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Abstract
The expansion of the share of economic activity taking place in sectors with low or no
impact on ecological resources is a crucial component of the transition to a low-carbon
society. This “green” structural change is analyzed here by means of a growth model with
a ”progressive” manufacturing sector and a ”stagnant” service sector. The latter - which
I here name “green services” - represents an increasingly demanded class of activities
characterized by high intensity of labour, reduced use of energy and low polluting emissions. Because of the non-substitutability of human participation these activities exhibit
no labour productivity growth, while productivity in the manufacturing grows as a result
of the presence of a stock of public capital (infrastructure) in its production function. The
two sectors are also different in their impact on an open-access asset representing environmental quality, which enters the households welfare function. Along the Balanced Growth
Path (BGP) a substitution process between consumption of the “dirty” manufactured good
and the open-access asset takes place, leading to a stagnation in welfare despite the positive growth rate. Structural change occurs along the transition to the BGP. The share of
employment in the service sector expands any time the initial value of the public-to-private
capital ratio is above its BGP level. Finally, the role of infrastructure policies in shaping
economy-environment interactions is discussed through a numerical example.
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1. Introduction
A transition to a low-carbon economic system is now widely considered essential and
urgent (UNEP, 2011; OECD, 2011; World Bank, 2012a). A variety of human-induced
ecological issues (Rockström et al., 2009), of which climate change is the most uncertain
and potentially dangerous (Stern, 2006; IPCC, 2007), makes it necessary to shift to an
economy characterized by low emissions of greenhouse gases and reduced material use.
Two main strategies can be adopted to achieve this. The first consists in accelerating
the progress in clean technologies that can help decarbonise the economy, and especially
the sectors responsible for the majority of emissions (manufacturing, transportation and
production of energy). The second strategy is to expand the proportion of economic activity taking place in sectors having very low or no impact on environmental goods. This
category includes not only the sectors actively involved in improving environmental resilience (production of energy from renewable sources, energy efficiency, water and waste
management) but also those that, despite not directly contributing to the decarbonisation
of the economy, tend to put a low pressure on material resources (for instance: education,
arts, culture, sports).
This “green” structural change, which represents a crucial component of the transition
to a sustainable economy, must be analysed taking into consideration the wider process of
deindustrialisation interesting modern societies. The structural change towards the service
sector, which now accounts for the wide majority of value added and employment in all
high-income countries, is generally believed to have adverse consequences on growth rates
because of the lower growth in labour productivity that service sectors typically exhibit
(Baumol, 1967; Echevarria, 1997; Van Ark and Woltjer, 2008).
Structural change to a service-based economy is also usually indicated as one of the
arguments at the basis of the Environmental Kuznets Curve (EKC) hypothesis, which pos-
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tulates the existence of an inverted-U relationship between environmental degradation and
economic development (Kaika and Zervas, 2013). Given that services tend to be less
material-based than manufacturing, expanding the proportion of economic activity in these
sectors would help to dematerialise the economic system as a whole. This is confirmed by
recent decomposition analysis (Voigt et al., 2014; Mulder and de Groot, 2012) although
evidences are mixed and differ across countries and time periods.
This paper offers an original analytical framework capable of providing some insights
on the features of the structural change to low-carbon services. The model presented is
characterized by the presence of a “progressive” manufacturing sector and a “stagnant”
service sector having: a) a different ability to increase labour productivity; b) a different impact on an open-access asset that enters the households welfare function. This can
be interpreted alternatively as an index of environmental quality or as a measure for social capital and relational networks, both of which are likely to suffer from some kind of
negative externality originated by market economic activity (Bartolini and Bonatti, 2002,
2008).
The service sector depicted here thus represents an increasingly demanded class of
economic activities characterised by high intensity of labour, reduced consumption of energy, low polluting emissions and a strong attachment to the local economy. As a result
of non-substitutability of human participation in the production process, these activities which I here name “green services” - tend to exhibit particularly low (or negative) growth
rates in labour productivity. This is captured in the analytical framework by modelling the
production function of the service sector as a function of sole labour.
The presence of the public actor in the transition to a low-carbon economy is crucial,
in many respects. The most relevant for this paper is its role in the provision of public
capital. As will be discussed in Section 2.3, the policy choices regarding infrastructure are
likely to affect both the growth path of the economy and its environmental repercussions.
3

In the model this is considered by introducing a stock of public capital into the production
function of the progressive sector, which raises the marginal productivity of private capital.
The different effect that public capital has on the sectors is what creates the productivity
growth differential between them and ultimately drives structural change.
The analytical framework presented here is thus capable of analysing the effects of
infrastructure policies on both growth and its interaction with ecological resources. This
is particularly useful when a potential conflict exists between the long-run growth rate of
the economy - accelerated by the presence of public infrastructure - and the the long-run
level of welfare. The latter, while being improved by growth and higher consumption, is
negatively affected by both environmental degradation and the amount of time dedicated
to work.

The remainder of the paper is organised as follows.
Section 2 offers support to the assumptions made in the analytical framework. By
providing empirical evidences the aim of the section is to argue that: a) service sectors,
and those characterized by a higher intensity of labour in particular, exhibit lower labour
productivity and lower labour productivity growth rates than manufacturing; b) the service
sectors with high labour intensity tend to have a low impact on ecological resources; c) the
choices taken by the public actor on infrastructure are likely to have strong effects on the
economy growth rate and its environmental impact.
Section 3 presents the structure of the model. The economy is composed of two sectors, producing manufactured goods and green services. While manufactured goods are
produced employing labour, private capital and public infrastructure, green services are
produced by means of sole labour. Public capital enters the production function of manufactured goods raising the marginal productivity of private capital and creating a differential in productivity growth across the two sectors. The consumption of both manufactured
4

goods and green services enter the welfare function of the representative agent, in combination with a stock variable representing environmental quality. The dynamics of this
asset follows a logistic function and is negatively affected by the production of the manufacturing sector. Time off work (leisure) also is an argument of the utility function.
Section 4 derives the balanced growth path (BGP) of the economy and shows, for
reasonable parameter values, its existence and saddle-path stability. Along the BGP private
capital, public capital, the output of the manufacturing sector and the consumption of its
goods all exhibit the same constant rate of growth. The output of the ”stagnant” sector,
on the other hand, doesn’t grow at all. As a result, the share of physical output of the
service sector gradually converges to zero, overshadowed by the ever increasing output
of the manufacturing sector. However, since the relative price of services increases at the
rate of physical capital, the nominal value of services also increases at the same rate and
its share of aggregate GDP remains constant in the long-run. Employment levels in the
two sectors remain stable. It can also be shown that whenever physical capital grows at a
positive long-run growth rate the common resource asymptotically converges to zero. The
depletion of the common resource is balanced by the increase in the consumption of the
manufactured good. The substitution process that takes place generates a constant value
of long-run utility.
Since along the BGP employment shares are constant, section 5 studies the transition
of the system to the BGP - where employment shares are allowed to change - to discuss the
features of the structural change to green services. I show that a shift of labour in direction
of the stagnant clean sector takes place any time the initial value of the public-to-private
capital ratio is above its BGP value.
Section 6 investigates the effects of a change in some relevant parameters to discuss the
possibility of a conflict between the achievement of higher growth rates and the expansion
of the level of welfare. In our numerical example both an increase in the tax rate and
5

