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Let X, 2<|X|, denote a finite set shutually exclusive alternatives; let K(S) =2* /0 for
all subsetss of X.

Let QO X x X denote a binary relation of) it is called a preference if it is\@eak Order

(complete, reflexive and transitive) andlLanear Order is a preference that is anti-
symmetric. Its asymmetric (strict preference) apohmetric (indifference) parts are written
P(Q) and I (Q) respectively. As usual, for ak,yO X, (x,y)OQ will be written xQy.

G(S,Q)={xOS:(Oyd9 xQyt is the subset of Q-greatest alternativesSnK(X) and
L(S,Q)={x0S:(Oyd9 yQxR is the subset of Q-least alternativesShIK(X). Let 7 -
denote the set of all Weak OrdersXmand let ~~ denote the set of all Linear Orders X¥n
Q'O ~ is alinear refinement of Q7 " ifand only if Q' 0 Q. QO ~ is upper linear
(ULIN) if and only if, for all distinct x,yOX: xP(Q)y or yP(Q)x for all distinct
X, YOX\L(X,Q) and all xOX\L(X,Q) and yOL(X,Q). QU7 " is minimally upper
linear (MULLI) if and only if it is ULIN and|L(X,Q)|< 2.

A choice function is a functionC: K(S) - K(S) that assignsC(S)0OK(S) to S for all
SOK(S). © denotes the set of all choice functionsXrC~ isimperative if and only

if |C(S)|=1 for all SOK(X). Let © ™" denote the set of all imperative choice functions.
C'0~ is arefinement of CO if and only if C'(S) O C(S) for all SOK(X), written
C'OC. QOW rationalises CO~ " if and only if C(S) =G(S,Q) for all SOK(X) and
CO7 isrationalisableif and only if it is rationalised by som@ OW .

CO” has: Thestrong contraction property (SCON) if and only if, for allT OK(X) and
SOK(T) such thatSn C(T)#0, Sn C(T)=C(S); the contraction property (CON) if
and only if, for all TOK(X) and SOK(T) such thatSn C(T)z0, (SnC(T))dC(S);
and theweak contraction property (WCON) if and only if, for allT OK(X) and SOK(T)
such thatSn C(T)z0, (SnC(T))n C(S)#0 . SCON characterises rationalisable choice
functions.

C'0~ reveals CO~ ifand only if C'O~ ™" andCOC' . A choice function isveakly
rationalisable if and only if it reveals at least one rationdtikeachoice function. A Choice
function is strongly rationalisable if and only if all its revealed choice functionsea
rationalisable.

Theorem 1: A choice function is weakly rationalisable if and only if it has the WCON
property.

Theorem 2: A choice function is strongly rationalisable if and only if it is rationalisable by a
MULI preference.

Proposition: If Q' rationalises C' and reveals C and Cisrationalised by Q, then Q I Q'.



Proof of theorem 1: Let choice functionC' have the WCON property and writ&, = X .
From WCON, there is an alternative, 0 X} such thatx, OC'(S) for all SOK(X). Let
C(S) ={x} forall SOK(XY). Let X5 =X \C(X;). FromWCON, there is an alternative
x, 0 X5 such thatx,0C'(S,) for all S,OK(X5). Let C(S,)={x} for all S, OK(XY).
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More generally, for ali 0{2,...,| X}, let X = X\ JC(XT) and since\CON implies that

i=0
there is an alternativex 0 XS such thatx OC'(S) for all SOK(XF), let C(S)=x.
Clearly, {K(Xg,..., X‘f(g is a partition of K(X). Now consider an arbitran 51K (X).

SOK(XS) for somei{L,...,|X} and C(S)={x} . Consider SOK(S). It follows that

SO{x} UK S ,andC(S{x}) { % then follows fromWCON. Thus,C is imperative,

has the SCON property, and is a refinementCof all by construction. Therefor€ is
rationalisable and revealed &y . That is,C’ is weakly rationalisable.

Now let C' be weakly rationalisableC’ therefore reveals a choice functi@ that is
rationalisable or, equivalently, has the SCON property. CondideK (X) and SOK(T)

such thakJS and assumé&(T) ={% . From SCON, given that is imperative, it follows
that C(S) ={® . SinceC OC’, it follows that x(OC'(T) and x[OC'(S). Thus,C' has the
SCON property and is therefore rationalisable.

