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Abstract

This paper investigates whether time discounting functions can be
measures of radical uncertainty about the future. Time discounting
functions assign declining values to future time points. This property
seems to closely correspond to our intuition that the far future is more
uncertain than both the near future and the present. But can the
framework of time discounting be used to provide foundations for a
measure of radical uncertainty about the future? This paper argues
that the standard discounted utility and social discount rate models
of time discounting do not lend themselves to do so. While the con-
tribution of this paper is largely negative, it also offers sketches of an
alternative way to provide a time discounting characterisation of rad-
ical uncertainty about the future via representation frameworks that
can be interpreted as providing exclusively epistemic foundations of

time discounting.

1 Introduction

The future is uncertain to us in the most fundamental sense: time breeds

uncertainty. This proposition captures a deep, twofold intuition concerning



uncertainty about the future. One aspect of this intuition is that the future
just is radically uncertain in an epistemic sense. The other aspect is that
our uncertainty about the future is increasing with longer horizons: the
further away, the more uncertain the future is to us. In this paper, I take
this twofold intuition as a starting point and ask the following question.
How can we move beyond such assertions of intuition and give an account
of radical uncertainty about the future?

In order to examine one possible answer to this question, I take a closer
look at the literature on time discounting (reviewed in Frederick et al.
(2002)) and ask whether it provides a framework for capturing radical un-
certainty about the future. Time discounting functions assign values to time
points, with the present assigned the unit weight. Future time points are
typically assigned values between zero and the unit weight, and decreasing
with time. On the face of it, these properties seem to be well suited to
provide a measure of radical uncertainty about the future. Yet, in order for
time functions of the kind just described to provide such a measure, it would
have to be possible to derive it in the representation framework of time dis-
counting. Thus, I ask in this paper whether the representation frameworks
that yield such time discounting functions stand a chance to provide sound
foundations of the idea of radical uncertainty about the future. If the latter
would be possible, it should not be taken as an indication that we have devel-
oped a theory of ‘discounting the future for uncertainty’ or a justification of
reducing the value of future events because of uncertainty. Rather, deriving
a discounting function as a measure or representation of radical uncertainty
would just mean that it captures the phenomenon in the right way — how
such a uncertainty discounting function is to be used in decision-making is
a different question altogether.

It turns out that even deriving a discounting function as a measure of
radical uncertainty about the future is by no means straightforward. The
main contribution of the paper is thus to show that standard representation
frameworks of time discounting cannot be interpreted in this way. Stan-
dard frameworks in this literature build on the so-called discounted utility
(DU-)model of time discounting (e.g. Samuelson (1937), Koopmans (1960),
Lancaster (1963), and Fishburn and Rubinstein (1982)). On this account,
a discounted utility function represents the impatient time preferences of

agents. The discounted utility function, in turn, implies a time discount-



ing function of the kind mentioned earlier. Now, while the latter could
be interpreted with a notion of radical uncertainty about the future, I will
demonstrate that it is impossible to interpret the axioms of time preference
in the DU-model with any such notion. That is, while we can adopt the
concept of radical uncertainty about the future as an ad hoc interpretation
of the implied time discounting function generated by the DU-model, we
cannot interpret its foundations — namely time preference — in this way.
Likewise, the framework of the so-called social discount rate, initially pro-
posed by Ramsey (1928), cannot be linked to an interpretation of radical
uncertainty about the future.

The contribution of the paper is mainly negative. The two arguments
suggest that the conceptual link between uncertainty and time discounting
is weaker than is commonly assumed. That is to say, the idea of ‘discounting
for uncertainty’ lacks foundations in standard accounts of time discounting.
We should thus be much more careful in suggesting that discounting offers
a framework that captures uncertainty, or that we can even discount fu-
ture outcomes due to uncertainty. On the constructive side, I offer some
reasons as to why standard frameworks of time discounting fail in the way
described, as well as some suggestions about how non-standard and gener-
alised frameworks could offer the right kind of foundations. These accounts
operate (in part) outside the time preference framework, such as Ok and
Masatlioglu (2007), and Heilmann (2008). Therefore, they are not linked
to value assessments in the way standard accounts are, which makes an ex-
clusively epistemic interpretation of the derived discounting measures much
more plausible. I will briefly introduce the main elements of these frame-
works and sketch how it could be possible to interpret them as capturing
radical uncertainty about the future.

