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Abstract

We investigate group actions and their functioning in weztloa obligations

of the form “GroupgG of agents cannot do better than to perform actith
and in conditional weak action obligations of the form “Ibgp H of agents
performs actiornl., then groupg of agents cannot do better than to perform
action K. Conditional weak action obligations are exactly what vezd

to express Nash-equilibria for-player non-cooperative games. Moreover,
our definition of Nash-equilibria in terms of conditionalligiations can be
generalized to obtain a solution concept for cooperativeega

1 Game Models

Definition 1 (Game Models) A game modedt is an ordered pai(&, J), where
& is a choice structure aritlan interpretation.

Definition 2 (Choice Structures) A choice structures is a triple(W, A, Choice),
wherelV is a non-empty set of possible world$a finite set of agents, an@hoice
a choice function.

Choice sets oindividual agentsare given by a functiorChoice from individual
agents to sets of sets of possible worlds, meeting the conditions that (3dior e
individual agenta in A it holds thatChoice(a) is a partition ofi¥/, and (2) for
each selection functionassigning to each individual agaenin A a set of possible
worlds s(a) such thats(a) € Choice(a) it holds that),. 4 s(a) is non-empty.
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Next, we extend this choice function for individual agents to a funcfibnice
for groups of agentgyiven the sebelect of selection functions assigning to each
individual agent: in A an options(a) in Choice(a):

Choice(G) = {ﬂ s(a) : s € Select},
acg
if G is non-empty. Otherwis& hoice(G) = {W}.

Definition 3 (Interpretations) An interpretatiorD is a utility functionu : p(A) x
W — [-5,5].

The utility anindividual agenta assigns to a possible wortd is given by a real
number between, say,5 and5. We writeu(a,w) = 4, if an individual agent
assigns to a possible world a utility of 4.

The utility agroup of agentsj assigns to a possible world is given by the
arithmetical mean of the individual utilities the individual agent§ iassign tow:

u(G,w) = ’g|z a,w)

acg
if G is non-empty. Otherwisey(G, w) = 0. Thus, ifu(a, w) = 4 andu(b, w) = 0,
thenu({a, b}, w) = 2
Definition 4 (G-Dominance) Let 9t be a game model. L&t C A andK, K’ €
Choice(G) and() # 2 C K and) # 2/ C K'. Then
x =g’ iff forall S € Choice(A — G) and forallw,w € W
it holds that ifw € x N S andw’ € 2/ N S, then
w(G,w) > u(G, ).
Moreover,z »¢ 2’ if and only if z =g 2/ anda’ g =.

2 Language

To study game models formally, we define for each game nttialpropositional
modal languageyy built from a countable sellyy = {ag : G C AandK €
Choice(G)} of atomic group action$. £gy is the smallest set (in terms of set-
theoretical inclusion) satisfying the conditions (i) through (v):

(i) RAm C Lon

(i) If € Lon, then—p € Loy

@iy If go,l/J € Lon, thenp Ay € Lon

(iv) If a% € Ao, then@ag € Lon

(v) Ifof, ol e ApandH C A G, theno(ak /ok) € Lon.

We owe the idea of action constants to (Horty 2001, p. 83).



3 Semantics

Definition 5 (Semantical Rules)Let 97t be a game model. L&} C A and let
HCA—-G. Letw e W and letp, ) € £9. Then

0] m,w):ag iff wekK, ifaé(Engm
(i) MwE - iff M w b

@iy MwEeAp iff M, wEpandM,w =Y

(iv) M wkE=oaf iff forall K’ in Choice(G) with K’ # K

it holds thatK »¢ K’
V) MwE=o(af/af) iff forall K'in Choice(G) with K" # K
itholds thatk N L =g K' N L.

Theorem 1 Let 9t be a game model. Lef € AandletH € A — G. Let
ag, 047L{ € Agn. Then the following statements are equivalent:

(i) MmE @(o;? Jak) forall L € Choice(H)
(i) MEoedk.

4 Cooperative Equilibria

The present formalism allows for a definition of Nash-equilibriavfeplayer non-
cooperative games. For example, given a game mtebnsisting of two agents
a andb, such thatChoice(a) = { K1, Ko} andChoice(b) = {L1, Ls}, it holds that
K N Lis a Nash-equilibrium it if and only if 2t = @ (o /o) A @ (al /ak).

Definition 6 (Cooperative Equilibria) Let9tbe agame model. LéG1,...,G,}
be a partition ofA. Thenz C W is acooperative equilibrium fofG,...,G,} in
M if and only if

() MEA oG /afg)

(i) x=K;nL;forallisuchthatl <i<n.

Note that cooperative equilibria for singleton partitions are Nash-equilitvrilae
standard sense. Note also that if for eadn A it holds thatChoice(a) is finite,
then there always is a cooperative equilibrium for the partifidn.

We now illustrate the notion of cooperative equilibria for partitions with an
example. LeDt be the following game model, whertéhoice(a) = { K1, K2} and
Choice(b) = {L1, Lo} and Choice(c) = {M;, Ma}:

Lo b | Lo [ L | L2 |
Ki || (3,3,1)| (0,4,4) (6,0,0)| (0,1,0) || K
K> || (4,0,3)| (1,1,0) (2,0,3)| (0,1,1) || Ko

Ian | oan [ ae [
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K, N Ly N M, is a cooperative equilibrium fof{a, b}, {c}}, since it holds that
M ©(ag, ™ /al) Ao(adh fog ™).

Ky N Ly N M, is a cooperative equilibrium fof{a}, {b}, {c}}, since it holds that
M | 0(ak2/a;2™2) Ao(ay? /alizMz) N o (a2 /ali?"?).

K1 N Ly N M, is a cooperative equilibrium fof{a, b, c} }, since it holds that

M = @akila M,

abc

Note that the first equilibrium is the most rewarding oned@ndb. It is better for
them to form the coalitioda, b}, which results in a utility of 3 for both of them,
than to form the coalitioqa, b, ¢}, which results in a utility less than 3.

5 Future Research

From a logical point of view, our use of Horty’s action constants shoeldlan-
doned in favor of a definition of a formal languagethat does not depend on a
previous definition of game models. This can be done if basic group actiens a
seen as nullary modalities.

Moreover, it would be interesting to compare cooperative equilibria féerdif
ent partitions in terms of the value the respective equilibria have for theidhudiv
agents. The example we just discussed teaches us that at least in semi ixas
better for individual agents to join groups who are smaller than the wholef set
agents.
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