Figure 1: Share of services on total employment 1970-20083

an increase in the parameter representing preferences for manufactured goods leads to a
higher rate of growth along the BGP, while simultaneously reducing long-run welfare.
Finally, section 7 concludes.
2. Motivation and literature
2.1. Structural change and productivity
The gradual shift of production and employment towards services, which has been taking place in all high-income countries during the last decades, is a well-known fact. Figure
1 shows, for a selection of countries, how the share of services on total employment has
been steadily expanding since 19702 .
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The process appears even clearer when looking at longer time-series (OECD, 1994).
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Unlike the structural change from agriculture to manufacturing industries, indicated
as one of the main drivers of economic growth (Lewis, 1954), the subsequent shrink of
manufacturing in favour of services seems to be at the heart of the recent decrease in
high-income economies’ growth rates. This is usually ascribed to the slower productivity
growth experienced by service sectors (Baumol, 1967; Echevarria, 1997; Ngai and Pissarides, 2007).
Figure 2 reports data from the EU KLEMS Database on sectoral labour productivity
growth in the EU-15 (Van Ark and Woltjer, 2008). In both time periods considered (19801995 and 1995-2005) the growth rate of labour productivity in the market service sector
has been lower than the average growth rate in the aggregate market economy. Within
services, the personal and social service sectors4 , characterized by a pronounced content
of labour, have exhibited a negative average growth rate of labour productivity during both
periods. It is also interesting to notice how, in the same periods, the number of total hours
worked in the personal and social service sectors has increased more than the average of
all services, which in turn has shown a higher growth rate of hours worked than the overall
market economy.
A similar pattern is exhibited by the United Kingdom (Acheson, 2011) and the United
States (Van Ark et al., 2008). In both of them the service sector has experienced a lower
productivity growth than the rest of the economy and the services characterized by a high
labour content have performed particularly poorly. Additionally, the annual growth rate
of total hours worked in both the personal and social service sector and the non-market
service sector is higher than the one in the overall economy, denoting an expansion of the
3

Source: STAN Database. Series EMPN (Number of people engaged). West Germany data is used for
Germany before 1990.
4
In EU KLEMS this includes: Hotel and restaurants; Other community, social and personal services;
Private Households with employed persons.
5
Source: EU KLEMS Database (Van Ark and Woltjer, 2008).
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Figure 2: Growth in labour productivity and total hours worked (EU-15)5

share of labour employed in those sectors.
Finally, McMillan and Rodrik (2011) point out how the sector of community, social,
personal and government services is the one with the lowest level of labour productivity in
five out of the nine high-income countries they analyse6 . Also, the sector scores the lowest
average labour productivity in the whole set of 38 developed and developing countries they
take into account, with the exception of agriculture.
2.2. The structural change to “green” services
The previous section has argued that services sectors tend to be on average less productive and less incline to labour productivity growth than manufacturing, and that, within
6

More precisely, the community, social, personal and government service sector is the one with the lowest
labour productivity in France, Netherlands, Italy, Sweden and Denmark, while construction is the sector with
lowest productivity in the US and in Spain, agriculture in Japan and whole and retail trade in the UK.
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services, the sectors characterized by high intensity of labour exhibit particularly low often negative - rates of productivity growth.
A similar variability exists with regards to the environmental impact of the service sector. Some services, most notably transportation and energy utilities, are major contributors
to energy consumption and emission of greenhouse gases. This can be seen in Tables A.1
and A.2 (in Appendix A), which report the contribution of a selection of sectors to the
total amount of UK emissions of greenhouse gases and its use of energy. What can also be
appreciated inspecting the tables is how some other services - education, health and social
work, arts, and other sectors with high labour intensity - have instead a very low impact
on energy and climate.
This paper thus argues that a class of service-based economic activities - which I here
call “green services” - can be identified, characterized by two main features: a) low material and energy intensity; b) high human intensity, and limited possibilities of labour productivity growth. Jackson and Victor (2011) include among the examples of green services
“community energy projects, local farmers markets, slow food cooperatives, sports clubs,
libraries, community health and fitness centres, gardening, local repair, maintenance and
refurbishment services, craft workshops, writing centres, community music and drama,
local training and skills, hairdressing, gardening, and conservation”7 .
The classification of green services in terms of the International Standard Industrial
Classification (ISIC, Revision 4) is not straightforward. A non-exhaustive list could include: Water supply; sewerage, waste management and remediation activities (Section E);
Education (Section P) and in particular Sports and recreation education (Class 8541) and
Cultural education (Class 8542); Human health and social work activities (Section Q),
7

This vision is well embodied in civil society by the rapidly expanding “Transition Towns” movement,
whose objective is the creation of resilient communities capable of proposing local responses to the interconnected challenges of climate change and the increasing scarcity of resources (Hopkins, 2011).
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and in particular Residential care activities (Class 87) and Social work activities without
accommodation (Class 88); Arts, entertainment and recreation (Section R), and in particular Creative, arts and entertainment activities (Class 90), Libraries, archives, museums
and other cultural activities (Class 91) and Sports activities and amusement and recreation
activities (Class 93); Other service activities (Section S), and in particular Activities of
membership organizations (Class 94), Repair of computers and personal and household
goods (Class 95) and Other personal service activities (Class 96); Activities of households
as employers; undifferentiated goods- and services-producing activities of households for
own use (Section T).
It is evident how the labour input in the production of such services can only be reduced to a very limited extent, as it constitutes the inner value that qualifies the activity.
Consequently, the potential improvement of productivity levels is very low. These services
can be interpreted as an environmental-friendly equivalent of Baumol’s “stagnant” sectors,
in which, contrary to manufacturing, labour is not only an instrument of production but
represents “an end in itself” and the quality of the service “is judged directly in terms of
amount of labour” (Baumol, 1967).
Despite their low productivity, the share of employment in these sectors is expanding.
Figure 3 shows the 5-year growth rate in both total employment and employment in green
sectors - as defined above - for a variety of countries in the 2000-2005 and 2005-2010
periods. Its easy to see how, in all countries and for both periods, employment in green
services has been increasing faster than the aggregate average (with the only exception of
France in 2000-05), indicating a generalized expansion of these sectors in the last decade.