The paper proceeds as follows. Section 2 discusses the problem of radical
uncertainty about the future in greater detail. Section 3 introduces the DU-
model of time discounting, and the approach of the social discount rate
and shows that these approaches cannot provide foundations for an account
of radical uncertainty about the future. Section 4 sketches ways in which
alternative representations of time discounting that operate outside the time
preference and DU-model frameworks can provide the foundations of a time
discounting account of radical uncertainty about the future. Section 5 briefly

concludes.



2 Radical Uncertainty about the Future

Prospects that extend far into the future are, by and large, more uncertain
than those that play out over a short horizon. For example, I am less
certain about what I will be doing in twenty years time than about what
I will be doing tomorrow. Why is this the case? Let me offer some initial
speculations. It seems to be the case that there is a greater continuity
of ‘how things are’ in the near future when compared to the far future.
The status quo provides us with more indications about how things will be
tomorrow than how they will be next year. Put more abstractly, the far
future is associated with more complex causal branching, which makes us
more uncertain about it. Moreover, long horizons might also lead us to factor
in highly unlikely events much more than in a short horizon: if I only plan
about tomorrow, I might not entertain the possibility of an earthquake in a
given region, but If I plan for several decades, I might be more inclined to
do so. In such an intuitive and general sense, uncertainty seems to increase
with longer horizons, and might well be radical for very long ones.

All this seems plausible enough. Yet, we can easily imagine scenarios
in which these intuitions do not seem to hold. For instance, think about a
person who is made redundant two years before their retirement age. Surely,
there is greater continuity of monthly income when retirement benefits kick
in than before that happens. I might also be able to say more clearly what
I will be doing next Sunday from the status quo of my Sunday routine that
I went through today, with more uncertainty about what happens during
the week leading up to that Sunday. The future could also become less
complex in a project in which the number of partners involved diminishes
over its duration. Finally, in the wake of a catastrophe, such as a Tsunami,
highly unlikely events such as a nuclear disaster will be more likely than
over a longer horizon. These cases seem to suggest that the far future is not
always more uncertain than the near future.

Now, it is easy to see that in the above cases, the lower level of uncer-
tainty about the future just concerned some specific causal and spatiotempo-
ral path about which some information was available, which resulted in less
uncertainty about a specific type of event in the future. This kind of uncer-
tainty may well be assessed within standard decision-theoretic frameworks
(such as Savage (1972), Jeffrey (1983), Joyce (1999), or Bradley (2007)).



However, the general point concerning radical uncertainty about the future
still stands. Reduced uncertainty about some future events — and less un-
certainty about some aspect of the far future when compared to the near
future — is compatible with there also being increasing radical uncertainty
about the future in general. In all of the above scenarios, there are many
uncertain aspects about the future, with most of them being more uncertain
for the far future. For instance, the redundant person will typically be more
uncertain about a multitude of other aspects in the far future than in the
near future, such as their personal health, the situation of their family, the
stability of the political system, and so on.

We are thus dealing with a much more general problem. We are not
concerned with the kind of ‘local’ uncertainty inherent in a defined causal
and spatiotemporal path or specific event, which we may be able to capture
by using the standard tool of probabilistic assessment in decision theory.
Rather, radical uncertainty about the future concerns uncertainty about all
sorts of background factors that are not explicitly modelled in such scenarios.
The point is this. By and large, we think that the future is uncertain, and
that the further away events and processes, the more uncertain they are.
Beyond such a general statement, it is very hard to say how and why exactly
this kind of uncertainty about the future arises, what significance it has, and
how we can capture it and factor it into our models of decision-making. That
is to say, I take it that there is an intuition that beyond any specific aspects
we have privileged information about, the future is radically uncertain, and
the further away, the more uncertain it is.

The question, then, is the following: can we move beyond stating this
kind of general intuition about radical uncertainty about the future? If not,
we would be stuck with the following answer: whenever we assess future
prospects, we should simply do as best as we can to apply our standard
probabilistic methods, so as to quantify uncertainty about the future as
far as possible. Indeed, this is what seems to be prescribed by standard
decision-theoretic frameworks. However, the longer the horizons, the more
untenable it is to capture an agent’s uncertainty about the future in this
way.

