(x(1),W(1)i) + ã∗q(x(1),W(1)i)

 (A.2)

where the first equality follows from a change of variables and the data being i.i.d., and where

we use the definition

ãρ(x(1),W(1)i) ≡
bρ

ρ!

∑
|~l|=ρ

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1
ds(1)O

ρ
l1,...ld1

fX(1)
(W(1)i)

and the remainder term is given by

ã∗q(x(1),W(1)i) ≡
bq

q!

∑
|~l|=q

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1
Oql1,...ld1

fX(1)
(W ∗(1)if )ds(1)

where W ∗(1)if lies between W(1)i and (W(1)i−s(1)b). Since K(·) is an infinite-order kernel, we can

show ∫
s
~lK(s+ x)ds = (−x)

~l = (−x1)l1 · · · (−xd)ld , (A.3)
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hence

ãρ(x(1),W(1)i) =
bρ

ρ!

∑
|~l|=ρ

(−x1)l1 · · · (−xd1)ld1Oρl1,...ld1
fX(1)

(W(1)i).

Combining this with (A.2), we can write

r1n(Zi; ξ) = bd
q−1∑
ρ=0

∫
Kb (x) aρ(x(1),W(1)i)W(Wi + ab; ξ)dx

+bd
∫
Kb
(
x
)
a∗q(x(1),W(1)i)W(Wi + ab; ξ)dx.

≡ r11n(Zi; ξ) + r12n(Zi; ξ),

where

aρ(x(1),W(1)i) ≡
bρ

ρ!

∑
|~l|=ρ

xl11 · · ·x
ld1
d1
Oρl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)
,

and

a∗q(x(1),W(1)i) ≡
bq

q!

∑
|~l|=q

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1

×Oql1,...ld1

(
YifX(1)

(W ∗(1)if )−R(W ∗(1)iR)
)
ds(1)

with W ∗(1)iR lying between W(1)i and (W(1)i − s(1)b).
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We bound the variance of r11n(Zi; ξ) as follows

V ar[r11n(Zi; ξ)] ≤ E[r11n(Zi; ξ)
2]

≤ b2d||W(·; ξ)||2∞
(q−1)∑
ρ=0

(q−1)∑
η=0

E

[ ∫ ∫
Kb (x)Kb (z)

×aρ(x,W(1)i)aη(z,W(1)i)dxdz

]

= O(b2d)

(q−1)∑
ρ=0

(q−1)∑
η=0

bρbη

ρ!η!


(∑

|~l|=ρ
∫
Kb
(
x
)
xl11 · · ·x

lρ
d1
dx
)

×
(∑

|~l|=η
∫
Kb
(
z
)
zl11 · · · z

lη
d1
dz
)


×E

 Oρl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)

×Oηl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)


∼ O(1)

where the final equality follows from Assumptions D (ii), (iv) and (v) and using Lemma 1 which

shows(∫
Kb
(
x
)
xl11 · · ·x

lρ
d1
dx
)
∼ O

(
b−|

~l|−d
)
. Hence

n−1/2
n∑
i=1

(r11n(Zi; ξ)− E[r11n(Zi; ξ)]) = O(1).

For r12n(Zi; ξ), we have

V ar[r12n(Zi; ξ)] ≤ E
[
r12n(Zi; ξ)

2
]

≤ b2d||W(·; ξ)||2∞E

[(∫
Kb (x) a∗q(x(1),W(1)i)dx

)2
]
.
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Notice that

∫
Kb (x) a∗q(x(1),W(1)i)dx =

bq

q!

∑
|~l|=q

∫
Kb (x)

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1

×Oql1,...ld1

(
YifX(1)

(W ∗(1)if )−R(W ∗(1)iR)
)
ds(1)dx

∼ bq

q!

∑
|~l|=P

∫
Kb
(
x
) ∫

K(x(1) + s(1))s
l1
1 · · · s

ld1
d1

×Oql1,...ld1

 Yi

{
fX(1)

(W ∗(1)if )− fX(1)
(W(1)i)

}
−
{
R(W ∗(1)iR)−R(W(1)i)

}
 ds(1)dx,

+
bq

q!

