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ABSTRACT. This paper develops a nonparametric significance test for regression models with
measurement error in the regressors. To the best of our knowledge, this is the first test of
its kind. We use a ‘semi-smoothing’ approach with nonparametric deconvolution estimators
and show that our test is able to overcome the slow rates of convergence associated with such
estimators. In particular, our test is able to detect local alternatives at the /n rate. We derive
the asymptotic distribution under i.i.d. and weakly dependent data, and provide bootstrap
procedures for both data types. We also highlight the finite sample performance of the test
through a Monte Carlo study.

Finally, we discuss two empirical applications. The first considers the effect of cognitive
ability on a range of socio-economic variables: income, life satisfaction, health and risk aversion.
The second uses time series data - and a novel approach to estimate the measurement error
without repeated measurements - to investigate whether future inflation expectations are able
to stimulate current consumption. This is an important policy question when nominal interest
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1. INTRODUCTION

The importance of significance testing hardly needs stating; it is arguably the most widely
used of any statistical test. Significance tests are used to determine the validity of our economic
theories as well as to justify model simplification. This latter application is particularly relevant in
nonparametric estimation which suffers from convergence rates whose speed falls as the number of
regressors increase - ‘the curse of dimensionality’. Given the growing popularity of nonparametric
estimation, significance tests have never been more important. Moreover, measurement error in
nonparametric estimation amplifies the curse of dimensionality. Consequently, the benefit from
model parsimony, and hence the importance of significance testing, is even greater when working
with contaminated data.

Such contaminated data is a well known source of inconsistency in estimators, and correspond-
ingly, invalidity of test statistics. This is a problem that plagues economic, medical, social and
physical data sets; in fact, measurement error can be found in nearly every type of data. One
possible cause for such noisy data is an imperfect measurement instrument, for example survey
data is commonly held to be contaminated with error. However, we argue that measurement er-
ror is a far more general phenomenon - whenever the variables in our theory do not exactly match
the variables in our data, measurement error is present. Given its prevalence and undesirable
consequences, contaminated data is a problem that cannot be ignored.

The main contribution of this paper can be highlighted in the following way. In a linear model,
where some variables are mismeasured, to test the significance of a subset of regressors (correctly
or incorrectly measured) a Wald test can be used based on an IV regression. However, if we wish
to move beyond a simplistic linear specification, to allow the relationship between the outcome
and the full set of regressors to be left undetermined, there is currently no method to conduct
such a test. This paper solves this problem. It should be emphasised that the situation with

which we concern ourselves is very general - the measurement error need not affect the variables



whose significance we are testing, it may be that only one of the controlling variables suffers from
measurement error.

Theory often provides little guidance on model specification; in the majority of cases model
choice - linearity in particular - is determined according to simplicity rather than adequacy. Under
model misspecification, estimators are generally inconsistent, and consequently, statistical tests
which use such estimators have incorrect size. Hence, tests based on parametric choices are likely
to be invalid. To overcome this problem, many tests, including the one proposed in this paper,
are conducted using nonparametric methods which impose less stringent conditions on functional
form. Moreover, significance testing in a nonparametric framework is likely to be more intuitive.
We ask, does variable X affect variable Y? Rather than, for example, does X affect Y in a linear
way?

Unfortunately, the relaxation of assumptions when using any nonparametric estimator comes
at the cost of slower convergence rates. This results in a reduction in power for tests based on
such estimators. To remedy this problem, in the specification testing literature, so called ‘non-
smoothing’ tests were developed which only require estimation of the regression function under
the null hypothesis. For a specification test, this negates the need for nonparametric estimation
(as the model under the null is parametric) and allows the detection of local, linear alternatives at
the \/n rate (see for example Bierens, 1990, and Stute, 1997). This approach was extended to the
problem of significance testing and, despite the model under the null now being nonparametric,
these tests also resulted in /n rates of detection (see for example Chen and Fan, 1999, and
Delgado and Manteiga, 2001). This is in contrast to ‘smoothing’ tests, which estimate the model
under the null and alternative, and typically attain slower then /n convergence in both testing
problems (see for example Héardle and Mammen, 1993, and Fan and Li, 1996).l Hence, the key

benefit of non-smoothing tests is intrinsically linked to the curse of dimensionality. Since this is

lof course, this is not to say that smoothing tests do not have benefits - in general they achieve greater power in
detecting high-frequency alternatives.



exacerbated in the presence of measurement error we follow a non-smoothing approach in this
paper.

However, there is a key difference between a conventional non-smoothing test and an analo-
gous one with measurement error. Non-smoothing tests are conducted by first converting a finite
number of conditional moment restrictions into uncountably many unconditional moment re-
strictions. A simple empirical average can then be taken to estimate these moment restrictions.
Unfortunately, when the data is contaminated we are not able to take this empirical average
since the regressors are unobservable. Instead, we must multiply by the estimated density of
the full set of regressors and integrate over their range. In this sense we refer to this approach
as a ‘semi-smoothing’ approach as we require nonparametric estimation using the full set of
regressors. Nonetheless, we show we are still able to retain y/n convergence rates for this test.

There is a plethora of research on nonparametric significance testing when the data is uncon-
taminated. Fan and Li (1996), Ait-Sahalia, Bickel and Stoker (2001) and Lavergne and Vuong
(1996) among many others develop smoothing techniques for this problem, all of which suffer
from the curse of dimensionality. Whilst Delgado and Manteiga (2001) propose a consistent
test able to detect alternatives converging to the null hypothesis at the \/n rate using the non-
smoothing approach. Neumeyer and Dette (2003) develop a general non-smoothing test for the
equality of two nonparametric regression curves, whilst Lavergne (2001) provides an analogous
result using smoothing techniques. Chen and Fan (1999) propose a non-smoothing significance
test in a time series context by extending the work of Robinson (1989), whilst Li (1999) develops
an analogous test using smoothing methods. There is also a recent line of research which cleverly
combines the two approaches. Lavergne, Maistre and Patilea (2015) consider a hybrid approach,
creating a consistent test that has rates of convergence that do not depend on the dimension
of the regressor but are equivalent to those achieved by smoothing tests with a single covariate.
Finally, Racine (1997) follows a different method, testing whether the partial derivatives of the

regression function with respect to the variables being tested are zero.



As of yet there appears to be no results on significance testing in the presence of measurement
error. However, there has been some work carried out on other testing problems in this setting.
Most notably, specification testing has received some attention with Hall and Ma (2007) and
Otsu and Taylor (2016) proposing tests for this scenario.

Finally, in this paper we will use deconvolution techniques to estimate the regression function.
The literature on nonparametric estimation and inference in the presence of measurement error
has used deconvolution methods rather extensively, the interested reader is referred to the com-
prehensive survey of Schennach (2013). However, only in exceptional circumstances have \/n
rates of convergence been obtained in these nonparametric settings (see for example Fan, 1995).

This paper is organised as follows. Section 2 outlines the hypothesis of interest and the test
statistic, as well as discussing possible alternatives to our test. Section 3 presents the asymptotic
properties of our statistic, including theory for when the density of the measurement error must
be estimated. This section also extends our results to weakly dependent data and provides
bootstrap procedures to obtain critical values. Section 4 considers the small sample performance
of our test through a Monte Carlo study. Section 5 considers two empirical applications of
the test. The first uses cross-sectional data to test the effect of cognitive ability on income,
life satisfaction, health and risk aversion. The second answers the important policy question of
whether future inflation expectations are able to stimulate current consumption. Finally, Section

6 concludes. We relegate all mathematical proofs to Appendix A.

2. METHODOLOGY

Consider the nonparametric regression model
Y=m(X)+U with E[U|X]=0.

Y € R is a response variable, X = (Xép X(’Q))’ € R% is a vector of regressors, where X € R,

X € R% with d = d; 4+ d3, and U € R is the regression error term. Throughout this paper



we denote the first d; elements of any vector z € R? by 2(1)- Similarly, z(2) denotes the final do
elements, whilst z; denotes the 5" element of z.

We assume that X is not directly observable due to measurement error. Instead the variable
W is observed through the relation

W=X+e,

where € € R? is a vector of measurement errors with independent components, has a known
density fc(-) and is independent of (Y, X). Since this is the first paper to deal with any form
of measurement error, we start with the classical measurement error assumption and leave non-
classical error for future work.? The case of unknown f.(-) is considered in Section 3.4.

We are interested in testing the significance of the set of variables in X ,). More precisely,

define r(z(1)) = E[Y|X(1) = z(1)], we wish to test the hypothesis

Ho : m(x@), 7)) = r(z@)) for almost every (z(1),2(2)) € R,

H; : Hj is false,

based on the random sample {Y;, W;}? ;| of observables; the case of dependent data is deferred
until Section 3.3. It is important to emphasise that although we focus on the case in which
all variables are affected by measurement error, this test is applicable to any combination of
error-free and contaminated regressors. For example, X(;) may contain a single mismeasured
regressor and X () may be perfectly measured - to the best of our knowledge, this is the first
paper to deal with such a situation.

Notice that the null hypothesis is equivalent to the conditional moment restriction

E(Y -EY|Xy))|X] =0 as. (2.1)

In many situations of nonclassical measurement error, it is only the variance of the error which depends on the
true regressor. For example, the variance of the measurement error for reported income is likely to be larger for
larger values of the true income. In such a situation we could use a multiplicative error, W = Xe, where € is still
independent of X, yet the variance of the error now depends on X. We can then convert this into an additive
structure by simply taking the natural logarithm.



In the spirit of Bierens (1982, 1990), we can write (2.1) as an unconditional moment restriction

of the form

TE) = E[Y - EY Xy fx,, (Xa)W(X;6)] =0  forall{ €F,

where fx (-) is the density function of X(;) and W(X;§) = W(X(1), X(2);§) is a ‘generically
totally revealing’ function (see Stinchcombe and White, 1998) indexed by ¢ € = with £ C R? a
compact set with non-empty interior. As in Bierens (1990), to simplify our analysis, without loss
of generality, we can define W(X;¢) = W(®(X);€), where ®(-) is a one-to-one mapping from
R to a compact set. Common choices for W(X; €) include e€'X and 'Y used in Bierens (1982,
1990), respectively, the logistic function, 1/[1 + exp(c — £’ X)], with ¢ # 0, as used in White
(1989), as well as Z(X < &) proposed by Stute (1997), where Z(-) is the indicator function.
The multiplication by fx, (X(1)) in the definition of T'(¢) is used only to remove the random
denominator in E[Y'|X(y)] and hence simplify analysis.

We propose to estimate T'(§) as

/ / (5= 7 () Fxo, (x0) Frox (9,2) W (3 ) dady.

Notice that our statistic is quite different from a conventional non-smoothing statistic which

would take the form

n

Z —7 X(l)Z ) fX(l) (X(l)i) W (X5€).

i=1

By introducing measurement error, the true regressors become unobservable and an empirical
average is unable to be taken. Instead we must multiply by the estimated joint density of the

data and integrate over their range.



As a nonparametric estimator of 7(+), we use the deconvolution kernel estimator

noy 1) =Wayi
S ik (o)

72(x 1 ) Wi,
S K (”E(nfm)
where
_ 1 —it-a Kft(t)
K0) = Gimar | i

dim(a) is the dimension of the argument a, b is a bandwidth and K(.) and f&(.) are the
Fourier transforms of a kernel function K () and the measurement error density f(+), respectively.

Note that throughout this paper we denote the Fourier transform of any function, h(z), as
hit(t) = [ e®h(z)dr where i = /1.