8
Source: STAN Database. Green sectors here include: Water supply; sewerage, waste management and
remediation activities (D36T39); Education (D85); Residential care and social work activities (D87T88);
Arts, entertainment and recreation (D90T93); Other service activities (D94T96); Activities of households as
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Figure 3: Expansion of employment in“green” sectors8

2.3. The effect of infrastructure on growth and sustainability
Both the labour productivity growth rate and the environmental resilience of an economic system are likely to be strongly affected by the behaviour of the public actor. In
particular, and more importantly for this paper, the choices regarding the provision of infrastructure can have critical long-run consequences on how the economy is organised.
Public infrastructure has traditionally been considered as one of the fundamental drivers
of growth and development (World Bank, 1994, 2012b). A transportation system facilitating access to the market and allowing movements of people and goods at moderate cost; an
advanced information and communication technology (ICT) capable of connecting firms
and accelerating transactions; a reliable energy production and distribution system; all
these forms of public capital appear to be crucial preconditions for the improvement of
private sector efficiency and the expansion of economic activity, both in high-income and
employers, undifferentiated goods- and services-producing activities of households for own use (D97T98).
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developing countries. In addition, the presence of infrastructure is generally considered
beneficial for territorial equity and the economic integration of peripheral regions.
This view has led the development of infrastructure to be one of the main objectives of
governments’ action. For instance, the founding Treaty of the European Community - the
1957 Treaty of Rome - stated that the Community “shall contribute to the establishment
and development of trans-European networks in the areas of transport, telecommunications
and energy infrastructures.”9 . This intent was put into practice through the formulation
and implementation of the Trans-European Networks (TENs), interconnected structures
unifying European mobility (TEN-T), energy (TEN-E) and telecommunication (eTEN)
systems. These networks are regarded as a necessary condition to achieve smart, sustainable and inclusive growth, main objective of the “Europe 2020” strategy (EC, 2010).
Similar considerations are often made for developing regions as well, where the volume
and quality of infrastructure are believed to play an important role in fostering growth and
facilitating the end of poverty (Calderon, 2009; Calderon and Serven, 2010).
Decisions concerning public investments in infrastructure are also likely to have consequences on the interaction between the economic system and ecological resources, especially because of the strong path-dependence features of public capital and the danger of
technological lock-ins. Choices regarding the type of infrastructure to build must be thus
analysed considering the possible trade-offs arising between long-run growth - accelerated
by the presence of public capital - and welfare, which can be damaged by the negative
externalities produced. Bonatti and Campiglio (2013), for instance, show how a shift
of public resources from collective to private mobility infrastructure can induce higher
growth by influencing individuals’ consumption habits and work attitudes, while concurrently creating the conditions - environmental degradation and longer working hours - to
9

Article 154. The full text of the Treaty can be found at http://eur-lex.europa.eu.
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reduce long-run welfare.
The role of the government is introduced in the model through the presence a stock of
public capital into the production function of the progressive manufacturing sector, so that
an increase in infrastructure raises the sectoral technological index, similarly to Turnovsky
(1997), Chatterjee et al. (2003), Agenor (2010) and Felice (2011). In particular, the model
is similar to Felice (2011) in assuming that public capital is affecting different sectors
unevenly. Since infrastructure tends to improve the tradability of goods and services, and
being green services strongly rooted in the local economy and thus typically non-tradable,
the stock of public capital plays no role in their production.
3. The model
I consider an economy in discrete time with an infinite time horizon. The economy
is populated by three types of agents: households, firms and the government. Agents
expectations are rational. I assume the existence of a “progressive” sector where total
factor productivity is affected by the stock of public capital, and of a “stagnant” sector
where labour is the only input and there is no productivity growth. The good produced
in the progressive sector is used as the numeraire of the system. All markets are assumed
to be perfectly competitive. In particular, it is assumed that labor is homogenous and can
freely move across the two sectors.
3.1. Households
For simplicity and without loss of generality, I assume a constant and large number
(normalised to one) of identical households who take into account the welfare and resources of their actual and prospective descendants. Following Barro and Sala-i-Martin
(1994), I thus assume that the current generation maximises utility over an infinite time
horizon. That is, although individuals have finite lives, the model considers the existence
13

of immortal “dynasties”. The period utility Ut of the representative household is the following:
Ut = β ln(Xt ) + (1 − β) ln(lt ),

0<β<1

(1)

where Xt represents a flow of services generated by some household activity, and lt is the
time that households devote to leisure. Xt is produced by the representative household
according to the following consumer technology:
Xt = (RtCt )µCS1−µ
,t ,

0<µ<1

(2)

where Rt is an open-access resource that cannot be produced, Ct is the consumption of the
good produced in the progressive sector and CS ,t is the consumption of the good produced
in the stagnant sector.
Equation (2) can be interpreted in the following way. The representative household
draws utility from the consumption of both manufactured goods (Ct ) and green services
(CS ,t ). However, in order to be enjoyed, consumption needs to be combined with a common
resource (environment, air, relational networks, social values, etc.) of which everyone can
freely make use. The household can obtain utility if and only if Rt , Ct and CS ,t are all
strictly positive. The presence of R is particularly important for the consumption of the
“dirty” manufactured good, since it is assumed that the consumption of green services CS ,t
already embodies some of the features that characterise Rt (being low-carbon and rich of
relational networks).
 ∞ 
∞ 
In each period t the representative household chooses Ct 0 , CS ,t 0 , Lt

∞
0


and Kt+1

∞
0

in order to maximise:
∞
X

θt U t ,

0<θ<1

(3)

t=0
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subject to a budget and a time constraint:
wt Lt + rt Kt + πC,t + πS ,t + (1 − δ)Kt ≥ Ct + PtCS ,t + Kt+1 + T t ,
lt + Lt ≤ 1

0<δ<1

(4)
(5)

where Lt is labour supply, Kt are the productive assets (capital) held by the representative
household in t, θ is a time-preference parameter, wt is the wage rate, rt is the rental rate
on capital, πC,t and πS ,t are, respectively, the profits that the representative household gets
from the firms operating in the progressive sector and from those operating in the stagnant
sector (the households are assumed to be the owners of the firms), δ is the rate at which
capital depreciates, Pt is the relative price of the green good, and T t are the taxes paid to
the government. Finally, notice that the households total time endowment is normalised to
1.
3.2. Production
Two goods are produced in the economy in each period t: a good YC,t produced in the
progressive sector and a good YS ,t produced in the stagnant sector. While YS ,t is entirely
consumed, YC,t can be consumed, reinvested in production or transferred to the government. In both sectors I assume the existence of a fixed and large number (normalised to
one) of identical and perfectly competitive firms. Good YC,t is produced according to the
following technology:
!α
KG,t
α
YC,t =
Kt LC,t
,
Kt

0<α<1

(6)

where Kt is the amount of capital rent by the representative firm operating in the progressive sector, LC,t is the amount of labour used in the production of YC,t and KG,t represents
the public capital stock. The functional form of the production function used here is similar to Turnovsky (1997), Chatterjee et al. (2003), Agenor (2010) and Felice (2011). An
15

increase in the stock of public capital shifts the production function upwards, thus raising
the productivity of private capital, though at a diminishing rate. Transport infrastructure
is a typical example: a well developed network of highways and railways facilitates the
movement of both final and intermediate goods and services thus lowering production
costs. Similar considerations can be applied to ICT networks and energy infrastructure.
Alternatively, public capital can be considered as a third factor of production10 .
In each period, the representative firm operating in the progressive sector employs
labour and rents capital in order to maximise its profits πC,t , where:
πC,t = YC,t − wt LC,t − rt Kt