To see why, imagine we want to specify possible paths that result from
taking alternative actions today. Surely, our ability to specify ‘full world

histories” and assess them probabilistically, as Savage (1972) has it, will



break down at some point. For instance, individuals will make decisions
about longterm investments or savings that will have consequences that are
spread out over several decades. Collectives will have to make decisions with
consequences that span several hundred years, such as when deciding how
to deal with the problem of climate change. In such contexts, uncertainty
about the future may well be radical: long horizons can give rise to consid-
erations that lie outside what we can reasonably include in any ‘objective’
probability framework or subjective probability assessments. We will have
to make choices what kinds of possible paths to model, and what kinds of
factors to include in their specification that will leave out some important
considerations. Can an individual agent reasonably be expected to give a
subjective probability of whether she will still live in a liberal democracy
in fifty years? Can we expect experts to assess the interplay of large-scale
parameters in climate models over hundreds of years?

Now, some methods have been developed that deal with such problems,
such as non-standard probability frameworks, including imprecise probabil-
ities (Halpern (2001) provides an overview). The question I am pursuing in
this paper is the following. Is there a way of capturing radical uncertainty
about the future over and above of what we may be able to quantify in
such standard and non-standard probabilistic frameworks? In other words,
is there a chance that we can give foundations to the idea that there is
general radical uncertainty about the future? The next section reviews two
families of existing time discounting approaches that could be candidates
for capturing general radical uncertainty about the future and shows that
they cannot provide foundations for general radical uncertainty about the

future.

3 Time Discounting

3.1 The Intuition

In decision theory and microeconomic theory, time discounting offers a
framework in which intertemporal aspects of prospects can be evaluated
(Frederick et al., 2002). The question of this paper is whether such time
discounting approaches can capture radical uncertainty, that is: can we use
time discounting methods in contexts where we want to take radical uncer-

tainty about the future into account?



On the face of it, time discounting functions would be well suited to do
so. Typically, a time discounting function is an assignment of weights to time
points, such that the present is given full weight and thus not discounted at
all, with future time points assigned declining values between zero and 1. If
we have the intuition that uncertainty increases with time, then this type
of function seems to be of the right kind to accommodate it. More formally,
discounting functions D : T' — (0, 1] are decreasing mappings from a set of
time points T to the real interval (0, 1], such that D(0) = 1. Often, this is
achieved by an assignment D(t) = 6, where a discounting factor ¢ is used to
generate a discounting factor for every time point.! Assessments of this kind
are frequently integrated into decision theory, most commonly by directly
weighting utilities with it. Of course, the exact motivation for the use of
discounting functions will depend on how it was derived. For the task at
hand, we need to investigate how ‘uncertainty time discounting functions’
can be derived in order to decide whether they are well suited to capture
the intuition that time breeds uncertainty.

At first glance, the idea of using this framework to capture radical un-
certainty about the future seems to be simple enough. The discounting
function and the discounting factor would, in short, represent the intuition
that there is more uncertainty about the far future than the near future, and
none about the present. That is, D(0) = 1 would capture the intuition that
there is no uncertainty about the future with regards to the present. The
decreasing values for future time points, such as, for instance, D(1) = .99,
D(2) = .98, D(3) = .97, and so on, express increasing uncertainty about
the future. In the following sections, I will analyse whether this stance
can be maintained and substantiated when looking at how time discounting
functions are commonly constructed.

I will ask the following questions. Can the discounting functions really
be taken as an expression of radical uncertainty about the future? Are there
representation frameworks that can be interpreted such that they provide
a proper foundations for such a view? Will a representation of radical un-
certainty thus understood be sound, and can it be applied in conjunction
with standard probability assessments that are part of decision-theoretic
approaches? Answering these questions is greatly complicated by the fact
that time discounting and its foundations are notoriously ambiguous areas

of research in themselves. Therefore, we will distinguish between two differ-



ent approaches on time discounting, and will ask whether they can provide
detailed and comprehensive foundations for the intuition that radical uncer-
tainty about the future can be captured by timed discounting functions.

