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1. Introduction

One of the main shortcomings which is mentioned almost in all publications
on voting power indices is the fact that known indices do not take into account the
preferences of agents [4-6]. Indeed, in construction of those indices, e.g., Shapley-
Shubik or Banzhaf power indices [2, 7], all agents are assumed to be able to coalesce.
Moreover, none of those indices evaluates to which extent the agents are free in their
wishes to create coalition, how intensive are the connections inside one or another
coalition.

Consider an example. Let three parties A4, B and C with 50, 49 and 1 sets,
respectively, are presented in a parliament, and the voting rule is 51 votes for.

Then winning coalitions are 4+B, A4+C, A+B+C and A is pivotal in all
coalitions, B is pivotal in the first coalition and C is pivotal in the second one.

Banzhaf power index /3 for these parties is equal to'

' Banzhaf power index is evaluated as
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B(A)=3/5 B(B)=p(C)=1/5.

Assume now that parties 4 and B never coalesce in pairwise coalition, i.e.,
coalition 4+B is impossible. Let us, however, assume that the coalition 4+B+C can
be implemented, i.e. in the presence of ‘'moderator' C parties 4 and B can coalesce.
Then A the winning coalitions are 4+B and A+B+C, and A is pivotal in both

coalitions while C is one; B is pivotal in none of the winning coalitions. In this case

B(a)=2/3, B(B)=0 and B(C)=1/3, i.c., although B has half of the seats in the

parliament, its power is equal to 0.

Such situations are met in real political systems. For instance, Russian
Communist Party in the second parliament (1997-2000) had had almost 35% of seats,
however, its power during that period was always almost equal to 0 [1].

We introduce here two new types of indices based on the idea similar to
Banzhaf power index however taking into account agents' preferences to coalesce.

First type of these indices consists of four indices. They use the information
about agents' preferences about other agents. These preferences are assumed to be
linear orders. Since these preferences may not be symmetric, the desire of agent 1 to
coalesce with agent 2 can be different than the desire of agent 2 to coalesce with
agentl. These indices take into account in a different way such asymmetry of
preferences.

In all these four indices the information about preferences is ordinal, i.e. the

intensity of preferences is not evaluated.

bi is the number of winning coalitions in which agent i is pivotal, i.e., if agent i expels from the

coalition it becomes a loosing one.



In the second type of power index the information about the intensity of
preferences is taken into account, i.e., we extend the former type of power index to
cardinal information about agents' preferences.

The structure of the paper is as follows. Section 2 gives main notions. In
Section 3 we define and discuss ordinal power indices. In Section 4 cardinal indices
are introduced. In Section 5 we evaluate power distribution of groups and factions in
the Russian Parlament in 2000-2003 using some of new indices. Section 6 provides

some axioms for the indices introduced.

2. Main notions

The set of agents is denoted as N, N ={l,...,n}, n>1. A coalition ® is the
subsetof N, ® < N .
Each agent has a predefined number of votes, v, >0, i =1,...,n. It is assumed

that a quota ¢ is predetermined and as a decision making rule the voting with quota is

used, i.e., the decision is made if the number of votes for it is not less than g, i.e.,
Zvi 2q.

The model describes a voting by simple and qualified majority, voting with
veto (as in the Security Council of UNO), etc.

A coalition ® is called winning if the sum of votes in the coalition is not less
than ¢ . An agent i is called pivotal in the coalition ® if the coalition w \ {i} is a
loosing one.

To solve the problem stated above, two types of indices, ordinal and cardinal,

are introduced. Both types are constructed on the following basis: the intensity of



connection f(i,® ) of the agent with other members of ® is defined. Then for such

agent i the value 7 ; is evaluated as

Xi= Zf(i’@)’

i.e. the sum of intensities of connections of i over those coalition ® in which i is
pivotal. Naturally, other functions instead of summation can be considered.