(7)

Good YS ,t is produced according to the following technology:
YS ,t = LS ,t

(8)

where LS ,t is the amount of labour employed in the stagnant sector.
As discussed in section 2.2, YS ,t can be interpreted as those services for which human
labour constitutes the crucial input that creates utility. These are typically services produced, exchanged and consumed at a community level, thus involving a relatively small
deployment of both private and public physical capital. Improvements of transport and
energy infrastructure thus have a negligible impact on the productivity of the sector producing these services, which can legitimately treated as stagnant. These services also
usually require a very low use of material and energetic resources when compared to the
manufacturing sector, thus allowing me to classify them as “green”.
The profits πS ,t of the representative firm in the green service sector are:
πS ,t = Pt YS ,t − wt LS ,t

(9)

10

As argued by Romp and de Haan (2007) the two interpretations are equivalent when a Cobb-Douglas
technology is used.

16

3.3. The government
The government invests a fixed fraction τ of the value added generated by the progressive sector in the creation of public capital. This investment is entirely financed by the tax
revenues. Thus, the stock of public infrastructure evolves according to:
KG,t+1 = τYC,t + (1 − δ)KG,t

(10)

τYC,t = T t

(11)

where

Notice that for simplicity and without loss of generality the rate of depreciation of KG,t
is assumed to be identical to the depreciation rate of private capital.
3.4. The common resource
The representative household derives utility from the existence of an environmental
asset Rt , whose stock is negatively affected by the production of the progressive good YC,t .
In particular we specify the following functional form for the dynamics of Rt :
!
Rt YC,t
Rt+1 − Rt = χRt 1 −
, χ > 0, E0 > 0, R0 given.
E0

(12)

where χ represents the intrinsic growth rate of the resources and E0 is the carrying capacity
of the environment. Equation (12) is a modified version of the logistic growth function, a
widely used functional form to describe the dynamics of renewable resources. It is here
adjusted through the introduction of the output of the manufacturing sector in a way that a
higher production of YC,t negatively affects the evolution of R.
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3.5. Market-clearing conditions
Equilibrium in the product markets requires, respectively:
(1 − τ)YC,t = Ct + Kt+1 − (1 − δ)Kt ,

(13)

YS ,t = CS ,t .

(14)

and

Equilibrium in the labour market requires:
Lt = LC,t + LS ,t

(15)

Equilibrium in the capital market requires:
Kts = Ktd

(16)

where Kts is the capital supplied by the households in period t and Ktd is the capital demanded by the firms operating in the progressive sector.
4. The balanced growth path
In a perfectly competitive equilibrium, the rental rate on capital rt to capital is equal to
its marginal productivity:
!α
KG,t
α
LC,t
rt = (1 − α)
Kt

(17)

In equilibrium, the following condition regarding the wage rate wt must hold:
!α
α−1 KG,t
wt = αLC,t
Kt = Pt
Kt

(18)

Given the linear production function of YS ,t , the relative price of green services Pt in a
competitive equilibrium is equal to the wage rate wt .
18

By solving the households’ optimisation
problem it is possible to find a system of three
!
KG,t
difference equations in Qt ≡
, Zt ≡ Rt Kt and Lt , that governs the equilibrium path of
Kt
the economy (see Appendix B):
Φ(Qt+1 , Qt , Lt ) = Qt+1 [1 + ωK (Qt , Lt )] − t[Qt f (Lt )]α − (1 − δ)Qt = 0
!
Zt+1
Zt [Qt f (Lt )]α
Λ(Zt+1 , Qt , Lt , Zt ) =
− Zt − χZt 1 −
=0
1 + ωK (Qt , Lt )
E0
Ψ(Qt+1 , Lt+1 , Qt , Lt ) =

Qαt (1 − Lt ) 
θ 1 − δ + (1 − α)Qαt [ f (Lt )]α −
[ f (Lt )]1−α
Qα (1 − Lt+1 )
− t+1
[1 + ωK (Qt , Lt )] = 0
[ f (Lt+1 )]1−α

(19)
(20)

(21)

where
f (Lt ) = LC,t = Lt −

β(1 − µ)
(1 − Lt )
1−β

(22)

and
ωK (Qt , Lt ) =

αβµQαt (1 − Lt )
Kt+1 − Kt
= (1 − τ)Qαt [ f (Lt )]α −
−δ
Kt
(1 − β)[ f (Lt )]1−α

(23)

An equilibrium path of the economy must also satisfy the transversality condition:
lim θt

t→∞

(1 − β)[ f (Lt )]1−α
=0
αQαt (1 − Lt )

(24)

Along the balanced growth path (BGP) one must have Lt+1 = Lt = L∗ , Qt+1 = Qt = Q∗
and Zt+1 = Zt = Z ∗ in the system (19)-(21), where:

(1 − δ)(1 − θ)(1 − β)[ f (L∗ )]1−α
Q = q(L ) =
(1 − β) f (L∗ )[(1 − α)θ − 1 + τ] + αβµ(1 − L∗ )
"
#
χ + (1 + χ)ωK [q(L∗ ), L∗ ]
E0
∗
∗
Z = z(L ) =
1 + ωK [q(L∗ ), L∗ ]
χq(L∗ )L∗
"

∗

∗
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#1/α
(25)

(26)

and L∗ is implicitly defined by:
q(L∗ )[1 + ωK [q(L∗ ), L∗ ]] = τ[q(L∗ ) f (L∗ )]α + (1 − δ)q(L∗ )

(27)

One can show that, for reasonable parameter values, a BGP characterised by Q∗ > 0,
Z ∗ > 0, L∗ > 0 exists. Consider for instance the following numerical example11 , where
α = 0.7, β = 0.6, µ = 0.5, τ = 0.1, θ = 0.95, χ = 0.2, E0 = 0.7 and δ = 0.0320096. In
this case Q∗ = 0.724359, Z ∗ = 2.2664242, L∗ = 0.59 and the growth rate of private (and
public) stock of capital is ωK (Q∗ , L∗ ) = 0.0134606. By linearizing the system (19)-(21)
around this BGP, one can also show that for the numerical example above (Q∗ > 0, Z ∗ > 0,
L∗ > 0) is saddle-path stable (see Appendix C).
It is possible to demonstrate that, in order to have a well-defined BGP, L∗ should be
such that:
L̄ < L∗ < L̃

(28)

where
L̄ =

β(1 − µ)
1 − β + β(1 − µ)

(29)