In the following, I will first ask whether the time preference and dis-
counted utility framework (or DU-model) can be interpreted as capturing
radical uncertainty. Secondly, I will review the proposals around the problem
of risk and uncertainty that have been made in the behavioural economics

literature and the literature on the social discount rate.

3.2 Time Preferences and Discounted Utility (DU-model)

In the DU-model, the discounting factor ¢ that is used to generate discount-
ing factors for each time point via the discounting function D(t) = 6° is a
representation of time preferences.

In this context, it has been proposed to interpret the discounting factor as
the probability of survival. More precisely, 6! = p(survival in period ¢ + 1).
This, is for example explicitly mentioned as a possible conceptual motiva-
tion for time discounting of utility in the influential graduate microeconomic
theory textbook by Mas-Colell et al. (1995, 734). Before returning to the
question whether this interpretation can indeed be linked to the time prefer-
ence and discounted utility framework, we will introduce the latter formally.

The canonical interpretation of time discounting in economics depicts the
discounting factor J in a discounting function as a representation of pure and
positive time preference. The concept of pure and positive time preference
implies that an agent has a preference for utility at earlier points in time
over later points in time, in addition to her preferences over prospects. More
specifically, pure time preference refers to the fact that the betterness which
is expressed by time preference is associated with distance in time. Positive
time preference refers to the fact that time preferences capture the idea that
‘earlier’ is better than ‘later’, with the present being the earliest point in
time considered such that positive outcomes at it are preferred to all later
points in time.

More formally, in the DU-model and its variants, the new concept of time
preference is introduced to deal with the subjective evaluation of intertem-
poral prospects. Instead of introducing a valuation on some set of outcomes
X which gives a utility function, time preferences compare prospects that

are combinations of outcomes and times, i.e. the domain of preference be-



comes X X T, and time preferences 2~ p over this domain can be numerically
represented as discounted utility. Fishburn and Rubinstein (1982) provide
an axiomatisation of pure and positive time preference in difference struc-
tures that gives exponential discounting in similar spirit to standard rep-
resentations by Samuelson (1937), Koopmans (1960) and Lancaster (1963).
The formal framework in Fishburn and Rubinstein (1982) is based on an
outcome-time structure (X x T, 7rp), where ZZpp is a preference relation
on pairs of time points and outcomes (note that the outcomes are already
valued, i.e. the set of outcomes is a set of utilities). Fishburn and Rubinstein
(1982, 680) use the standard conditions on rational preferences as a starting
point and add further conditions to prove that the preference relation ~rp

can be represented by a discounted utility function.

Outcome-time structure (Fishburn and Rubinstein, 1982, 680). X is a
non-degenerate real interval, T is either a set of successive non-negative
integers or an interval of non-negative numbers, and 0,1 € T'. For Zpp
on X x 7T, for all z,y € X and all s,t € T, the following conditions
hold:

Weak order. ZZrp is a weak order on X x T
Monotonicity. If = > y then (z,t) > (y,1);
Time impatience. If s < ¢ then
(i) if x > 0 then (x,s) >=7rp (z,1),
(i) if x = 0 then (z,s) ~rp (z,1),
(iii) if z < 0 then (z,t) >rp (z,s);

ContiHUitY‘ {(.’L‘,t) : (.’E,t) iTP (y7 S)} and {(.T,t) : (y7 S) r>\-1TP (]I,t)}
are closed in the product topology on X x T7

Stationarity. If (x,t) ~pp (y,t + p) then (x,s) ~rp (y,s+ p).

The key conceptual assumptions in this framework are the conditions of
time impatience and stationarity. The time impatience condition states
that agents prefer to receive positive utility earlier and negative utility later
(Fishburn and Rubinstein, 1982, 680). The stationarity condition asserts
that indifference between two time-dependent outcomes depends only on
the difference (u) between the times and not on the actual time points
s,t € T (Fishburn and Rubinstein, 1982, 681). Together, these constraints



on the outcome-time structure X x T assure that time preferences can be

represented by a discounted utility function.