Then the power indices are constructed as

o (i ) = Kk
2%
J
The very idea of Ot(i ) is the same as for Banzhaf index, with the difference
that in Banzhaf index we evaluate the number of coalitions in which i is pivotal.
The main question now is how to construct the intensity functions f(7,® ).
Below we give two ways how to construct those functions.
Each agent 7 is assumed to have a linear order’ P revealing her preferences
over other agents in the sense that i prefers to coalesce with agent j than with agent £

if P contains the pair (j, k). Obviously, P, is defined on the cartesian product

(NA{i} )< (N\{i}).

Since P, is a linear order, the rank D of the agent jin P, can be defined.

-1 for the most preferable agentjin F,.

We assume that p;; = ‘N
For instance, if N={4,B,C,D} and P,:B > C > D, then P, =3, Py =2

and PAD :1

% i.e. irreflexive, transitive and connected binary relation. We often denote itas > .



Now one can define an average intensity of connection of i with other

members of coalition ®» as

2.P;
fliw)=""

ol

A second way of construction of f'(7,0) is based in the idea that the values

D of connection of i with j are predetermined somehow. In general it is not
assumed that p;; = p ;. Then the intensity function can be constructed as above.

Below we give 4 different ways how to construct f'(Z,0) in ordinal case and
16 ways of construction of cardinal function f'(,®).
3. Ordinal indices

For each coalition @ and each agent i construct now an intensity  f(7,® )

of connections in this coalition. In other words, f'is a function which maps A4 x €2,

Q =2M\(@}, into R, ie., f:AxQ > R'. This very value f(i,®) is
evaluated using the ranks of members of coalition. We suggest several different ways
to evaluate f'using different information about agents’ preferences:

a) Intensity of i’s preferences. In this form only preferences of i’s agent over

other agents are evaluated, i.e.,

, |
f+(l,(D) — _ép,
o’

b) Intensity of preferences for i. In this case consider the sum of ranks of i

given by other members of coalition ®
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¢) Average intensity with respect to i’s agent

frEe)+ ()
2

fl,0)=

d) Total average intensity. Consider any coalition @ of size k <n. Without

loss of generality we can put o ={l,...,k}. Then consider for each i

ffliw)= Zpij

JE®
Then

PWAED
flo)="o
(Q)

b

We call a voting situation a triple {N,v,P}, where N is a set of agents,

\N\ =n,n>1,v=(v,...,v,) is a set of votes which agents possess, P is a preference

profile, where each agent i € N has a preference (linear order) P over N \{i}.

In fact, in the definition of voting situation one should include a quota and a
decision making rule. However, since a simple majority rule will be considered, it will
not lead to some ambiguity.

Consider now two voting situations.

Example 1. Let n=3, N={4, B, C}, v(A4)=33, v(B)=v(C)=33, ¢=50.
Consider two preference profiles given in Tables 1 and 2.

Table 1

Py Py Fe




C C A

B A B
Table 2

PA PB PC

B A A

C C B

For both voting situations there are three winning coalitions in which agents
are pivotal. These coalitions are A+B, A+C and B+C.

Let us calculate the functions f as above for each agent in each winning

coalition.

The preferences from Tables 1 and 2 can be re-written in the matrix form as

AB C
A0 1 2
py|=B|1 0 2
cl2 10
AB C
A0 21
Py =Bl2 01
cl2 10

Now, calculate the values " (i,), / (i,o), f(i,®) obtained by each agent i

in each winning coalition ® . These values are given in Tables 3-5. Since the role of



each agent in each coalition is the same, we will not divide the corresponding values

to the coalition size

A
AB| 1
AC| 2

BC| -

Table 3. The values for /" (i,®)

A
AB| 1
AC| 2

BC| -

Table 4. The values for ' (i,®)

A B[ C
AB| 2 | 2 | -
AC| 4 | — | 4
BC| - | 3 | 3

Table 5. The values for f(i,®)

In Table 6 the values for f(®) are given for all winning coalitions .