The values chosen for some parameters - for instance α, θ, δ and χ - are standard in the economic
and environmental economic literature. The value for β has been chosen to have a slight preference for
consumption over leisure, as supported by the average use of time in modern economies (see for instance
the American Time Use Survey, available at http://www.bls.gov/tus/). The value for µ has been chosen so to
give equal importance to the bundle Rt Ct and the consumption of green services CS . If the two sectors were
to represent the whole manufacturing and service sectors it would be more correct to give µ a lower value,
to reflect the current expenditure shares across sectors. However, YS represents only a part of the wider
service sectors. This, together with the complications caused by the presence of the open-access resource
in the welfare function, leads to prefer the more “neutral” approach of attributing the same weight to the
two factors. The value chosen for τ appears to be reasonable and leads to a long-run public expenditure on
infrastructure equal to around 5% of GDP, which is slightly higher but still in line with the values reported
by Perée and Välilä (2007) and Felice (2011). Finally, it’s worth noticing how the values for the long-run
labour supply (59% of available time) and growth rate (1.3%) is very much in line with empirical evidence
in high-income countries. See for instance Pissarides (2007).
11
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and
L̃ =

β(1 − µ)[(1 − α)θ − 1 + τ] − αβµ
[1 − β + β(1 − µ)][(1 − α)θ − 1 + τ] − αβµ

(30)

For values of L∗ lower than L̄ one has that labour supply in the ”progressive” sector
f (L∗ ) assumes a negative value, which clearly has no economic meaning. For values of L∗
higher than L̃ one has that both Q∗ and ω∗K become complex. Consequently, for the BGP
to be well-defined L∗ must be between L̄ and L̃ (see Appendix D).
One can also show that along the BGP the rate of growth of physical capital ω∗K is
positive whenever:
L∗ > L◦

(31)

where
L◦ =

αβµ[δ + ζ] + β(1 − µ){ζ(1 − τ) − δ[(1 − α)θ − 1 + τ]}
αβµ[δ + ζ] + [1 − β + β(1 − µ)]{ζ(1 − τ) − δ[(1 − α)θ − 1 + τ]}

(32)

and
ζ = (1 − δ)(1 − θ)

(33)

(see Appendix D for proof). For the numerical example described above, L̄ = 0.4285714,
L̃ = 0.6159251 and L◦ = 0.5863453.
Along the BGP both types of capital stocks, K ∗ and KG∗ , exhibit the same rate of growth,
equal to ω∗K . As a result, the ratio between public and private capital Q∗ remains constant.
The employment levels in the two sectors, LC∗ and LS∗ , also remain stable. The output
of the ”progressive” sector YC∗ grows at the same rate of physical capital. The output of
the service sector YS∗ , on the other hand, exhibits total stagnancy, meaning that the share
of physical output of the service sector gradually converges to zero, overshadowed by
the ever increasing output of the manufacturing sector. However, it should also be noted
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that along the BGP the relative price of the output of the service sector, P∗ , increases at
the same rate of physical capital. Consequently, the nominal value of the output of the
service sector also increases at the same rate and its share of aggregate GDP, defined as
GDP = YC + PYS , remains constant in the long-run. Similarly, the shares on total GDP
of progressive sector output YC , consumption of the progressive good C, investment I and
public expenditure in infrastructure G; are all constant along the BGP. This can be seen by
looking at the equations defining them, which are a function of the sole labour supply L:
 Y ∗
f (L∗ )
C
=
GDP
αL∗ + (1 − α) f (L∗ )

(34)

 C ∗
αβµ(1 − L∗ )
=
GDP
(1 − β)[αL∗ + (1 − α) f (L∗ )]

(35)

 I ∗ (1 − τ)(1 − β) f (L∗ ) − αβµ(1 − L∗ )
=
GDP
(1 − β)[αL∗ + (1 − α) f (L∗ )]

(36)

 G ∗
τ f (L∗ )
=
GDP
αL∗ + (1 − α) f (L∗ )

(37)

 Y ∗
 C ∗
C
For the numerical example provided,
= 0.5675540,
= 0.4324460,
GDP
GDP
 I ∗
 G ∗
= 0.0783526 and
= 0.0567554.
GDP
GDP
It can also be shown that along the BGP the common resource R grows at a rate
ω∗K
∗
ωR = −
(for the numerical example presented above ω∗R = −0.0132818). In other
1 + ω∗K
words, whenever physical capital grows at a positive long-run growth rate the common
resource asymptotically converges to zero. The depletion of R, an externality produced by
the output of the ”progressive” sector, is balanced by the increase in the consumption of
such output, which grows at a rate equal to ω∗K . The substitution process that takes place
between private consumption of the ”progressive” good and the common resource along
the BGP, together with the constant consumption of the ”stagnant” good and the constant
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amount of labour supply provided, generates a constant value of long-run utility U ∗ , equal
to:
"

# "
#

∗ (1−µ) 
∗ ∗
∗ µ


β(1
−
µ)(1
−
L
)
αβµQ
Z
(1
−
L
)


U ∗ = β ln 
+ (1 − β) ln(1 − L∗ )



∗
1−α
 (1 − β)[ f (L )]

1−β

(38)

5. Transitional dynamics: a numerical example
In the previous section I have showed that, for reasonable parameter values, a BGP
with a positive long-run growth rate exists and is saddle-path stable. However, it has not
been possible to discuss the features of the structural change to green services. This is due
to the fact that, by definition, sectoral employment shares are constant along the BGP. It
is therefore necessary to study the transition of the system to the BGP, along which the
allocation of labour across sectors is allowed to change.
In order to do so, the system is linearized around (Q∗ , Z ∗ , L∗ ). The unique path converging to the BGP is governed by:
Qt − Q∗ = D1 c11 λt1 + D2 c12 λt2

(39)

Zt − Z ∗ = D1 c21 λt1 + D2 c22 λt2

(40)

Lt − L∗ = D1 c31 λt1 + D2 c32 λt2

(41)

where
   
c11  0
   
   
c12  = 1
   
   
c13
0

and

  

c21  −0.3023314

  
  


c22  = 
1

  
  

−0.0551214
c23

are the characteristic vectors associated with, respectively, λ1 and λ2 ; and D1 and D2 are
constants whose values are to be determined.
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The features of the reallocation of labour across the two sectors that takes place along
the transition to the BGP are determined by the initial value of the public-to-private capital
ratio Q. In particular, there is a shift of labour towards the green service sector whenever Q0 is higher than its BGP value Q∗ , and a shift in the opposite direction whenever
Q0 < Q∗ (see Appendix E). Structural change in this model is thus driven by the difference
in productivity across the two sectors.