Theorem (Fishburn and Rubinstein, 1982, 682). Suppose time preferences

Zrp on an outcome-time structure X x 7' that satisfy the conditions
of weak order, monotonicity, continuity, time impatience, and station-
arity. Then, given any 0 < § < 1, there is a continuous, increasing

real-valued function v on X such that:

(i) for all (x,t), (y,s) € X x T, (x,t) =rp (y,s) iff Stu(z) > §5u(y),

(ii) for all z € X, u(x) is zero if x = 0, positive if z > 0, and negative
it z <0,

(iii) if 7" is an interval then w is unique (given ¢) up to multiplication

by positive constants on {x € X : 2 > 0} andon {z € X : z < 0}.

Accordingly, upon assuming an outcome-time structure, time preferences are
representable by a discounted utility function. The main advantage of this
method is that one can motivate a discounting function in a representation
framework, which yields proper foundations. Yet, for the task at hand we
need to ask whether these foundations are compatible with an interpretation
of fundamental or radical uncertainty about time.

It is hard to see how this would be possible. While the framework yields
a discounting function that has the desired properties — which, in turn, cor-
respond well enough to our intuitions concerning radical uncertainty about
the future — it is implausible to interpret the concept of time preference with
it. To see why, consider the so-called axiom of time impatience in the above
framework. It consists of three parts, detailing how time impatience behaves
with regards to outcomes that are evaluated (i) positively, (ii) neutrally, and

(iii) negatively, assuming that time point s is earlier than time point ¢:
(i) outcomes that are evaluated positively (i.e. = > 0) are strictly pre-
ferred at an earlier time, i.e. (z,s) =rp (z,1).

(ii) outcomes that are evaluated neutrally (i.e. z = 0) induce indifference

with regards to the time they occur, i.e. (z,s) ~prp (x,t),

(iii) outcomes that are evaluated negatively (i.e. x < 0) are strictly pre-

ferred at a later time, i.e. (z,t) =7p (x,s).
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Now, in order to interpret these requirements with radical uncertainty,
the latter would need to coincide in some fashion with the time preferences.
Yet, we said earlier that radical uncertainty with regards to the future is
increasing, which would mean that it behaves regularly with regards to the
time, i.e. for any time point s that is earlier than any time point ¢, we would
assume that there is less radical uncertainty associated with s than with ¢.
However, it is implausible that radical uncertainty would vary with value in
the same way as was assumed about time impatience.

The main problem with motivating the axioms is that our intuitions
about radical uncertainty are independent of the valuation. We have just
seen that this does not go together with the axiom of time impatience,
which distinguished between positive, neutral, and negative outcomes. In
contrast, radical uncertainty about the future of the kind we are interested
in here has nothing to do with the fact what kinds of valuations are in
the picture: it is simply not the case that the future is less uncertain for
outcomes with negative evaluation, or that there is more uncertainty when
there are positive valuations involved. (For an account that seems to capture
scenarios in which this is the case, see the next section.)

Furthermore, the idea of general radical uncertainty about the future
— i.e. that independent of a given specified path there is just more uncer-
tainty associated with the far future than the present or the near future —
does not go well with singling out evaluations of single outcomes. As dis-
cussed in section 2, uncertainty about those kinds of specific scenarios might
well be representable by standard decision-theoretic tools or non-standard
probabilistic frameworks.

Therefore, the DU-model cannot be interpreted as providing a founda-
tion for time discounting that is linked to radical uncertainty about the fu-
ture. While the discounting function that is implied in the above framework
can be linked to such an interpretation, the axioms in the representation

theorem itself cannot. We need to look elsewhere.

3.3 Risk Aversion and the Social Discount Rate

The concept of the social discount rate is a different framework which is
sometimes used to provide foundations for time discounting. Even though
those foundations are not thoroughly axiomatic, they nevertheless provide —

together with the DU-model — the canonical approach to time discounting.
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The social discount rate goes back to the idea that a discounting factor

0 can also be generated by a discount rate, such that the discounting factors

I+r
social discount rate approach postulates that r is a composite concept that

t
for each time point are generated as follows: D(t) = ( L ) . Now, the

captures a number of different motivations for time discounting. Standardly,
the social discount rate is given by the so-called ‘Ramsey equation’ as r =
p + ng where p is the (social) rate of time preference, n the elasticity of
marginal utility of consumption or the coefficient of relative risk aversion,
and g is the growth rate of consumption per capita. Ignoring rho and g, we
can ask whether 7 can be interpreted as reflecting radical uncertainty about
the future.

