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ABSTRACT

Forecast evaluation based on single predictions, each determined from an imperfectly ob-
served initial state, is incomplete; observational uncertainty implies that an ensemble of
initial states of the system is consistent ith a given observation In a nonlinear sys-
tem, this initial distribution ill develop a non- aussian structure, even if the forecast
model is perfect A perfect prediction that is, forecasting future state of the sys-
tem from an uncertain initial observation, is not possible even ith a perfect model

et this irreducible uncertainty is accountable, in that it is distinct from model error
Ensemble prediction of nonlinear systems reveals shortcomings in the traditional evalu-
ation of forecast-veri cation pairs ith least-s uared error cost functions; an alternative
evaluation of imperfect models through their ability to shado uncertain observations is
discussed i culties surrounding the construction of an ensemble of initial conditions
are considered, the implications of imperfect ensembles are noted, and the use of breeding
vectors and singular vectors is contrasted in lo -dimensional systems

1 I TRO UCTIO

hile predictions founded upon less than perfect observations ill al ays be in error, e can strive
to account for the origin of forecast errors In particular, e can attempt to determine the extent to

hich shortcomings are due 1 to misinterpreting the accuracy of the observations, to model error,
or to the limited computational resources available To be self-consistent, nonlinear prediction
schemes must account for observational uncertainty both hen tuning the forecast model and hen
interpreting each observation from hich a forecast is initiated This may be done, for example, by
considering an ensemble of initial conditions, each of hich is consistent ith a given observation
see, for example, , 1, N 1 A
1 1 1 and references thereof Item in this list
di ers from the others in that it is primarily a technical or at least, a technological constraint To
the extent that the shortcoming of a forecasting system is due to , e shall say it is accountable;
the fre uency of occurrence of unanticipated events can be estimated, and reduced through the
commitment of additional resources To the extent that this is not the case, the forecast is in error,
and improvement of the model and or the interpretation of the observations is needed erfect
models, given perfect ensembles de ned belo , are al ays accountable, although in regions of great
sensitivity to initial condition, their forecasts may be of limited utility

The importance of the role played by uncertainty in the initial condition has been recognised in
numerical eather forecasting for some time 1 Belo , e ill restrict attention
to lo -order systems here the application of nonlinear dynamical systems theory can be put to the
test using ensembles hich are orders of magnitude larger than those practical in numerical eather
forecasting models enerally, e ill plot a single observable, , and consider an ensemble of
initial conditions, each consistent ith the uncertainty of an observation in state-space  ote that
as long as digital computers are involved, the e ects of observational uncertainty are unavoidable
even in principle; at the very least, there ill be truncation errors due to an analog-to-digital A

conversion As the initial uncertainty in the true value of evolves ith time, e can treat the
evolution of the ensemble as a forecast by interpreting the distribution of the ensemble points as
the probability density function F of after time , hich e denote as The evolution
of ith time for several chaotic systems is sho n in the rst three gures hen both the
model dynamics and the ensemble are perfect, e have an optimal forecast for a given deterministic



system; the statistical aspect is unavoidable Ourincomplete no ledge of the initial conditions forces
the probabilistic interpretation even hen e no the exact deterministic dynamics For chaotic

systems, may, or may not, uic ly spread over the full range of ; given a perfect model, it ill
eventually evolve to ard an invariant F, In the absence of any no ledge of the current
state of the system, our best prediction is summari ed by the climatological distribution

or e uivalently, the pro ection of the invariant measure the attractor onto the variable e are
observing

Initially, one may observe an exponential gro th of uncertainty; hile this must stop hen the
uncertainty is comparable ith the diameter of the attractor, saturation may occur at nite
length scale in particular, at arbitrarily small length scales and persist for arbitrarily long times
The average exponential gro th of chaotic systems is a globally averaged rate based on in nitesimal
uncertainties; it places no limits hatsoever upon operational predictability, or upon the local
gro thrates hich can, and often do, correspond to decreasing uncertainty for nite times in chaotic
systems