To estimate each of the densities we employ

. 1 & =T(1)_W(1)1;

fxo (@) = n;’Cb (b ;

1 ¢ -Y - Wi
S (457 (5
n = b b

Since Y is observable we use a combination of a standard kernel and deconvolution kernel function

fY,X (y7 1‘)

in the estimator for fy x(:,-). Throughout the paper we assume f(t) # 0 for all t € R? and
K™(.) has compact support so that Kj(-) is well-defined. Both of these assumptions are common
in the literature. The former assumption is satisfied by most conventional distributions, however,
a notable exception is the uniform distribution. If this assumption is unlikely to hold, a possible
solution involves using a ridge parameter approach (see for example Meister, 2009). The latter
assumption is merely a restriction on the choice of kernel; common choices which satisfy this
restriction include the Sinc kernel, K (z) = S22 where K™(t) = Z(—1 <t < 1), and the kernel

due to Fan (1992), K (z) = A8 cos(z) (1-13)- 144sin(z) (2- z%), where K™(t) = (1—#2)3Z(~1 <

mxt 2 Txd

t<1).



Given these estimators we can write

e - [ [ ;leym (257 )0 (557 ) ko (P05 ) Wi oy
) Ky (x 1”) Wi(a; €)d

JaE e (s
- B (550 (5 s

i=1 j=1
i#]

where the second equality follows from [ yKj (y—in) dy =Y;, using a change of variables.

In order to construct a test statistic based on Tn(f) we propose a Cramer-von Mises type test

e, =

where p(+) is an absolutely continuous probability measure on = and | - | is the norm for complex

T.(6)| dute),

numbers. An alternative approach would be to use a Kolmogorov-Smirnov test of the form

K, = sup [

£eE

W)

It has been found that the Cramer-von Mises test tends to outperform the Kolmogorov-Smirnov
test when testing the equality of distributions and, as discussed in Chen and Fan (1999), the
Cramer-von Mises test can be better directed towards different alternatives by the choice of u(-).
As such, we concentrate on the Cramer-von Mises test in this paper; we conjecture that very

similar results would be found with the Kolmogorov-Smirnov form of the test.

2.1. Alternative Approaches. Before we proceed to the properties of the test, it is instructive
to consider the available alternatives. First, we discuss why the naive approach of conducting a
conventional nonparametric significance test using the mismeasured regressors is a poor choice.

In this case we would test

HO : E [Y|W(1) = W), W(Q) = w(z)] =F [Y‘W(l) = w(l)] for almost every (w(l),w(g)) S ]Rd.



Chesher (1991) provides a simple relation between E[Y|W = w| and m(w),

o2
z N . )
EYIW =uw] = m(w)+Y = (m9D(w) +2m0 (w)(n(fx () +o(o? ),
j=1
where 0'62]_ is the variance of the measurement error associated with the j* regressor and for

any function, g(-), ¢¥)(-) and ¢gWU)(.) denote the first and second derivative with respect to the
4t argument. Although this expression is derived under small measurement error asymptotics,
it gives a good insight into the problem of conducting a nonparametric significance test using

mismeasured variables. Instead of investigating the distance m(w) — r(wy)), the naive approach

would consider

2
(o N N
1 7] (m(J)(J)(w) — T(J)(J)(w(l)))

(m(w) — r(w(l))) + '

d
Jj=

+ 02 ((n(fx(w) Dm (w) — (n(fx, (w)) 1D (wi)) +o(o? ),

€5

where 79)(-) = 0 and r@)U) () = 0 for j > di. Notice that even if m(w) = r(w()), in general

d

>~ o2 ((n(fx (@) PmD (w) = (In( fx, (w))rPw)) ) #0

j=1

and the test has incorrect size and is inconsistent.

A second potential alternative to our test is to linearise the model by taking, for example, a
finite polynomial in the regressors, estimate the regression coefficients using an IV approach, and
conduct a Wald test. Note that for each transformation of each variable, the instrument, typically
a repeated measurement, is the analogous transformation. Of course, this is a simplification of
the model we present and would not lead to a consistent test. However, for practical purposes
we may hope that this approach fares reasonably well. Unfortunately, as our simulation results

indicate in Section 4, this is not the case. The reason is twofold: nonlinear transformations of

10



mismeasured regressors generally exacerbate the measurement error problem, additionally the
strength of the instruments typically deteriorates with nonlinear transformations.

Finally, it may be tempting to appeal to the common textbook wisdom that measurement
error causes attenuation bias, hence any significance test in the presence of measurement error
is simply overly cautious. Unfortunately such an argument fails to hold once any additional

variables are included or any nonlinearities are added.

3. ASYMPTOTIC PROPERTIES

3.1. Distribution Under Hj. In this section we derive the asymptotic distribution of CM,
under both the null hypothesis and a Pitman local alternative. We proceed by first clarifying
the asymptotic distribution of Tn(f) before using the continuous mapping theorem to derive the
asymptotic distribution of C'M,,.

To simplify our analysis we will use product kernels of the following form. As in Masry (1993),
let K(-) be a univariate kernel and K™(-) denote its Fourier transform. Define the univariate

deconvolution kernel as

_ . ot
K:b(l'j) = 1 /e_ltawdt

27h i
2w ) Fab)
Finally, set K(z) = H?izni(x) K(zj) and Ky(z) = H?izni(x) Ky(x;). Since we assume that e is

vector valued with independent elements, we can write f*(t) = H?iﬂ(t) fg (t;), where fﬁf]t() is

the Fourier transform of ¢;. Together these imply K(z) = H?i:ni(x) Kf(z;). 3

Throughout this paper we use the notation f(b) ~ ¢(b) to mean f(b)/g(b) — 1 as b — 0

and || - |1, and || - ||oc to denote the L; norm and the supremum norm, respectively. For
convenience we also introduce the multi-index notation: for the vector | = (I1,...,1lq) define
]f =l 441y Il =141, and for some z = (x1,...,2q), ol = xlll ---xild. We impose the

following assumptions.

3Notice that it would be straightforward to adjust our estimator to allow for a combination of correctly measured
and mismeasured regressors by replacing the deconvolution kernel within the product with a standard kernel;
analogous results could be obtained. Furthermore, these correctly measured regressors may be discrete. How-
ever, our theory does not allow for discrete mismeasured regressors as this constitutes a form of nonclassical
measurement error.

11



Assumption D.
(i): {Yi, Wi}, and {€;}}, are i.i.d. where € is mutually independent as well as indepen-
dent of (Y, X) and has a known density fc(-).
(ii): supgez [IW(9)I[2 < 0o with 2 C R? a compact set with non-empty interior.
(iii): K(-) is an infinite order kernel and infinitely differentiable. In particular, K%(.) is
compactly supported on [—1,1], symmetric around zero (i.e., K (t) = K%(—t)), bounded,

and satisfies

L 1 for k=0,

/y K(y)dy =

0 for k>0.

(iv): M(-) = fx()m(:) and R() = fx,,()r(-) have g continuous derivatives and the

following Lipschitz conditions hold for some g(1y(-) and g(-)

Vi ota, By 1) = 97, BEw)] < g @o)linwlh,

VL M@ +n) =) M@)| < g(@)nlh,

d

ap
for all p < q, where thmldf(s) = ﬁ.

(v): Each of the following are finite: E [Y?], E[m(X)*], E [T(X(l))4], E [9(X)*] and

E [g0)(Xwy)*]-

(Vi): As n — oo it holds that nb(d"'dl)% — 00 and an(‘H‘l) — 0.

Assumption D (i) is common in the literature of classical measurement error. The case of
unknown fe(-) is deferred until Section 3.4. For Assumption D (ii), since we have defined
W(€) = W(®(-);€), this condition is satisfied by all of the commonly used weight functions
given in Section 2. Although Assumption D (iii) is fairly restrictive, it is satisfied by the com-
monly used Sinc kernel. Assumption D (iv) and (v) give smoothness restrictions on the functions
m(-), r(-), g(+) and g(1)(-) as well as Y; conditions on g are discussed below. The first condition
of Assumption D (vi) is required to ensure the error of the Hoeffding projection is asymptotically

negligible, the second is required to remove the bias from the nonparametric estimators.
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As is typical in the nonparametric measurement error literature, we consider two separate
cases characterized by bounds on the decay rate of the tail of the characteristic function of the
measurement, error, ffjt() In each case we introduce some additional assumptions. For the

ordinary smooth case we impose the following.

Assumption O.

(i): f(t) # 0 for all t € R? and there exist finite constants Cy, ..., Cqs with Co # 0 and

a > 0 such that
«
(s)~ Y Culs|™,
v=0
for all1 < j <d as|s| — oc.

(ii): g > k for some Cy # 0 with k > 0.

Assumption O (i) is the ordinary smooth condition. Specifically, it requires that fef]t(s) decays
to zero at a polynomial rate as |s| — oo. Examples of densities that are ordinary smooth are
Laplace and gamma. Notice that this is slightly more general than the typical assumption that
is seen in the literature, ffj(s) ~ C|s|7*. Assumption O (ii) requires sufficient smoothness from
M(-) and R(-) relative to the density of the measurement error, for example, in the case of
Laplace error we would require M(-) and R(-) to be twice continuously differentiable.

For the second case, known as supersmooth measurement error, we impose the following

assumption.

Assumption S.

(i): f(t) # 0 for all t € R? and there exist positive constants C, p, o and ~ such that

F(s) ~ Clspoerll”,

forall1 < j <d as|s| — oo with o + 7 an integer.
(i): ¢ >0 +7-
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Assumption S (i) requires fefjt (s) to decay to zero at an exponential rate as |s| — oco. The
most common example of a density satisfying this supersmooth assumption is the normal density,
where C =1, =0,v=2, and y = %2 The majority of conventional distributions satisfy the
integer constraint. Assumption S (ii) requires sufficient smoothness of M (-) and R(-) relative to
the measurement error density, for example for the case of Gaussian error we require M (-) and
R(-) to be twice continuously differentiable. Also, as opposed to some settings with supersmooth
measurement error (see for example Van Es and Uh, 2005), the Cauchy distribution is not
excluded from our analysis.

The asymptotic distributions of CM,, under the null hypothesis for both the ordinary smooth

and the supersmooth cases are given by the following theorem.

Theorem 1.

(i): Suppose that Assumptions D and O hold true, then under Hy,

nCM, —>d/]ZOoo &% du(e Z)\Oll/

(ii): Suppose that Assumptions D and S hold true, then under Hy,

nC M, —>d/\ZSOo &% du(e Z)\S,

Where Zp oo(-) and Zgoo(-) are zero mean Gaussian processes on Lo(Z, p), with covariance
functions Vp : 2 x E — RT and Vg : E x Z — R, respectively, where Vo and Vg are defined
in Appendix A. v; are i.i.d. N(0,1) random variables and A\p; and Ag; are the solutions to the

eigenvalue problems

/Vo £ o,i(E)du(E) = Noivo,(§),
/ Vs(€, € (€)du(€) = Asitbsil€),
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respectively. The eigenvalues Ao ; and Ag; are real valued, non-negative and satisfy
Y21 A0, <ooand Y2 Mg, < 0o, respectively.

Theorem 1 shows that in each case the test statistic converges to a weighted sum of chi-
squared random variables. Unlike typical results in the deconvolution estimation and inference
literature we are able to achieve /n rates of convergence. To the best of our knowledge, this
is the first case in which parametric rates of convergence have been obtained when using non-
parametric estimation in the presence of supersmooth measurement error. However, two notable
papers deserve mention here. Hall and Ma (2007) develop a non-smoothing specification test
which is able to achieve y/n rates of convergence but does not involve any nonparametric estima-
tion. Fan (1995) obtains \/n convergence for average derivative estimators for ordinary smooth
measurement error, although does not extend this result to the supersmooth case.

There is a strong link between average derivative estimators - of the type studied by Powell,
Stock and Stoker (1989), for example - and non-smoothing tests. We exploit this connection and
use a similar approach to Fan (1995) in the derivation of the asymptotic properties of our test.
We extend this approach to the supersmooth case by noticing that supersmooth error can be
thought of as an ordinary smooth problem with a = oo.