∑
|~l|=q

∫
Kb
(
x
) ∫

K(x(1) + s(1))s
l1
1 · · · s

ld1
d1
ds(1)dx

×Oql1,...ld1

[
R(W(1)i)− YifX(1)

(W(1)i)
]

≡ r121n(Zi; ξ) + r122n(Zi; ξ)

where the final equality adds and subtracts the last term in that expression. Dealing with

r121n(Zi; ξ) first

E[r121n(Zi; ξ)
2] ≤ b2d||W(·; ξ)||2∞

b2q

(q!)2E

∑
|~l|=q

∫
Kb (x)

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1

×Oql1,...ld1

 Yi

{
fX(1)

(W ∗(1)if )− fX(1)
(W(1)i)

}
−
{
R(W ∗(1)iR)−R(W(1)i)

}
 ds(1)dx


2

≤ b2d||W(·; ξ)||2∞
b2q

(q!)2 b
2E
[
g(W(1)i)

2(1 + |Yi|)2
]

×

∑
|~l|=q

d1∑
j=1

∫ ∫
Kb (x)

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1
sjds(1)dx

2

= O
(
b2d+2(q+1)

)∑
|~l|=q

d1∑
j=1

∫
Kb
(
x
)
xl11 · · ·x

ld1
d1
xjdx

2

= O(1)
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where the second inequality follows from Assumptions N (ii) and (iii), the penultimate equality

follows from (A.3), and the final equality makes use of Lemma 1 which shows∑
|~l|=q

∫
K
(
x
)
xl11 · · ·x

ld1
d1
xjdx = O

(
b−(q+1)−d).

For r122n(Zi; ξ) we have

E
[
r122n(Zi; ξ)

2
]

= O
(
b2d
) b2q

(q!)2

∑
|~l|=q

∫
K
(
x
)
xl11 · · ·x

lρ
d1
dx

2

×E
[{
Oql1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)}2

]
= O(1)

where the first equality follows from (A.3) and the second from Lemma 1 and Assumptions D

(iv) and (v).

Hence

n−1/2
n∑
i=1

(
r12n(Zi; ξ)− E[r12n(Zi; ξ)]

)
= Op(1).

For r2n(Zi; ξ) we follow a similar approach. Notice

E

[
K

(
x+

Wi −Xj

b

) ∣∣∣∣Wi

]
= bd

∫
K(x+ s)fX(Wi − sb)ds,

and define

aρ(x,Wi) ≡
bρ

ρ!

∑
|~l|=ρ

xl11 · · ·x
ld
d O

ρ
l1,...ld

(YifX(Wi)−M(Wi)) ,

and

a∗q(x,Wi) ≡
bq

q!

∑
|~l|=q

∫
K(x+ s)sl11 · · · s

ld
d O

q
l1,...ld

(
YifX(W ∗if )−M(W ∗iM )

)
ds,
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whereW ∗iM lies between Wi and (Wi−sb) andW ∗if also lies betweenWi and (Wi−sb). Similarly

to r1n(Zi; ξ), we can split r2n(Zi; ξ) as

r2n(Zi; ξ) ≡ r21n(Zi; ξ) + r22n(Zi; ξ),

where

r21n(Zi; ξ) = bd1
∫
Kb
(
x(1)

)
aρ(x,Wi)W(Wi + ab; ξ)dx

and

r21n(Zi; ξ) = bd1
∫
Kb
(
x(1)

)
a∗q(x,Wi)W(Wi + ab; ξ)dx

and using arguments very similar to those used to bound V ar[r1n(Zi; ξ)], we have

V ar (r2n(Zi; ξ)) = O(1).

Combining these results we have

V ar (rn(Zi; ξ)) = O(1).

This concludes the proof Proposition 1.
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A.5.3. Proof of Proposition 3. To study V ar[rn(Zi; ξ)], as in the proof of Proposition 1, we write

rn(Zi; ξ) as follows

rn(Zi; ξ) =

∫
Kb
(
x−Wi

b

)
YiE

[
Kb
(
x(1)−W(1)j

b

)∣∣∣∣W(1)i

]
−E
[
YjKb

(
x(1)−W(1)j

b

)∣∣∣∣W(1)i

]
W(x; ξ)dx

+

∫
Kb
(
x(1) −W(1)i

b

)
E

[
YjKb

(
x−Xj
b

)∣∣∣∣Wi

]
−YiE

[
Kb
(
x−Wj

b

)∣∣∣∣Wi

]
W(x; ξ)dx

≡ r1n(Zi; ξ) + r2n(Zi; ξ).

Again, we can write

r1n(Zi; ξ) = bd
q−1∑
ρ=0

∫
Kb (x) aρ(x,W(1)i)W(Wi + ab; ξ)dx

+bd
∫
Kb
(
x
)
a∗q(x,W(1)i)W(Wi + ab; ξ)dx.

≡ r11n(Zi; ξ) + r12n(Zi; ξ),

where we have

aρ(x,W(1)i) ≡
bρ

ρ!

∑
|~l|=ρ

xl11 · · ·x
ld1
d1
Oρl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)
,

and

a∗q(x,W(1)i) ≡
bq

q!