Proof of Theorem 2: Let C' be rationalised by a MULI preferend® and consider
arbitrary S,TOK(X) such that SOK(T) and an arbitraryx(OC'(T). It follows that,
SO{® OK T . Since C' is rationalisable, and therefore has the SCON property,
xOC'(SO{R) . Either xOL(X,Q") or xOL(X,Q"). In casexOL(X,Q"), C'(T)={® and
C'(s{®) { x, sinceC' is rationalised by a MULI preference. Thus, for &0
revealed byC', C(T)={® andC(SO{X) H k sinceC is imperative and a refinement of
C'. For this case therefore, the requirements of SCONCfare satisfied. IfxOL(X,Q"),
L(X,Q)={x ¥ sinceQ' is a MULI preference. Ifx=y then T ={%¥ =S Xk . Then
C'(T)={® andC'(SO{®) H k . Since allC revealed byC' are imperative refinements of
C', it follows that C(T) ={% and C(SO{xX) { k , and the requirements of SCON are
satisfied byC. If x#y then, for all SOK{x W, T, C{x Wy f{xy and for all
imperative refinement revealed byC’, either C{x W) { x or C{xy) Hy . If
C{{x ¥ Hk then either SO{¥ { xy or SO{X¥ k. In the former case,
C(SO{®) =@{ x ¥y £} andin the latter cas€(SO{%) =Q{ ¥ £ }x . In either case,
the requirement of SCON is satisfied @yIn caseC({x W) { ¥ a similar argument shows

that the requirement of SCON is satisfied@ySince this exhausts all possible casesCall
revealed byC' have the SCON property and are therefore rationalisable. This contpistes
part of the proof.

To complete the proof, considé€®' (1~ such that all the choice functions it reveals are
rationalisable. LetC[l~ denote one of these revealed choice function. Assume to the
contrary thatC'J is not rationalised by a MULI preference. There are two poshbilit
either C'0~ " is not rationalisable or it is rationalisable by a preference timait isIULI.



If C' is not rationalisable then it does not have th@B(oroperty. Therefore, for some
TOK(X), some SOK(T) and some xUOS such that SnC'(T)20, either
xO(SNnC(TH\C'(S) or xOC'(S)\(SNnC(T)). If xO(SNnC'(T))\C'(S), consider a
choice functionC revealed byC' such thatC(T) ={% . Now xOC'(S) implies x(OC(S),
since COC'. Thus, C does not have the SCON property or, equivalenlyjs not
rationalisable and this is a contradiction. Therefassume thakC'(S)\(Sn C'(T)) for
some x[J X . This implies thatx(0C'(T) and thereforeC(S)={% andC(T)={y}, Y#X,
for some y(O0Sn C'(T) and someC revealed byC'. It follows thatC does not have the

SCON property or, equivalentlg is not rationalisable. Since this is a contradittiC' must
be rationalisable.

Assume therefore that’ is rationalised by a non MULI preferen€®. If Q' is not MULI
then, for distinctx, y,z0 X, either xI (Q")y, xP(Q')z and yP(Q")z or L(X,Q")={x V, Z .

If x1(Q)y, xP(Q)z and yP(Q")z thenC'({x v,2) { x ¥ and C'({x ) H{ x ¥ . For
someC revealed byC', C{x vy, 3) f{ X andC'({x y}) { ¥ . That is,C does not have the
SCON property or, equivalentlyC is not rationalisable. Therefore, assume that
L(X,Q)={x y,Z . This implies thatC({x y,3) { x y ¥ andC'({x ) H{ x ¥ . Exactly
the same argument just used again shows @Ghdbes not have the SCON property or,
equivalently,C is not rationalisable and this is a contradictibhereforeC is rationalisable
by a MULI preference.

Conclusions

Rationalisability in the standard theory of ratibclaoice has two major roles. First, it is said
to providecompleteness to the theory in the following sense. A choicediion obtained by
maximising a preference will have the SCON propeBiyt could there be choice functions
that cannot be obtained from maximising a prefezg¢hat have the SCON property? Arrow's
(1959) results completes rational choice theoryttierchoice functions considered in this
paper, by showing that all choice functions wite 8CON property are rationalisable. The
results in this paper show thabliservability is insisted upon, as revealed preference
approaches usually do, then this completeness fails

The second major role of rationalisability in theary of rational choice is to provide the
basis of welfare judgements. Again, apart from vestricted cases, this failsalbservability
is required.