It is instructive to understand why we are able to achieve parametric rates in such nonpara-
metric problems. Heuristically, nonparametric estimators achieve slower rates of convergence,
typically v/nb for univariate problems, because they effectively only use a window of nb obser-
vations at each point of the estimation. Non-smoothing tests are able to regain y/n rates by
averaging these nonparametric estimators over the full range of the data and so use all n ob-
servations in the final test statistic. The same reasoning explains why nonparametric average
derivative estimators are also able to achieve a \/n rate of convergence. However, the semi-
smoothing approach of this paper is slightly different to each of these cases since we are unable
to average over all observations as they are unobservable. Nonetheless, by integrating over the
range of all possible values the regressors may take, we implicitly draw all observations of the

mismeasured variable into the final test statistic, and so recover the y/n convergence rate. When
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viewed in this light, it is perhaps not so surprising that even in the supersmooth case we can
escape the curse of dimensionality.

This theorem also shows that the asymptotic distribution of the test does not depend on the
bandwidth. As such, providing Assumption D (vi) is satisfied, we hope the test will show little

dependence on the bandwidth in finite samples and negate the need for an ‘optimal’ choice.

3.2. Distribution Under a Sequence of Local Alternatives. To study the power properties

of the test, we assume a local, linear alternative of the form

1
Hip, cm(z) =r (zq)) + —nA(:U), for almost every = € R?

NG

where ¢, — 0 and A(-) is a bounded, non-zero function. The local power properties are given

by the following theorem.

Theorem 2.

(i): Suppose that Assumptions D and O hold true, then under Hyy,

- 2 > s ~ 2
nCM, —4 / )ZO,oo(g)‘ dp(§) ~ Z (Ao,z‘ + Ao,M) -
i=1
(ii): Suppose that Assumptions D and S hold true, then under Hyy,
- 2 > - 2
nCM, —q / ‘Zs,oo(f)‘ dp(§) ~ Z <AS,i + )\S,iyi) .

=1

Where Zo.00(€) and Zg o (€) are Gaussian processes with mean functions Ap (-) and Ag (-),
respectively, each defined in Appendix A, and covariance functions Vo : = x £ — Rt and Vg :
2 x 2 — RT, respectively, again with each defined in Appendix A. Ap; = [ Ao,(g)ﬁo,i(g)du(@

where 10 ;(-) are the eigenfunctions of the equation

/ Vo(€,€)b04(€)du(€') = o t0.4(€),
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and Asji is defined analogously. As before, the eigenvalues S\O’i and ;\571- are real valued, non-
negative and satisfy Y .2, 5\071- < oo and Y 2, 5\571- < oo respectively.

Theorem 2 shows that under both ordinary smooth and supersmooth measurement error our
test is able to detect local, linear alternatives drifting at the rate ¢, = n=1/2,

It is our belief that nonparametric measurement error techniques are underused in applied
work, in part, because of the very slow rates of convergence that are typically attained. In
particular, in perhaps the most likely setting of Gaussian measurement error, convergence is

usually at the rate In(n). We hope that the results presented here encourage the use of this test

in future applied work.

3.3. Dependent Data. To increase the applicability of the test proposed in this paper, it is
important to allow for applications involving time series data. In this section we extend our
asymptotic results to permit weakly dependent data.

To be precise, we assume that the data, in particular the correctly measured regressors and
the dependent variable, come from a strictly stationary, absolutely regular process. We borrow
the notation from Robinson (1989) to define the degree of dependence. Let M? denote the o-
algebra of events generated by V,, ..., V}, for —oo < a < b < oo, where V = (Y, X). We assume

50) = E{ up_|Pr (A]M2) - Pr<A>\} Lo
AGM;X’

as j — oo. Absolutely regular processes can be seen as lying somewhere between uniformly and
strongly mixing processes in terms of dependence.

Notice that the dependence is in the true regressor and not the measurement error and we
continue to impose the assumption of classical measurement error. It is possible to also allow for
dependence within the measurement error in a similar manner to the treatment of dependence
in the regressors, in this case we would need to assume a smoothness condition on the joint
distribution of ¢; and ¢; for 1 < 4,7 < d, however we concentrate on the i.i.d. case for ease of

derivations.
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We wish to show that our previous results continue to hold under weak dependence. To do

so, we require the following additional assumptions.

Assumption T.

(i): B(J) =O(F™) for a particular n > 0 which is discussed in Appendiz A.

.. . s 5(2496)
(ii): For some 8, ¢ >0, as n — oo it holds that n'~3b(+)"5" 5 o0,

(iii): supgez [[W()|IA° < oo for some § > 0 with 2 C R? a compact set with non-empty
intertor.

(iv): Mx;w, (z|w) = m(@) fx,w, (@lw) and Rx, jw,, (x| we) = (@) fxo,we, (@o)lwa)
have q continuous derivatives with respect to x and x(yy, respectively, and the following

Lipschitz conditions hold for some h(y)(-,-) and h(-,-)

V0ot B s W () + 0y |20) = 91, Bxy e @ lzm)] <0 hay(@ay, 2 I,

V] Mxgw (e +nlz) = Vi My, (xle)| < k(e @)l

forallp < qand1 <1 < j <n, where it is understood that the derivative is taken with

respect to the first set of arguments, and E [’h(Wi,x)|2+6] < 00.

Assumption T (i) concerns the degree of dependence between events separated in time; the
larger 7 the more quickly the dependence decays to zero. Assumptions T (ii)-(iv) require a slight
strengthening of the corresponding Assumptions D (ii), (iv) and (vi). Notice that since we retain
the assumption of classical measurement error we retain the product form of our deconvolution

kernel which acts to simplify our theoretical analysis.

Theorem 3.

(1): Suppose that Assumptions D, O and T (i)-(v) hold true, then under Hy,

nCM;, —q / | Zot,00 (&) dp(€) ~ Z Aor,ivi
i=1
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and under H,
N 2 s = 2
nCM,, _>d/‘ZOT,oo<f)‘ du(§) NZ <AOT,i+ )\OT,M) -
i1

(ii): Suppose that Assumptions D, S, T (i)-(iv) and (vi) hold true, then under Hy,

nC My, —g / Zst o2 du(€) ~ 3 Asr v,
=1

and under Hq

[e.9]

- 2 _ ~ 2
nCM, —m/’ZST,oo(ff)‘ dp(§) NZ <AST,1'+ AST,iVi) .

=1

Each object is defined analogously to Theorems 1 and 2, the only substantial differences are

the limiting covariance functions as defined in Appendix A.

3.4. Unknown f.. In this section we discuss how, by estimating feft(-), it can be possible to
drop the rather restrictive assumption of a known measurement error density. Unsurprisingly,
we need additional information. Typically this comes in the form of two repeated measurements,
say W and W7, or may alternatively come from a validation data set. We abstract from the
estimation of f(-) and simply require some consistent estimator, feft() There are two leading

cases. With repeated measurements of the form

W = X+e

Wr = X+¢

where € and €" are identically distributed with zero mean and (X, €, €") are mutually independent.

Under the assumption that the density fe(-) is symmetric around zero, Delaigle, Hall and Meister
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(2008) propose the following estimator

1/2

F ) = |13 cosu(W; ~ W)}
=1

Common examples of such data are found in medical studies where measurements and tests on
patients are repeated at different points in time, for example systolic blood pressure measure-
ments. It is also becoming increasingly popular to ask the same questions multiple times in
social and economic surveys to obtain repeated measurements. Other examples of repeated data
include different 1Q tests (or other aptitude tests) which can be used as repeated measurements
of true intelligence, as well as GDP and GDI acting as two mismeasured versions of true economic
activity (see Delaigle, Hall and Meister, 2008, for further examples).

The second estimator is due to Li and Vuong (1998) and requires weaker assumptions. Specif-
ically, the repeated measurements can take the same form but where € and €" need not be
identically distributed nor have densities that are symmetric around zero, however, they must
still have zero mean and (X €, €") must still be mutually independent. Naturally, the estimation
procedure is more complex than the case of Delaigle, Hall and Meister (2008), the interested
reader is referred to Li and Vuong (1998) for further details.

The following theorem shows the asymptotic equivalence of the test using f&(-) with the test

using feft(t) We first introduce the following additional assumptions.

Assumption U.
(i): max,<1 |f&4(0) = fE()] = 0p(1).
(ii): ¢ > 2a.

(iii): ¢ =2 (70 +7).

Assumption U (i) is satisfied by the estimators of Li and Vuong (1998) (see Lemma 4 in
Evdokimov, 2010) and Delaigle, Hall and Meister (2008). Notice, Assumption U (ii) and (iii)

require a slight strengthening of Assumption O (ii) and Assumption S (ii), respectively.
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Theorem 4.

(1): Suppose that Assumptions D, U (i) and either O and U (i1) or S and U (iii) hold true,
then Theorems 1 and 2 continue to hold if f%(-) is replaced with f%(t).
(ii): Suppose that Assumptions D, T, U (i) and either O and U (i) or S and U (iii) hold

true, then Theorem 3 continues to hold if f(-) is replaced with f(t).

3.5. Bootstrap. The asymptotic distributions derived in Theorem 1 can be used to obtain
critical values. However, as explained in Bierens and Ploberger (1997), the eigenvalues depend
on the covariance function which in turn depends on the underlying distribution of the data. As
such the asymptotic distributions are case dependent and challenging to estimate in practice.
Given this difficulty, it may be wiser to implement a bootstrap procedure.

Measurement error models provide quite a challenge for bootstrap procedures because nei-
ther the true regressor nor the measurement error is observable. Any residual based bootstrap
approach is infeasible in a measurement error context since the true regressors are needed to
construct the residuals. It would be possible to follow an approach similar to Hall and Ma
(2007): estimating the density of the true regressor using deconvolution techniques, applying a
wild bootstrap approach for the measurement error, and sampling from these respective densities.
However, the estimated density will suffer from the slow rates of convergence associated with
deconvolution estimation and the approach is very computationally expensive. In addition, the
choice of several tuning parameters are needed. Instead, we suggest a simple alternative based
on a pairs bootstrap.

Recall, we write our statistic as

~

VATu(©)| du(e).

nCM, = /

We can construct a bootstrap sample, {Y;*, W},

by resampling with replacement from
{V;,W;},. To impose the null hypothesis, construct T;(¢) = T/ (€) — Tn(€), where T/ (&)
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is defined in the same manner as Tn(ﬁ) but using {Y*,W*}* ;. Finally, the bootstrap test

7

statistic is given by
SISUNL:
VATH©)| du(©).

nCM,; = /

When working with dependent data we must adapt the above procedure. We use the stationary

bootstrap of Politis and Romano (1994) to obtain our bootstrap sample and proceed as above. We
briefly outline the stationary bootstrap procedure here for ease of reference. The data, {Zt}thl =
{Y;, W}, is strictly stationary and absolutely regular. Let Bis = {Zy, Zi41,. .., Ziys—1}

be a block of data of length s. For Zp with k > T, Zy, = Zp moaT and Zy = Zp. Let

Li,Lo,... be a sequence of i.i.d. geometric random variables independent of Z;, such that
Pr{L;=m} = (1—pr)™ Ypp for m=1,2,... , where pr € [0,1] depends on the sample size.
Finally, let I1, I5, ... be a sequence of i.i.d. random variables with a discrete uniform distribution

on {1,...,T} independent of Z; and L;. To generate the bootstrap sample, {Z;}L_, , sample
a sequence of blocks of random length, By, ., B, 1,,-... The first T" observations from this

sequence of blocks creates the bootstrap sample.

Proposition 1.

(1): Suppose that Assumptions D, and either Assumption O or S hold true, then the as-
ymptotic distribution of C M, under the the null hypothesis is the same as the asymptotic
distribution of C M conditional on {Y;, Wi} ;.

(ii): Suppose that Assumptions D, T, and either Assumption O or S hold true, then, using
the stationary bootstrap, the asymptotic distribution of C M, under the the null hypothesis

is the same as the asymptotic distribution of C M conditional on {Y;, W;}I .
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4. SIMULATION

To study the small sample properties of our test we conduct a Monte Carlo experiment. Since
this is the first nonparametric significance test designed to account for measurement error, it is
difficult to give a direct comparison to any existing tests. However, we report results for the
test of Delgado and Manteiga (2001) (DM henceforth) as well as a Wald test based on an IV
regression with functional form: By + 81 X1 + S2X? + B3X2 + B1X3. A repeated measurement,
as well as its square, are used as the instruments. We should make clear that the test of DM is
not designed for a measurement error setting whilst the I'V test, although able to accommodate
measurement error, is a parametric test.