Here, Medvecky (2012) shows that it cannot — and for similar reasons
that where given in the case of the axioms of the DU-model. Firstly, it is
important to recognize that the standard interpretation of 7 in the social
discount rate approach is that it is a coeflicient of relative risk aversion.
What this means is in fact that again, uncertainty is tied together with val-
uational concerns: ‘According to proponents of discounting for uncertainty,
uncertainty leads us to discount because we prefer more certain returns to
less certain returns, and the present is more certain than the future.” (Med-
vecky, 2012, 4). This shows that the latter concern, i.e. the idea that the
present is more certain than the future, is present in the risk aversion coeffi-
cient, but tied in with the consequences it is alleged to have for the valuation.
Medvecky (2012) goes on to argue that in the case of uncertainty, we should
discount positive outcomes (benefits) and negative outcomes (costs) sepa-
rately, but that argument is irrelevant for the purposes of our discussion
here.

As in time preference, since the different elements of the social discount
rate are also linked to considerations of value, we cannot get around the
fact that uncertainty works in ‘both directions’ — i.e. negative and positive
value, but that the interpretations of the above frameworks rests on other
concepts that do not. Standard frameworks of discounting can hence not
serve as a proper foundation of the idea that discounting functions could

reflect radical uncertainty about the future.
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4 Towards Epistemic Foundations of Time Dis-

counting

4.1 Value-Time Entanglements

We have seen that standard frameworks do not lend themselves to provide
the desired foundations for a measure of radical uncertainty about the future.
While showing that is the main message of this paper, I now offer a discussion
of why the two approaches fail to do so. I will suggest that their main
problem is the entanglement of time and value in the derivation of the time
discounting function.

Consider again the target of any representation of time discounting,
namely a decreasing function D : T — (0, 1], such that D(0) = 1. What we
aim at is an axiomatic framework in which we can derive such a function, and
interpret the function as a numerical representation of radical uncertainty
about the future. The two standard approaches do not directly derive such
a function. Rather, the discounted utility approach starts from a standard
preference account of value and introduce additional structure, such that a
time discounting function is derived as an addition to the utility function.
In similar vein, the social discount rate approach introduces different con-
cepts in which time and value considerations have a joint influence on its
derivation.

In the previous section, I have shown that the value dimension makes
it impossible to interpret the standard frameworks with radical uncertainty
about the future, as the latter is independent of the kinds of value consid-
erations that are inherent in them. As per our initial discussion, we simply
desire a measure of radical uncertainty about the future that captures the
twofold intuition that the future is more uncertain than the present, and
that the further away, the more radical uncertainty there is.

At this point, it is useful to remind ourselves of the important distinction
between ‘discounting for radical uncertainty about the future’ on the one
hand and the idea of ‘providing a measure of radical uncertainty about
the future’. It seems that the former goal is much more ambitious, as it
aims at taking an evaluation and then weighting it with a factor that is
related to radical uncertainty about the future. We can suspect that the
standard approaches, with their entanglements of time and value, are aimed

at this much more ambitious goal. Yet, as we have seen, the derivation
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of the discounting function does not lend itself to such an interpretation in
either framework. The question is thus whether a more modest goal, namely
viewing discounting functions as measures of radical uncertainty about the
future, can be achieved.

The disadvantages of the two aforementioned approaches thus leads us
to the question whether there are other ways to derive a time discounting
function that avoid their problems. That is, we are facing the challenge of
deriving a measure of radical uncertainty about the future that has the form
of a time discounting function, but is not derived on or in relation to the
value domain, and therefore motivated exclusively epistemically. Indeed, the
best prospect of achieving this goal is by introducing a radical uncertainty
ordering of any future event, and impose the condition that the ordering has
to correspond to the time index, such that the values of the time discounting
functions are decreasing of that event. How can we do so? I will now turn
to evaluating two kinds of proposals that can be interpreted in this way, and
contend that they at least possibly capture the idea of radical uncertainty

about the future.

4.2 Delay Representations

In a first step, we ask whether we can interpret the representation theorem
by Ok and Masatlioglu (2007) can be interpreted with radical uncertainty
about the future. In this alternative axiomatisation of time discounting,
the representation was (partly) achieved by a ‘delay ordering’ on a time
domain. This representation is compatible with the kinds of approaches to
delay or interval discounting given by, amongst others, Ainslie (1992, 2001)
and Scholten and Read (2006).