AB

AC BC

1

2 372




Table 6. The values f(®)
Using these intensity functions one can define now the corresponding power
indices (i ). Let i be a pivotal agent in a winning coalition ® . Denote as ¥, the

number equal to the value of the intensity function for a given coalition ® and agent

i. Then the power index is defined as follows

z Xi
a(i) = ii i votiatw

I IS

jeN o,
ji i votatw

As it can be readily seen this index is similar to the Banzhaf index the
difference is that y; in the Banzhaf index is equal to 1, in the case under study v,
represents some intensity value.

It is worth mentioning that the value of the intensity function f(®w) does not

depend on any agent, it evaluates only the average intensity of ‘connections’ inside a

given coalition.

We denote the indices a(i) as o,(i),...,a,(i) or as afi|f (i,0)),
o] f (i,m)) and a(i| f(i,®)), a(i| f(w) ), respectively.

Now we will consider several examples. Let us evaluate now the values
a,(-)—a,(-) for all agents. Consider first the profile from Table 1.

The agent 4 (as well as agents B and C) is pivotal in two coalitions; the sum of

the values /" (i,w) for each i is equal to 3. Then

=o,(B)=a,(C).

3 ]
o (d)=— > ="
1(4) 34343 3

In fact, it can be seen the o;(-)=P(:), i.e. o does not depend on

preferences of agents.



10

The value a,(:) is evaluated differently. The sum of values f (i,0) from

Table 4 for all i and © is equal to 9. However, for 4 » f(4,w)=3,
()

Zf(B,oa)=2 and Zf(C,oo)=4. Then aZ(A):SZ;,; 0L2(B)=§ and
4
G’Z(C):§
. 6 1
For the values of o,(-)from Table 5 one can obtain oc3(A):§:3,
5 7
B)=—, C)=—.
o (B) T o5 (C) T

To evaluate o, (-) let us construct Table 7 using Table 5.

A B C
AB | 1 1 —
AC | 2 - 2
BC | — |3/12]3/12

2.2/ ()
Table 7. The values -2
®

1, (14(B)=15 and (14(C)=l

3
Now the values o, (+) are equal o.,(4) = — = .
40 q 4(A4) 93 2 8

Let us evaluate now the indices o, (-) —a,(-) for the preference profile from Table 2.

The corresponding values f/*(--), f (-,) and f(-) are given in Tables 8-11.

AB | 2 2 —

AC | 1 - 2
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BC | - 1 1

Table 8. The values for f ™ (i,»)

A B C
AB | 2 2 —
AC | 2 — 1
BC | - 1 1

Table 9. The values for f~(i,®)

A B C
AB | 4 4 —
AC| 3 - 3
BC | - 2 2

Table 10. The values for f(i,®)

A B C
AB | 2 2 —
AC | 372 - 3/2
BC | - 1 1

Table 11. The values for ZZ Py

The values of the indices are given in Table 12 as well as the values of

Banzhaf index [

a, | 13 ] 13 ] 173

a, | 49| 13|23




a, |7/18] 173 [5/18
a, |718] 13 [5/18
B 13|13 |13

Table 12. Power indices for the preferences given in Table 2.

12

Example 2. Let N={4, B, C, D, E}, each agent has one vote, g=3 and the

preferences of agents are given in Table 13.

P, P, P. P, Py rank
B A D A B 4
C C A B A 3
D D B C D 2
E E E E C 1

Table 13. Preferences of agents for N={4, B, C, D, E}.

The values for indices o, () and o 4() are given in Table 14.

A B C D E
o, () 0.28 0.26 0.18 0.2 0.08
a,() | 0218 0.230 0.190 0.200 0.140

Table 14.Values of o, and for o, Example 2.

4. Cardinal indices

Assume now that the desire of party i to coalesce with party j is given as real

number p,, 0< p, <1, 7,j=1,...,n. In general, it is not assumed that p, = p ;.

We can call the value p; as an intensity of connection of 7 with j.