We concentrate on a regression with two regressors. The true, unobservable regressors (X1, X»)
are each distributed independently U0, 1]. The contaminated regressors are given by Wy, = X, +
€i, for k = 1,2. We generate a second independent measurement of X, given by W/ = X + ¢,
where ¢, is distributed independently and identically to €. For the ordinary smooth case, we
take € to be drawn from the Laplace distribution with variance equal to half the variance of
X. For the supersmooth case, we use a zero mean Gaussian error with variance also equal to
half that of X. Hence, the signal to noise ratio in both cases is % Since both distributions
are symmetric around 0 we can use the repeated data to estimate fﬁf t() using the estimator of
Delaigle, Hall and Meister (2008).

We consider several data generating processes

Y=1+X1+U DGP(1)
Y =1+ X; +10sin(2rX2)% + U DGP(2)
Y =1+X;+10(X; — X)) (Xo— X2)+U  DGP(3)
Y =1+X;+10(Xy — X2) 4+ U DGP(4)

where U ~ N(0,1). Clearly, DGP(1) corresponds to the null model, whilst DGP (2)-(4) represent

a range of possible deviations from the null.
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For our weighting function we choose W(-;¢) = Z(- < £), which satisfies Assumption D (ii).

For all simulations we use the Sinc kernel

which satisfies Assumptions D (iii). We report results for a small (n = 100) and a moderate
(n = 200) sample size as well as a range of bandwidths. Specifically, for the ordinary and

1/2(d+d
supersmooth cases, we use by = (%) /2dtd)

which satisfies Assumption D (vi), but consider a
range of bandwidths around this choice, allowing us to analyse the sensitivity of our test to the
bandwidth. For the test of DM we use a similar set of bandwidths based on the rule-of-thumb
bpy = (%)1/ 32 ; this is taken from the simulations carried out in DM. The critical values
for our test are constructed using the i.i.d. bootstrap procedure outlined in Section 3.5 with
499 replications. For DM we use the bootstrap procedure denoted as C}* in their paper. The
perturbation random variable v* for their bootstrap is the Mammen two-point distribution. All
results are based on 1000 Monte Carlo replications.

Table 1 shows results for the level accuracy of the three tests. The column labeled ‘My Test’
reports results for the test proposed in this paper, the column labeled ‘DM’ refers to the test
of Delgado and Manteiga (2001), and ‘IV’ displays results for the Wald test based on the IV

quadratic regression using the repeated measurement. Tables 2 - 4 display the power results for

DGP(2) - (4), respectively.

24



Table 1: Y =14+ X4+ U

My Test DM v
Ordinary Smooth Bandwidth
n Level bo —0.25 by byg+0.25 | bpyr —0.25 bpyr bpar +0.25
100 5% 4.9 4.3 4.5 5.2 5.3 6.7 4.1
10% 9.0 9.4 9.9 10.8 11.2 15.7 8.1
200 5% 4.8 5.1 4.9 5.2 5.7 7.9 4.6
10% 10.2 11.0 11.0 10.9 10.6 15.5 8.1
Super Smooth
100 5% 5.4 5.9 6.2 4.6 4.1 5.8 4.9
10% 10.2 9.8 10.0 10.0 10.3 13.7 9.8
200 5% 4.7 4.7 4.3 5.0 4.9 7.2 3.9
10% 10.1 9.7 9.5 10.5 10.8 14.8 8.6
Table 2: Y =1+ X3 + 10sin(27X5)? + U
My Test | DM v
Ordinary Smooth Bandwidth
n Level bgp — 0.25 bo bo+0.25 | bpy —0.25 bpy bpy +0.25
100 5% 12.2 15.2 16.2 8.2 7.0 6.4 4.5
10% 20.3 24.0 25.1 14.8 13.3 12.7 10.4
200 5% 16.2 24.5 26.7 8.5 7.5 7.9 6.6
10% 27.5 33.9 36.7 18.4 16.8 15.1 13.5
Super Smooth
100 5% 12.2 14.8 16.2 7.8 6.7 6.1 5.4
10% 20.6 23.9 25.9 15.1 13.8 11.9 11.3
200 5% 18.8 28.0 31.7 6.8 6.6 6.5 9.9
10% 29.3 39.2 44.3 13.7 13.6 12.6 18.6
TableS:Y:1+X1+10(X1—X12) (XQ—X22)+U
My Test ‘ DM v
Ordinary Smooth Bandwidth
n Level bo—0.25 by by+0.25|bpy —0.25 bpy bpam +0.25
100 5% 7.2 8.0 7.7 5.7 5.3 7.5 4.4
10% 14.1 12.6 13.0 11.4 11.2 15.7 8.9
200 5% 11.0 11.9 11.6 6.2 5.9 8.1 3.8
10% 17.7 20.5 20.2 13.5 11.4 16.6 8.9
Super Smooth
100 5% 7.8 8.3 8.4 5.0 4.2 6.4 3.8
10% 16.0 15.1 15.7 11.0 10.5 13.7 8.9
200 5% 10.7 11.2 11.1 5.6 5.0 7.5 3.7
10% 18.9 20.3 20.6 11.6 10.7 15.3 8.5
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Table 4: Y =14 X, +10 (X, — X3) + U

My Test \ DM v
Ordinary Smooth Bandwidth
n Level bo—0.25 by byg+0.25|bpy —0.25 bpy bpy +0.25
100 5% 58.5 63.3 63.0 28.4 20.8 15.3 14.5
10% 71.7 76.0 75.1 48.3 38.0 32.0 23.9
200 5% 89.1 91.4 90.3 69.7 58.5 41.3 44.2
10% 96.7 99.3 95.6 86.8 78.7 67.4 58.3
Super Smooth
100 5% 56.3 63.8 65.0 19.1 15.0 10.6 20.8
10% 70.4 76.5 77.4 37.3 30.0 26.2 31.7
200 5% 85.7 92.6 92.9 53.6 38.3 26.8 66.7
10% 94.1 96.4 96.6 77.8 64.5 51.2 78.0

The results appear to reflect the theoretical findings and look encouraging. The bootstrap
procedure controls the size of the test well for both Laplacian and Gaussian measurement error
with only a slight dependence on the bandwidth. The DM test also has good size control despite
being invalid. This is likely due to the bootstrap procedure being used in that case. However,
this is some size distortion for larger bandwidths, this is also found and discussed in DM. The
t-test based on the IV seems slightly undersized, although as the sample size was increased this
approached the nominal level?.

In each of the three alternatives considered the test proposed in this paper dominates the two
alternatives. Whilst this is unsurprising for DGP(2) and DGP(3), given the alternative tests
are not designed for these situations, for DGP(4) the IV test is based on the correct parametric
specification. This should act as an upper benchmark with which to compare our nonparametric
test, however, our test clearly dominates. This reflects the arguments given in Section 2.1. As
can be seen in Table 4, as we increase the sample size the IV test does gain considerable power
but still seems to lag behind the test proposed in this paper. In general, increasing the amount
of measurement error or increasing the degree of nonlinearities in the model, increases the gap
between our test and the two alternatives. It is encouraging to see little dependence on the

bandwidth across all three alternative specifications.

4The results are available from the author upon request.
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5. APPLICATIONS

5.1. Cognitive Ability. In this section we use our test to determine whether cognitive ability
has a significant effect on a series of key socio-economic variables: income, life satisfaction, health
and risk aversion. Each of these relationships have received varying degrees of attention in the
past. However, little consideration has been given to either the effect of measurement error,
caused by using proxies for true cognitive ability, or to allowing a nonparametric relationship.
Notice that if we were instead interested in the effect of education on these variables holding
constant cognitive ability, our test would be equally applicable. It should be stated at the outset
that this section acts merely to give a flavour of the potential uses of our test and does not
attempt to give an in-depth analysis of such questions; this would require an entire paper in and
of itself.

To tackle these questions we use the novel data set known as the ‘Brabant survey’. The data
consists of information on nearly 3000 individuals from the Dutch province of North Brabant.
In 1952 a survey was taken of nearly 6000 12 year old children. Their names and addresses
were kept and 30 years later Joop Hartog tracked down and reinterviewed almost 3000 of the
original individuals. The data covers family background and 2 measures of I1Q) taken when the
participants were 12 years old as well as information on their education, income, marital status,
number of children, health, life satisfaction and a measure of their risk aversion taken in follow
up surveys in 1983 and 1993. Education is the highest level of education achieved measured on
a 4 point scale, whilst family background is based on the father’s occupation measured on a 3
point scale. The first IQ test is the Raven Progressive Matrices test designed to measure general
intelligence, the second is a verbal intelligence test. The health and life satisfaction variables are
self-reported ratings on a scale of 1-10. Finally, the measure of risk aversion is the Arrow-Pratt
absolute measure calculated from prices given for a simple lottery.

The effect of cognitive ability on income has been studied extensively in the past. In general,

results have shown that cognitive ability has a positive impact on earnings, see for example
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Hernstein and Murray (1994) and Cawley, Heckman and Vytlacil (2001). One of the few papers
to tackle the problem of measurement error in this setting is Heckman, Stixrud and Urzua (2006)
who investigate the effects of cognitive and noncognitive ability on a range of social and economic
outcomes and conclude that cognitive ability has a significant, positive effect on wages.

There is a plethora of research which looks at the relationship between education and health
but there has been far less which has considered the role of cognitive ability in determining health
outcomes. A notable exception is Conti, Heckman and Urzua (2011) who provide a thorough
investigation of this topic, including allowing for measurement error in cognitive ability, however,
their focus is on estimating the treatment effect of education. They find that cognitive ability,
developed as early as age 10, is an important determinant of health at age 30, but these effects
differ between men and women and between mental and physical health.

Research into the effect of cognitive ability on happiness, or life satisfaction, has predominantly
been confined to the field of psychology and can be broadly split into two categories. The first
investigates the effect at an individual level, the second looks at the aggregate level across
nations, see Veenhoven and Choi (2012) for an aggregation of these results. Findings have been
very mixed with both positive, negative and no effects being found.

Although there has been some work in the psychology literature, little attention has been
given to the effect of cognitive ability on risk aversion by economists, despite its importance.
Dohmen et al. (2010) is one of the few papers in the economics literature to look at this question
and highlight its important implications. They collect and analyse their own data to find that
more intelligent individuals are significantly less risk averse; this has important theoretical and
empirical implications in, for example, contract designs and screening. However, their analysis
does not account for measurement error and assumes a linear functional form for the regression.

In our study, we use the two 1Q tests as repeated noisy measurements of true cognitive ability
and use the estimator proposed by Delaigle, Hall and Meister (2008) to estimate the Fourier
transform of the measurement error. We use the i.i.d. bootstrap procedure discussed in Section

3.5, using the same parameter settings as in Section 4. We also use the same kernel as used in
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Section 4. For the other regressors we use a conventional product Gaussian kernel. For each
dependent variable, in addition to cognitive ability we control for education, marital status,
number of children, gender and, for all except the regression on income, income. All variables
are standardised to have zero mean and unit variance.

Unfortunately, there is currently no theory to guide the choice of a data driven bandwidth for
nonparametric testing with measurement error. However, Section 3 shows the asymptotic prop-
erties of our test do not depend on the choice of bandwidth, providing they satisfy Assumption

D (vi). As such, we choose b = (%)I/Q(dﬁil)

~ 0.65 which satisfies this assumption. However,
we consider a range of values around 0.65 to analyse the sensitivity of results to the bandwidth.

The p-values of our test are displayed in Table 5, along with the test of Delgado and Manteiga

(2001) and t-tests based on IV and OLS quadratic regressions using Q) and I1Q?.