The approach assumes a set of time points 7" which are ordered according
to the perception of the delay by an agent. That is, pairs of T x T are
ordered according to how relevant the agent perceives the delay. In Ok and
Masatlioglu (2007), it is assumed that the ordering of the time points reflects
the perception of delay by an agent. That is, in an elicitation exercise, we can
ask agents how much delay they associate with each externally given time
point that is in 7. What this can yield are patterns of horizon perception,
for instance, a delay of one or two days may make a difference in the short
horizon, but not so much in the long run.

Ok and Masatlioglu (2007) use such a delay ordering in conjunction

14



with other motivations that may play a role in time discounting to provide
foundations for time discounting functions, but it would also be possible to
isolate this part of the foundations. That is, we could use an ordering of
time points according to a specific conception to provide foundations for a
time discounting function. In the context of radical uncertainty about the
future, we simply could change the interpretation of the delay ordering to
one of a radical uncertainty ordering. Thus, we would be asking how much
radical uncertainty about the future is associated with each time point.
While this seems to be a possible way of proceeding, we do have to note
that the foundations of time discounting of Ok and Masatlioglu (2007) still
operate in a a standard time preference framework: the representation the-
orem specifies a discounted utility function, based on both time preferences
on an outcome time domain and the delay ordering on the time domain.
One consequence of this entanglement with time preferences is that we are
not given completely separate axioms for the delay ordering; rather, the
conditions on the delay ordering are implied by the specific way in which
the time preference framework is set up. This means that the framework
does only characterise the delay ordering indirectly, by specifying a degree
of freedom in which the time preferences can vary under the various delays.
This feature of the framework, while attractive for other reasons, means that
it is rather difficult to use for characterising radical uncertainty about the
future. What is important to note, though, is that the delay feature of the

framework makes it in principle compatible with such an interpretation.

4.3 Generalised Representations

We now turn to a more general representation framework for time discount-
ing, given in Heilmann (2008), that operates completely outside the time
preference. The framework proceeds in three steps. Firstly, it introduces a
domain of externally given time points T'. All this means is simply that we
can assume that a set of time points has an inherent, given ordering: for in-
stance, we can assume a set of discrete time points such as 7' = {0, 1,...,t}.
Secondly, the framework introduces a domain of events ) which happen
both at a specified time T and can be ordered according to a specific con-
ception. Thirdly, if the ordering according to the conception corresponds
to the externally given time points T  in the right kind of way, then there

is a time discounting function (with similar properties as the one specified

15



earlier in this paper) that represents the ordering of the events Q.

Thus, what drives time discounting in this general framework it is not
that the time points that are ordered directly, but rather timed events are
ordered according to a specific conception. In order for this framework to
conceptually motivate a time discounting function, one needs to fix a specific
conception according to which the events are ordered. In order to provide
foundations for time discounting, one interpretation of this ordering has to
be fixed, and the ordering has to correspond to the given external ordering
of the time points. For instance, the events can be compared with regards
to how much impatience, or uncertainty, or delay perception they induce.
In the context of radical uncertainty about the future, the events could be
ordered according to how much radical uncertainty about the future they
are associated with.

It is easy to see that this general representation is completely uncon-
nected to the value domain, and thus does not face the kinds of difficulties
noted for the standard framework. Moreover, given that the representation
framework assumes that events that happen at the same time are equiva-
lence classes, it rules out that different events that can happen at the same
time can induce a difference in the discounting function. It seems thus that
the general representation could be combined with an interpretation of rad-
ical uncertainty about the future, such that the time discounting function is

a measure of it.

4.4 Interpretation

The two frameworks just introduced offer some hope that time discounting
functions can be a measure of radical uncertainty about the future, as the
representation theorems derive time discounting functions as (partly) inde-
pendent of the value domain. That is, these frameworks may be compatible
with an interpretation by a notion of radical uncertainty: delay orderings
can be seen as expressing how much uncertainty they are associated with
in the Ok and Masatlioglu (2007) framework, and equivalence classes that
all happen at the same point can be ordered according to how much uncer-
tainty they are associated with in the Heilmann (2008) framework. There
are two problems with these interpretations. (i) Firstly, how exactly can
those interpretations capture radical uncertainty about the future? (ii) Sec-

ondly, how could discounting functions thus derived be used together with
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standard decision-theoretic frameworks?