∑
|~l|=q

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1

×Oql1,...ld1

(
YifX(1)

(W ∗(1)if )−R(W ∗(1)iR)
)
ds(1)

with W ∗(1)iR lying between W(1)i and (W(1)i − s(1)b).
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We bound the variance of r11n(Zi; ξ) as follows

V ar[r11n(Zi; ξ)] ≤ E[r11n(Zi; ξ)
2]

≤ ||W(·; ξ)||2∞
(q−1)∑
ρ=0

(q−1)∑
η=0

1

ρ!η!(−2πi)ρ+η

×E

 Oρl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)

×Oηl1,...ld1

(
YifX(1)

(W(1)i)−R(W(1)i)
)


= O(1)

where the first inequality follows from Lemma 2 and the final equality follows from Assumptions

D (ii), (iv) and (v). Hence

n−1/2
n∑
i=1

(r11n(Zi; ξ)− E[r11n(Zi; ξ)]) = Op(1).

The remainder of the proof is almost identical to the proof of Proposition 2, hence is omitted

for brevity. This concludes the proof Proposition 3.

A.5.4. Proof of Proposition 4. The proof is very similar to that of Proposition 2, as such we only

outline the parts of the proof that differ as a result of the dependence in the data. We write

r1n(Zi; ξ) as follows

r1n(Zi; ξ) = b−d1
∫
Kb
(
x−Wi

b

)
YiE

[
K

(
x(1)−X(1)j

b

)∣∣∣∣W(1)i

]
−E
[
YjK

(
x(1)−X(1)j

b

)∣∣∣∣W(1)i

]
W(x; ξ)dx

= bd−d1
∫
Kb
(
a
)

YiE

[
K

(
a(1) +

W(1)i−X(1)j

b

)∣∣∣∣W(1)i

]
−E

[
YjK

(
a(1) +

W(1)i−X(1)j

b

)∣∣∣∣W(1)i

]
W(Wi + ab; ξ)da,
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where the second equality follows from the fact that the data is i.i.d.. Then by a change of

variables and multivariate Taylor expansion, we can write

E

[
K

(
x(1) +

W(1)i −X(1)j

b

) ∣∣∣∣W(1)i

]
= bd1

∫
K(x(1) + s(1))fX(1)j |W(1)i

(
W(1)i − s(1)b|W(1)i

)
ds(1)

= bd1

q−1∑
ρ=0

ãρ(x(1),W(1)i) + ã∗q(x(1),W(1)i)

 (A.4)

where the first equality follows from a change of variables and where we use the definition

ãρ(x(1),W(1)i) ≡
bρ

ρ!

∑
|~l|=ρ

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1
ds(1)O

ρ
l1,...ld1

fX(1)j |W(1)i
(W(1)i|W(1)i)

and the remainder term is given by

ã∗q(x(1),W(1)i) ≡
bq

q!

∑
|~l|=q

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1
Oql1,...ld1

fX(1)j |W(1)i
(W ∗(1)if |W(1)i)ds(1)

where W ∗(1)if lies between W(1)i and (W(1)i − s(1)b). As in the proof of Proposition 2, we can

write

r1n(Zi; ξ) = bd
q−1∑
ρ=0

∫
Kb (x) aρ(x(1),W(1)i)W(Wi + ab; ξ)dx

+bd
∫
Kb
(
x
)
a∗q(x(1),W(1)i)W(Wi + ab; ξ)dx.

≡ r11n(Zi; ξ) + r12n(Zi; ξ),

where

aρ(x(1),W(1)i) ≡
bρ

ρ!

∑
|~l|=ρ

xl11 · · ·x
ld1
d1
Oρl1,...ld1

(
YifX(1)j |W(1)i

(W(1)i|W(1)i)−RX(1)j |W(1)i
(W(1)i

∣∣W(1)i)
)
,
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and

a∗P (x(1),W(1)i) ≡
bq

q!

∑
|~l|=q

∫
K(x(1) + s(1))s

l1
1 · · · s

ld1
d1

×Oql1,...ld1

(
YifX(1)j |W(1)i

(W ∗(1)if |W(1)i)−RX(1)j |W(1)i
(W ∗(1)iR

∣∣W(1)i)
)
ds(1)

with W ∗(1)iR lying between W(1)i and (W(1)i − s(1)b).

We bound E
[
|r11n(Zi; ξ)|2+δ̃

]
as follows

E
[
|r11n(Zi; ξ)|2+δ̃

]
≤ ||W(·; ξ)||2+δ̃

∞ bd(2+δ̃)2(1+δ̃)
(q−1)∑
ρ=0

∣∣∣∣∣∣b
ρ

ρ!