Table 5: Cognitive Ability (P-Values)

My Test DM

Dependent Variable Bandwidth IV | OLS

0.45 0.65 0.85 | 0.25 0.45 0.65

Income 0.000 0.005 0.005 | 0.111 0.051 0.000 | 0.002 | 0.000

Health 0.085 0.055 0.045|0.965 0.673 0.372 | 0.270 | 0.055

Life Satisfaction 0.286 0.698 0.703 | 0.548 0.186 0.191 | 0.090 | 0.111

Risk Aversion 0.477 0.563 0.673 | 0.593 0.467 0.633 | 0.744 | 0.821

Our results agree with the previous literature in finding that cognitive ability has a significant
impact on income and health. We also find an insignificant relationship for life satisfaction which
may help to add some more convincing evidence to this side of the debate. However, our findings
on risk aversion disagree with the results of Dohmen et al (2010). Given the agreement in our
results from the test of Delgado and Manteiga (2001), the IV and the OLS regressions, it would

appear that this difference is driven by the data. Whilst in the Health and Life Satisfaction
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regressions there are some clear differences in conclusions depending on which test is used. For
example, for the effect on health, it appears that in a nonparametric regression accounting for
measurement error has a substantial effect which cannot simply be ignored. It should also be
emphasised that knowing the result from one, or a combination, of the alternative tests would
not shed any light on the likely outcome of our test.

We provide regression plots of each of these relationships in Appendix B for the interested

reader.

5.2. Inflation Expectations. What policy options does a central banker have when their hands
are tied by the zero lower bound on nominal interest rates? This is currently a very important
policy question in many developed economies. Several prominent commentators have suggested
that future inflation expectations provide an alternative route for monetary policy to stimulate
the current economy. For example, Paul Krugman has been a frequent advocate of this ‘un-
conventional monetary policy’ (see for example Krugman, 1998 and 2013), as well as Romer
(2011) and Hall (2011) among many others. It has even been proposed, by Eggertsson (2008),
that increases in inflation expectations were a key contributing factor to the end of the Great
Depression, whilst Romer and Romer (2013) suggest that deflationary expectations were part of
the cause. Correia, Farhi, Nicolini, and Teles (2013) formalise this idea and construct a frame-
work to study the theoretical underpinnings of a relationship between inflation expectations and
consumption at the zero lower bound.
The classic Euler Equation relating current and future consumption is

U'(Cy) = U (Chyr) L,
Tt4+1

where U’(+) is the partial derivative of the utility function with respect to consumption, C}
is consumption in period t, § is the discount factor, and 7; and m; are the nominal interest
rate and inflation rate, respectively, in period ¢. In theory, higher expected future inflation

should cause a tilting of consumption towards the present and away from the future through a
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relative cheapening of current consumption. However, empirical findings on this intertemporal
substitution have been conflicting.

Using repeated cross sectional data from the Michigan Survey of Consumers, Bachman, Berg
and Sims (2015) find a small negative effect of inflation expectations on readiness to spend on
durable goods; Burke and Ozdagli (2013) find similar results using the New York Fed Survey
data. There are several suggested explanations for these findings. High inflation expectations
may indicate a loss in faith of policy makers and may suggest uncertain times ahead. This is an
often quoted argument against using unconventional monetary policy to stimulate the economy
(see for example Volcker, 2011). We aim to control for this channel by including the standard
deviation of inflation forecasts as a measure of uncertainty. Inflation can also be seen as a tax
on cash or other liquid assets, as well as generally reducing real total wealth, each of which are
likely to reduce consumption in all time periods. Finally, Bachman, Berg and Sims (2015) point
to money illusion as a possible cause. It has been shown on numerous occasions that the public
struggle to understand the difference between nominal and real rates (see for example Shafir,
Diamond and Tversky, 1997).

In a much earlier work, Juster and Wachtel (1972) used aggregate time series data and found a
negative relationship between inflation expectations and current consumption of durable goods.
Finally, D’Acunto, Hoang and Weber (2016) take a different approach and exploit an unexpected
announcement of a future increase in VAT in Germany to construct a natural experiment which
suggests households do increase consumption in response to an increase in expected future infla-
tion. We hope that our analysis will add robustness to this somewhat contradictory literature.

We use aggregate quarterly time series data from the USA for the period 1981-2016. The
dependent variables are the percentage change in expenditure on consumer durables and non-
durables, respectively, taken from The Bureau of Economic Analysis. We test the significance
of expected future inflation and control for the expected change in nominal interest rates, un-
employment and GDP as well as the standard deviation of expected future inflation across all

forecasters. The expectations data is taken from the Survey of Professional Forecasters. Our
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choice to use aggregate time series data as well as the Survey of Professional Forecasters, rather
than individual level cross-sectional data, is motivated by the desire to avoid any effect that ask-
ing a survey respondent to think about future inflation may have on their consumption decisions.
We also believe that at the aggregate level, expectations by professional forecasters are likely to
be more representative of the entire population than a random subsample of that population.
The reason being that many people base their expectations of future economic conditions on the
advice of these professional forecasters.
Our baseline model is

Cy = m (Ey[miyo], Xt) + ug,

where C} is expenditure at time ¢, X; are the set of control variables and Fy[m ;2] denotes
expected inflation over the next two quarters, formed at time ¢. Given our use of survey data,

our measurement error is given by

W(st+2)|t - Et[ﬂt+2]+6ta

where ¢

(t2))t is the survey forecast at time ¢ for the annualised inflation rate in 6 months’ time -

the first subscript denoting the forecast period and the second subscript denoting the period the
survey was taken - and ¢; denotes the measurement error. We should make it clear that this error
is not the forecast error, Ey[m42] — m¢42, but simply the error made from using survey data and
the fact that we are using a subsample of experts to proxy for the population-wide expectation.

In the literature on New Keynesian Philips curve estimation, it has been suggested by Mavroei-
dis, Plagborg-Mgller and Stock (2014) that expectations formed at time ¢ are likely to cause
endogeneity issues on top of any problems of measurement error. To mitigate any possibility of

5

endogeneity, we use the predetermined variable Tlis9)|(t—1) i.e. the expected inflation rate over

the next 6 months, but formed in the previous quarter, in place of 7 . However, this adds

?t+2)|t

another layer of measurement error to the problem. Notice
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Tl —1) = Erlmere] +ve+e

where

v = By q[mgo] — Eymgal,

_ S
€t—1 — 7T(t+2)|t_1—Et—1[7Tt+2]'

v; can be thought of as a news shock, that is, how the true expectation changes as you move
forward one period. €1 is the same measurement error we had previously, but lagged by one
period. If ¢ is considered to be classical measurement error, and the news shock is assumed to
be white noise, (v; 4 €,—1) can be seen as classical measurement error also.

The Survey of Professional Forecasters allows us access to repeated measurements since it
surveys several forecasters in each period. However, if we use the estimator proposed in Delaigle,
Hall and Meister (2008), although €1 is different for each forecaster, v; is constant across all
forecasters, hence will be cancelled out in our estimate of the characteristic function of v+e¢€. We

need a different approach. Notice

Ta2)(t-1) ~ Tt = V¢t -1 =€

and, by lagging this difference by one period

Tl+D)|(t-2) ~ T()le-1) = V-1 T -2 — €
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where

vi—1 = Eio[m] — Er_1[mt],

_ S
€t—2 = 7T(t+1)|t72_Et—2[7rt+l]-

Hence

(W(St+2)\(t—1) - 7r(8t+2)\t> + (Wft+1)|(t—2) — g1 (t—l)) = U tU-1té-2—€

and we can use the following estimator for the characteristic function of v + €

1/2

£ 1 . s s s s
F o (u) = ‘n > " cos {U (ﬂ(t+2)\(t—1) = Tg2)|(t) T Tes1)|(t—2) — 7T(t+1)|(t—1)> }
t=2

Interestingly, this novel estimator requires no repeated measurements, but instead utilises the
dynamics within the model. Notice that we must assume v and € to be i.i.d., independent and
strictly stationary for the validity of this estimator, as well as the usual assumption that f(-) is
symmetric around zero. Alternatively, we could use the estimator of Li and Vuong (1998). Again,
for this estimator we do not require repeated observations from our survey data. Instead we can

S

s
use 7T(t+2

)|t and T (t+2)|t—

, as repeated measurements since the errors need not be identically
distributed for the validity of this estimator. For each of the other control variables involving
expectations, we follow the same approach.

As in Section 5.1 we choose the bandwidth b = (%)1/2(d+d1)

~ 0.85. Again, we consider a
range of bandwidths around this value to analyse the robustness of our results to the choice of
bandwidth. All other parameter settings are as in Section 5.1 and all variables are standardised
to have zero mean and unit variance.

Table 6 displays the p-values for our test, the test of Delgado and Manteiga (2001) and t-tests

from an IV and OLS quadratic regression with 7r‘(9t +2)[(t-1) and its square.
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Table 6: Inflation Expectations (P-Values)

My Test DM

Dependent Variable Bandwidth IV | OLS

0.65 085 1.05| 0.3 0.5 0.7

Durables 0.004 0.028 0.062 | 0.554 0.363 0.283 | 0.090 | 0.102

Non-Durables 0.082 0.096 0.112 | 0.737 0.446 0.243 | 0.014 | 0.422

Our results indicate that there does appear to be a significant relationship between inflation
expectations and current expenditure. The differences in p-values between our test and the
test of Delgado and Manteiga (2001) indicates that measurement error again has a considerable
impact on our conclusions.

As the theory would suggest there is a stronger relationship for durable goods, over non-
durables. This is because durable goods are more likely to be bought on credit and their purchase
can be more easily substituted from one period to the next. Appendix B provides regression plots
of the two relationships. In each case there is a similar relationship; it appears that at low levels
of expected inflation there is the predicted positive effect on current consumption. However, as
inflation forecasts become very large this relationship becomes negative, most likely a result of
public anxiety about future economic conditions. This may help to explain why, in the previous
literature, linear specifications have been unable to find a significant relationship, and why many
report a negative relationship.

As a result of these findings, it is useful to investigate whether the significance that is found
by our test is being driven by the positive relationship at lower inflation expectations or by the
negative relationship at the other end. Unfortunately, we do not have enough data for the high
inflation subset of the data, however, we can still test the hypothesis on the low inflation subset.
In particular, we use observations for which the survey forecast was less than or equal to 5%.

We find little difference in our results for this subset as compared with the results from the full
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dataset.® This is perhaps not too surprising given that more then 90% of our data falls within
this low inflation range.

These findings have important implications for policy makers; suggesting that there is scope
to utilise inflation expectations to stimulate current consumption. However, we should proceed
with caution when inflation expectations are high since the relationship may reverse in this
case. In addition, these findings again highlight the need to account for measurement error when

conducting nonparametric testing.

6. CONCLUSION

This paper develops, to the best of our knowledge, the first nonparametric significance test for
regression models with mismeasured regressors. In particular, the measurement error need not
enter the model through the regressors of interest and may only impact the controlling variables.
Our test is able to overcome the slow rates of convergence associated with kernel deconvolution
estimation and detect local alternatives at the y/n rate. The asymptotic distribution is shown to
be case dependent and difficult to estimate in practice, as such we provide bootstrap procedures
to obtain critical values. We extend our results from the i.i.d. setting to the case of weakly
dependent data and outline the properties of the test when the density of the measurement error
is unobserved. Finally we consider two empirical applications to highlight the wide applicability
of the test. The first tests the significance of cognitive ability on income, life satisfaction, health,
and risk aversion. The second shows that future inflation expectations are a viable channel for
policy makers to stimulate current consumption. In this example we also showed a novel approach
to estimating the measurement error density without the need for repeated measurements.