Figure 4 displays the dynamics of a selection of variables in the two alternative scenarios. In the first one Q0 = 0.8 > Q∗ , while in the second one Q0 = 0.65 < Q∗ . Z0
is set equal to its BGP value in both scenarios. The charts show that any time Q0 > Q∗
(Q0 < Q∗ ) the initial labour supply is higher (lower), the share of employment in the green
service sector is lower (higher) and the rate of growth of capital is higher (lower) than their
long-run values. Welfare starts off with a lower (higher) value than the long-run one, then
overshoots (undershoots) it and subsequently converges to it. This dynamics is due to the
fact that, before converging to its BGP value, the rate of growth of capital is higher (lower)
than what it would be needed to perfectly compensate the growth of R of opposite sign and
keep Z constant. In other words, even if its initial value is set to be equal to the long-run
one, Z moves along the transition, increasing (decreasing) and gradually converging back
to the starting point.
The structural change to green services is thus characterized by having a very high
initial gap between private and public capital growth rates (Figure 5). The share of GDP
devoted to private investment is high. As a consequence, the system grows quite strongly
driven by its manufacturing sector and labour supply is higher than its long-run value.
However, as the public-to-private capital ratio (Q∗ ) decreases, so does the marginal productivity of private capital, making it less profitable to invest. The investment share of
GDP declines, with a higher proportion of output being consumed (Figure 5b), and the
24

Figure 4: Transitional dynamics (solid lines: Q0 > Q∗ ; dotted lines: Q0 < Q∗ )

(a) Public-to-private capital ratio

(b) Total labour supply

(c) Share of employment in services

(d) Private capital growth rate

(e) Utility

(f) Z ≡ RK

growth rate of private capital gradually converges to its BGP value, which is equal to the
BGP growth rate of public capital.
The open-access asset R gets depleted quite quickly at the beginning, but as growth
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Figure 5: Growth rates and output shares in the “green” structural change case

(a) Growth rates

(b) Output shares

slows down the depletion rate adjusts to its BGP value. In the long-run, R converges
asymptotically to zero. The substitution process between R and C makes welfare converge
to a constant value.

6. Long run effects of a change in some relevant parameters
6.1. Long run effects of a change in τ
I now consider a marginal increase in τ, i.e. the fraction of the output of the progressive
sector that the government employs in the creation of public capital. The aim of the exercise is to study the effect of such a change on the long-run rate of growth and the long-run
level of welfare, as these may be in conflict with each other.
Using the equation that defines the dynamics of private capital and (21) one can find
that:
#
αβµ(1 − L)
l(Q, L, τ, µ) = [Q f (L)] θ(1 − α) − 1 + τ +
− (1 − δ)(1 − θ) = 0
(1 − β) f (L)
α

"
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(42)

Using the implicit function theorem it is possible to compute that for the numerical
example presented above:
∂L
∂τ

L=L∗

∂l(Q, L, τ, µ)
∂τ
=−
∂l(Q, L, τ, µ)
∂L

L=L∗

>0

(43)

L=L∗

meaning that an increase in tax rate τ produces an increase in total labour supply. The expansion of public infrastructure investment, financed by tax revenues, improves the profitability of the manufacturing sector, which produces more and thus employs more labour.
This will produce three effects on households’ utility: a) higher production is transformed
in higher consumption, increasing welfare; b) higher production produces negative externalities on R, decreasing welfare; c) working hours are higher, decreasing welfare. Alternatively, looking at (38), it is possible to see that the effect of a change in τ on utility is
a combination of the effects of a change in τ on Q, Z and L. It’s not straightforward to
anticipate which of these effects will predominate.
For our numerical example, using (43) one can find the marginal effect of an increase in τ on the BGP values of all the other variables. In particular, one can show
∂ f (L)
∂Q
∂Z
∂ωK
that
> 0,
> 0,
< 0 and
> 0. Finally it is
∂τ f (L)= f (L∗ )
∂τ Q=Q∗
∂τ Z=Z ∗
∂τ ωK =ω∗K
∂U
possible to show that
< 012 .
∂τ U=U ∗
In other words, a permanent increase in the tax rate τ - and thus in the proportion of
output devoted to the creation of infrastructure - has a positive impact on the public-toprivate capital ratio Q and on the economy long-run rate of growth ωK , as suggested by
the literature (see section 2.3). However, the negative effect on utility of the increase in
∂ f (L)
∗
∗
More precisely, ∂L
∂τ |L=L = 0.275629, ∂τ | f (L)= f (L ) = 0.4476723,
∂ωK
∂U
−6.1065927 ∂τ |ωK =ω∗K = 0.4362026 and ∂τ |U=U ∗ = −0.0587450.
12
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∂Q
∗
∂τ |Q=Q

= 3.6607212,

∂Z
∗
∂τ |Z=Z

=

working hours and the accelerated degradation of the environmental stock predominates,
thus leading to a reduction in the long-run level of welfare.
By differentiating equation (23) with respect to the tax rate, it is also possible to identify the value of τ that maximizes long-run growth, which is equal to:
τ MAX =

α(1 − αξ)Q + [α(1 − ξ) + ξ] f + ξL
1 + α(Q +  f )

(44)

where
ξ=

αβµ(1 − L)
(1 − β) f (L))

(45)

and Q ,  f and L represent the elasticity of the public-to-private capital ratio, the labour
supply in the progressive sector and total labour supply, respectively, with respect to a
change in τ.
6.2. Long run effects of a change in µ
I now investigate the effects of a marginal change in µ, i.e. the parameter that determines the relative importance of the “progressive” good with respect to green services in
generating utility for the households. Interpreting equation (2) as a household production
function á la Becker, a change in µ affects the relative efficiency with which the inputs
(Rt , Ct and CS ,t ) contribute to the production of Xt . For instance, an increase in µ can
capture a technological change making the manufactured goods relatively more efficient
in satisfying consumers needs and desires.
By adopting the same steps used in section 6.1 it is possible to show that
∂ f (L)
∂τ
13

> 0,
f (L)= f (L∗ )

More precisely,

∂Q
∂τ

∂L
∗
∂µ |L=L

∂ωK
∂Z
∗
∗
∂τ |Z=Z 0.8631288, ∂µ |ωK =ωK

< 0,
Q=Q∗

∂Z
∂τ

> 0,
Z=Z ∗

= 0.2452635,
= 0.0572080 and

∂ωK
∂µ

ωK =ω∗K

> 0 and

∂ f (L)
∗
∂τ | f (L)= f (L ) = 0.4292111,
∂U
∗
∂µ |U=U = −0.8153043.
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∂U
∂µ