∫
Kb (x)

∑
|~l|=ρ

xl11 · · ·x
ld1
d1
dx

∣∣∣∣∣∣
2+δ̃

×E
∣∣∣Oρl1,...ld1 (YifX(1)j |W(1)i

(W(1)i|W(1)i)−RX(1)j |W(1)i
(W(1)i

∣∣W(1)i)
)∣∣∣2+δ̃

= O(1)

where the final equality follows from Assumptions T (iii) and (iv) and using Lemma 1 which

shows
(∫
Kb
(
x
)
xl11 · · ·x

lρ
d1
dx
)
∼ O

(
b−|

~l|−d
)
.

We omit the rest of the proof for brevity since it is straightforward to extend the remainder of

Proposition 2 to the dependent case in the same manner as we have just shown. This concludes

the proof Proposition 4.
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A.6. Proof of Lemmas.

A.6.1. Proof of Lemma 1. We can write the deconvolution kernel as follows

K̃b(a) ∼ 1

2πb

∫ ∞
−∞

e−it·a
α∑
v=0

Cv

∣∣∣∣ tb
∣∣∣∣v K̃ ft(t)dt

=
1

2πb

∫ ∞
−∞

e−it·a
α∑
v=0

Cv

∣∣∣∣ tb
∣∣∣∣v K̃ ft(|t|)dt

=
1

2πb

(
α∑
v=0

Cv
(2πib)v

∫ ∞
−∞

e−it·aK̃(v)ft(|t|)dt

)

=
1

2πb

(
α∑
v=0

Cv
(−2πib)v

∫ ∞
−∞

e−it·aK̃(v)ft(t)dt

)

=
1

b

α∑
v=0

Cv
(−2πib)v

K̃(v)(a),

where we have used the fact K̃ft(t) = K̃ft(−t) in the first equality, in the second we use the

result that the Fourier transform of the pth derivative, f (p)ft(t), is equal to (2πit)pf ft(t) and in

the third we have used the result that for a symmetric kernel its derivative is anti-symmetric.

Given this, and the fact that for an infinite-order kernel we have

∫
xkj K̃

(p) (xj) dxj =


(−1)kk! for k = p,

0 otherwise,

we can write ∫
xkj K̃b (xj) dxj ∼


Ck(k!)
b(2πib)k

for k ≤ α,

0 otherwise.
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A.6.2. Proof of Lemma 2. We can write the deconvolution kernel as follows

K̃b(a) ∼ C

b(2π)

∫ ∞
−∞

e−it·a
∣∣∣∣ tb
∣∣∣∣γ0 e−µ| tb |γK̃ ft(t)dt

=
C

b(2π)

∫ ∞
−∞

e−it·a
∣∣∣∣ tb
∣∣∣∣γ0 e−µ| tb |γK̃ ft(|t|)dt

=
C

b(2π)

∫ ∞
−∞

e−it·a
∣∣∣∣ tb
∣∣∣∣γ0 ∞∑

v=0

(
−µ
∣∣∣∣ tb
∣∣∣∣)γv 1

v!
K̃ ft(|t|)dt

=
C

b(2π)

( ∞∑
v=0

(−µ)γv

(2πib)(γ0+γv) v!

∫ ∞
−∞

e−it·aK̃(γ0+γv)ft(|t|)dt

)

=
C

b(2π)

( ∞∑
v=0

(−µ)γv

(−2πib)(γ0+γv) v!

∫ ∞
−∞

e−it·aK̃(γ0+γv)ft(t)dt

)

=
1

b

∞∑
v=0

C(−µ)γv

(−2πib)(γ0+γv) v!
K̃(γ0+γv)(a)

where we have used the fact K̃ ft(t) = K̃ ft(−t) in the first equality, in the second we use a Taylor

expansion around |t| = 0 to show ea
γ

=
∑∞

k=0
aγk

k! , in the third we use the result that the Fourier

transform of the pth derivative, f (p)ft(t), is equal to (2πit)pf ft(t) and the penultimate equality

follows from the fact that the derivative of a symmetric function is anti-symmetric. Notice that

we require γ0 + γ to be an integer for the derivatives of the kernel function to exist. This is

satisfied by the majority of common distribution functions. Given this, and the fact that for an

infinite-order kernel we have

∫
xkj K̃

(p) (xj) dxj =


(−1)kk! for k = p,

0 otherwise,

we can write ∫
xkj K̃b (xj) dxj ∼

Cµ(k−γ0)

b(−2πib)k
.

67



Appendix B. Empirical Application Appendix

Figure B.1. Nonparametric plots of the relationship between Cognitive Ability
and Income, Health, Life Satisfaction and Risk Aversion. All control variables are
set at their respective means and b = 0.65.
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Figure B.2. Nonparametric plot of the relationship between Inflation Expec-
tations and Change in Expenditure on Durables and Non-Durables. All control
variables are set at their respective means and b = 0.85.
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