There are a number of natural avenues for future work stemming from this paper. We have
focussed solely on the case of classical measurement error, however in many situations this
is unlikely to hold, as such an equivalent test able to accommodate nonclassical error would

be extremely valuable. Also, there is currently no theory for the selection of a data dependent

5Detailed results can be obtained from the author upon request.
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bandwidth in testing problems when measurement error is present, furthermore bandwidth choice
when a mixture of error free and contaminated regressors are present is a very practical and
worthwhile problem to solve. Finally, it would not be difficult to extend the ideas and results in
this paper to tests of general conditional moment equalities, or to add to the growing literature

on testing conditional moment inequalities.
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APPENDIX A. MATHEMATICAL APPENDIX

A.1. Proof of Theorem 1.

A.1.1. Proof of (i). Throughout this and the proceeding proofs we will make use of the following

Lemma.

Lemma 1. Under Assumptions D and O

b%}fﬁ))k for k < a,

/azflab (xj)dxj ~

0 otherwise.

Define Z; = (Y;, W/)'. We write Tp,(€) as a second-order U-statistic

T,(6) = 1(”_1)<”>_1 S palZi 2556)

2 n 2 —
1<i<j<n

where p,(Z;, Z;;€) is a symmetric kernel defined as

W — Wirs
PnlZi.25:6) = <Y;~—Yj>//cb($ bWZ)/cb (W) W(as€)da

w057 [ (x ‘bWJ) K (x“"bW“)) Wi(a: €)d.

For the time being we shall drop the notational dependence on £ only to minimise excess notation,
however it should not be forgotten that all objects in the proceeding analysis depend on £. The

Hoeffding projection of U,, U, is given by



where
rn(Zi) = E[pn(Ziv Zj)‘Zi]
and
Qn = E[T‘n(ZZ)] = ELpn(Zia Zj)]'

First, we need to show that the difference between U, and U, is asymptotically negligible. To this
end we appeal to Lemma 3.1 in Powell, Stock and Stoker (1989) which states that U,,—U,, = 0,(1)
if Ellpn(Zi,Z;)|?] = o(n) for i # j. In our case, we must show E[|p,(Z;, Z;;€)[*] = o(n)

uniformly over £. Define ma(z) = F [Y?|X = z],

Ellpn(Zi, Z;)P]

< 4F )(Yz —-Yj) //Cb (m bm) Ky <:c(1)—bT/V(1)]> W(z; §)dx
o (5 (20 g

where we have used the C) inequality. Using Hoélder’s inequality, and since we have assumed

2

IN

8E mo (Xz)

2] , (A1)

E|Y;|* < o0, we can bound this in the following manner

2

Bln(z2)P] = o[-y [ (T30 ) s (MO wiss e

b b
N
dzx.

— o ()’

3
8\ 2
WL W
X/(E‘IC;, (x le>‘3> (E’Kb <x(1) - (UJ)

w
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Notice, for an arbitrary v

z—W;
5 ()

v

E Sfw (w)dw

= [l ()

= bd/]le(z)]v fw(z —bz)dz

— o / Gy ()| d

o)

using a change of variables, the boundedness of fy(-) and a simple extension of Lemma 1 in the

final equality. Hence

Bllpa(Zi 2] = O (57H07)

using Assumption O (ii) (nb(dﬂll)% — 00).

The next step is to apply a central limit theorem to (r,(Z;;£)—0,(€)). Since (ry(Zi; €)—6,(€))
is ii.d. and zero mean, if we can show E| [(r,(Z;;€) — Hn(f))2d,u(§)] < oo (a sufficient condition
for tightness of the process), then the central limit theorem for Hilbert space-valued random
variables can be applied. This result shows that n=1/2 3" [r,(Zi; ) — 0, (+)] converges weakly to
a zero mean Gaussian process, say Zo oo(+), on La(Z, p), with covariance function Vp : = x = —
R* defined by Vo(&,&) = limpy—oo E [(10(Zi5€) — 04(£)) (rn(Zi; &) — 60,(€7))] (see Politis and
Romano, 1994).

To show E [f(rn(Zi; €) — Hn(f))Qdu(ﬁ)} = [Var[ra(Z;€)]du(€) < oo we calculate the bound

of Var [Tn(Zi; ¢ )], uniformly in &, in the following proposition.
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Proposition 2. Under Assumptions D and O

Var (ra(Z:€) = O(1).

Hence, we conclude [ Var|[r,(Z;;€)]du(€) < oo allowing us to apply the central limit theorem
for Hilbert-space valued random variables. Combining these results we have shown that \/ﬁf’n (&)

converges weakly to a Gaussian process with mean 6,, and covariance function

VO(€7 5,) = nh—>ra(>lo E[(rn(Zi; 5) - Qn(g)) (rn(Zi; 5/) - Qn(él))] :

We must now consider the value of 6,, under the null hypothesis

0 = 22| -7 [ (S50 o (PO W s s

= 2K [(m (Xi) = (X)) /’Cb <$ _bWZ) K (x(l) _bW(l)j> W (z;€) dl}

. z—W;
2 [ i) fffif(tt(;b))dt
= WE (m (Xi)—T(X(l)j))/ _is(l)<w) K5 (s00) W (z;€) dx
- ok om0
[ . z—X,Lv -
2 / 1O g (t) dt
= e | =¥y W (2:€) da
2rb)dtds / s (P =X
( ™ ) I X fe (1>< b )Kft (5(1)) dS(l) |
. z—X;
2 Le‘lt( b )Kft(t)dt
_WE T(X(l)j)/ _i8<1>(z<1)+x<1)j) W (z;€) dz
xJe K™ (1)) dsq)
= T, - T
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s W)~ X@);
e (1)( ’ )] K (t) K™ (s)) W (2 €) dtds(yyde

N 7r§d+d/ / / [mfx]" <Z> R (S(T,l)) 1) 6720 (5 K (1) KR (s0)) W (03 dtds

where

By similar arguments

= 2 f [k ()]0 bty & ()] Copwiso

where
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So

2 1) [mix <K ()] @) [ fxa < K G)] (e)
T UK G @ [ <K )] ()

= o [ [ [ @ r @) ix @ fxp, @ K <$_“>K<x(1’b_c) dadeW (z:€) da
_ //M (¢ —ub) K du/fx(l) K (@) diW (. €) da

// y ) K d“/fX (z = ub) K (u) dud@W¥ (z;€) da
- 27r//{m(m)_T(JU(”)}"CX (@) fxp (2@) W (2;6) da + O (b7

where the final equality follows by four multivariate Taylor expansions and the properties of the

infinite order kernel, for example

/K M(x — ub)d

= M(x)+hi(z, )b+ -+ hg_1(z, u)b? " + hy(z, u)b?

where
l I
ho(@, u 'Z hotaM /ull' ug K (u)du,
lil=p
and
= 1
h(I(mau) = az V?l ldM(IL‘ )ulll uildK( )d
|l]=q
1 *
= SV (M) = M@K )
|l]=q
Zvll 1, Mz /Ulf ult K (u)d
Il\ =q
= 0O(b)
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where the final equality for hy(x,u) follows by Assumption D (v) and (vi) and the fact that
f uj ulddK (u)du = 0 under Assumption D (iii). The same reasoning implies h,(z,u) = 0.
Under the null hypothesis m(z) = r(z(;)), hence \/nf, = o(1) by Assumption D (vi), and

v/nTy,(-) converges weakly to a zero mean Gaussian process, say Zooo(-), on Lo(Z, ), with
covariance function Vp : 2 x = — RT.

Finally, we apply the continuous mapping theorem to show

ncmaxg-ﬁd/}zoaxoﬁdugy

To characterise this asymptotic distribution we appeal to Bierens and Ploberger (1997) Theorem
3. This allows us to write [ |Z0.00(€)]* du(€) ~ 322, Ao where v; are iid. N(0,1) random

variables and Ao ; are the solutions to the eigenvalue problem

/%@&%Mwmmﬂwwﬁy

The eigenvalues Ao, are real valued, non-negative and satisfy > >, A\o,; < oo. This completes

the proof of Theorem 1 (i).

A.1.2. Proof of (ii). For the supersmooth case we will make use of the following Lemma.

Lemma 2. Under Assumptions D and S

~ Clu(k_'YO)
k ) o
/acleb (xj) dx; b(—omib)E

fork=1,2,3,....

The method of proof is the same as for part (i). The first task is to show E|[|p,(Z;, Z;;€)|*] =

o(n) uniformly in . In the same way that Lemma 1 was used in Theorem 1 (i), Lemma 2 can
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be used to show

v

_ O(bd_dv),

o (57)

for an arbitrary v. Hence, in the same manner, we have

Ellpn(Z:, Z;)P"] = O (b(+ii)

To apply the central limit theorem for Hilbert-space valued random variables we must show

[ Var [rn(Zi; §)]d,u(§) < 0o. We appeal to the following proposition.

Proposition 3. Under Assumptions D and S

Var (rn(Zi;€)) = O(1).

Hence, we conclude [ Var[rn(Z;;€)]du(€) < oo and can again use the central limit theorem for
Hilbert-space valued random variables. Thus, \/ﬁTn(ﬁ ) converges weakly to a Gaussian process

with mean 6,, and covariance function
VS(& 5/) = nh—{go E [(Tn(Zi§ f) - en(f)) (Tn(Zi§ f/) - en(él))] :

As in the proof of Theorem 1 (i)

Vil = \/52/(7”(96)—T(ﬂf(l)))W(frsf)fx(w)me(x(l))dx+0(\/ﬁbq“)
= o(1)
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since m(x) = r(x(;)) under the null hypothesis and by Assumption D (vi) (nb?ath) — 0).
Again, we can apply the continuous mapping theorem and Theorem 3 in Bierens and Ploberger

(1997) to show

nC My ( —>d/|ZOoo | du(€ Z)‘SW

where v; are i.i.d. N(0,1) random variables and Ag; are the solutions to the eigenvalue problem

/ Vs (6, )sa(€)dp(€) = Asitbsa(€).

The eigenvalues Ag; are real valued, non-negative and satisfy » ;> Ag; < oo. This concludes

the proof of Theorem 1 (ii).
A.2. Proof of Theorem 2.

A.2.1. Proof of (i). The proof follows along the same lines as Theorem 1 (i). However, notice

that under the alternative hypothesis

Vnb, = ﬁ2/ (m(az) — T(az(l))) W(x; §)fX(x)fX(l)(x(1))d:c +o(1)
= V2 [ el @i &) (e e Loy o + of1)

— / A@IW(;€) £ (2) oy (2 0))d + o(1)

Ao(&) +o(D).

Combining this with the results in Theorem 1 (i), \/n1},(-) converges weakly to a Gaussian

process, say Z0 oo (+), on La(Z, i), with mean function Ag(-) and covariance function

‘70(57 §/> = nhar{olo E[(Tn(Zi; E) - 071(5)) (Tn(Zi; 5/) - Hn(gl))] .
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Finally we apply the continuous mapping theorem to show

- 2
nCM(©) [ Zowl©)] dulo)

To characterise this asymptotic distribution we again appeal to Theorem 3 of Bierens and
Ploberger (1997). This allows us to write [ |Zo,(€)[” du(€) ~ 3202, (Ao, + Xoyiyi)Q where

v; are i.i.d. N(0,1) random variables, S\OJ are the solutions to the eigenvalue problem
[ Vole.€)004(€)dn(€) = Ro.o.(e

and Ao, = [ Ao, (§)v0,(€)du(€). As before, the eigenvalues ;\Oﬂ- are real valued, non-negative

and satisfy 32°°, \p; < oo. This completes the proof of Theorem 2 (i).

A.2.2. Proof of (ii). The proof is almost identical to Theorem 2 (i).

A.3. Proof of Theorem 3.

A.3.1. Proof of (i). To show the residual from the Hoeffding projection is asymptotically negligi-
ble we follow the arguments in Robinson (1989) which extends Proposition 2 of Denker and Keller
(1983) to allow the kernel of the U-statistic to depend on the sample size. For some ¢, ¢ > 0,
assume fS(7) = O(j7) = O (j(<*2)(2+5)/5), then the residual from the Hoeffding projection is

bounded as
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where s5 = supgez max;y; [[pn(Z;, Z;)|**?]. In particular choose % < 2%_5 < % (see Robinson,

1989). Using Holder’s inequality, and since we have assumed E|Y;|* < 0o, we can write

246

Blln(2 2)P) = 0| -7 [ (257 ) ki (TSR0 ) Wi e

2446

= o (eml) "

x/(E’/Cb <x _bWi)’d> (E‘/Cb (m(l) _b (1)j> ) dx.