O TIMA FORECAST SCE ARIO

To isolate the various limitations on predictability, rst consider the optimal forecast scenario a
perfect model of the dynamics, an exact understanding of the origin of observational uncertainty,
and a perfect ensemble of initial conditions The perfect model scenario is a common one e ill
use, for example, the oren e uations 1 to predict data generated from the oren
e uations For simplicity, e ta e the observational uncertainty to be due only to nite accuracy
- that is, e observe the true value of each variable, but only to a xed number of digits The
uncertainty is then due to truncation error This e ectively divides the state-space of the system
into a mesh of hyper-cubes; our observation tells us hich cube the system is in, but says nothing
as to here ithin the cube it is As e shall see, for systems evolving on attractors this is a serious
limitation e lift this constraint by considering a perfect ensemble; that is, an ensemble of initial
conditions hich are not only ithin the correct hyper-cube, but also on the attractor To construct
such an ensemble for a speci ¢ initial condition, e follo the advice given in 1 e
simply integrate the system of interest and collect exact analogs, exact that is, to ithin our
measurement accuracy points ithin the same hyper-cube, on the attractor

Armed ith this ensemble of analogs and observations of their future tra ectories , e can ma e
an optimal forecast for this initial observation An example for the oren 1 system is given in
Figure 1 Time increases from bottom to top, in the lo er left e see the distribution of values of
at the initial time All of the initial conditions hich are consistent ith the current observation
lie ithin the same cube of state-space, hence the initial distribution in  is very sharp Initially
the distribution spreads out as might be expected from linear prediction theory The
forecast ensemble then re-sharpens sho ing true return of s ill  until ; the distribution
then oscillates until 1 , hen it bifurcates and a substantial fraction of the initial conditions
explore each lobe of the attractor The symmetry of the system results in a false return of s ill
at and so on as noted by 1 a vely, it might appear surprising that
any structure should remain in the distribution at 1 , given that the leading yapunov exponent
1 bits per unit time, and the initial conditions ere no n to only bits

In order to avoid the complications arising from the symmetry and near- atness the almost -
dimensional structure of the oren attractor, e shall also consider another three dimensional
system of ordinary di erential e uations , 1 The e uations, given in the




appendix, describe the motion of a parcel of ioni ed gas in the atmosphere of a star; for the parameters
chosen, the system is chaotic ith bits per unit time Figures and sho the evolution
of several perfect ensembles under a perfect model In Figure , each initial F is follo ed for one
unit of time, after hich the true state of the system is observed and the F collapses onto the ne
observation A ne perfect ensemble is then formed for the 1 observation, and the process is
repeated Figure is similar, ho ever the F is evolved for units of time bet een observations
For clarity, the time of each ne observation is mar ed by a vertical gap

These gures sho that there are extreme variations in predictability even in these simple lo -
dimensional models In Figure , the ensembles starting at and are broadly dispersed
ithin 1, those at 1 and remain fairly tight The ensemble initiated at uic ly
bifurcates into t o pac ets hich remain distinct and fairly ell-de ned The initial ensemble at
11 in Figure reveals intermittent return of s ill, hile the one initiated at 1 develops
macroscopic structure 1 1 hile remaining fairly coherent until 1

On the additional assumption that the initial conditions are chosen uniformly from those in the cube

hich are on the attractor, the forecasts discussed above are optimal perfect in the sense that the
future ensemble distribution approximates the true probability distribution function F  of the
system, given this initial observation Unexpected events deviations from the forecast F , are
accountable in that their fre uency shall decrease in the expected manner as the perfect ensemble
si e increases Of course, if e ne the exact initial condition, then the F ould remain a -
function for all time; but as the initial corresponds to an in nite number of potential initial
conditions, e must ma e probabilistic predictions for this deterministic system The probabilistic
aspect comes only from the uncertainty in observation there is no inexact computation ith analog
forecasts