Concerning the (i) interpretation, there are a number of options. Let me
elaborate on one. We could simply say that radical uncertainty about the
future that corresponds to time and increases with it is a meta-judgement
on the confidence in the representation of an agent’s epistemic state. That
is, we can leave any subjective probability framework in place and sim-
ply ask the agent how much her confidence in her judgements varies with
time. This interpretation is possible in both the Ok and Masatlioglu (2007)
and the more general one of Heilmann (2008), where we assume that many
events could happen at each time. We could present the agent with the
task of ordering judgements according to how confident she is in them, and
then check whether these kinds of orderings can be represented by a time
discounting function. Concerning the interpretation, we would then be able
to use the discounting measure as giving us an indication of the reliability
of probability assessments, telling us to what extent we should depart from
precise probabilities, and how big the probability range should be. In this
interpretation, we might even design an elicitation exercise that asks agents
to order the reliabilities of their probability judgements, which may well
decrease with time. This is a way in which discounting functions could be
a measure of radical uncertainty about the future.

Concerning the (ii) use of the discounting function together with stan-
dard decision-theoretic accounts, this concerns the question of how we are, if
at all, to ‘discount for radical uncertainty’. The discussion has shown so far,
that only purely epistemic frameworks can provide sound foundations for
time discounting functions that are to be interpreted as a measure of radical
uncertainty about the future. The one route open, then, for using such a
discounting function in a standard decision-theoretic framework would be
to use it alongside a standard probability function as an additional mea-
sure of an agent’s degree of belief or an objective probability. How such an
additional measure should be employed, though, depends on the exact inter-
pretation of radical uncertainty is used in the derivation and elicitation. If
we interpret the measure of radical uncertainty as capturing decreasing reli-
ability of probability assessments of agents, then it might not be plausible to
use these measures as weightings (as in standard discounting). They could
still be used to, for instance, inform the calibration of probability ranges.

There are thus some prospects for discounting measures in connection
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with radical uncertainty about the future. If the latter is genuinely gen-
eral, that is, not connected to specific (causal) paths that can be evaluated
by standard probability measures, then a function that assigns decreasing
values to future time points might be capturing a general and radical uncer-
tainty about the future. These speculations should, however, not distract
too much from the general message of caution regarding discounting function
capturing uncertainty about the future. The standard frameworks cannot

serve this role; some general frameworks might be compatible with it.

5 Conclusions

We started with the twofold intuition that the future is radically uncertain
and that it increases: the further away we look into the future, the more
uncertain we are about it. We then asked the question whether there is any
hope to make this intuition more precise, and looked at the literature on
time discounting in economics to see whether their frameworks can be used
in such a way. The question was thus whether time discounting functions
can be a measure of radical uncertainty about the future.

Discussing standard frameworks in time discounting, we have seen that
they cannot provide foundations for a measure of radical uncertainty about
the future. The way the representation frameworks are set up does not
permit us to do so, chiefly because they are defined closely related to value.
We have seen, however, that those frameworks that derive the discounting
function separately, offer some prospects for providing a measure of radical
uncertainty about the future, provided they solve two problems: firstly, how
exactly the notion of radical uncertainty about the future is cached out in
their frameworks, and secondly, how the discounting measure is to be applied
in conjunction with standard decision-theoretic frameworks.

The main message of this paper is thus one of caution: ideas such as ‘dis-
counting for uncertainty’ or the notion of ‘discounting functions expressing
uncertainty about the future’ lack foundations in standard time discounting
frameworks. There are only some discounting frameworks are in principle
open to interpretations of radical uncertainty about the future, which pro-
vides some prospects for deriving a measure of radical uncertainty about the

future.
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Notes

1Often, a discount rate r is assumed which expresses how much weight the period

t + 1 is assigned to in period ¢ which givces a discounting factor § = (lir)' Thus, time

t
discounting factors are frequently derived in the following way: D(t) = (ﬁ) )
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