As in the proof of Theorem 1 (i), for an arbitrary v

ope (57)

wloo

v

= o(™™).

Hence

ss =0 (b—(d+dl)@)

and

sup (U(f) — U(g)) - 0, <n—1+§b—(d+dl)@)

= op(1)

. . 1% 5(2+6)
using Assumption T (ii) (n' 5 pld+d1) =

Next we make use of the central limit theorem for Hilbert-space valued, absolutely regular,
stationary random variables from Politis and Romano (1994) (Theorem 2.3, i). To use this

result we need to show supgcz max;.; []rn(Zi; §)|2+S] < oo for some § > 0. We appeal to the

following proposition.
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Proposition 4. Under Assumptions D, O and T

EIru(z: 0] = o).

The final step is to show 6,, = o(1).

For T}

Boi-1) [ (S50 ) e (0 ) W g as]

b
2E [(m (Xi) =7 (Xy;)) /’Cb (x _bWi> Ky (x(l) _bW(l)j> W (z;€) dm}

(=W Kft(t)
fe )f“(t/b)dt

(m (X)) —r (X(l)j))/ i &

W (x; &) dx

*) =W

I HCF) Kt (1) at
ik mxy) [ W (2:€) da

e (PO X
x [e (”( ' )K“(Su))dS(l)

z—X;

fte_it< ) et (t) dt

2
——F |r(X )/ w1y —X (115 W (x;€) dx
d+dy (1)7 is WXy
(2mb) x [e <1>( ’ )Kft (5(1)) ds1)

27rb2d+d1 /// M, (ZS(bl)> K" (1, s) e U0 8 arasyw (@) do
27r/ mfx,xg,,; * K (5)} (z,2(0)) W (2;€) dz
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where the penultimate equality follows from the product form of Kf(-) and where

. —aQa l’(l) — C
meiX(l)j * K (5> x,T1) //m ) fx, X(m a,c)K ( 2 )K (b) dadec.

By similar arguments

T, = 227r/ {T’fxixmj * K (5)} (2, 20)) W (25 €) da

where

. xr—a x(l) —C
TinX(l)j x* K (5) x, 1) // ) fx, X(m a c)K< 2 )K( 2 )dadc.

So

27 - [rfxix(l)j * K (E)} (@, 1)

_ ;T///{m (0) = 7 ()} Frixen, (@ K (x . a) K (“””b_ c> dadeW (x:€) da

— ;ﬂ_///m(a@ — ub) inX(l)j(x —ub,z(1y — ub) K (u) K () duduV (x;§) dx

/// z(1) — ab) fx, X, (@ —ub,xq) — W) K (u) K (@) dudiWV (z;§) dx

N 27T//{m(x)_r(x(l))}sz‘Xu)j(Iv"7”(1))W(»"«“;ﬁ)d:v+O(bqﬂ)

where the final equality follows by similar arguments as for the same proof in Theorem 1. Hence,
we conclude \/ﬁfn() converges weakly to a zero mean Gaussian process on Lo (=, 1) with covari-

ance function

VOT(€7§/) = nhﬁ\lgo Z E[(Tn(Zi; f) - Qn(g)) (Tn(Zi-i-j; 5/) - Gn(gl))] :

j=—00

and the rest of Theorem 1 (i) applies. The part of the theorem related to Theorem 2 (i) is proved

in an almost identical manner.

50



A.3.2. Proof of (ii). Very similar reasoning as above can be applied to the supersmooth case.

We omit the proof for brevity.

A.4. Proof of Theorem 4. The proofs of part (i), (ii) and (iii) follow in very similar ways. For
brevity we show only the proof for (i).

For some consistent estimator of f(-), denoted f(-), we define

. Kft
— —it-a
,Cb(a) = 27[.() (9-p\dim(a) / fft

and

i#]
Using the identity = é— H“_f,a , We can write
e Wi\ —ig o[ FOTW @) )
ﬁ N () o ()
T.(&) = Y Yj) /// W(x; €)dtds ydx
(2”1’)“‘1% - KM K" (s0w) W
\ FEe(t/b) f5¢(s(1y/b)
T Wiy
11 e‘it'(szw")e_is“"( e )
= Y Y;) W(z; €)dtdsyd
(27Tb)d+dli ‘ /// y K (1) Kft(s(l)) (55'75) S(nax
fft(t/b) ff':(su /b)

1 —lt i —15(1)' m(l)ib (1) ft
S [
7,

£t _fft Kt
) (fe - bf%(t/b)> e CO) g st vy
75t /b) | 4 BRI | fR (s /b)
FEG/D)
= Ty —1Ts.
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For T7, we use the same reasoning to show

x —W i
) sy ( @~ Ma )
e

= i
I = > (Yi=Y)) W(a; €)dids q da
1 (27rb)d+d1i ‘ LK) K% (s0y) ) (1)
X TE/D) 75 (s 00y /b)
]. : —15(1) (M) Kft(t) "
(27Tb)d+d1i . Y Y /// féft(t/b)K (8(1))
FE(s 1y /b) — f2(5(1)/b) 1
R W(z; €)dtdsyd
X( & (s)/0) |4 PG /t) 1 (s /0) (s €)dtdsrydu

(s /)
= Ty —Tho.

Notice that 711 = T},(€) is the original statistic when () is known.
We now show 119 is asymptotically negligible. First, notice that depending on the speed of

convergence of f1t (s(1)/b) —p [ (s(1)/b) and the order of f (s:1)/b)

1
FE(s1y/b)— 5 (5(1)/b)
fE(s(1)/b)

1+

will either be o0,(1) or Oy(1). In which case

FE (51 /b) = ££ (5(1)/0)
F5(s1y/b) = £5 (s (1) /b)
1+ FE(s(1y/b)

= op(1)

by the consistency of feft (5(1)/b). Hence

1y =Wy
=) _i%),( @] (1))
(&

1
Tio = o0,(1 Y Y/// W(x; €)dtdsydz
12 p (1) (27rb) I K% (s01)) (z;€) (1)
/) ¢ (s(1)/b)”

Notice that the multiple in 775 is the same as the U-statistic we dealt with in Theorem 1 but

divided by TG We can make use of slightly adapted versions of Lemma 1 and 2 to show

( )/b)’

that Ti2 = 0,(1)Op(n"'/2) in the ordinary smooth and supersmooth cases, respectively. For
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example, in the ordinary smooth case

~ 2
1 ita KM(1) 1 ita [N t°\ s
— Wl ————dt ~ — wa Cy |- K" (t)dt
onb | € FE(t/b)2 onb | © 2) b ®)
S e*it'“iic c. |t o K®(t)dt
2mb v=0 z2=0 T b
Il GO0
_ - vz (z+v)
b Z Z (—2nib)=+v (a)

In the same manner as Lemma 1, combining this with the properties of the infinite order kernel,

we can write

C,C, for k < 2a,
/xk 1/€—ita Kft() A~ b(27r1b k; Z or K < 2«
I\ 2mb FR(t /b) j

0 otherwise.

We can then use analogous arguments as in the proof of Theorem 1, along with the slight

strengthening of Assumption 3.1 (ii) (¢ > «) to Assumption 3.4 (ii) (¢ > 2«), to show

. z1)~W(1);
o W)e,w“y(ijﬁrLL)

1 _ -1/2
(27rb)d+d1 2 Y Y;) /// v K (s00) W(x;&)dtdsydx = Op(n™"/7).
" TE/b) (5010 /6)°

This result makes intuitive sense. The convergence rate of the U-statistic in Theorem 1 does not
depend on ff(-). We could simply refer to ff(-)? as being ordinary smooth with parameter 2a

instead of a. The same reasoning can be applied to the supersmooth case.
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We now return to Th. As for T3, we write

B o [ [

fE(8/0) — £ (t/b) 1 K (s)
: ( fE(t/0) ) (1 4 W) fft( /b ) W (z:€) dtds yydw

1 (2 s zm) Wi
- e 0 [ [ [ G ey
@ —

X(ﬁ%ﬁ@ﬁWU@)( fﬁl ) K&@m)mmmgdmamm
1+

T —W .
,15(1).( W ="(i

) kg

T (¢/b /b)) | (s /b
JeE(t/b) 120 Sl T8 (s01)/0)

(Yi—E)///e_it'(gnm)e_is(“'(w) Kt(t) K" (su)

fE (¢ /b)? Ik (5(1)/5)2

n2(2ﬂb)d+d1:;:
1#]

f(t/b) — f5(t/b) fho (s1y/b) — £ (s01)/b) |
(1+ﬁ%m(ﬂww) 7 gt T Gy | 7Y (58 didsyde

00 L O
= T21—T22.
As for T12 we have
x -Wi1yi
1 ) e ( o )
To1 = o0,(1 YY W (x; &) dtds i dx
0 = o) e e o (2:€) dids
T/ T (s0)/b)
= 0,(1)Op <n71/2)
For Thy we can write
x —W i
1 ) (2050
Ty = 1 Y Y;) &) dtdsipd
ho op() (27rb)d+d1i ‘ /// vy, Ke) W (z;§) dtds(yydx

TR/ 5 (s /b)°

= 0p(1)Op (n_1/2)

using similar arguments as for T7s.
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Hence, we have shown /nT},(€) = /0T, (€) + 0,(1). The rest of the proofs of Theorem 1, 2

and 3 can be applied to obtain the result.

A.5. Proof of Propositions.

A.5.1. Proof of Proposition 1. For the proof of part (i) it is straightforward to show that T;: )
converges weakly to a zero mean Gaussian process conditional on the data, this follows directly
from the simple pairs resampling approach and the proof of Theorem 1. Hence, C M has the
same limiting distribution as the limiting distribution of C'M,, under the null, conditional on the
data.

For part (ii), we first make use of Proposition 3.1 in Politis and Romano (1994) which shows
{Z L = {Y;, Wi}, is strictly stationary and absolutely regular. The proof then follows as in

the proof of Theorem 3.

A.5.2. Proof of Proposition 2. To study Var[r,(Z;;€)], we write r,(Z;; &) as follows

3

W(z;€)dx

Ty —Way;
o — W, Y;E [/Cb< L 3 L )’W(I)i]
rn(Zug) /’Cb( )

—B [lecb <r(l)_bW(l)j> ‘W(l)i]

7

Sy | B[ () W
+/’Cb<x(1) W(W) SN W(z; §)dx

b W,
el (=% ) o
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We deal with each term separately; consider first 71, (Z;;£). Using the fact that

b [ (25 ] - £ [y (o)

W(l)z}

Z) W(z; &)dx
1) —X
YZE |:K <a(1) + W(l)i_X(l)j > 'W l)z:|

Wiiyi—X
_E'|:Y7K< (1)+ 1)i (1)]>‘W(1)i:|

rn(Z§) = b_dl/lcb(aC

= v k()

W(Wi + ab; §)da

Then by a change of variables and multivariate Taylor expansion, we can write

Wi — X1y

= / K(z )X (Wi — s@yb)ds)
= (Zap z ), W, (x(l)aW(l)i)) (A.2)

where the first equality follows from a change of variables and the data being i.i.d., and where

we use the definition

_ b?
ap(za), Way) = — /K(ﬂf(l)“()) RS Sdld's()vll,...ldle(U(W(l)i)

lll=p
and the remainder term is given by
. I N
gz ), Way) = Z / K(@a) +50)s1' - 54, Vi .1y, P Wiip)dsiy
Iﬂ q

where W, lies between W(3); and (Wayi — 8(1yb). Since K (-) is an infinite-order kernel, we can

show

/ SK (s +2)ds = (—) = (—21)" -+ (24", (A.3)
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hence

bP
ol

ap(z ), Waayi) = (—3’71)11 o (—g, )l Vﬁ,.‘.zdl Fxa) (Waye)-

ltl=p

Combining this with (A.2), we can write

q—1
rin(Zi§) = bdZ/le () ap(z (1), Way)W(W; + ab; §)dx
p=0

+b? / Ky (x)aZ(:r(l), W(l)Z)W(‘/Vz + ab; §)dz.

rin(Zi; ) + roan(Zi€),

where
W _ ¥ b lay o p
lil=p
and
. - o . R
ll=q

><v;11’mld1 <YifX(1)(W(*1)if) - R(W(*l)iR)> ds(1)

with W(*l)iR lying between Wqy; and (W(1); — s(1)b).
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We bound the variance of 711,(Z;; €) as follows

Varlrn(Zs€)) < Elrin(Zi; €)?]