∂L
∂µ

> 0,
L=L∗

< 013 .
U=U ∗

∂Q
∗
∂τ |Q=Q

= −0.4698933,

What happens in this case is that a marginal rise in µ expands the relative importance
of both the consumption of the manufactured good C and the open-access stock R, to the
detriment of consumption of green services CS . Production in the manufacturing sector
increases, together with the labour employed. The long-run growth rate ωK is now higher.
Unlike the previous example using τ, an increase in µ produces a negative effect on the
public-to-private capital ratio Q. This is due to the fact that private capital expands - as a
result of higher demand of “progressive” goods - while the proportion of output flowing
to public investment remains unchanged. Considering that the rise in L also has a negative
effect on welfare, as defined by (38), the increase in Z is in this case the only factor
impacting utility positively, but this is insufficient to overcome the other two negative
effects.
As before, a conflict between the long-run growth rate and the long-run level of welfare
can arise. There are no direct policy implications in this case, but the exercise is still
interesting as it grasps the effect of a change in preferences and consumption habits.
7. Conclusions
Despite the fact that most of the discussion around the transition to a low-carbon society has been focusing on the ways to decarbonise the most polluting sectors, e.g. through
the implementation of a carbon tax, the expansion of the share of economic activity taking
place in non-polluting sectors - a “green” structural change - is an equally crucial element
of the process. I have argued that the category of “green” services shouldn’t include only
the activities explictly oriented to decarbonisation - for instance, production of clean energy - but also those that by nature have a low impact on ecological resources, even if they
don’t contribute to make other sectors more environmentally sustainable. Examples of this
latter form of green services include sports, culture, arts, education, health, social work,
membership organizations, and others.
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As it has been discussed in Section 2, these activities typically exhibit a very low
productivity growth rate, due to the non-substitutability of human participation in their
production process. Green services in this paper are thus meant to represent a class of
goods and services characterised by high intensity of labour and dedication, reduced consumption of material resources, low polluting emissions and a strong attachment to the
local milieu.
After having shown that a relative expansion of these sectors is indeed taking place, I
have investigated its features by means of a growth model with two sectors - a “progressive” manufacturing one and a “stagnant” service one - having: a) a different capability
of achieving increases in labour productivity; b) a different impact on an open-access
resource representing environmental quality, whose stock enters as an argument in the
households’ welfare function. The role of public capital is crucial here as it creates the
conditions for a rise in labour productivity in the manufacturing sector, and thus produces
the sectoral productivity differential that eventually drives structural change.
Along the Balanced Growth Path, the economy grows at a constant rate. Private capital,
public capital, output of the manufacturing sector and consumption of its output all grow
at the same rate. The output of the service sector, on the other hand, doesn’t grow at
all. This makes the share of physical output of the service sector gradually converges to
zero. However, since the relative price of services also increases at the same rate as the
economy, the nominal value of the output of the service sector also expands at the same
rate and its share of aggregate GDP remains constant in the long-run. It is also shown
that in the long-run the common resource asymptotically converges to zero because of the
externality produced by the manufacturing sector. A substitution process thus takes place
between private consumption of the ”progressive” good and the common resource along
the BGP. This leads welfare to reach a steady level in the long-run, despite the fact that the
economy is growing.
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Since along the BGP employment shares are by definition constant and no structural
change is possible, I have studied the transitional dynamics of the system, where employment shares are allowed to change. I have showed that a structural change towards green
services occurs any time the initial value of the public-to-private capital ratio is above its
BGP value. Using numerical examples I have provided a characterisation of the dynamics.
Finally, I have used the same numerical example to investigate the long-run effects of
a change in some relevant parameters. A marginal increase in the investment in public
capital generates a positive effect on long-run growth, as expected, but simultaneously
affects negatively the level of welfare. This happens because, despite consumption has
increased, both the environmental asset and leisure time have gone down. Similarly, an
increase in the technological parameter entering the household production function, that
can be interpreted as an improvement in the relative efficiency of material goods in generating consumption services (for instance, through an increase in the technological content
embodied in private market goods) boosts the long-run growth rate but simultaneously
depresses households’ welfare level.
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A. Tables
Table 1: Contribution of selected sectors to UK energy use 14
Sector
Agriculture, forestry and fishing
Manufacturing
Energy, gas, steam & air conditioning, water supply, sewerage, waste management
activities & remediation services
Construction
Transport and storage; information and
communication
Accommodation and food services
Public administration & defence; compulsory social security
Education
Human health & social work activities
Arts, entertainment and recreation; other
service activities

2004
1.0
19.0
22.3

2005
1.0
18.8
22.6

2006
0.9
18.8
23.5

2007
1.0
18.9
22.8

2008
1.0
19.0
22.4

2009
1.0
17.8
23.1

2010
1.1
17.5
22.5

2011
1.1
18.8
23.0

1.5
13.9

1.6
14.5

1.6
13.8

1.7
14.3

1.7
14.2

1.6
14.0

1.5
13.8

1.6
15.1

0.8
1.7

0.8
1.5

0.8
1.5

0.8
1.5

0.8
1.5

0.8
1.4

0.8
1.3

0.8
1.3

0.7
1.1
0.6

0.8
1.2
0.7

0.7
1.2
0.7

0.8
1.1
0.7

0.7
1.2
0.7

0.7
1.1
0.8

0.7
1.2
0.8

0.7
1.1
0.8

Table 2: Contribution of selected sectors to UK greenhouse gases emissions15
Sector
Agriculture, forestry and fishing
Manufacturing
Energy, gas, steam & air conditioning, water supply, sewerage, waste management
activities & remediation services
Construction
Transport and storage; information and
communication
Accommodation and food services
Public administration & defence; compulsory social security
Education
Human health & social work activities
Arts, entertainment and recreation; other
service activities

14

2004
7.7
16.6
28.9

2005
7.7
16.3
29.2

2006
7.6
16.0
30.7

2007
7.4
16.2
30.4

2008
7.5
16.0
30.2

2009
8.0
14.9
29.3

2010
7.9
14.6
29.4

2011
8.4
15.4
29.0

1.5
13.2

1.5
13.8

1.5
13.0

1.6
13.3

1.6
13.4

1.6
13.4

1.5
13.1

1.6
14.4

0.5
1.3

0.5
1.1

0.4
1.1

0.4
1.1

0.5
1.1

0.5
1.1

0.5
1.0

0.5
1.0

0.5
0.7
0.4

0.6
0.8
0.4

0.6
0.7
0.4

0.6
0.7
0.4

0.6
0.8
0.4

0.5
0.8
0.4

0.5
0.8
0.4

0.5
0.7
0.4

Million tonnes of oil equivalent. Includes electricity. Source: ONS (2013)
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B. Derivation of the system (19)-(21)
The problem of the representative household can be solved by maximising
∞
X

θt β ln[(RtCt )µCS1−µ
,t ] + (1 − β) ln(1 − Lt )+
t=0

+ λt [wt Lt + rt Kt + πt + (1 − δ)Kt − Ct − PtCS ,t − Kt+1 − T t ]

(B.1)

with respect to Ct , CS ,t , Lt , Kt+1 and λt , where λt is a lagrangian multiplier, thus obtaining

βµ
= λt
Ct

(B.2)

β(1 − µ)
= λt Pt
CS ,t

(B.3)

λt = λt+1 θ(1 − δ + rt )

(B.4)

1−β
= λt wt
1 − Lt

(B.5)

and the budget constraint.
A transversality condition must also be respected in equilibrium:
lim θt λt Kt = 0

(B.6)

t→∞

Using (Appendix B.2), (Appendix B.5) and (17) one can find an expression for Ct :
Ct =

αβµQαt Kt (1 − Lt )
1−α
(1 − β)LC,t

(B.7)