We define
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a) average intensity of i is connection with other members of coalition ®

S
Sy ="
o

b) average intensity of connection of other members of coalition ® with i

zpy‘
flw)="";
o]

c) average intensity for i
FG.0) = (f (0)+ 1 G0));

d) average intensity in ®

@)=
o|

In contrast to ordinal case now we can introduce several new intensity

functions:

e) minimal intensity of i's connections

foin () = min p

f) maximal intensity of i's connections

+ . _ .
fmax (Z’O‘)) - mjaxpij b
g) maximal fluctuation of i's connections

1, .
S (@) = E(rnjln Pyt mjaXp,,)

h) minimal intensity of connections of other agents in «® with i

f;;in (l,(})) = 1’1’1/11'1 pji )



1) maximal intensity of connections of other agents in ® with i

fn:ax ()= mjax Pji

j) s-mean intensity of i's connections with other agents in ®

2P
J

k) s-mean intensity of connections of other agents in ® with i

s ij‘i;
o

1
@

Jon(:0) =

Jon(00) =

1
@

1) max min intensity

Sonamin (@) = max rnjln Py
m) min max intensity

J minmax (@) = m[in max p;

n) maximal fluctuation

For @)= o @) Fgs ©)

14

Note that the intensity functions in the cases d), 1), m) and n) do not depend on

agent herself but only on coalition ® .

Now the corresponding power indices can be define as above, i.e.

o card ( l) — s pivetaline ’
> Y % (o)

JeN ©,
Jjis pivotal ino

where (; is one of the above intensity functions.
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Example 3. Let N={4,B,C,D}, each voter has only one vote, q=3, and the

matrix ‘ Djj is given in Table 15. In table 16 the power indices are given for the cases
a), b), e), h).
A B C D
A — 0.8 0.2 0.1
B 0.4 — 0.7 0.2
C 0.1 0.9 — 0.5
D 0.7 0.2 0.1 —
Table 15. Matrix ‘ pjj| for Example 3.
A B C D
Ly 0.23 0.26 0.30 0.20
L) 0.25 0.39 0.20 0.16
(' 0.17 0.35 0.30 0.17
0Ly 0.23 0.46 0.15 0.15

Table 16. Some Cardinal indices for Example 3.

5. Evaluation for Russian Parliament
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We have studied a distribution of power among factions in Russian Parliament

(1999-2003) using these new indices.

is constructed using the consistency index; the latter (the

The matrix H Dij

index of consistency of positions (of two groups) is constructed as

‘% _%‘ .
maX(Ql 91 41,9, :1 - QZ)

c(%a%):l_

where ¢, and g, be the share of “ay” votes in two groups in MPs [1].

We consider the value of consistency index as the value of intensity of
connections between agents i and j. Then we are in cardinal framework, and we can

use one of the indices considered in the previous section.

On Fig. 1. the values of o a) index are given for the Russian Parliament from

2000 to 2003 on the monthly basis.

It can be readily seen that index o gives lower values for Communist Party
(sometimes up to 3%) and higher values for Edinstvo (up to 1%). It is interesting to
note that Liberal-Democrats (Jirinovski’s Party) has almost equal values by both
indices, which corresponds to the well-known flexibility of that party position.

Let us note that different ways to use the index o are possible. For instance,

following the approach from [1], we may assume that if the consistency value for two

factions is less some threshold value O , then parties do not coalesce, i.¢. pij = 0.

5. Axioms for power indices
We introduce several axioms which any rensonable power index should satisfy

to.
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Axiom 1. Under a given quota rule for any agent i e N there exists an
intensity profile P such that o.(i) > 0.

Axiom 2. Consider two voting situations {N,v,P} and {N,v',P} such that
dAe N st.v(4A)=2v(A),and VBe N, B# A, Vv'(B)=v(B). Then a'(4) >a(A).

Axiom 3. (Symmetry) Let 1 be a one-to-one correspondence of N to N. Then

N0, ) = (0 y5- 50 )

Axiom 4. Let i € N be pivotal in no winning coalition ® . Then a.(i)=0.

Axiom 5. Let P' be such that Vi#i, P =P and for i, Pl.(;A c P, A. Then
a'(4)za(4).

Axiom 6. Let P' be an intensity matrix such that py =kp,; for every
iLhj=1...,n

Then o'(i) =a (i), where o' is the power vector obtained from P'.
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