(g—1) (¢—1)

PIweoR X B [ K@)

p=0 n=0

IN

xap(x, Weryi)ay(z, W(l),-)dxdz]

(¢—1) (¢—1)

= o ST (B el i
p=0 n=0 X (Zm:nflcb(z)zll“'zdde)

Vs, (Yiqu)(W(l)i) - R(W(l)i))

XV” a, <Y;‘fX(1>(W(1)i) —R(W(1)1)>

xFE

~ 0(1)

where the final equality follows from Assumptions D (ii), (iv) and (v) and using Lemma 1 which

shows

(f ’Cb(x)xlll o -xfﬂdaz) ~ 0 (b—lﬂ d) Hence
n V2N (r11n(Zi€) = Elrin(Zi€))) = O(1).
=1

For r19,(Z;;€), we have

Varlrion(Zi;€)] < B [ran(Zi5 €)%

IN

W ()3 E

( / Ky () at (), W )i)da:> 2] .
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Notice that

where the final equality adds and subtracts the last term in that expression.

1210 (Z3; €) first

Elrio1n(Zi; €)?)

IN

la
“Sq,

Z/lcb /K

|l| =q

qu wlay (Yiqu)(W(*Uif) - R(W(*l)m)> ds(p)ydz

~ Z/’Cb /K )+8(1)

+Sl)

Sdl
T e
qu }/l {fX(l) (W(*l)zf) - fX(l) (W(l)l)} dsdx
Iy day (1)L
~{ROW i) - R(Wmi)}
l
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|l\ =q

lel, day [R(W(l ) YfX(1)( ))}

1210 (Zi5 §) + T1220(Zi5 §)

b2 "
b2dHW<';£)Hc2>OWE {;}/’Cb (fU)/K(x(l)+8(1))slf-~-8izl
2
XV, 1 " {fX<1> (Wier) = fX“)(W(l)i)} ds(1ydz
—{RWi) — RWry0) }
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(S35 o f st o)
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|l]=q =1

o(1)
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where the second inequality follows from Assumptions N (ii) and (iii), the penultimate equality

follows from (A.3), and the final equality makes use of Lemma 1 which shows

Z|f|=qf]c($)xl1 : l“d 'zide = O (b—(q—i—l)—d).

For r199,(Z;;€) we have

2q
Elran(z:7] = 0(¥) g | 3 [ R s

where the first equality follows from (A.3) and the second from Lemma 1 and Assumptions D
(iv) and (v).

Hence

n 2N (r9n(Zis€) = Blriza(Zi©))) = Op(1).
=1

For 79, (Z;; &) we follow a similar approach. Notice

E[K(erM) ‘W} _ bd/K(x+s)fX(msb)ds,

and define
— bp ld P
ap(e,Wi) = 5> ait e w Vi, (Vifx (W) = MOW),
Ill =p
and
* _ b l1 la—9q * *
ag(v, W;) = 4 K(z+s)s'---sivy (Yifx (W) = M(W;y,)) ds,

ll=q
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where W), lies between W; and (W; — sb) and W} also lies between W; and (W; — sb). Similarly

to r1n(Zi; &), we can split ro,(Z;;€) as
ron(Zis€) = ranl(Zi€) + raon(Zis ),
where
roin(Zi;€) = b8 / Ky (z(1y) ap(z, Wi)W(W; + ab; €)da
and
roin(Zi;€) = o™ /’Cb(w(l))a:;(% W)W (W, + ab; §)dx
and using arguments very similar to those used to bound Var[ri,(Z;; )], we have
Var (ra2n(Zi;€)) = O(1).
Combining these results we have
Var (r(Zi;€)) = O(1).

This concludes the proof Proposition 1.
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A.5.3. Proof of Proposition 3. To study Var[r,(Z;;£)], as in the proof of Proposition 1, we write

rn(Z;i;€) as follows

_w | YE [’Cb (x(” W“”) ’W( )i]
r(Z€) = M/K%<$ ”“) b Y W

—_E [yij <~”f(1>—bW(1>j> ‘W(l)i]

g [ ] 1
PO e

= 11n(Zis§) + 12n(Zi5 ).
Again, we can write

q—1
m%@:=WZ/Q@%@WMWWHw@W

+b? / Ky (2)a(z, Wy ) W(W; + ab; §)da

= Tlln(Zi; 5) + 7"12n(Zi; g)a

where we have

bP 1 l
ap(x, Wy) = o > af Jf%ﬂ_,,ldl <YifX(1)(W(1)z’) - R(W(l)i)) :
lll=p
and
* — b 1 lay
ag(v, Wey;) = Pl Z K () +s@)st - s,
lll=q

with W(*l)m lying between Wy); and (W(1); — s(1)b).

62



We bound the variance of 711,(Z;; €) as follows

Var[rin(Zi;§)] < E[Tlln(Zi'f)Q]

2
< WG9 Z Z 2m Ty
p=0 n=0
CE lel,...ldl (YifX(l)(W(l)i) - R(W(l)i)>
XLty (K‘fX(l)(W(l)z‘) - R(W(l)i))
= 0(1)

where the first inequality follows from Lemma 2 and the final equality follows from Assumptions

D (ii), (iv) and (v). Hence

DTV (r1an(Zi5€) — Elrin(Zi€)) = 0,(1).
=1

The remainder of the proof is almost identical to the proof of Proposition 2, hence is omitted

for brevity. This concludes the proof Proposition 3.

A.5.4. Proof of Proposition 4. The proof is very similar to that of Proposition 2, as such we only
outline the parts of the proof that differ as a result of the dependence in the data. We write

r1in(Zi; €) as follows

[ ol ]

m(zee) = v [ 250) Wiz €)da
_E|:YK<33(1) X(UJ)’W :|

e

= " dl//cb
S S 1L

W(W; + ab; §)da
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where the second equality follows from the fact that the data is i.i.d.. Then by a change of

variables and multivariate Taylor expansion, we can write

Wli_Xl j

qg—1
= b (Z ap((1y, Wiayi) + &Z($(1)7W(1)¢)) (A.4)
p=0

where the first equality follows from a change of variables and where we use the definition
- o lg
ap(x(1), W) = Z / K (1) + s(1))s1 54, ds@) V5, 1, Fx; o (Wil W)
|l| =p
and the remainder term is given by
~ % la *
ag(z(y, Wayi) = Z / )+ 5@)ST 80 Ve P Wy (Wins Wy ds
|l\ =q

where W( if lies between W(y); and (W(l)z — 8(1)6) As in the proof of Proposition 2, we can

write
rn(Zi§) = bd //Cb z) ap(z 1y, W) W(W; + ab; §)dx
+bd/ICb W(l)z)W(m + ab; §)dx
= r1n(Zi;€) + r2n(Zis§),
where
!
ap(T(1y, Way) = o Z Ty "'xddllvfl,,,,ldl <Y%fx(1)j|w<1)i(W(1)i’W(1)i) - RX(l)j\W(m(W(l)i}w(l)i)>7

lll=p
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and

. b? !
aP(x(l)a W(l)i) = a Z /K(%’(l) + 8(1))3111 T dell
=g

ngl,...ldl (Yiqu)j\W(l)i(W(*l)if|W(1)i) o RX(l)j‘W(l)i(W(*l)iR‘W(l)i)) ds(l)

with W(*l)m lying between Wy); and (W(1); — s(1)b).

We bound FE [|’r11n(ZZ-; §)|2+5} as follows

2+6
(¢=1)
- ~ ~ ~ bP 1
E[lrun(Zs O] < WU w200 372 ey (@) 3 ol g de
p=0 | |ll=p

2+4
xE ‘Vﬁ,-..ldl (Yifx(l)j\w(l)i(W(1)¢|W(1)z) - RX(l)j|W(1)i(W(l)i’W(l)i)> ‘

= 0(1)

where the final equality follows from Assumptions T (iii) and (iv) and using Lemma 1 which
shows (f Ky (:U):Blf '--:L‘l;ldzn) ~ O <b—|7|—d>.

We omit the rest of the proof for brevity since it is straightforward to extend the remainder of
Proposition 2 to the dependent case in the same manner as we have just shown. This concludes

the proof Proposition 4.
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A.6. Proof of Lemmas.

A.6.1. Proof of Lemma 1. We can write the deconvolution kernel as follows

~ 1
le(a) ~ 277[-1) —1tazc‘ Kft d

1 —1a
= 53/ tZC )dt

1 a C X s
- = v 1aK(v)ft

2mb (1; (2mib) /Ooe (t’)dt>
LS G [T e
- 2mb (1;) (—2mib) /Ooe K )t

I~ C, -
- = v W)
b & (—2mib)" (a),

V=

where we have used the fact K/!(t) = K''(—t) in the first equality, in the second we use the
result that the Fourier transform of the p** derivative, fP(t), is equal to (27it)? f®(t) and in
the third we have used the result that for a symmetric kernel its derivative is anti-symmetric.

Given this, and the fact that for an infinite-order kernel we have

. (—=1)FE! for k = p,
/x?K(p) (x)dx; =

0 otherwise,
we can write
Cr (k")
g b(2mib)k for k < a,
ijCb ({L']) dl’j ~
0 otherwise.
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A.6.2. Proof of Lemma 2. We can write the deconvolution kernel as follows

Y0 A
e MBI KTt () dt

S| o+

- c * —it-a
Kp(a) ~ 5(277)/—006

¢ Sita |7 ]
b(2m) /_oo ‘ ¢« (It])dt

C et tNT 1 g
= e —u |- — K (|t])dt
b(2n) /Ooe b ;( M‘b‘) o f e

¢ S (_#)’YU /OO —it-a £(
_ R o A it-a g~ Yo+7v)ft Nt
b(2m) <UZ:0 (2mib) 0T 41 S ‘ ()

o C - (_'u>’y’v > —it-a g (yo+yv)ft
~b(27) (; (—%ib)”@””)v! /_ooe "k (e)d

K00t70) ()

b Z 27r1b (70+W) v!

where we have used the fact K™(t) = K% (—¢t) in the first equality, in the second we use a Taylor
expansion around [¢| = 0 to show e*" = "7 k:' , in the third we use the result that the Fourier
transform of the p* derivative, f®f(¢), is equal to (2it)? f%(¢) and the penultimate equality
follows from the fact that the derivative of a symmetric function is anti-symmetric. Notice that
we require vy + v to be an integer for the derivatives of the kernel function to exist. This is
satisfied by the majority of common distribution functions. Given this, and the fact that for an
infinite-order kernel we have

. (—=1)FE! for k = p,
/x?K(p) (xj)dx; =

0 otherwise,

we can write

~ Clul(kf'}’())
k . G
/x]le (xj) dx; Do)
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APPENDIX B. EMPIRICAL APPLICATION APPENDIX
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FiGURrE B.1. Nonparametric plots of the relationship between Cognitive Ability
and Income, Health, Life Satisfaction and Risk Aversion. All control variables are
set at their respective means and b = 0.65.
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FIGURE B.2. Nonparametric plot of the relationship between Inflation Expec-
tations and Change in Expenditure on Durables and Non-Durables. All control
variables are set at their respective means and b = 0.85.
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