15

Thousand tonnes of CO2 equivalent. Greenhouse gases include: CO2, CH4, N2O, HFC, PFCs and SF6.
Source: ONS (2013)
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Using (Appendix B.2), (Appendix B.3), (8), (18) and (Appendix B.7) it is possible to
find (22).
Substituting equations (6), (Appendix B.7) and (22) into the dynamics of private capital
allows to obtain (23).
Using equations (Appendix B.2), (17), (Appendix B.7), (23) and (22) one can rewrite
(Appendix B.4) as 19.
From the dynamics of public capital (10) is then possible to obtain (20).
Finally, using (6), the dynamics of the common resource (12) can be written as (21)
C. Stability of the BGP
In order to analyse the stability of system (19)-(21) one can linearize it around (Q∗ > 0,
Z ∗ > 0, L∗ > 0):

 


Qt+1 − Q∗  a11 a12 a13  Qt − Q∗ 
 
 


 
 


∗
∗
 Zt+1 − Z  = a21 a22 a23   Zt − Z 

 
 

Lt+1 − L∗
a31 a32 a33 Lt − L∗
where
Φ Qt
ΦQt +1
Λ Qt
a21 = −
ΛZt+1
Ψ Qt
ΨQt+1 ΦQt
+
a31 = −
ΨLt+1 ΨLt+1 ΦQt+1
a11 = −

a12 = 0
a22 = −

ΛZt
ΛZt+1

a32 = 0

Φ Lt
ΦQt +1
Λ Lt
a23 = −
ΛZt +1
ΨQt+1 ΦLt
ΨLt
a33 = −
+
ΨLt+1 ΨLt+1 ΦQt+1
a13 = −

and:
ΦQt+1 = 1 + ωK (Qt , Lt )

(C.1)

[ f (Lt )]α − 1 + δ
ΦQt = Qt+1 ωK,Qt (Qt , Lt ) − ατQα−1
t

(C.2)

ΦLt = Qt+1 ωK,Lt (Qt , Lt ) − ατQαt [ f (Lt )]α−1 fLt (Lt )

(C.3)
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ΛZt+1 =

1
1 + ωK (Qt , Lt )

(C.4)

Zt+1 ωK,Qt (Qt , Lt )
Zt2 Qα−1
[ f (Lt )]α
t
+
αχ
[1 + ωK (Qt , Lt )]2
E0

(C.5)

Zt [Qt f (L)t ]α
−1−χ
E0

(C.6)

Λ Qt = −

ΛZt = 2χ

Zt+1 ωK,Lt (Qt , Lt )
Zt2 Qαt [ f (Lt )]α−1
+ αχ
ΛLt = −
[1 + ωK (Qt , Lt )]2
E0
ΨQt+1 = −

αQα−1
t+1 (1 − Lt+1 )
[1 + ωK (Qt , Lt )]
[ f (Lt+1 )]1−α

(C.7)

(C.8)

ΨLt+1 = [1 + ωK (Qt , Lt )]Qαt+1 {(α − 1)(1 − Lt )[ f (Lt+1 )]α−2
fLt+1 (Lt + 1) − f (Lt+1 )α−1 }
ΨQt = αθ(1 − δ)

Qα−1
(1 − Lt )
t
+ 2αθ(1 − α)(1 − Lt )[Qt f (Lt )]2α−1 −
[ f (Lt )]1−α
Qα (1 − Lt+1 )ωK,Qt (Qt , Lt )
− t+1
[ f (Lt+1 )]1−α

(C.9)

(C.10)

ΨLt = θ(1 − δ)Qαt {(α − 1)(1 − Lt )[ f (Lt )]α−2 fLt (Lt ) − f (Lt )α−1 }+
2α−2
+ θ(1 − α)Q2α
fLt (Lt ) − f (Lt )2α−1 }−
t {(2α − 1)(1 − Lt )[ f (Lt )]

Qαt+1 (1 − Lt+1 )ωK,Lt (Qt , Lt )
−
[ f (Lt+1 )]1−α

(C.11)

where:
fLt = fLt+1 = 1 +

β(1 − µ)
1−β

(C.12)

ωK,Qt (Qt , Lt ) = α(1 − τ)Qα−1
[ f (Lt )]α −
t

α2 βµQα−1
(1 − Lt )
t
(1 − β)[ f (Lt )]1−α
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(C.13)

ωK,Lt (Qt , Lt ) = α(1 − τ)Qαt [ f (Lt )]α−1 fLt (Lt )−
−

αβµQαt
[(α − 1)(1 − Lt )[ f (Lt )]α−2 fLt (Lt ) − [ f (Lt )]α−1 ]
1−β

(C.14)

and all derivatives must be evaluated at (Q∗ > 0, Z ∗ > 0, L∗ > 0). The characteristic
equation of the system is:
λ3 − tr(A)λ2 + m(A)λ − det(A)

(C.15)

where tr(A), c(A) and det(A) are, respectively, the trace, the sum of the principal minors
and the determinant of matrix A. The solutions λ1 , λ2 and λ3 are the eigenvalues of A.
Consider the following numerical example, where α = 0.7, β = 0.6, µ = 0.5, τ =
0.1, θ = 0.95, χ = 0.2, E0 = 0.7 and δ = 0.0320096. In this case Q∗ = 0.724359,
Z ∗ = 2.2664242, L∗ = 0.59 and the growth rate of private (and public) stock of capital
is ωK (Q∗ , L∗ ) = 0.0134606. The values of the roots of the characteristic equation (λ1 =
0.7838473, λ2 = 0.6727845 and λ3 = −1.5152008) imply that the system is saddle-path
stable.
D. Proof of conditions (28) and (31)
β(1 − µ)
.
1 − β + β(1 − µ)
From equation (25) it can be shown that Q∗ assumes a complex value anytime the expresFrom equation (22) it’s easy to see that f (L∗ ) = 0 whenever L∗ < L̄ =

sion inside the square brackets assumes a negative value. Once we rule out the case for
which L∗ < L̄, we can conclude that the numerator of the expression is always positive.
Hence Q∗ is a complex number whenever the denominator of the ratio is lower than zero,
that is L∗ < L̃.
One can also prove condition (31) by substituting the BGP value for Q∗ and f (L∗ ),
equations (25) and (22) respectively, into the expression for ω∗K in (23).
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E. Discussion of initial values
For t=0 system (39)-(41) becomes:
Q0 − Q∗ = D1 c11 + D2 c12

(E.1)

Z0 − Z ∗ = D1 + D2

(E.2)

L0 − L∗ = D1 c31 + D2 c32

(E.3)

Solving the system for D1 , D2 , L0 gives:
D2 =

Q0 − Q∗ − (Z0 − Z ∗ )c11
c12 − c11

(E.4)

D1 = Z0 − Z ∗ − D2

(E.5)

L0 = D1 c31 + D2 c32 + L∗

(E.6)

To have a increasing share of employment in the green service sector during the tranf (L0 )
f (L∗ )
sition to the BGP one must have
>
. By substituting (Appendix E.4), (ApL0
L∗
pendix E.5) and (Appendix E.6) into (22), it is possible to show that this is satisfied only
if Q0 > Q∗ .
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