Optimal forecast scenarios are restricted either to systems hich e construct, or to those for hich
observations over many oincare return times are available For most physical systems this is not
possible, and it is interesting to see ho a less-than-perfect model fails The thermally driven, rotating
uid annulus of 1 provides an example of particular interest and relevance A truly
in nite dimensional system, it is believed to exhibit lo dimensional, chaotic dynamics; time series
of temperature measurements from a co-rotating probe are often analysed see also 1
and 1 Figures of ensemble forecasts for a radial basis function model of the thermally
driven rotating-annulus are given in 1 These forecasts are not accountable, indicating
variations in model error ith initial condition in addition to variations in system sensitivity In
addition to ensemble forecasts hich spread out uic ly reminiscent of the forecast from to
1 at the bottom left panel of Figure , there are a number of forecasts for hich the
F remains coherent as in the forecast from to at the bottom right panel of Figure
, but  hich give ero probability to the next observed temperature of the annulus unli e those
of Figure The ey ord here is, of course, signi cant  hich implies large given the number of
elements in the ensemble For the annulus model, the ensemble is not perfect the initial conditions
do not lie on the attractor , and thus it is not clear ho to ma e this relation exact Indeed, as
illustrated in 1 , there exist initial conditions consistent ith the observations hich lie in
a di erent basin of attraction

Using the annulus as a test case has signi cant advantages over both numerical models and meteoro-
logical observations; as a physical system, the same ualitative di culties arise as in meteorological
observations and cannot be circumvented as they often are in numerical studies, either on purpose or
by accident; it is an in nite dimensional uid system, imperfectly observed et the physical time
scales over hich accurate observations can be made is much greater than the e uivalent time scale
for the atmosphere Extensive ensemble forecasting experiments for this system are no under ay
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and shall be reported else here In the next section, e consider attempts to uantify predictability
through the gro th rates of in nitesimals, before returning to consider practical methods of forming
ensembles in Section

IMITATIO S OF 1 FI ITESIMA S

It is commonly assumed that chaotic systems are practically unpredictable except in the very near
future; in fact, they may be very predictable, except in the exceedingly remote future The mis-
perception usually arises from a misinterpretation of the constraints implied by a positive yapunov
exponent  yapunov exponents can be understood in terms of the tangent propagator discussed in

Section  The largest yapunov exponent, , uanti es the gro th rate of almost any in nitesimal
uncertainty averaged over the attractor; hile it is commonly said that an uncertainty ill gro
as exp , this need be true as both and In very simple systems e

may nd uniform exponential gro th, but in general, non-uniformity is the rule on strange attractors,
as noted by 1

The yapunov exponents of a system describe the e ective gro th rate of an in nitesimal pertur-
bation, their application to de ning a limit of predictability is hampered by t o facts rst, no
matter ho large an in nitesimal gets, as long as it remains in nitesimal it places no limits on pre-
dictability, and as soon as it becomes nite, the yapunov exponents cease to describe its evolution
Second, yapunov exponents, hether global or nite-time , are , and estimating an
average time by the inverse of an average rate is some hat ha ardous  no ing the average velocity
of a ourney from Oxford to central ondon via Reading may tell us little about the time re uired
to reach Reading

1 L

In practice, it is easy to demonstrate that yapunov exponents do not restrict predictability; the
Ba ers Apprentice Maps presented in 1 a, all have 1 bit per unit time, hile the
ma ority of initial conditions may be predicted ith much greater accuracy than the standard Ba er s
Map for hich 1 It is the inhomogeneity of the Apprentice Maps hich gives rise to the en-
hanced predictability Similarly, the intuition that an attractor ith no positive yapunov exponents
implies predictability is unfounded; attractors for hich in nitesimal uncertainties shrin , may have
complicated macroscopic structure ithin hich almost all nite uncertainties gro , sometimes ex-
ponentially, for the ma ority of initial conditions in state-space As a global averaged rate, need
say nothing about the evolution of any nite uncertainty or any xed time

U D T

An alternative approach to uantifying predictability is to estimate uncertainty doubling times, ,
or more generally , here is the time re uired for an in nitesimal uncertainty to increase by
a factor of e shall assume that the initial orientation of each in nitesimal uncertainty has been
determined by the o , that is, it is directed in the local orientation of the rst global yapunov
vector, de ned in Section 1belo  The distribution of for the oren attractorissho nin

1 a and 1 , revealing a banded structure reminiscent of the distribution of the
Ba er s Apprentice Maps
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